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Introduction

Description of the Problems

This thesis is composed of three parts. The first and the second concern the existence of
solutions to a system of conservation laws without assuming the usual hypothesis on the
smallness of the total variation of the initial datum. The third presents a new model for
the movement of granular matter.

These results require entirely different techniques and have different aims. The first
ones are analytical theorems whose relevance consists in relaxing the hypotheses found in
the literature. In the latter one, the original element is the model itself, whose relevance
consists in improving the descriptions provided by previous models.

In the first Chapter (see also [25]) we consider the possibly non conservative strictly

hyperbolic n X n system
O+ A(u) Oyu =0

where each characteristic field is genuinely nonlinear. Assume moreover that it is a straight
line system i.e., with standard notation, Dr; -r; =0fori=1,...,n.

When the total variation of the initial data is sufficiently small, systems of this kind
generate an L! Lipschitz continuous semigroup, see [10, Theorem 2]. When the total vari-
ation of the initial data is large, though finite, well posedness was proved in [4, Theorem 1]
in the case of conservative systems. Stability for L>° data was proved in [17, Theorem 1].

We consider a perturbation of the system above, say

Ou + B(u) Oyu =0

where ||[B — Al|c11 is sufficiently small. For this perturbed system, the characteristic
families are still genuinely nonlinear, but the straight line condition may well fail. There-
fore, for data with small total variation, the perturbed system above falls in the class for
which well posedness was proved in [11, Theorem 1] by means of the vanishing viscosity
approach. The wave front tracking technique also proved to be effective, see [2].

In the first part of this thesis, we prove the existence of a global solution to the per-
turbed system under the assumption that the initial datum has finite, but not necessarily
small, total variation.

As it is standard in the framework of wave front tracking, the first step is the solution
of Riemann problems. We achieve it through the construction of generalized rarefaction
and generalized shock curves, extending the results in [8, 38, 39] to the case of large total
variation. When B is a Jacobian matrix, these generalized Lax curves coincide with the
classical Lax curves.
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Then, we pass to the Cauchy problem. Inserting careful estimates in the standard
wave front tracking procedure, we are able to prove the convergence of piecewise con-
stant approximate solutions, thus obtaining the existence of generalized solutions. This
construction requires neither the total variation of the initial data to be small, nor the
conservative form, nor that shock and rarefaction curves in the perturbed system coin-
cide. In the conservative case, these solutions are the standard weak entropy solutions,
see [14, 27].

Remark that as soon as the initial datum is allowed to have large total variation and
the system is not of Temple type, blow up in the L* or BV norms may well take place,
also in the conservative case, see [35] or [27, Section 9.10].

In the case of conservation laws with L% data, the reference result is the classical
Glimm-Lax paper [31]. It refers to a 2 x 2 strictly hyperbolic system with each charac-
teristic field genuinely nonlinear. Under a further assumption on the geometry of the Lax
curves, [31, Theorem 5.1] proves the existence of solutions with data in L.

In the second Chapter (see also [13]), we prove the Glimm-Lax result without the
assumption taken therein on the geometry of the shock-rarefaction curves.

More precisely, the assumption [31, (c)] ensures that the interaction of two shocks of
the same family yields a shock of that family and a rarefaction of the other family. In our
construction, no assumption whatsoever of this kind is assumed.

Other attempts towards an extension of Glimm-Lax result are found in the literature.
In the case of systems with coinciding shock and rarefaction curves, the well posedness in
L is proved in [7, Theorem 1.1.], extending the previous results [5, 17].

Our proof relies on the construction of a solution as limit of e—front tracking approx-
imations v¢, defined through a suitable modification of the algorithm in [15]. First, as
in [31], careful decay estimates on a trapezoid allow to bound the positive variation and
the L*° norm of v*. A further a priori assumption on the L° norm of v¢ allows to induc-
tively extend the definition of the approximate solutions globally in time. A key point is
now to provide estimates so that the a priori assumption is abandoned. This is achieved
through L estimates essentially based on the conservative form of the system and on the
previous results on the trapezoids. It is thanks to these estimates that the result in [31]
can be extended. We remark that also a significant simplification was achieved, for the
original Glimm-Lax paper counts more than 100 pages, while our construction less than
30.

As a byproduct, we also obtain an existence result valid for all initial data having small
L norm and bounded total variation, under the standard Lax condition, i.e. that each
characteristic field is either genuinely non linear or linearly degenerate.

The third Chapter (see also [24]) concerns the dynamics of granular matter. In this
context, two models widely considered in the literature are the Savage-Hutter [42] and the
Hadeler—Kuttler [33] ones. The first reminds of the shallow water equation. It is based on
the conservation of mass and on the balance of linear momentum. However, this model
does not allow any evolution in the a priori fixed bed. The Hadeler—Kuttler model does
consider erosion—deposition effects, but it lacks any energy inequality, possibly giving rise
to somewhat unphysical solutions, as we show through numerical integrations.

We propose the following synthesis of the two models above, which includes both the
physics of the sliding material, as in the Savage-Hutter model, and the exchange of mass
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between the standing material and the sliding one, as in the Hudler—-Kuttler model:

Oh+V - (hv) = —yh (a —||Vul) + H
O+ V- (Jv@v+ghld) = —gVu—v(v,u,) —1la— |[Vul] v+V
Opu = ~vh (a — HVuH)

where [ - | denotes the negative part, i.e. [£] = (f - |£|) /2. Here, v defines the velocity

vector field at which matter slides along the slope with profile u, ¢ is gravity and the
function v reflects the friction between the sliding material and the surface. The constant
« is the angle above which matter erodes the slope whereas below this angle matter tends
to deposit, v is the speed of this process. The terms H and V allow to describe the effects
of matter being poured, or falling, on all or part of the considered slope.

Among other analytical properties of this system, we prove that the smooth solutions
to the equations above dissipate the physically reasonable energy

1 1
E:/ <—h\|v||2+—g(h+u)2> dz
R2 2 2

under realistic assumptions on the friction term v (v, Vu), as it is explained in this Chapter.

Then, several numerical integrations show the main qualitative differences among the
three systems. We remark that, in many instances, the asymptotic behavior of the three
models is very similar. On the other hand, the transient qualitative features of the Savage—
Hutter and Hadeler—Kuttler model are somewhat surprising, as the figures in Chapter 3
show. On the other hand, the behavior of the solutions to our model appears reasonable
for all times.

Articles and Preprints

This Phd thesis collects the results presented in the following papers:

(1) R.M. Colombo, F. Monti: Solutions with Large Total Variation to Nonconservative
Hyperbolic Systems. To appear on Communications in Pure and Applied Analysis,
2009.

(2) S. Bianchini, R.M. Colombo, F. Monti: 2 x 2 Systems of Conservation Laws with
L° Data. Preprint, 2009. Submitted.

(3) R.M. Colombo, G. Guerra, F. Monti: Modeling the Dynamics of Granular Matter.
Preprint, 2009. Submitted.

Communications and Advanced Courses

I already communicated some of the results presented in this PhD thesis in the following
meetings:
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L’Aquila 17-19.07.2008
e As invited speaker: "2 x 2 Systems of Conservation Laws with L* Data”
Seventh meeting on Hyperbolic Conservation Laws and Fluid Dynamics: Recent
Results and Research Perspectives
Trieste 31.08-4.09.2009
During the preparation of this Phd thesis I attained the following courses, schools and
conferences:

Conference: “Nonlinear Hyperbolic problems”
Roma 28.05-01.06.2007

Conference: “Fifth Meeting on Hyperbolic Conservation Laws”
Trieste 21-22.06.2007

School: “Partial Differential Equations”
Courses of C.Dafermos and P.D’Ancona
Cortona 15-28.07.2007

(SMI)

Conference: “Conservation Laws and Applications”
Brescia 28.05.2008

School: Nonlinear Partial Differential Equations and Applications
Courses of S.bianchini, A.Carlen, A.Mielke, F.Otto, C.Villani
Cetraro, 22-28.06.2008

(CIME)

Conference: “Sixth meeting on Hyperbolic Conservation Laws”
[’Aquila 17-19.07.2008

School: “Optimal Transportation, Geometry and Functional Inequalities”
Courses of F.Barthe, W.Gangbo, F.Maggi, R.McCann
Pisa, 28-31.10.2008

School: “Regional PDE winter school”
Courses of P.Raphael, S.Serfaty, S.Terracini
Oxford, 12-13.12.2008
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Chapter 1

Solutions with large total variation
to nonconservative hyperbolic
systems

1.1 Introduction
Consider the n x n quasilinear hyperbolic system
Ou+ A(u) Oyu =0. (1.1.1)

Call M (u) < --- < M (u) the n eigenvalues of A(u) and 7{(u), ..., r(u) the corresponding

r'n
right eigenvectors. As in [9, formula (1.12)], we assume throughout that

VA ) -rdu) >0 and  Dri(u)-riu) =0. (1.1.2)

K3 3

Remark that any genuinely nonlinear Temple system of conservation laws, when written
in the Riemann coordinates, is in the form (1.1.1) and satisfies (1.1.2). With initial data
having sufficiently small TV, it is well known that (1.1.1)—(1.1.2) generates an L! Lipschitz
continuous semigroup, see [10, Theorem 2]. In the conservative case, the well posedness
of (1.1.1) was proved in [4] for initial data having large total variation, in [17] for L*>° data
and, in [6] for not necessarily genuinely nonlinear characteristic fields.

We consider below a perturbation of (1.1.1), i.e.

Ou + B(u) Oyu =0 (1.1.3)

with B sufficiently near to A. Note that the characteristic families of system (1.1.3) are
genuinely nonlinear, but the latter condition in (1.1.2) may well fail.

When the initial datum has sufficiently small total variation, solutions to (1.1.3) were
defined in [11] by means of the vanishing viscosity method and in [2] using the wave front
tracking technique. In the conservative case, the solutions constructed below coincide with
the standard weak entropy solutions, see [14, 27].

In Section 1.2, we solve the Riemann problem for (1.1.3) through the construction of
the generalized rarefaction and shocks curves, thus extending the results in [8, 38, 39] to
the case of large total variation. When B is a Jacobian matrix, the generalized Lax curves

7



8 CHAPTER 1. SOLUTIONS WITH LARGE TOTAL VARIATION

defined below reduce to the classical Lax curves. Furthermore, Proposition 1.2.4 furnishes
estimates on the dependence of these generalized solutions from B.

Section 1.3 is devoted to the Cauchy problem for (1.1.3). We exhibit its generalized
solutions using an algorithm that generates approximate solutions and we show their
convergence. This construction requires neither the total variation of the initial data to
be small, nor the conservative form, nor that shock and rarefaction curves coincide. In
fact, the results obtained in [4] in the conservative case hold also for system (1.1.1) under
assumption (1.1.2). When B is sufficiently near to A, (1.1.3) inherits similar properties,
without requiring that (1.1.3) is a straight line system.

It is well known that, in general, blow up in the L* or BV norms may take place,
also in the conservative case, as soon as the initial datum is allowed to have large total
variation and the system is not of Temple type, see [35] or [27, Section 9.10].

Below we provide estimates on the distance between solutions to (1.1.1) and to (1.1.3),
see 4. in Theorem 1.3.1. Under the stronger assumption that both systems be in conser-
vation form, slightly stronger stability estimates on the dependence of solutions from the
flow are proved in [12, Theorem 2.1].

When (1.1.1) is in conservation form, this algorithm yields the existence of generalized
solutions with large total variation to possibly non-conservative perturbations of Temple
systems. Note that, in particular, if also B is in conservation form, it is not required
that (1.1.3) be a Temple system.

In the case of data with small total variation, this algorithm yields the existence of
vanishing viscosity solutions to perturbations of general quasilinear hyperbolic systems.
Here, “solution” is meant in the sense of [9, 11].

Finally, Section 1.4 is devoted to the technical details.

1.2 The Riemann problem

Throughout, 2 C R" is the closure of a nonempty open set. On the n x n matrix A, we
assume the following condition:

(H) Let A belongs to CL1(Q; R™*™). For all u € Q, the matrix A(u) admits n real eigen-
values M (u), ..., A\ (u), satisfying supg A | < infg A2, with n linearly independent
right eigenvectors 77 (u), for i = 1,...,n. Moreover, the conditions (1.1.2) hold for
alli=1,...,n and all u € Q.

Temple systems furnish a well known example of systems satisfying (H), when written in
the Riemann coordinates.

The left eigenvectors of A(u) are I{(u), for i = 1,...,n. Here and in what follows, we
choose the following normalization, see also [14, formula (5.4)]:

Ird(w)] =1, 2(w) - r(u) = 1 and lf(u) i u) =0 for i # j. (1.2.1)
More precisely, we may also assume that (Tf‘, e ,r;?) is the canonical base in R”. By
means of a further linear transformation, we assume that Q := I", with I := [—-a/2,a/2]

for a suitable a > 0. Introduce for a positive and sufficiently small n the interval I, :=
[—(a—n)/2,(a —n)/2] and the set Q, := I,".
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As it is usual in Temple systems, see [6], we use the following norm and total variation

in Q: . .
lull == lw| and  TV(u):=> TV(u).
i=1 =1

Concerning the perturbed system (1.1.3), Proposition 1.4.2 below ensures that B(u)
admits eigenvalues )\f, right and left eigenvectors TZB and lZB, normalized as in (1.2.1), for
i=1,...,n. For any n > 0 sufficiently small, on the set Cl’l(Qn;R"X") we use the C1!
norm

|DB(u) — DB(w)||
[Bllcra = max{ [Blco,[[DBlco,  sup
w,WENy, uFw Hu_wH

|Bllcoe := sup sup ||B(u)vl.
u€ldy [Jvflpn <1
We denote by B, (A,d) the open sphere centered at A with radius § with respect to the
C'! norm on ©,,. O(1) denotes a real number dependent on 2 and By(4,d,), for a fixed
do > 0.

In [9], a Riemann solver for (1.1.1) was defined, its meaning being justified, a posteriori,
by the vanishing viscosity limit, provided the jump in the initial data is sufficiently small.
Here, we extend the construction therein to the perturbation (1.1.3) of (1.1.1). As soon
as (1.1.3) is in conservation form, the construction below yields the standard Lax solutions
to Riemann problems.

We first construct the “rarefaction curves” for (1.1.3) as integral curves of the right
eigenvectors.

Proposition 1.2.1. For alln > 0, there exists a 6 > 0 such that for all B € B, (A,0), for
alli=1,...,n, allu; € I and all u' € €1y, there exists a unique curve u; +— Rf;(ul,ui)
with RP € CY1(Q, x I;Q) and

0
8ui

RBGLd) =

i

RB(ulw;) = rB(RB(uw))
0
8ui
Moreover, for all By, By € B,(A,0),

IR — R |craga,xr0) < OQ) ||Br — Ballgua -

)\f(RZB(ul, u;)) > 0.

