COMPACTNESS AND EXISTENCE RESULTS FOR DEGENERATE
CRITICAL ELLIPTIC EQUATIONS

VERONICA FELLI AND MATTHIAS SCHNEIDER

ABSTRACT. This paper is devoted to the study of degenerate critical elliptic equa-
tions of Caffarelli-Kohn-Nirenberg type. By means of blow-up analysis techniques,
we prove an a-priori estimate in a weighted space of continuous functions. From
this compactness result, the existence of a solution to our problem is proved by
exploiting the homotopy invariance of the Leray-Schauder degree.

1. INTRODUCTION

We will consider the following equation in R in dimension N > 3, which is a pro-
totype of more general nonlinear degenerate elliptic equations describing anisotropic
physical phenomena,

A vPL

—diV(|$|72aV'U) - ‘J}|2(—1+O‘)U = K(l’)w, (% 2 0, NS Di’2<RN) \ {0}, (11)

where K € C*(RY) N L>*(RY) is positive and

5 a<lf<a+l, (1.2)

N—2-2a\" 2N
e R S ()

We look for weak solutions in DL?(RY) defined as the completion of C§°(RY) with

respect to the norm
1/2
ol = | [ Jal 19 s
RN

The range of «, # and the definition of p are related to Caffarelli-Kohn-Nirenberg
inequalities, denoted by CKN-inequalities in the sequel, (see [5, 6] and the references
therein), as for any «, (3 satisfying (1.2) there exists exactly one exponent p = p(a, ()
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such that
2/p
</ |2 PP |ulP d.T) < Ca7ﬁ/ |z| 2| Vul?de  Vu € C3°(RY). (1.4)
RN RN

Since we are looking for nontrivial nonnegative solutions we must necessarily have
that the quadratic form

Qo) i= [ 1al2 196l = Mal X7

is positive, that is A has to be smaller than (N — 2 — 2a)?/4 the best constant in the
related Hardy-type CKN-inequality for = o+ 1 and p = 2. Let us define

ala, A) == N2 \/(W) — Xand b(a, B,A) =B+ a(a,\) —a. (1.5)

The change of variable u(x) = |z|* *v(z) shows that equation (1.1) is equivalent to
uP~!
|

where a = a(a, \) and b = b(«, 3, A), see Lemma A.1 of the Appendix. Clearly, if
we replace @ by a and by b then (1.2)-(1.3) still hold and p(«a, 3) = p(a,b). We
will write in the sequel for short that a, b and p satisfy (1.2)-(1.3). We will mainly
deal with equation (1.6) and look for weak solutions in D}?(RY). The advantage of
working with (1.6) instead of (1.1) is that we know from [10] that weak solutions of
(1.6) are Holder-continuous in RY whereas solutions to (1.1), as our analysis shows,
behave (possibly singular) like |z|*~* at the origin. The main difficulty in facing
problem (1.6) is the lack of compactness as p is the critical exponent in the related
CKN-inequality. More precisely, if K is a positive constant equation (1.6) is invariant
under the action of the non-compact group of dilations, in the sense that if u is a
solution of (1.6) then for any positive u the dilated function
N—-2—-2a
por u(@/p)

is also a solution with the same norm in D}2(R"™). The dilation invariance, as we see
in (1.16) below, gives rise to a non-compact, one dimensional manifold of solutions
for K = K(0).

Our first theorem provides sufficient conditions on K ensuring compactness of the
set of solutions by means of an a-priori bound in a weighted space E defined by

B = DEARY) N CORY, (1 + |22 2)),

—div (|z|**Vu) = K (x) uw>0, uecD-?R)\ {0}, (1.6)

where
CORY, (1 +[x[¥2720)) i= {u € CORY) : u(2)(1 +[2|¥727%) € Lo(RY)}
is equipped with the norm

HUHCO(RN,(1+\J;|N72—2¢1)) := sup |u(;p)|(1 + |:L.|N—2—2a)‘
zeRN

We endow E with the norm

Julle = ||u||D,i’2(]RN) + ||ullco®n (14 ]a|¥-2-20)-



DEGENERATE CRITICAL ELLIPTIC EQUATIONS 3

The uniform bound in E of the set of solutions to (1.6) will provide the necessary
compactness needed in the sequel. We formulate the compactness result in terms of
a, 8 and v the parameters of equation (1.1), where we started from. Let us set

K(z) := K(z/|z|?). (1.7)
Theorem 1.1. (Compactness) Let a, 3, A satisfy (1.2)-(1.3) and
A> —a(N—-2-—a), (1.8)
(—N_QQ_QO‘)Q—1<A, (1.9)
B>a, p> 2 . (1.10)
V()" -
Suppose K € C*(RY) satisfies
K e C*RY), where K(z) is defined in (1.7), (1.11)
VK(0) =0, AK(0)#0, and VK(0)=0, AK(0)#D0, (1.12)
and for some positive constant Aq
1/A; < K(z), VzecRY. (1.13)
Then there is Cx > 0 such that for any t € (0,1] and any solution v, of
p—1
~div (Jo] Ve) = o v = (L (R () - 1))@%, "y
v >0, veDRY)\ {0},
we have |||z]*"%v||g < Ck and
Cit < o (1 + 2|V 22, (z) < Ok in RN\ {0}. (1.15)

To prove the above compactness result we adapt the arguments of [14] to carry out
a fine blow-up analysis for (1.6). Assumptions (1.8)-(1.10) imply

(1.8) = a >0, (1.9) = ¥ <a< 2
(1.10) = w5 <p <2 =%,

A key ingredient is the exact knowledge of the solutions to the limit problem with
K = const, which is only available for a > 0. In [8] (see also [18]) it is shown through
the method of moving planes that if @ > 0 then any locally bounded positive solution
in C?(RN\ {0}) of (1.6) with K = K(0) is of the form

a,b . _N=2-2a 4p Y
b= ZK(0)<;), w0, (1.16)

2
where z?(’l(’o) = P (z K(0)@=2®™=2-20) ) and 29" is explicitly given by

~ N—-2(1+a-b)

ab N—-2(1+a-0) 2(1+ab)<N22a>] 2(1+a=0)

A @) = 1 N 2~ a0y

|$| N—2(1+a—b)
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For a < 0 the set of positive solutions becomes more and more complicated as a — —o0
due to the existence of non-radially symmetric solutions (see [6, 7, 9]). Up to now,
our blow-up analysis is only available for p < 2*; the case p = 2* presents additional
difficulties because besides the blow-up profile zf’b a second blow-up profile described
by the usual Aubin-Talenti instanton of Yamabe-type equations may occur. The
further restrictions on a, p and K should be compared to the so-called flatness-
assumptions in problems of prescribing scalar curvature.

Non-existence results for equation (1.6) can be obtained using a Pohozaev-type
identity, i.e. any solution u to (1.6) satisfies the following identity

[ (VK@)

provided the integral is convergent and K is bounded and smooth enough (see Corol-
lary 2.3). This implies that there are no such solutions if VK (x) -  does not change
sign in RY and K is not constant.

The above compactness result allows us to exploit the homotopy invariance of the
Leray-Schauder degree to pass from ¢ small to ¢ = 1 in (1.14);. We compute the degree
of positive solutions to (1.14); for small ¢ using a Melnikov-type function introduced
in [2, 3] and show that it equals (see Theorem 5.3)

sgnAK (0) + sgnAK (0)
5 .
In particular, we prove the following existence result.

uP
[P

dx =0,

Theorem 1.2. (Existence) Under the assumptions of Theorem 1.1, if, moreover,
p >3 and .

sgnAK(0) +sgnAK(0) #0
then equation (1.1) has a positive solution v such that |x|**v € B¢, (0) C E and v
satisfies (1.15).

The assumption p > 3 is essentially technical and yields C? regularity of the functional
associated to the problem which is needed in the computation of the degree.

In [9] problem (1.1) is studied in the case in which K is a small perturbation of a
constant, i.e. in the case K = 1+¢k, using a perturbative method introduced in [2, 3].
We extend some of the results in [9] to the nonperturbative case. Problem (1.1)
for « = =0 (hence p = 2*) and 0 < A\ < (N — 2)?/4 is treated by Smets [17] who
proves that in dimension N = 4 there exists a positive solution provided K € C? is
positive and K (0) = lim|;—o, K(x). Among other existence and multiplicity results,
in [1] positive solutions to (1.1) for a = =0, p=2* and 0 < A < (N — 2)?/4 are
found via the concentration compactness argument, under assumptions ensuring that
the mountain-pass level stays below the compactness threshold at which Palais-Smale
condition fails. We emphasize that the solution we find in Theorem 1.2 can stay above
such a threshold.

Remark 1.3. If we drop the assumption o < % we may still change the variables
u(z) = |z|**v(x), where a is given in (1.5), and we still obtain weak solutions u of
(1.6) in DM2(RY). But in this case the transformation v(x) = |z|* %u(z) gives rise
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only to classical solutions of (1.1) in RN \ {0} but not to distributional solutions in
the whole RN .

The paper is organized as follows. In Section 2 we prove a Pohozaev type identity
for equation (1.6). In Section 3 we introduce the notion of isolated and isolated simple
blow-up point which was first introduced by Schoen [16] and provide the main local
blow-up analysis. In Section 4 we prove Theorem 1.1 by combining the Pohozaev type
identity with the results of our local blow-up analysis. Section 5 is devoted to the
computation of the Leray-Schauder degree and to the proof of the existence theorem.
Finally in the Appendix we collect some technical lemmas.

