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Invariant forms, associated bundles and
hyperkahler metrics

Diego Conti
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Abstract

We develop a method, initially due to Salamon, to compute the space of
“invariant” forms on an associated bundle X = P x4V, with a suitable notion
of invariance. We determine sufficient conditions for this space to be d-closed.
We apply our method to the construction of hyperkéhler metrics on TCP!
and TCP?2.,

MSC classification: 53C26; 53C30, 57515, 68W30

Introduction

This paper is motivated by the study of special geometries. A special geometry on
a manifold X is a G-structure defined by one or more differential forms on X, so
that

G ={g € GL(n,R) = GL(T,.X) | g preserves the defining forms at =}

for all x in X. Having fixed both G and the defining forms, the set of isomor-
phisms GL(n,R) = GL(T,X) satisfying the above condition defines the G-structure
as a reduction to G of the bundle of frames. The notion of special geometry also
entails closedness, or more general differential relations among the defining forms.
Hyperkahler manifolds, or more generally manifolds with special holonomy, are ex-
amples of special geometries.

In practice, finding explicit examples of special geometries involves solving cer-
tain PDE’s; to reduce the number of variables, one typically imposes extra symmetry
conditions, assuming that a (compact) group of diffeomorphisms H preserves the G-
structure. Then, about each special orbit, the manifold has the form of an associated
bundle

X=Hxyg V. (1)

Thus, the defining forms are to be sought amongst invariant forms on an associated
bundle. Notice that H — (H/H,) is essentially a H-structure.



In this paper we develop a method, initially introduced by Salamon in [5, 13],
to compute the space of invariant forms on an associated bundle X = P x5V,
associated to a generic G-structure P. Thus, we do not assume that the base
manifold P/G is a homogeneous space.

This method consists in singling out certain local forms on X; in particular, one
must choose suitable fibre coordinates a;. Having fixed a connection, the tangent
bundle T'X splits into a horizontal and a vertical distribution, and the local one-
forms da; define forms b; by projection on the vertical component. Whilst the a; and
b; are not globally defined in themselves, they can be contracted to obtain globally

defined forms, namely
D awai, Y aib.
Moreover, one can usually find horizontal local forms f; such that

Z a3, Z bif3;,

are globally defined forms. In this respect, the indexed objects a, b and 3 resemble
the letters of an alphabet, which carry no meaning in themselves, but combine
together to produce all the words of a dictionary. In the homogeneous case (1), it

turns out that the elements of the dictionary are invariant under the global action
of H.

The “dictionary” method was introduced in [13] as a collection of examples, more
than a general method, nor was the notion of invariance investigated there. In this
paper we give a definition of invariance for forms on X that generalizes the notion of
H-invariant forms in the homogeneous case (1). In fact, we call these forms constant,
since they can be read as constant maps from P to Q(V, A*R")%; in particular, zero-
degree constant forms can be identified with G-invariant functions on V. We prove
that the space of constant forms is finitely generated as a module over the ring
of zero-degree constant forms, and that one can generalize the dictionary method
to obtain the full space of invariant forms from a finite number of “letters”. We
actually describe an algorithm to accomplish this in an efficient way, at least in the
case where GG acts transitively on the sphere in V. As an application, we compute the
space of invariant forms on TCP?, and obtain a one-parameter family of complete
hyperkéhler metrics, generalizing a result due to Calabi [6].

In order for the space of constant forms Q(V, A*R™)% to be useful for constructing
special geometries, one needs to compute how the operator d acts on its elements. In
Lemma 8 we give a formula to this effect. From this formula, we deduce a sufficient
condition for the algebra of constant forms to be d-closed, namely that both torsion
and curvature be themselves constant. The case (1) trivially satisfies this condition
(although, in this hypothesis, where “constant” coincides with “invariant”, the result
is also trivial). Conversely, assuming that d preserves the space of invariant forms,
we show that the curvature must be constant, under the additional hypothesis that
the infinitesimal action of G on V is effective. We obtain a weaker but similar result
for the torsion.



The contents of this paper are organized as follows. The first section serves as
an illustration of the dictionary method; it contains an elementary example from
[14] concerning the associated bundle T*S?. In particular, a one-parameter family
of complete hyperkahler metrics is constructed, giving a different characterization
of the Kronheimer metrics on the resolution of C?/Zy [11].

In the second section, we show how forms over X can be viewed as sections of
a vector bundle associated to P, with infinite-dimensional fibre Q(V, A*R"). We
introduce the natural action of the gauge group on this space.

Constant forms are introduced in Section 3; they are characterized as forms that
are both gauge-invariant and parallel as sections of the associated bundle introduced
in Section 2. The problem of whether the algebra of constant forms is d-closed is
discussed here.

In the fourth section we show that the space of invariant forms is a finitely
generated module over the ring of invariant functions on the fibre V', and we establish
a criterion to determine whether a module of invariant forms coincides with the full
space of invariant forms.

The formal definition of the dictionary is introduced in Section 5. This is done
under the hypothesis that M is a homogeneous space, with no significant loss of
generality, since the results of Section 3 lead one to assume that any two neighbour-
hoods are affine isomorphic. This section also contains a proof of the fact that one
can always find a finite set of letters that generate the full space of invariant forms.

In the sixth section we describe an algorithm, valid in the cohomogeneity one
case, to compute the dictionary generated by a certain set of letters, and thus check
whether this dictionary is complete.

In the final section we apply the method to TCP?, finding explicit hyperkéhler
metrics on this space.

1 Invariant forms on 7T%S?

As an introduction to our general construction, we begin this paper with an ele-
mentary example, following [14]. Thus, we introduce a list of “invariant” forms on
T*S?, and we use this list to obtain a one-parameter family of hyperkéhler struc-
tures, containing in particular the Eguchi-Hanson metric [8]. We shall not go into
detail concerning the relevant notion of invariance, nor give formal descriptions of
the objects involved, since this will be the object of the sections to follow.

Let 1, 25 be the coordinates on S? given by stereographic projection, so that

2 B 2
()2 + (20)2 + 1 ()24 (20)2 + 1

b=

dLUQ

is an orthonormal basis for the standard metric. Then the Levi-Civita covariant
derivative gives
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where w is the connection form. In this setting, w is just a local 1-form on S2. Since



the Levi-Civita connection is torsion-free, it follows that
det =wA By, dBs=—wApB,

Explicitly,
w =223 — 1152 ,

and, consistently with the fact that the sphere has curvature 1,

dw = =1 A Pa.

The total space X of m: T*S? — S? has a tautological 1-form 7; indeed, a point
z of X is a 1-form on Ty (;)S?, and one defines

T, =TT .

We can then introduce fibre coordinates ai, as, so that 7 equals a17* 31 + asm* 3.
We shall implicitly pull the g; back to X, and write

T = Z a;B;. (2)

Then

bl = dCLl — QoW
g Z ﬁ where { bg = da2 + a1w

So at each point we have a basis of T* X, given by 31, (2, b1, bo. Notice that the
annihilator of (b, by) is nothing but the Levi-Civita horizontal distribution, showing
that this construction depends on the choice of a connection in an essential way.

