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POSITIVE CONSTRAINED MINIMIZERS FOR
SUPERCRITICAL PROBLEMS IN THE BALL

Massimo Grossi* Benedetta Noris'

Abstract

We provide a sufficient condition for the existence of a positive solution to
—Au+V(|z|)u=uP in By,

when p is large enough. Here By is the unit ball of R", n > 2, and we deal both
with Neumann and Dirichlet homogeneous boundary conditions. The solution
turns to be a constrained minimum of the associated energy functional. As
an application we show that, in case V(|z|) > 0, V' # 0 is smooth and p is
sufficiently large, the Neumann problem always admits a solution.

1 Introduction

In this paper we study the existence of radial solutions to the following equation,

—Au+V(z)u=vw"  in B (1.1)
u >0 in Bl, ’

both with Neumann and Dirichlet homogeneous boundary conditions. Here B is
the unit ball of R”, n > 2, and V (|z|) > 0,V # 0 is a smooth, radial function. We
are interested when the exponent p is large. Recent results (see [14, 8]) suggest that
the existence of solutions of (1.1) is related to the critical points of a function F(r),
associated to this equation in the limit as p — +o0 (see (1.3) below). Our aim is to
extend the known existence results in this direction through a better understanding
of F(r).

In order to be more precise, let us start by considering Neumann boundary
conditions. We denote by G(r, s) the Green function of the operator

Eu:—u”—n_l
,

u 4+ V(r)u, u'(0) =0 (1.2)
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with the Neumann boundary condition «/(1) = 0. Note that, unlike the case of
higher dimensions, the Green function is bounded, hence G(r,r) makes sense and

we can define
- |({9B1|Tn71

G(r,r) ’

Here |0By| is the measure of the boundary of the unit sphere. F(r) represents the
energy naturally associated to the normalized Green function G(-,7)/G(r,r) (see
Lemma 2.1). Our first result concerns the existence of solutions for the Neumann
problem.

F(r) r e (0,1]. (1.3)

(1.1) Theorem. Let us consider the problem

—Au+ V(|z])u = uP in By

u>0 in By, (1.4)
% =0 on 0B,

where V(|z|) > 0,V # 0 is a smooth, radial function in By, such that F(r) admits
a local minimum point at T € (0,1]. Then, for p large enough, there exists a radial
solution u, = u,y(r) to (1.4) which verifies

G(r,T)
G(T,7T)

up(r) — as p — +00 in H'(By) N L>®(By). (1.5)
We point out that we find as many different solutions as the number of local

minimum points of F'(r) in (0, 1].

Note that if 7 = 1, we define G(r, 1) as the punctual limit of G(r,s) as s — 1 (see

Section 5). Moreover, being 7 = 1 always a local minimum point of F'(r) (see Section

5) we deduce the following result,

(1.2) Theorem. Let V(|z|) > 0,V # 0 be a smooth, radial function in By. Then,
for p large enough, there exists a radial solution u, = u,(r) to (1.4) which converges

to G(r,1)/G(1,1).

In particular, from (1.5), we derive the following new existence result for the
problem with constant potential.

(1.3) Corollary. Let V(|z|) = XA > 0. Then, for p large enough, there exists a
nonconstant radial solution u, = u,(r) to (1.4).

These results continue the study of the supercritical case started in [13] and [14],
with zero Dirichlet boundary conditions and p large. However, here we have some
important news. The first one concerns the technique used in the proof of Theorem
1.1. In [14], a crucial point in the construction of the solution was given by the
following ”limit problem”,

~U"=¢V inR (1.6)

and by the corresponding linearized equation. The solution was then found ”close”
to a projection of a suitable solution to (1.6). This approach is quite standard in this
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type of problems (there is a very wide literature on the topic), but involves heavy
calculations. In the proof of Theorem 1.1 we do not use the limit problem (1.6) but
we find the solution using some suitable constrained variational approach. Note that
a similar idea was used in [20] to handle the supercritical problem. This technique,
in the opinion of the authors, makes the proofs much simpler. Moreover, we think
that similar ideas could be used in analogous problems with lack of compactness.
Another important advantage resulting from this technique is that it does not require
any non-degeneracy assumption on the minimum point 7, hypothesis which is not
easy to verify.