Acknowledgements

The authors would like to thank Prof. A. Ambrosetti for his interest in their work
and for helpful suggestions.

2. A POHOZAEV-TYPE IDENTITY

Theorem 2.1. Let Q be a bounded domain in RN (N > 3) with smooth boundary, a,
b, and p satisfy (1.2)-(1.3), K € CY(Q) and u € DL*(RY) be a weak positive solution
of
uP~?
—div (|z|7**Vu) = K(x)w, x €. (2.1)
There holds

1 p 1 p N-2-2
/(VK x) ub d:z:——/ K(az‘)u—bx~y:—a/ |z| " uVu - v
D Jo || D Joa || 2 Gi9)

1

—-/ ]3:|2“|Vu|2x-u+/ 2|2z - V) (V- )
2 o0 o0

where v denotes the unit normal of the boundary.

Proof. Note that

[aof [l w0 p e ©
9B, (0) | [P | |2 B1(0) || |z|2a

which implies that there exists a sequence &, — 07 such that

K P 2
A L o)
9B, (0) |z|P |z |2

asn — oo. Let €, = Q\ B, (0). Multiplying equation (2.1) by z-Vu and integrating
over (). we obtain

ou ou ou up’l
— —2a vu _
Z / 8% ( | awj)xk Dy dz 2_:/ ) Ty, £ K(x) B dz. (2.3)

< o0
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Let us first consider the right-hand side of (2.3). Integrating by parts we have

N
8u uP~t N uP

g T dr=[b— — K(z dx

— /Q * Oz )\iﬂfbp ( P) Q. ( )\w!bp

__Z/ upxk—|x] by | _Z/ K‘aprup. (2.4)

0%,

Integrating by parts in the left-hand side of (2.3), we obtain
0 0 N-2-2
o S A (s PR S STy T
e, dx; 0x; Owy, 2 .,

—l—%/ |x|_2“|Vu|2x-l/—/ lz|72*(z - Vu)(Vu - v). (2.5)

&n

From (2.3), (2.4), and (2.5), we have

N
N u? 1 oK
_ _ P 2 || bR
(b ) o K(x)—— 2 dx Eﬁ / ) U xk@xk ||

p p 1 J Q-
N
1 / K(x)u?
+ = TV
pz 89, |z [P
N—-2-2 1
= _—a/ |x]_2“|Vu|2da:+—/ 2| 72| Vul?z - v
2 on 2 Jaq.,
—/ |lz|72*(z - Vu)(Vu - v).
80

Because of the integrability of |z|~u? and of |x|72¢|Vul|?, it is clear that

(b—ﬂ) K( \xl”p x——Z/ upa:k—]x| b

b
e <b__)/K |x|bpdx_‘z/“p”_'x' '

and

/ |x|_2“|Vu|2dx—>/|x|_2“|Vu|2dx.
. e—0t Q

n
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Hence, in view of (2 2), we have

N—-2-2 1
:——————?/u|mvm%m+-/‘m\va%-y
2 Q 2 00

- 2|72 (z - Vu)(Vu - v). (2.6)
oN

Multiplying equation (2.1) by w and integrating by parts, we have

uP
/|x| 2“|Vu|2dac—/ ||~ 2“u—+/ K(z >’33|bp dx. (2.7)

The conclusion follows from (2.6), (2.7), and from the identity 2= bp — =22 — 0 O

Corollary 2.2. If a, b, and p satisfy (1.2)-(1.3), K € CI(BJ) and u be a weak
positive solution in DY*(RY) of

p—1
—div (|2 V) = K(@TLW, veB, ={zeRY: [z| <o}  (2.8)
T
then
1/ u? 0/ u? /
VK -z de — — K(r)—— = B(o,z,u, Vu) (2.9)
p U( ) T EE P Jos, ( >|$|bp 0B,
where
N—-2-2a 0 ou\’
(o0, Vi) = 2 ol 5= el T+ ool ()
Corollary 2.3. Let u be a weak positive solution in DL*(RY) of
p—1
—div (|2 2*Vu) = K(x)ﬁcw, zeRY

where a, b, and p satisfy (1.2)-(1.8) and K € L N CYRY), |[VK(z) - z| < const.
Then

léNauquxM;; 0. (2.10)

Proof. Since

(/*” (/ { D) | IVUP}_:/ [UY@NUP+IVUP}<CQ
o, L || [ rv [ f2lP o fa] e

there exists a sequence R,, — 400 such that

p 2
}ﬂi/ PKXIHU +\vm|] — 0 (2.11)
OBg,, n—oo

[P [
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From Corollary 2.2 we have that

1 P R, PON—-2-2 0
_/ (VK . QZ’) ub dx :_/ K(ZL’) Ub i a / |x|—2au _u
p Bg, |£B‘ P p 0Bg,, ‘-T’ » 2 OBg,, v

2
_ B |x|_2“|Vu|2+Rn/ |x|_2“(%) . (2.12)

2 O0BR,, OBR,,

In view of (2.11) and noting that from Hélder inequality

[ ey g
0B, ov " Josg, lxlP lz]®
1 1
p=2 p—a+ =2 11 ub | " Vul? | °
§|SN‘ % R, 2p p 2 Rn/ ’ ‘bp Rn/ | ’2“
dBpg,, T dBg,, v
1 1
o (n ) (n] )
= 14 —_— —_—
" Jopn, |zl " Jopn, lzl*

we can pass to the limit in (2.12) thus obtaining the claim. O

It is easy to check that the boundary term B(o, x, u, Vu) has the following properties.

Proposition 2.4.
(i)  Foru(x) =|z|**** N, 0 >0, B(o,z,u,Vu) =0 for all x € OB,.
(i)  For u(x) = |z|*T?* N + A+ ((x), with A > 0 and ¢(z) some function
differentiable near 0 satisfying ((0) = 0, there exists ¢ such that
B(o,z,u,Vu) <0 forallx € 0B, and 0 < o <&
and

N —2—2a)?
lim B(o,z,u,Vu) = —MABN_I].

=0 JoB, 2

3. LOCAL BLOW-UP ANALYSIS

Let  C RY be a bounded domain, a, b, and p satisfy (1.2)-(1.3), and {K;}; C C(2)
satisfy, for some constant A; > 0,

1/A; < Ki(z) < Ay, VzxeQ and K; — K uniformly in . (3.1)

Moreover, we will assume throughout this section that a > 0. We are interested in
the family of problems

p—1

—div (Je| V) = K;(z) =

B weakly in Q, u>01in Q, u € DI*(RY). (P)
T

Definition 3.1. Let {u;}; be a sequence of solutions of (P;). We say that 0 € Q is a
blow-up point of {u;}; if there exists a sequence {x;}; converging to 0 such that

u;i(z;) — +oo  and ui(xi)N—QQ—?a |z;] = 0 asi— +oo. (3.2)
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Definition 3.2. Let {u;}; be a sequence of solutions of (P;). The point 0 is said to
be an isolated blow-up point of {u;}; if there exist 0 < 7 < dist(0,09), C > 0, and
a sequence {x;}; converging to 0 such that u;(z;) — +o0, uz(xl)ﬁh;z\ — 0 as
i — 400, and for any x € By(x;)

—2—2a

ui(z) < Clo— a2
where By(x;) :={x € Q: |z — ;| <T}.

If 0 is an isolated blow-up point of {u;}; we define
1

w;(r) = ][ U= ——— u;,, >0
OB (z;) |8BT(xi)| 9By (z;)
and
(1) = TN_é_zadi(r), r > 0. (3.3)

Definition 3.3. The point 0 is said to be an isolated simple blow-up point of {u;};
if it is an isolated blow-up point and there exist some positive p € (0,7) independent
of © and C' > 1 such that

wi(r) <0 forr satisfying C’ui(xi)_N—g—Z‘a <r<p. (3.4)

Let us now introduce the notion of blow-up at infinity. To this aim, we consider the
Kelvin transform,

. (N—9-9a T

which is an isomorphism of D}2(RY). If u; solves (P;) in a neighborhood of oo, i.e.
Q = R\ D for some compact set D, then i, is a solution of (P;) where K; is replaced
by Ki(z) = K;(z/|z|*) and Q by Q = RN \ {z/|z|? |z € D}, a neighborhood of 0.

Definition 3.4. Let {u;}; be a sequence of solutions of (P;) in a neighborhood of cc.
We say that oo is a blow-up point (respectively an isolated blow-up point, an iso-
lated simple blow-up point) if 0 is a blow-up point (respectively an isolated blow-up
point, an isolated simple blow-up point) of the sequence {u;}; defined by the Kelvin
transform (3.5).

Remark 3.5. [t is easy to see that 0o is a blow-up point of {w;}; if and only if there
exists a sequence {x;}; such that |x;| — oo as i — +oo and

|N—2—2a

| ui(z;) — oo and ’xl‘ul(;ﬂz)m — 0.
1——+00

1——400

In the sequel we will use the notation ¢ to denote a positive constant which may vary
from line to line.