Whilst the objects a;, b; and 3; are only defined outside of the north pole, the
form 7 is defined globally, and so if of course dr. In fact, one can obtain a list
of globally defined forms on X by contracting the “letters” a;, b; and ; as in (2).
Explicitly, the “words” of our dictionary are

Z a; @y, Z a;b;, Z a;3;, Z bif3; (3)
where we have used componentwise product as a contraction,

arby — agbi, a1B2 —axf, 012 — baf3, (4)

where we have used the determinant as a contraction, and the volume forms on fibre
and base

bl A b27 ﬁl A ﬁQa (5)
which can also be obtained from a contraction using the determinant. The forms
(3) have obvious interpretations: Y, a;a; is the function 72, given by

X =R, r(z) = |x(2)]?

and the others are rdr, 7 and dr. The forms (4) arise essentially from the fact that
S? coincides with CP!, so that one has a natural complex structure both horizontally
and vertically.

Having this dictionary of forms at our disposal, we can look for special geometries
on X. We obtain the following;:



Theorem 1 ([11, 14]). The total space of T*S? has a one-parameter family of hy-
perkdhler structures, defined by

wi = (k+71)Y28 A By — (k4 r2)7Y2by A by
wo = B1 A by + B2 A by
wg = 1 ANby — B2 A by

where k 1s a non-negative constant.

Proof. Having fixed coordinates on S2, it is straightforward to check that the w; are
closed. By [9], this implies that the w; are parallel and the structure is hyperkéhler.
O

Notice that the underlying metric is flat for £ = 0; for £ = 1, we obtain the
Eguchi-Hanson metric [8].

2 Gauge group actions

Let p: P — M be a principal bundle with compact fibre GG, and let T be a repre-
sentation of GG such that
PxgT=TM .

Although the results of this section do not require this hypothesis, we shall also
assume, for simplicity, that G acts effectively on T'; then P is a reduction of the
bundle of frames on M, i.e. a G-structure. Now fix another G-module V', and let
X be the total space of the associated vector bundle

V=PxgV.

We are ultimately interested in constructing special geometries, by singling out
“canonical” closed forms on X. As functions on M pull back to functions on X,
the space of forms Q(X) is an algebra over C*°(M), clearly not finitely generated.
In this section we shall obtain a first reduction of (X) to a subalgebra that is, on
the contrary, finitely generated over C*°(M). This subalgebra arises as the space of
forms that are invariant under a certain action of the gauge group.

By the definition of frame bundle, each point of P gives rise to an isomorphism
T — T,M, and so of course G C GL(T') acts on P on the right. However, on each
fibre P, one also has a left action of G given by the inclusion in GL(T,M). More
precisely, consider the bundle G = P X G, where GG acts on itself by conjugation;
the gauge group G, as introduced in [1], is the space of its sections, to be denoted
by the symbol g. Indeed, the bundle map

GXG— G
[u, g] X [u, h] — [u, gh]

induces a group structure on G. Then G acts on P on the left by

g-u=ug, Wwhere Iy = [u, g] .

7



In particular, G acts on every bundle associated to P: if V is any G-space, i.e. a
manifold with a smooth left G action, then the associated bundle V = P x4 V has
a left G action defined by

¢: G — End(V), @yu,v] =[g-u,v] (6)

The definition of this induced action only depends on the fact that G acts on P;
however, using the definition of G, one can also regard the gauge group action as
induced by the bundle map

GNRV -V

[, g] X [u, v] = [u, g]

(7)

In particular, the gauge group G acts on X as a group of diffeomorphisms, and we
could let G act on Q(X) accordingly. However, the notion of invariance that we
wish to investigate deals with a different action, that reflects the fact that G acts
infinitesimally on M, beside acting on each fibre.

Before introducing this action, we need to introduce more language. Let 7 :
X — M be the projection; then the pullback to X of P is

TP =PxV,
with principal G action given by

(p,v)g = (ph,h™'v) .

By choosing a connection on P we can make 7*P into a G-structure on X. Indeed,
fix a connection form w and let # be the tautological form on P, taking values in 7.
Given a vector space W, we denote by A*W the exterior algebra over W. Since G
is compact, we can fix invariant metrics on 7" and V', identifying each with its dual
accordingly; so, we shall make no distinction between, say, A*T" and A*(T™).

Lemma 2. The map

T(PxV)—-nPx(TaV)

(w, v;0',0') = ((u, ), (Ou(u), —wu(u)v + 1))

(8)

induces an isomorphism TX = 7m*P xq (T @ V). In the same way, one obtains an
isomorphism

AX) 2 TP xg AT V), 9)

Remark. The identification (8) depends on the choice of a connection, and so does
all of the construction to follow.

Now let G act on the left on 7*P = P x V by

V: G — Diff(r"P), V,(u,v) = (ug,v) if Y] = [u,g] .



Given a subset A C M, not necessarily open, let X4 = 77 1(A). We let G act on
['(X 4,7 P) as follows:
g s=UYy(s0®P,1) (10)

Unlike its action on P, this action of G is only defined on sections. Therefore, there
is no induced G action on bundles associated to 7* P, but there is one such action on
the space of their sections. Explicitly, we can extend the action ¥ to every associated
bundle 7*P X4 Y by

Wyls,yl = [Vys,9] .

With this definition, (10) also applies to associated bundles. In particular, we have
constructed an action of the gauge group on Q(X).

We now show that €(X) can be expressed as the space of sections of a vector
bundle over M associated to P, so that the action of G on Q(X) is the induced
gauge action, in the sense of (6). Let Y be a G-space. Then G acts on the left on
the space

R=C*(V,Y)

of Y-valued functions on V'; the action is given by

(gr)v = g(r(g~'v)) .

Fix a point y in M; then the fibre X, consists of points [u,v], where v is in V' and
u is in P,. Consider the map

py: B, — T'(X,, 7P xgY)
My([“? T])[U,U] = [(Uﬂ U)? T(”)]

It follows from the definition of the action on GG on R that this map does not depend
on the choice of u. For every U C M, the p, combine to give a map

(11)

po D(U,R) - T'(Xy,m"P xgY) .
The gauge group acts on both sides, by (7) and (10) respectively.
Proposition 3. The maps uy are G-equivariant isomorphisms.

Proof. It is sufficient to prove the statement for each map . It is straightforward
to show that p, is an isomorphism. Let g be an element of the gauge group with
9,= [u, g]; its action on R, satisfies

1y (910,71 gy = P ([09, D fuga) = [ug,m(v)] -

u,gv]

On the other hand

qjgﬂy (ﬂ[ua T]) © q)g_l : [u, gv] - \Pgﬂy (ﬂ[ua T]) [u7 U] = ‘Ijg[ua 7“(1))] = [uga T(U)] )

and so p, is equivariant. O



There are some special cases of Proposition 3 worth mentioning.

e Y = (G with the GG action induced by left multiplication. Then 7*P x4 G can
be identified with 7*P. Thus, we see that the gauge action on sections of 7* P
is induced by the standard gauge action on C*°(V,G) via the isomorphisms

K-

e Y = R. Then Proposition 3 allows us to identify smooth functions on X with
sections of C'°(V).

e Y =T@®V. Then 7*P X5 Y is the tangent bundle T'X, and vector fields on
X can be identified with sections of C*(V) ® (T'& V).

o Y = A (T V). Then C*(V,Y) = C*(V,A*V) ® A*T, which can be iden-
tified with the space Q(V,A*T') of A*T-valued differential forms on V in a
G-equivariant way. Notice that we are thinking of V' as a manifold when writ-
ing Q(V'), but we shall refrain from calling A(V) the bundle of differential
forms over V', which could lead to some confusion. Summing up, we have
constructed an equivariant isomorphism

par (V@ A'T)) — QX)) .
Corollary 4. Under the identification pyy, the action of G on Q(X) is given by
[u, g][u, 0 ® B] = [u, g @ g/3] .
In particular, the space of invariant forms is
QX)9 = C®(M) @g UV, A*T)E .
Proof. By construction,
[, g][u, 0 @ B] = [ug,a ® B] = [u, g ® 3] ,

proving the first part of the theorem. As a consequence, the space of invariant forms
is the image under py; of

L(P x¢ (QV,A*T)%)) .