The proof relies on the basic theory of ordinary differential equations and is deferred to
Section 1.4.

Passing to the shock curves we extend the procedure based on [14, formula (5.24)].
For u!,u € Q, introduce the eigenvalue \;(u!,u) and the left eigenvector 12 (u!,u) of the
averaged matrix

1
B(ul,u) == / B(0u+ (1 —0)ul)do . (1.2.2)
0
For B in a neighborhood of A, S: Q, x I — Q and any i, define the map G’ by

7

[N

l]B(ul, S(ub, u))t(S(ul, u;) — ub) ]
J

[(Gi(B,S))(ul7ui)L = { (S(u!,u;));

1.
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Proposition 1.2.2. For all n > 0, there exists a § > 0 such that for all B € B,(A,J),
foralli=1,...,n, allu; € I and all u' € €1y, there exists a unique curve u; — SZB(ul,ui)
with S € CL1(Q, x I;Q) and

0
By, l .1 _ l By, l .1 _ Byl
SP(utu) = wu 0ui5i (u' u;) = r7(u)
8 B B, . ) B 1 . _ 0 ] 7& i
G SEC ) > 0 (@B S| =y LT

Moreover, for all By, By € B,(A,0),

|

The proof relies on a careful application of the Implicit Function Theorem in C%! and
is deferred to Section 1.4.

B1 B>
Si - Sz

O(1) ||B1 — Ballg1 -

CL.1(Q, xI;Q)

Fori=1,...,n and u € §2, introduce the generalized i-th Lax curve
RB(ul ) if uy > ul
Lf(ul,ui) — T ( Z) g i
SB(ul uy) if uy < ul
LBl u) = LEB(..LB(LE(! uy),ug),... up)

where u = (uq,...,uy,). Note that by propositions 1.2.1 and 1.2.2,

LP e CHHQ, x 0;Q) (1.2.3)
O(1) |B1 — Ballc1a (1.2.4)

o -5

CL1(Q, xQ0)
for all By and By € B,(A,d). For later use, we write the Lax curves also as

w=LPW! cP)  with parameter o = L (u!,w;) — ul.

Denote o8 = (oF B

or,...,0,) and note that, in particular,

Al or r l r l
o (u',u") = (ul—ul,...,un—un).

We are now ready to globally solve the Riemann Problem for (1.1.3), i.e.

Owu + B(u) Opu =0

ut ifr < 0 (1.2.5)
“(O’x)_{ur ifz > 0

Proposition 1.2.3. For alln > 0, there exists a positive § such that for all B € B, (A, ),
there exists a map UP € CL1(Q, x Q,;Q) such that

LB (ul,UB(ul,ur)) =u"

and, in particular, U4 (u!,u") = u’.
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The proof is deferred to Section 1.4. We may now define the solution to the Riemann
problem (1.2.5) as in [14, formula (5.45)]: letting w® = u! and w™ = u", this solution is a
sequence of constant states w' = Ef (w1, O'ZB ) separated by a shock traveling with speed
\i(wt w?) if oF < 0, or by a rarefaction, if o7 > 0.

Proposition 1.2.4. For alln > 0, there exists & > 0 such that for all By, By € CI(QU;R”X”),
with || By — Allc1 < 8 and ||[By — Al|q1 < 8, the corresponding solutions uP', uB? to (1.2.5)
satisfy

[ @) = w20 < 0) 1By - Ballga |Ju = |

The proof is an immediate consequence of Lemma 1.4.3 in Section 1.4.
Whenever B = Dyg for a suitable smooth flow ¢, the above construction yields the
standard Lax solution to Riemann problems.

r

When the jump Hul —u

‘ is sufficiently small, we recover the construction in [8, Sec-
tion 4.1], see also [39, Section 5] and [38].

1.3 The Cauchy problem
In this section we prove the existence of solutions to the Cauchy problem

Ou+ B(u) Opu =0
{ w(0.2) = 7(2) (1.3.1)

In the conservative case, the results in [4, 6, 17| ensure that the unperturbed system (1.1.1)
generates a Standard Riemann Semigroup, as defined in [14, Chapter 8], defined on all
functions with uniformly bounded total variation.

Theorem 1.3.1. Let A satisfy assumption (H). For all n € ]0,a[, there exists a positive
d such that for all B € By (A,6) and for all

e LY (R;Q)  with TV(@) <a-—2p (1.3.2)

the Cauchy problem (1.3.1) admits a generalized solution u = u(t,x) defined for every
t > 0. Moreover,

1. u(t,R) C €, for allt > 0.
2. TV (u(t)) < a—n for all t > 0.
3. There exists a positive H such that for allt,s > 0
Hu(t) — u(s)HLl(R;Qn) < H|t—s|.
4. If A= Df for a smooth f, then there exists a constant H such that
Hu(t) — StﬂHLl <H-|B-A|c-TV(@)-t

where S is the Standard Riemann Semigroup generated by f. If W satisfies (1.3.2)
and w is the corresponding solution to (1.3.1), then

Ju(t) = w(t)| g < H- (I =@l + (TV(@) + TV@)) 1B = Al at) -
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5. If TV () is sufficiently small, then the solution u coincides with the vanishing vis-
cosity solution constructed in [2, 9, 11].

6. If B = Dg for a suitable flow g, then the solution u is a weak entropy solution
o (1.3.1).

We now describe the wave front tracking algorithm that generates approximate solu-
tions to (1.3.1) and on which the proof of Theorem 1.3.1 is based.
Fix a positive n. For all v € N, at t = 0 we consider a piecewise constant approximation

u” of u, i.e. a function w”(z) = Zg;l Hax[x . [(x) such that: @, € Q,, YVa=1,...,N,;
aLa+l

TV(a,) < TV(w) and || —7@l|;y < 1/v. By Proposition 1.2.3, every Riemann prob-
lem (1.2.5) with u! = T,_; and u” = %, admits a solution, provided B is sufficiently near
to A. We do not approximate the shocks in u”(z,t). On the contrary, rarefaction waves
are substituted by rarefaction fans as in [14, formula (7.25)], each wavelet having size at
most 1/v.

Then, u”(z,t), defined as gluing of these approximate solutions to the Riemann prob-
lems above, is a piecewise function well defined up to the first time ¢ when the first set of
interactions occurs.

By slightly perturbing the speed of waves, we can assume that every collision involves
only two incoming fronts, as in [14, Chapter 7].

Beyond an interaction time, the solution u” is extended by means of the Accurate Rie-
mann Solver or the Simplified Riemann Solver, see [14, Paragraph 7.2], possibly obtaining
non-physical waves. More precisely, following [5], we fix a parameter p, > 0 and use the
latter solver whenever the product of the sizes of the interacting waves is smaller than
pv, or when one of the interacting waves is non-physical. In the other cases we use the
Accurate solver.

This algorithm allows to extend w beyond time ¢ provided

u”(t—,-) € Qy, so that the Riemann problems generated by wave-front interactions
are solvable, and

e the number of wave fronts in u”(t—,-) is finite.

Following the classical strategy by Glimm, we seek a functional equivalent to the total
variation and non increasing along approximate solutions. The starting point is a set of
estimates for the change in the wave sizes at interactions.

At time ¢t > 0, for B € B, (A4, d), consider the piecewise constant approximate solution

U=y, U Xz Define o = (0f,,...,08,) as the size of the wave at z, as
0B = 6B (uy_1,uq). Non-physical waves are assigned to a fictitious (n + 1)-th family and
we set 0110 1= Hu (t,zq+) — t s Ta— H

The next proposition prov1des the key estimates used in the sequel.

Proposition 1.3.2. Fiz a positive . Then, there exist positive & and C such that for all
B € B,(A,9), the following estimates hold.

1. Let o, , respectively o, be the size of the incoming i-wave, respectively j-wave, with

J>1i. Let afr, ...,0 the sizes of the outgoing waves. Then,

J]'." —O'j_‘ + Z ‘02“ <C|B-A|c1a

Z7j

+ - —
Ji_ O-io-j‘
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2. Let o} and ol be the sizes of the two incoming waves, both belonging to the i-family.

Let af, ..., the sizes of the outgoing waves. Then,
+ / i + =
o —0;—0; |+ Z ‘% ‘ < C| B~ Al i |oio] |
ki

_l’_
O

Ty

8. Let o

7 7
or two outgoing physical waves and a non-physical wave of size a:{ y1- Then,

o; be the sizes of the two incoming waves. Their interaction produces one

o) < OB = Al

J

O'iO'~‘

4. Let a non-physical wave of size o, |, connecting the states ul and u™, interact with
a physical wave of size o; . Their interaction produces a non-physical wave of size
0;;1 that connects the states u” and u”. Then,

O-TJ’L_+1 —Opq1| S C|B - AHCM O-i_o-;Jrl‘
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The proof is deferred to Section 1.4.
Define the total strength of waves, the wave interaction potential and the Glimm func-
tional respectively by

VB(u) = Q%) = Y |ofefs
(08, .08 ,)eA” (1.3.3)
YB(u) = VP(u)+ K |B— Alcra Q% (u)

where AP is the natural extension to the present case of the set of all couples of approaching

wave-fronts, see [14, Paragraph 3, Section 7.3]. Indeed (o m,af”ﬁ) € AP if and only if

elther i>jand x, < xg,0ri=j<nand min{c? ,oP,} < 0. The constant K is defined

in (1.3.5) below.
Consider a time ¢ when two fronts ¢’ and ¢” interact. Using Proposition 1.3.2, in any
of the possible interactions, we have

AVE() < CB= Al |o'o"|
AQE(W) = (CIB=Allga VE(t=) ~1) |o'o”] (1.3.4)
ATP() < (C+CKVE(-)|B - Algia — K) |B = Al gaa |o'o”|

i 95,3

where AVE(t) := VB(u(t+)) — VB(u(t—)). Then, it is easy to see that ATB(t) < 0 as
soon as

§<1/(2CTB0) and K >2C. (1.3.5)

The above construction ensures that Y5 is a non increasing function of time along any
approximate solution.

The following proposition provides a bound on the total number of waves, in order to
avoid the generation of cluster points of interactions.

Proposition 1.3.3. Let u”(t,x) be an approzimate solution. Then, the number of wave
fronts is finite.

The proof is deferred to Section 1.4.

Now, we have a sequence of well defined approximate solutions u” such that u”(t,-) €

), for every t. In fact, using (1.4.2), the properties of the Glimm functional and possibly
reducing the choice of 4,

TV (u”(t))

IN

(1+0Q) |B = Al gra) TH(u”(t)) (1.3.3)
(1+0(Q) ||B—Alcr1) YP(u’(0)) by (1.3.4) and (1.3.5)
(14+0(1) |B - Al|ga)” VB(@”(0)) by (1.3.3)
(1+0(1) |B—Algrz) TV(u”(0)) by (1.3.3)
(1+0(1) ||B—Alcr1) (a—2n) by (1.3.2)

-1

VA VAR VARVANRVAN
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provided ||B — Al|¢1,1 < 6 and 9 is sufficiently small.

Proceeding as in [14, Paragraph 7.4], we prove the uniform Lipschitz continuity of the
approximate solution with respect to time. Then, by the refinement [14, Theorem 2.4] of
Helly Compactness Theorem, we can extract a subsequence of approximate solutions, say
u”, that converges to a limit function u in Li _ with u(¢,R) C Q, and TV (u(t)) < a—7n
for all ¢ > 0, proving 1., 2. and 3. in Theorem 1.3.1. We define this function u as the
generalized solution to the Cauchy problem (1.3.1).

To prove the first estimate in 4., we use [14, Theorem 2.9]. Indeed,

|u(t) — SﬂHLl = lim |ju”(t) - Sﬂ”HLl

v—-+00

. 1 (1.3.6)
< lim H h%n_}élfﬁuu (T+h)—Spu (7')HLl dr.

T v—4oo 0

We localize the computation of the L'-norm above in a suitable neighborhood 7, =
|Za — €, 24 + €[ of a point of jump =z, in u”(7). Let uZ be the solution to the Riemann
problem (1.2.5) with u! = u”(7,24—) and u" = u”(7,24+). Then, summing up over all
points of jump in u”(7), by Proposition 1.2.4 we have

(7 + k) = S (7) | .
= Y+ m) = S ()| g,

v B B v
< %Ju(T+M—uﬁ7+@hﬂkfwuaﬁ+h%%%uﬁwU@w
< Z ‘u”(T—i—h)—ug(T—Fh)‘
. . L1(Za)
zo rarefaction or non-physical
+OW) B = Allcr | Y [l (rwat) = u’(rz0=)| | B
1

< OQHLHB—AM%Q;h+0ﬂwB—AmﬁTV@%ﬂﬂl (1.3.7)

Here, we used the estimates

Z "u”(7+h)—u§(7+h)‘

. L1(Za) .
zo rarefaction z rarefaction
1
< 1) —h
o) -
1
Y(r 4 h) —uB h‘ < O |IB=Allgis~h
> wen -l < 00) 1B Al

xo non-physical

that are proved exactly as in [14, steps 5 and 6 in Paragraph 7.3]. Inserting (1.3.7)
in (1.3.6), using the fact that T is non increasing and passing to the limit v — 400, the
former estimate in 4. is proved.

The latter estimate in 4. then follows by the triangle inequality.

To prove 5., assume that the total variation of the initial data w is sufficiently small.
Then, the vanishing-viscosity solution coincides with the unique limit of front tracking
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approximations [11, Theorem 1]. Hence, the solution u defined in the previous section can
be regarded as the limit of solutions to the parabolic problems

O+ B(u) Opu = € Opzut

u(0,2) = u(x)
as € — 0. Recall that if TV(u) is sufficiently small, the results in [2, 11] ensure the
convergence of the above limit and the existence of a solution to (1.3.1) without requiring
condition (1.1.2).

Finally, to prove 6., assume that B = Dy, for a suitable smooth flow g. The standard

limiting procedure, shows that the solution constructed above satisfies the integral equality

in the definition of weak solution and the integral inequality in the definition of entropy
admissible solution.

1.4 Technical proofs

For the sake of completeness, we state without proof, the Implicit Function Theorem in
the form that is used below.

Theorem 1.4.1. Let X,Y be Banach spaces and F': X x Y — Y be a continuous func-
tion, with X C X andY C Y. LetT € X and§j € Y be such that F(z,9) =0, DyF(z,y)
exists and is continuous in (Z,7), Dy F(Z,7) is invertible. Then, there exist neighborhoods
X of T, Y of § and a continuous function P! X — Y such that:

y=¢x)=zeX,yecd and F(z,y) =0
Moreover, if F' is Lipschitz continuous in x, then o is Lipschitz continuous.

