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If you have an apple and I have an apple,
and we exchange apples,

we both still only have one apple.

But if you have an idea and I have an idea,
and we exchange ideas,

we each now have two ideas.

(George Bernard Shaw)
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Introduction

The starting point for this thesis is a concrete problem: to measure, using
statistical models, aspects of subjective perceptions and assessments and to
understand their dependencies. The objective of the research is to study the
statistical properties of some estimators of the parameters of regression mod-
els with variables affected by measurement errors. These models are widely
used in surveys based on questionnaires developed to detect subjective assess-
ments and perceptions with Likert-type scales. It is a highly debated topic,
as many of the relevant aspects in this field are not directly observable and
therefore the variables used to estimate them are affected by measurement
errors. The models with measurement errors were very thorough in litera-
ture. Already addressed in the middle of last century by Fuller (1987), this
theme has been widely echoed by many researcher that investigated different
aspects of this problem, with respect to their specific applications.

In literature we can identify several areas of research, based on the dif-
ferent approaches that the authors have with this topic; in this work we will
developed two of the most used. Obviously, according to the approach cho-
sen, different models were proposed to estimate the relationships between
variables affected by measurement error. After exposing the main features
of these models, the thesis focuses on providing an original contribution to
comparative analysis of the two presented approaches.

We started from a preliminary critical reading of the methodological lit-
erature on three specific multivariate models used in the context outlined
above: the Measurement Error Model (MEM), the Item Response Model
(IRM) and the Structural Equation Model (SEM).

In the first Chapter, we will present a review of major works concerning

v
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the general theme of MEMs, inspired by one of the basic texts (Fuller, 1987),
then integrating with more recent theoretical contributions (Carroll et al.,
2006). We will present only some basic regression models, mainly linear with
a little hint at the nonlinear case, and two methods of estimation (Regression-
calibration and SIMEX).

In the second Chapter, we will deepen two more modern approaches to
the problem of measurement error in social sciences, the IRM and the SEM.
After a brief overview of the literature, we will present some famous mod-
els for each approach, to focus, in the last sections of the chapter, on two
different estimation procedures. The first procedure, named One-step, con-
siders simultaneously all the parameters involved in the complete model for
the hypothesized latent and observed variables (using the SEM). The second
procedure, named Two-step, starts obtaining, by the observed variables, the
measures associated to latent variables (using the IRM). In a second phase,
we derive parameter estimates of the regression model assumed for the la-
tent variables, using in its specification the measures of the first step and
considering that they are affected by measurement errors (using the MEM).

The properties of the Two-step procedure have not yet been adequately
detailed in the literature and we did not find significant contributions in this
regard. The simulation study will indicate a possible analysis strategy, that
could provide some useful prescriptive about it. One of the most innovative
aspects of the proposed procedure concerns the method of the measurement
error inclusion in the second step. Some authors, after obtaining the measures
in the first step, estimate the regression model without taking into account
that the model variables are affected by measurement error.

The simulation study want to evaluate the impact of this measurement
error in the case of standard regression and it assesses whether the T'wo-step
procedure is preferable compared to the One-step procedure. For comparison,
we will consider the loss of efficiency and accuracy of the Two-step procedure,
but also evaluating that it allows better control in both phases: measures
construction and regression interpretation.

Another original aspect of the thesis concerns the reliability index used

to estimate the variance of measurement error: the Rasch Person Reliability
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Index. This index is still not widely used in literature, but it can conceptually
be an element of connection between the first and second stage of Two-step
procedure, as it is calculated together with the measures in the first step and
it determines the magnitude of measurement error in the second one.

In the final Chapter, we will present the simulation study, where we com-
pare the results obtained through an articulated process of analysis. This
original comparison, conducted with reference to the usual properties of esti-
mators (bias, standard error and mean square error) is of particular interest
especially from the practical point of view. In fact, we know that, compared
to the One-step, the Two-step procedure allows greater flexibility of analysis
and possibility of verification of hypothesized relations, especially for more
complex models consisting of several latent variables and observed variables,
but it is less precise and it is, in some extend, biased. The simulation study

want to investigate this bias and loss of precision.



Chapter 1

Measurement Error in

Regression Models

1.1 Introduction

In this chapter, we will present the theory of regression models for variables
affected by measurement errors. This may arise for a number of reasons, for
example it could be due to bad measurement tools or just because the true
variable can not be measured directly. When we have discrete variables, the
measurement error is indicated as misclassification. In the first Section, we
will make a general presentation of the topic, introducing some useful
definitions to understand the models presented later. In Section 1.3, we will
present the measurement error linear regression model (the univariate case
and, briefly, the extension to multivariate case), while the response variable
error model is shown in Section 1.4. Finally, we present two different
estimation methods, the Regression-Calibration (Section 1.5) and the

Simulation-Extrapolation (Section 1.6).



CHAPTER 1. MEASUREMENT ERROR IN REGRESSION MODELS 2

1.2 A General Overview of Measurement
Error Models (MEMs)

We will consider fitting models that relate ¢ (¢ > 1) response variables
Y =(Y3,...,Y,), to m (m > 0) error-free predictors Z = (4, ..., Z,,) and
p (p > 1) true predictors X = (X7,...,X,). We can not observe directly
the true predictors (called [latent wvariables), but instead we have the
observed variables W = (W,...,W,). For this reason, often we are not
able to estimate parameters of interest given only the information contained
in the sample of (Y, W, Z) values. In fact we want to fit statistical models
to data formulated in terms of well-defined but unobservable X, using

information on measurements W that are only correlated with X.

First of all we have to distinguish between two types of error:

e the classical additive error
W=X+U E(U|IX) =0, (1.1)

where the observed variable W is equal to the true one plus a

measurement error and so its variability is greater than that of X;

e the Berkson error
X=W+U E(U|W) =0, (1.2)

where the true variable X varies around W and so its variability is

greater than that of the observed variable.

When we start an analysis with measurement error models, it is important
to understand which of these two types of error represents better the real
situation, because “for a given measurement error variance, if you want to
convince yourself that you have lots of statistical power despite measurement
error, just pretend that the measurement error is Berkson and not classical”
(Carroll et al, 2006). If one assumes, for example, that the measurement error

is the classical type instead of Berkson type, then the variance of X is, from
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(1.2), the variance of W minus the variance of the classical measurement
error U, while if you assume a Berkson error model the variance X is much
greater: var[X]|=var[W]+var[U]. In practical analysis, the choice is quite
simple: we have a Berkson error when for all individuals in a group we have
the same value of the error-prone covariate, but the true value is particular to
each individual, for example miners working in the same sector for the same
period are assigned the same exposure to dust, even if the true exposure is
obviously different for each of them. We choose the classical error model if
an error-prone variable is necessarily measured uniquely to a subject, and
that measurement can be replicated, a typical example is the blood pressure

measurement.

Focusing the attention on the true variable X, in literature we find two
different approaches: classical functional models, where X is regarded as a
sequence of unknown fixed constants or parameters, and classical structural
models, where X is considered as random variables. In this work we will use
the distinction, used by Carroll et al. (2006), between:

e the functional modeling, if we make only minimal assumptions about
the distribution of X (that could be either fixed or random);

e the structural modeling, where we place parametric models on the

distribution of the random X.

If we focus on the specification of the model, we can make a similar

distinction between:
1. Error models, where we model the conditional distribution of W given
(2, X);
2. Regression calibration model, where we model the conditional
distribution of X given (Z, W).

In the first group, that includes the classical measurement error model (1.1),
we will suppose that the relationship between W and the unobserved X also

depends on the other predictors Z:

W =+X++Z+TU, E(UIX,Z)=0.
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In the second group, we want to model the distribution of the unobserved

explanatory variables as a function of the observed ones:
X =0§,W+0.Z+ U, E(U|W,Z) =0.

If we assume 9,, = 0 and 0, = 1, we can see that this category includes the
Berkson error model (1.2).

Analyzing the conditional density used in these models, it is possible to
find an interesting relationship between error models and regression
calibration models. It permits to find a model for the distribution of X
given W, starting with a model for the distribution of W given X. If we
have a Structural Model, and so we know the marginal distribution of X,
then we can convert an error model in a regression calibration model using

the Bayes theorem:

fxjw(xjw) = fwix (wl|z) fx ()

[ fwx(wle) fx(z)de

where fx is the density function of X, fwx is the density function of W
given X and fxw is the density function of X given W.

Another important distinction is between  differential  and
nondifferential measurement error. We have nondifferential measurement
error if W, conditionally to the information contained in X and Z, doesn’t
bring additional information to Y. A nondifferential measure contains no
more information for the prediction of Y than those already contained in Z
and X. If fyjzxw = fy|zx, we call W a surrogate for X, and in this case,
even if X is not observable, it is possible to estimate the model parameters
of response given the true covariate.

With differential measurement error, generally we can not do that
because Y is not conditionally independent of W given the true covariates.
In this case, for example, we need a validation subsample. in which both
the measured value and the true value are recorded. We find this particular
data structure when, for example, W is not only a mismeasured version of

X, but it is a separate variable acting as a proxy of X. Often the surrogate
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status of W depend on the other variables in the model. For example, let
X ~ N(ug,02), we assume that €1, ey, Uy, Uy are normal random variables

with zero mean, mutually independent and all independent from X. If

Z = X+€1+U1,
Y = b, +b.Z+b,X+ e,
W = X+61+U2,

then
E[Y[X] = E[Y]X, W],

but
E[Y|Z, X, W] £ E[Y|Z, X],

because the measurement error (W — X)) is correlated with the covariate Z.
We can better understand the importance of nondifferential measurement

error observing the relationship between Y and W in simple linear regression:

E[Y|W] = E{E[Y|X, W]|W} (1.3a)
= E[E(Y|X)|W] (1.3b)
— Elb + b, X|W] (1.3¢)
= by + b, E[X|W]. (1.3d)

Looking at the previous equations, we can interpret the regression in the
observed data as a linear regression of Y on F(X|W), but this is true if
and only if we have nondifferential measurement error, otherwise the passage
(1.3b) is not verified.

1.3 The Linear Regression Model (LRM)

1.3.1 A Single Explanatory Variable

In this section we will briefly present the effects of measurement error in a

normal simple linear regression model. We begin from the classical linear
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regression model with one independent variable:
Y = b(] + be + €, (14)

where € ~ N (0, 02).
The naive ordinary least squares estimator, that is the usual method for

error-free data, is

b, = [Zm - >] S o= 2w~ ).

i=1 =1

and it is the best linear unbiased estimator (BLUE) for b, (Faliva, 1987).
For the following analysis, we consider the classical additive measurement
model (1.1) with

<
o F
o o,
o Qo
S, o o

If we assume that Y is defined by (1.4), than the vector (Y, X) follows a
normal distribution with mean
py| _
i
and covariance matrix
03 Tay| _
Ozy ‘792:

Moreover, when we include W, that is defined by (1.1) and it is jointly

bO + bxﬂx
>

E

v (1.5)

€
2
T

b2o2 + o2 bxag%]

b0 o

normally distributed with (Y, X), we obtain a multivariate normal model for
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(Y, X, W):
Y bo + bafte bloi+o?  b0% buOsw + O
X | ~N o ) be'?: O-:% Ozw
w Loy byOrw + Ocw Ozw 0121;

As we are in the context of measurement error models, the only available
data are the observed values of (Y, W), so the relevant sampling model is the
marginal distribution of (Y, W):

Y N bo + bafls bioZ+ o byo?
w o 7 b.02 o2+ o2

where ft, = ;.
With this error structure, the regression coefficient becomes

Y

Das = [Z(wi _ @2] > (wi—w)(y; — §) = % (1.6)

=1

from which, by the properties of the bivariate normal distribution, we obtain

that the measurement error attenuates the regression coefficient

. o2 o2
El{b,..} =0b, L =b,—= = b\
{0r-} o2+ o2 o2

It’s a well-known achievement by which we can demonstrate that the least
squares regression coefficient for the bivariate model with independent

measurement error in W is biased toward zero and we call

0.2

A= o, 1.7
o2+ o2 (1.7)

as reliability ratio.
Often we can assume to know o2, for example because we made a large

number of independent repeated measurements, and we define the sample

2 2

estimators of (07, 0wy, 05) as (G, Guwy, 00,)-
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The population squared correlation between X and Y is

2 2

g o

2 _ Ty z
Ry = 2% =bit (1.8)

Ty Y

R = W _\R? . (1.9)

Comparing (1.8) and (1.9), we can see that the introduction of
independent measurement error induces a reduction of the squared

correlation proportional to the reliability ratio A.

1.3.2 Bias Correction

If we know the reliability ratio (1.7), it is possible to construct an unbiased
estimator of structural regression coefficient b,, that relates Y to the true
value of X in the model (1.4):

7 ZA) *o%

R ”“’A : (1.10)
with E[lax**] = b,. Knowing A, an estimator of the squared correlation
between X e Y is A

2

p2 _ Twy

oy =50
where >

e Ouy

W oezo

In practice, it is very difficult to known the reliability ratio and so we

have to estimate it with

The problem is that when we reduce the bias, the variance increases:

~

the method-of-moments estimator (1.10) has variance Var|[bg..] = 02/\?,

where 02 is the variance of (1.6), that is greater than the variance of the

*
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biased estimator by, because A < 1. Analyzing the residual variance of the

regression of Y on W

2
var[Y |W] = o2 + i o + \b2o?

rou __9 2 7w
oz + 0oz

we can better understand that the measurement error causes an increase of
variability in the data. If we substitute (X = W — U) into the regression

model, we obtain a new model
Y =by+ bW+ (e — b, U),

with covariate W and error (e — b,U) that has variance (o2 + b%02) > o2
The bias is due to the fact that the error and the covariate have a common
component U, so they are not uncorrelated.

To better understand the bias versus variance tradeoff we can use an
index that considered simultaneously the variance and the bias, as the means

squared error (MSE), that is the sum of variance plus the squared of bias:

~

MSE(b,,) = o2+ (1 —\)2?
2
~ 0'*

From the above equations, we can deduce that

) ) A (1—=A)b2
MSE(bzes) < MSE(by.) iff 02 < %

Because o2 decreases with increasing sample size, we can say that, in large

samples, it is opportune to correct for attenuation due to measurement error.

1.3.3 The Simple LRM with Different Error Structure

Now we consider the impact of different measurement error structures on the

simple regression model (1.4). We start from the Berkson error (X = W+U),
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where we have

EXW) = W
EY|W) = by+bW,
Ozw = o2
cri = crfu + O'i.

In this case the naive estimator that regress Y on W is unbiased for by and
b, but we have an increase in the residual variance and a corresponding

decrease in the model coefficient of determination (R?).

When we have a model with differential error, W is not unbiased for X

and we can express the error structure as:
W =~X+U, (1.11)

where U has mean zero, variance o2 and it is independent of X. If (X, ¢, U)
are jointly normally distributed, then the regression of Y on W is linear with
intercept
and slope

2
beVe0Z + Pe OOy
22 2
’YIBO-.’E + Ou

by = : (1.12)

where 0, = 7,02, 0, = y202+02 and p., is the correlation between € and U.
Unlike what we said as comment to (1.10), from (1.12) we see that there are
two different situations where it is possible that |b.| > |b.|: if W is biased
(72 # 1) and if p, # 0. In both cases, the measurement error could lead to
an opposite effect to the attenuation, so the naive model slope could be less
or greater than b,, depending on the amount of bias and on the correlations
between errors in linear regression models (¢) and measurement errors (U).
To correct the bias we will need most additional information or data. When
(1.11) is verified, the residual variance of the linear regression of Y on X is

2 2 2 2
bzo-xo- 0w — Qbmexo-zpeuO-eo-u

2 -2 2
1Ux+0u

var(Y|W) = o2 +

v
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In Table 1.1, we summarize the primary effects of measurement error
in a simple regression model where (Y, X, W) are multivariate normal and
the underlying regression model is Y = by + 0, X + €, where X and € are
independent and ¢ has mean zero and variance o2. We present, for each of
the four different error models (no error (W = X), an unbiased classical-error
measurement (W = X + U), an unbiased Berkson measurement (X = W +
U) and a general differential measurement error), the error model squared
correlations, intercepts, slopes and residual variances of the linear model
relating Y to W.

1.3.4 The Multiple LRM with Measurement Error

We can extend our reasoning to the case with more than one predict variable,
among which we will distinguish between explanatory variables measured
without error, Z = (Z1, ..., Zy), and those that cannot be measure exactly,
X=(X1,...,X,).

The linear model is

Y = by+b X +DblZ+e,
W = X+TU,

where X = (Xi,...,X,) is a matrix (n x p), with n the number of the
observation and p the number of the error-prone covariates, Z is a matrix
containing the m covariates measured without error.

We have to observe immediately that the naive ordinary linear regression

does not consistently estimate (b’ ,b’), but

— — 71 -
b..| | S . Sy 0
- T, (1.13)
_ Ewm + Euu EZ‘Z ZICIS Exz b:l? _|_ E’U,G
I D >N it Yo Tao| |be o[

It is important to remark that when the model includes both error-prone

and error-free covariates, the attenuation due to the effect of a classical
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measurement error may affect not only the naive estimator of b, but also
the naive estimator of b,.
To correct the bias, when W is unbiased for X and >, e ¥, are known or

can be estimated, we can use (1.13) to construct a simple method-of-moments

~1
Sww - Euu Swz Swy - Eue
Szw Szz Szy
where S,;, indicates the sample covariance between A and b. If W is biased

for X (so W = 7+7,X+U), the method-of moments estimator is still useful

estimator:

but we have to employ the error-calibrated variable W, = 4 1(W — 4;).

The Nonlinear Regression

With nonlinear measurement error models, we can find qualitative effects
similar to those described in the previous paragraph for linear models,
obviously more pronounced is the nature of nonlinearity of the model, less
relevant are the previous results. An exception is the unbiased Berkson
error that, in this context, produces biases, even if, for a comparable p,,,,
they are less severe than that due to classical measurement error. Starting
from this consideration, it will give us, in the following Section, the cue to
talk about the regression Calibration technique, that estimates an unbiased
Berkson predictor by a preliminary calibration analysis to conduct an usual

—

naive analysis with E[X|W] replacing X.