On the other hand, Q(V,A*T)¢ is a trivial bundle, because by construction the
structure group G acts trivially on its fibre. Therefore

D(QV,AT)®) = O (M) @ AV, A'T)C
concluding the proof. O

The space of invariant forms we have found does not have the desirable property of
being closed under d. Indeed, it contains all functions on M, but it does not contain
all exact forms on M. In the next section we shall see that under certain hypotheses
on the connection form w, the space of parallel invariant forms is d-closed.

10



3 d-closedness

We have seen that the algebra of invariant forms is not closed under d. We can work
around this problem by discarding the C'*°(M) factor, and consider

parQ(V, A" T € Q(X)9 .

It turns out that this subalgebra of 2(X) may be closed under d, but only under
very restrictive conditions on the connection, determining which is the purpose of
this section.

First, we characterize the subalgebra under consideration as follows:

Lemma 5. A section of Q(V,A*T) lies in Q(V,A*T)% if and only if it is both G-
mvariant and parallel.

Proof. A section of Q(V, A*T) can be viewed as a G-equivariant map
a: P — QV,ANT);
the section is parallel if and only if
da +wa =0.

This equation implies that « takes values in a single G-orbit; if the corresponding
form is G-invariant, by Corollary 4 the map « takes values in Q(V, A*T)¢, and so it
is constant. The converse is proved in a similar way. O]

The second ingredient will be a formula that gives the action of d on Q(X) in
terms of the bundle Q(V, A*T"). Some language is needed to write this formula. We
define the covariant derivative

V:T(QV,A*T)) — QY(M, Q(V, A*T))
in the usual way. The natural map

NTRANT>a®p—aABe APTIT
induces a map ¢ through the composition

QP (M, Q(V, A*T)) == D(APT @ UV, A*T)) —=T(QUV, A*T))
~ .

We also have the exterior covariant differential

D: QP(M,Q(V,A*T)) — QPP M, Q(V, A*T))

which coincides with V for p = 0 and satisfies the Leibnitz rule
D(a®h) =da®h+ (—1)"8*q A Vh .

Finally, the standard operator d on Q(V, A*T") is G-equivariant; as such, it induces
bundle maps
d: QP (V, A*T) — QPTH(V, A*T) .

11



Lemma 6. The map d : C*(X) — QY(X) satisfies
d(parh) = pndh + (parcVh) (12)
where h is a section of C> (V).

Proof. 1t is sufficient to prove the statement at a point [u,v] of X; let s be a local
section of P with u = s(y) for some y in M, and write h = [s, f]. We must evaluate
both sides of (12) on a vector

[(u,v),w] € Ty X, weTdV.

Suppose first that w lies in V; then Vh gives no contribution. Let ¢ be a curve on
V' with
o0)=v, o(0)=w;

then 6 = [u, 0] is a curve on X satisfying 0;,6(0) = [(u,v),w]. Clearly, we have
A(giach) ([(u,0).0]) = 0,(5" agh) (0) = dlf, )

since pprdh = (s, df), (12) is satisfied when evaluated on a vertical w.
Now let w lie in T'; then py/(dh) gives no contribution. Take a horizontal curve
o(t) on P satisfying
c0)=u, 6,0(0)=weT.

Then ¢ = [o,v] is a curve on X, and the isomorphism (8) maps
(u,0;0°(0),0) — ((u,v), (w,0)),

meaning that 9;5(0) = [(u,v), w]. We can assume that s agrees with o, in the sense
that sp,) = o(t). In particular, s,,([u,w]) is horizontal. By the general formula
for the covariant derivative,

V[u,w][saf] = [u>a[u,w]f+ S*W([an])ﬂ = [uaa[u,w]f} ; (13)
where Oy, f is the derivative along [u, w] of f: M — C*(V'). Thus
pareVh([(u, v), w]) = Oy f(v) = (07 parh)(0) = d(parh)([(u, v), w])
where the second equality follows from (parh)(o(t),v) = fpow)(v). O

Recall that the torsion © € Q?(P,T) is the horizontal part of df, which can also
be seen as a 2-form in Q?(M, T M) satisfying

O(X,Y) = % (VxY — VyX — [X,V]).

More generally, if S is a p-form taking values in T'M and « is a g-form on M, we
define the contraction

(S_l MOC)(Xl, c 7Xp+q71) =
q o
= _(p+q_ 1)! Z(_:l) a(S(XO'17-.-7X0'p)7XO'p+17~.-7XO'p+q_1)

where ¢ runs over permutations of p + ¢ — 1 elements.

12



Lemma 7. Let h be an element of Q(M,Q(V,A*T)). Then
Vych = cVyh, ¢Vch=cDh—c(Ouyh).

Proof. We work on the principal bundle P, adopting the language and methods of
[10]. We establish the following notation: if Y is a vector field on M, Y* is its
horizontal lift. To a section h of an associated bundle, say P xg W, we associate
the corresponding equivariant map h: P — W. More generally, to a form A in
Q(M, W), we associate a form h € Q(P, W) characterized by

MXT, ., X5 =h(X1,...,X.), Zih=0for Z vertical.
The covariant derivative of a section h or a vector field X satisfies

Vyh=Y*h, 0(VyX)" =Y*0(X"). (14)

At every point of P, the tautological form 6 defines an isomorphism of the
horizontal distribution with 7. This induces a global basis of horizontal vector
fields Ei,...,E,. Let e, = 0(E;) be the corresponding basis of T. If h is a
Q(V, A*T')-valued form on M, as in the statement, then

Vych= Y " AY*(W(E,, ... E;,))

1<i1,0 i <n
- Z e ZkA(‘CY*h)(EZN 7E1k)
1<i1,...,0<n
+ Y e A (=)R(Y B By, By, B
1<i1,...,0.<n
I=1,...k

By the definition of © = df and (14),
o([Y*, E,]) = —20(Y", E;,) — VY (E).

In general, if « is a T'M-valued one-form, then

clasyh)= Y v i’“/\ﬁ;(—l)"h(a(Em),E@,...,Eak)

1<iy,.oip<n

Therefore,

Vych = c(Ly-R) — c(Y30)sarh) — (VY )3 arh) . (15)

13



Similarly, from

k
= (DR, XY, XX

=1

we compute

th = (ﬁy*ﬁ) - (VY)J Mh — (Y_J @)_J Mh 3

comparing with (15), the first part of the statement follows. The second part is
proved in the same way. O]

We need to introduce two more contractions beside J ;. The first is 17, induced
by the usual interior product

2T @QV, AT — Q(V, AT
more precisely, if « is a T'M-valued p-form and h is a section of Q(V, A*T),
(aurh)u(Xy, ..., Xp) = au( X1, .o, Xp) o hy
Likewise, the G-equivariant map n: g ® Q(V, A*T) — Q(V, A*T),
n(A,h)(v) = A(v)ah(v), Ae€g, heQV,A'T),

induces a contraction, also to be denoted by 7. Explicitly, if « is a g-valued p-form
and h is a section of Q(V, A*T),

n(a, h)y(Xq,. .., Xp) =l (Xq, ..., Xp), hy).
We can finally prove:

Lemma 8. The map d: Q(X) — Q(X) satisfies

1 1
d(parh) = padh + pareVh + §#MC(9J rh) + §NMC77(R> h) (16)

Proof. We proceed by induction on the degree of uph. If the degree is zero, (16)
is the content of Lemma 6. Otherwise, it suffices to verify it on a covering of X
consisting of subsets X4 = 77 !(A), with A open in M. We can assume that X, is
diffeomorphic to some R", and therefore assume that

parh = dupra N py 5

with a a section of C*(V') and 3 a section of Q(V, A*T"). Indeed, as X4 = R", the
general element h will be a linear combination with constant coefficients of elements
of this type.