The next proposition is referred to the averaged matrix (1.2.2). To simplify the nota-
tion, we let A2 (u) = AP (u,u), 78 (u) = rB(u,u) and 1B (u) = 1B (u,u).

i

Proposition 1.4.2. Fizn > 0. Let A satisfy (H). Then, there exists a positive 0 such
that for all B € B,)(A,9), the averaged matriz (1.2.2) satisfies:

1. for all u',u € Q, B(u',u) admits the n uniformly strictly separated real eigenvalues

MB(ul ), ..., AB(ul,u) with the corresponding right, respectively left, eigenvectors
rB(ul,u), respectively 12 (u',u), fori=1...,n and normalized as in (1.2.1);
2. fori=1,...,n, thei-th characteristic field is genuinely non linear, i.e. for all u € €2,

V)\ZB(U) -rzB(u) > 0;

3. fori=1,...,n and for all By, By € B,(A,?),

AP =P O(1) |1B1 — Ballg1a

C1.1

B Bo
LT

cia = OB =Bl



1.4. TECHNICAL PROOFS 17

Proof. Denote by A the determinant function. Let X := C11(QxQ; R™") Y := CH1(Qx
Q;R) and define F: X x Y Y by F(B,\) := A(B — AId). Clearly, F € CO(X x Y;Y).
Moreover, F' is Fréchet differentiable with respect to A, DyF(B,\): v — A'(B — AId)v is
linear and, by the compactness of €2, bounded. The map (B, \) — D, F(B, \) is continuous
with respect to the operator norm by the compactness of {2 and the regularity of A.

For any index i in {1,...,n}, F(A,A!) = 0. Moreover, since A\{! is a simple eigenvalue,
DyF(A, )\f) = A’ <A — )\f Id) # 0. Furthermore, by the compactness of €2, there exists

A'(A(ul,u) — A (u!,u)| < c. Hence, the map

D\F(A,\#) is invertible and its inverse is continuous.
An application of Theorem 1.4.1 yields the existence of a positive 9; and, for any
B € B,(A,d;), of amap \; such that AP (u!, u) is an eigenvalue of B(u!,u), for all u',u € Q.
Define ¢ := min; §;. Possibly reducing §, we also have the inequalities:
sup AZ | < inf A\D.
For B € B,(A,8) and i = 1,...,n, let H;(B) = B—APId. The matrix H;(A) has rank

¢ > 0 such that for u',u € Q, 1/c <

n — 1. Hence, there exist n — 1 row vectors linearly independent, say ht(A),--- ,hi _;(A).
Possibly reducing the choice of 6, also hi(B),--- ,hi_,(B) are linearly independent. In a

neighborhood of (A4, r{‘), apply the Implicit Function Theorem to the map

(Bor) = [(r+r = 1), (B (B) 1), -, (W1 (B) - 1)

and obtain the existence of a positive §; such that for all B € B, (A,d;), r2(u!,u) is the
normalized right eigenvector of B(u',u) corresponding to )\ZB(ul, u), for all ul,u € Q.

The proof of 1. is thus completed. By continuity, 2. immediately follows. The estimates
in 3. follow from the Lipschitz continuity of the implicit function, see Theorem 1.4.1. [

Proof of Proposition 1.2.1. By Proposition 1.4.2, if B € B,,(A, ¢), the Cauchy problem

L RP(ulu) = P (RE ()
RA o) = o

i

(1.4.1)

where u! € ), and u; € I, satisfies the classical well posedness theorems on o.d.e.s.

Hence, it admits a unique global solution Rf € CU1. Straightforward computations show
that its first and second derivative satisfy the equalities in the statement. Apply 3. in
Proposition 1.4.2 and use (1.2.1) to obtain:

HRf(ul,ui) — REB(, wy)

u;
S /
uf
u;
+/
ug
/ )
Cc? “i

o) 18- Aleo+ [

U;

AR ) = A RE (uwy) | duoy

P RE (u w)) = rP (RE (! w) || du

A
T

A B
T —T;

IN

Rl w) = RE (u,w) | duwi + 20

CO

IN

Us
l

Rl wy) = RE (! w)|| du
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By Gronwall lemma

-

Co <0(1) [|B - A”coezanr?Hcl <o(1) B - AHCO'

If | B — Al| o is sufficiently small, then the latter estimate ensures that R? is defined on all
€, x I, attains values in {2 and that genuinely non-linearity holds. Similar computations
allow to prove also that

e -

co = OW) [1B1 = Ballco

whenever By, By € B;(A, ).

Moreover since the first derivatives of rarefaction curves with respect to u! and wu;
depend on the right eigenvectors and on their derivatives, using 3. in Proposition 1.4.2,
we have

B Bs
|rP - R]

<O(1)||B1 — Ballg1a -

CL1(Q, xI;Q)
By possibly reducing 8, we have that the map R: B, (4,4) — C%(Q, x I,R) defined by

0
(R(B) ) = 5o AP (RE ()
is in CO (B, (A, 6); C%1 (%, x I, R)).
Hence, the set defined by A := {h € C%1(Q,, x I,R): ||h||o > 0} is open. Then, R~ (A)
is open and using (1.1.2) we can assume B,(4,5) C R™! (A). O

Proof of Proposition 1.2.2. Let X := CLY(Q;R™ "), X := B, (4;6), Y := CH1(Q, x
I;R™) and Y := CH(Q, x ;). Since G'(B,-) € CH1(;R™) and 2 is a compact set,
there exists a linear bounded operator DgG*(B, S) such that G*(B, S+ hV) = G*(B,S) +
h DsGY(B,S)V + o(h) uniformly in €2, for h — 0. Moreover

)

|psGiB,5) ~ DsGia, 88|, < 01) (1B = Allgo + |5 = 52,

It is easy to prove that DgG?(A, S{) is invertible in fact DgG?(A, S{) is the identity n x n
matrix. Then, by an application of the Implicit Function Theorem, for every n > 0 there
exists § and a function

Si: By(A,8) — CVH(Q, x I;Q)
(with a possibly smaller §) such that

(@B s w)] - = {0 A

] u; ifj = 4

By ¢B2

| < 0(1) |Bi ~ Ballgrs -
for By and By € B, (4,9).

The evaluation of the first derivatives of the shock curve is exactly as in [14, (5.17)
in Theorem 5.1]. The latter inequality is proved as the analogous estimate in Proposi-
tion 1.2.1. O

CL.1(Q, xI;Q)
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Proof of Proposition 1.2.3. Fix n > 0. Then, there exists a positive § such that the
map F(B,u,u’,u") := LP(u!,u) — u" is well defined on B,(A,d) x Q x Q,; x Q.

Clearly, F(A,u",u!,u") = 0 and D,F(B,u,u!,u") exists and is continuous in (A,u")
for every (u!,u") € Q, x Q,. Moreover D, F(A,u",u',u") is invertible, in fact the matrix

DuF<A,ur,ul,ur>:[rlA TQA TA]

n

is constant and has non zero determinant by (H). The Implicit Function Theorem, applied
with X := CLH(Q;R™") x R" x R", X := B,,(A,0) x Q, x Q,, Y := CLY(X;R"), Y :=
ClL1(x;9), yields the existence of a map UP(u!,u") such that L? <ul, UB(ul,ur)) =u".
U

Moreover, the following estimates hold.

Lemma 1.4.3. For all n > 0, there exist 6 > 0 and C such that for all By,By €
Cl(Qn;Rnxn) with HBI - B2H01 <9,

Ut —u” C|B, - B
H C1(Qyxy:0) 1B1 = Blles
HO'BQ — b o < C|B1 — Bz2llct
[Py — U )| < CUBL= Bl |[uf - o
ot ury = o™y < B = Bl [l — . (1.4.2)
If moreover By, By € By,(A,6), then
ub —uh < C|B,-B
H CLL(Q,x2Q) 1Br = Ballcia
H032 — o i = ClBi—Befcia. (1.4.3)

Proof. The first two estimates follow from Theorem 1.4.1 applied in C!. To obtain the
second and third bounds, apply again Theorem 1.4.1 with X := C1(Q;R™") x R" x R",
X = By(A4,6) x Q, x Q,, Y := CHX;R"), Y := CLX;9Q). Letting v := u" — u! and
U) = UB (ul v+ ul) — UP2(ul, v + ul), we have

ouBr  oUuB:

our our

Ty

eto)] < [o]] < C'[|Br = Ball

CO

The latter two estimates are proved applying Theorem 1.4.1 in C1, as used in the proof
of Proposition 1.2.3. O

The next lemma is a slight extension of [14, Lemma 2.5] to the case of C1'! functions.

Lemma 1.4.4. Let f € CLY(R2; R) be such that f(z,0) = f(0,y) = 0 for all z,y. Then,

|[f(z.y)] < COUDS) - |ayl.
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Proof. Simply compute

fo‘ay:vs ]yc(O,s) ds

fo‘ayazs‘ S

< COYDf) |zy]

completing the proof. O

Proof of Proposition 1.3.2. Consider the different interactions separately.

1. We observe that o = oB(ul,u") =0 ( ! EB(EB(u 105,05 )

For k =i, define 2 (o}, o;) = o) — o, . Otherwise, let ©7(o; P20y ) = o Then, for
all k=1,...,n we have that EE(O‘;,O) = 0 and $5(0, o; ) = 0. Moreover, Y8 isin CM1,

so that we may apply Lemma 1.4.4 using the bound
B B B A
coiosf) < |5f],, ==k -2t ., < 1B -1

where the latter estimate follows from (1.2.4) and (1.4.3).
2. Set o = Uf(ul u") = oP(u, EB(EB(U o),0h)) and £B(ol,0!) == o} — ol — o

otherwise XB(ol,0¥) := o}f, for k =1,...,n. As above, we have that $2(o/,0) = 0 and

IR}

¥5(0,0) = 0. Moreover
CONDRP) < OB — Algus

Then, by Lemma 1.4.4

‘EB Z? Z)

<C||B AHC11|O' I‘.
3. In the case j > ¢ we have:

E;:H(Uz‘_vgj_) = U:+1(ul7ur) = U:H(ul?EzB(ﬁf(ula% ),0;))
It holds: ¥, (0;,0) =0and X, (0,0 o; ) = 0. Using (1.2.4), (1.4.3) and the compactness
of Q,

c? I(DEIH

) <CIB = Alcra

and an application of Lemma 1.4.4 completes the proof of this bound. In the case i = j
the proof is the same.

4. Define TB(v,0; ) := LB (!, 07) — LB (Wl +v,0; ) —v with v := (u™ —u') € R". Clearly:
TB(0,0) =0 and T5(v,0) = 0. Being T4 = 0, we have also that:

COYTB) < C|B - Al gra -
Then, using the previous arguments,

0;

Jr = @) = um = of| < |75 @, 00| < C1B = Allgas

um—ulH

completing the proof. O
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Proof of Proposition 1.3.3. In fact, formula (1.3.5) implies that also @ is non-
increasing along approximate solutions. Then, following [14, Paragraph 7.3, Section 4],
the Accurate Riemann Solver can be used only finitely many times (more precisely not
more than 2Q(0)/p, ), hence the total number of physical fronts is finite. A non-physical
wave is generated only by the interaction between two physical fronts, so that also the
number of non-physical waves is bounded. O
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Chapter 2

2 x 2 Systems of Conservation
Laws with L° Data

2.1 Introduction

Consider the following non-linear 2 x 2 system of conservation laws

Ot Oy [J(w)] =0 (2.1.1)
and the Cauchy problem
Ou+ 0y [f(u)] =0
{ u(0,z) = a(z). (2.1.2)

Our aim is to extend the classical result [31, Theorem 5.1] relaxing the assumptions taken
therein on the geometry of the shock—rarefaction curves. More precisely, as is well known,
the assumptions in [31] ensure that the interaction of two shocks of the same family yields a
shock of that family and a rarefaction of the other family. Here, no assumption whatsoever
of this kind is assumed. Nevertheless, the result of Theorem 2.1.1 is the same of that in [31,
Theorem 5.1], namely the existence of a weak entropy solution to (2.1.2) for all initial data
with sufficiently small L°° norm.

On the flow f in (2.1.1) we assume the following Glimm-Lax condition, analogously
to [31, formula (1.4)]:

(GL) f: B(0,7) — R2, for a suitable r > 0, is smooth with D f(0) strictly hyperbolic and
with both characteristic fields genuinely non linear

where B(0,7) is the ball of R? with center 0 and radius 7. The main result of this chapter
is the following;:

Theorem 2.1.1. Under the assumption (GL), there exists a sufficiently small n > 0 such
that for every initial condition v € L}OC(R; R?) with:

1ol <7 (2.1.3)
the Cauchy problem (2.1.2) admits a weak entropy solution for all t > 0.

23
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The solution is constructed as limit of the e—approximations v* constructed through
the front tracking algorithm used in [15], suitably adapted to the present situation. First,
as in [31], careful decay estimates on a trapezoid (see Figure 2.2) allow to bound the
positive variation and the L°* norm of v®* on the upper side of the trapezoid. Under
the further assumption that a suitable L estimate on v® holds, see condition (A) , a
technique based on the hyperbolic rescaling allows to extend the previous bound to any
positive time. The approximate solutions can hence be defined globally in time.

A key point is now to provide estimates that allow to abandon condition (A). This
is achieved through L estimates essentially based on the conservation form of (2.1.1)
and on the previous results on the trapezoids. It is here that the integral estimates in
Section 2.6 allow us to extend the result in [31].

As a byproduct, we also obtain Theorem 2.3.12, under the standard Lax condition

(L) f: B(0,r) — R2, for a suitable r > 0, is smooth with D f(0) strictly hyperbolic and
each characteristic field is either genuinely non linear or linearly degenerate.

Indeed, Theorem 2.3.12 is an existence result valid for all initial data having small L*>°
norm and bounded, not necessarily small, total variation.

In this connection, we recall that in the case of systems with coinciding shock and
rarefaction waves, the well posedness of (2.1.2) in L*> was proved in [7] under condi-
tion (GL), extending the previous results [5, 17]. Another attempt towards an extension
of Glimm-Lax result is in [21].

This chapter is organized as follows. Section 2.2 is devoted to introduce the notation.
Then, e—approximate solutions are defined in Section 2.3 and suitable bounds are proved,
in the case of bounded total variation. Section 2.4 uses the previous results to construct
the e—approximate solutions globally in time under the further assumption (A). This
latter assumption is abandoned in Section 2.5, which relies on the integral estimates in
Section 2.6. The more technical details are collected in the final Section 2.7.

2.2 Notations

As a general reference on the theory of conservation laws, we refer to [14, 27]. Throughout,
we let B(u,r) be the open sphere in R? centered at u with radius 7.