1.4 The Response Variable Error Model

It is possible that the response variable is affected by measurement error:
S=Y+V,

where Y is the true response, V is the measurement error and S is the
observed response. Some authors (for example Abreyava and Hausman,
2004) think that classical response measurement error can be ignored in

regression analysis because it is included into residual error. Thanks to
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some simulated results, some authors support that “in linear or nonlinear
regressions that have homoscedastic errors about the true line, the only
effects of adding unbiased, homoscedastic response measurement error is to
increase the variability of the fitted lines and surfaces, and to decrease
power for detecting effects. All tests, confidence intervals, etc, are perfectly
valid: they are simply less powerful” (Carroll et al., 2006) . We can suppose
that Y, without response error, has mean m,(Z,b,), and variance 05, while

the observed response S has mean my,(Z,b,) and variance o2 = 05 + 0%

5
thus the observed data have the same mean of Y, but a greater variance
than the true one.

When we have a nonlinear models (like in this case), we must remember
that the inference is often based on linear approximation of the model by

Taylor expansion of the parameter b, about its true value b,,, for example
Yi = my(zia bz) +€ = my(zi7 bzo) + f/(zia bzo)(bz - bzg) + €.

The error in the Taylor approximation decreases to zero as b, approaches
to b,,. We can observe that when the response variance increase then the
approximation becomes less accurate, also the increase of o, determines an

increasing skewness of b,.

1.4.1 Biased Responses

It is possible that the observed response S is biased for the true response
Y, in this case we obtain biased estimates for the regression parameters.
For example, we consider a model where Y given Z follows a normal linear
model with mean by + blZ and variance o2, if the distribution of S given
(Y, Z) follows a normal linear model with mean vo+,Y and variance o2, so
S is biased and the observed data follow a normal linear model with mean

2

Yo + boyy + 7, bLZ and variance o2 + 7306. If we don’t consider the response

measurement error, the naive regression estimator does not estimate b,, but

instead y,b.. An obvious solution would be to use = ;VO, but often we don’t
Y
know 7y and ~,, so we have to adopt different strategy to solve the problem

(for example see Buonaccorsi, 1996). When it is possible, an useful method
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consists in the use of validation data.

Validation Data

If we have some validation data on a simple random subsample of the primary

data, we can follow the following procedure at 5 steps to obtain information

about (70, 7y).

1. We use the validation subsample to calculate le, that is an estimation

of b,, and (7o, ).

2. In the second step we want to obtain an estimated unbiased response
(S — 40)/%y that we use in another iteration of the analysis to get a

second estimate b,,.

3. Now we can use bootstrap techniques to estimate the joint covariance

matrix of these estimates (X).

4. In this step we calculate the best weighted combination of le and BZ2
b, = (IS )7 IS (b, b),

where J = (I,J), J is the identity matrix (r x ) and r is the number

of elements in b,.

5. At last, we can use (J'i_lJ )~! as estimated covariance matrix for the

~

estimates b,.

Often it is quite difficult and expensive to construct a validation dataset,
so other methods have been implemented; for example it is possible to obtain
information by replicated measurement of S or using external data in which

Y is observed.

1.4.2 The Logistic Regression Model for Discrete Data

As we have mentioned at the beginning, with discrete data the response error
corresponds to misclassification: there is an error when Y = a and S = b,

with a and b different modes of the categorical response variable.
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We consider a logistic regression model with response probability
Pr(Y =1|Z) = H(by + b.Z), (1.14)

where H(-) is the logistic distribution function, and we suppose that the
misclassification error is independent of Z and the probabilities of correct

classification are:

PriS=1Y=12) = m
Pr(S=0Y =0,Z) = m.

Because of misclassification errors, the observed data don’t follow the logistic

model (1.14), but the more complex form
Pr(S=12Z)=(1—m) + (m +m —1)H(bp + b.Z) , (1.15)

so the response misclassification is considerably biased for the true
probability response. This problem has been studied from many authors:
Paulino et al. (2003) studied the binomial regression with misclassification,
Prescott and Garthwaite (2002) focused on validation substudies, Neuhaus
(2002) developed the theme of analysis of clustered and longitudinal binary
data subject, and Ramalho (2002) has addressed the problem of
choice-based samples.

In practical analysis, the difficulty of estimation of the underlying risk
function significantly affecting the ability of data of the data to identify the
classification probabilities. Copas (1988) states that “accurate estimation of
the misclassification parameters is very difficult if not impossible unless n is
extremely large”, it is possible, at least, to conduct a sensitivity analysis for
plausible values of the misclassification probabilities.

To estimate (mg,m,bo, b)), if we assume that the misclassification
probabilities are independent of Z, we can using maximum likelihood or
Bayesian methods. We indicate the probability model (1.15) as

U (S, Z, g, T, by, b)) and we maximize, for example with EM-algorithm, the
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loglikelihood function

> {silog[¥ (S, Z, mo, 71, by, bL)] + (1 — s:)log[L — W(S, Z,mo, 71, by, b))}
=1
(1.16)

Even if it is not a easy estimation, sometimes we have the possibility to know
the value of true Y for a subsample of the data, so we can directly estimate
the classification probabilities maximizing the loglikelihood function above
in (by,b.).

When we can have validation data, we can apply pseudolikelihood
methods that consist in estimating m; (mg) as the fraction of the subject, in
the validation study, who are correctly classified among those whose true
value is Y =1 (Y = 0), assuming that these are known, and then maximize
the likelihood (1.16). In order to apply these estimation methods it is
important that the selection into the validation study does not depend on Z
or on the observed value S, otherwise these procedures can cause biased

estimations.

1.5 The Regression Calibration Method

Regression calibration is well known approximate model to correct biases in
measurement error regression models and it is widely used in epidemiological
field; we assume the existence of a calibration substudy, where accurate and
crude measurement methods are related by a second regression analysis. As
we have seen in the previous paragraphs, if we have a classical error model,
where only one variable is measured with error, the regression coefficient
estimate b, using traditional regression analysis is biased toward the null
value; where there are two or more error-in variables, biases may point in
either direction, and there are important cases in which bias points away from
the null. Moreover, estimates for variables that are not measured with error
will also be biased (Rosner et al., 1990). Regression calibration for linear
models will correct such biases if the assumptions are met. The key of this

method is the substitution of X with the expected value of the true variable
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conditional on observed data measured (Z,W). Regression calibration is quite
simple and, if the approximation is sufficiently accurate, it is applicable to

any regression model. The algorithm consists of three phases:

1. First we have to estimate the regression of X on (Z,W), mx(Z, W,~)
that depend on parameters v, estimated by #;

2. then we can run standard analysis to obtain parameter estimates,

substituting the unobserved X by its estimate;

3. finally we must adjust the resulting standard errors to account for the

estimation of .

To better understand this procedure, we imagine a model where
E[Y|Z,W]| = mvy|Z,X, B,

for some unknown parameter B. If we substitute, in this expected value, X

with its estimated value, we have a modified model for observed data:

The replacement of X with its regression on (Z,W) is not always an
easy passage of the algorithm, except in same simple cases, for example if we
have validation data, we can regress X on the other covariates (Z,W) in the
validation subsample. In other cases we can have an unbiased instrument T
for a subset of the original sample, so the regression of T on (Z,W) is the
same as the regression of X on (Z,W).

In practical applications, in addition to the difficulty of estimating the
regression of X on (Z,W), this method has two drawbacks: it doesn’t exist
a simple approximation that can always be accurate and it shows some
difficulties with high non linear models.

Here we briefly present some considerations of this method following the

scheme proposed by Fraser and Stram (2001). With the regression calibration
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we often have a loss of statistical power as compared with the case where we
know X. One reason for this phenomenon is due to the reduced variability
of the predictor variable in the new regression model, and usually this leads
to a reduced power to detect a nonzero slope in the regression analysis:
E[X|W,Z] = Xgc, that is the predictor that we use instead of the unknown

X, is less variable than X, as we can see from
Var[X] = Var{E[X|W,Z]} + E{Var|X|W,Z]}.

We can identify another cause of the reduction of statistical power in the
greater variability of Y given W than in Y given X. However, as we will see
in the following Sections, for binary Y, this second issue can be neglected,
since the variance of Y is uniquely determined by its mean value.

When we have an univariate linear calibration equation, we can verify
that

Var{E[X|W]} = R*Var[X], (1.17)

where R is the correlation coefficient between X and W. From 1.17, we can
deduce that, when we use regression calibration method, we need % more
units to detect a nonzero regression between Y and W compared to the case
where X is available. In summary, when we apply a regression calibration

model, the statistical power may be adversely affected by different factors:
e small sample size;
e multicollinearity between the covariates;

e poor validity, as measured by the correlation between X and W (this

depends in part on the residual error in the calibration equations);

e imprecision in the estimate of F[X|W,Z| due to imprecision of the

calibration equation coefficients.

For the asymptotic formulae of the standard errors, we refer to studies of
Carroll and Stefanski (1990).
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1.6 The Simulation Extrapolation Method

The simulation and extrapolation method (SIMEX), initially proposed by
Cook and Stefanski (1994) and subsequently developed by several authors,
has become a useful tool for correcting estimates in the presence of additive
measurement error, and more generally to all cases in which the
measurement error generating process can be simulated through Monte
Carlo techniques. In 2006, Kiichenhoff et al. (2006) applied the same basic
idea of simulation and extrapolation to the case of misclassification and he
proposed the model MCSIMEX. It is a functional method since there are
no assumptions made about the distribution of the unobserved true
covariate.  Intuitively, the idea of this method is to generate new
observations with a greater measurement error as the original sample, to
determine a trend of the bias due to measurement error versus the variance
of the added measurement error, and to extrapolate this trend back to the
case of no measurement error. We will use the following function
Gloy) =0y, — b*(03),

where 0" is the limit to which the naive estimator converges as the sample
size n — oo. In fact, it is quite simple to see that G(0) = b is the true
parameter, and G(02) = b, is the ordinary least square estimator (1.6), also
called naive estimator. We recall that l;x* consistently estimates b, A and it

is biased for b, if 02 > 0.

1.6.1 SIMEX in Simple Linear Regression

To describe the basic idea of SIMEX for a simple linear regression model, we

start from
Y = b(] + wa + €,

with additive measurement error W = X +U; U ~ D(0,¢2), where D is any
unknown distribution, is independent of (Y, X).

We want to show that the effect of measurement error on the estimation
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Figure 1.1. A generic SIMEX plot showing the effect on a statistic of adding
measurement error with variance o2 to the data when estimating a generic
parameter ¢ (Carroll et al., 2006)

of a generic parameter, ©, can be defined experimentally via simulation. We
suppose to have, in addition to the original data used to calculate lgm*, M-1
other datasets created with increasing measurement error variance, so the
m-th dataset has (1 + &,,)02, where 0 = & < & < -+ < &)y are known.

In Figure 1.1, we can see a graphical representation of the Simulation
Extrapolation procedure. In the abscissa we have &, in the ordinate we find
the estimated parameter ©. When ¢ = 0 we have the naive estimate, while
the SIMEX estimate is an extrapolation of the estimates O to the case where
¢ = —1. Obviously we can not really add measurement errors with negative
variance to data, but the purpose of this method is just adding pseudo error
with positive variance that we allow the estimation of the form of the bias as
a function of £. In this way, we can extrapolate the case, purely hypothetical,
of adding pseudo-errors with negative variance.

We indicate with l;xm the least squares slope estimate, obtained by the

m-th dataset; it consistently estimates

0.2

b, = .
oz + (1 +&m)a
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To solve this system, where the dependent variable is vam and the
independent variable is &,,, we set the analysis as a nonlinear regression
model with data {(&m,bem),m = 1,...,M}. Asymptotically the mean

function of this regression is

0,2

Now we can obtain the parameter of interest from G(&), because if we
extrapolate back this function to the case of no measurement error, that
corresponds to (1 +&,,)02 =0, &, = —1, we obtain G(—1) = b,.

We can summarize the SIMEX algorithm in five steps (Hardin et al.,
2003):

e The Preliminary fitting step, where we fit the model to estimate Bmm

and the measurement error variance &,,.

e In the Simulation step, we add to the original data, M — 1 datasets
generated with successively larger measurement error variances &,,0;

for the m*" dataset, the total measurement error variance is o, +&n0, =
(1 + fm)o'u-

e During the Estimation step, we obtain estimates from each of the m!"
generated contaminated data sets, using an algorithm that would have

been used if there were no measurement error datasets.

e We repeat simulation and estimation step D times (D should be very
large) and we calculate the average estimated parameter for each of
the M level of error disturbance used. Then we plot these mean
values against the &,, values and we use a regression method to fit an

extrapolant function to the averaged, error-contaminated estimates.

e In the Extrapolation step, finally we extrapolate to the ideal case of no

measurement error (£ = —1).

In literature have been proposed many extrapolant functions, we

remember three of the most used:
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e Linear extrapolant
ZE* = bo + blg,

it is the simplest one and it is useful when the error is small and the

*

extrapolant function is close to linear. z* is the mean of simulations

runs.

e Rational linear extrapolant

by
x=by+ ——,
O byt €
it reproduces the usual method-of-moments estimators for the case of
multiple linear regression with non-1ID errors. It can produce instable
estimation, especially if the measurement error effects on a parameter
are negligible ad a nearly constant extrapolant is required (for example,

when we estimate the coefficient of error-free covariate uncorrelated

with ).

e Quadratic extrapolant
= bo + blf + b2€2,

it is a conservative corrections for attenuations and it is usually

numerically stable.

It is quite simple to generalize all that we have said above to the
multivariate case (1.13), where W = X + U with U ~ N(0, %,,).



Chapter 2

Latent Models for Social

Measurement

2.1 Introduction

Almost no statistical problem is characterized by one variable, the
phenomena of interest are often the result of multiple concurrent elements
that are difficult to control conjointly. =~ When we want to analyze
simultaneously these multiple characters, we refer to multivariate statistical
methods, that are not only easy generalization of univariate statistical
procedures because of the complexity increases exponentially with
increasing the size of the problem.

In social studies, we often have to analyze multidimensional aspects,
such as the job satisfaction, that are not directly observable or measurable
through traditional survey instruments, and we want to define a scientific
measurement for them, taking into account all the existing links between
the different aspects involved (Allen, 1979; Bartholomew, 1996; Skrondal
and Rabe-Hesketh, 2004). These concepts are defined as constructs or
latent factor: i.e latent variables that are not directly observable but that
can be inferred (through a mathematical model) from other variables that
are observed (directly measured).

In this chapter, we will present two different approaches to the

24
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categorical data analysis (Section 2.2): the Item Response Theory and the
Underlying Variable Approach. In Section 2.4, we will deepen the Item
Response Models, presenting the basic Rasch Model for dichotomous data
and some polytomous item response models (the Graded Response Model,
the Partial Credit Model and the Rating Scale Model). Finally, we will do
some reflection on the reliability of measures obtained with these models
(Section 2.4.4). The Underlying Variable Approach will be treated in
Section 2.3, where we will introduce the Structural Equation Model. After
having briefly presented some essential features of them, we will focus on
two particular models, the Muthén SEM (Section 2.3.3) and the Reticular
Action Model (Section 2.3.5).

2.2 Categorical Data Analysis and Measurement

The scientific measurement in economic and social sciences would match the
same standards of scientific measurement in the physical sciences and the goal
of researchers is to determine the most reproducible and additive measures
that are objective abstractions of equal units. Objectivity requires that the
measure is assigned to construct independently from the observer; for the
reproducibility, instead, the resulting comparison between objects should be
invariant, other conditions being equal.

Over the years many authors have studied this issue thoroughly
proposing very different solutions, especially related to their specific scopes.
To summarize, we can identify two main approaches to analyzing
multivariate latent aspects taking into account the categorical nature of the

observed variables (Cagnone et al., 2010):
e Underlying Variable Approach (UVA);

o [tem Response Theory (IRT).
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2.2.1 Underlying Variable Approach

The Underlying Variable Approach, or UVA, (Joéreskog, 1973 and 1979;
Muthén, 1984) assumes that the observed categorical outcomes are
incomplete observations of unobserved continuous variables: underlying
each of the categorically observed variables Y;’s (that has c¢; categories)
there is a continuous variable Y;* which is actually measuring the
underlying latent factors 6, not directly observable. We assume the
traditional linear factor analysis model for the “partially observed”

variables Y]*
Y}* = Af +e.

For categorical observed variables we assume

.
. *
g =1, if Tje1 <yj

: *
Cj — 2, if Tjc;—2 < Y; < Tje;—1

Yj

if Ti1 < y;k < Tj2

O lf y; < Tj,l

\

with the threshold values —oo < 7;; <72 < ... <71 < 00.

In literature several methods for fitting this model have been proposed,
in Section 2.3.3 we will present the Muthén model (1984), implemented in
the Mplus software. It is a three step approach model, in the first step
we estimate thresholds based on univariate distributions, then we estimate
polychoric correlations, and in the last step we use them as input into a usual

factor analysis routine.

2.2.2 Item Response Theory Approach

With the Item Response Theory, or IRT, approach, the observed variables
are treated as they are (Rasch, 1960 and 1961; Andrich, 1978; Baker, 1985;
Baker and Kim, 2004). The unit of analysis is the entire response pattern of

a subject, so we have no loss of information. For a given response vector y,
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we can write its distribution as

p@%=/p@ﬁﬂﬂ=/p@$ﬁ@ﬂﬁ

We assume local conditional independence for the elements y; in y given 6,

so that
p

p(yl0) = [ p(y;16).

j=1

Often, we assume that the underlying factors 6 are distributed as N(0, I).
In this context, we consider the binary case where each y; is equal to 0

or 1; in the following paragraphs we will extend it to the ordinal case. A

natural distribution to choose for p(y;|n) is the logistic function,

pslh) = m0) = O

)

where 9, is the difficulty of item j, and the vector of discrimination
parameters, «;, represent the slopes relating each of the m factors to the
j-th item. We could use other link functions besides the logistic, for

example the normal ogive.

In literature, is even open the debate on which of the two approaches,
IRT or UVA) is better. There are some studies (for example Joéreskog and
Moustaki, 2001 and Huber et al., 2004) showing that IRT approach has
better properties (for example in term of estimates accuracy and model fit),
probably because it is a full information approach, while UVA is based on
limited information estimation methods. However, the IRT approach is
computationally heavy, the likelihood is not available in closed form and it
is approximated by numerical integration requiring several quadrature
points. With UVA the computer time does not increase with sample size
and it is feasible for many variables and many factors, using bivariate
moments. A rule of thumb could be to choose UVA when we want to
identify clusters of variable measuring the same factors; at the contrary if

we have a set of items measuring only one factor and we use them to
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specifically score and rank individuals, the IRT approach is more
appropriate.