By induction, the left-hand side of (16) is

d(dpara A paB) = —dpara A (c_w +cVB+ %@J 3+ %cn(R, 6)) . (17

14



On the other hand, by Lemma 6,

duna A paB = py(da A\ B+ cVa A B),

so the right hand side of (16) is (the image under py, of)

c_l(c_la/\ﬁ—FcVa/\ﬁ)—i—cV(c_la/\ﬂ—i—cVa/\ﬁ)

1 1
+ §®JT(gla ANB+cVaAp)+ écn(R,gla A B+ cVaA B)

which, since d is a differential operator and it commutes with V, differs from (17)
by

VeVan B+ %@J H(eVa) A B+ %cn(R, da) A3 . (18)

Now, by Lemma 7
1
cVeVa(X,Y) = 5(R(X ,Y)a — Vex,y)a)

and
U(R,C_l(l) (Xv Y)v - C_ZG(R(Xv Y)v) = (_R(Xv Y)CL)U,

so that (18) is zero. O

Recall from the beginning of this section that we are interested in sections of
Q(V, A*T) corresponding to elements of Q(V,A*T)Y. More generally, given a G-
space Y, we say that the space of constant sections of Y is

YCcr(y).

We can now prove the main result of this section, that gives a sufficient condition
on the connection w for the algebra of constant forms to be closed.

Theorem 9. If both torsion and curvature are constant, the space Q(V, N*T)¢ of
constant forms is a differential graded subalgebra of Q(X).

Proof. We must prove that for every constant form h, duy is also constant. By
Lemma 5, h is G-equivariant and parallel; by (16), we must prove the same holds
for

1 1
dh + 50(@4 rh) + 5077(}%, h) .

Since d and the contractions are equivariant, equivariance is straightforward. Con-
cerning parallelism, Lemma 7 gives immediately

1 1 1 1
VY (C_ih + 50(@J Th) + §CU(R, h)) = §C(V§/@)J Th + §CU(VYR, h)) =0 O
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Remark. By way of converse, we now show that if d preserves the space of constant
forms, under the only additional hypothesis that the action of g on V is effective,
then the curvature R must be constant. Indeed suppose that (3 is any non-zero form
in Q?(M,g). If h is the constant section of Q(V, A*T) corresponding to the volume
form on V, we claim that

en(, h) is not identically zero. (19)

Indeed, since g acts effectively on V', there exist X, X5, u and v such that
By( X1, Xo)[u,v] #0, X1, Xo€eT,M,ue P,veV.

Then
(B, h) (X1, Xo)pue) = B(X1, Xo)[u, ] h([u, v]) # 0.
So there exist sections Y7,...,Y, of V such that

C77<57 h)y(XhXQa}/h s 7Yk) - h(ﬁy(XhXQ)[UJUL)/l? s 7Yk> ?é O)

that implies (19).

Now observe that by construction dh and ©.rh are zero, so that duysh can only
be parallel if en(Vy R, h) is zero. By (19), this implies that Vy R = 0. The same
argument applied to § = R — gR proves that R must be equivariant.

An analogous statement for the torsion seems more complicated to prove: indeed,
we cannot repeat the argument using the volume form on the base, because this is
automatically closed. However, assume that there is an invariant element

s® f €SV ®Hom(T,A*V) ,

with f injective, as is the case in many interesting examples (see e.g. Section 7).
Let t1,...,t, be an orthonormal basis of T; then s ® f induces an invariant element

Vov— s(v)zn:ti ® f(t;) e NPT @ V).
i=1

Let h be the corresponding constant section, taking values in Q*(V,T). If duysh is
constant, then by (16) it takes values in

YV, T) @ QMV, A°T) @ QF 1V, A°T) .

These spaces are invariant under both G and Vy, so in particular the second com-
ponent, namely %C(@_I rh), must be constant. Proceeding as in the case of R, we
find that © must also be constant.

Recall that our final goal is to provide a method to construct explicit special
geometries. If the algebra of constant forms is d-closed, one can choose a finite basis
of generators and compute d in terms of that basis (see Section 6). Then, searching
for a special geometry whose defining forms are invariant becomes a matter of looking
for differential forms of the correct algebraic type, on which the linear operator d
satisfies the required conditions (see Section 7). Otherwise, one can still hope to
find single closed constant elements applying Lemma 8, though we shall not pursue
this method in this paper.
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4 Invariant forms on a vector space

We are now confronted with the purely algebraic problem of determining the space of
G-invariant A*T-valued differential forms on V. In this section we give an effective
criterion to determine whether a space of invariant forms is complete. The only
assumption will be that G is compact and connected.

Throughout this section, we shall identify Q(V, A*T)% with

F ={a:V — A|aissmooth and G-equivariant} , A =A"T® A"V .
We view F as a C*(V)%module. For every subspace W of F and v in V, we set
Wy, ={a)|aeW}.
Lemma 10. Let W C W' be submodules of F, such that
W,=W,, YveV.
Assume further that W is finitely generated. Then W = W',

Proof. Suppose W is finitely generated. We shall construct ws,...,w, in W such
that
{(w))(w) |i=1,...,k,(w;)(v) # 0} is a basis of W,, Yv eV, (20)

and prove that wy, ..., w; generate W’. Let wq,...,w; be any set of generators of
W. Consider the set

U= {veV|wg(v)is linearly dependent on w;(v),..., wr_1(v)} ,

and let f be a non-negative smooth function on V' with f~1(0) = U. For instance,
we can take f to be the square distance between wy(v) and the vector space spanned
by wi(v), ..., wg_1(v). Now define

hx) = /G flgr)e

where pg is the Haar measure on G. Clearly, h is a G-invariant function with
h~1(0) = U. Thus, we have obtained elements

wl,...,wk,l,hwk ew

such that at each v, the last element is either zero or linearly independent of
wi, ..., w,_1. lterating this procedure for wy_q,...,wy, we find elements satisfy-
ing (20).

Elements of W’ can be viewed as sections of a trivial bundle 7: V' x A — V.
The w; define a degenerate metric on this bundle by

Wy QWi+ -+ + W @ wy, .
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Since W, = W/, for every o in W'

k

a(v) =Y (a(v), w(v)wi(v),

i=1

ie. o =) (o, w;)w;. By construction, (o, w;) are smooth invariant functions; so, «
is linearly dependent on the w;. O

We write H < G if H is a closed subgroup of G. We shall need the following
result from [4]:

Theorem 11 (Tietze-Gleason-Bredon). Let M and N be manifolds on which a
compact Lie group G acts, and let A be a closed invariant subspace of M. Then

every smooth equivariant map ¢ : A — N can be extended to a smooth equivariant
map ¢ : M — N.