Lemma 3.6. Let (K;)ien satisfy (3.1), {us}s satisfy (P;) and x; — 0 be an isolated
blow up point. Then there is a positive constant C' = C(N,C, Ay) such that for any
0 < r <min(7/3,1) there holds

max ui(xz) < C min ui(x). (3.6)
@€ Bar (2i)\By. 2 (24) x€Bar (2i)\ By 2 (w:)
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N—-2—-2a

Proof. We define v;(z) :=r" 2 w;(rez + z;). Then v; satisfies in B3(0)

N—-2—2a

0<wv(x)<Clo| 2 (3.7)
and
—div (|z 4+ r~'z;| > Vui(z)) = R 2 gy (|- 7V (+)) (re + ;)
= Ki(re +2;) |z +r a7 P (),
since
N_Z_2a+2+2a—bp—(p—l)N_z_Qa :N_p(N—Q(l;—a—b)) _

To prove the claim we use a weighted version of Harnack’s inequality applied to v;
and

—div (|z 4 r~ ;| 7> Vui(z)) = Wi(z)vi(z) =0 in Bya(0) \ Byy4(0),

where W;(z) = K;(rz + x;) |z + r'a;/~% v""*(z). From (3.7) the function v; is
uniformly bounded in By/4(0)\B1/4(0) and the claim follows from Harnack’s inequality
in [11]. We mention that |--+r~1x;| 7% belongs to the class of potentials required in [11]
(see Lemma A.3 of the Appendix). O

Proposition 3.7. Let {K;}; satisfy (3.1), {u;}; satisfy (P;) and x; — 0 be an iso-
lated blow up point. Then for any R; — oo, &; — 0%, we have, after passing to a
subsequence that:

Riui(xi)_N—g—% — 0 as i — oo, (3.8)
_ 2 a,b
||Uz($z) 1UZ(U1(5B2) N—2—2a . —|—:L‘Z) — ZK(O)(')||CO’7(B2Ri(O)) S Ei, (39)
_ -2 a,b
s (2r3) ™ g (i ()~ 8272 - ) — 23000 (O 3 (Bor, (0)) < €6 (3.10)

where H) (Bag,(0)) is the weighted Sobolev space {u : |z|~*|Vul, |z|~*u € L?(Bag,(0))}.
Proof. Consider
wi(x) = uz(xl)’lul(ul(:cz)_mx +z;), |z] < ful(xl)m
We have
—div (‘:p—kui(xi)mxi‘ﬂav%@))
= K; (ul(azz)_#—%x + ;) |z + u,-(xi)ﬁ—%xirbp " (x).
Moreover, from the definition of isolated blow-up

N—-2—2a

0i(0)=1, 0<gi(z)<Cla|~" 2" for x| < Fus(z;) ™27, (3.11)

Lemma 3.6 shows that for large ¢ and for any 0 < r < 1 we have

< in o; )
max ; < C'min;, (3.12)
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where C' = C(N,C, A;). Since
—div <|x + ui(:ci)N*gfza:vir?avw(x)) >0 and ¢;(0) =1

|72a

we may use (3.12) and the minimum principle for |z|~**-superharmonic functions in

[12, Thm 7.12] to deduce that
vi(x) <C in By(0). (3.13)

From (3.11), (3.13) and regularity results in [10] the functions ¢; are uniformly

bounded in C7(RN) and H, o 1oc(RY) for some ~ € (0,1). Since point-concentration is

ruled out by the L*>°-bound, there is some positive function ¢ € CZOO’Z, (RY)NH] . (RY)
and some ' € (0, 1) such that
pi = ¢ in O (RY) N Hy oo (RY),
P
 div (o V) = lim K)o
p(0) = L.
By uniqueness of the solutions proved in [8] we deduce that ¢ = z?(’l(’o). O

Remark 3.8. From the proof of Proposition 3.7 one can easily check that if z; — 0
1s an isolated blow-up point then there exists a positive constant C, depending on
lim; ., K;(z;) and a, b, and N, such that the function w; defined in (3.3) is strictly
decreasing for Cuy(x;)"%N=2720) < p < p; = Riui(a:i)_ﬁ—% (see Lemma A.2 of the
Appendiz).

Lemma 3.9. Let z; — 0 be a blow-up point. Then for any x such that |z — x;| >
T = Riui(xi)_m we have

[ =z = [a|(1 + o(1)).
In particular, x; € B,,(0).

Proof. The assumption |x;u;(x;) N=im | = o(1) implies that |z;| = r;0(1). Hence

|z| > |x — 2| — |z5| =1 —ri0(1) =ri(1+0(1)).

Therefore

‘xl, < T 0<1) _ 0(1)

lz| ~ (1 +o0(1))
and hence

r — I; X ZT;
=== 1

|| 2| |a]| oo

thus proving the lemma. O

Proposition 3.10. Suppose {K;}; C C.(Bz) satisfy (3.1) with Q = By and
IVEK;(x)| < As for all x € Bs. (3.14)
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Let u; satisfy (P;) with 2 = By and suppose that x; — 0 is an isolated simple blow-up
point such that

|z — xi]Nféfzaui(x) < Aj; for all x € Bs. (3.15)
Then there exists C = C(N,a,b, A1, As, A3, C, p) > 0 such that
ui(x) < Cui(z) Mo — x> N for all |z — 2;] < 1. (3.16)

Furthermore there ezists a Hélder continuous function B(x) (smooth outside 0) sat-
isfying div (|x| 72"V B) = 0 in By, such that, after passing to a subsequence,
wi(w;)ui(x) — h(z) = Al + B(z) in Co(Bi\ {0})
where
a,b \p—1

K(0) (ZK(O))
(N =2 —2a)[SN] Jgv  [a]
Lemma 3.11. Under the assumption of Proposition 3.10 without (3.14) there exist

—2(1+a—b)(N—2—2a)

a positive 0; = O(R- N=2ltent) ) and C' = C(N,a,b, Ay, Ay, C, p) > 0 such that

A= dz.

ui(x) < Cui(x) M — a2 P2V forallry < |lo — x| < 1, (3.17)
where \; :=1—26;/(N — 2 — 2a).
Proof. 1t follows from Proposition 3.7 that
wi(r) < cuy(x) R*FN for | — x4 = 1y (3.18)
From the definition of isolated simple blow-up in (3.4) there exists p > 0 such that

N—-2—2a

r 2 1 is strictly decreasing in r; < r < p. (3.19)

From (3.18), (3.19) and Lemma 3.6 it follows that for all r; < |z — ;| < p
2—

N—2-2a —2—2a 242a—N

N—2-2a _ N-2-2a 242a-N
|z — ;| 2 w(z) <clr—x;| 2 w(|lr—ay) <cry ui(r;) < cR, .

Therefore for r; < |z — 2| < p
ul(z)m < cR2|x — x| 72 (3.20)
Consider the following degenerated elliptic operator
Lip = div (|2| V) + K;(x)|z]|Pu;(2)" 2.

Clearly u; > 0 solves L;u; = 0. Hence —L; is nonnegative and the maximum principle
holds for £;. Direct computations show for any 0 <y < N — 2 — 2a

div (|z| 72V (J2| ™)) = —u(N — 2 — 2a — p)|z|>72*# for x # 0. (3.21)
From (3.20), (3.21) and Lemma 3.9 we infer

—2(14+a—b)(N—2—2a)
Lol ™) < (= p(N =2 20— p) +- R, T gl R
—2(14a—b)(N—2—2a)

We can choose &; = O(R, “*"**"” ) such that

]

max(L;(|z]| %), £;(|z[2 T2 NT)) < 0. (3.22)




DEGENERATE CRITICAL ELLIPTIC EQUATIONS 13
Set M, := 2maXaBp Ui, Ay =1 —26;/(N —2—2a), and
pi(r) =

where A will be chosen later. We will apply the maximum principle to compare ;
and u;. By the choice of M; and Lemma 3.9 we infer for i sufficiently large

0 Ay () TN | P2V for vy < o — ) < p, (3.23)

> u;(x) for |[x — x| = p.
On the inner boundary |z — x;| = r; we have by (3.18) and for A large enough

pi(x) > AL+ o(1))uz(x;) Nirf 20N = A(1+ o(1)) BTN 0y () AT
> A(1+ 0(1))R?+2“_Nui(xi) > u;(x).

Now we obtain from the maximum principle in the annulus r; < |z — x;| < p that
ui(x) < pi(x) for all r; < |z — a4 < p. (3.24)
It follows from ( 9), (3.24) and Lemma 3.6 that for any r; < 6 < p we have
N—-2—2a N—-2—2a —2a

p M < cp 2 ( ) < CQ ul(0>
T (Mt +Aui(xi)4"9maw+5i)-

< cf

Choose 0 = 0(p, ¢) such that

N— 2 2a 69 S 1 N—-2—-2a
< 2
2p

cl

Then we have
M; < cui(z;) ™,

which, in view of (3.24) and the definition of ¢; in (3.23), proves (3.17) for r; <
|z — x;] < p. The Harnack inequality in Lemma 3.6 allows to extend (3.17) for
ri <|v—x) <1 O

Proof of Proposition 3.10. The inequality of Proposition 3.10 for |x — z;| < r; follows
immediately for Proposition 3.7. Let e € R, |e| = 1 and consider the function

vi(7) = ui(; + €) u(z).