Our work arises from these various considerations on the two previously
proposed approaches. As mentioned earlier, in the real applications analyst
are often forced to choose which of them to use: we want to compare, on
an equal databases, the results obtained by applying both UVA and IRT,
their fitting and other proprieties of the obtained estimates. The idea of
how to make this comparison, it was suggested by a work of Gibbons et al.
(2007) where they indirectly showed, proposing their bifactorial model, how
to implement an IRT model with a Structural Equation Model (that is an
Underlying Variable Model). The details of this implementation are showed

in their article and some of them will be included in the third chapter.

2.3 Structural Equation Models (SEMs)

In Section 2.2, have seen that exists a different approach for a categorical
data analysis, different from IRT: the Underlying Variable Approach
(UVA). One of the most used family of models that belongs to this
framework is the Structural Equation Model (SEM). In literature, there are
other similar methods to those described in this chapter: Covariance
Structural Analysis, Covariance Structural Model or Causal Modeling, that
differ from SEM for the analytical approach and/or for the correlation
structure used in the estimation process.

The origins of these methods can be found in the early years of the last
century with the development of exploratory factor analysis, usually credited
to Spearman (1904), and the basics of path analysis developed by Wright
(1934). These measurement (factor analysis) and structural (path analysis)
approaches were integrated in the early 1970s by Joreskog (1973), Keesling
(1972), and Wiley (1973), into a framework that Bentler and Yuan (1999)
called the JKW model. In the 90’s, SEM methods expanded in many area,
such as genetics, sports medicine, development psychology, public health and
education.

The widespread use of these models made difficult to identify a single
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pattern common to all of them, it is possible, however, to define some

common features:

1. SEM requires that the researcher specify a priori model, not only for
confirmatory analysis, but also for exploratory ones. He has to decide
which variables are assumed to affect the others and the directionality

of these effects; these hypotheses will be evaluated in the analysis.

2. With SEM, we make an explicit distinction between observed and latent

variables.

3. Historically, the basic statistic is the covariance, that represents the
strength of the association between two variables; actually, SEM is a
very flexible analytical approach that can incorporate also between-

group and within-group mean comparisons, as in a standard ANOVA.

4. We can apply SEM methods to experimental or nonexperimental data,

or to a mix of them.

5. The SEM family includes many standard procedures. For example,
ANOVA is a special case of multiple regression, both these procedures

are members, with exploratory factor analysis, of general linear model
(GLM), and GLM are special instances of SEM.

6. SEM is a large-sample method. The sample size is affected by
different factors, for example the model complexity, the required
result stability, the type of estimation algorithm. Referring to the
literature (MacCallum, 2000), we can say that for descriptives
purposes, sample size less than 100 will be considered small, between
100 and 200 medium and more than 200 large.

7. Usually, in the SEM literature we find unstandardized estimation, not
only because the most widely estimation methods used assume the
analysis of unstandardized variables, but also because there are
situations where important information will be lost when variable are

standardized: for example the analysis of SEM across multiple
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samples that differ in their variabilities or longitudinal measurement

of variables that show increasing (or decreasing) variability over time.

2.3.1 The SEM Approach

Even though they are sometimes very different, for the SEM approach we

can identify the following six basic steps:

1. Specification of the model. The researcher must specify his hypotheses
(about the relations among the latent and the observed variables) in the
form of a structural equation model. It is possible to describe the model
as a series of equation or with a drawn diagram (we will present the

notation and the graphic representations in the following paragraphs).

2. Model identification conditions, that is if it is theoretically possible to
derive a unique estimate of every model parameter. In this step we

want to avoid multicollinearity and singular matrices.
3. Collection, preparation and screening of the data.

4. Model estimation. In this step we evaluate the model fit to determine
how well the model explains the data, we interpret the parameter
estimates for specific effects, and we consider some equivalents models
that explain the data just as well as our preferred model but with a

different configuration of hypothesized relations.

5. If necessary, we respecify the model and we execute again the step 2, 3

and 4 till we obtain satisfactory results.

6. Finally, we accurately and completely describe the analysis in written

reports.

Although many authors cover their analysis with these 6 steps, in reality

there are still two very important steps:

7. Replication of the results, estimating the models across independent

samples.
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8. Apply the results.

As it happens often in recent literature, there is no uniformity of notation
with respect to the SEM; the most widely used symbology is probably the
one used in the LISREL context, with Greek letters and matrix algebra.

2.3.2 Equations Notation and Graphic Representations

In this Section, we want to briefly review some specification issues to establish
a common terminology for the discussion that follows. We refer to the classic
LISREL notation (Bollen, 1989), even if it could be some little modification
to uniform the notation with IRMs and other models proposed in this work.

A full structural equation model can be split in two submodels:

e the Structural Model is the set of latent variables in the model, together

with the direct effects connecting them;

e the Measurement Model is that part (possibly all) of a SEM model

which deals with the latent variables and their indicators.

Formally we have:

The Structural Model

0=B0+C (2.1)

The Measurement Model

y = ANO+e (2.2)
x = A0+ (2.3)

Equation (2.1) is called the latent variable (or structural) model and
expresses the hypothesized relationships among the constructs. # is a vector

(m x 1) that contains the latent constructs, endogenous or exogenous (in
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standard LISREL notation endogenous and exogenous have different
symbols, but for our analysis it has no relevance to separate them). B is
the coefficient matrix for the effects of constructs on each other. A
structural coefficient is the measure of the amount of change in the effect
variable expected given a one unit change in the causal variable and no
change in any other variable. ¢ is the vector (m x 1) of disturbances, and it
represents errors in structural equations. When we specify that latent
variables have simultaneous effects on each other (so that the B matrix has
nonzero elements both above and below the diagonal) and/or if errors in
equations are allowed to be correlated, the SEM is called nonrecursive. We
have to pay attention with these models, because there can be some
problem of model identification, stability of reciprocal effects, and
interpretation of measures of variation accounted for in endogenous
constructs (Schaubroeck, 1990; Teel et al., 1986). If B is subdiagonal and
the ( are uncorrelated, the model is said to be recursive.

Equations (2.2) and (2.3) represent the measurement model which links
the constructs to observable indicators. The vectors y, (px 1), and x, (¢ x 1),
contains the measures of the p endogenous constructs, and the ¢ exogenous
indicators, respectively. Indicators are observed variables, sometimes called
manifest variables or reference variables, such as items in a survey instrument.
Four or more is recommended and three is acceptable and common practice.
AY and A* are the coefficient matrices for the relations of y and x with 6
(they are also called loadings). The vectors € and 0 are the disturbances
and they represent the errors in variables or measurement errors. Whereas
regression models implicitly assume zero measurement error (and so, as we
have seen in the first chapter, to the extent such error exists, regression
coefficients are attenuated), error terms are explicitly modeled in SEM and
as a result SEM estimators are unbiased by error terms, whereas regression
coefficients estimators are not. Generally (but not always) the measurement
model possesses simple structure such that each observed variable is related
to a single latent variable. Models with simple structure and no correlated
measurement errors represent unidimensional construct measurement, which

is frequently considered to be a highly desirable characteristic of measurement
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Figure 2.1. Structural Equation Model path diagram

(Hattie, 1985; Anderson and Gerbing, 1988).

As we have said before, a SEM is often represented with a path
diagram. The Figure (2.1) shows a structural equation model for two latent
factors, 6, is measured by three indicators (Y7,Y5,Y3) and 6y by two
indicators (Y3 and Y5); furthermore 6, has a dependent relationship with 6.
A SEM diagram commonly has certain standard elements: latent variables
are circles, indicators are rectangles, error and residual terms are not
included in a geometrical form, single-headed arrows are causal relations
(note causality goes from a latent to its indicators). Coefficient values may
be placed on the arrows from latent variables to indicators (the loadings
A1, .-, Ae5), or from one latent to another (the structural coefficient bys).
Each latent variable has an error term ((i,(2), sometimes called a
disturbance term or residual error, not to be confused with the indicator

error (€1, €, ..., €5) associated with the observed variables.
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The extended formulation for the model in Figure (2.1) is:

h = G
by = B2t + (G

Yi = Mibi+¢e
Yo = Aot + e
Y5 = izt + €3
Yi = Xubs+ey
Ys = MAgsby + €5.

2.3.3 The Muthén SEM

Bengt Muthén is an important and famous statistician that, since the 70’s,
explored the research theme of SEM. He implemented a specific software
(Mplus; Muthén and Muthén, 2007) that provides researchers with a
flexible tool to analyze, between the different models available, also the
SEM. In this paragraph, we consider the specification and estimation of
SEMs with latent variables having multiple indicators, not all of which are
continuous. We consider a linear structure for continuous latent variables;
while, in the measurement part, we could have dichotomous and ordered
polytomous observed variables and/or continuous indicators. The model
that we present, and that we have used in the simulation study presented in
chapter 3, are drawn from several works of Muthén (1979, 1981, 1983,
1984).  The author, obviously, refers to the Joreskog-Sorbom (1973)
methodology (“LISREL”) for structural equation models to handle properly
categorical indicators in addition to continuous ones.  He makes a
distinction between models with observed independent variables and
models without them, but we consider only the second ones because, as we
have already said in the previous paragraphs, they are more closely to
IRMs that we have implemented in simulation study.

We consider the vector 6, (m x 1), of continuous latent variable constructs,
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and we observe the vector y, (p x 1), which consist of both dependent and
independent variables (in a structural equation modeling sense), that could
be ordered categorical or continuous; we indicate with y*, the (p x 1) vector
of continuous latent response variables associated at the observed variables.

For an ordered polytomous y; with ¢; categories (¢; > 2), we have

( .
cj — 1, if Tjei—1 < y;“
Cj — 2, if Tj,c]-—Q < y;k S Tj,cj-—l
yp =9
if Ti1 < y; S T2
: *
\ 0 it y; <71

If y; is continuous, the latent response variable is directly observed

ES

Y =9Y; -

Now we can present the linear measurement structure, that follows the

structure of the measurement model presented in (2.2)
yvi=v+Al+e

and the linear structural equation system, that follows the structure of the

structural model presented in (2.1)
0=a+B0+(,

where B has zero diagonal elements and (I — B) is non-singular. Muthén
assumes a multivariate normal distribution for Y*. Due to the normality
specification, it suffices to consider first and second-order moments for the

latent response variables.
EY* =v4+AI-B)'a+AI-B)'T'X (2.4)

Var[Y*] = AI-B)"'¥(I-B)! +Z, (2.5)
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where = is the covariance matrix of e.

With categorical Y variables, the distribution of the observed variables is
deduced by integrating over the corresponding latent response variables Y*
(Muthén, 1979; Muthén and Christoffersson, 1981).

2.3.4 Estimation Procedure for the Muthén SEM

Referring to the model presented in (2.4) and (2.5), we now present the
Muthén estimation approach for SEM, which uses weighted least squares
with limited, first and second order sample information. This is a three

stages estimation approach:
e First, we estimate first order statistics by maximum-likelihood (ML);

e then, we estimate second order statistics by conditional ML for given

first stage estimates;

e in the third stage, which is common to all situations, the model
parameters will be consistently estimated, using the first and second

order statistics generated by the previous stages.

The details of the first two stages will vary depending on the type of indicators
involved and they could found in the aforementioned works of Muthén.

Fist of all, we summarize the structure of the general Muthén SEM from
(2.4) and (2.5) in two parts, and we consider the vectors oy and o3 (03 is
used by Muthén to identify the part corresponding the observed independent

variables x in equation (2.3), that we are not considering in this context):

e Part 1: the mean/threshold regression intercept structure

o1 =AMK. 7K, [v+AI-B) q],

e Part 3: the covariance/correlation residual correlation structure

o3 = K x vec{A[A(I - B)'¥(I — B) A’ + Z]A}.
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A is a diagonal matrix of scaling factors useful in multiple-group
analysis with categorical variables and A* contains the same element as A
but diagonal elements are duplicated for categorical variables with more
than one threshold (more than two categories). Similarly, K, and K,
distribute elements from the vectors they pre-multiply, where K, has a row
of zeros for each continuous variable, and K selects lower-triangular
elements from the vector of symmetric matrix elements it pre-multiplies,
where diagonal elements are only included if the corresponding observed
variable is continuous. The vec operator creates a column vector from a
matrix by stacking its the column vectors below one another. Part 1
contains the intercept structure, i.e. the first two terms of (2.4), while Part
3 contains the residual covariance/correlation structure (2.5).

In the first and second stage we consistently estimate by ML the elements
of o1 and o3 as s; and ss; in the third stage, we estimate the model parameters

minimizing the weighted least squares fitting function
Fy=(s—0)W(s—o0),

where s’ = (s],s,) and W is a positive definite weight matrix. All the
analytical details of the estimation procedure can be found in the

aforementioned work of Muthén, in particular in Mutén (1984).

2.3.5 The Reticular Action Model (RAM)

For the simulation study, in addition to Muthén approach to SEM, we used
the Fox (2006) approach, implemented in the R package “sem”. Fox refers
to the Reticular Action Model (RAM) formulation, proposed by McArdle
(McArdle 1980; McArdle and McDonald, 1984), with the notation presented
by McDonald and Hartmann (1992).

The fundamental equation is
V=AV +U,

where
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e V contains the indicator variables (Ys), directly observed exogenous

variables (X), and the latent variables in the model (n);

e U contains directly observed exogenous variables, measurement-error

variables (g), and structural disturbances (¢);

e the matrix A includes structural coefficients (/) and factor loadings

(A); typically it is a sparse matrix, containing many 0’s .

As we have already explained in paragraph 2.3.3, we will not consider
observed exogenous variables.  We have m latent factors each with

pn (h=1,...,m) indicator variables (p = p1 +pa+ -+ + Pm).

Y1 o --- 0 /\11 .. )\lm Y1 €1
/yp _ o --- 0 /\Pl Ce )\pm yp n 6p
61 0 T O ﬁll e ﬁlm 01 Cl

The final component of the RAM formulation is P, the covariance matrix
of U. Assuming that all of the error variables have expectations of 0, and that

all other variables have been expressed as deviations from their expectations,
P = E(UU'):

€1 -gfl 0 1 0
P — Var Ep _ 0 552 0 1 7
C1 0 0 ¢11 ¢1m
_Cm_ i 0 e 0 ¢12 T wmm_

where £{; is the variance of e, 91, is the variance of (; and 4, is the

covariance between (; and (,,. P is a (I x [) matrix, where [ = m + p is the
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number off variables in U.

The key to estimating the model is the connection between the covariances
of the observed variables, which may be estimated directly from sample data,
and the parameters in A and P. To pick out the observed variables, we define

the (p x ) selection matrix J

3=11, 0],

where I, is the (p x p) identity matrix and 0 is a (p x m) matrix of 0.
The model implies the following covariances among the observed
variables:
C=EJVVI)=J1,-A)'P[I,-A) 1T,

Let S denote the covariances among the observed variables computed
directly from a sample of data. To fit the model to the data, that is to
estimate the free parameters in A and P, we have to select parameter
values that make S as close as possible to the model-implied covariances C.
Under the assumptions that the errors and latent variables are
multinormally distributed, maximum-likelihood estimates of the free

parameters in A and P is equivalent to minimizing the fitting criterion
F(A,P) = trace(SC™') — n + In(detC) — In(detS).

In the R package “sem”, Fox implements a very flexible SEM, including
the ability to estimate models by two-stage least squares (2SLS), and to fit
general (including latent variable) models by full information maximum
likelihood (FIML) assuming multinormality. At the start of simulation, we
found some difficulty to use and to interpret the results obtained with this
package of R. To explore and to understand the estimation procedure
implemented in “sem”, we tried to apply simplified models to see where
wrong, so we found a small bug in the software. Following our own alert to
Fox, this problem has been solved, the package has been update and we

have been able to successfully use this package for our analysis.
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2.4 TItem Response Models (IRMs)

As we have seen in the introductory paragraph, the problem is how to
obtain an objective measure of the latent construct of interest. Within the
framework of Item Response Theory (IRT), several models have been
proposed to synthesize data obtained from a questionnaire producing an
objective measure of the latent construct. The goal of an Item Response
Model (IRM) is to describe, trough a nonlinear monotonic function, the
association between a respondent’s underlying latent trait level and the
probability of a particular item response. To produce objective measures,
the available data must satisfy the following two prerequisites:
unidimensionality and local independence. Unidimensionality requires that
only one construct is measured, and then all the items included in the
questionnaire should be closely linked to it. Local independence, for which
observed items are conditionally independent of each other given an
individual score on the latent variable, is obtained when the complete
latent trait space is specified in the model. If the assumption of
unidimensionality holds, then only a single latent trait is influencing item
responses and local independence is obtained. To check whether the data fit
satisfactorily to the model, it is possible to use some diagnostic tools based
on the calculation of the residuals (Bond and Fox, 2001).

The first step for an IRM analysis is to define a questionnaire to capture
the latent construct, paying attention that each of the aspects that identify
the same construct is properly investigated by at least one item. In case of
job satisfaction, for example, the questionnaire will include items relating to
working conditions, relationships with colleagues or pay. The answer to each
question is chosen among a set of possible categories ordered on a Likert
scale; successive categories identified higher levels of latent construct, for
example from dissatisfied to very satisfied. Then we numerically coded these
response categories (0,1,2, ...) and, for each subject, we compute the raw
score by adding together his single observed scores. The raw score cannot
be treated as a measure, because of the possible responses are qualitative,

not quantitative and the number assigned to response categories to produce
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ordinal level data, could lead to treat them as if they were interval-level
scales, without being actually. Furthermore, the presence of missing data or
non-responses, heavily influence the raw score.

Originally IRMs were proposed in psychometric framework for assessing
the level of individual intelligence; for this reason, in literature, the extension
of latent construct is identified with the term “skills”. Obviously it can be
identified with other different aspects, according to context where they are
applied, for example satisfaction, happiness, fear, pain, etc. Usually, these
instruments are applied to conventional test responses, however they are
more general and they can be applied wherever discrete data are obtained
with the intention of measuring a quantitative attribute or trait.

In an IRM we find two kinds of parameters, one that describes the
qualities of the subject under investigation (ability), and the other relates
to the characteristics of each item (difficulty). Using conditional maximum
likelihood (CML) estimation, both types of parameters may be estimated
independently from each other. The incorporation of linear structures
allows for modeling the effects of covariates and enables the analysis of
repeated categorical measurements.

We now present, briefly, three general categories of IRMs for dichotomous
data: One-parameter model, Two-parameter model, Three-parameter model.
In Section 2.4.2 we will extend to the case of polytomous data; for further
details on this class of models see Andrich (1978), Lord (1980), Wright and
Masters (1982), Nering and Ostini (2010).