We can now prove the main theorem of this section:

Theorem 12. F is finitely generated. Let W be a finitely generated submodule of
F; then W coincides with all of F if and only if

W, = AS#Pvyy e V7 (21)

Proof. Let W be a finitely generated submodule of F satisfying (21). Let a: V' — A
be invariant; clearly, a(v) is fixed by Stab(v). So,

W, C F, C A5 (22)

and by hypothesis equality holds. Then W = F by Lemma 10, proving the “if” part
of the statement.
We claim that there always exists W as in the hypothesis. Then F = W is finitely
generated, and equality holds in (22), giving the “only if” part of the statement.
To prove the claim, choose a group H which is the stabilizer of a point of V| and
let s1,...,s; be a basis of A¥. For each s;, we shall construct an equivariant map

such that §;(v) is a non-zero multiple of s; at each v with stabilizer H. By equivari-
ance, it will follow that 5;(v),...,38,(v) is a basis of AS%bv for all v with stabilizer
conjugate to H. It is well known that an orthogonal representation of a compact
group has a finite number of orbit types (see [4]); in other words, there are only a
finite number of stabilizers up to conjugation. It is therefore sufficient to consider a
finite number of H; thus, we obtain a finite collection of equivariant maps from V'
to A, which generate a module W with the required properties. It only remains to
construct the s;.

Observe first that since GG is compact, the number of K < G which have the
same Lie algebra as H is finite. For every such K containing H, choose an element
gk € K\ H. At each point v of V| consider the map

g/f) — End(V)
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induced by the infinitesimal action of G; this map is injective if and only if Stab v
has the same Lie algebra as H. Therefore we can define a smooth function f on V¥
satisfying

f(v) >0 if Stabwv has the same Lie algebra as H ,

f(v) =0 otherwise.

Now consider the function on V#

by construction, f~1(0) is the subset of V¥ where the stabilizer is bigger than H.
So, we can define a map

VH9Uif(U)S¢EA7

which extends to an equivariant map on GV¥. Since GV¥ is closed, we can apply
Theorem 11 to extend §; to an equivariant map defined on all of V. O]

Remark. When checking the criterion of Theorem 12, it may be useful to separate
forms by degree. More precisely, we say that a form in F has bidegree (p,q) if it
takes values in

Apg = NPT @ AV

we denote F,, the space of forms of bidegree (p,q). Since A = @ A,, is a G-
invariant decomposition, we have thus made F = @ F,, into a bigraded vector
space. Theorem 12 still holds if one replaces (21) with

(WNFyy)e = (M) Yo eV .

We now apply Theorem 12 to show that the dictionary of Section 1 is complete.
In this case, G = U(1) and V = R? = T.. We can reinterpret the functions a;, ay on
T*S? as the standard coordinates on V = R?, and, accordingly, identify the b; with
da;. Moreover, we declare (31, 3» to be the standard basis of T* = (R?)*. We can
now state and prove:

Corollary 13. The C=(V)%-algebra generated by (3), (4) and (5) coincides with
the space of invariant forms Q(V, A*T)C.

Proof. The stabilizer for the action of G on V is the whole G at v = 0, and the
identity at other points. By a straightforward computation,

1 p=0,2,¢q=0,2
dim(AM)G: 2 p=1=gq

0 otherwise
Let W be the C°°(V)%-algebra generated by (3), (4) and (5). Then W is
Wo = (1, b1z, 12,0181 + b2 32,0182 — ba 31, bia A Bra2)
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which has dimension six; so, (21) is satisfied at v = 0. Evaluating at the point v
with coordinates a; = 1, as = 0, we obtain

Wy D (b1, B, ba, B2) -
Thus, W, = A, and Theorem 12 is satisfied. ]

5 Dictionaries of forms

Theorem 9 and the following remarks show that the natural setting for our con-
struction is that of constant torsion and curvature. This condition implies that any
two points have affine isomorphic neighbourhoods (see [10], Chap. VI); this is very
close to requiring that the group of affine transformations act transitively. In this
section we shall assume that this stronger condition holds, considering, that is to
say, homogeneous spaces, and we illustrate the method sketched in Section 1 to
produce a list of elements of Q(V, A*T')¢. This list is called a “dictionary”, because
its elements are generated from a much smaller list of objects in the same way that
the words appearing in a dictionary are obtained from the letters of the alphabet.
Consistently with the metaphor (since different words may share the same meaning),
we shall think of our dictionary not so much as a list of forms, but as an abstract
set that maps non-injectively to Q(V, A*T)%; this distinction will play a significant
role in Section 6.
Consider a homogeneous space

M=H/G;

we view H as a principal bundle over M with fibre GG, on which we fix a G-invariant
splitting

h=Todg. (23)
The projection on g, extended left-invariantly to H, gives a connection form w;

similarly, the projection on T' defines a tautological form 6 that makes H into an
“ineffective G-structure”: in other words,

TM:HXGT,

even though G might not act effectively on T'.

As usual, we fix a G-module V', setting X = H X5V, and we are interested
in the algebra T'(H/G,Q(V, A*T)%) of constant forms in the sense of Section 3. Of
course, there is a global action of H on X, and it would also be natural to consider
the space Q(X)# of forms that are invariant in this sense. In fact, the two spaces
coincide:

Proposition 14. The space of constant forms on X = H xg V' coincides with the
space of H-invariant forms, i.e.

par (DM, QV, AT))) = Q(X)™.
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Proof. We can view sections of the associated bundle Q(V, A*T") as G-equivariant
maps

a: H— Q(V,\'T),

where G acts on H by right multiplication. Such a map determines a H-invariant
form in Q(X) if and only if, say, a(h) = ag for all h. Then, by G-equivariance,
is in Q(V, A*T)¢. Conversely, every element g of Q(V, A*T)¢ determines a unique
a by a(h) = ap, which under p; corresponds to a H-invariant form on X. O

Motivated by Proposition 14, we shall study the space of H-invariant forms on
X. By construction, X is a quotient of H x V' by G, acting as

(Ry)(h,v) = (hg,g""v).
The pull-back to H x V of a form on X is a basic form, meaning that
L. (1) Rja=aforall gin G.
2. (2) Yya =0 for all fundamental vector fields Y relative to the action of G.
Further, invariant forms satisfy
3. (3) Lia =« for all hin H.

Thus, instead of working with the associated bundle Q(V, A*T)¢, relying on Lemma 8
to determine the action of d, we will be concerned with forms on H x V satisfying
Conditions (1)—(3), and use the fact that d commutes with the pullback.

Fix a G-invariant metric > da; ® da;, where ay,...,a; are linear coordinates
on V. Let vq,...,v; be the dual orthonormal basis of V. Choose a basis e; of b
consistent with (23), namely

T®g=(e1,...€dim7) D (EdimT+1 - - - , Edim H)

Let e!,...,ed™H be the dual basis of h*. We shall implicitly extend the e’ to left-
invariant one-forms on H.

The forms ¢’, 1 < i < dim T satisfy Conditions (2) and (3). The forms da; do
not satisfy Condition (2), but they give rise to forms

bi = dai + Q; (p*w)zj

that do satisfy condition 2. Here, p : G — GL(V) is the representation map and p.
is its derivative at the identity.
All forms satisfying Conditions (2) and (3) can be written as

Z fri(ay, ... ap)e’ AD7 (24)
1,J

where I, J are multiindices relative to the ranges 1 < ¢ < dim7, 1 < 57 < k
respectively. However, the generic form (24) does not satisfy condition 1.

The key observation is that whilst the b; taken individually do not satisfy Con-
dition (1), the V-valued form b = )", b;v; is invariant, in the sense that

21



(I') Rja =g 'aforall gin G.

The same holds for a = ) a;u;. Moreover, one can contract a and b to obtain a
legitimate invariant one-form
ab = Z aibi .
i

The rest of this section contains a generalization of this procedure.