Clearly v; satisfies the equation

p—1

on
—div (Jz|2V;) = w;(z; + €)P 2K (a )W in Bys. (3.25)
Applying the Harnack inequality of Lemma 3.6 on v;, we obtain that v; is bounded
on any compact set not containing 0. By standard elliptic theories, it follows that,
up to a subsequence, {v;}; converges in CZ (By \ {0}) to some positive function

v € C*(By \ {0}). Since u;(x; + €) — 0 due to Lemma 3.11, we can pass to the limit
in (3.25) thus obtaining

—div (|z|7**Vv) =0 in By \ {0}.
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We claim that v has a singularity at 0. Indeed, from Lemma 3.6 and standard elliptic
theories, for any 0 < r < 2 we have that

_1 N—2-2a N—2—2a

lim w(z; +e)"r 2 w(r)=r 2 o(r)

where o(r) = m f(’)Br v. Since the blow-up is simple isolated, 7~ 2 o(r) is non-

increasing for 0 < r < p and this would be impossible in the case in which v is regular
at 0. It follows that v is singular at 0 and hence from the Bocher-type Theorem
proved in the Appendix (see Theorem A.4)

o(z) = mla N + by (o)
where a; > 0 is some positive constant and by (z) is some Hélder continuous function
in By such that —div (|z|72*Vb;) = 0.
Let us first establish the inequality in Proposition 3.10 for |x — z;| = 1. Namely we
prove that

ui(z; +e) < cug(zy) . (3.26)
By contradiction, suppose that (3.26) fails. Then along a subsequence, we have
lim u;(x; + e)u;(x;) = 0o. (3.27)
Multiplying (P;) by u;(z; + €)' and integrating on By, we get
ov; / b
— ] I —— Ki(x)——ui(z; +e) tdx. 3.28)
|G = [ K gt (
From the properties of b; and the convergence of v; to v, we know that
ov; 0
lim |z| 2 == :/ 2|72 (a1 |z|*"2*N + by (2)
1—00 9B ov oB, 8V< )
= —a;(N —2—2a)|S"| < 0. (3.29)
From Proposition 3.7 there holds
Ki(z)ul™ _
/ — v < Cu(x;)™" (3.30)
le—xi|<r; |ZL’|

while from Lemma 3.11 and Lemma 3.9 we have that
K, p—1 — (24+2a—N+6;)(p—1)
/ —(93);1% dx < c/ w(z;) N EY v — )
ri<|z—xz;|<1 |ZE| P ri<|z—z;|<1 |I| P

S cu; (:Ei)—)\,L-(p—l)T(2+2a—N+5i)(p—l)—bp+N

7

= cui(xi)_1R§2+2G_N+6")(p_1)_bp+N = o(D)u;(z;) . (3.31)

Finally, (3.27), (3.29), (3.30), and (3.31) lead to a contradiction. Since we have
established (3.26), the inequality in Proposition 3.10 has been established for p <
|z — x;] <1 (due to Lemma 3.6). It remains to treat the case r; < |x — z;| < p. To
this aim we scale the problem to reduce it to the case |x — z;| = 1. By contradiction,
suppose that there exists a subsequence ; satisfying r; < |7; — x;] < p and

hiﬂ ul(:il)uz(xl)ﬁ:l — xi]N*Q*Qa = +00. (332)
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N—-2—-2a

Set 7; = |T; — x;| and u;(x) =7, * w;(7x). We have that 4; satisfies the equation
N N 1C
—div (|z| 2V, (z)) = K;(70) ———
(|| (z)) (Tiz) 27
Since |z;| = r;0(1) and 7; > r; we have that z;/7; — 0. We have that x;/7; is an

isolated simple blow-up point for {u;};. From (3.26), we have that

- -1
[ x; T, — I [ x;
| =+ ——— | <cu| =

T T T

,):;;7\77272a

which gives
The above estimate and (3.32) give rise to a contradiction. The inequality in Propo-
sition 3.10 is thereby established.

We compute A by multiplying (P;) by u;(x;) and integrating over B;. From the
divergence theorem,

0 ;
—2a _ 7
_/331 o7 o (us(@)us) = wils) N Ki(x)—|x|bp dz. (3.33)
Let w;(z) = u;(z;)u(z). We have that w; satisfies

—div (|z|2*Vw;) = u;(z;)* P K;(x) |;|bp )

Moreover the inequality (3.16) implies that w; is bounded on any compact set not

containing 0. Hence w; — w in CZ_(RN \ {0}) where w satisfies

—div (|z|7*Vw) =0 in RV \ {0}.

From the Bocher-type theorem proved in the Appendix (Theorem A.4), we find that
w(z) = Alz|**2Y + B(z) where B(x) is Holder continuous in RY and satisfies
—div (|z|72*VB) =0 in R". Hence

0 0
lim |x|_2“%(uz(xz)ul) = / |x|_2“$(A|I|2+2“_N + B(z))

= JoB, 0B,
= A(2+2a — N)|S"|. (3.34)

On the other hand from (3.31) and Proposition 3.7

p—1

wi(w) [ Kia)™ d:c:ui(:cl-)/|_ ) de o)

By [
(%)
- K-(O)/ K(0)
7 2
i< |y + (@) V2|

u

dy + o(1)

a,b

= K(0) /RN % dy + o(1). (3.35)

By (3.33), (3.34), and (3.35) the value of A is computed and Proposition 3.10 is
thereby established. O
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Using Proposition 3.7 and the upper bound in Proposition 3.10 it is easy to see
that the following estimates hold.

Lemma 3.12. Under the assumptions of Proposition 3.10 we have for s = s1 + so
[ el ey
|lx—x;|<r;

ui(xl-)N—_22f2a (0(1) + [an ]a:\s_bpzi&(miﬂ if —N+bp<s<N-—bp,

= O(ui(w;) 7P log u(w;)) if s =N —bp,
o(ui(asi)_p) if s > N — bp.
/ | — 3] ]2 || P ()P
ri<lo—zi|<1
ofui(;) 725 if —N+bp<s<N—bp,
< 4 O(u(x;)Plogus(z;)) if s= N — bp,
O (ui(x;)77) if s> N — bp.

Proposition 3.13. Let a € [M2, 222[. Suppose that {K;}; satisfy (5.1) with Q =
By CRY for some positive constant A1, VK;(0) = 0, {K;}; converge to K in C*(Bs),
{u;}i satisfy (P;) with Q@ = By(0) and x; — 0 is an isolated blow-up point with (3.15)
for some positive constant As. Then it has to be an isolated simple blow-up point.

Proof. From Remark 3.8 there exists a constant ¢ such that I u;(r) is decreasing

in cu;(z;)"?N=2720) < p < r;. Arguing by contradiction, let us suppose that the
blow-up is not simple. Hence for any ¢ there exists p; > r;, u; — 0, such that py;
—2—2a

is the first point after r; in which the function r* 2 " ;(r) becomes increasing. In

particular y; is a critical point of such a function. Set
N—2—-2a

Glo) = 7 i), for |uw — o < 1.

Clearly &; satisfies

p—1
—div (’Jj|_2avgi> = KZ(sz)%’ for |,u1$ — .Z’l| S 1.
T
-1 -1 2 2
Note that p; < R u(2;) ¥272¢ < wy(z;) ¥+ and hence
i | < () ¥ g — 0

in view of (3.2). Moreover (3.15) implies that

N—-2—2a

|z — p; | 2 &(x) <comst for |m— pytay] < 1/u,

It is also easy to verify that
. 1 . N—2—2a
lim & (p; @) = lim p; 2
11— 00

1— 00

On the other hand

N—-2-2a N_2-2a
][ §i=p; ° ][ up = ° ().
BBT(/Lz-_ll’i) 8B7"Mi (4)
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Hence

N—-2—-2a —
N—-2—-2a

rz &) = wi(pr)
and the function =2 &(r) is decreasing in cfi(ui_la:i)_N—;—% < r < 1so that 0 is
an isolated simple blow-up point for {{;}. From Proposition 3.10 we have that

&y 20)&i(x) — h(z) = Alz[**7% + B(x) in CR(RY\ {0})

where B(z) is Holder continuous in RY and satisfies —div (|#|72*VB) = 0 in RY.
Since h > 0, the Harnack inequality implies that B is bounded and from the Liouville
Theorem (see [12]) we find that B must be constant. Since

d
()

we have that A = B > 0. From the Taylor expansion, (3.2) and the assumption
VK;(0) =0 we find

N—-2

2—2a }|T:1 _ O

[VEG(p;'wi)| < constp; | = 0(&(#51%‘)7”2{2“)' (3.36)
Using Lemma 3.12; (3.36), and the assumption on a, we have
/ & . . ¢b
iV Ki(piw) - 1= = / i [VKi(MZ i) + O(piz — p; fi)} T
Bg(,u;lxi) |x|bp B (u] tas) |x|bp
&
— [ [V ) + Ollal + o - i)
o (145 ta;) ’x‘ v
1iO fi(ﬂi_l-fz‘)_N‘g_ga) if p> x5
= 1O &(p; i) logui(a?i)) if p= 5555 ¢ = o(&(ui tz)7?),
1O fz‘(ﬂ;lxi)_p> ifp < x5