One-Parameter Model
In the 1-parameter logistic model, or 1-PLM, observed dichotomous item
responses are a function of the ability (latent trait) possessed by the i-th
subject (#;) and the difficulty of the j-th item (d;):

Plyy;=1) = exp[D(0; — &) 1

" T+expD0:;—0;)] 1+ expl—D(0; — o) (2.6)

Latent trait scores and item difficulty parameters are estimated

independently, but on the same score metric (logit scale). For dichotomous
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Figure 2.2. Item characteristic curves for 3 dichotomous items

data, the item difficulty parameter corresponds to the latent trait level at
which a subject has a 50% probability of success; in general, if a person has
a latent trait level greater then an item difficulty, his probability of
correctly responding to this item is greater than 50%, otherwise it is less
than 50%. The scaling factor D, if it is set to 1.7, is used to make the
logistic function essentially the same as the normal ogive model.

We can plot P(y;; = 1) as a function of ability, obtaining a smooth S-
shaped curve known as Item Characteristic Curve (ICC): the probability of
correct response is near zero at the lowest levels of ability, it increases until 1
at the highest levels of ability. Figure 2.2 presents the ICCs for 3 dichotomous
items, with three different item difficulties (-1, 0, 1). Because of in the 1-
PLM only the item difficulty can vary, the s-shaped curves have the same
slope so they are parallel. The probability of a correct response to the easiest
item (6; = —1) for someone of average ability (6 = 0) is 0.73, whereas the
probability for the second item (dy = 0) is 0.50 (this is true by definition
given that # = §), and the probability for the hardest items (d; = 1) is 0.27.
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The most popular 1-PLM is the Rasch model, that we will present in the
Section 2.4.1. In the Rasch model, the log odds of a person endorsing in the
higher category is simply a function of difference between the subject latent
trait level and the item difficulty. A nice feature of the Rasch model is that
observed raw scores are sufficient for estimating latent trait scores using a
nonlinear transformation; in other IRMs, the raw score is not a sufficient

statistic.

Two-Parameter Model
The 2-parameter logistic model (2-PLM) is an extensions of the 1-PLM,
in which we estimate, besides the item difficulty parameters ¢;, the item

discrimination parameters «;.

.« exp[Da;(b; —6;)] 1
Py =1) = L+ eap[Daj (i — ;)] 1+ exp[~Day(0; — 6;)]

(2.7)

The discrimination parameter, typically ranges from 0.5 to 2, is similar to
an item-total correlation: high values of a; indicate items that are better
able to discriminate between contiguous trait levels near the inflection point,
their ICCs have a steeper slope.

If we employ the normal distribution, we obtain the two-parameter

normal ogive model (Lord, 1952):

a;j(0i=6;) 1

P(yi = 1) = ¢lay(0i — ;)] = /_ V2r

where ¢ is the standard normal cumulative distribution function.
An important characteristic of the 2-PLM is that the difference between
the subject’s trait level and the item difficulty (6; — J;) has a greater impact

=22
e 2 dz,

on the probability of correct answer for highly discriminating items than for
less discriminating items.

The maximum likelihood estimation procedure is based on finding the
item characteristic curve that best fits the observed proportions of correct
response. In Ferrando and Chico (2007) it is possible to fine more details on

this estimation method.
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Three-Parameter Model
Sometimes, we could be interested in adjusting the estimations for the impact
of chance on observed scores; this because, for example, in ability testing it
is possible to get an answer right by chance, raising the lower asymptote
of the function. To solve this problem, in a 3-parameter logistic model, or
3-PLM, we add a pseudo-guessing parameter (c), and the probability of a

correct response of the i-th subject to the j-th dichotomous item is

exp[Da(0; — 0,)]

Plyj=1)=c+(1—c)x 1+ exp[Da;(0; — 6;)]

1tc

2
similar to 2-PLM, to deepen this argument see Baker (1985) and Baker and
Kim (2004).

When 0; = ¢;, the response probability is . The parameter estimation is

2.4.1 The Rasch Model (RM)

This model is named after Georg Rasch, a famous Danish mathematician
and statistician early last century lived. The RM has been conceived for
dichotomous data, even if many extensions have been studied for polytomous
data (some of that will be presented in Section 2.4.2).

When Rasch implemented its model, he was concerned principally with
the measurement of individuals, rather than with distributions among
populations. He want to obtain a measurement congruent with the physical
measurement characteristics (for example invariant comparison), without
making any assumptions about the distribution of trait levels in a
population. He summarized the principle of invariant comparison as follows

(Rasch, 1961):

The comparison between two stimuli should be independent of
which  particular individuals were instrumental for the
comparison; and it should also be independent of which other
stimuli within the considered class were or might also have been
compared. Symmetrically, a comparison between two individuals

should be independent of which particular stimuli within the
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class considered were instrumental for the comparison; and it
should also be independent of which other individuals were also

compared, on the same or some other occasion.

The RM meets this principle as it has been implemented in order to obtain
a separation between item and person parameters, so when we estimate item
parameters, we can ignore person parameters, and viceversa. To achieve this,
it is necessary to use a conditional maximum likelihood estimation, in which
the response space is partitioned according to person total scores. As we have
already said, in these models the item (person) raw score is the sufficient
statistic for the item (person) parameter: the person total score contains
all information available within the specified context about the individual,
and the item total score contains all information with respect to item, with
regard to the relevant latent trait.

In the RM, the probability of a correct response is modeled as a logistic

function of the difference between the person and item parameter:

exp(0; — 0;)
(s = 1) 1+ exp(f; —9;)’

(2.8)

the higher is a person’s ability relative to the difficulty of an item, the higher
is the probability, for this person, to correctly response on that item. In the
original Rasch formulation, we don’t have the constant D as in (2.6), that
has been inserted in the 1-PLM to make comparable logistic function with
the normal ogive model.

An important step of these models is the item calibration, during which
item locations are scaled: for example, items with the smallest proportion
of correct responses are the most difficult and hence they have the highest
items locations ¢;. Once item locations are determined, we can the measure
person locations #; on that scale; so person and item locations are estimated

on a single scale (logit).
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2.4.2 The Polytomous Item Response Model (PIRM)

So far we have developed suitable models for dichotomous items, but in fact
most of the questionnaires provide a choice of polytomous responses (with
¢j, j = 1,2,...,p, possible answers). Many authors studied this problem;
we will briefly presented the essential features of three of the most popular
proposed models: the Graded Response Model (GRM), the Partial Credit
Model (PCM), and in more detail the Rating Scale Model (RSM), as this

last model is used in the simulation part of the present work.

Graded Response Model (GRM)
The graded response model, originally introduced by Samejima (1969), is
an extension of the 2-PL (2.7) for items with different numbers of response
categories. It assumes a normal cumulative distribution function for the item
response function, so the probability that the i-th subject meets maximum

class k (i.e he/she can response a categories < k) is

1 o0 _2
Py <k)=— e 2 dz = ¢(6;).
(yj = ) /_271' /—aj(ei—(sjk) ijk( )

The item parameter ¢;; includes the item slope parameter and the (¢; — 1)
between category threshold parameters 7, representing the latent trait
level necessary to respond above threshold with 50% probability. For GRM,
one operating characteristic curve needs to be estimated for each between
category threshold, they represent the probability of responding in a

particular category conditional on trait level.

Partial Credit Model (PCM)
The partial credit model is an extension of the RM in (2.8) to polytomous
items, thus item slopes are assumed to be equal across items. As in GRM,
items can have different numbers of categories. The person probability of

responding in category k is a function of the difference between his trait level
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and a category intersection parameter (Masters, 1982):

exp[ k(60; — 6;) Zm]

Plyi; =k) = o1

Zexp[ (6; — ;) ZW]

g9=0

The intersection parameters, 7;, represent the trait level at which a
response the [-th category becomes more likely than a response in the

previous one.

2.4.3 The Rating Scale Model (RSM)

The Rating Scale Model (RSM) was derived by Andrich (1978) from the
idea of Rasch (1961), focusing on the use of Likert scales in psychometrics.
The PCM has an identical mathematical structure, but was derived from a
different starting point at a later time. The two main features of this model
are that items have the same number of categories (contrary to PCM) and
the difference between any given threshold location and the mean of the
threshold locations is equal or uniform across items.

The RSM is a probabilistic measurement model in which the raw scores
are sufficient statistics for the parameters of the models (a key features of
the Rasch models); moreover it permits, by empirical tests, to verify the
hypothesis that the response categories represent increasing levels of latent
construct, so that they are correctly ordered. 1In 2005, Andrich has
significantly developed the problem of disordered threshold locations,
proposing different solutions depending on the specific context.

In this model, the location parameter d; represents the average difficulty
for a particular item relative to the category intersections; each item is
assumed to provide the same amount of information and have the same
slope. Encoding the ¢ response categories ordered as 0,1,2,...,¢ — 1, (all

the items have the same number of categories), the RSM probability for the
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Figure 2.3. Category Probability Curves for an item with 5 ordered categories

i-th subject to answer at the j-th item the k-categories is similar to (2.9)

k
exrp [kz(@z —0;) — Zﬁ]
k=0

P(yljzk): =U,...,G

i: exp [g(@i — ;) — Z Tl]

=0

where 0; identifies the level of latent aspect possessed by the subject 4, ¢; is
the level of difficulty of the j-th item, while the threshold parameter 7, (with
70 =0 and );_,7 = 0) quantifies the difficulty of choosing the I-th answer
rather than the previous one.

The probability of a given category as a function of person location is
referred to as a Category Probability Curve (CPC); an example for an item
with five categories, scored from 1 to 5, is shown in Figure 2.3.

The individual latent aspect 6;, the item difficulty d, and thresholds 7;
are measured on a logit scale (log odds unit), and so we can then sort them
on the basis of measurements from both subjects (from the most satisfied
to least satisfied) and applications (from easiest to hardest). Furthermore,

since both parameters are expressed in the same unit, it is possible to make
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cross-comparisons between subjects and questions.

The item score is the count of the number of threshold locations on the
latent trait surpassed by the individual. We do not make this measurement
counts in a literal sense; rather, threshold locations on a latent continuum
are usually inferred from a matrix of response data through an estimation

process such as Conditional Maximum likelihood estimation.

Extended Rasch Models

For the simulation study, we have adopted a slightly different formulation
of the RSM, belonging to the family of Extended Rasch Models (ERM),
proposed by Mair and Hatzinger (2007a) and implemented in the R package
“eRm”. ERMs are a very general framework which includes several models,
but the formalization, for the case under study, is almost equal to that shown
in (2.4.3):

Py, = k) = VOO Tl (2.10)

Z expll(0; + 0;) + wi]

=0

where wy, are the category parameters (wy, = Zfzo 7).

In this model, the authors use a conditional maximum likelihood (CML)
approach, which permits to estimate the item parameters ¢; without
estimating the person parameters ; by conditioning the likelihood on the
sufficient person raw score. Thanks to a design matrix approach which
allows to the user to impose repeated measurement designs as well as group
contrasts, the item parameter may differ over time with respect to certain

subgroups.

The likelihood expressions

In literature have been proposed several estimation methods for IRM, the
most used are conditional maximum likelihood (CML) and marginal
maximum likelihood (MML) estimation, that requires to specify a density
function, f(0), for the person parameters; CML and MML are

asymptotically equivalent and provide consistent estimators (Pfanzagl,
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1994; Hatzinger, 2008).

For the ERM, the authors use CML approach for the desirable
properties of the estimators and because it stays close to the concept of
specific objectivity (Rasch 1960; Fisher Jr. 1992). CML estimation assumes
that the person’s raw score r; = Z§:1 y;; is a sufficient statistic. Thus,

considering the conditional likelihood with respect to
r=(r,ra,...,") (2.11)

the person parameters 6 disappear from the likelihood equation, thus, leading
to consistently estimated item parameters 5. To ensure identifiability, we
have to impose some restrictions, for example in the RM one item parameter
has to be fixed to 0 and it is considered as baseline difficulty. In addition,
in the RSM the category parameter 7y is constrained to 0. The conditional
log-likelihood equation for the RSM is

p G Tmax
10g Lc = Z Z yz‘jk‘gj - Z Ny 1Og Vrs
j=1 k=1 r=1

where 7., is the maximal raw score, n, is the number of subjects with the
same raw score, the y-terms are the elementary symmetric functions and
Yijk is 1 if y;; = k, 0 otherwise. An elaborated derivation of these terms for
the ordinary RM can be found in Fischer (1974) and an overview of various
computation algorithms is given in Liou (1994). For all steps, the first and
second order derivatives and the solution algorithm, see Mair and Hatzinger

(2007a and 2007b).

2.4.4 The Analysis of Reliability

When we use an IRM, it is important to evaluate the appropriateness of the
found factor structure with an evaluation of the reliability of the obtained
measures (Tarkkonen and Vehkalahti, 2005). There is an important difference
between validity and reliability. To better express it, we refer to the definition

of these concepts given by Vogt in his Dictionary of Statistics & Methodology
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(1993).

o Reliability: Freedom from measurement error. In practice, this boils
down to the consistency or stability of a measure or test from one use

to the next.

e Validity: A term to describe a measurement instrument or test that
accurately measures what it is supposed to measure; the extent to which
a measure is free of systematic error. Validity requires reliability, but

the reverse is not true.

Gulliksen (1945) and Loevinger (1954) studied the attenuation paradox, for
which the validity is reduced by increasing the reliability, but it is important
to have measures with a high reliability and we can do it increasing the inter-
item correlation (IIC). The problem is that when we increase too much the
IIC, all items are so higly correlated that effectively they reduce to one item,
so we reduce the validity (Kuhn, 1970).

We define the reliability of a measure as the proportion of its variance
(the observed variance of the Rasch measures) attributable to the variance

of the real underlying factor that we are measuring:

True variance
Reliability =

Observed variance

If measures and errors are uncorrelated, then
Observed variance = True variance + Error variance

Cronbach’s alpha, thanks to its computational simplicity and easiness
of understanding, is probably the most famous and popular reliability index
(Cronbach, 1951). It has a general formula (DeVellis, 1991) from which

derive many of the other indices (for example the Kuder-Richardson, KR,

p 2
a=_"> 1— =19
p—1 of )’

coefficients):
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where p is the number of items. o7 is the variance of r;, the observed raw
scores for the current sample of persons (2.11), 032. is the variance of the j-th
item for the current sample of persons, 7; is the means of the answers at the

j-th item for the current sample of persons:

1 & 1 &
2 N2 _ 2
o; = n (yij — 75) 0y = " (ri = 7)
i—1 i=1
n n
_ 1 1
ry = - Yij r=—- T
j n 4 j n

Cronbach’s alpha describes the internal consistency of groupings of items;
an high value of the index indicates that the responders express a coherent
position on each item belonging to the same dimension. In literature, we find
that a barely acceptable level of internal consistency and appropriateness of
test is @« > 0.7 (Nunnally and Bernstein, 1994).

Checking the internal consistency of each test subset, we can deepen the
study of the structure factors and define the construct validity of the scale.
Novick and Lewis (1967) showed that Cronbach’s alpha is a lower bound to
the true reliability, so we can consider Cronbach’s alpha as a conservative

estimate of the reliability.

Often in Rasch Measurement the person separation index is used
instead of reliability indices. Rasch Person Reliability index (RPRI)
indicates the replicability of person ordering that we could expect if at this
sample of persons were given another parallel set of items measuring the
same construct. This index is a ratio of the latent construct variance (SA?)
and the measure variance (SD?):

SA? MSME

=1

PRI = —_—
RPR SD? SD?

(2.12)

where the Mean Square Measurement Error (MSME) is

1 n
MSME =~ 2 S2, (2.13)
]:
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and SA? = SD? — MSME. The error variance of all measures obtained
with IRMs proposed in the previous paragraphs is estimated from the sum
of the modeled variance of observations. This model error variance requires
the data to conform stochastically to the proposed model. RMs provide a
direct estimate (SE,) of the model error variance for each estimate of a
subject’s ability and an item’s difficulty (Wright and Masters, 1982; Wright,
1999), that gives a quantification of the precision of every person measure
and item difficulty. The level of measurement error is not uniform across
the range of a test, but is generally larger for more extreme scores. Person
reliability requires not only ability estimates well targeted by a suitable pool
of items, but also a large enough spread of ability across the sample so that
the measures demonstrate a hierarchy of ability (person separation) on this
construct. Unfortunately, the correlation-based reliability index (category at
which RPRI belongs to) are nonlinear, so the improvement form 0.7 to 0.8
is not twice the improvement from 0.9 to 0.95.

Conventionally, only a Reliability index is reported. The relationship
between raw-score-based reliability index (Cronbach alpha) and measure-
based reliability index (RPRI) is complex (Linacre, 1997; Schumacker and
Smith, 2007); in general, Cronbach alpha overestimates reliability, RPRI
underestimates it. The big differences between Score and Measure reliability

occur when there are:

e extreme scores, that increase score reliability, but decrease measure

reliability;

e missing data, that always decreases measure reliability. If the missing
data are imputed at their expected values (in order to make
conventional reliability formulas computable), they increase score

reliability.



Chapter 3

The Estimation Procedures: A

Simulation Study

3.1 Introduction

When we analyze socio-economic phenomena, we often have observed
realizations of the latent aspects, which are linked by different relations of
dependence that we are very interested in finding out. As we have said in
chapter 2, the study of all the presented models originates from this
concrete problem: to measure subjective perceptions and to understand
their dependencies. The objective of the researches is, therefore, to estimate
the parameters of a regression model for latent variables, that are measured
indirectly with sets of Likert-type items (ordinal scale). In the second
chapter, we have seen the two different approaches for the analysis of
categorical observed data: the Underlying Variable Approach (Section
2.2.1) and the Item Response Models (Section 2.2.2). Each of these
approaches is linked to a different estimation procedure: we will present the
One-step Procedure for UVA, and the Two-step approach for IRMs in
Section 3.2. The purpose of the simulation study is to compare, on the
same data, the results obtained using these different estimation procedures.

In Section 3.3, we will present the simulation design, entering some details

about the data generation. Finally in Section 3.4, we will report the results

54
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of the simulation study and we will make some conclusion considerations.

3.2 The Estimation Procedures

The starting point is the analysis of a complex phenomena (at least two
latent factors, but often we have many more) using a series of data collected
from a questionnaire with Likert-type items. Many authors are interested in
studying the relations between latent constructs, between the most famous
we remember Goldberger and Duncan (1973), Skrondal and Rabe-Hesketh
(2004), Bollen and Curran (2006), and in a multilevel optical Hox (2002).