As it concerns Dirichlet boundary conditions, we partially recover, through this
different technique, the results in [14]. In fact the analogous of Theorem 1.1 holds,
in the following form.

(1.4) Theorem. Let us consider the problem

—Au+V(|z|)u = uP in By
u>0 in By, (1.7)
u=0 on 0B,

where V(|xz|) > 0,V # 0 is a smooth, radial function in By, such that F(r) admits
a local minimum point at 7 € (0,1). Then, for p large enough, there exists a radial
solution u, = uy(r) to (1.7) which verifies

_ G(r,T)
p(r) G(7,7)

as p — +0o0 in H'(By) N L>®(By). (1.8)

Of course, in this case, the term G(r, s) appearing in (1.3) and (1.8) is the Green
function of the operator (1.2) with the Dirichlet boundary condition u(1) = 0. The
proof of Theorem 1.4 is the same as the one of Theorem 1.1 (it is even easier because
we do not need to analyze the case 7 = 1), for this reason we omit it. Actually, our
technique gives a unified proof for both Dirichlet and Neumann boundary conditions.
Moreover, again in the Dirichlet case, Catrina proved in [8] that the condition in
Theorem 1.4 is ”almost” necessary. Indeed he proved the following result.

1)

p=l,
(1.5) Theorem. If the function F,(r) = % is monotonic, nonconstant, then

problem (1.7) has no solution.

Since F,, — F uniformly in any interval [rg, 1] as p — 400, we have that the exis-
tence of a minimum to the function ' becomes ”almost” necessary for the existence
of a solution.

We end this section with a brief history of the problem (1.1). First, if 1 < p < 2£2
for n > 3 (subcritical case) and p > 1if n = 2, it is not difficult to prove the ex1stence
of a solution. This can be shown observing that the following infimum

S, = inf {/ (IVul* + V(z / uP'=1, ue H (Q)} (1.9)



is achieved because the compact embedding of H'(Q) in LPT1(Q) (the same holds
for HJ()).

If p = 22 for n > 3 (critical case), it is well known that the existence of
a solutions to (1.1) depends on the shape of Q and on the properties of V(z).
Since there is a huge litarature on this topic we just mention the pioneering papers
by Brezis and Nirenberg [7] and Bahri and Coron [6] for the Dirichlet case. The
Neumann problem (1.1) was first studied when V(x) is a positive constant A and
some existence results were established in [18, 9, 4, 5, 19, 2|. See also [1, 3] for the
case where V' is not constant.

The supercritical case p > Z—fg is much more difficult to handle since there is no
embedding of H'(Q) in LP(2). A consequence of this fact is that the infimum S,
in (1.9) is zero and hence it can not be used to find a solution to (1.1). Some inter-
esting existence and nonexistence results in special domains with Dirichlet boundary
conditions are due to Passaseo ([20, 21]). We also mention the recent paper [10],
concerning domains with small circular holes. We emphasize that the case of a gen-
eral domain seems not yet fully understood. Regarding the case of the ball, to our
knowledge the only results are those of [14] (already mentioned above) and [16, 17]
(here V' is constant).

Unlike the Dirichlet case, where in recent years there have been several develop-
ments, in the Neumann case there is a very poor literature. To our knowledge the
only results in the supercritical case are due to Ni (see [18]) and Lin-Ni (see [15]).
In particular the authors prove the following.

(1.6) Theorem. Let us consider the problem,
—Au+ \u = uP mn B

u>0 in By, (1.10)
% =0 on 0B,

Then, there ezist positive constants A\g = \o(n,p) and Ay = A\j(n) such that
i) for any A > Ay there exists at least a nonconstant radial solution to (1.4),
it) for any A < Ao (1.4) does not admit any nonconstant radial solution.

From this result and Corollary (1.3), we derive that the constant Ag(n,p) — 0
as p — +o0.

The paper is organized as follows. Sections 2-4 contain the proof of Theorem 1.1
in the case 7 € (0,1). In Section 2 we introduce a family of variational problems
depending on a parameter p € (1,00) and a limit problem. The existence and
convergence of the minimizers is shown in Section 3. In Section 4 we end the proof
of Theorem 1.1 and present an additional property of the solution (see Proposition
4.3). Section 5 deals with the case 7 = 1 and with Theorem 1.2. Finally, in the
Appendix we collect some properties of the Green function.