Hence, from Corollary 2.2 and (3.16), we have that for any 0 < o < 1

/ B(0-7:E7€iav£i)
0B (0)

1 & o &
= —/ iV K (pix) - w0~ — —/ Ki(pir) —~
P JB,(0) |z P JoB,(0) 7]
- 1/ iV Ki(piw) - @ &y O(&(p; ta:) ™)
p Ba(u’i—lxi) 7 7 7 |$|bp 2 7 7

= o(&(u; 'x:) 7).
Multiplying by & (u; *;)? and letting i — oo we find that

/ B(o,z,h,Vh) = 0.
0B,

On the other hand Proposition 2.4 implies that for small ¢ the above integral is
strictly negative, thus giving rise to a contradiction. The proof is now complete. O
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4. A-PRIORI ESTIMATES

To prove the a-priori estimates we first locate the possible blow-up points as in [15].
To this end we use the Kelvin transform defined in (3.5). We recall that if u solves (1.6)
then @ = |z|~V=2729)y(x/|z|?) solves (1.6) with K replaced by K(z) = K(z/|z|?).
Since weak solutions to (1.6) are Holder continuous (see [10]) we infer that

lim |2V~ 2y(x) exists. (4.1)

|z|—00
Let us define w,(z) 1= (1 + |o|N=2720)71,

Lemma 4.1. Suppose a > 0, 2 < p < 2*, and K € C*(RY) satisfies (1.11) and for
some positive constants Ay, As condition (1.13) and

IV K 1 Ba00)) + VK || 18200y < Ao (4.2)

Then for any € € (0,1), R > 1, there exists Cy = Cy(e, R, N,a,b, Ay, Ay) > 0, such
that if u is a solution of (1.6) and K = {q1,...,q.} C RY U{cc} with
u(z) . N—2—2a
g e 0 >

u(ql-)|qi]Nf§f2a <e, and forall1 <i<k (4.3)

N—-2—2a

max U(fx)) dist(z,{qu, - . . 7%—1})N_§_2a < M dist(qi, {qr, i1 }) 2

z€RNU{o0} ¥ wa(qs)

—2—2a

then there exists ¢* & K such that q* is a mazimum point of (u/w,)dist(-,K)™ 2 and
(A) if g7 <1

2
u(u(g) "R 4 ) 4y \ 2
— Zp )N—2-2a 4.4
u(q”) “K(q) 0O (Byr (0))1 + ¢ ul(g") v < e (4.4)
H}(B2r(0))
(B) if [¢"| > 1
2
ﬂ(ﬁ(g*)fNﬁfzax + q*) ab NS S
,&/(g*) ZK(q*) CO”Y(BQR(O))O + ‘q ‘u(q )N m2e € (45)
H(B2r(0))

where ¢* = Inv(q*) := ¢*/|q*|?, U is the Kelvin transform of u, dist(-,-) is the distance
on RY U {oc} induced by the standard metric on the sphere through the stereo-graphic
projection, and dist(-,() = 1.

Proof. Fix ¢ > 0 and R > 1. Let Cy and C; be positive constants depending on
e, R,a,b, N, Ay, A; which shall be appropriately chosen in the sequel.

Let ¢* € R¥NU{c0} be the maximum point of u/w,dist(z, K)™ 2 . By (4.1) this max-
N—2—-2a

imum is achieved. From the first in (4.3) we have that u(¢*)/w,(¢*)dist(¢*, )™ 2
Co. First we treat the case |¢*| < 1. We claim that there exists a constant C, de-

pending only on ¢, R,a,b, N, A;, Ay, such that |q*|wu(q*) < C;. 1If not, there
exist solutions u; of (1.6) and finite sets K; = {qi,...,q;,} satisfying (4.3) above,

N—-2—2a

such that for the maximum points ¢ of u;/w.dist(-,xC;)" 2 there holds

N—-2—-2a

lgi| < 1and |g[ 2 wlq) — oo.
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Consider the functions v;, defined by
(N-2-20)(2-p) , , 2-p .
UZ('CE) = ul(qz) ul(‘qz‘H_ * u(Qz) 2p$+Qi)7

which satisfy

. o (N=2-2a)(2-p) o

—div ([l wala) T+ gl | V)
p—1
o114 (N=2-20)(2-p) 2- vl
=K(g1" ) T e+ 4) e -
o |7 i) w4 g ||
Let p; = ¢}, € K; be such that dist(q}, ;) = dist(q;, p;) and set Ki={q,... N

ICza

From (4.3) we infer
dist(p;, K;) < dist(p;, ¢F) + dist(q}, K;) < 2dist(q;,

2 . dist(p;, I@ )
i) |pi| Ve <g, o u(g) < uy =
i @) < o) (G

and finally that if |p;| < 2

i\ ¥ > (g
pi] > ui(pi)|q; | V=272 > u(qy)|gp |2
(3

> const u;(q;)|q}| 7% — oo.

Consequently there exists a positive constant ¢ such that |g}|~dist(q}, K;) > ¢, which
is trivial in the case |p;| > 2 and follows from the above estimate if |p;| < 2. Thus

o n. P=2
) gl dist(a], )

2

J(g) 7 dist(g], ) > (wi(g))lg]]

(N—2-24)(2=p)
1
N—2—2a P=2
) 2 — 0.

a1~
> c(ui(g;)]g;]
For |z| < {|g; rw i(qf)_Q%p we have that
) e+ )

(N-220)@-p) ui(g;)
| u(g) Tz +q .
) a(q)

(2

= ui(q)) tui(lg

v ()

< ui(q)) " wa (g
< e sup wu(r + ¢ )wa(gf) ™" < const.
lz|<3

i N) to a solu-

Up to a subsequence, we have that ¢; — g; and v; converges in C2 (R

tion of
—Aw = K(q@)w’™in RN, w(0) = 1.

This is impossible since the above equation has no solution for p < 2*. The claim is

thereby proved. The function vy, defined by
u(g") Muu(q) T 4+ ),

vi(x) ==
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satisfies
-1
vy

@+ ulq*) Fem gt

— div (jo + ulg R |0 V0) = K (ulg') R + )
v1(0) = 1.
For |z| < Cgmu(q*)mdist(q*, K) we obtain
dist(u(q*)_ﬁ—%a: +¢", K) > dist(q*,K) — cCO_mdist(q*, K)

> dist(¢*, K) (1 — cCy " 7>7)
and

vi(e) = u(g”) u(ulg’) " Em 4 )

gmf>m4m¢rwi%x+¢)“¢>< dtla. 1) )

wa(q*) dist(u(q*)_Nfgﬂax + ¢, K)

N—-2—2a

< wa(q*)*l(l _ chm)—

2

2 J—
Notice that |¢*| < const C{¥*7**C, ¥ ~*7** and

_ 1 5 1 N—2-2a
CO N_Q_Qau(q*)N—Z—za diSt(q*,/C) > (ZCO) .
Hence for any § > 0 we may choose Cj, depending on a,b, N, e, R, Ay, Ay, C, such
that
— 1 _N—-2-2a
wa(q*)fl(l o C() N7272a) 2 S 1 + 5
and vy is £/4-close in C%7(Bygr(0)) to a solution of

wpP~!

@ 4 u(qr) 72z g |

—div (|z + u(g") "2 ¢*| 2 Vw) = K(¢%) in RV,

w(0)=1, 0<w(z)<1+0.

If we choose ¢ small enough, depending on € and R, then it is easy to see that any

solution of the above equation is &/4-close in C%7(Byr(0)) N HL(Byr(0)) to z‘;(’l(’q*) and

u(q*)Nfnga\q*\ < ¢/2. This gives estimate (4.4). Case (B) can be reduced to case
(A) using the Kelvin transform. O

Proposition 4.2. Under the assumptions and notations of Lemma 4.1 there exists
forany 0 <e <1 and R > 1 a constant Cy = Cy(e, R, N, a,b, Ay, As) > 0 such that
if w is a solution of (1.6) with

u(x) e

max
2€RNU{oo} W (T)

k= k(u) < oo and a set S(u) = {q1,q2,...,q} C RY U {oo}
< j <k we have

then there exist 1 <
such that for each 1
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(A) if lggl <1

2
wu(g) " 4 45)  ap

~ *K(gy) +lglulg) ™= <e (4.6)
u(g;) i

C%7(Bagr(0))N
H}(B2r(0))

(B) iflg;| > 1

~ e N2 -

u(a(q;) "2 x+q) Lab
(q;) Hlay)

+ [G;la(g;) 22 <e. (4.7)

CO"Y(BQR(O))Q
H; (B2r(0))

Moreover the sets
2 (g)) in case (A)

disjoint.
l'm}(BR~ 2 (q;)) in case (B) are dejom

Furthermore, u satisfies
A _N—-2-2a
u(x) < Cowy(x) max dist(x,q;)” 2

Proof. Fix e > 0 and R > 1. Let Cj be as in Lemma 4.1. First we apply Lemma 4.1
with £ = 0 and find ¢ € RY U {co} the maximum point of u/w,. If u(z) <

—2—2a

Cowg (z)dist(z, ql)’N 2 holds we stop here. Otherwise we apply again Lemma 4.1
to obtain ¢;. From estimates (4.6) and (4.7) it follows that U; and U, are disjoint.
We continue the process. Since u € LP(RY, |z|7%) and
a,b p

K(2) ! (2K(s,)

—u(z)Pdr > —
|2z|bp 24, Br(0) ly + 8(.73'/"]J'pr

dy > c(a,b, N),

Uj
where c(a,b, N) is independent of ¢;, u, R > 1 and ¢ < 1, we will stop after a finite
number of steps. O

Proposition 4.3. Under the assumptions and notations of Lemma 4.1 there exist for
any 0 < e <1 and R > 1 some positive constants Cy = Cy(e, R, N, a,b, A1, As) and
= (e, R, N,a,b, Ay, Ay) such that if u is a solution of (1.6) with

max
2€RNU{oo} Wy () 0
then

dist(qj, qe) > 0 for all1 < j # 0 <k,
where ¢; = q;(u), ¢ = q(u) and k = k(u) are given in Proposition 4.2.