V-valued forms on H x V satisfying Conditions (1) and (2) can be identified
with sections of Q(X,7*V). The “letters” of our alphabet will be elements of the

space
L= (QV,AT)2 V)Y c QX,n*V)

consisting of elements of Q(V x H, V) satistying Conditions (1), (2), and (3).
As we mentioned, £ always contains two canonical elements, namely

a:V—-AToANV®V, av)=1®v (25)

and
b: V= ATRAVOV bu)=> v (26)

Moreover, suppose ¢ : V — A*T* is a non-zero, G-equivariant map. Then there is
a corresponding element of £

Bs: V- ANTRANVRV, B4 = Zgzﬁ(vl) ® v;

Lastly, suppose one has a non-zero, G-equivariant map : V ® V. — A*T*. An
element of £ is induced, by

€ Vo ANTRAVRV, )= Zw(v,vi) ® v; .

Of course, this small list does not exhaust £, but the point is that elements of £ are
generally easier to obtain than elements of Q(V, A*T).

Elements of £ can be combined by means of a contraction to obtain elements of
Q(V, A*T)¢. More precisely, if m : V® V — R is a G-equivariant map, then we can
define a linear map

my: L& L — QV,A*T)C (27)

by
M (Z a; ® v;, Z o ® U;) = Zm(vi, vi)o Ao
( J 2%
A contraction m always exists, namely the scalar product. In this case, we write

a-f=ma, ).

One can then ask if the set of all possible contractions generates the whole
algebra of invariant forms. This is in general not true, since A*T might contain
invariant elements (corresponding to invariant forms on M) that cannot be obtained
as contractions. However, the following holds:
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Proposition 15. The algebra of invariant forms satisfies
(QV,A*T))¢ = L - L+ (AT
Proof. Let a be an invariant map
a:V—-=ANTRQANV, K6 ¢>0.
Define an element of £ by

Vo NTRATVRV, a) =) (t1a()® v
Then
b~d:ZUi/\(viJa) =qo ;
thus, a lies in L - L.
Now suppose ¢ = 0, so that a.: V' — APT. Its differential at v is a map day,: V —
APT | and

a(v) = a(0) +/0 day, (v)dt .

Introduce an element of £ by
1
a:V—-ANTRANVeV, alk)= Z/ dovy, (v;) @ ;.
— Jo

Since «(0) lies in (A*T)% and

a=a(0)+a-a,
the proof is complete. O

Observe that the proof of Theorem 12 also applies to £, showing that L is a
finitely generated module over the space of invariant functions. Then Proposition
15 poses a natural problem: having fixed G, T" and V', determine a finite, minimal
set L C L such that

(QV,AT)E = C=(V)S(L - L+ (A°T)°). (28)

This will be discussed in Section 6, though in a slightly different flavour, as we shall
allow for more general contractions, beside the scalar product.

So far, we have not really used the fact that M is a homogeneous space. This
hypothesis does simplify things when computing the action of d. Recall that H x V/
can be identified with the pullback bundle 7*P, and the connection form w pulls
back to a connection form wX. The connection form w* defines an operator D¥ on
Q(X,7*V) by

D¥a=da+wfNa.
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It is easy to see that D¥ preserves (1°), (2) and (3); thus, one can start with a small
subset of £, and enlarge it by applying DX and its powers (although (DX)? acts
like contraction with the curvature). One can then use the Leibnitz rule

d(m.(a, §)) = m.(D¥a, B) + (~=1)*#*m.(a, D¥ )

to compute the action of d. This method has the advantage that the “canonical” el-
ements introduced before Proposition 15 satisfy some special properties with respect
to DX. Indeed, by definition

DXa=b.

Moreover if the torsion is zero, meaning that H/G is a symmetric space, elements of
the form [, are automatically D*-closed. However, elements of the form €, do not
share this property. Thus, depending on V', T" and G, it might be the case that the
most direct method to compute the action of d is pulling back the forms to H x V/,
and compute the action of d there.

6 An algorithm

In this section we present an efficient algorithm to compute the dictionary of in-
variant forms, valid under the assumption that the group G acts transitively on the
sphere in V. This hypothesis has two practical consequences: first, C°°(V)% is the
space of (even) functions of the radius. Second, there are only two orbit types, and
in particular the set of orbit types is totally ordered. It is this latter condition that
is essential to the algorithm.

The input of the algorithm is the following:

e A finite subset L C L.

e A finite set B of contractions; more precisely, we require B to be a disjoint
union

B=||B, BicHom(V R).

keN

Roughly speaking, the purpose of the algorithm is to check whether an analogue of
(28) holds and, in that case, produce a minimal list of generators for Q(V, A*T)C.
Formally, we introduce the set S of formal contractions of elements of L, i.e.

S={b(ov,...,4) | b€ By,on,...,04 € L} . (29)
The map (27) induces a “translating map”

P:S — QV, AT

b(Odl, c. ,Oék) — b*<a1, c. ,Oék)

We can now introduce the associative R-algebra C generated by S. From the point
of view of geometry, it would be natural to impose commutativity relations on C,
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since its elements represent differential forms. However, our algorithm makes an
essential use of a partial ordering on C, suggesting otherwise. Also, from the point
of view of implementation there is some advantage in working with sequences, rather
than products.

The translating map P extends to an algebra homomorphism

P:C — QV,A*T).
For every v in V', the evaluation at v induces a map
P,:C— ANV ®AT.

Notice that P is typically not injective. Also, P cannot be surjective, because C was
defined as the algebra generated by S over R, not C*°(V)¢. On the other hand, P is
surjective “up to” C*(V)¢ if and only if P(C) satisfies the criterion of Theorem 12.
Thus, the problem of determining a minimal set of generators is addressed by the
following:

Algorithm 16. The following algorithm computes a finite subset C' C C, of minimal
cardinality, such that Span P(C') = P(C).

Description. For every integer [, we define
Sl:{Oq-"Oél | OéiES} CC;

we say that elements of S! have length .
The algorithm consists of two steps. First, one computes a set Cy C C such that

Span Py(Co) = Py(C), |Col = dim Ry(C),  Co = [ J(S' N Cy). (30)

Then one fixes a non-zero v in V', and extends Cy to a set C,, C C such that

Span P,(C,) = P,(C), |Cy| =dimP,(C), C,=[]J(5'nC,). (31)

By Theorem 12, (31) implies that Span P(C,) = P(C) and C, is of minimal cardi-
nality, as required.

We shall illustrate in detail the second step, as the first is completely analogous.
Thus, we assume that a subset C of C satisfying (30) is given.

1. Fix a total ordering relation < on 8. Extend < to |J; S' by decreeing that
ap--roq < Bre-- By if either I < m or [l = m and a; < §; for the smallest j
such that o; # ;.

2. Compute a finite sequence of elements {(k!),},>0, by
(k1), = min{k € S | P,(k) ¢ Span P,(Co U {(k}); | i < n})}.

Observe that having fixed a basis of A*(T @ V'), this is a matter of applying
an elimination scheme to a matrix with numeric entries, whose rows represent
the images in A*(T' & V') of the elements of S.
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3. Set C1 = (SN Co) U { (k) }.

4. Starting with [ = 1, compute the subset C! of elements of length [, iteratively
from C'71) as follows.

4.1 For each oy -+ a1 € CL71) set

Aoél'“Otzf1 = {al"'allﬂ | 66 Oi,&l,l Sﬁ,
al---o@----al1ﬁecilvj'—1,...,z—1}.