2 Variational setting and notations

We introduce the Sobolev space of radial functions

HYB)) = {ue H(B)) : u=u(|z])}. (2.1)
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In the following we will often make the abuse of notation u(r) = u(|z|). We find
solutions to (1.4) as constrained minimizers (in this space) of the energy functional

Qu) = /B (19 + V(jal)u?] (2.2)

under the standard LP-mass constraint and under an additional constraint which
will be proven to be natural for p sufficiently large. Let 7 € (0, 1) be a local minimum
point of F(r), then there exist 0 < Ry < Ry < 1 such that 7 is a global minimum
point in [Ry, Rs]. Set

K, = {u € H:(Bl) : |u|erl = |By| and |u| < cin Bg, U(B;\ BRQ)}

By

where Bg denotes the ball centered at the origin of radius R and c satisfies

G(Ry,7) G(Ra,T)
max{ G G } <c< 1 (2.3)

Notice that, by the strong maximum principle, for every r # s it holds G(r,s) <
G(s, s), hence it is always possible to find ¢ as in (2.3). We consider the following
infimum

Jp, =inf {Q(u), u e K,} (2.4)

Of course, a nonnegative function which achieves J, provides a solution (up to a
multiplicative constant) to (1.4) if u < ¢ in Bg, U (B; \ Bg,). Actually, we will see
that the condition |u| < ¢ in Bpg, prevents the solutions from concentrating around
the origin and |u| < ¢ in By \ Bg, forces the solution to have its maximum around
the local minimum point 7.

Our strategy is based on the asymptotic analysis of the minimization problem
Jp as p — oo. In fact, we will show the convergence of .J, to the limit following
infimum,

Joo =nf {Q(u), u e K }. (2.5)
where K is
Ko ={u€ H(Bi): |lullx=1and |u| <cin Bg, U(B;\ Bg,)}. (2.6)

A key property is the following lemma, which enlightens our choice of the constant
¢ in (2.3).

(2.1) Lemma. For every r € (0,1) it holds

F(r)=Q (g((r:;) . (2.7)

Proof. By passing to polar coordinates we obtain

oS- [ (4 vomen] a




On the other hand, by the definition of the Green function, we have

_(92G(t,7‘) _n—19G(t,r)
ot? t ot

+ V(t)G(t,r) =9, (2.9)
in the sense of distributions. Multiplying the last equation by "~ 'G(t,r), integrating

over (0,1) and finally substituting in (2.8), we obtain the thesis. O

3 Existence and convergence of the constrained
minimizers
Let us start by proving the existence of a minimizer to J,.

(3.1) Proposition. There ezists a nonnegative function u, € K, such that J, =

Q(up).
Proof. Let u; € K, be a minimizing sequence for .J,, that is
lim Q(uy) = Jp. (3.1)

Being V(|z]) > 0,V # 0, we infer that {u]}, is bounded in H(B;), hence it
converges weakly (up to subsequences) to some function u, € H}(B;) and almost
everywhere in B;. Now, it is immediate to check that u, € K, since

[y — upllze) = lluy — uplleesr,) + 1wy — wplleBi\Ba,) (3.2)

and both terms tend to zero (as n — 00); the first one, since |uy| < ¢, by the
Lebesgue convergence theorem and the second one, by the compact embedding of
H}(B; \ Bg,) into LP(B; \ Bg,) for every p. Finally, u, can be chosen nonnegative
since [, |V]ul[> = [, [Vul*. O

We are in a position to prove the weak convergence of the minimizers as p — oo.

Let A = BR2 \ BR1'

(3.2) Lemma. Letu,, € K, be a sequence of minimizers to J,, . Then there exists
Uso € HY(By) such that, up to a subsequence denoted again by p,, it holds

Uy, — U n H' (By), u,, — us in LY(Bi), Vg < oo. (3.3)
In addition, u,, — us in L®(A).