Denote by A(u) the 2 x 2 hyperbolic matrix Df (u), by A1, Ag its eigenvalues and by
l1,ls (resp. r1,79) its left (resp. right) eigenvectors, normalized so that

1 j=i

0 jAi 1,7 =1,2.

Irs)l| =1, (), ra(w)) = {

If the i—th characteristic field is genuinely nonlinear, we choose r; oriented so that
DXi(u)ri(u) >¢c¢>0 for i=1,2 and wue€ B(0,r) (2.2.1)

for a suitable c. In the linearly degenerate case, we do not need to specify this orientation.
By (L), supp(r) A1 < infp(g) A2
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By a linear change of coordinates, we can assume that f(0) = 0, A(0) = diag (A\1(0), A2(0))

and that A1(0) = —1, A\2(0) = 1. We are thus led to assume that f can be written as
follows:
1 2 1 2 3
filu) = —u+ 511 U + o2 U ug + 522 U2 +O(1) [[ull (2.2.2)
1 1 -
fo(u) = wug+ §ﬁ11 ui + Pra ug up + §ﬁ22 uz + O(1) [lul®
9% f1 D f
ith a;; := 0) and f;; := .

W g Gul Buj( ) an BZ] Gul Buj( )

Following [14, formula (5.38)], introduce the Lax curves as the gluing of the shock and
rarefaction curves:

Li(u,0) = { gziii‘;; Z;g (2.2.3)

As in [14, formula (7.36)], call E = E(u™,u™") the map giving the sizes of the waves in the
solution to the Riemann problem for (2.1.1) with data v~ and u*:

(01,09) = E(u™,u") if and only if wut = Lo (Ll(uf,al),@) .

Recall now the continuous version of the Glimm potentials, see [16, (1.14) and (1.15)]
or [23, (4.2)-(4.4)]. Throughout, we assume that any u € BV (R; B(0,7)) is right contin-
uous. For a Borel 2 C R, define the wave measures u; for i = 1,2, as

() = /Q L), dpe) + 3 By (u(a—), u(z+))

€N

where by ji we mean the continuous part of the weak derivative of u and (I;(u), dpc) :== 377, l{ (w)dyid.

Below, we consider also the positive part of the signed measure u;, denoted by u;r, and
the positive total variation of the i—th component of u, denoted by TV (u;). Then, let

2
pi= |N2|®|N1|+Z<M;®,u;+,u;r®,u;+,u;®,uf) (2.2.4)
i=1

and, as in [4, 14, 16, 23], set

Qu) = p ({(w,y) eER?: z < y})
lpa [(I) + |pe| (1) I C R interval
T(u) = V(u,R)+Q(u)

=

£

=
i

where |;] is the total variation of measure p, V(u,R) is the total strength of waves in u

and Q(u) is the interaction potential of u. For a u € L _(R;R?), define its total variation
by:

2 N

TV(u) := sup Z Z |Ui($l) - ui(xl—l)‘:

=1 l=1

r1,...,xNy € R with

(2.2.5)
1 < <IN
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Obviously, the total variation and the functional V (-, R) are equivalent. In the following,
for L > 0, it will be useful also the notation:

TV(u; L) :=supTV <u|[m m+L}>
zeR ’

where U w24 1] is the restriction of u to the interval [z, z + L].

For a function u: R — B(0,r), we use below the L norm

[|ul o := supess |ui(z)| 4 supess {uz(az){ .
Tz€R z€R

Below, A denotes an upper bound for the moduli of the characteristic speeds in B(0,r),
i.e.
A>  sup {)\Z(u){ . (2.2.6)
i=1,2; [[ul <7

2.3 Bounded Total Variation and Small L*° Norm

In this section, we modify the wave front tracking algorithm in [15, Section 2] to construct a
solution to (2.1.2) under the assumption that the initial datum has bounded total variation
and small L norm. More precisely, let u belong to

D, K) = {u € L. (R; B(0,7)) : TV(u) < f(} , (2.3.1)

where K, 7 are positive constants.

Moreover, in the first two paragraphs below, it is not necessary to assume that both
characteristic fields be genuinely nonlinear. The standard Lax [37, Section 9] condition (L)
is sufficient.

2.3.1 The Algorithm

Fix € > 0. Denote by v the Riemann coordinates of (2.1.1), see [27, Definition 7.3.2],
and call £;, R; and S; the Lax, the rarefaction and the shock curves in the Riemann
coordinates:

Li(v,0):= { %((Z?) Z;g (2.3.2)

In these variables, as in [15], we parametrize the rarefaction and the shock curves as
follows:

Ri(v,0) = (v + 0,03), Si(v,0) = (v1 + 7,02 + a(v, ) 0> 233
Ro(v,0) = (v1,v2 4+ 0), Sa(v,0) = (v1 + 1 (v,0) 0%, 09 + 0 o

where 12)1 and 1&2 are suitable smooth functions of their arguments. First, the initial datum
v is substituted by a piecewise constant v* such that:

lim |o° — 9|0 =0, TV(@®)<TV(@) <K, |v

<n.
e—0+ =1

il
o0
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At each point of jump in ©¢, the resulting Riemann problem is solved as in [15, Section 2.
Let ¢ € C*(R;R) be such that

plo) = 1 for 0 < -2
plo) = 0 for o > -1
Oo) € [-2,00] for o € [-2,-1]

and introduce the e-approximate Lax curves
£5(v,0) = plo/VE) Si(v,0) + (1= 9(0/VE)) Ri(v,0) for i =1,2.

An e-solution to the Riemann problem for (2.1.1) with data v—, v" is obtained gluing
e-rarefactions and e—shocks. e-rarefactions of the first, respectively second, family are
substituted by rarefaction fans attaining values in €Z x R, respectively R x €Z, traveling
with the characteristic speed of the state on the right of each wave. More precisely,
similarly to [15, formulee (2.13)—(2.16)], in the case i = 1 of the first family, define h,k € Z
such that

he <v]y <(h+1)e and ke <Ryi(v ,01)<(k+1)e.

Introducing w{ = (je,vy ) for j =h, ..., k, define

v < A (W)t
J J Jj+1 . _
o(t, z) = wk Al(w%)t§x<)\1(w1 )t_ forh+1<j<k-1 (2.3.4)
Wi Mwht <z <A (Ri(v™,01))t

Rl(v*,al) A (Rl(v’,al))tgx.

The case of rarefaction waves of the second family is entirely similar.

A 1-shock with left state v~ and size o1, such that o3 < —24/¢, travels with the exact
Rankine-Hugoniot speed A\;(v—, 01). When o1 > —24/¢, we assign to this jump an interpo-
lated speed AY defined as an average between the exact Rankine-Hugoniot speed Y (v, o)
and an approximate characteristic speed, see [15, formulee (2.17), (2.18) and (2.19)]

XN 01) = @lo1/Ve) M ,01) + (1 —¢(01/vE)) AM(v™,01)

meas [je,(j+1)e}ﬂ[(81(v_,01)) ,v;] } (2.3.5)
AN(v7,01) = Zj < [o1] 1 ) )\1(“){+1)-
For every o; < 0, it holds
by <S¢(v_, al-)) <N, 05) < Mi(v7). (2.3.6)

2-shocks are treated similarly, we refer to [15, Section 2| for further details.

If the i—th characteristic family is linearly degenerate, the shock, the rarefaction and
the e—approximate Lax curves coincide. Moreover, the characteristic speed is constant
along these curves, so that the interpolation (2.3.5) is trivial. Gluing the solutions to the
Riemann problems at the points of jump in ¥* we obtain an e—solution defined on a non
trivial time interval [0,¢;], ¢; being the first time at which two or more waves interact.
Any interaction yields a new Riemann problem, so that a piecewise constant e—solution of
the form

vt = ZUO‘X[%JQH[ with vt = £5 (L5 (v*, 01,0), 02,0) (2.3.7)
[e%
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is recursively extended in time. Hence, we obtain a sequence of e—approximate solutions.
Here, the meaning of by e—approximate solutions is slightly different from that in [15,
Definition 1], namely:

Definition 2.3.1. A piecewise constant function v = v¢(t,x) is an e—approrimate solu-
tion if oll its lines of discontinuities are e—admissible wave fronts.
By an e—admissible wavefront of the first family we mean a line x = x(t) across which

a function v¢ has a jump, say with v~ = (v ,vy ), vt = (v],vy), satisfying the following
conditions:
° vafL > vy, then v; = v, and
v <op +e, @= M), (2.3.8)

o If v < vy, then vt = L5(v™,01) for some o1 < 0, & coincides with the speed A
defined in [15, formula (2.19)] and satisfies

MOT) <z < A (v7). (2.3.9)

The e—admissible wave fronts of the second family are defined in an entirely similar way.

It may happen that three or more fronts interact at the same point. Due to the above
algorithm, at least one of the interacting waves needs to be a shock. Then, similarly to [14,
Remark 7.1] it is sufficient to slightly modify the speed of this incoming shock to avoid the
multiple interaction. If this perturbation is small enough, the bound (2.3.9) is still true.

Above, we modified the wave propagation speed adopted in [15, Section 2]. The speeds
defined therein have an essential role in the proof of the uniform Lipschitz dependence of
the approximate solution from the initial datum. The present choice (2.3.4)—(2.3.5) is
sufficient for [14, propositions 2 and 3] to hold and allows for simpler proofs in the sequel.

2.3.2 Existence and Properties of the Approximate Solutions

In this paragraph we show that the e—approximate solutions constructed by the previous
algorithm are well defined, see Theorem 2.3.10.
Throughout, by C' we denote a positive constant dependent only on f and r as in (L).
The following Lemma provides the standard interaction estimates.

Lemma 2.3.2. There exists a positive C' such that for any interaction resulting in the
waves o and o, the following estimates hold.

1. If the interacting waves are oy of the first family and o5 of the second family,
‘0?‘—0{‘—{—‘0;—05‘ :C‘Jfag‘ (‘01_‘—1—‘02_‘) .
2. If the interacting waves o’ and o” both belong to the first family, we have

‘Uf _ (O_/ + 0//)

+ |of| = clo'e”| (|o'] + ") -
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3. If the interacting waves o’ and o” both belong to the second family, we have

o |+ [oF = (0" + o)

_ C‘O'/O'”‘ <‘U/‘ n ‘U”D _

The proof is in [15, Lemma 2. and Lemma 3.].
Assume now that the e—approximate solution v¢ is defined up to time 7' > 0. For
i=1,2,t€[0,7] and x € R, introduce the quantities

A\i(t,z) = min {)\i (v°(t,z—)) , N (ve(t,x—i—))}

Nilt,z) = max{)\i (°(t,z=)), A (va(t,x—i—))} .

For any X € R, the generalized i-th characteristic through (7', X) is an absolutely contin-
uous solution x(t) to the differential inclusion

T e [Xi(t,m), Xl(t,x)}
z(T)=X

The minimal backward i-th characteristic through (7', X) is the generalized i-th charac-
teristic such that, for ¢ € [0, 77,

yi(t) :=min {z(t): z is a generalized i-th characteristic through (T, X)} ,

where we omit the dependence of y;(t) from (T, X). It is clear that y;(t) is well defined,
for v® piecewise constant, see [3, Theorem 2, Chapter 2, § 1].

As a reference about minimal backward characteristics on exact solutions, see [27,
Paragraph 10.3]. Backward characteristics on wave front tracking solutions were used, for
instance, in [16, Section 4].

To estimate the norm Hva (T)Hoo, for T' > 0, we follow backward the i—coordinate v
along the minimal characteristic y;(t) through (7, X), for all X € R. Using the Lax in-
equality (2.3.6) and the choice adopted for the speed of rarefaction waves, we can conclude
that y; does not interact with any i—shock with size ¢ < —4/g, it can coincide on a non-
trivial time interval with an i-wave with size o > —./e, it can cross a wave of the other
family or pass through an interaction point where a rarefaction of its family arises, see
Figure 2.1.

In the lemma below, we denote v (t%,y;(t%)) = lim, ;= v (7,%:(7)).

Lemma 2.3.3. Let t > 0 be such that vy (t*,y1(t")) # vi (¢, 51(t7)). Then, either y
crosses a 2-wave o3, and

o ()| -

v <t_,y1(t_))‘ < Cloof?, (2.3.10)
or y1 passes through an interaction point between two waves o',0” of the second family

and
o (#.n(0)| -

VS (t‘,yﬂt‘))‘ <c (|| + \a”\)g . (2.3.11)
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Figure 2.1: Two 1-shock ¢’ and ¢” interact resulting in a 1-shock o} and a 2-rarefaction

0; . A 2-characteristic yo (thick line) is superimposed to the 2-rarefaction and passes

through the interaction point.

The proof directly follows from (2.3.3) and 3. in Lemma 2.3.2. An entirely analogous
result holds along 2-characteristics.

The total size of the j-waves, with j # 4, which may potentially interact with y;(t)
after time ¢ is given by the functionals

Q1t) = Y |ozal and Qt):= > |ovd] (2.3.12)

a: za<yi(t) a: za>y2(t)
where we referred to the form (2.3.7) of v°. To estimate AQ;(t), we analyze all the cases:
Lemma 2.3.4. Leti,j =1,2 and i # j. Fixt > 0. If at time t there is

1. no interaction and y;(t) does not cross any wave, then AQ;(t) = 0;

2. no interaction and y;(t) crosses a j-wave o, then AQi(t) = —|aj

3. an interaction between o' and o, and y;(t) does not cross any wave, then AQ;(t) <

el (o] + 1o"]):

4. an interaction between the waves o' and o”, and y;(t) crosses a j-wave oj, then

AQi(t) < Cla'e"| (|o'] +]0"]) = |o

7

5. an interaction between the j-waves o’ and o, and y;(t) crosses the interaction point,

then AQ;(t) < —|o’| = |o”].

Proof. Points 1., 2. and 5. directly follow from the definition (2.3.12).
Points 3. and 4. follow from Lemma 2.3.2 and (2.3.12). O

Now we also define, as usual, the total strength of waves and the interaction potential:

V(v®) = Z ‘O'i,a| , Q%) = Z ‘Ui,aaj,ﬁ

(04,0505,38)EA

, (2.3.13)
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where A is the set of all couples of approaching wave-fronts, see [14, Paragraph 3, Sec-
tion 7.3].