[terating through all elements ay - -+ a;_; of C!71, one obtains the set

Ai:{al'“al\Oéjeciaar-'o?j---oqGCi‘Iijl,...,l,
alg..gal}

4.2 Compute a finite sequence {(k!),}n>o of elements of A%\ Cy by
(K =mind k€ 4\ G

P,(k) ¢ Span P, (CoUCyU---UCT U{(K): | i< n})} :

4.3 Set C! = {(Kl),,} U (S'NCy).
5. Increment [ and repeat step 4, until C! is empty.
6. Set C, = J,C!.

The above steps give a construction of C, given Cjj. On the other hand, if one
replaces Cy with the empty set and v with 0, the same steps give a construction
of Cy. Let us check that the set Cy obtained this way satisfies (30). We show by
induction on [ that

Py(h) € Span{Py(k) | ke CiuU---UC,, k< h}, heS. (32)
The case [ = 1 is straightforward. Define a finite sequence
(hh)n = min{h € (C;)" | Py(h) ¢ Span Py (Cy U---UCE U {(hf); | i <n})}.
Here, (C})! is the subset of S! whose factors lie in C}. We shall prove that
(ho)n € Ay , (33)

so that the sequences (h)), and (k}), coincide. Since C} = {(k}),} by definition,
and
Py(Cy) = Po(S)
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generates Py(C) as an algebra, (32) will follow.
Let h be the smallest element of S’ such that Py(h) does not lie in

Span Py (Cj U -+ U CrU{(hh)i i < n}) ; (34)

we must prove that h lies in A}. Let h = a;---«;. By minimality of h, we have
a; < --- < ;. Suppose by contradiction that aq - - - &; - - - o is not in C’é_l for some
j. By the induction hypothesis (32),

PO(Oél"'O/é\j"'Oél):Zaipo<ﬁi>7 a €R, Bi<ay-ay .

In particular,

Py(h) = caiPo(aB), e = %1,
For each ¢, the factors of a;3; can be reordered so as to obtain an element lesser than
or equal to h. However, equality would imply that 3, = a4 - - - ay, which is absurd.
Since h is minimal, it follows that (34) contains all the Py(«;03;), though not their
linear combination Py(h), which is absurd.

Having proved (32), it follows that Py(Cy) spans all of Py(C). Notice that the
termination clause of Step (5) is justified by the fact that when C! is empty, A5™
is also empty. This condition is bound to occur for some value of | because P,(C) is
finite dimensional. Finally, the fact that the images under P of the elements of Cj are
linearly independent is built in the construction, so (30) is satisfied. Equation (31)
is proved in the same way, bearing in mind that linear independence at 0 implies
linear independence at v. [

Remark. The fact that S consists of formal contractions was not used in Algo-
rithm 16. The essential ingredient is the map P. Thus, one can enlarge S by a set
of generators for the algebra (A*T)Y, extending P in the obvious way. Indeed, by
Proposition 15 one can always choose a finite L for which, enlarging S this way,
Algorithm 16 gives a set of generators for Q(V, A*T)¢.

We conclude this section with a few words concerning the implementation of
Algorithm 16. Most software for differential geometry is written in the form of
a package for a Computer Algebra System, see e.g. GrTensor [12], GRG and
Ricci. This approach has the disadvantage that the underlying language provides
no support for object oriented programming, or even user-defined types. Motivated
by the intrinsically polymorphic nature of the relevant data — the elements of C —
we resorted instead to an actual programming language, namely C*t* in the same
vein as the library GiNaC [3]. In fact, our implementation relies heavily on GiNaC
for symbolic computations, although some work was needed to introduce adequate
support for differential forms.

Concerning efficiency, the algorithm was designed to minimize the size and num-
ber of the matrices appearing in Steps (2) and (4.2), by far the most computationally
expensive. Empirical tests show that more naive solutions lead to extremely long
computation times, even for low-dimensional examples as that of Section 7.
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7 Hyperkihler structures on 7TCP?

In this section we give explicit examples of hyperkahler metrics. More precisely, we
consider the total space of TCP?, with the natural action of SU(3), and compute a
set of generators for the space of invariant forms. Using these generators, we produce
a homogeneous 3-Sasaki structure on the sphere subbundle, and the corresponding
conical hyperkahler structure on the complement of the zero section. Finally, we
obtain a one-parameter family of complete hyperkéhler metrics, generalizing the
construction of [6].

7.1 The dictionary on SU(3) Xz C?

We regard CP? as the homogeneous space SU(3)/U(2). Accordingly, we identify its
tangent space as the associated bundle

TCP? = SU(3) xy() C*.

The group U(2) acts transitively on the sphere in V' = C?, and so we can apply
Algorithm 16. Explicitly, we fix a basis ey, .. ., eg of the Lie algebra su(3), such that

the dual basis €', ..., e® of su(3)* satisfies
de! = —eB _ % | 96T, de? = 13 4 %6 _ 5T _ /3658,
ded = —e!2 _ AT | \f3 M8 _ 56 det = 15 _ 62 | 3T _ (/3038
de® = —eM + %" + 30 + \/§628, de® = —2¢e'" 4+ ¥ — 3,
deT = 2616 _ 2 _ 3 ded — —/3e% 1 /363

Let G = U(2) be the connected subgroup with Lie algebra
g = (e1,e6,67) B (es) = su(2) +u(l).
and fix an invariant connection
T = (eg,e3,€e4,€5) = (t1,...,14).
If we temporarily identify T" with the space of quaternions by
1 =e9,2=c¢e3,) = ey, k = es,
then the action of g is given by
pler) = Li, ples) = —Lj, pler) = Ly, p(V3es) = Ry

Notice that eg was normalized so as to have the same norm as the other elements;
consequently, eg has period 27 /+/3.

Let V = C?. Then we have an equivariant isomorphism i = Id: V — T that
induces an element 3 of £, whose components are

Br=-e3, [o=e3, [B3=¢e4, [u=es,
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and, via the isomorphism 7' = A3T, another element B , given by
Bl = €345, Bz = —€245, 33 = €235, 34 = —€234.
The isomorphism ¢ also induces an equivariant map
j=iNi: VRV — AT,
inducing in turn an element € of £ with components

e = (181 + agfs + asfs + asBy) A By .

We have two natural invariant contractions V' ® V' — R, namely the usual scalar
product - and a skew-symmetric bilinear form o, given by

V1 ® Vs — U4 QU — Vg QUg + V3 Q Vs.

The corresponding contractions m.(«, 3) will be denoted by a3, and o(a, 3) respec-
tively. We shall also indicate the wedge product by juxtaposition, as in abo(a,b)
instead of ab A o(a,b).

Proposition 17. Let L = {a,b,3,¢}, and B = {-,0}. Then Algorithm 16 yields a
complete set of generators for the vector space of invariant forms.