For example, we can think of a study addressing the workers of social
cooperatives (Carpita, 2009): the data are collected trough a questionnaire
designed to investigate, through numerous questions, different constructs,
including job satisfaction, motivation, job complexity (perceived activities),
procedural fairness (existence of transparent of rules that governs the
relationship between worker and cooperative), organizational fairness
(perception of the worker in relation to their working conditions and its
participation in organizational life) and distributive equity (distributing
resources, balance between what the worker gives the organization and
what that it receives). Besides getting a good measure of these constructs,
the researcher is obviously interested in understanding the relationships
between them.

Obtain ”"good” measures (see Section 2 and 2.4.4) and to assess the
dependence relationships between the constructs they represent, are the
two main research interests for the analysis of latent variable models with
psychological traits. These two objectives (measures and dependence links)
may be combined into a single estimation procedure or developed

sequentially one at a time.

e If we combine the two interests in a single model, we have a
One-step procedure. This procedure requires the researcher to
specify a complete model of both measurement aspects (single link

between the latent variable and its indicators) and structural aspects
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(links between different latent variables). The model parameters are

estimated simultaneously.

e We have a Two-step procedure when we estimate the measures and
their dependence in two different phases. In the first step, we estimate,
separately, the measures (one for each construct); in the second step
we will assess, through a regression model, the relationships between

these measures (and between the latent variables that they represent).

The One-step procedure should be more efficient, since it provides
simultaneous estimation of latent variables and their dependance
relationships. It, however, does not allow a thorough analysis of obtained
measures in IRT perspective, the strength of Two-step procedure.

The properties of the Two-step procedure have not yet been adequately
detailed in the literature and we did not find significant contributions in this
regard. One of the goal of this research is to define a Two-step method that
present low levels of bias and loss of efficiency, as close as possible to that of
One-step methods. Crucial element is to find a correct model that considers
that the measures obtained by the first step are affected by measurement
errors.

We have implemented an articulated simulation study (Section 3.3) to
evaluate the impact of this measurement error in the case of standard
regression and it assesses whether the Two-step procedure is preferable
compared to the One-step procedure. For comparison, we will consider the
loss of efficiency and accuracy of the Two-step procedure, but also
evaluating that it allows better control in both phases: measures
construction and regression model.

Moreover, in the Two-step method we use a reliability index to estimate
the variance of measurement error, not yet widespread in the literature: the
Rasch Person Reliability Index (2.12). This index can conceptually be an
element of connection between the first and second stage of Two-step
procedure, as it is calculated together with the measures in the first step

and it determines the magnitude of measurement error in the second one.
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3.2.1 The One-step Procedure

This procedure is combined with the UVA approach, showed in Section 2.2.
The starting point are the latent variables underlying the observed responses
and the relationships between these constructs. For this reason, the One-
step procedure involves the simultaneous estimation of all model parameters
through the implementation of a structural equation model. We will refer to
the Muthén SEMs, implemented in Mplus (Muthén and Muthén, 2007).
We have seen that two main components of models are distinguished in
SEM: the Structural Model, showing potential causal dependencies between
endogenous and exogenous variables, and the measurement model showing
the relations between latent variables and their indicators. In the simple
case of two latent factors with three and two categorical indicators,

respectively, we have:

The Structural Model

0y = bbh + (o,

Y = Mibh+ea
Y = b+ e
Yy = Aisth+e
Y = doubh+ ¢4
Yy = Aty +es,

where €; ~ N(0,1) and )\;; are the loadings relating the indicators to their
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constructs. For each ordinal indicator item, we have

3 *
C; — 1, if Tjci—1 < yj

: *
c;—2, i Tje2 <Yj < Tje1
Y; =

if Ti1 < y;k S T2

0 if ?J; < Tj1

It is important to underly that all the model error terms, ¢, and ¢;, are
considered to be uncorrelated with each other and with other variables in

the model. The variance of the structural errors (; will be indicated with vy,

We implemented two different estimation methods:

e Structural Equation Model standard (SEMstd),

e Structural Equation Model with IRT approach (SEMirt).

In Appendix we have included the scripts of Mplus used to apply these
methods.

SEMstd is the simple Structural Equation Model just seen in equations
(3.1) and (3.2). We are interested in the estimation of the coefficient
regression b and of the threshold parameters 75, ;. We have to remember
that, in RSM, the threshold parameters are equal for all the items referring
to the same latent construct, so 7, is the threshold parameter for the k-th
categories for all the items referring to the h-th construct. To homogenize
the comparisons with the results obtained through other estimation
methods and with different experimental conditions, we always standardize
all the estimated variables and coefficients, so instead of talking about
regression coefficient b, we will refer to beta weights [, presented in the first
Appendix (A.1).

SEMirt is a version of previous the model, inspired by the work of
Gibbons et al. (2007), that introduces the structure of IRMs in SEM.
Mplus do not allow to specify directly the difficulty item parameters ¢;, so

we have to introduce p fake latent variables A; (one for each ordinal
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indicator item) which, formally, are latent variables, but their variance is

imposed equal to 0. The A; are completely uncorrelated with each other

and with all other variables in the model. The means of these fake variables

represent the difficulty item parameters ¢;. Furthermore, to recreate IRMs,

we have to impose that all relevant loadings be equal to 1. So, we have:

The Structural Model

= G

= [01+ ¢
= 01+
= 0+
= 03+
= 07+ G
= 05+ (r,

with var(A;) = 0. The parameter §;, the mean of the variable A;,

represents the difficulty of the j-th item.

The Measurement Model

Yro=
Yy =

where €¢; ~ N(0,1).

0, + A+ ¢
014+ Ag + €
01 + As + €3
Oy + A4+ €4
O + A5 + €5,

With this model, we can estimate the standardized regression coefficient

B3, the threshold parameters 735 and, in addition to the previous model, the

item difficulty parameters J, (through the means of A;).

For SEMs, several indices of goodness of fit have been proposed, but it is

99



CHAPTER 3. THE ESTIMATION PROCEDURES: A SIMULATION STUDY 60

not possible to proceed to the analysis of reliability and make all the other
considerations (for example on the unidimensionality of constructs, the item
analysis and correct categories order) that represent a significant part of the

Two-step procedure.

3.2.2 The Two-step Procedure

This procedure is combined with the Item Response Theory approach (see
Section 2.4), which focuses on observed variables. The first step of this
method consists in estimating, through a IRM, the measure of each latent
variable. These measures are then entered into a regression model to estimate
the dependence relationships between the constructs.

In the first step, we divide the items in many subdatabases as there are
latent factors, so that items belonging to each subdataset refer to a single
construct. This is necessary to respect the character of unidimensionality
required by IRMs. Once the various measures are constructed, for each of
them we can analyze the goodness of results. All IRMs include an analysis
phase where researchers have to determine if the constructed measure mets
all the main features of these models (for example unidimensionality and
category proper order), and to estimate their reliability.

Once this analysis successfully, we turn to the second step in which we
want to estimate the dependence relationships between the constructs. We
implement a linear regression model where we use, as regressors and
response variables, the measures obtained in the first step. Applying this
model, we should consider that these measures are affected by measurement
error, that can greatly influence the estimation of parameters in the second

step.

Because of the properties of the Two-step procedure have not yet been
adequately detailed in the literature, we define two different method for this
procedure, with the intention of being able to evaluate the essential

characteristics of the estimators on simulated data:

e Rating Scale Model - Linear Regression Model with Measurement Error
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(RSM-LRMme):

e Rating Scale Model - Standard Linear Regression Model
(RSM-LRM).

The first method has been implemented searching to define a Two-step
method that present low levels of bias and loss of efficiency, as close as
possible to that of One-step methods. Crucial element is to find a correct
model that considers that the measures obtained by the first step are
affected by measurement errors.  Instead the second method, more
traditional, aware that the measures are affected by measurement error.

In Appendix we have included the scripts of R used to apply these
methods.

The first step of both methods is the same: for each of the m constructs,
we estimate its measure, Y*, through an extended RSM (2.10), and their
person reliability, using the standard errors of the person parameters (Mair
and Hatzinger, 2007b). In this phase, we use the R package eRm of Mair
and Hatzinger (2007a).

Before moving to the next step, we standardize all the estimated measures
and the other quantities involved in the model. In this way, the regression
coefficients that we will estimate in the second step will be the beta weights,
3, presented in the first Appendix (A.1), and they will be comparable with
that obtained by the other estimation methods or with different experimental
conditions.

The second step changes between the two methods. To explain the
differences, we assume to have two measures, Y;* and Y, (obtained in the
previous step), which are a function of the constructs, ¢; and 6,, plus

measurement errors, €; and €.

In RSM-LRMme, we implemented a linear regression model taking into
account, to estimate the regression coefficients, that the model variables are
affected by measurement errors. It is important to include this information
in the model, to compensate for the attenuation effect, that we have amply

described in the first chapter (see Section 1.3.1 at page 7). The regression
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equation is:
O = b1 + (o,

where

YT = )\11‘91"‘61
Yy = Apbh+ e,

with the loadings A;;.

To estimate this model, we used the RAM (in Section 2.3.5),
implemented in the R package “sem” of Fox (2006). As measurement error
variance estimates, we use the variance error estimates derived in the
previous step (2.13). We decide to refer to the Rasch Person Reliability
Index (2.12), still not used in scientific papers to estimate the variance of
measurement error, because it can conceptually be an element of
connection between the first and second stage of Two-step procedure, as it
is calculated together with the measures in the first step and it determines

the magnitude of measurement error in the second one.
In RSM-LRM, for the second step we refer to a simple linear

regression model, where the measures are used directly in the regression

equation, without considering that they are affected by measurement errors:
Yy = 0Y) + e

What we expect, and we will verify with the simulation study, is that
estimated regression coefficients 3, obtained with the latter method, are
lower than those obtained with the RSM-LRMme method, because of the

attenuation effect of measurement error (1.7).

3.3 The Simulation Design

The objective of this study is to compare the results obtained applying the
4 different analytical methods, previously described, to the same data. We

created many different simulated databases in order to evaluate the obtained
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estimates, knowing the real value of the parameter of interest. We indica
with p be the total number of the items, p; is the number of the indicators
for the first construct, p, that for the second one and ps3 that for the third
one.

We imagined two scenarios: the first is simple with only two latent factors
and a dependence relationship of the second versus the first; in the second
one we have considered three latent factors, where one is dependent from the
other two.

For the first scenario, the parameter p, is always fixed at 5, while p; =5
for case A, and p; = 10 for case B. The model generating the data is therefore
(Figure 3.1):

The Structural Model

0 = G
Oy = [iobi + G

Ay = 0+

A, = 0p+(+2,

with var(A;) =0, (1 ~ N(0,1) and v fixed such that 65 ~ N(0,1).

The Measurement Model

vak = 61+A1—|—61

Y* = 61 + Apl + €p1

p1

* —
}/p1+1 - ‘92 + Apl+1 + €p1+1

Y* = 02+Ap+€p

with €; ~ N(0,1).
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Figure 3.1. SEMirt 2 latent factors Mplus model

For the second scenario, the parameters p, and ps; are always equal to 5,
while p; is equal to 5 for case An and to 10 for case B. The model generating
the data is (Figure 3.2):

The Structural Model

hh = G
Oy = Pi261 + Bs205 + (o,
05 = G

Ay = 0+ G

Ap = 5p+(p+37

with var(A;) = 0. Both (; and (; are distributed as a standard normal. s,
that is the variance of (s, is fixed so that the variance of 65 is equal to 1 and
we have 05 ~ N(0,1). 1 changes according to the value of the regression

coefficients (15 and fss.
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The Measurement Model

}/1* = ‘91+A1+61

Y' = 0+ A, +e€,

p1

*
)/m—i-l = ‘92 + Apﬁ-l + €p1+1

* JR—

Y1-31+5 - 92 + A;D1+5 + €p1+5
* _

Y;71+6 - 63 + Apl+6 + €pit6

Y* = ‘93+Ap+€p

with €; ~ N(0,1).
For each scenario, we fixed the variance of the latent variables equal to 1,
then we changed the value of three basic model parameters in order to create

different configuration sets.

1. We changed the number of indicators for the first regressor: p; is equal
to 5, in the case A, and equal to 10, in the case B. The parameter p,
(and p3 for the second scenario) is fixed at 5. From the IRT (Baker
and Kim, 2004), we know that increasing the number of indicators,
the measure reliability increases, we want to control if it is verified in
our simulations. Each indicator is a categorical variable with 5 ordered

categories.

2. We impose 1)y, the structural error variance of the dependent latent
variable 65, to be equal to 0.1, 0.3, 0.5, 0.7, or 0.9. In this way, we can
define the strength of the dependence link between the latent variables:
having fixed the variance of the latent dependent variable 6, equal to 1,
when we increase 19, we reduce the dependence relationship between

of 65 from 6, and 0.
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Figure 3.2. SEMirt 3 latent factors Mplus model
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3. Only for the second scenario, we changed the intensity of dependence
of 65 from 6; and 65. We have

Oy = Bi2bh + Ps203 + Co.

Whereas the structural errors (¢,) are uncorrelated with each other, we
know that

var[fs] = ﬂf2var[01] + ﬁ§2var[¢93] + var|(]
= BhLt+ B§2¢3 + 1o

var[fs] is fixed at 1, we set 19 equal at one of five levels indicated at
point 1, so k = (1 —1)9) represents the total dependence link of 6, from

the regressor constructs. We create 3 different situations:

e Case (%; %), where 312 = /{5 and 332 = 30312. In this case the
dependence of 6y from 6 is three times more intense than that

from 0s.

e Case (%, %), where (319 = (32 = \/E, so the dependence of 6, from

0, has the same intensity than that from 6s.
e Case (%; %), where 312 = 3,/4; and (33 = /{;. We create this

case only when p; = 10.

Obviously, when we change these three groups of parameters, we change
also the values of the regression coefficients, (15 and (33. For example, in
the second scenario, with ¢y = 0.1, in the case (3; i) we have 31, = 0.9 and
(332 = 0.3; while in the case (%, %) we have (15 = (32 = 0.67082.

In total, we created 35 different parameter configurations, 10 for the first
scenario and 25 for the second one. For each set, we simulate N samples
of size n. We make some preliminary studies to understand the optimal N
and n. Because, as we saw in Chapter 2 (page 29), SEMs are large samples

methods, we fixed the sample size to 1000.
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Figure 3.3. Stability of the simulation results: mean estimates of regression
coefficient 312 in the first scenario for all 10 parameter configurations
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Figure 3.4. Stability of the simulation results: mean estimates of standard
errors of regression coefficient 1o in the first scenario for all 5 parameter
configurations of the case A
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To decide the number of samples, we tested the stability of estimates for
each of the 4 different methods above described. To simplicity, we report
only the case of the first scenario (with two constructs). In Figure 3.3, we
see the simulated mean estimates of the regression coefficient (31, for all the
10 different parameter configuration. The true value of the parameter (equal
for the case A and B) is 0.95 for 13 = 0.1, 0.84 for 1 = 0.3, 0.70 for ¢ = 0.5,
0.55 for ¥y = 0.7, 0.32 for 1o = 0.9. We note that estimates become stable
with a few dozen repetitions, so observing these graphs we could fix N = 100.
Then we focused on the standard error of the estimates. In Figure 3.4, we
report the simulated mean standard error estimates of regression coefficient
(12 for all the 10 different parameter configuration. We can note that we
need more iterations, and so more samples, to have stable standard error
means. Considering, therefore, the stability of the estimates and the trend
of the standard errors, we decided to set the number of samples (N) equal
to 500, for each parameter set. The size of samples, N greatly influences the
computing time, for this reason we tried to keep it relatively low, while the

sample size n, had a lower impact on it.

3.3.1 The Data Generation Process

The data have been generate with Mplus, following the model described in
equations (3.1) and (3.2). The parameters have been set as presented in
the previous paragraph. For the generation procedure, we had to decide
whether to use a probit or logit model (Agresti, 1996, Muthén and Muthén,
2007). To understand which to choose, we made another small simulation.
We generated some samples with both models, and then we verified the
results, obtained using different software: Mplus, “eRm” package of R, and
Winstep (Linacre, 2003). We found that with the probit model, we obtained
more consistent results with the different softwares. For a binary dependent

variable, the probit regression model expresses the probability of response
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as:

P(y; = 110;) = F(ao+ a16;)
P(y; =016;)) = 1—P(y;; = 116;),

where F' is the standard normal distribution function, aq is the probit
regression intercept, a; is the probit regression slope, 7; is the probit
threshold (in this case 7; = —ag). For the ordered categorical dependant
variables with 5 categories, the probability of response for the probit

regression model is:

P(yij =016;) = F(mp —aiby)

P(y; =16;,) = F(152— a0;) — F(tj1 — a16;)

P(y;; =210;,) = F(1j5—a10;) — F(1j20 — a16;)

P(y;; =3l0;) = F(1js—a10;) — F(13 — a16;)
(yij = ) ( 0;

I
T

—Tj4 + a1 ),

where 7, are the probit thresholds.

We started generating multivariate normal data for the independent
variables in the model (0;, 03, A;). Then the data for the continuous
dependent variable, 3, have been generated according to a distribution
that is multivariate normal conditional on the independent variables.
Finally, we generated the categorical dependent variables, Y;, according to
the probit model, using the fixed values of the thresholds and item difficulty
parameters. The thresholds, 74, and the item difficulties, ¢;, have been
chosen to obtain items with different response distributions (positively
asymmetric, symmetric and asymmetric negative). We tried to maintain

these distributions in all sets of parameters generated (Figure 3.5).
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Figure 3.5. The frequency distribution for the item response categories of
the 10 items of the first scenario, case A, ¥y = 0.1.

3.4 The Simulation Results

In this Section, we will present the key findings from the simulation study.
All reported results refer to the estimated regression coefficients (15 and (32,
which estimate the dependence relationships between the latent variables, the
final goal of many of the socio-economic studies that we mentioned earlier.

To compare the results obtained with the 4 estimation methods, we evaluate:

e the Relative Bias, RB(j3) %?

e the Relative Standard Error, RSE(B) = SET(B);

e the Relative Root Mean Square Error, RMSE = \/RB(3)2+RSE(3)2.

We choose to use relative indices, that is they have been divided by the
actual value of the parameter, to allow a correct comparison in the several
presented cases (important forethought because the regression coefficient
takes values in [0.1,0.9]).
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3.4.1 First Scenario

We start the result analysis from the first scenario, where we have two latent
variables, the second one () dependent from the first construct (6;).