Proof. To obtain a contradiction we assume that for some constants ¢, R, A; and A,
there exist sequences K; and wu; satisfying the assumptions of Proposition 4.3 such
that

lim mi? dist(g;(wi), ge(w;)) = 0.

i—00 j#
We may assume that

o; := dist(q1 (u;), g2 (w;)) = m?gl dist(g;j(ui), ge(u;)) — 0 as i — oo. (4.8)
j
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Let us denote ¢;(u;) by ¢} Since Uy (u;) and Us(u;) are disjoint and (4.8) holds we
have that u;(¢}) — oo and w;(g}) — oo. Therefore we can pass to a subsequence
still denoted by {u;} and find R; — oo, g; — 0 such that either ¢} = ¢;(u;) — 0 or
l¢i| — oo, and for j = 1,2
2 .
wi(udld) o+ ql)

ui(q}) K(g)

+ |q§|ui(q§)N—22—2a <gif gt —0 (4.9)
CY7(B2g,(0))

@ (w(@) = =e + @),

() @)

AT AT —— e i
+ |q5|t:(q;) M2 < g; if |qi] — oo.
€01 (Bzr, (0))

We first consider the case ¢i — 0. Since U;(u;) and Us(u;) are disjoint we have that

o; > ¢(N) m%{Riui(q;)_iN—g—% 1. (4.10)
J=4
From (4.9) and (4.10) we get that o; '|¢}| < v — 0 for j = 1,2 and obtain the
contradiction )
5 <loi' (& —a)l —0.
Performing the same analysis as above for the Kelvin transform @ of u leads to a
contradiction if ¢g; — 0. O

Remark 4.4. Propositions 4.2 and 4.3 imply that there are only finitely many blow-up
points and all are isolated.

Proposition 4.5. Suppose {K;} and a €](N—4)/2,(N—2)/2[ satisfy the assumptions
of Lemma 4.1 and Proposition 3.13. Let {u;} be solutions of (P;) with Q = RY. Then
after passing to a subsequence either {u;/w,} stays bounded in L>=(RY) or {u;} has
precisely one blow-up point, which can be at 0 or at oo.

Proof. Suppose that {u;/w,} is not uniformly bounded in L*(R"), otherwise there
is nothing to prove. Consequently we may apply Proposition 4.2 and Proposition 4.3
to obtain isolated points {g, ... ,qz(i)} satisfying (4.6) and (4.7) with R; — oo and
g; — 0. To obtain a contradiction, we assume that up to a subsequence k(i) > 2.
Since u(q})/wa(q}) — oo for j = 1,2 and dist(q, ¢5) > 6 > 0 we may assume gi — 0
and ¢, — oo and k(i) = 2 as ¢ — oo. From Proposition 3.13 and Remark 4.4 they
are isolated simple blow-up points. From Proposition 3.10 we infer that

lim (g3 )ui(x) = h(z) in Gl (RY\ {0}),
div (|z|72*Vh) = 0 in RY \ {0}.

Using Theorem A.4 for h and its Kelvin transform and the maximum principle we
obtain for some aq,as > 0

h(z) = ar]z|*™* N + ay.

We may now proceed as in the proof of Proposition 3.13 to see that

/ B(o, z, u;, V) = o(u;(q}) ).
0Bs(qt)
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Multiplying by w;(¢%)?* and letting i — oo we find that

/ B(o,z,h,Vh) = 0.
9B,

This contradicts for small o Proposition 2.4 and completes the proof. O
Proposition 4.6. Suppose K € C*(RY) satisfies (1.11)-(1.13),
N —4 N —2 4
>0 <a< d—<p< 2.
‘=5 “S T N T e Y
Then there ezists Cx > 0 such that for any t € (0,1] and any solution u; of
p—1
—div (|2|"2Vu) = (1 + ¢ (K(z) — 1))|“W, u> 0 in D2(RY) (P,)
x
there holds
[l < Cxe (4.11)
and
Cit <uw;' < Ck. (4.12)

Proof. The bound in (4.12) follows from (4.11) and Harnack’s inequality in [11]. The
estimate in Lemma A.3 of the appendix shows that (1+¢ (K (x)—1))u?2|z|~% belongs
to the required class of potentials in [11]. To show that u;/w, is bounded in L>(RY)
we argue by contradiction and may assume in view of Proposition 4.5 that there exists
a sequence {t;} C (0, 1] converging to o € [0, 1] as i — oo such that u;, has precisely
one blow-up point (z;), which can be supposed to be zero using the Kelvin transform.
Corollary 2.3 yields

0= /RN v VE () 2 g

||
Since 0 is assumed to be the only blow-up point, the Harnack inequality and (3.16)
yield, for any o € (0, 1),

/Ba(“) " VK(@MCM' - ’/RN\BU(M) o VK(x)de‘ <0l (“ti (aji)*p)'

[P [P

We have that from Taylor expansion, (3.2), and (1.12)
|\VK(z;)| < const|z;| = 0<uti(xi)_N72272a> (4.13)

an

p

d
p
‘/ VK(z)- -z Y g
o (i)
= / VK(x;) x ut; dx +/ D*K (x;)(x — ;) - ut; dx
Bo () || Bo (@) ||

p

uy
+/ o(|lr — z;]) - v —= dx|.
Bo () |z|oP
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From Lemma 3.12 and (4.13) we infer

uy, uy,
/ VK(xi)-x—;)dx+/ o(|r — x|) - v dx
Bo'(xi) |aj‘ P Bg(xi) ’x| P

Hence

p

u 4
DQK(%)(LU — l’l) - X ti dr = O(u l(xz)—m>
/Baw ks '

Since by Lemma 3.12

P
/ DQK(J,’1>($ — SE’L) - ut; dx — 0<utz (x’L)_m)
ri<lz—z;|<o |x| D
we have
u? .
/ DK () (x — ;) - @ tg dx = o(uti(xi)*m) (4.14)
Br; (i) |$| P

Making in (4.14) the change of variables © = wy, (2;)”>® =220y + 2, and using
Proposition 3.7

— a,b _ a,
0= /RN D*K(0)y - yly| bp21+t0(K(0)_1)(y)p dy = AK(0) /RN ly|2 bpzlfto(K(O)—1)<y>p dy

which is not possible in view (1.12). O
Proof of Theorem 1.1. It follows from Proposition 4.6 and Lemma A.1. a
We define fx.: DM?(RY) — R by

free(u) = folu) — G (u)

1 ,2 1 [ |uP
=_ “|Vul? — —/
fO(u) 2 /]RN "7;| | u| p Jan |Ji|bp

Gt L [ K@l

p ey ]

We will use the notation f. (respectively G) instead of fx . (respectively G ) whenever
there is no possibility of confusion. Let us denote by Z the manifold

Z:{zu:zi’z: pu >0}
of the solutions to (1.6) with K = 1.

Lemma 4.7. Suppose p > 3. There exist constants pg, 9, C > 0, and smooth func-
tions

0, 4+00) X (—&p,80) — D*(RY)

n= 77(,“75) : Oa +OO) X (_50750) — R

w=w(p,e) :

o~~~
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such that for any p > 0 and € € (—eg, &)

w(p, ) s orthogonal to T, ,Z (4.15)
Lz + wp,€)) = nlu, )&, (4.16)
(1.9)] + 005, pyzm, < I (4.17)
(2l 2y < L+ 1) el (4.13)

where éu denotes the normalized tangent vector %Zu and w stands for the derivative

of w with respect to p. Moreover, (w,n) is unique in the sense that there exists py > 0
such that if (v,n) satisfies ||v||lpr2gny + |1 < po and (4.15)-(4.16) for some p > 0
and |e| < gg, then v = w(u,e) and 7 = n(p,e).

Proof. Existence, uniqueness, and estimate (4.17) are proved in [9]. In fact w and 7
are implicitly defined by H (u,w,n,e) = (0,0) where

H:(0,00) x D*(RY) x R x R — D*(RY) x R

H(/JH w,n, 8) = (fsl(zu + w) - né/u ('U), €u>>

Let us now show estimate (4.18). There exists a positive constant C, such that for
any p > 0 (see [9])

OH -
——(11,0,0,0 < (..
H ((9(10, n) G )>
Since w satisfies
(5 =(ata) |, 5
7 Owm) ) Npwne Ol wne

we have for £ small using (4.17) and the fact that f, € C®

i, o) < €. 22
| (oo 726

o

o

< O+ pYlel +11£5 (2 + wlp, ) 2,
< O+ pHlel + Olw(p, &) NI 2l
<C(1+p el
This ends the proof. O

(pyw,m,€)

£ (e + 00 )V — (s a%éu

Corollary 4.8. Suppose p > 3 and K satisfies the assumptions of Proposition 4.6.
Then there exist to > 0 and Ry > 0 such that any solution u; of (P;) fort <ty is of
the form z, + w(u,t), where 1/Ry < p < Ry.