Proof. Applying Algorithm 16, we obtain the set of generators appearing in Table 1.
By Theorem 12, it suffices to compute the dimension of AY? and AVM-VM)  where
U(1)-U(1) is the principal stabilizer. The result of this computation is summarized
in the following tables:

P\g|0,4[1,3]2 PN l0,4]1,3] 2
0,4] 1| 0|1 0,4] 1] 2] 2
1,3 0| 2|0 1,3 2| 6| 8

20 1] o0l4 20 2] 8|12

Notice that each element appearing in Table 1 vanishes at the origin of V if and
only if it contains an a or an e. Using this fact, it is straightforward to check that
Theorem 12 is satisfied. O]

7.2 Hyperkahler structures

A hyperkahler structure on an 8-manifold is the special geometry defined by three
closed forms wy, ws, w3 which, at each point, have the form
wi =e?+et+e0+e™ w=eP e+ +e, wy = e+ e+ + e, (35)
where €', ..., €% is a basis of one-forms.
There is a correspondence, described in [2], between conical metrics with special

holonomy and special geometries in one dimension less. In particular, conical hy-
perkéhler structures are related to 3-Sasaki structures in seven dimensions. Indeed,
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Generators of Q4(V, APT)V)

ab,o(a,b)
af, o(a, 3)

o(b,b),abo(a,b)
bG3,o(b,3),abapB,abo(a, 3),0(a,b)ap,o(a,b)o(a, )
o(B3,8),0(a,e€)

— Ol = O = O3

N WO = NO —RQ

DO

o
—_

e}

abo(b,b),o(a,b)o(b,b)
abbpB,abao(b, 5),0(a,b)bs,o(a,b)o(b,),abc(b,b),o(a,3)o(b,b),abo(a,b)af,
abo(a,b)o(a, )

)

—_
S

[\)
w

[\

= W
o =

be,o(b,€),abo(3,5),abo(a,€),0(a,b)o(3,5),0(a,b)o(a,€),0(a, B)bB,0(a, 3) (b, 5)
a3, o(a, )

a(b,0) o (b, )
o(b,b)bB,0(b,b)a(b,),abo(a,b)bs,abo(a,b)o(b,),abafa(b,b),abo(a, ) o(b,b)
a(b,b)o(5,5),0803,08 (b, 5),a(b, 5) (b, B), abbe, abo(b, €),0(a,b) be,
o(a,b)o(b,e€),0(a,e)o(b,b),abo(a,b) o(3,3),abo(a,b) o(a,e€),abo(a, 3) b3
b@a(b,ﬁ),abaﬁ,aba( .B),0(a,b)af,o(a,b)ola, )

pp

N =
W =~

= w
_ N

abo(b,b) b3, aba(b,b) o(b,3)

o(b,b) be,a(b,b) o(b,€),abo(a,b) be,abo(a,b) o(b,€),

abo(b.b) (3. 3).abb3b3.abb3a(b. ). (e D)o b V) o(A.0) ~
bBbe, b3 a(b,e),a(b, ) o(b,e), abbﬂ,aba( B3),aBc(b,b),abo(a,b)af,abo(a,b)o(a, )

ab 38, o(a,b) B3

=~ W N
N W o~

o(b,b)o(b,b)o(5,3),abo(b,b) be
a(b,b)b3,a(b,b) o (b, 3),abbB be, abbB o (b,€),abo (b, 3) o (b, €),5(a,b) b3 be
o(b,b) 3,aba(a,b) B

- w
W =~

b
o (b, b) bB be, abo (b, b) o (b, )
bB b3 be, b bB o (b, €)

W
W

BB a(b,b)o(b,b)

Table 1: The dictionary of invariant forms on TCP?.
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aa 2ab

ab 0

o(a,b) —20(a,€) + o(b,b) — aac (B, )

af3 b

o(a, ) o(5.5)

a(b,b) 2abo (8, 3) + 20(a, B) b + 20(b, €)
b3 0

a(b, ) 0

0-(67 6) 0

o(a,e€) o(a,B)bB + o(b,e€)

abo(a,b) 2abo(a,€) —abo(b,b) + aaabo (S, 3)
abap —abbp

abo(a, ) —abao(b, )

o(a,b)al —o(a,b)bs + aBo(b,b) — 2aao(a, 5)
o(a,b)o(a, ) | —o(a,b) o (b, B) + o(a, 3) o(b,b) + 2aa af

Table 2: Action of d on invariant forms of degree 1, 2.

a 3-Sasaki structure on a 7-manifold M can be defined by three contact forms 7,
72, N3 such that the closed forms

w; = r2dn; + 2rdr An;
define a conical hyperkahler structure on M x R, , where r is a coordinate on R,.

Proposition 18. The one-forms

n'=20(a,3), 1°=2ap, u’=o(ab) (36)
define a 3-Sasaki structure on the unit sphere bundle in TCP?. Accordingly, the
complement of the zero section in TCP? admits a conical hyperkdhler structure,
given by

Wy = 2aa? a(b,B) + 2aa"% ab o(a,B), we= 2aa%bﬁ 1 2aa"zab af,
wg =0(b,b) —aac(B, ) —20(a,e).

Proof. Let S, be the sphere bundle defined by the equation aa = r?. We can extend
the 1-forms 7’ to the union of the S, by
2 2 1
1_ = 2_ 2 3
n=_o(a,f), n=-ab, n"=0(ab).

Notice that these forms are constant along the radial direction; so, we can consis-
tently identify S; x R with the complement of the zero section in TCP?. Since the
7n; are invariant under the homogeneous action of SU(3), we can work at a point of
S,, where we can assume a = (r,0,0,0). Then

1
m =204, nM2=201, n3= ;54 .
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Moreover by = 0 on S,. By Table 2, we obtain

2 2 2 2 2 2
dn'ls, = =bsfy + =Psbo + =frbs,  dn’ls, = =bsfs + =bofs + =bsf3s,
r r r r r r
2
dn’ls, = T—Qbsz + 2023 + 4041
Thus, the n® are contact forms, and the associated symplectic forms are

wy = 2r(bsfa + Bsba + (1) + 4rb1 By = 2aa? o(b, ) + 2aa”% ab o(a, ),
wy = 2r(b3fs + bofay + byfy) + 4rb1 1 = 2aa%bﬁ + 2aa"2ab af,
ws = 2b3y + 212 Bas + 472 By, + 2b1s = 0(b,b) — aa (B3, B) — 20(a,€).

By construction, or by direct computation using Table 2, the w; are closed. It only
remains to find a local basis of 1-forms satisfying Equation (35); at a = (r,0,0,0),
this basis is given by

\/5637 \/érﬁ% \/Erﬁ?n \/§b27 _QTﬁla _b4a 2b17 2Tﬁ4' O

The total space of TCP? also admits a complete hyperkihler structure, which
was found by Calabi [6]. We can express this structure in our language; in fact, we
can extend this example to a one-parameter family of metrics:

Theorem 19. The total space of TCP? has a one-parameter family of complete
hyperkdhler structures
w1 = 20'([), ﬁ), Wo = 2b5,
1 2f3
v = f0(0.0) ~ 3005, 5) ~ 20, ~ 1

m aba(a,b),

where

B 2
Ck+Vk2fdaad
Proof. Let f = f(aa), so that df = 2f"ab. It is evident from Table 2 that w; and
wy are closed, and

f k> 0.

3 /!
dws = <2f— % - %f—é) abo(83,3)

4f3 , 2f3 ,
_ <T@af2 +4f> abO’(CL,G) + (m +2f) (lbO’(b,b).

Since f as defined in the statement is a smooth solution of

f3

/__—
f= 1+ aa f2’

the form wjs is also closed.

32



To verify that the w; define a hyperkéhler structure, one has to check that (35)
is satisfied. As usual, it suffices to check this at a = (r,0,0,0). We compute

wi = 2b30s + 2030y + 281bs + 2b1 B4,  wo = 20383 + 2b2s + 2b4 By — 25101,
2 2 + 2aa f* 2f

Wz = 2f632 + ?ﬁ23 - # 14 — mblﬂa

which is easily seen to satisfy the requirement. In particular, we obtain for the
metric the explicit form

2
9:2f(52®b2+53®b3)+;(ﬁ2®ﬁz+53®53)+%(&@&ﬂL@L@@L)
2
+Tilf2(b1®bl+b4®b4). ]

Remark. Considering the complexity of Table 1, we expect TCP? to have other
special geometries, beside the examples of this section.
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