In Figure 3.6, we see the relative bias, RB(BH), for the regression
coefficient B15. In boxes (a) and (b), we find the results for the cases in
which the independent construct has 5 or 10 items, respectively. We can
immediately observe that the results of RSM-LRM method show a strong
negative bias, consistent with the theory of measurement errors (Section
1.3.1 at page 7). In boxes (c) and (d), we brought the same results of the
two previous ones, by removing those of the fourth method. SEMstd and
SEMirt methods show a distortion of reduced entity (in absolute value less
than 1%). It is interesting to note that the broken line of the two One-step
procedures are practically overlapping, though they represent, conceptually,
two very different methods. Indeed, we recall that the method SEMirt
corresponds to the data generator model, while the less constrained
SEMstd method is a traditional SEM, which does not take into account
the IRT structure. The bias of the Two-step procedure RSM-LRMme
increases as 1o, the variance of structural error term (5, increases.

It is also interesting to note that, in case B, the distortion of the RSM-
LRMme method is less than the case with few indicators for the independent

latent variable, consistent with IRT.

In Figure 3.7, we see the relative standard errors, RSE(Z?H), for the
regression coefficient 315. The RSM-LRM method shows relative standard
errors lower than other methods. The broken line of the two One-step
procedures, again, are practically overlapping and they show the same
trend; while the Two-step procedure RSM-LRMme is the less precise.
For all the 4 methods, the standard errors increase as 1, the variance of

structural error term (5, increases.

In Figure 3.8, we see the relative RMSE(f3;) for the estimates of the
regression coefficient 315. From this graph, we note the importance of
considering, in the estimation procedure, the measurement errors that

affect the variables.
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Figure 3.6. Simulation Results: the Relative Bias (RB) for the estimates of

the regression coefficient 15 in the first scenario
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Figure 3.7. Simulation Results: the Relative Standard Error (RSE) for the
estimates of the regression coefficient (315 in the first scenario

In fact, the only method that ignored the problem, the RSM-LRM,
presents a very high relative RMSE(f5) (up to 10 times the other method
values). It is due to the strong bias, not sufficiently compensated by the good
accuracy in estimating. The broken line of the two One-step procedures,
SEMirt and SEMstd, are practically overlapping and they have the lowest
RMSE, less than 10%, except in the case of maximum relative variance,
where is nearly 12%. The SEM-LRMme method has a slightly higher
RMSE (Blg), although the discrepancy with the One-step procedure is never
more than 3 percentage points. For example, in the case B with vy = 0.9,
for SEMirt we have RMSE(f15) = 11.1%, while for the RSM-LRMme
equal it is equal to 13.6%.

Similar considerations can be drawn observing the Boxplot chart in
Figure 3.9. Boxplots (also known as a box-and-whisker diagrams) display
the differences between populations without making any assumptions of the
underlying statistical distribution. The ends of the whiskers represent the
minimum and maximum of the sample data; the dashed red line indicates
the true value of the estimated parameter. This graph shows very well the
relationship between accuracy of the estimate and the number of indicators

used for the measures. We actually note that all estimates of case B present
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Figure 3.8. Simulation Results: the Relative Root Mean Square Error
(RMSE) for the estimates of the regression coefficient /312 in the first scenario

smaller box plots, and they are less dispersed around their median.
Furthermore, this representation highlights the strong distortion of
SEM-LRM method. To simplicity, we present only one of five available

boxplot charts (one for each level of v,), the others have a similar trend.

Focusing for a moment on the Two-step procedure, we can analyze the
reliability indices of the estimated measures. We compared the values of
Cronbach’s alpha and the Rasch Person Reliability Index (RPRI), proposed
in the chapter 2 (Section 2.4.4 at page 50), and we have seen that they are
perfectly consistent, as evidenced the Figure 3.10 (a). We can just multiply
the RPRI index by a factor g (in this case ge[1.2,1.3]) to obtain the
corresponding value of a. Furthermore, it is important to observe that the
index values for the two measures, Y;* and Y5, estimated at the first stage
of the Two-step approach, are always above the threshold 0.7, which is
referred to as the minimum acceptable level for Cronbach’s alpha (Nunnally
and Bernstein, 1994). It is also very interesting to note that Y}*, which is
associated with the construct measured by 10 indicators, presents reliability
indices significantly higher than Y. It is also worth emphasizing that this
increase is observed, similarly, in both of the indices.

In Figure 3.10 (b) and (c), we present Cronbach’s alpha index values,
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Figure 3.9. Simulation Results: the boxplot chart for the estimate of the
regression coefficient b5 in the first scenario

more used in literature, for the two measures, Y;* and Y. This graph,
again, clearly shows the increase in reliability due to the increase of indicators
for the first construct. In fact, the 5 Boxplots related to the independent
latent variable of case B clearly show that the reliability indices in these
samples are significantly higher than others; their a; values increased by
almost 10 percentage points compared to that of the measures with only 5
indicators. From this graph, we can deduce that the weakening of dependence
relationship between the two latent variables, does not affect the estimation
of measurement associated with each latent variable.

This reliability analysis, in addition to a series of other considerations
about, for example, the unidimensionality, the correct order of categories
and the differential item functioning (Hambleton et al. 1991; Roju et al.
1995; Emons et al. 2005; Zumbo, 2007), are possible only with the Two-step
procedure, that separates the estimation of the measures from the estimation
of the construct relationships. It is a very important step in the latent
variable analysis, which has not an analogue into the One-step procedure,
where we can only verify the goodness of fit, but not the reliability of the

constructs (in IRMs terms).
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3.4.2 Second Scenario

The second scenario presents three latent variables, where 6, depends from
01 and 3. The results are similar to those already presented for the first

scenario, we will briefly summarize the most salient.

In Figure 3.11, we see the relative bias for the regression coefficients (315
and (39, case A (%; %1)7 where 315 = 303;. As for the first scenario, we can
immediately observe that the results of RSM-LRM show a strong negative
bias, consistent with the theory of measurement errors (1.7 at page 7). In
boxes (c) e (d), we brought the same results of boxes (a) e (b), by removing
those of the fourth method. The two One-step procedures, that follow a
similar trend, show a distortion of reduced entity (in absolute value less than
1%). The bias of the Two-step procedure RSM-LRMme increases as 1

increases, but in absolute value is always lower than 10%.

In Figure 3.12, we see the relative standard error for the estimates of
the regression coefficients 312 and 3. The RSM-LRM method shows
RSE (Blg) and RSE (332) lower than other procedures, even if they are all

very close. ~While for the case (3;3) the estimates of two different

coefficients have standard errors of equal magnitude, we note that for the
3.1
11
between 30% and 40% of the parameter value. For all the 4 methods, the

standard errors increase as 1) increases.

case (2;1), with ¢, = 0.9, the relative standard errors of 3,5 are very high,

The relative RMSE(fy2), for the estimates of the regression coefficients
(12 and 33 are shown in table 3.1. In the last rows of the table, we
reported the actual values of the regression coefficients. Consistent with
what is already shown in the first scenario, we observe that RSM-LRM,
ignoring the presence of measurement errors, presents a very high RMSE
(up to 3 times that of other methods). It is due to strong bias already seen
in previous graphs, not sufficiently compensated by the good accuracy in
estimating. The two One-step procedures, SEMirt and SEMstd, have the
lowest relative RMSE, even if the SEM-LRMme relative RMSE values
are very close to the previous, only from 2 to 4 percentage points more.
The very high values (above 30%), occurred when b, = 0.90, (1, (3;3) and
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where 35 is the 75% of k and (335 is the 25% of x
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Table 3.1. Simulation results: the relative Root Mean Square Error (in %) for
the estimate of the regression coefficients 15 and f32, in the second scenario
case B

0.10 ! 0.30 ! 0.50 ! 0.70 ! 0.90

SEMirt 9.32: 10.40! 13.56: 18.881 35.26

% SEMstd 3.24i 10.42i 13.5?i 13.93i 35.30
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RSM-LRM 17.651 20.07] 2313 27.52 39.17
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Bso (3;1), are due to the fact that the index is divided by 0.1 (actual value

of the parameters (15 and (32, respectively).
In Figure 3.13, we have the Boxplot charts, that underly, again, the strong
distortion of SEM-LRM method.

Finally, we pay attention on the reliability indices for the measures of
Two-step procedure As in the first scenario, the two indices, RPRI and
Cronbach’s alpha, are perfectly consistent. We can just multiply the RPRI
index by a factor g for computing the value of a. We present the
Cronbach’s alpha results, which is certainly more used in literature. In
Figure 3.14, we can see the index for the three measures, Y;* Y," and Y5,
estimated at the first stage of the Two-step approach. We note that all the
index values are significant because they are greater than 0.7. Furthermore
the measures built across 10 indicators are characterized by an index of

reliability far superior to the others.

Time computer processing

To conclude the analysis of results, we also talk about the computer
processing time required by the different methods. For the first scenario,
the method SEMstd takes about 7 hours for each parameter configuration
of case A and more than 12 hours for each set of parameters of case B, a
total of about 100 hours of elaboration. SEMstd method takes about 15
hours for each parameter configuration of case A and more than 27 hours
for each parameter configuration of case B, a total of about 230 hours of
elaboration. RSM-LRMme method took about 16 hours for all parameter
configurations of case A and 1 day for all configurations of case B, in total
about 40 hours of elaboration. RSM-LRM method, actually based on
information estimated from the first step the other method, took 5 hours
total, for both Case A and B, to perform only the second step. Thus, for
the first scenario, we note that the procedures Two-step are considerably
faster than One-step procedures.

This difference becomes much more significant with the second scenario.

SEMstd method requires approximately 8 hours for each parameter
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Figure 3.13. Simulation results: the boxplot charts for the two regression
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Figure 3.14. Simulation results: the boxplot chart for the Cronbach’s alpha
indices for the three measure Y}*, Y5 and Y5 in the second scenario, with
distribution (3, 1)

configuration of case A and more than 19 hours for each set of parameters
of case B, a total of about 380 hours of elaboration. SEMstd method takes
about 21 hours for each parameter configuration of case A and more than
35 hours for each set of parameters of case B, a total of about 750 hours of
elaboration. RSM-LRMme method took about 30 hours for all parameter
configurations of case A and two days for all configurations of case B, in
total about 40 hours of processing. RSM-SEM took, to perform only the
second step, a total of 2 hours, including both the cases A and B.

These processing times are the averages of the elaborations carried out
on faster computers, but during the simulation process we had to use less
powerful machines which have considerably slowed down the analysis.
Overall, the simulations with the 35 presented configurations took more
than three months, at which we should add the time for the simulations

carried out to determine the parameter values presented in Section 3.3.



Conclusion and Future Research

A first consideration is about the RSM-LRM method. Although at times
the standard linear regression is used also with variables affected by
measurement errors, our simulation showed that the bias of estimator for
the parameter of interest is very strong. Precisely for this reason, in our
conclusions, we consider, for the Two-step procedure, only the
RSM-LRMme method.

Remembering that one of our goals was to implement a Two-step
procedure efficient and precise, we focus the attention on the Root Mean
Square Error index (that combines an assessment of bias and efficiency).
From the reported results in table 3.2, study, referred only to the SEMstd
and the RSM-LRMme methods, we can deduce that, consistent with the
theory proposed in Chapter 2, the Two-step procedure has a slight
distortion and a loss of efficiency, but its estimates are coherent with that
providing by the One-step procedure and often the difference with them is
really very small. The difference between the two procedures is just few
percentage points (up to 4.3 in the second scenario, for the case A, s,
(3.2)). It is a very interesting result, that provides a useful tool for future
analysis starting to real data.

We have repeatedly stressed the advantages of IRM in terms of greater
flexibility of analysis and possibility of verification of hypothesized relations,
but we did not know what was the price to pay in terms of loss of efficiency

and distortion. Given this simulation data, we could say that, for the cases

presented, the Two-step procedure results sufficiently precise and unbiased.
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Table 3.2. Simulation results: A comparison of all RMSE indices for all the
different parameter configurations for the SEMstd and the RSM-LRMme
method

0.10 i 0.30 i 0.50 i 0.70 i 0.90

=] < SEMstd 1501 2301 3521 5.45 11.02
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& RSM-LRMme | 1.53! 3.05! 495! 763! 13.56
% SEMstd 8.531 10.87, 14.24' 2012 37.09
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o | SEMstd 344! 458/ 598 859! 1656

< £ | RSM-LRMme 3.35! 5.24; ?.55; 11.2?; 19.95

2 | SEMstd 1.83] 2.74] 3.86] 5.91] 11.92

o £ | RSM-LRMme 2.145 3.?1: 5.[}1: 9.[}5: 15.91

o = S| SEMstd 3.34; 446, 583 844 1637
E = |RSM-LRMme | 3.71i 542| 7.80i 11.49] 20.30
o 2 |  SEMstd 8.24! 10.42! 1357 18.93! 35.30
§ ‘:“i RSM-LRMme 9.555 11.95: 15.45: 21.?5: 39.03
<= o S| SEMstd 3.02 411 548| 8.09] 15.67
= 2| & |RSM-LRMme | 339! 457" 649! 975! 17.97
E % SEMstd 1.415 z.aui 3.53: 5.53: 11.34
= = |RSM-LRMme| 1.69] 3.10] 4.93] 7.64| 13.78

? | SEMstd 1.84! 278! 366! 574 11.70

‘:“i RSM-LRMme 2.135 3.?[}: 5.34: s.ss: 15.07

o | S| SEMstd 3.28] 430i 5.63] 8.21j 16.18

S| S |RSM-LRMme| 373! 539! 770! 10.98! 19.37

% SEMstd ?.525 10.33} 13.55} 19.39} 37.36

= | RSM-LRMme | 8.72] 11.68] 15.79] 21.96] 40.88
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Obviously the choice of which procedure to implement is the prerogative
of the researcher and it depends strongly of the purposes of its analysis, but
for the cases described in the simulation study, both the two approaches
could be used to obtain statistically significant results.

Even if the second scenario represents already a degree of complexity
present in many real researches, the obtained results, providing a good
indication for future research in this area, are not generalizable to more
complex analysis (for example with three or more regressors, or with
correlated regressors).

Another finding obtained by simulated data is the increase of reliability in
the case of the latent variables measured by a greater number of indicators.
As already mentioned, it is a result known in the literature for the IRMs,
but our simulations also showed a similar result for the SEM. From Table
3.2, it can be noted that, for the first construct, the value of RMSE for the
case B is in all cases lower than the analogous of case A also for the One-
step procedure. Therefore, we can say that the introduction of additional
indicator variables, although affected by measurement errors, improves the
model goodness.

With reference to the analysis of reliability indices, moreover, the
simulation allowed us to compare the performance of two indices used in
this context: Cronbach’s alpha and Rasch Person Reliability Index (RPRI).
The data showed that these indices followed a similar pattern, thus
providing similar indications. In our RSM-LRMme method, we decide to
use the RPRI as it is the natural index of reliability under the IRMs
(Schumacker and Smith., 2007). In fact, this index represents the logical
link between the first and second steps of our estimation procedure. In the
first step we get, through a RSM, the estimates of Rasch measures and,
through RPRI, their reliability. In the second step, we develop a regression
model with these measures, which we give an estimate of the variance of
their errors. For logical consistency, these estimates are represented by the
RPRI values obtained in the previous step.

All the above considerations do not take into account computer

elaboration times. We did not consider them, because it is a typical
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problem of simulation studies, not present in real cases, where we do not
have to test hundreds of samples, but at most a few dozen. The procedure
for Two-step is the fastest, but about a dozen samples the difference is in

the order, at most, of a couple of hours.

Our simulation study, although provided many different cases, should be
considered as a baseline for future analysis. We have already begun to study
the case with measurement errors of different sizes, but in this case we must
be careful not to generate data that present too low reliability indices.

Another interesting research cue will be the extension to multilevel cases.
For SEM, there is already an extensive literature on the subject, while for the
IRT, although some models have been proposed, there is not still a substantial
theoretical basis.

Finally, because as we said earlier, this research draws upon a real
problem, we would apply the estimation methods to a real case, obviously
having to deal with any problems that this entails (eg missing data,

unreliable measures, incorrect orders in response categories).
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Appendix A

Basic Statistical Concepts

TO entering the analysis of SEMs, it could be useful to recall briefly some
statistical prerequisites: correlation, regression, data preparation and

screening.

A.1 Pearson Correlation

The Pearson correlation

Ozy

Pay = Pay € [_17 1}7

0,0y
estimates the degree of linear association between two continuous variables X
and Y, where 0,, 0, are their standard deviations and o, is their covariance.
If p;y > 0, the variables X and Y are said to be directly (or positively)
correlated, when p,, = 0 there is no linear relation (but there could be a
curvilinear association), if p,, < 0, X and Y are inversely (or negatively)
correlated. p,, could be about zero not only when the relation between X
and Y is nonlinear, but also when the variance of either X or Y is relatively
narrow, when the shapes of the frequency distributions of the two variables
are very different, or when the reliability of the scores on either X or Y is
about zero.

The variable means don’t affect p,, or oy, so if we are interested to

changes in means, we have to choose a SEM method that can include them
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in the analysis.

A.2 Regression

We start from the case of only two continuous variables, the predictor X
and the dependent variable Y. Based on their association, the regression
equation is
Y = by +b,X.

b, is the unstandardized regression coefficient and it indicates the predicted
difference on Y given a 1-point increase on X. The residuals (Y —Y') reflect
the part of Y that cannot be explained by X, so they are uncorrelated with
X. The coefficient b, is related to the standard deviations of X and Y and

the pearson correlation index p,,:

o

by = pxya_z-

From the equation above, we can understand that if we have two standardized

variables, their correlation is also the standardized regression coefficient, It

indicates the expected difference on Y in standard deviation units, given an
increase on X of one full standard deviation.

We can extend this reasoning to the case of multiple regression analysis,

with p, (p > 2) predictors:

~

V=a+b, X +...+b, X,

where (by,,...,b,,) indicates the expected raw score difference in Y given a
difference of a single point in one predictor while we are controlling for the

others. The multiple regression equation for standardized variables is
Zy = 6:2123?1 Tt /szera

where (Zy, Z;,, ..., Z,,) are the standardized variables of (Y, X1, ..., X,) and

(Beis-- - Bs,) are the standardized regression coefficients, also called beta
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weights.