Proof. Let us prove that the sequence J,, is bounded in H'(Bj), then the state-
ment follows proceeding as in the proof of Proposition 3.1. To this aim consider a
nonnegative test function n € K; and set
Ui
np = —. (3.4)
p+1
<|Bl|71 5, 77p+1>
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Using the Holder inequality we obtain, for every p > 1

Q(n) . Qm)
2 = 1 2 Q(n) (35)
<’B1‘_1 fBl np_,’_l) p+1 |B1| fBln

Being 1, € K, this implies J, < Q)(n), which concludes the proof. O

Qnp) =

The next lemma, roughly speaking, ensures that the “mass” of the u,’s concen-
trates in A as p — oc.

(3.3) Lemma. It holds

1
sl
Vp = <|A|1 / uﬁ“) —1 asp— . (3.6)
A

Proof. Since u, € K, a direct calculation gives

=l (sl = [
Bi\A

Now, [z 4 ub™ < [0 — 0 (being ¢ < 1), hence 7, — 1. O

As a consequence of the previous lemma we deduce that u. € K, in fact the
following holds.

(3.4) Lemma. The limit function u. satisfies ||t roo(ay = 1.

Proof. Fix p > 1. Then, the Hélder inequality gives (v, is defined in Lemma 3.3),

1 1
q+1 p+1
lim (\A|1/ug+l) > (]A|1/u§+1> = 7. (3.7)

By Lemma 3.2 we have that u, — e in L*(A) and then

p—00

q+1
||uoo||L°°(A) = phm ||up||Loo(A) = phm qhm (|A|_1 / Ug+1> Z lim Tp = 1. (38)
—00 —00 —00 A

Similarly we compute, for a fixed ¢ > 1,

1 1

q+1 p+1
lim (]A|1/ug+1> < lim (]A|1/ug+1> =1, (3.9)
p—o0 A p—o0 A

which gives the opposite inequality,

—_

1
1
|tool|Loo(a) = UM ||Uoo || paay = lim lim (|A\_1/ug+1)q < 1. (3.10)
q—o0 A

q— 00 p— 00
On the other hand we have the following approximation result.
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(3.5) Lemma. Let u € K, be a nonnegative function. Then, for any p > 1, there
exists w, € K,, such that w, — u in H'(By).

Proof. Let ¢(z) = min(u(z), ¢), defined in A. For ¢ > 0, we define

inBl\A

Wo = { Z(u—go)+u in A (3.11)

Let us show that, for any p > 1, there exists o, > 0 such that w, € K,. To this aim
we introduce the function

20)= [ =B [ B e o)t (32
Bi Bi\A A
Z is continuous, lim,_,, Z(0) = 400 and moreover

2(0) = |B,|"! / P < gl oy = 1,

B

since u # 1, by the definition of K. Hence there exists o, > 0 such that Z(o,) = 1.
Setting w, = w,, and observing that w, is continuous in By and w, € H'(By), we
conclude that w, € K,. Moreover, since w, < ¢ in By \ A, we have

1
p+1
(|A|1/A|wp|p+1) 1 asp— oo (3.13)

Let us prove that o, — 0, which concludes the proof. If not, there exists ¢ > 0 such
that o, > ¢ for every p. This implies o,(u — ¢) > 6(u — ¢) and hence (being w,
nonnegative)

1 1
pHl p+1
1 = lim (\A|_1/ ]wp|p+1> > lim (|A|_1/ |(1—i—5)u—5gp|p+1> =
p—0o0 A p—00 A

= [(L+0)u = 0ol Lo (a)-
Let now 7 € (Ry, Ry) be such that u(7) = 1, then we have
1> [[(140)u — d¢llreay = (1 4+ 0)u(r) —dp(f) > (1 +0) —de=14+06(1 —¢) > 1,
which is a contradiction. [

The next proposition proves the convergence of the constrained variational prob-
lems J, to the limit problem J (see (2.5)).

(3.6) Proposition. We have that

lim J, = Jo and u, — Uy in H'(By). (3.14)

pP—00

Moreover, Uy € Koo and Q(ue) = Juo.
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Proof. We already know that u, — uy in H'(B;) (Lemma 3.2) and that us € Ko
(Lemma 3.4). On one hand we have,

Joo < Q(uoo) < liminf Q(u,) = liminf J,, (3.15)
p—00 p—00

where we used the lower semicontinuity of the H'-norm with respect to weak con-
vergence. In order to prove the reverse inequality, let © € K, u > 0 and let w, be
the corresponding approximating sequence founded in Lemma 3.5. Then it holds

Q(u) = lim Q(w,) > limsup J,,. (3.16)

p—00 p—oo

Since J,, can be equivalently characterized as inf{Q(u) : u € K, u > 0}, we have
obtained that J, — J.. As a consequence, the inequalities in (3.15) are in fact
equalities, which implies Q(us) = Js and also the H'-strong convergence. O]

4 Proof Theorem 1.1 when 7 € (0,1)

The variational characterization of u., proved in the previous section allows to derive
the following.