Proof. First we show that there exists Ry > 0 and ¢; > 0 such that any solution u; of
(P,) for t < t; satisfies

dist(ut, Zr,) < po,
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where by dist we mean the distance in the D}?(RY)-norm, py is given in Lemma 4.7,
and Zg, = {z,|1/R1 < p < R;}. By contradiction, assume there exist R, — oo,
t; — 0, and solutions wu,, of (P;) such that dist(u,, Zg,) > po. From (4.11) we can
pass to a subsequence converging weakly in D}2(RY) to some #; since in view of
the regularity results of [10] {u;} is bounded in C®7 and such a bound excludes any
possibility of concentration, the convergence is actually strong and dist(u, Z) > po.
Furthermore, @ solves (P;) with t = 0 and hence @ € Z, which is impossible.

Fix a solution u; of (P;) for some t < ;. A short computation shows

lim dist(z,, us)? = lim dist(z,, us)* = ||z1]]* + ||we|]* > pp.
u—0 H—00

Consequently there exists Ry > 0 independent of ¢ and z, € Zg, such that
dist(us, Z) = |lue — 2,|| and w, — 2, € T, Z*.

Since u; solves (P;) we have f/(z, + u; — z,) = 0 and the uniqueness in Lemma 4.7
yields the claim. O

5. LERAY-SCHAUDER DEGREE

We introduce the Melnikov function

Py (r) 1/K<>Zf2
T)=— x)——.
K P JrN ||

It is known (for details see [9]) that it is possible to extend the C?- function 'y by
continuity to 7 = 0 and

AK(0) 2y (x)P
/ . " - 2
I’ (0) = 0 and Tj(0) = =1 /RN EEr s (5.1)
Furthermore, using the Kelvin transform, we find
Ii(t) =Ti(r7Y) where K(z)= K(z/|z|?). (5.2)

We define for small ¢ the function ®x (1) = fr(z, + w(p,t)) and will denote it
by ®; whenever there is no possibility of confusion.

Lemma 5.1. Letp > 3 and assume ' has only non-degenerate critical points. Then
there exists t1 > 0 such that for any 0 <t < t; any solution u; of (P;) is of the form
w = 2y, + w(p,t), where @, () = 0 and py € (Ry', Ro) for some positive Ry.
Moreover, up to a subsequence ast — 0

e — il = O(t), (5.3)

where i is a critical point of U'x. Viceversa, for any critical point i of ' and for
any 0 <t <ty there exists one and only one critical point p, of Pk, such that (5.3)
holds.

Proof. By Corollary 4.8 any solution u; of (P,) is of the form u; = z,, +w(uu, t), where
/(1) = 0 and Ry < juy < Ry. Using the Taylor expansion and (4.17) - (4.18), we
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have that for Ry' < p < Ry
Oi(n) = fi(zu + wlp, 1) (2 + i, 1))
= fi(z) (G + (s, 1) + (f () w(p, 1), 2+ 1 (p, 1)) + O(|w(pe, 1))
= —tG(2,) (2 + (1) + (f5 (zu)w(p, 1), i (p, 1))
= UG (z)w(p, 1), 2y + (. 1)) + O(|lw(p, 1))
= —tI" () + O(2?). (5.4)

Fix a sequence (t,) converging to 0. Since y; is bounded, we may assume that (p,,)
converges to fi. From expansion (5.4) we have that

0=} (ue,) = —ta(l"(pe,) + O(tn))
hence i is a critical point of I'. A further expansion yields
0= (p,) = tn(T" (1) (1, = ) + 0(pua,, = 1)) + O(t,)
which gives for n — oo
(1, = L) (1) + 0(1)) = O(ty)

proving (5.3) for I'(z) # 0. Viceversa let i be a critical point of I. Arguing as above
we find as 4 — o and for any 0 < ¢t < t;

@j(1) = t(p — @I (R) + o(1)) + O(t?)
hence there exists p; such that
pe =i — (I"(7) +0(1))7'O(t) and () =0.
To prove uniqueness of such a i, we follow [4] and expand ®, in a critical point p
O (1) = (fY (2 + w(pte, 1)) (B + 10 (s 1)), (B + 10 (pes 1))
= (fo (2 + w(pe, 1) (Zy + 0 (pas 1)), (2, + (e, 1))
— (G (2 + W ) (Zy + (1, 1))s (Zy + 0 (1, 1))
— (Y G e, £), 0110 ) + (4 0 8) 10,0, 2+ 11, )
(G (2 + w0 D)) G+ (110, 8), (B + (111, ))
= (fo" (zu)w (e, )2, 20,) — t(GH<Zut)73ut> Zut) +0(t%). (5.5)

Since any critical point j; of ®; gives rise to a critical point z,, + w(p,t) of fi, we
have that

0= (f/(zm + w(,uta t))> .Z:Mt)
1

= (fi(zu) + J () wlpe, t) + O(Jw(pe, )7), 240
= UG (), Zu) + (5 (2w (e, 1), Z,) + O(F). (5.6)
Differentiating f (zut)zut = 0 and testing with w(u,t) we obtain
f (Zﬂt)z,utz,ut? (Mt’ t)) + ( (;/(Z,ut)é,uzv w(:ut’ t)) (57)

= (
Putting together (5 6) and (5.7) we get
(fo (2 22> 0 (e 1)) = —t(G'(20,) Z) + O(t?)
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hence in view of (5.5)

B (1) = —H(G (), ) — (G Vs ) + O) =~ () + O(). (5.8)
To prove uniqueness, we choose § > 0 such that sgnl” () = sgnl”(iz) # 0 for any
| — ] < 9. From (5.8), there exists ¢(§) > 0 such that if ¢ < ¢(J) and g, is a critical
point of ®; such that |u; — 1| < 0, then

sgnd®y (pe) = —sgnl” ().
From (5.4) we have that for ¢t < ¢(J)

sgul(f1) = deg(I", Bs(f1),0) = deg(—®}, Bs(f1), 0)
—— ) sen®(y) = #{y € Bs() : P}(y) = 0} sgnl”(1z).

yEBs (i)
@} (y)=0

Hence #{y € Bs(n) : ®}(y) = 0} = 1, proving uniqueness. O

Lemma 5.2. For any K € L*(RY) the operator
-1 K(LC)

[P

Ly : ur— (—div(|z|*V))

[ul"~*u

1s compact from E to E.

Proof. Let {u,} be a bounded sequence in F and set v, = Lg(u,), i.e.
K(x)

[P

—div (|z|**Vo,) = |, [P 21
By Caffarelli-Kohn-Nirenberg inequality, {v,} is bounded in D}?(R") and passing to
a subsequence we may assume that it converges weakly in D}?(RY) and pointwise
almost everywhere to some limit v € DM?(RY). Since {u,} is uniformly bounded in
L>(Bs(0)), from [10] the sequence {v,} is uniformly bounded in C'%7(By(0)). Using
the Kelvin transform we arrive at
—div (|2 7'V 5,) = o]~V (2 /|a?) [un (/|22 PP un o/ |2 )

_ N

= K(z/|z| )W
Since {u,} is uniformly bounded in F, {@,} is uniformly bounded in L>°(B3(0)) and
hence from [10] the sequence {#,} is uniformly bounded in C%?(By(0)). Since a
uniform bound in C%7(By(0)) implies equicontinuity and

[(Vn = Vi )wy | co@™\ By (0)) < const [|Tn, — Tl co(s, (o))
from the Ascoli-Arzela Theorem there exists a subsequence {v,} strongly converging

in CO(RY,w,) to v. Moreover, the CO(RY, w,)-convergence excludes any possibility
of concentration at 0 or at oo and {v,} converges strongly in DL2(RY). O

From Proposition 4.6, there exists a positive constant C'x such that ||u||g < Cx and
Cit < uw; ! for any solution u of (P;) uniformly with respect to ¢ € (0,1]. By the
above lemma, the Leray-Schauder degree deg(/d — Ly, Bk, 0) is well-defined, where
B :={u€E: |lu|g < Ck,Cx' <uw;'}.
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Theorem 5.3. Under the assumptions of Proposition 4.6 and for p > 3 we have
sgnAK (0) + sgnAK (0)
5 :

Proof. By transversality, we can assume that 'y has only non-degenerate critical
points. If not, we proceed with a small perturbation of K. By Proposition 4.6 and
the homotopy invariance of the Leray-Schauder degree, for 0 <t < t;

deg([d — LK, BK, 0) = deg([d — LtK, BK, O)
By Lemma 5.1 we have

deg(]d - LtK7 BK’ 0) = Z <_1)m(zﬂ+w(u1t)7ft,K)