Proposition 2.3.5. Fiz a positive M'. Let the e-approzimate solution v = v°(t,x) be
defined up to time t > 0. At time t an interaction between two waves o’ and o” takes
place. If TV (v¥(t7)) < M’ and Hve(t*)Hoo is sufficiently small, then v® can be defined
beyond time t and

o
Q

AQ(v (1)) < -

Proof. Using Lemma 2.3.2 and (2.3.13), we have

AQ(v (1))

IN

—|o’e”| +CTV (ve(t_)> 0’0" ({0'{ + {0”{)

ve(t—)Hw>

IN

‘O'/O'”‘ <—1 +CM

Choosing Hva(t_)Hoo < 1/(2CM'), we obtain

! 1
aqQue) < 127
]
We introduce now the following two functionals:
Te(t) = V(@) + K Q) (2.3.14)
07(0) = ([of ()| + )., ) o @041 Q070) (23.15)

where i = 1,2, H, H and K are positive constants to be precisely defined below.

Proposition 2.3.6. Fiz positive M, M'. Choose an initial datum v such that ||0°|| . < 7.
Assume that the e-approximate solution v¢ = v*(t,x) is defined up to time t > 0. If n is
sufficiently small, TV (v¥(¢t7)) < M’ and Hve(t—)Hoo < M||v¢||, then, there exist positive
H,H and K such that

ATE() < 0 (2.3.16)
AOS() < 0 fori=1,2. (2.3.17)

Proof. First, we suppose that at time ¢ there is no interaction and that y; crosses the wave
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oj. Obviously, AT® = 0 and Hve(ﬁ')Hoo = Hve(t_)Hoo. Moreover:

IN A

265 (1)
( §<t ayz( )>'+||U€H ) eHQi(t+)+HQ(UE(t+))

.
(¢

+ < < Lyt ))‘ + ||veH > <6HQi(t+)+HQ(v€(t+)) _ eHQi(t_)+HQ(ve(t—))>

C ‘0j|3 HQit)+H QM (t)) _ fr 1%l |0 HQi(tT)+H Q(v* (1))

0,

i (o) | + Hz?snoo) M)+ Q)

Lyt ' — Jof (17m()) D AQUETVHH Qe ()

provided H > CM? ||v¥||

Suppose now that at time ¢ the waves ¢’ and ¢” interact and y; does not pass through
the interaction point. Hence, using Lemma 2.3.2 and the estimate of Proposition 2.3.5,

AT) < C (|0 + o) o'o"| - g‘al " <0 (2.3.18)

if K >2C (‘J’{ + ‘0”‘). For the functional ©F, we consider separately two cases. If y;(t)

does not cross any wave at time ¢, we get:

AG5(t)
< ( o () [+ Hmrm)

<eﬁc}i(t+>+ﬂ Q) _ GHQi(t™)+H Q(vf(t’))>
<

(71 (# (o1 +1071) = 5 ) o] Ao

< o0,
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provided H > 2H (‘a’| + ‘a”‘). If y;(t) crosses a j—wave:

INCHO

< < v§ (t+,y,~(t+)>‘ — |vf <t_,yi(t_)) ') oHQi(tH)+H Qv (7))
+ < vf <t_7yi(t_)>‘ + HUEHOO>
(eﬁQi(t+)+HQ(v5(t+)) . eHQi(t_)-FHQ(UE(t_)))

< O oy]? AT Q)
%1l (—ﬁf jo| + 7 (|o'] +[o"]) |o'o"| - %Uw()
Qi) +H Q(ve (7))

<0

provided H > CM? ||v¢||,, and H > 2H <|a" + ‘a”‘).
Finally, we consider the case in which y;(¢) is an interaction point where an
i-rarefaction arises. Then, AY(¢) < 0, as in (2.3.18), provided K > 2C (‘O'/| + |a”|>.

Concerning A (t), call o’, 0" the sizes of the interacting j-waves.

AB5(t)

< < ’Uf (tJr,yl'(tJr))‘ — Uf <t7,yi(7§7)) ‘) eﬁQi(t+)+H Qv (t1))
+ ( v (t,y,.@))‘ + ||v‘€||oo>
(eﬁ@(t+)+HQ(vs(t+)) B eFIQi(t*)JrHQ(vE(r)))

< (|0 +]o"|) AU
107 o <_[:[ <{U/‘ + {U//D iy (‘01{ 1 {U”D oo — g U,U,,D
HQ(tT)+H Q(ve(tT))

<

provided H > 4CM?> |v¢],, and H > 2H <|0" + |0”|>. ]

Proposition 2.3.7. There exist positive M and Co such that, for alln, e sufficiently small,
if the e-approzimate solution v = v=(t,z) corresponding to the initial datum v* € D(n, K)
is defined up to time T, then, for all t € [0,T],

TV (v°(1)) < CoK and Hve(t)Hoo < M|7°|| o -
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Proof. Let t € [0,T]. To bound the L norm, for any = € R, first choose H= CM?n and
H = 4CM?n?, as in Proposition 2.3.6. Then, recursively,

lvs@®)| < ©5t) by (2.3.15)
< ©:(0) by Proposition 2.3.6
< 2peCMI(QOIHAMNQO) by (2.3.15),
< 2peCM?n(1+Mn) for a suitably large C
< Mpn for M = 2¢? and n < 1/(CM?)

for ¢ = 1,2. Taking the supremum with respect to x, we obtain the desired bound.
Similarly, to bound the total variation, apply recursively the previous results:

TV(vE(t)) < Cp YT(t) by (2.3.14)
< (C174(0) by Proposition 2.3.6
< Cy TV(v9) by (2.3.14)
< oK by (2.3.1)
completing the proof. O

Hence, by the Proposition 2.3.7, if ¢ € D(n, K) and if the approximate solution v¢ can
be constructed on some initial interval [0, 7], then v¥(¢,-) € D(Mn, C2K) for all t € [0, T].
In order to prove that v® can actually be defined for all ¢ > 0, it remains to show that the
total number of wave fronts and of points of interaction remains finite. For this aim, we
use the next two propositions.

Proposition 2.3.8. [15, Proposition 2] Let v¢ = v°(t,z) be an e—-approximate solution
constructed by the previous algorithm, with v¥(t,-) € D(Mn,CsK) for all t > 0. Then, all
of the shocks with size 0 < —+/e are located along a finite number of polygonal lines.

Proposition 2.3.9. [15, Proposition 3] Let v¢ = v°(t,z) be an e—approximate solution
constructed by the previous algorithm, with v¢(t,-) € D(Mn, K) for all t > 0. Then, the
set of all points where two fronts interact has no limit point in the (t,x)-plane.

These two propositions are proved exactly as in [15]. The above results complete the
proof of the following Theorem.

Theorem 2.3.10. Let (L) hold. Fizx a positive K. Then, there exist positive n and M

such that for every initial condition v € D(n, K) and for every sufficiently small € > 0,
the Cauchy problem (2.1.2) admits an e—approxzimate solution v¢ = v°(t,x) such that

[ O] < M7]l - (2.3.19)
Under condition (GL), we also have the following decay estimate.

Theorem 2.3.11. Let (GL) hold. Fix a positive K. Then, there exist positive  and M
such that for every initial condition v € D(n, K) and for every sufficiently small € > 0,
the e—approzimate solution v¢ = v°(t,x) to the Cauchy problem (2.1.2) constructed in

Theorem 2.3.10 satisfies for all t > 0, for all a,b € R and for i =1,2:

h—
ct

TV (v (t); [0, b]) < —— + M <||m|oc> TV <@; [a— b+ S\t]) + s) (2.3.20)

with ¢ as in (2.2.1) and X as in (2.2.6).
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Proof. Under the present hypotheses, we use the usual decay estimate, see [14, Theo-
rem 10.3] or [16, Theorem 1]:

b—a B
TVt (Uf(t); [a, b]) < p +C Q (U‘[aj\t,b+5\t}> — Q (Ue(t)ﬂa,b]) +é
< b—a c _ c
S T Q v‘[afj\t,bJrS\t] +le
b—a . .
< v v; [a —
< M (HvHOOTV <v, la )\t,b+)\t]> —i—a)
completing the proof. O

2.3.3 Existence of Solutions

For the sake of completeness, we pass the e—approximate solutions to the limit ¢ — 0.
This standard application of Helly compactness Theorem yields a slight extension of the
wave front tracking construction exhibited in [15]. Indeed, the mere existence of solutions
to (2.1.2) is here obtained under the assumptions that the total variation of the initial
datum be bounded.

Theorem 2.3.12. Let (L) hold. Fiz a positive K. Then, there exist positive n, M such
that for all u € D(n,K), the Cauchy problem (2.1.2) admits a weak entropy solution,
which is the limit of the wave front tracking approximate solutions constructed above and
satisfying

o) < M [19]l -
Moreover, if also (GL) holds, then there exists a positive M such that for all t > 0, for
all a,b € R and fori=1,2,
b—a
ct

TV (03(t); [a,b]) < + M|[3]|, TV <@; [a—j\t,b—kj\t])

with ¢ as in (2.2.1) and X as in (2.2.6).

Thanks to the estimates proved above, the proof is standard and, hence, omitted.

2.4 Construction of a Solution with small L>*° norm

We now prove Theorem 2.1.1 in the case of initial data satisfying the stronger conditions

v e C' (R;B(0,n)) with ' ;ﬁ)

<L, (2.4.1)

o0

see [31, 1), ii) and iii) in Section 5].
We are going to use an inductive method. Define, for m = 0,1,2,... and for every
L > 0, the m-trapezoid by

t € [tm,tm + Atp) and
L " / . 2.4.2
- {(t,m) € [0, +oo[xR: (2L + At, 2" L — M] } (242
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see Figure 2.2, where:
b= (2™ —1)L/2X\  and  At,, =2 'L/X. (2.4.3)

The upper side of /\,, measures 2™L and the lower one 2”1 L. The upper bases of 4

t
2mL
tm+1
Do,
tm
2mL
Ny z

Figure 2.2: Construction of the trapezoids.

trapezoids A\,,_; cover the lower basis of A,,. We denote by A,,(z) the translation of the
m—trapezoid: A, (z) := (0,z) + 4,,. Correspondingly, we introduce the domains

Dy (6, 20%) = {v € Li,. (R; B(0,6)) : TV(v;2"1L) < 20%} . (2.4.4)

2.4.1 Construction in the 0—Trapezoid

In this paragraph we show that we are able to construct a solution in Ay (z), for all z € R.
In fact, since the initial datum satisfies (2.4.1), we can always choose L > 0 such that

TV(3,2L) < 20X\ /c. (2.4.5)
Then, with reference to (2.4.4), we prove the following result.

Proposition 2.4.1. Let (GL) and (2.4.1) hold. Then, there exist a sufficiently small
n >0 and M, M > 0 such that for every initial condition v € Dy(n,20\/c), the Cauchy
problem (2.1.2) admits a weak entropy solution v = v(t,x) defined for allt € [0, L/2)\] and

[o®)][ o, < M 9]l

TV (ue):2(L — A) < % L - al

+ M ||v||, TV(v;2L) .
The proof follows directly from Theorem 2.3.12.

2.4.2 Construction in the m—Trapezoid

Now we prove that, if a solution v to (2.1.2) satisfies suitable conditions at time ¢ = t,,,
then this solution can be extended on all the interval [t,,,t,+1]. We also provide suitable
estimates for later use.
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Proposition 2.4.2. Let (GL) hold. Then, there exists a sufficiently small n > 0 and
positive M, M such that if v(ty,) € D (K /n,20\/c), then the problem (2.1.1) with datum
v(tm) admits a weak entropy solution v = v(t,x) defined for t € [ty tm+1] satisfying

lo®)l]o < M fJo(tm)]| (2.4.6)

e}

V"' (vi(t); 2(2™L — 5\75)) < % 27:{7;” + M||v(tm)|| TV (0;27L).  (2.4.7)

Above, D, (K /7, 20\ /c) is defined in (2.4.4). The proof is entirely similar to that of
Proposition 2.4.1.

2.4.3 Existence of a Global Solution

In this paragraph we assume the following a priory bound:

(A) Whenever it is possible to define up to time ¢,, a solution v to (2.1.2) with an
initial datum satisfying (2.4.1), then there exists K > 0 such that, for all m € N,
Hv(tm)Hoo < K./, where 7 is an upper bound for ||7]| ..

It is motivated by the recursive proof of Theorem 2.1.1 and by the following Proposition.

Proposition 2.4.3. Suppose there exists up to time t,, a weak entropy solution v = v(t,x)
to (2.1.2) with an initial datum satisfying (2.4.1). Let (GL), (2.4.5) and (A) hold. Then,
for all sufficiently small n > 0, if ||0]|, <n, for all m € N we have the estimate

A
TV <v(tm); 2m+1L) <202
c
Proof. Condition (2.4.5) immediately implies the desired bound for m = 0.
Let m > 1 and proceed by induction. Using the definition (2.4.2) of A,,(x) and the
estimate (2.4.7), we get:

TV* <vi(tm); 2m+1L>

IN

ATV (vi(tm); 2m*1L>
2m+1L

= =t AM||v(tm=1)||, TV (v(tm-1);2™L)

8% + AM||v(tm-1)|| . TV (v(tm-1);2™L) .

IN

Since TV(v) < (TV*(v1) + TVT(v2)) + 2||v|| ., we obtain:

TV <v(tm); 2m+1L> < 16% + 8M||v(tm—1)|| . TV (v(tm—1); 2™ L) + 2[|v(tm)]|

By (A) and choosing 7 small enough we get the thesis. O
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Proof of Theorem 2.1.1 under condition (A).

Assume first that the initial data satisfies (2.4.1). By an application of Proposi-
tion 2.4.1, we are able to construct a solution for all ¢ € [0,L/ 25\] Now, assume that
a solution exists up to time ¢,,, with m > 1. Then, by (A), we may apply Proposi-
tion 2.4.3 to obtain the TV bound at time ¢,,. Therefore, again thanks to (A), we apply
Proposition 2.4.2 to extend the solution up to time ¢,,41. The proof is thus obtained
inductively.

Consider now a general initial datum satisfying only (2.1.3). As in [31, Section 5],
we approximate the initial datum v by a sequence of mollified data v, such that each v,
satisfies (2.4.1). So, we are able to construct a sequence of solutions v, to (2.1.1) related
to the initial data ©,. Then by [27, Theorem 1.7.3] we can select a subsequence that
converges to a limit v, which is a weak entropy solution to (2.1.2). O

2.5 The L* Estimate

The next step consists in proving that the a priori bound (A) is in fact a consequence of
the other assumptions in Theorem 2.1.1 when the initial datum satisfies (2.4.1).

Proposition 2.5.1. There ezists a positive K such that for all initial datum v in (2.1.2),
satisfying (2.1.8) and for all m € N, on the solution v = v(t,x) to (2.1.2) the following
estimate holds:

lotm)ll., < K/,
where ty, is defined in (2.4.3).

Proof. For m = 0 the thesis holds, provided K > /7. Now, by induction, suppose that
the theorem holds true up to m — 1.