Given two predictors, the formulas for the beta weights are:

Pyz1 — PyzaPzizo Pyzs — Pyz1 Priz2
ﬁa: = ﬁx = ) (Al)
' 1-— p52(/‘1£t2 ’ 1- p?ﬁll‘g

where pyz,, pys, and py ., are the bivariate correlations among the
dependent variable and the predictors. Because beta weights are adjusted
for intercorrelations among the predictors, their absolute values are usually
less than those of the corresponding bivariate correlations of the predictors
with the dependent variable. Note that if the predictors are independent
(P2, = 0), then each beta weight equals the corresponding bivariate
correlation, because there is no adjustment for correlated predictors. The
relation between unstandardized and standardized regression coefficients in

multiple regression is

g g
_ Y _ Y
bxl - /8121 bxz - 65172 .
Oz, Oz,

A.3 Data Preparation and Screening

Basically all SEM methods can analyze either a raw data file or a matrix
summary of the data. The following issues should be considered in choosing

between a raw data file and a matrix summary as program input:

e We have to use raw data file when a nonnormal data are analyzed
with an estimation method that assumes normality but test statistics
are calculated that correct for nonnormality or when we use a special
estimation method that does not assume normal distributions or

accommodates cases with missing observations.

e Matrix input offers a potential economy over raw data files especially

for large samples.

e Sometimes we want to create a correlation (or covariance) matrix using
theory or results from a meta-analysis, so we don’t have raw data, but

only a data matrix.
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Before a raw data file or a matrix summary is created, the original data
should be carefully screened for the following problems: normality of the
data, missing observations, multicollinearity, model identification.

The most widely used estimation methods in SEM assume multivariate
normality, which means that all the univariate distributions are normal, the
joint distribution of any pair of the variables is bivariate normal and all
bivariate scatterplots are linear and homoscedastic. Fortunately, many
instances of multivariate nonnormality are detectable through inspection of
univariate distribution.When we talk about normality of the data we must
first evaluate skew and kurtosis (DeCarlo, 1997) of the data univariate
distribution. If the shape of a unimodal distribution is asymmetrical about
its mean, we have positive skew if the most scores are below the mean, or
negative skew otherwise. For a unimodal, symmetrical distribution, we talk
about positive kurtosis if we have heavier tails and a higher peak and about
negative kurtosis in the opposite case. One way to deal with univariate
nonnormality is with transformations, for example square root, logarithmic,
and inverse functions. Another problem to be addressed during the
preliminary analysis of data is the case of scores that appear to deviate
markedly from other members of the sample, called outliers.

It could happen that the dataset has missing observations, if they are
not systematic then we can talk about ignorable data loss patterns missing
at random (MAR), when missing observations on some variable X differ
from the observed scores on that variable only by chance, or missing
completely at random (MCAR), when the presence versus absence of data
on X is unrelated to any other variable (Allison, 2003). Many authors have
addressed this problem and several solutions have been proposed in the
literature, in different contexts and for different types of data (Jones, 1996,
Little and Rubin, 2002, Zarate et al. 2007).

Another cause of singular covariance matrices is multicollinearity, which
occurs when intercorrelations among some variables are so high that certain
mathematical operations are either impossible or unstable because some
denominators are close to zero. Multicollinearity can occur because more

variables actually measure the same thing. It is easy to spot pairwise
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multicollinearity simply by inspecting the correlation matrix, it is more

difficult to detect multicollinearity among three or more variables. One
2

smc?

variable and all the rest. A related statistic is tolerance (TOL =1 — R? )

smc

method is to calculate a squared multiple correlation, R between each
and it indicates the proportion of total standardized variance that is
unique, that is not explained by all the other variables. Another statistic is
the Variance Inflation Factor (VIF), equals to the ratio of the total
standardized variance to unique variance: 1/TOL.

A final aspect to consider is the model identification. A model is said to
be identified if it is impossible that a population variance-covariance matrix
will be determined from two distinct sets of parameter values. A necessary
condition for identification is that the number of distinct elements in the
observed variance-covariance matrix is at least equal (better if it is greater)
to the numbers of parameters to be estimated. This rule, which implies
that the number of degrees of freedom be nonnegative, is easy to check,
but unfortunately it is not a sufficient condition for identification. Even if
a model is identified theoretically, there might be empirical identification
problems. This happens when the expression of a parameter in terms of
observed variances and covariances involves a denominator that is zero or

close to zero (Kenny, 1979).
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Script

B.1 Mplus Script for the Two-step Procedure

B.1.1 Mplus Script to Generate Data for the Second

Scenario, Case B

5 File Edit View Mplus Graph Window Help

D@ 4|%(@| S| MW o |v] ko) ] bl 2]

TITLE: generator model
3 latent wariables (2 independent and one dependent)
104545 item (5 categories, 4 thresholds

MCHTECARLO:
HAMES ARE ul-u20;
NCBSERVATIONS = 1000; ! for each sample
NREPS = 500; ! number of samples
SEED = 3000
GENERATE = ul-u20(4 p): ! to generate ordered categorical wvariable, with 4 thresholds, probit model

CATEGORICRL = ul-u20;

POPULATION = Param teo_3f Bl_31.txt; e with the parameter value to use in the generation phase
REPSAVE = ALL:; salvo tutte rep a ni

SAEVE = C:/Users/Anna/Documents/Tesi/Dati_generati/2_fattori/3f Bl 31_*.dat;

BNALYSTIS:
ESTIMATOR = MLE;
LINK = probit;
INTEGRATION = 10;
MITERATIONS = 100:

MODEL POPULATION:
! the first latent variable is specified by the firat 10 indicators
f1 BY ul@l u2@l wu381l ud4Bl u5E1l uéBl uT@l us@l udgl ulo@l:
f2 BY ull@l ul2@l ul3@l ul4@l ulS5Ee1l;
BY ul6@l ul7@1 ul8el uld9@l u20@1:
! the ON statement describes the 1
f2 CON f1 £3;

near regression of f£2 on the other constructs f1, £3

! fake wvariables

ml BY wul@l: m2 BY wuz2@l:
m3 BY wu3@l: mé BY wu4@l:s
ms BY uS@l; mé BY uéfl;
w7 BY u7fl: ms BY us@l;
m3 BY ulfl: ml0 BY wul0@1:
mil BY ull@l; ml2 BY ul2@l:
ml3 BY ul3@l; mld4 BY ul4@l;
ml5 BY ul5@1; mlé BY ul6@l;
ml7 BY ul7@1; ml2 BY ul8@l;
ml9 BY wul9@i; m20 BY wu2081;
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! fixed at 0 the mean of the latent variables
[f1@0]1: [f2@0]:; [£f3B80]:

! free the variance of the latent variables which is fixed at one as the default
fi: f£2: 1£3:

! fixed at 0 the correlation between the two independent latent wvariables
f1 WITH £380;

! fixed at 0 the wvariance of the fake variable (as default, it will be 1)
m1@0; m2@0; m3E0; m4@0; mSEO0; mEEO0; mTEO; mEE0: m9E0; m1OEO:
mll@0; ml2@0; m13@0; ml4@0; mlS@0;

! free the means of the fake variables which is fixed at 0 as the default
[ml](cl): [m2] (c2); [m3] (c3) [m4] (c4); [m3] (c3) s

[m&] (cE) ; [m7] (cT): [mE] (cB) [m2] (c9): [m10] (cl0);

m11] (e11): [m12] (c12): [ml13] (c13): [ml4] (cl4): [ml5] (cl5):

[m18] (c16): [ml7] (c17); [ml8] (cl8); [m12] (c19): [m20] (c20);

! to recreate a RSM, fix the threshold of item belonging to the first construct to be equal

[ml$l w22l u3$l udsl ussl wesl u7sl ussl w9sl wlosl] (dl):
[0152 w252 u3s2 u4s2 usE2 uesZ w752 uBE2 w932 uwlosz2] (d2):
[ul$3 w283 u3$3 u4s$3 w583 u6e$3 u7$3 uBs3 uds3 ul0g3] (d3):
[ulf4 u2f4 u3s$4 udfd ubs4 uesd u7$4 uss4 uds4 ulos4] (d4):

[ul1$1 ul2$1 uwl3$l ul4sl uwl5S$1] (dS);
[ul1$2 ul2$2 ul3s$2 ulds$2 ul5s$2] (d6):
[91183 w1283 ul3$3 ulds3 ul5s3] (d7):
(91184 w1284 ul3$4 uldsd ul5s4] (dE);

[ul6$1 ul7$1 wiBS$1 ul9sl uw20$1] (dI9);
[ul6$2 ul7$2 ul8S$2 ul9s2 u20$2] (d10):
(01683 w1783 wlBS3 uwl9s3 u2083] (dil):
[91684 w1784 nlBS4 ulds4 u2084] (di2):

! fixed at 0 the covariance between the fake variables

m20 WITH m1@0 m2@0 m3E0 m4B0 m5E0 m6B0 m7E0 m8E0 m9E0 ml0G0 mllE0 m12E0 ml3E0
m14E@0 m15@0 ml16@0 m17E0 ml18@0 mlS@o;

ml9 WITH ml@0 m2E0 m3E0 m4@0 m5E0 m6@0 m7E0 m8EO0 mI9E0 m1O0E0 m11E0 m1ZE0 ml3E0
ml14@0 mlSE0 ml6B0 m17E0 mlSE0:

ml8 WITH m1@0 m2@0 m3E0 m480 m5E0 me@0 m7E0 mBE0 m2E0 ml10@0 ml11E0 m12€0 ml3E0
m14E@0 ml5E0 ml16@0 m1TE0;

ml7 WITH m1@0 m2@0 m3E0 m2B0 m580 m6B0 m7E0 m8E0 m9E0 ml0G0 mllE0 m12E0 ml3E0
m14@0 m1SE0 ml6@0:

mlé WITH ml1@0 m2@0 m3E80 m4@0 m5E0 mé6@0 m7E0 mB8E0 m9E0 mlOR0 mllE0 miZ@0 mi3E0
m14@0 ml5E0;

ml5 WITH m1@0 m2@0 m3E0 m4B0 mSE0 me6B0 m7E0 mB8E0 m2E0 ml0G0 mllE0 m1280 ml3E0
ml14@0 ;

ml4 WITH mi@0 m2@0 m3E0 m4B0 m5S80 m6@0 m7E0 m8E0 m9E0 mi0G0 mllE0 m1Z@0 ml3E0 ;

ml3 WITH m1@0 m2@0 m3E0 maE@0 m5E0 me6B0 m7E0 mEE0 m9E0 m10@0 mllE0 m12@0 ;

mlZ WITH ml@0 m2@0 m3E80 m4E0 mSE0 meB0 m7E0 m2E0 mO9E0 mlO@0 mll@0

mll WITH m1@0 m2@0 m3E0 m480 m5E0 me6@0 m7E0 mBE0 m2E0 ml10@0 :

ml0 WITH ml@0 m2@0 m380 m4B0 mSE0 méB0 m780 mE8E0 mo@O ;

ms WITH ml@0 m280 m380 m4B0 mS80 méE0 m7E0 mEE@0 ;

me WITH mi@0 m2@0 m3E0 m4B0 mSE0 m6B0 m7E0

m7 WITH m1@0 m2@0 m380 m4@0 m580 me6E0 :

mé WITH ml1@0 m2@0 m380 m4@0 mSEO ;

m5 WITH ml@0 m280 m3E0 m4B0 ;

m4 WITH ml1B0 m2@0 m380 ;

m3 WITH ml@0 m2@0 ;

m2 WITH mi1@0 ;

! fixed at 0 the covariance between the fake wvariables and the latent variables
ml-m20 WITH £1@0 £2@0 £3@0;

MODEL CCNSTRATINT:

! fixed the threshold of the first block of item to sum 0
cl=-(c2 +c3 +c4 +c5 +cé +c7 +c8 +c9 +cl0);

! fixed the item difficulty of the first block of item to sum O
d4=-(dl +d2 +d3);

cll=-(cl2 +cl3 +cld +cl5);
de=-(d5 +dé +dT);

(cl7 +cl8& +cl9 +c20);
(dS +dl10 +d11l):
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B.1.2 Mplus SEMirt Script to Analyze Data for the

First Scenario, Case B

B8 Ml  cript M SEN 6

& File Edit View Mplus  Graph Window Help
D@ |we| & mf o]y s el 2]

TITLE: ©SEMirt First scenario - Case B
(5 categories, 4 thresholds)

\L

o

DRTR:

FILE = C:/Dati generati/2 fattori 050/bl 6.dat;

! Montecarlo analysis, multiple datasets are analyzed,
TYPE = MONTECARLO;

results summarized using regular Mplus analysis

WARIABLE:
NAMES ARE ul-uls;
USEVARIABLES = ul-uls; lindicator variables
CATEGORICAL = ul-uls; ‘the indicator are cacegorical
ANALYSIS:

!MLR = ML parameter estimates with standard errors and a chi-square test statistic
E5STIMATOR = MLR:

LINK = probit:

! to specify number of integration points to be used in the computation

INTEGRATION = 10;
! to specify the number of iterations allowed for the EM algorithm

MITERATICNS = 100:
! to specify the relative observed data loglikelihood change convergence criterion for EM algorithm

RLOGCRITERION = 0.001;

MCDEL:
! the first latent wvariable is measured by the first 10 indicators

f1 BY ul@l u2@l wuw3@l u4@l wu5@1l u6@l uT7@l us@l ud@l ul0o@l:
£2 BY ullf@l ul2@l ul3@l ul4@l uls@El:
! the ON statement describes the linear regression of £2 on the other construct £1

f2 ON £1:

! free the variance of the latent variables which is fizxed at one a= the default
f1; f2;

! fixed at 0 the variance of the fake variable (as default, it will be 1)
ml1@0; m2@0; m380; m4@0; m5E0; me@0: mTEO; mBEO; mOBO; ml1OE0:
m11@0; ml12@0; mi13E0; ml14@0; mlSE0;

1fake variables

ml BY wul@l; m2 BY wu2@l;
m3 BY wu3@l; md BY wu4@l:
mE5 BY wuS@1; mé BY wu6@l:
m7 BY wuT@1; m8 BY wu8@l:
md BY wu%@l; ml0 BY ulO@l;
mll BY wull@l; ml2 BY wul2@l;
ml3 BY wul3@1; ml4 BY wul4@l;

ml5 BY wul5@1;

!free the means of the fake variables which is fixed at 0 as the default
[ml] (c1); m2] (c2) ; [m3] (c3) : [m4] (c4); [m5](c5);:

[m&] (c6); [mT7] (cT); [mE&] (c8) ; [m2] {c2); [m10] (cl0);

[m11] (c11); [ml2] (c12); [m13](cl3); [ml4] (cl4); [mlS] (cl5);

! fixed at 0 the mean of the latent variable (as the default wvalue)
[f1-£f2@0];
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! to recreate a
u3sl
u3sz
u3s3
u3f4e

[ul$l w21
[ul$2 u2s2
[ul$3 w243
[ul$d u2s4

! to recreate a

[ull$l ulz2
[ul1l$2 uiz2
[ull$3 ui2
[ull$4 uwiz
! fixed at
mlS WITH
ml4 WITH
ml3 WITH
mlz WITH
mll WITH
ml0 WITH
md WITH
me WITH
m7 WITH
mé WITH
ma WITH
m4 WITH
m3 WITH
m2 WITH

99

RSM, fix the threshold of item belonging to the first construct to be equal

u4é
u4s
u4é
u4s

1 us%1
2 uss2
3 uss3
4 u5s4

u6sl
ues2
ues3
uese

u7$l
uT§z
u7és
u7§4

ugsl
ugsz
ug£3
ugf4

ug9s1l uwlogl]
u8s2 wlongz)
uB8g3 wlogs]
uB8g4 wlong4]

(d1);
(dz);
(d3);
(d4);

R5M, fix the threshold of item belonging to the first construct to be equal
$1 ul3sl
$2 u13s2
£3 u13s3
$4 u13ss

ul4s1
ul4sz
ul4s3
ul4s4

uls5$1] (d5):
uls$2] (d6):
uls5%$3] (d7):
uls5$4] (d8);

0 the covariance between the

ml1@0
m1@0
ml1@0
ml1E0
ml@0
ml@0
ml@0
ml@0
mi1@0
ml@0
ml1@0
ml1E0
ml@0
ml@0

m2E0
m2E0
mZE0
m2E0
m2E0
m2E0
m2E0
m2E0
m2E0
m2E0
mZE0
m2E0
m2E0

m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0
m3E0

ml-ml5 WITH £1@0 £2@0:

MODEL CONSTRAINT:

! fixed the
cl=-(cZ +c3
! fixed the
dé=-(dl +d2

m4@0
maE0
m4E0
m4E0
m4@0
m4@0
m4@0
m4@0
m4@0
m4@0
m4E0

cll=-(cl2 +cl3 +cléd +cl5):
de=-(d5> +d& +d7):

OOTFEUT:
'uses the
STAND;
TECHZ;
TECH3;
TECHS
TECHE;
TECHS:;

mSE0
m5E0
mSE0
mSE0
mSE0
mSE0
mSE0
mSE0
m5E0
m5E0

variances of the latent

me@o
m&E0
meE0
mEE0
me@o
me@0
me@o
me@o
t1ch]

fake wariables

m7@0 mE8E0
m7E0 mBEO
m7E0 mEE0
m7E0 mEE0
m780 mEE0
m780 mE8E0
m7E0 mE8E0
m7@0 :

ma@o
mI@o
putlchy]
m3Eo
m3go
m3@o

m10E0
ml10@0
m10E0
m10E0
m10E0

threshold of the first block of item to sum 0
+c4 +c5 +cé +c7 +cf& +c9 +cli)
item difficulty of the first block of item to sum O
+d3) ;

m11@0 m1260 mi13G0 ml480
m1180 m12@0 ml13E0 :

m11@0 m12@0 ;

mil@0 ;

variables for standardization.

to request parameter derivatives.
to reqguest estimated covariance and correlation matrices for the parameter estimates
request the optimization history in estimating the model.

to request that the optimization history in estimating the model be printed in the output
to request error messages related to convergence for each replication or bootstrap draw
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B.1.3 Mplus SEMstd Script to Analyze Data for the

Second Scenario, Case A

28 s - i, Ml S 2
A File Edit View Mplus Graph Window Help
Dlos{a S| @ o] et - Jrefif inllatln] 2]
TITLE: SEMstd Second scenario - Case B
(5 categories, 4 thresholds)

DATA:
FILE = C:/Script/3_fattori/3f A1 22 list_500.dact;

! Montecarlo analysis, multiple datasets are analyzed and the results summarized
TYPE = MONTECARLO;

VARIABLE:
NAMES ARE ul-uls;
USEVARIABLES = ul-uls: !indicator variables
CATEGCRICAL = ul-uls; !the indicator are categorical
ANALYSIS:

ESTIMATOR = MLR:
LINK = probit;
INTEGRATION = 10:
MITERATIONS = 100;
RLOGCRITERION = 0.001:

MODEL:
! the first latent variable is specified by the first 5 indicators
f1 BY ul@l wu2@1 u3@1 ud@1 wuSe1;
£2 BY uéBl wu7B1 wu8@l udBl wul0Bl:
! the CON statement describes the linear regression of f2 on the construct f1
£3 BY ull@l ul2@l ul3@l uld@l wlSel:
f2 ON f1 £3;

! fixed at 0 the mean of the latent variable (as the default wvalue)
[f1@0]: [£2@0]: [£3@0];

! free the variance of the latent variables which is fixed at one as the default
f1: £2: £3:

! fizxed at = the covariance between the two independent latent variable
£1 WITH £3@0;

!svincolo la media delle fake variables

[m1] (c1): [m2] (c2) ; [m3] (c3) ; [m4] (c4); [m5] (c5) :

[mé] () ; [m7] (c7) ; [mB] (cEB) ; [m3] (59); [m10] (c10);

[m11] (e11); [m12] (e12): [m13] (e13); [m14] (c14); [m15](clS):

! to recreate a RSM, fix the threshold of item belonging to the first construct to be egual
[11$1 u2$1 u3s$l ud$l ussl 1 (dl);

[ul$2 u2$2 u3$2 w4$2 u5s2 ] (d2):

[ul$3 u2$3 u3$3 u4s3 usb53 1 (d3);

[ul$4 u2$4 u3$4 u4$d ub$4 1 (de):

[u6$1 u7¢l usfl u9$l ulo$l] (ds):
[u6$2 u7$2 uss2 uss2 ulos2] (de);
[u6$3 u7$3 uss3 u9s3 ulog3] (d7):
[u654 u7$4 uss4 udss ulos4] (ds):

[ul1$1 w1281 ul38l ul4sl wlSSl] (do):
[ul1§2 ul2$2 ul3$2 ulds$2 ul5§2] (d10);
[ul1$3 ul2$3 ul3$3 ul4$s ul5Es] (dil):
[ul1§4 ul2$4 ul3$4 uld$s ul5s4] (d12);

SAVEDATA:
! to specify the name of file in which the results of an analysis will be saved.
! the results saved include parameter estimates, standard errors of the parameter estimates,
! fit statistics, standardized parameters estimates and their standard errors will.