He(@] ,)~1(0)

deg([d - LK, BK, 0) =

where m(z, + w(p, t), fi k) denotes the Morse index of f; x in 2, + w(u,t). We will
only sketch the computation of m(z, +w(u,t), fi.x) and refer to [3, 4, 13] for details.
The spectrum of f§/(z,) is completely known (see [9]) and DL?*(RY) is decomposed in
(2p) ®T.,Z ® (2, T.,Z)*, where z, is an eigenfunction of f{/(z,) with corresponding
eigenvalue —(p — 2), 1., Z = ker(f¢(2,)), and fj(z,) restricted to the orthogonal
complement of (z,,7%,Z) is bounded below by a positive constant. Consequently, to
compute the Morse index m(z, + w(y,t), fi.x) for small ¢ it is enough to know the
behavior of f/'i(z, +w(p,t)) along T,,Z. From the expansion

fer(zp +w(p,t) = fo(z,) — D () + o(t?) = const — tI'g () + o(t?)
we have that for ¢ small
1 if I(u) >0
t =1 K

From (5.9) and Lemma 5.1, we know that for ¢ small
Z (—1)mGatwldfur) — _ Z (—1)mi—Tx)
He(®} 1)~*(0) ne(M)~1(0)
= deg(I', (Ro + 1), Ro + 1), 0),
where Ry is given in Lemma 5.1. From (5.1) we obtain for g — 0
Ui (p) = T (0} + o) = const AK(0)pu + o(p).
Hence sgnl ((Ro + 1)) = sgnAK(0). Using (5.2) for obtain for y — oo
D (i) = =p 7T (p™") = —const AK (0)u~* + o(p ™).
Therefore sgnl™ ((Ry + 1)) = —sgnAK (0) and

AK AK
deg(T, (Ry + 1), Ry +1),0) = _ sgnAK(0) 42“ sgn (0)7

which proves the claim. O

Proof of Theorem 1.2. It follows directly from Theorem 5.3 and Lemma A.1. O
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APPENDIX A

Lemma A.1. v is a solution to (1.1) if and only if u(x) = |z|* *v(z) solves (1.6),
where a = a(a, \) and b = b(a, 5, \) are given in (1.5).

Proof. By standard elliptic regularity u and v are C*(RY \ {0}). Consequently we
may compute for z € RV \ {0}

div (|z|?*Vu(z)) = (a — a)(N —a — o — 2)|z|7* > 2v(z) + |z|*div (|z| >*Vo)
and hence, in view of (1.1)

u(x) uP™!

—div (|z|"?*Vu(z)) = [)\—l-(oz—a)(N—Z—Oz—a)]|x|2—aJr2 (x)mp(a——aw)

From (1.5) we have that A+ (o« —a)(N =2 —a —a) =0 and a — a+ 3 = b. Since
C>(RN \ {0}) is dense in DL2(RY) and DL3(RY) (see [6]), the lemma is thereby
proved. O

Lemma A.2. Let {K;}; satisfy (3.1), (u;)ien satisfy (P;) and x; — 0 be an isolated
blow up point. Then for any R; — oo, there exists a positive constant C' depending on
lim; . K;(z;) and a, b, and N such that after passing to a subsequence the function
w; defined in (3.8) is strictly decreasing for Cuy(x;)~/(N=2720) < ¢ < r; where r; =

Proof. Making the change of variable y = ui(xi)_N—g—%x + x;, there results

pH=2=2a
|8Br(xl)| 0By ()
_ e ][ U (ul@l)—ﬁx + xl)
3 w2/ (N—2-2a) (0)

rui(

From the proof of Proposition 3.7 we have that for some function g; € C%7(Bag,(0))
2 a,
wi (ui(:) V2w 4 @) = wiws) (ZKIZO) () + gi(x))

where [|g[|c2(B, 5. (0)\Be(0) < €i- Being z}lfgo) a radial function, from above we find

_ N—2—2a b
wi(r)=r 2z w(x;) (ZK(o) (x) + gl(x))
9B, 22/ (N—2-2a)(0)

N-2-2a ab —2-2q
=2 u() [ ) (rua(a) YN TER0) 4 f

)2/(N—2-2a) (0) gi} )

ru;(x;
A direct computation shows that

d
au_}i(r)

_ uz(xz)r N—-4—2a

(250 (rua () NV 72720)) [—N_é_za (1 — K (0)u(x;)"*r

+ W(fgi)Z?élzo)(TUi(Ii)Q/(N_Q_Za))_g + T(fgi),»z?élzo) (Tui(iﬂi)Q/(N_Q_za))_%} :

(p—2)(N—2—2a) )
2
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Since for Cu;(z;)~2/(N=2720) < ¢ < p; there results C' < ru;(x;)> V=272 < R;, we
have that

d
][ 9i < &, ar ][ 9i < &
oB )2/(N—2-2a) (0) " JoB )2/(N—2-2a) (0)

S o)(N-2-2a

Moreover for C' = (%)“"QW‘Q‘Q“) we have 1 — K(O)ui(.fi)p_Qrw < 4.
_ p(N—-2-2a)

Choosing ¢; = O(Ri 2 > the claim follows. a

Lemma A.3. Suppose a,b, p satisfy (1.8) and (1.5). Let (2;)ien C RN and consider
the measures y; := |v — z;| 72" dx, then we have for 0 <r <2 asr — 0

8
d
sup / |y—zi|bp/ T _gy—o.
z€B3(0),ieN J B,.(x) |z—y] /JJZ<BS(Q;))

Proof. We use as ¢ a generic constant that may change its value from line to line. Fix
x € By(0). From the doubling property of the measure y; (see [12]) we find

8 sds
Vi e = [

oo )Ty if |2 —y| > 3]z — 2]
T =y TN = ) | — TV i o —y| < io— )

An easy calculation shows that 2a — bp > —2 and that if @ > 0 then 2a — bp < 0.
Hence, we may estimate for 0 < r < %\x — 2| and y € B,.(z)

1
ly =zl 2 |z — 2| = |z —y| 2 5l — ]
and
[yl Mo~ gl dy < et
B, (z)
Since —bp > —2 — 2a > —N we may use the above estimate to derive

/ |y—Z¢|—bpMi(x,|x—y|)dy§ C|$_Zi|2+2a—bp‘
BQ\z—zi\(z)

Consequently we obtain for |z — 2| <r < 2|z — 2]
/ ly — 2P Mi(z, v — yl) dy < clo — 277 < et
B, (x)
Finally we obtain for 2|z — z;| <7 <2 and |z — y| > 2|z — z|
1
ly =zl 2 |y — 2] = o — 2] = 5ly — 2
and

/ ly— 2 P M, |z — ) dy < er?F .
B (x)
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which ends the proof. O

A function u will be called g-harmonic in Q C RY, if u € Difoc(]RN ) and for all
p € CX(Q) there holds

/ |z|2*VuVe = 0.
Q
Let us prove a Bocher-type theorem for p-harmonic functions.

Theorem A.4. Let u be a nonnegative p-harmonic function in RN\ {0}. Then there

exist a constant A > 0 and a Hélder continuous function B, pu-harmonic in RY, such
that

u(z) = Alz|*T?* N + B(x).

Proof. We distinguish two cases.

Case 1: there exists a sequence z,, — 0 and a positive constant M such that |u(z,)| <
M. 1In this case the Harnack Inequality (Theorem 6.2 of [12]) implies that u is
bounded. Moreover from [12, Lemma 6.15] v can be continuously extended to 0 and
is a weak solution of

—div (|z|7*Vu) =0 in R,

see [6, Lemma 2.1]. Therefore from the Liouville Theorem [12, Theorem 6.10] we get
that u is constant and the theorem holds with A = 0 and B = const.

Case 2: u(z,) — +oo for any sequence x, — 0. We can extend w in 0 to be
u(0) := 400, thus obtaining a lower semi-continuous function in RY. Moreover [12,
Theorem 7.35] implies that u is super-harmonic in the sense of the definition of [12,
Chapter 7], i.e.

(i) w is lower semi-continuous,
(ii) u # oo in each component of RY,
(iii) for each open D @ RY and each h € C°(RY) p-harmonic in D the inequality
u > h on 0D implies u > h in D.

Let us remark that in order to apply Theorem 7.35 in [12] we need to prove that 0
has capacity 0 with respect to our weight; indeed

capm_za({O},RN) = inf / |z| 2| Vul* < cap|m|_2a(Br,]RN)
ueCEe(RY), u=l RN
in a neighborhood of 0

< capy,-2(B;, Bar) < crN =22

for any r > 0, where we have used [12, Lemma 2.14]. Then capy, -z ({0}, RY) = 0.
From [12, Corollary 7.21] there holds

—div (|z|™*Vu) > 0 in the sense of distributions on RY

hence from the Riesz Theorem there exists a Radon measure g > 0 in RY such that

(—div (ol *Vu) ) = [ pdu Vo€ CRRY),
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Since (—div (|z|72*Vu),¢) = 0 for any ¢ € C;°(RY \ {0}), u must be supported
in {0} and so p = Ady for a nonnegative constant A. Since the Green’s function
Go(z) := |22~V satisfies

—div (|z| ?*VG,) = & in the sense of distributions on RY,

we have that
—div (|z] 2V (u — AG,)) = 0

in the sense of distributions on RY. Theorem 3.70 and Lemma 6.47 in [12] imply that
B :=u — AG, is Holder continuous. O
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