The lower basis of A, is covered exactly by the upper basis of 4 (m — 1)—trapezoids.
Denote by T, 1 the union of these trapezoids. Then, divide T}, 1 by horizontal segments
b?n_l, e b%_l into N sub-trapezoids, say Tnl7,—17 .. 7Tn]¥—1- Each sub-trapezoid ng—1 has
height hy = 2m_2L/(N5\), upper basis binfl and lower basis bgnill, for j = 1,...,N.
Obviously, b, _; and bY_, are the lower and upper basis of T},,_1.

At least one of these trapezoids, call it T)" _;, is such that

m—1

Q ( (s + (n 1)hN)‘bz_1l> - Q (vltma + i)y )

3o o)
< %Q <U(tm—1)‘b0m_l>

< %Hv(tmq)HmTV(v(tmfl))

. %Hv(fml)Hm@ (2.5.1)
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by Proposition 2.4.3. Now, fix (¢,z) and (¢,y) on b)) _; with x < y. Then, using together
the usual decay estimate [14, Theorem 10.3] or [16, Theorem 1] on the region 7" _,,
together with (2.5.1), we have:

Ny—zXA M 20\
Tonae T o Ivtn)l-

U@'(tay) < Ui(t’x)+

Integrate in y to obtain

1 ot N | )\ M 204
7/;); vi(t,y) dy < wilt, o) + Tomig H )|l (2.5.2)
Similarly, integrating in x, we get
1 [Y N 1 X M2 20\
(ty) < = (¢ 2 ot 92.5.3
vilhy) l/ylv( Dt Tomro by o M)l (2:5:3)
Using together (2.5.2) and (2.5.3), we obtain
1| (v N 1 A M20\
vi(t, z)| < 7 /y—l vi(t, x) dz| + T omig ¥ Hv m— 1)H (2.5.4)

At this point we consider three different cases, depending on which coefficients in (2.2.2)
vanish. We defer the proofs of the corresponding integral estimates to Section 2.6.

>’ f L "
1. —5(0) # 0 and —-(0) # 0. Hence by Proposition 2.6.2,
Ous Ouy
/vi(t,x)dac < CO'n(l+C") fori=1,2. (2.5.5)
!
(Note that it is this case that covers the situation considered in [31]).
2 2
2. a—J;l(O) =0 an 8—];2(0) = 0. Then, using Proposition 2.6.3
ous ouy
/vi(t,x)daﬁ <C'nl+C"t) + CHv(t)Hiot fori=1,2.
!
32 2 82 2
3. f;()#o and f2():0(0r —f;(O)zoan f2()750) Hence, by an
ous ou? ous u?

1
apphcatlon of Proposition 2.6.4:

/l vilt, x)dz

Using the (worst) estimate of cases 2. and 3., we have

<Cl+C")+Cllo@)|2t fori=1,2.

t t N 1 A
|lvi(t,@)| < C'n (1 + CHZ) +Cllo)|12 1T T gt
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I

Setting I/t = \/n+ Hv(t) o+ using the fact that ¢ < ¢, and the inductive assumption

Hv(t)Hoo < MK,/n, we have

n+ o] A

N
ol < €+ Vi) + Ol + = =Tt
M 20\
7 2 vm-1]

< v+ S+ S 2 o)
< ONyn+ < ||v(tm-1)]| . -

Choosing N = 4CM and K = 4MNC, by the inductive hypothesis, we get Hv(t)Hoo <

K .
517/ So, we can conclude:

lo(t)llc < 2Mlo(®)]],, < KV

completing the proof. Obviously, the proof is exactly the same if, instead of A,,, we
consider a generic trapezoid A,,(z) for some = € R. O

Remark that in the previous proof, case 1 covers the situation treated in [31]. Indeed,
in (2.5.5) the optimal choice for I/t is I/t = /7, exactly as in [31].

2.6 The Integral Estimate

Lemma 2.6.1. Let u = u(t,z) be the solution to (2.1.2) constructed in the previous
sections, such that Hu(t)Hoo < Cy/m, with an initial data satisfying (2.1.3) and (2.4.1).

0? 0?

If (9—J;1(0) # 0 (respectively (9—f22(0) # 0), then there exists an invariant region for the
Uy uy
variable uy (respectively us). More precisely, there exists a positive constant KC such that,
for all (t,z) € RT x R, it holds:
ui(t,x) > —Kn, respectively — ug(t,x) > —Kn.
Proof. At first we consider the e—approximate solutions constructed above. Let v; and
vy be the corresponding Riemann coordinates. The map 7 : v = (vi,v2) — u = (u1,u2)
82
is smooth and maps the origin into the origin. So, using the hypothesis 8—];1(0) £ 0,
Uy

Lemma 2.7.2 implies that

[;sg(v,a) - 7'@'2(@,0)} = [;s‘g(v,a)] A0 (2.6.1)

for v sufficiently small.

Let v~ and u™ denote the left and the right states in a Riemann initial value problem,
and let u* denote the intermediate state, connected to u~ by a l-wave and to u™ by a
2-wave.
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If [Sg(v, 0)] ) > 0 then we have that the Riemann invariant vj doesn’t change along a

right rarefaction and increases along a right shock, i.e.
v (u*) < vf(u’). (2.6.2)

Obviously, this inequality holds also whenever the right shock has strength less then 24/¢,
in fact in this case we interpolate a rarefaction and an entropic shock. Using (2.6.2) and

the fact that v (0,z) = v (z) <, we obtain v§(¢,z) < n for any ¢ > 0. By a liner change of
coordinates, we can assume that 77(0,0) = 0, 2—2(0, 0)=0 g—ﬁ(o, 0) = —Kq, with K > 0.
By this choice, it holds that u5 (¢, ) = T1(v5 (¢, @), v5(t, 2)) = —K1 v (t,2)+ K2 (v(¢, x))2+
KCs 05 (t, ) v5(t, z) + Ka (v5(¢, x))2, where g, K3 and Ky are the second derivatives of T;
computed in an intermediate point. Since vj(t,z) < n and Hv(t)Hoo < C,/n, we have
uj(t,z) > —CKin — |K4|n, for a suitable C' > 0. Now, choosing K = CK; + |K4|, we
obtain

ui(t’x) > _ICT/'

Similarly, if [Sﬁ(v,a)]l < 0, v] doesn’t change along a right rarefaction and decreases
along a right shock, i.e.
o (u*) > vf(u'). (2.6.3)

Now, using the fact that v§(0,z) = vj(x) > —n and (2.6.3), we get: v§(t,z) > —n for any
t > 0. As above, we can suppose that the map 77 is such that:

ui(t’x) > _ICT/'

Clearly, the result still holds when we pass to the limit.
0> fo
ou?

Similarly, if (0) # 0, it holds ua(t,z) > —Kn. O

Proposition 2.6.2. Let v = v(t,z) be the solution to (2.1.2) constructed in the previous

sections, with an initial data satisfying (2.1.3) and (2.4.1). If %(0) # 0 and %(0) #
0, then, for all segment | and for all t > 0: ’ '
/l vi(E, 2)dz| < C'y (z + c”f). (2.6.4)
Proof. By an application of Lemma 2.6.1, we get:
lut| <wup +2Kn , |ug] < wug + 2Kn. (2.6.5)

Then, let us consider in the ¢,z plain the trapezoid with the lower basis [y equals to
[(0,2'), (0,27)] and the upper basis [ equals to [(f, 2! +9%), (£, 2" — 9t)], where ¥ is positive.
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Then, using the Divergence Theorem

/[ul(t,a:) + ug(t, x)|dr = / [u1(0,2) + u2(0, x)|dz

l lo

@l 49t x—xl x—xt 1 x—xl x—xl
-/ {[m( T ) B O G A e ,xm}dm

1

zr —x " —x

_/;_m{[ul(x”ﬁ_x’gg)—i-uz(ﬂﬂ—x’x)]_|_%[f1(( 3 ) + fo( 79_ ,x))]}dm.
(2.6.6)

Since fi and fy depend smoothly on u; and usg it holds that |fi| 4+ |f2| < C (Jur| + |ugl)-
Then, using this last estimate and (2.6.5) we get

l l

o Ll _ _
(T2 2) +un(Co )] - 5 A 2) + (TS )
l l . (2.6.7)
r— r—X
><u1< 5| e ,w))(lﬁ)%n
and
" — " —x 1 " —x " —x

> fur (T2 ) ()] - [ﬁ(u(“’”f,x)) v f2<u<<5”r;“’”,x>>]
> <u1(xr19_x,x) + uz(xrﬁ_x,x) > (1—%)—2/@7

(2.6.8)
We can choose ¥ = C; now using (2.6.7) and (2.6.8) in the two last integrals on the right
in (2.6.6) and (2.6.5) on the left, we get

/l“ul(t_,x){ + |ua(t, z)| — 2/C77] de = /lo Uul(O,x){ + ‘uz(O,x){] dx + 4KCtn

then
J @) + ustE.)|] do < Cnit + €
1
Since v; and v are smooth functions of u; and uy also the inequality (2.6.4) is proved. [

Proposition 2.6.3. Let v = v(t,z) be the solution to (2.1.2) constructed in the previous

2 2
sections, with an initial data satisfying (2.1.3) and (2.4.1). If %(0) =0 and %(0) =
U3 uy
0, then, for all segment | and for all t > 0:
/vi(t_,x)dx < C'n(l + C”f) + CHU(E)H‘;E (2.6.9)
l
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Proof. Let us call [~ and [T the initial and the terminal point of I. For any curves ™ (t)
and x(¢) such that = () =1~ and =™ () = [T, by the Divergence Theorem, we get:

B zt(0) t B o B
/lui(t,x)dx = /x—(o) ui(O,x)dx—i—/O [filu(t,z™(t))) — &~ (t) ui(t,x (¢))]dt

+ [ atuttat @)+ @ uile o @)l
0

for : = 1,2. Hence, to obtain

/ui(t,x)dx <C'n(l+C"t) + CHu(E)HiOE (2.6.10)
l
it is sufficiently to solve on [0,#] and out of shocks, up to terms of the order of Hu(t)”io,
the ordinary differential equations:
i(u(t, (1 . t
o Mt O) Lt (©) 6
uilt, 2 (1) wilt, 27 1))

92
with the initial conditions 2% (f) = [*. By the hypothesis 8—f( ) =0, (2.6.11) admit gen-
u -
J
eralized solutions z; (t) and z (¢) in the sense of Filippov (see [30, Chapter 2, Section 4]).
It may happen that their graph coincides with the support of shocks of the function v on
sets of positive H!'-measure. By Proposition 2.7.3, there exist two Lipschitz functions :EZi

with 7 (f) = I and

such that their graphs coincide with the shock of u on sets of zero H'-measure. Then, we
have that (2.6.10) holds and, by the smoothness of v; and ve, also the inequality (2.6.9)

. - 2 . 2 2
o I S A T

is proved. ]
Proposition 2.6.4. Let v = v(t,z) be the solution to (2.1.2) constructed in the previous
0? 8
sections, with an initial data satisfying (2.1.3) and (2.4.1). If fl( 0)#0a 9f —5(0)=0
ui
Pf, *fo
(or —5(0) =0 and —5(0) #0), then, for all segment | and for all t > 0:
Ous ou?
/ wilt,w)de| < O'n(14+0"1) + Cllo(@ %7 (2.6.12)
l
0PN 32f2 o . .
Proof. Let us consider —=5-(0) # 0 and —5-(0) = 0, in fact in the opposite case the proof
uj

is exactly the same. By an application of Lemma 2.6.1, we get:
‘uﬂ <wup + 2’C77. (2.6.13)

Proceeding as in Proposition 2.6.2, we get:
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/l[\m(t,x)!—ycn} dx:/lo\ul(o,x)|dx+4/ccm

/l wy (7, 2)dx

For the variable us we follow exactly the same strategy used in the Proposition 2.6.3,
so that we obtain:

then:

< /{ul(t,x)‘dx < C'n(l+C"). (2.6.14)
l

/l\uQ(t,x)wx <C'n(l+C"t) + CHu(f)Hiof. (2.6.15)

Now, using together (2.6.14) and (2.6.15) and the fact that v; and vy are smooth functions
of u; and ug also the inequality (2.6.12) is proved. O

2.7 Technical Details
Lemma 2.7.1. If f is as in (2.2.2), then
(D’I“Q T2) (0) == [—Oé22, O]T and (D’I“l 7‘1) (0) = [_Blla O]T (271)
Proof. Recall the definition of the resolvent: R(£,u) := (A(u) —&I)~! (see [36]). We have:
Rew) = (A0 + (Aw) - A©) —¢1)

= (A0) &) (14 (A — A) (A©) —en) )
= (A(0) = &)™ = (A(0) — &)™ (A(u) — A(0)) (A(0) —€I)™ +
+0 <u2> .

Choose a closed curve I" such that Ag(u) is the unique eigenvalue inside it. The projection
P, can then be computed as:

_ 1
Po(u) = ——— b R(E ude = 1 fi[ogﬂ (ig]dg

1—

1 —a7 O 91 (y) +1 g—gj;(u) —eq O
: [ —” ) Fw-1 e

Ous

1)

00 1 0 -
_ + L 7{ o D=9
01 2w Jr Py (W) 0
T (D=9
1 1 2
0 —Q12U] — (2U2

= | —Briur — Brauz 1 +0O (u2)
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Since Py(u) = ra(u) & la(u),

ra(u) = [~a1aur — assus, 17 + O(1) [Jul>. (2.7.2)
and
Io(u) = [—Briur — Braug, 1T + O) ||ul?. (2.7.3)
i _ | 12 —aQa2 _ T
inally Dry(0) = 0 0 and (Drg 1) (0) = [—ag2,0]" .
To prove the second equation it is sufficient to repeat the previous arguments. O
32f1 a2f2 T
Lemma 2.7.2. If W(O) = g # 0, W(O) = (11 # 0 and condition (GL) holds, then
U uy
_ 1 <(D)\2 TQ)(D?“Q 7“2),7“1>
[52(0,0)—}22(0,0)]1 = 3 oo £0,
N 1 <(D)\1 7“1)(D7“1 7“1),7“2>
50,0 -/ 0.0)] = 3 T £0.