(4.1) Lemma. There exists a unique ro € [Ry, Ra] such that us(re) = 1. More-
over, Us(r) solves

1

//_n_

r

m (0, R1> U (thoo) U (TOO,RQ) U (RQ, 1)

u + V(rju =0, w'(0) =0 (4.1)

Proof. Let us first show that wu., solves the equation in (0, R;). To this aim let w
be the solution of

{ ' — nT—lw/ + V(T)w =0 in (0, R1) (4 2)

w’(O) = 0, U)(Rl) = UOO(R1>

Hence w minimizes the functional Q(u) in Bg,. Moreover the maximum principle
ensures
0<w<c in Bpg,.

If we define

~ w  in Bpg,

v { Us in By \ Bg,, (4.3)

then w € K, and Q(w) < Q(us). This implies that W = u, in Br and s0 us
solves (4.1) in Bpg,. One can proceed similarly in B; \ Bg,.

Set X = {r € [Ry, Ry] : us(r) = 1} and let r,,, = inf X, rp; = sup X (X is not

empty since ||tool|zoo(a) = 1). Notice that u., solves (4.1) in the open set [Ry, Ry]\ X,

since here the function does not touch the obstacle. In particular, by the maximum

11



principle, the interval [r,,, )] is contained in X. Let us end the proof by showing
that X is a singleton. By contradiction assume that , let w be the solution of

{-wwﬂ#w+vmw=0 in (R1, ) (4.4)

u(Ry) = uoo(Ry), u(ry) = 1.

Since Uy = 1in (ry,,777), whereas w can not be constant in an interval by the strong
maximum principle, we have that Q(w) < Q(u«) in the annulus B,,, \ Bg,, which
leads again to a contradiction as before. Thus X is a singleton. O

We deduce that u..(r) is regular in A, except for the point r = r.,, with different
right and left derivatives. In the next proposition we show that ro, = 7 (recall that
7 is a local minimum point of F) and that u., coincides in fact with the normalized
Green function G(r, 7).

(4.2) Proposition. We have that

Q

(r,7)

() = , 45
Uso (T) (7.7) (4.5)
Proof. Let us first prove that Q(u) > F(rs), with r, given by the previous lemma.
To this aim we consider the auxiliary problem

@Q

inf{Q(u) : uw€ H}By), 0<u<1lin By, u(re) =1} (4.6)

Arguing as in the previous lemma, we have that the function which achieves (4.6)
solves the problem

{—w_ﬂ#w+vvm=0 i (0.rec)Ulree 1)y )

uw'(0) =0, u(re) =1, /(1) =0, ue H(By).

Since the function G(r,r«)/G(rw, ) satisfies (4.7), then we derive that it mini-
mizes (4.6). Moreover, u., belongs to the minimization set in (4.6), hence

G(-,To0)

Q) 2 Q (G ") — i) (1)

(the last equality comes from Lemma 2.1). Note that at this stage we still do dot
know whether G(7,7)/G(Too, Too) € Keo-

Next we show that ro, = 7. Assume not. We know that r., € [Ry, Rs] and that
F(F) < F(r) ¥ r € [Ry, Ry], since 7 is strict local minimum point (see Lemma 6.3 in
Appendix). Hence

Qlun) > Flrs) > F(7) = Q (g((r?)) | (4.9)

Now, due to our choice of the constant ¢, we have that G(r,7)/G(7,T) € K, hence
the last inequality gives a contradiction. We conclude that r,, = 7 and, in turn,

that us = G(r,7)/G(F, 7). O

12



Proof Theorem 1.1 when 7 € (0,1). Let us consider the function w, which minimizes
Jp. Then, proceeding exactly as in Lemma 2.6 in [20], we have that