RESULIS = Completo_05_3f_al_22a 500.dat:
OUTPUT:
STAND; ! uses the variances of the latent variables for standardization.
TECH2: ! to request parameter derivatives.
TECH3; ! to request estimated covariance and correlation matrices for the parameter estimates
TECHS: ! request the optimization history in estimating the model.
TECHB; ! to request that the optimization history in estimating the model be printed in the output
TECH9; ! to request error messages related to convergence for each replication or bootstrap draw
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B.2 R Script for the Two-step Procedure

B.2.1 R RSM-LRMme Script

g2gs2 SCRIPT for REM-LRMme
£#4#2 [rirst scensrio - cass B

£ to empty the memory
rm(list=1=s{())

library (eRm) # load package for the REM
library (psv) # load package for calculate the Cronbach's cosefficient alpha

start<-Sys.time()

reliability <- "_050"
inizio <- "050_"

# directorvy to read and save data

dir dati <- paste("C:/Dati_generati/2 fattori", reliability, "/", sep="")

dir F5 <- paste("C:/Dati_generati/Dati_ F3", reliability, "/", sep="")

dir RAM «<- paste("C:/Dati_generati/Dati RAM", reliabilicy, "/", sep="")

dir result <- paste("C:/Dati_generati/Bnalisi R/IRT Fox",relisbility,"/",sep="")

nl <— 10 £ pr item for the first construct

n2 <- 5 # nr item for the second construct

catl <- 5 # nr categories for the first construct
cat2 <- 5 # nr categories for the first construct

# indentify differsnt paramster config. (CP) (case B, psizZ=0.1,0.3%,0.5,0.7,0.8
gruppi <- c("EB1", ng3m, nEST, nET, nEQT)
L <- length(gruppi)

mat_param riass <- matrix(0,L,9)
colnames (mat_param riass) <- ct"gruppo","n°medio_oss","heta_corr","var_fl",
"var f2","var el","wvar e2","cronbach 1","cronbach 2")

FEFEREFFRREFFREEFRREFFREEFREFEREEFFREFIREEFEEFIRREFRREFFREEFREFFRREFRRETIIY
FERRREEREIRERE loop for esach paramster configuration FEEEEESESER RS
FEFEREFFFREFFREEFRREFFREEFREFFREEFFEFFREEFFEFFFREFFREFFEEFREFFFREFFREFFIY

for{m in 1:L){
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gruppo <- gruppi [m]

# name of file that contains the list of the file to analyze
nome lista leggere <- paste(dir dati, inizio, gruppo,

nome lista salvati <- paste(dir F5, "list F5 ",
nome lista RAM <- paste(dir RaM, inizio, "list REM ",
nome alpha <- paste(dir risuwltati, inizio,

inizio, gruppo,
gruppo,

"alpha ",gruppo,

#read the single file to analyze
lizta file <- read.table(nome lista leggere,
n file «- dim(lista file) [1]

as.i=s=1)

# matrix to save the Cronbach's alpha value for the £ measurss
mat alpha <- matrix(0,n file,2)

# matrix teo save item difficulty and thresholds
mat_soglie 1 <- matrix(0,n file, (nl+(catl-1)))
mat_soglie 2 <- matrix(0,n file, (n2+(catl-1)})

# vector of filename of factor scorss
file salwvati <- e{)

#vector of filenams of RAM matrix
file RAM <- c{)

# geners]l RAM matrix to use in the SEM aznalysis
input RAM <- matrix ("H&",7,3)

input RAM[1,1] <- "F1 -> yl, NA,"

input RaM[1,2] <- 1

input RAM[1,3] <- ", "
input RAM[2,1] <- "F2 -> y2, NR,"
input RAM[Z,2] <- 1

input RAM[2Z,3] <- ", "

input RAM[3,1] <- "F1 -> F2, beta,"
input RAM[3,2] <- "NA"

input RAM[3,3] <- ", "

input RAM[4,1] <- "F1 <-> F1, var f£1,"
input RAM[4,2] <- 1

input RAM[4,3] <- ", "

input RAM[S5,1] <- "F2 <-> F2, var f£2,"
input RAM[S5,2] <- 1

input RAM[S5,3] <- ", "

input RAM[E,1] <- "yl <-> yl, NA,"
input RAM[E,2] <- 1

input RAM[E,3] <- ", "

input RAM[7,1] <- "y2 <-» v2, NA,"
input RAM[7,2] <- 1

input RAM[7,3] <- ", "

n osg_file <- 0

102
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"_list.dat", sep="")

".dat", sep="")
".dat", sep="")
".dat", sep="")
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g Y il il il it iatiitiiitiitiiiitiiitiitiiitiitiiatiitd
lcop IRM for each file in the CP SEERRZERREEREEEE

FEIfEFEffEEEEE
e e e e e e i

=

£ 7 is the numbher of sample for sach CP' (in our simulation is 500)

]

for(j im len file)d

# read data

nome file <- paste(dir dati, lista file[j,1],sep="")
datil <- data.frame (read.table(nome file))

o <— '‘dim{datcil) [1]

# ve delete from the dataset the subsct with extreme responss pattern for
# the 1° or 2° construct becsuse REM does not consider these subjects

max risposta <- max (datil)

min risposta <- min (datil)

a <-which (rowSums{datil[,1:nl])==0 | rowSums{datil[,1:nl])==max risposta*nl)
b <-which (rowSums (datil[, (n1+1): (hi1+nh2)])=0|rowSums (datil[, (hl1+1): (Ri1+n2}1)
==max risposta®nl)
ab <— cla;b)
if (lengthilab)>D)}{
datil<-datil[-ab, ]

n reale <- dim(datil) 1]
n oss file <—- i ‘oss file+n reale

### Estimate of ¥1 - first Rasch measure (i1tem from 1 to nl)

ram .yl <— R5M(datil[,1:nl],sum0 = TRUE)

saglie 1 <~ thresholds(rsm_yl}Sthreshtable[[l]} # 1tem thra=sholds
foxr fle-dn 1:nlyt # item difficulty

mat soglie 1[j,.k] <- soglie 1 [k,1]

¥
for(k in (hl+l): (hl+{catcl-1))){

mat soglie 1[j,k] <- =soglie 1 [1, (k-nl+l)]-=soglie 11,1}
}

person vyl <- person.parameter (rsm yl)

ol <~ (person vlSthetapar)$NAgroupl ¢ first Rasch mesasures ¥i
var pl <- (vartpi}*ta_oss_file—l}an_oss_file
pl std <~ (pl-mean (pl))/sgrt(var pl) # standsrdize Y1

var pl std <- (vax(pl_std}*:n_nss_file—l}}fn_nss_file

£ std error of person parameter (used to estimate measurement srror)
525l <- (person wyl&se.theta)$HAgroupl
per par yl1 <- chind(pl std,se pl)

### Estimatea of Y& - seconf Rasch measure (item from nl+l tg nd)
ram y2 <— RSM{datil[, (nl+1): (nl+n2)1])
soglie 2 <- thresholds{rsm_y2}$threshtable[[1]]
for(kin 1:n2){
mat soglie 2[j,k] <- soglie 2[k,1]
}
for(k in (m2+1l): (n2+(cac2-=1)) )i
mat 2oglie 2[j, k] <- =2oglie 2[1, (k-n2+1)]-soglic 2[1,1]
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person_ y2 <- person.parameter (rsm yZ)
p2 <- (person_y2&thetapar)$NAgroupl
var_p2 <- (var(p2)*(n_oss_file-1))/n os=_file

p2_std <- (p2-mean(p2))/sgrt(var_p2)

var_p2_ std <- [var[pz_stdj*[n_oss_file—l]J/n_oss_file
se p2 <- (person_v2%se.theta) $NAgroupl

per par y2 <- cbind(p2 std,se _p2)

per_yl MSE <- (sum(se_pl™2)/n reale)/var pl # MSME (¥1)
per_yl SA <- var pl std- (per_ yl MSE) # variance of thetal
per_yl Rel <- (per yl 5A)/var pl std # reliability of ¥1
per y2 MSE <- (sum(se p2°2)/n reale)/var p2 # MSME (Y2)
pEI:yQ:SR <= var_pz_sta—tper_yE_HSE] _3 variance of thetaZ?
per yZ2 Rel <- [per_yQ_SR]/vaI_pQ_std # reliability of ¥2

#insert the measursmsnt srror variances intce the RAM matrix for the 2° step
input RaM[6,2] <- per_ yl MSE
input RaM[7,2] <- per_ y2 MSE

# Rasch measures and std errors matrix
person_par <- cbind(per par yl,per par y2)

# Cronbach's alpha of ¥1 and ¥z
mat_alpha[j,1]<—cronbachtdatil[,l:nl]J$alpha
mat_alpha[j,2]<—cronhach[datil[,[n1+1J:tnl+n2]]]$alpha

# save data

nome_file F5 <- paste(inizio, gruppo,"_F3 ",J,".dat",sep="")

write.table (person par, file=paste(dir F5, nome_ file F5, sep=""), szep=" ",
row.names=TRUE, col.names=FALSE)

nome file RAM <- paste(inizio, gruppo, " RAM ",j,".dat",sep="")
write.tcable (input RAM, file=paste(dir RAM, nome file RAM, sep=""), sep=" ",
row.names=FALSE, col .names=FALSE, guote=FALSE)

file salwvati <- rbind(file salvati, nome file F35)
file RAM <- rbind(file RAM, nome file RAM)

FEERFRFEFFFF3F0F #4444 44#4F## End IRT loop #FHFEFEF#734F4F0F84378050F0F878888

# save dats summary

write.table (file_ salvati, file=nome lista_ salvati, sep="",row.names=FRLSE,

col . .names=FATLSE, gquote=FALSE)
write.table (file RAM, file=nome lista RAM, sep="",row.names=FALSE,quote=FAL3E)
write.table (mat alpha, file=nome alpha, sep="",row.names=FALSE,quote=FAL3E)

mat_soglie <- cbind(mat_soglie 1,mat soglie_2)
nome_file mat_ soglie <-paste(dir risultati,"mat_ soglie ", gruppo,”.xls",sep="")
write.table (mat_soglie,file=nome file mat soglie, row.names=FALSE, quote=FARL3E)
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FEEREREFEIIESEESERREREIRIISE SEM locp ###FEEEEESEEEREREREIEIESESERRIENE

library (sem) # packags for SEM
nome lista leggere <- paste(dir F5, inizie, "list F5 ", gruppo,".dat", sep="")

& matrice RAM senza varianze latente (da stimars)

nome lista RRM <- paste(dir RaM, inizio, "listc RAM ", gruppo,”.dat", sep="")

§ matrix of beta cesfficisnt

mat param <- matrix(0,1.8)

colnames (mat param) <- e o E£ila™; "beta corrc", "var T1%, "var 2%, "var &17,
"var e2", "cronbach 1", "cronbach 2"}

lizta file FS5 <- read.table(nome lista leggere,as.is=1)
lista file RAM <- read.table(nome lista BRM,as.is=1)

n file <- dim(lista file FS)[1]

R s
FEEEEER IR RS NS loop SEM for each file in the CP FEEFFER SRS SIS
R T T T T T T T T

for{j im 1:n-Fite}d

nome file F5 <- paste(dir F5, 1ista file F5[j,1], sep="")
nome file RAM <- paste(dir RaM, lisca file RAM{],1], sep="")

# read data, select Facter scores and covert into dataframe
dati <- read.table(nome file F3, as.is=1)

dati F3 «<- as.dava.frame(ckind(daci[,2],daci[,4]))

colnames (dati F5) <- c{"ylP, "y2")

N <- nrov(dati F5)-1

# Variance-covariance matzrix
Cov <- with{dati FS, cov(cbind(dati FS{1],dati FS{2])))

# load HAM matrix (that specify the stroctufal and the measurement model)
RAM <— specify.model (nome file RAM)

# SEM sstimation
sem <— sem(RAM, Cov, N, raw=FALSE, debug=FALSE, warn=TRUOE)

parametri <- ‘semfcoeff # beta cosfficient, variance of thetal & thetas
beta <— parametri[l]

var fl <- parametrif[2]

var f2 <- parametri[3]+betat2*var fil
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# loop to obtain and teo verify the consistency of the parameter estimates
valore iniziale <- 1
while (var f1<0 | war f2<0){
wvalore iniziale <- walore iniziale-0.1
RAM[4,3] <- walore_iniziale
RAM[5,3] <- walore_iniziale
zem <— sem(BRAM, Cowv, M, raw=FARLSE, debug=FALSE, warn=TRUE)
parametri <- semfcoeff # coeff beta, varianza di fl = varianza di f2
beta <- parametri[l]
var fl <- parametrif[2]
wvar f2 <- parametri[3]+beca”2*var fl

el «- as.numeric (RAM[&,3]) # (1-RERI) of ¥1
e? «- as.numeric (RAM[7,31) # (1-RPFRI) of ¥z2

mat_param <- rbind(mat_param, cbind(j, beta, wvar_fl1, wvar f2, el, e2,
mat_alphal[j,1], mat_alphalj.2]})

}
FEFEEFEFFIEFFIIEEFEFF23484442 End SEN loop FEFFIFEFISEEIIISRFIREERRE

# save coefficient matrix

nome_file param <- paste (dir risulctati, "Parametri_ ", gruppo, ".xls", sep="")
mat_param <- mat_param[-1,]

write.takle (mat_param, file=nome file param, row.names=FAL3E,quote=FRL3E)

mat_param riass[m,] <- cbind(gruppo, tn_oss_file!n_file},meantmat_param[,z]},
mean (mat_param[,3]), mean(mat_param(,4]),mean (mat_param[, 5]},
mean (mat_param[,&]), mean(mat_param[,7]),mean (mat_param[,8]))

FEEFEEFFIEFFFIEFFEF44484F  end loop Lor sach CP  ##F#4338738388388878888884

nome_file risultati <- paste(dir risultati, reliability,"ris_simul.xls",sep="")
write.tabkle (mat_param riass, file=nome file risultati, row.names=FRL3E,
col .names=TRUE, gquote=FAL3E)

end<-5y=.time ()
# to s=e the elaboration tims

start
end
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B.2.2 R RSM-LRM Script, only Second Step

28222 SCRIFT for LRM
##### second scenario - case A and B

# to empty the memory
rm({list=1s())
likrary (eRm)

start <- Sys.time()
reliability <- "_0350"
inizio <- "050_"

dir regr <- "C:/Dati_generati/Analisi R/Regressicne/"
dir F5 <- paste("C:/Dati_generati/Dati_ F5_3f", reliability, "/", sep="")

# all the 25 CP of the sscond scenario

gruppi <- c("3f A1 13", "3f Al 22", "3f A3 13","3f A3 22","3f A5 13",
"3f AS 22", "3f_AT 13", "3If AT 22", "3f A9 13", "3f A9 227,
"3f B1 13", "3f Bl 22", "3f Bl 31", "3f B3 13", "3f B3 22",
"3f B3 31", "3f _B5 13", "3f B5 22", "3f BS 31", "3f BT 13",
"3f B7 22", "3f BT 31", "3f B9 13", "3f B9 22", "3£ BI 31")

L <- length(gruppi)

# matrix to save means and std deviation of beta coefficient for each CP

mat_param riass <- matrix(0,L,6)

colnames (mat_param riass) <- c("gruppo”, "n°medio_oss", "betal3™, "betaz3",
"betal3 corr", "betal23 corr")

# matrices and vectors to save the parameters
coeff beta <- matrix(0,1000,L=*2)
coeff beta corr <- matrix(0,1000,L=2)
nomi_coeff beta <- ci)
nomi_coeff beta corr <- cf)
for (i in 1:L){
nomi_coeff beta <- cbind(nomi_coeff beta, paste(gruppi[i], "_betal3",
sep=""), paste(gruppili], "_beta23i", sep=""))
nomi_coeff beta corr <- cbind(nomi_coeff beta_corr,paste (gruppi[i],"”_betal3i",
sep=""), paste(gruppili], "_beta23i", sep=""))

colnames (coeff beta) <- nomi_coeff beta
colnames (coeff beta_ corr) <- nomi_coeff beta corr

FEEFEFFFFEHISIEIFIIINIIIIIIII IR
FEFEEFEESFEEER 882 loop foreach CP FESEEEEEE R
FEFFEFEFEFEFEIIFISRISSI SRR
for(m in 1:L){

gruppo <- gruppi[m]

nome_lista leggere <-— paste(dir F5, inizio,"list F5 ", gruppo, ".dat",sep="")

lista file F5 <- read.table(nome_lista leggere,as.is=l)

n file <- dim(lista file F5)[1]

n_oss_file <- 0
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