Proof. Let us denote by Sa(0) and Rz(o) the shock and the rarefaction curve of the second

family with starting point 0, by A(c) the Jacobian matrix D f(S2(c)), by 7i(co) (l;(c)) the

right (left) eigenvector 7;(Sa2(c)) (1;(S2(0))) and by A the Rankine-Hugoniot speed.
Differentiating three times the Rankine-Hugoniot conditions w.r.t. o we obtain:

ASy 4+ 2AS5 + ASy = NSy + 3A8, + 3885 + ASs.
At 0 = 0 it becomes

Arg + 2A(D7"2 ro) = g(D)\g r9)(Drore) — AS5 + 3Ars + X9 S5 . (2.7.4)
Differentiating twice w.r.t. o the identity Are = Agr9 at 0 = 0 we find

Ary + 2A(Dry 73) + A(D?ry r9)ry + ADro(Dry 15)

= (D?Xg 19, 72)79 + (Do Dry, 73)1r9 4+ 2(DAg 73) (Dry 75)

+X2(D%rg 79)1r9 + Ao Dro(Dra 19).
Using (2.7.4) in the last equation:

(A — Ao 1d)(D%ry 19)7rg + (A — Ao Id) Dro(Drg 15) — (A — Ap Id) S + 3A7,

1 2.7.5
= <D2)\2 9, 7“2>7°2 + DMg (D?“Q 7“2)7“2 + §(D)\2 TQ)(D?“Q 7“2). ( )
Then, multiplying on the left by l5(0), it holds:
.1
A= gD(D)\Q 7“2) 9. (276)

We can now substitute (2.7.6) in (2.7.5) and obtain

(A2 Id — A)Sy = 1(DAa79)(Dra 12) + (A2 Id — A)(D?rg 72)rg

+()\2 Id — A)DTQ(D?“Q 7“2).
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Hence, multiplying on the left by [;(0) = [1,0] = 77(0), we have that

1 ((DXy75)(Dryrsy),
(S2.11) = 5 ! 2?2(— ZTZ) g ((D*rgr)ra,m1) + (Dra(Drars), 1) -

Now, since (Ra, ') = ((D?ryr9)ry, 1) + (Dro(Drars),r1), using (2.7.1) and the genuine
non linearity, we can conclude that:

(S, m1) — (B, 11y = %<<DA2 rAzz(f?Z ra),m1)

The second part of the statement is proved repeating the same arguments. ]

£ 0.

Proposition 2.7.3. Let u = u(t,x) be a weak entropy solution to (2.1.2) and denote by
{Ym (t) }men the countable family of its shocks (see [14, Section 10.3]). Setting L(T, X) =
{o e Wh>[0,T] : (T) = X} and J :=,, graph(ym), we have that the set

F :={p € L: H!(graph(p) N J) = 0}

is dense in L(T,X) endowed with the usual norm of WH> (i.e. [p|ly1e = [l¢llo +
/

Proof. L is complete, being a closed subset of a complete metric space. Observe that
F = ﬂm,n Frn,m, Where:

Frm = {Lp € L(T; X): H'(graph(p) N graph(y,,)) < l/n} .

By Baire Theorem, see [46, Proposition 3.5.4], it is sufficient to prove that each F, ,, is
an open and dense subset of L(T, X).
Fn,m is open: Fix ¢ € F, ,, and define

DSO = {(tvym(t)) € [OvT] x R: “P(t) - ym(t)}
DL = {(tym(®) € 0,7 x Rs [o(t) = ym(8)] < ]

For every ¢ € ]0,1/n — H'(D,)|, there exists a positive § such that Hl(Dg,) =1/n—c¢.
Now, consider the open ball B(y, ¢) in the space (L(T', X), ||| jy1.00 ). For every ¥ € B(yp,9),
we have that 1(t) # ym(t) whenever (t,y,(t)) € R?\ Dg. In fact, if ¥(t) = ym(t) with
(t, ym(t)) € R\ Dg,, then |¢(t) — ¢(t)| > & which is impossible since ¢ € B(¢p,§). Hence,
we obtain that Dy, C Dg, for all ¢ € B(y,6), i.e. B(p,0) C Fpm. By the arbitrariness of
¢, we conclude that F, ,, is open.

Fn,m is dense: Choose a ¢ € L. We show that ¢ can be arbitrarily approximated by
functions in F, ,, hence we can assume that H!(graph(p) N graph(y,,)) > 1/n. By [14,
Theorem 10.4]), ¢ — yp, is Lipschitz on [0,7]. Then, call C = {t € [0,T]: ¢(t) = ym(t)}.
C is closed and can be represented as C C Ui\;l[ak, bi], for a suitable N > 1. Define, for

instance, v as
N

B(t) = p(t) + 6 kz e W(-a )y (1 (2.7.7)

Clearly, ¥ € Fym. Moreover || — /1,00 < 0, for 6 small. Hence, ¢ € B(yp, ), proving
the density of F,, ,,, in L(T, X). O



Chapter 3

Modeling the Dynamics of
Granular Matter

3.1 Introduction

Consider a slope with profile u = u(t,z), where 2 € R? and ¢ > 0. On this bed, some
kind of material with thickness h = h(t,x) is free to slide, subject to gravity. The sliding
matter may well erode or deposit, thus modifying the slope as well as its distribution over
it. This explains why both functions v and h are also time dependent. We describe the
complex dynamics that arises through the following equations:

Oh+V-(hv)=—y(a—|Vul)h+ H
ov+V- <%v Qv +gh1d> =—gVu+v(v,Vu) —y[a—||Vu||] v+V (3.1.1)
du ="y (a—|Vul)) h

Here, v defines the velocity vector field at which matter slides over the bed. g is gravity
and « is the critical angle: at slopes higher than «, the sliding matter erodes the bed
while falling, whereas at lower slopes it deposits over the bed. The constant - is the speed
at which erosion—deposition takes place. More precisely, in the first equation, the term
—vh(a — ||Vu||) corresponds to the quantity of matter that deposits, when ||[Vu| < «a,
or that is eroded, when ||Vu|| > «. Conservation of mass requires that the same term
appears, with the opposite sign, in the third equation. The right hand side of the second
equation contains a first term —g Vu, describing the component of gravity parallel to the
slope. The vector v(v, Vu) describes the friction between the sliding matter and the slope.
Therefore, we require the following physically obvious conditions:

v-v(v,Vu) <0 and v(0,Vu)=0 (3.1.2)

for all v and u. The term —[vy(a — ||Vu||)] v in the second equation is due to the eroded

material that starts moving and affects the speed of the sliding matter. Finally, H and
V are functions of (¢, x), presumably known, modeling sources such as material falling or
being poured over the bed.

47
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A priori, the first two equations in (3.1.1) can be justified through the balance of mass
and of linear momentum, see [28], the third equation by the erosion—deposition dynamics.
Part of these terms, in fact, are found also in the Hadeler—Kuttler model introduced in [33,
formula (5)]:

Oh —V - (BhVu) = —v (a—||Vul|) h+ H
(HK) {atu:fy(a—uwwh ( |

where we used the same notations as above. [ is the rate that connects the velocity of
the rolling layer to the gradient of u, see [34]. This model has been widely considered in
the literature, both from the point of view of stationary asymptotic solutions and from
that of evolution problems, see for instance [1, 18, 19, 20, 26, 29, 45]. Some of the above
studies are purely analytical, others are of a more numerical nature.

On the other hand, the convective part in the first two equations of (3.1.1) reminds
of that of the Savage-Hutter model, see [42, 47], which, for smooth solutions, can be
rewritten as

Oh+V-(hv)=0
(SH) 8tv+V-<%v®v+hG>:s.
Here, the vector s and the 2 x 2 diagonal matrix G are functions of the unknowns and
of the space variables, see [47, formulee (1)—(10)], whose role is to accurately describe the
given fixed geometry of the slope and the effect of gravity. Remark that (SH) is essentially
equivalent to the shallow water equations with a bed having a given fixed geometry and
a drift term in the moment equation, see [28]. Several papers consider the model (SH)
from various points of view, see for instance [32, 41, 43, 44].

Below, we study (3.1.1) and compare it with (HK) and (SH). To this aim, we first
scale out the various constant parameters in (3.1.1) and (HK), obtaining

Oh+V-(hw)=—(1—||Vul)h+H
O+ V- (3vev+hld)=-Vu+v(v,Vu) - [1 - ||Vu] ] v+V (3.1.3)
du=(1—||Vul) h

in the case of model (3.1.1), see Lemma 3.5.2. In the case of (HK), Lemma 3.5.1 yields

the rescaling

{ Oh =V - (hWu) = — (1= ||Vul) h + H (3.1.4)

du=(1—|Vul)h.

A first key difference between (3.1.1) and (HK) is the energy balance. Indeed, smooth
solutions to (3.1.1) dissipate the energy

1 1
E:/ (—thHZ—i-—(h—i—u)2> dz , (3.1.5)
e \ 2 2

see Proposition 3.2.1. On the other hand, the oscillations arising in the solutions to (HK),
see Paragraph 3.3.1, show that (HK) can hardly be energy dissipating.
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An obvious difference between (3.1.1) and (SH) is that the latter model does not
take into account the erosion—deposition phenomena. Therefore, below, we compare the
qualitative behaviour of the uppermost moving profile u + h in (3.1.1) with its analog h
in (SH).

Then, we pass to the 1D case. After the standard preliminary study, we consider some
numerical integrations of the different models and compare the corresponding solutions.
It is immediate to see that as soon as a change in the slope of the bed is present, the
two models (HK) and (SH) may display a somewhat surprising behavior. In particular,
in the case of the former model, unphysical oscillations may arise in the short term and
then disappear for large times, see Section 3.3.1. In the case of the latter model, when
the slope changes sign, the sliding matter may accumulate creating unexpected peaks,
see Section 3.3.2. This somewhat unphysical behaviour has to be expected, for the (SH)
system is suited to bed whose slope has small variations.

The present model (3.1.1) and (HK) may differ also in the asymptotic behaviour, as
shown in Section 3.3.3. There, the final profiles given by (3.1.1) and (HK) left from the
fall of some granular material over a flat bed have in fact different concavities.

The paper is organized as follows. First, in Section 3.2, we consider the main analytical
properties of (3.1.1). Secondly, in Section 3.3, several numerical integrations show the main
differences between the three models. The technical details are collected in Section 3.5.

3.2 Analytical Preliminaries

This section is devoted to the analytical properties of the models. First, it is immediate to
note that all systems are invariant with respect to the symmetry x — —x, t — t, h — h,
v — —v and u — wu, as it is physically necessary.

In the case of (3.1.3), we have the following energy dissipation property.

Proposition 3.2.1. Let H =0 and V = 0. Choose smooth (h,,vo,u,) such that (3.1.3)
with initial datum (he, v, u,) admits a smooth solution with compact support up to time
T > 0. Consider the energy (3.1.5). If (3.1.2) holds, then E (h,v,u)(t)) < E(ho,vo,us)
for all t € [0,T[, more precisely,

4

1
o / hv - v(v, p) dx —/ hllv|? (\1 —[|Vul|| - 3 (1- HVUH)> dx
R2 R2

< 0.

The proof is immediate and, hence, omitted. Note that the energy decay has to terms:
the former one is due to friction and the latter one to erosion—deposition.

Above, by smooth solution we mean that (h,v,u) € C1(I x R%R* x R? x R). How-
ever, as is well known, the smoothness of solutions does not persist, for singularities may
arise. Therefore, we define a measurable map (h,v,u): RT x R? s Rt x R? x R to be a
distributional solution to (3.1.3) if (h,v,u) satisfies (3.1.3) in the sense of distributions.

We now pass to the 1D case, so that (3.1.3) simplifies to

Oh + 0y (hv) = — (1 — |Opul) h+ H
O + 0 (302 + h) = —0yu+ v(v,0,u) — [1 — |Opul] v+ V (3.2.1)
u = (1—|0zu|) h
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and (3.1.4) to

{ Oph — Oz(hOgu) = — (1~ [Ogul) h + H (3.2.2)

du= (1—|0zul) h.

To study (3.2.1) and (3.2.2) as 1D systems of balance laws, it is useful to introduce the
variable p = d,u, obtaining

O+ 0y (hv) = — (1= |p|) h + H
v + Oy <%v2 + h) =—p+v(vp —[1-|pl] v+V (3.2.3)

o — 0. (1= Ipl) h) =0

and, in the case of the Hadeler-Kuttler model,
Oh+0y(hp) =—(1—|p|) h+ H

3.24
{atp—ax (1 Iphh) =0 (324

Both these systems fall within the class of 3 x 3 systems of balance laws, see [27, Chap-
ter VII] as a general reference on this subject.

In the case of distributional solutions, the equivalence between the two systems (3.2.1)
and (3.2.3) is proved by the following lemma.

Lemma 3.2.2. Let I =[0,T] for aT > 0. If (h,v,u) is a distributional solution to (3.2.1)
satisfying
(h,v,u) € L®(I x R;R*T x R x R),
with h(t) and Oyu(t) € (L' NBV)(R;R)  forae. tel
and Oyu € L>®(I x R;R)

then, setting p = Oy u,

(h,v,p) € L®(I x R;RT x R x R),
with h(t) and p(t) € (L' NBV)(R;R)  for a.e. t €1

is a distributional solution to (3.2.3). And viceversa.

The proof is deferred to Section 3.5. The equivalence of (3.1.4) and (3.2.4) is stated and
proved similarly.

The first step in the analytical study of (3.2.3) is the computation of eigenvalues and
eigenvectors of the Jacobian of the flow, which is the content of the next lemma.

Lemma 3.2.3. The Jacobian of the flow of system (3.2.3) is the matriz

v h 0
1 v 0
Ip|—1 0 hsgnp
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its eigenvalues and eigenvectors are

Alzv_—\/ﬁ i )\2:1)_4—\/5 _ Az=hsgnp
-1 1
n 1 1 0

T = Vh ro = Vh rs=10
1—|p| lpl — 1 1

_v—hsgnp—\/ﬁ_ _v—hsgnp—l—\/ﬁ_
Ifp#0, h >0 and v # h £ Vh then system (3.2.3) is strictly hyperbolic. Moreover,
3 3
VAdi-ri=——=, Viy:r9=—+=, VA3-1r3=0.

1°71 i 212 Wi 373

so that the first two fields are genuinely nonlinear while the third one is linearly degenerate.
For p > 0, the ordering of the eigenvalues is as follows:

AN<A <X <= v>h+Vh
M<A<X <= h—-Vh<v<h+Vh
M<Xd<)l < v<h—-vVh

and symmetric relations hold for p < 0.

The proof is straightforward and hence omitted. Remark that when v = h+ v/h then, not
only A1 = Ag, but also the corresponding eigenspaces coincide, therefore hyperbolicity is
lost. The same happens when v = h — v/h. It is remarkable that, due to the loss of hyper-
bolicity at h = 0 and to the form of the source term in (3.2.3), the well posedness of this
system does not follow from the standard results on systems of balance laws. Indeed, fix
any state (ho, Vo, Uy) Where (3.2.3) is strictly hyperbolic. Then, (hy, o, 1o)+L! (R; R) is not
invariant with respect to the ordinary differential equation defined by the right hand side
in (3.2.3). Nevertheless, given a positive L, there exists a T' > 0 such that the construction
in [22] can be localized to any trapezoid of the type {(t,:ﬂ) €0, T] xR: |z] < L+ Xt}
This procedure ensures the local well posedness of (3.2.3).