—Auy, + V(|z|)u, < Apub  in By, (4.10)
and
—Auy, + V(|z|)u, = Apub  in A, (4.11)

where )\, is a Lagrange multiplier. We want to show that |[\,| < C where C' is a

positive constant independent of p. First note that multiplying (4.10) by u, and

integrating in B; we immediately obtain that A, is positive. In order to get a bound

from above to A, let us choose R; < Ry < roo < Ry < Rs such that faBﬁ |Vu,|?
1

and f33§2 |V, are uniformly bounded in p (this is possible since [, |Vu,|* is

uniformly bounded). Then multiply (4.11) by u, and integrate in A = By, \ By, .
We get

1 1
) 2 2
/\p/_ Jup [P < "‘/_ %up < Jpt (/_ |Vup|2> (/_ ‘up|2) : (4.12)
A 9A OV A A

Now, proceeding as in Lemma 3.3, one can show that f i ug“ — 1 as p — oo (since

Ry < ro < Ry). Hence (4.12) implies that A, < C, for some constant C' independent
of p.
Finally we claim that

Up — Usy &S p — 00 in L(By). (4.13)

Notice first that u, — u in L>®(B; \ Be) for any € > 0, because of the embedding
of H!(By \ B.) into L>(B; \ B.). Recalling the equation satisfied by u, in Bg,, we
get from (4.10) that

—A (up = Uso) + V() (up — ) < Apub  in Bp,. (4.14)
By known regularity results (see for example Theorem 9.1 in [12]), we have that
[ty — too|| Lo (Br,) < [|up — Usol|zo@Br,) + ClIApupl|zn(Ba,)- (4.15)

Being u, < 1 in Bg, and {\,} a bounded sequence, we deduce that the right hand
side in the previous inequality converges to zero as p — oo, hence (4.13) is proved.

Now, as a consequence of Proposition 4.2, of the uniform convergence and of the
choice of ¢ in (2.3), we deduce that

u, < c¢ in Bg, U (B \ Bg,). (4.16)

Hence u,, solves
—Auy, + V([z])up = Apup  in By, (4.17)

for a Lagrange multiplier A\, > 0. A suitable multiple of u, provides a solution to
(1.4). O
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Being 7 a critical point of F(r), we have that the function G(r,7) verifies the
following interesting reflection principle.

(4.3) Proposition. We have that

1
lim G, (r,7) = — lim G, (r,7) = 3 (4.18)

where G,(r, s) denotes the derivative with respect to r.

Proof. Lemma 6.2 gives F(r) = |0B1|/[£(r)((r)]. Hence, being 7 a critical point of
F(r), we have

¢'(r)¢(r) +&(r)¢'(r) = 0. (4.19)
On the other hand, again by Lemma 6.2 we have that
lim G, (r,7) =7 (F)¢(F), lim G, (r,7) = 7"¢(7)(7), (4.20)

which, together with (4.19), gives the first equality. In order to obtain the value of
the left derivative it is enough to combine (4.19) with (6.2) at 7. O

5 The case r =1

In this section we conclude the proof of Theorem 1.1, dealing with the case © = 1,
and we prove Theorem 1.2. Let us start by showing that Lemma 2.1 still holds at
r = 1. Recall that G(r, 1) is well defined (Lemma 6.2 and Lemma 6.1) and it is the
punctual limit of G(r,s) as s — 1.

F=Q( g ) 5.0

Proof. 1t comes from Lemma 6.2 that G(r,1)/G(1,1) is well defined (since (1) # 0)
and moreover G(r,1)/G(1,1) = &(r)/£(1). In order to evaluate the energy of this
function, let us write down the equation satisfied by ¢ and multiply by "~ 1¢. We
have,

(5.1) Lemma. We have that

d
V(,r,)€2rn—l — 7"”_15/,5 + (n o 1)7,,71—25/6 — % (Tn_lflf) o ,},,n—l(gl)Z’ (52)

and hence )
[ ey vyt ¢, 53)

As a consequence it holds

G\ _10Big'(1) _ [0B1[€'(1)¢(1) _ |90By]
o(Gm) - - W 69
where we used (6.2) at r = 1 and that ¢’(1) = 0. O
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Proof of Theorem 1.1 when 7 = 1. This is analogous to the case 7 € (0,1). Choose
Ry and c in such a way that 1 is a global minimum point in [Ry, 1] and
G(Ry,1)
—_— < 1. 5.5
G ~° (5:5)

In analogy with Section 2 we set

1
s
K, = {u € H(B): <|Blll/ |u|p+1) =1 and |ul <cin BRl} :
By

and we define correspondingly J, and J.. Thanks to Lemma 5.1, it is possible to
proceed as in Sections 3, 4 with minor changes. This provides the existence of a
nonconstant solution of the Neumann problem for p sufficiently large. ]

Proof of Theorem 1.2. 1t is sufficient so show that ¥ = 1 is a local minimum point of
F(r), for every choice of V(|z|) > 0, V # 0. To this aim we compute the derivatice
of F' as follows

F'(r) = —=|0B| -

5’(T>C(T)+€(T3<’(T> o gr)e(r) - 1+&(r)¢'(r) -1 (5.6)
(£(r)¢(r)) (E(r)¢(r)’

Using (6.2) we have that 1 = r"~1&'(r)¢(r) — r"~1&(r)('(r), which, substituted in
the previous equality, gives

F/<7“) _ Tn71|aBl| . (§(T>C’(z"g)zr)g(ig)/)(;)C(’f‘)) ' (57)

Now, the boundary condition gives ('(1) = 0, whereas (6.2) at r = 1 implies
¢'(1)¢(1) # 0, therefore

sy EDC)?
rlinfl— F'(r) = —|0B1]| (5(1)«1))2 <0 (5.8)
which concludes the proof. [l

6 Appendix

We collect some properties of the Green function G(r, s).

(6.1) Lemma. Let V(|z|) > 0, V # 0 be a smooth radial function in By. There
exist linearly independent solutions &, € C*((0,1]) of the equation

satisfying &£'(0) = ¢'(1) = 0 and enjoying the additional property

¢'(r)¢(r) = &(r)d'(r) =

The same result holds in case of Dirichlet boundary conditions at r = 1, that is

§'(0) =¢(1) = 0.

n—1

u'(r) + V(r)u(r) =0, u>0, (6.1)

€ (0, 1]. (6.2)

rnfl’
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Proof. In case of Dirichlet boundary conditions the result is proved by Catrina in
8], Appendix. Let us adapt the proof to the case of Neumann boundary conditions.
Let s = r*™ and u(r) = a(r*="), V(r) = V(r*~"), then (6.1) transforms into

—a"(s) + V(s)u(s) =0, sell,00). (6.3)

(n —2)?

Catrina provides, via an approximation method, a positive function ¢(s) which
satisfies

n

o(s) =1+ /:O (1 - f) (nf/_(t;) @(t) tz== dt, (6.4)

t

and hence solves (6.3). The function £(r) = o(r*™™)/(n — 2) solves (6.1) and more-
over, as shown in [8], lim, ¢+ {'(r) = 0. Next we set

1 s 1
vis) = pls) {‘wl)w(l) | 2w dt}’ (65)

which is well defined since

(1) = (1) — 1= /100 (1 _ 1) V(tg)w(t) 5 dt > 0, (6.6)

t) (n—
by the assumption V' > 0, V # 0. A direct calculation shows that
(1) =0 and  (s)Yf(s) — ¢ (s)U(s) =1 s €L, 00), (6.7)
hence the pair ((r) = 1 (r?>™"), £(r) satisfies (6.2) and the lemma is proved. O

A straightforward consequence of this result is the following factorization of the
Green function.

(6.2) Lemma. In the assumptions of the previous lemma it holds

_f " THEr)C(s)  for v <s
G(rs) = { s"Y(s)C(r)  for v > s, (6.8)

accordingly to the choice of the boundary conditions.

(6.3) Lemma. Let 7 be a local minimum point of the function F(r). Then ¥ is a
strict local minimum point.

Proof. The previous lemma gives F'(r) = |0B1|/[{(r)((r)], which is constant in an
interval (a,b) if and only if

C
&(r)=——= in (a,b 6.9
M)=gp @b (69)
for some positive constant C' (recall that £ and ( are strictly positive). But this can
not happen because of (6.2). O
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