For analytical results about (3.2.4) we refer to [1, 45]. Recall that it is a 2 x 2 system

of balance laws with a Lipschitz flow, hyperbolic for p # 0. In 1D, the Savage-Hutter
model has the simpler form, see [42, formulae (2.25)—(2.26)]:

O + 0y <%v2 + dcos( h) =sin{ — dcos( Oyb+ v sgnv cos( (3.2.5)
where ( is a constant slope angle, v sgn(v) cos ¢ describes the friction of the sliding material
with respect to the bed and b describes the deviation of the bed from the constant angle
¢, see Figure 3.2. In other words, the relation between the slope u in (3.2.1) and the
functions b and ¢ in (3.2.5) is

u(z) cos ¢ +zsin¢ = b (zcos¢ — u(z)sin() .

But, as already remarked, due to the absence of the erosion—deposition phenomena,
in (3.2.5) b and ( are time independent, whereas u is time dependent in (3.2.1).
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x

Figure 3.1: Left: notation for the 1D Savage-Hutter model (3.2.5). Right, notation for
the 1D model (3.2.1).

3.3 Qualitative Behavior of the Solutions

This section is devoted to various comparisons among the solutions to the systems (3.2.3),
(3.2.4) and (3.2.5), setting v (v, dyu) = —vv. In all the numerical integrations, we use the
standard Lax—Friedrichs method, see [40, § 12.5] coupled with Euler polygonals to deal
with the source term, through the operator splitting method, see [40, § 17.1] or [22].

3.3.1 Evolution of a Horizontal Profile

As a first example, we consider the initial datum

Initial data 0 x>1/2
ho(e) = {3—lal ze |44
0 r < —1/2

vo(z) = 0 (3.3.1)
o 0 x<—1/2
-1 x €[-1/2,0]
1 x€]0,1/2]
x>1/2

which represents a hole filled with snow at rest. Choose H =0 and V = 0.

Independently from the choice of v, the solution to (3.2.3)—(3.3.1) is stationary, which
is physically reasonable. Indeed, where h = 0 nothing may move. Where h # 0, the initial
slope satisfies |p| = 1 so that neither erosion nor deposition may take place. Besides, the
effects of gravity disappear due to the fact that the profile is horizontal.

More formally, we prove the following lemma.

po(z) =

\1 05 o 05 1

Lemma 3.3.1. Let H = 0, V = 0 and choose v satisfying (3.1.2). Then, (h,v,p) =
(hoy Vo, Do) is a distributional stationary solution to (3.2.3)-(3.3.1).

The proof is in Section 3.5.

On the contrary, the solution to (3.2.4)—(3.3.1) is not stationary and displays a some-
what unexpected behavior, depicted in Figure 3.2. Indeed, the change in the slope at x =0
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2x2 nodel t=0.040024 A 2x2 nodel t=0.1601 A 2x2 nmodel t=0.52031 A 2x2 nodel t=0.90054
N A

uand u+h
uand u+h
uand u+h
uand u+h

Figure 3.2: Integration of (3.2.4)—(3.3.1). The change in the slope at x = 0 leads to the

immediate formation of two large shocks which are eventually smeared out by the right
hand side in (3.2.4).

leads to the creation of two large shocks. These discontinuities are due to the convective
part of (3.2.4), which dominates the source term at the small time scale. Consider the

i ‘.(hrapr)

a (Tl Pm)
s Ap) -
0.6 0.8 1 12 h4 16 18 2

Figure 3.3: Shock curves, or Hugoniot loci, for to the solution of the Riemann prob-
lem (3.3.2), corresponding to the homogeneous part of (3.2.4) with the initial data (3.3.1).
The solution to (3.3.2) governs that of (3.2.4)— (3.3.1) over the short time scale.

following Riemann problem for the convective part of (3.2.4):

o — 0, (1~ |ph) =0

<h,p><o,x>:{ sy

N (3.3.2)
(1,1) T )

Its solution consists of two (relatively) large shocks: see Figure 3.3 for the location of the
Hugoniot loci displaying the solution to (3.3.2) and Figure 3.2, left, for the corresponding
oscillations in the solution to (3.2.4)—(3.3.1). These shocks are eventually smeared out by
the source terms and the solution to (3.2.4)—(3.3.1) approaches asymptotically the constant
solution h =0, p = 0.

We remark that the unphysical oscillations displayed in Figure 3.2 by the solutions
to (3.2.4) are thus analytically justified consequences of the equations and are not due to
numerical problems.

In this example, the asymptotic state reached by the solution to (3.2.3) differs from
that of (3.2.4). However, in the case of the initial datum (3.3.1), this appears to be a non
generic situation. Indeed, generically, small perturbations of the initial datum (3.3.1) lead
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to solutions of (3.2.3) that eventually tend to the asymptotic solution h(z) = 0, v = 0,
p=0.

The rise of large shocks due to changes in the slope of the bed does not depend on the
smoothness of this change. Indeed, consider the initial datum
| ni‘ti a] d‘ata‘

1

0 z>1

<o ho(z) = 3(1—2%) ze€[-1,1]
+o.s 0 r<—1
>
. vo(x) = 0 (3.3.3)
:o 2 0 z>1

' po(z) = (x x € [-1,1]

0715 T 05 & 05 1 15 2 0 r < —1

representing a (smooth) hole filled with snow. We set v =1, H = 0 and V = 0. Then,
the uppermost profile u + h in the solution to (3.2.3)—(3.3.3) is again stationary, although
deposition now takes place since p attains values in |—1,1[: h diminishes to 0 and the
sliding matter becomes part of the bed, see Figure 3.4.

3x3 nodel t=0.20005 R 3x3 nodel t=0.40011 R 3x3 nodel t=0.80022 R 3x3 nodel t=1.0003

o7 s T s

©F 6 05 1 15 2
2x2 model t=0.20005

o7 s T ot

©F o6 05 T 15 2
2x2 model t=0.80022

15 1 05 0 05 1 15 2 5 -1 05 6 05 1 15 2
2x2 model t=0.40011 2x2 model t=1.0003

e o6 ST
) / T \\ \

- N\

=

+

=]
0.4 / N\ = - =
/ \ € f \

>

7 1% T ©5 o 05 1T T5 2 7 1% T ©5 o 05 T T5 2

715 T o5 9 85 T 15 2 %7 s -1 95 0 o5 1 15 2

Figure 3.4: Above, the solution to (3.2.3)—(3.3.3): note that deposit takes place faster
where the slope of the bed is lower. Below, the solution to (3.2.4)—(3.3.3): note the
formation of unexpected peaks near to x = 0 where the slope smoothly changes sign.

On the other hand, in the case of (3.2.4), once more we have the shocks due to the
convective part are present and lead to the formation of a sort of hill. The sliding matter
accumulates at the center of the hole and its level gets higher than the initial one, see
Figure 3.4.

Remark that asymptotically, the solutions to both models tend to h =0, p = 0.

The solution to (3.2.5)—(3.3.3) is stationary and hence it is not displayed in Figure 3.4.
Note that this behavior is physically acceptable, in spite of the fact that the Savage—Hutter
model is adapted to describe only small variations in the average slope of the bed.

3.3.2 Falling Matter

Consider now an avalanche or a landslide falling along a bed with varying slope. In other
words we consider the initial datum:
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Initial data

-
1

< hol@) = (2= a)'(z - B)° Xja(@) - 10°

> a=—1.720 and g = —1.475

2. (@) = 0 (3.34)
3 po(x) = 1— 322

-2 “15 -1 0 1 1.5

with H = O,VVV =0and v=0.1. In (3.2.5) we also set § = 0.1, ¢ = 0 and 9,b = p,.

o 3x3 model t=0.24003 o 3x3 model t=0.66007 o 3x3 model t=0.72008 o 3x3 model t=1.0001
c® c® c®
+ + +
o6 \\ o6 o6
o, \ = o,
= < S c .
< M & |\ T Pl < e
B 1 E) T E) !
s 1 W5 0 o5 1 1s %z 5 1 5 0 05 1 1s Sz ¥5 1 85 0 05 1 15
,_2x2 SH nodel t=0.24003 o 2Xx2 SH nodel t=0.66007 o 2Xx2 SH nmodel t=0.72008

Figure 3.5: Above, integration of (3.2.3)(3.3.4): first, the sliding matter erodes the bed
while falling, then it deposits while slowing down. Below, integration of (3.2.5)—(3.3.4):
neither erosion nor deposit may take place. Besides, the slower deceleration in the middle
part causes the formation of a peak.

As long as the avalanche does not reach the change in the slope, the solution to (3.2.3)
displays a bunch of matter moving downwards along the slope and, at the same time,
eroding the steepest part of the bed. In the case of the Savage-Hutter model, the profile
of the bed does not change, while that of the solution is quickly deeply modified, see
Figure 3.5.

Where the bed’s slope is small, the sliding matter in the solution to (3.2.3) slows down
and starts depositing. In the solution to (3.2.5), by the absence of erosion—deposition term
the sliding matter goes down faster than in the previous case, hence it concentrates and
creates a peak, see Figure 3.5.

3.3.3 On the Role of H

We now compare the three models (3.2.3), (3.2.4) and (3.2.5) in the case of a flat horizontal
bed on which a material is being poured. Thus, assume that

ho(z) = 0 H(t,z) = L5x_ ;03 X050
vo(z) = 0  with vy 2) = 0 (3.3.5)
Po(z) = 0 v = 0.1.

The results of the corresponding numerical integrations are collected in Figure 3.6. We
remark that, initially, the uppermost profiles y = h(z) + u(x), in the case of (3.2.3)
and (3.2.4), y = h(x), in the case of (3.2.5), are similar, see the first column in Figure 3.6.
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Figure 3.6: First row, solution to (3.2.3)—(3.3.5); second row, solution to (3.2.4)—(3.3.5);
third row, solution to (3.2.5)-(3.3.5). Note

As soon as the lower deposited part takes a shape with a significant change in its slope,
the solution to (3.2.4) displays the behaviour already noted above. Two symmetric shocks
start moving off from the vertex of the deposited part, see the second and third columns
in Figure 3.6.

Eventually, the solution to (3.2.5) spread all over the real line, for the (SH) model does
not account for any deposit. However, as long as h in (3.2.3) is positive, the qualitative
aspects of the uppermost profiles in (3.2.3) and in (3.2.5) are analogous. Note that the
asymptotic shape of the profile in the solutions to (3.2.3) and (3.2.4), rightmost column
in Figure 3.6, are rather different.

3.4 Conclusions

We presented a new model for the movement of granular matter. It is a synthesis of the
Hadeler—Kuttler and of the Savage-Hutter models. The result is the 3 x 3 system (3.1.1),
which we proved to be compliant with energy dissipation, similarly to the Savage-Hutter

model, but able to describe the erosion—deposition dynamics, which is not considered in
the (SH) model.

Moreover, (3.1.1) seems to describe better than the Hadeler-Kuttler model the evo-
lution of the falling matter, in particular in case of changes in the bed slope. Indeed,
the solutions to (3.1.1) do not display the sudden oscillations due to the convective part
of (HK). Furthermore, we believe it is relevant that an initial horizontal profile evolves
remaining horizontal, as in the cases examined in Paragraph 3.3.1.
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3.5 Technical Detalils

We omit the proofs of the next two lemmas, since they are straightforward.

«,

Lemma 3.5.1. [33, Appendiz A] With the rescaling x — g:v, t— a%{t, u — TQU, h —
and f — aTlﬁf, system (HK) reduces to (3.1.4).

aBp,
v

Similarly, in the case of (3.1.1), we have the following lemma.
Lemma 3.5.2. With the rescaling + — Lz, t — Lt, u — Lu, h — %h, v — Lo,
ay ay v v v

H— algH, V- ZTQgV and v — g—;y system (3.1.1) reduces to (3.1.3).

Proof of Lemma 3.2.2. Let (h,v,u) be a distributional solution to (3.2.1) and set
p:= Oyu. It is straightforward to show that the first two equations of (3.2.3) are satisfied
in the sense of distributions. Moreover, for every test function p € C(R* x R;R),

/ / Oupp+ e (1—Ip]) h] de dt

Rt JR "

— / / Orp Ozu + Oz (1 — ]@Cu\) h} dx dt
Rt JR "

— / / ——8t6x<pu + 0 (1 — laxu]) h] dz dt .
R+ JR L

Now, using the fact that 9, belongs to CX (R x R;R) and the hypothesis that (h,v,u)
satisfies the latter equation of (3.2.1), we get

/ / [8tg0p+8$(,0 (1—\p])h] dr dt =0,
R+ JR
i.e. also the third equation of (3.2.3) holds in the distributional sense.
Let (h,v,p) be a distributional solution to (3.2.3) and define the function: u(t,z) :=

ffoo p(t, &) dE. As above, the proof for the first two equations is trivial. Moreover, us-
ing (3.2.3) and [27, Theorem 4.3.1]:

[ oteeras— [ po.0)a
_ /Ot (1 - |p(79,x—)\> h(9,z—) d0 — /Ot (1 - !p(ﬁ,a—i—)!) h(9,a+) dY .

Since h(t) and p(t) belong to (L' N BV)(R;R) for a.e. t € I, when a — —oo we get:

u(t,x):/x p(t,g)dg:/;p(o,g)du/ot (1= [p(@,2)]) h(0,2) v .

—00

Introduce, for simplicity, the quantities g(z) := [*__p(0,£) d¢ and I(t, z) := fg (1 - |p(19, x)|) h(9, x) dv.
Then, for every test function ¢ € C°(RT x R;R),

/ / [@Lpu + ¢ (1= |0zul) h] dz dt
R+ JR

= / /[athg—Fathl‘i'QD(1—|p|)h}d$dt
Rt JR
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Now, integrating by parts and using the fact that ;g = 0 and 9¢l = (1 - |p|) h, we obtain:

/ /{@apu—i—tp(l—\@xu])h] dz dt =0.
R+ JR

Hence, also the third equation in (3.2.1) is satisfied in distributional sense and the proof
is completed. O

Proof of Lemma 3.3.1. Let h, v, p be the stationary functions h(t,x) = h(z), v(t,x) =
0, p(t,z) = po(x). Separately, in each of the regions Rt x ]—oo, —1/2[, Rt x ]—1/2,0[,
R x ]0,1/2[ and R" x |1/2,+o00[, (h,v,p) is a smooth solution to (3.2.3). On the
other hand, the traces of (h,v,p) along the three boundaries R*™ x {—1/2}, RT x {0} and
R* x {1/2}, satisfy the Rankine-Hugoniot conditions with zero speed. Hence (h,v,p) is
a stationary solution. ]
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