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ABSTRACT. Positivity, essential self-adjointness, and spectral properties of a class of Schrédinger
operators with multipolar inverse-square potentials are discussed. In particular a necessary and
sufficient condition on the masses of singularities for the existence of at least a configuration of
poles ensuring the positivity of the associated quadratic form is established.
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This paper deals with a class of Schrédinger operators associated with potentials possessing
multiple inverse square singularities:

(1)

N

| — aq|?

k
L>\11-~~7>\k»a1»--~7ak =-A- E :
=1

where N >3, k € N, (A1, A2,..., \,) € RF, (a1,a0,...,a5) € R*N a; # a; for i # j.
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From the mathematical point of view, the main reason of interest in inverse square potentials
of type V(z) ~ Ax|~2 relies in their criticality: indeed they have the same homogeneity as the
laplacian and do not belong to the Kato’s class, hence they cannot be regarded as a lower order
perturbation term. Besides, potentials with this rate of decay are critical also in nonrelativistic
quantum mechanics, as they represent an intermediate threshold between regular potentials (for
which there are ordinary stationary states) and singular potentials (for which the energy is not
lower-bounded and the particle falls to the center), for more details see [21, 29]. We also mention
that inverse square singular potentials arise in many other physical contexts: molecular physics,
see e.g. [30], quantum cosmology [4], linearization of combustion models [3, 22, 48]. Moreover we
emphasize the correspondence between nonrelativistic Schrodinger operators with inverse square
potentials and relativistic Schrodinger operators with Coulomb potentials, see [11].

In recent literature, several papers are concerned with Schrodinger equations with Hardy-type
singular potentials, see e.g. [1, 7, 8, 16, 17, 22, 26, 41, 44, 46].

The case of multi-polar Hardy-type potentials was considered in [15, 19, 20]. More precisely, in
[15] estimates on resolvant truncated at high frequencies are proved for Schrédinger operators with
multiple inverse square singular potentials. In [19, 20] the existence of ground states for a class of
multi-polar nonlinear elliptic equations with critical power-nonlinearity is investigated.

The purpose of the present paper is to analyze how the mutual interaction among the poles influ-
ences the spectral properties of the class of operators (1) and which configurations of singularities
ensure positivity of the associated quadratic form

k 2
Q)\l,...,)\k,al,...,ak (u) = / |vu(x)|2dm - Z)\l/ - (x)Q dx.
RN i=1

RN |Z‘—&i

As a natural setting to study the operators defined in (1) and the associated quadratic forms, we
introduce the functional space D*2(RY) defined as the completion of C>°(R¥) with respect to the

Dirichlet norm
1/2
lullpre@yy == </ |Vu(;v)|2dac> .
]RN

We introduce now a notion of positivity which is closely related to the property of strong subcrit-
icality introduced in [13], see also Remark 1.6 for a discussion about the relations between these
notions in the framework of multi-polar inverse square potentials. We say that Qx,,... r..a1,....ar IS
positive semidefinite whenever

QA15-~-7/\k;a1;~-~7ak (u) >0, for all u € Dl’Q(RN)7

whereas it is said to be positive definite if there exists a positive constant e=e(A1, ..., A\g, a1, ..., ax)
such that

Orovear o (1) > 5()\17...,)\k,a1,...,a;c)/ Vu(@)|2dz, for all u € DV2(RY).
RN

In the case of a single pole operator —A — ﬁ, a complete answer to the question of positivity is

provided by the classical Hardy inequality (see for instance [22, 25]):

_9\2 2
(2) (A2 [ MO0 g < [ (Gute)de.  foranue D12@Y),
2 Ry |T)? RN
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where the constant (%

that the quadratic form Q) is positive definite in DV2(RY) if and only if A < (%)2 For a
more detailed discussion about the properties of monopole singular Hardy type operators, we refer
to [22, 46, 48].

As observed in [19], the positivity of @x,.... s .a1....ar depends on the strength and the location
of the singularities, and more precisely on the shape of the configuration of poles, due to scaling
properties of the operator. In particular in [19, Proposition 1.2] it is proved that a sufficient
condition for the quadratic form to be positive definite for any choice of ai,aq,...,ax is that
Zle N< %, where ¢ := max{t,0}. Conversely, if E?Zl A > %, then it is possible to
find a configuration of poles such that the quadratic form is not positive definite. As a consequence,
in the case k = 2, if

)2 is optimal and not attained. The optimality of such a constant implies

(N —2)? (N —2)?
4 ’ 4 ’
then for any choice of a1, az, the quadratic form @Qx, x,,a,,q, i positive definite.
The first result of the present paper relies in a necessary and sufficient condition on the masses
A; to have positivity of the quadratic form Qx,,... x..a4,...,a, fOr at least a configuration of poles.

A < fori=1,2 and M + A<

Theorem 1.1. Let (\y,...,\;) € R¥. Then

N —2) k N —2)?
(3) )\i<%, foreveryi=1,...,k, and ;)\i< (T)’
i—
is a necessary and sufficient condition for the existence of a configuration of poles {ai,...,ax}

such that the quadratic form Qx, ... r..a1,....ar, 0SSociated to the operator Ly, . x..ai,...,a, 5 POSitive
definite.

The necessity of condition (3) follows quite directly from the optimality of the best constant
in Hardy’s inequality and proper interaction estimates (see the proof in Section 6). To prove the
sufficiency we study the possibility of obtaining a coercive operator by summing up multisingular
potentials which give rise to positive quadratic forms, after pushing them very far away from
each other to weaken the interactions among poles. Since the potentials overlap at infinity, the
singularity of the resulting potential is the sum of their masses, so that we need to require a control
on it. To this aim, we consider the following class of potentials

k

i X @ )\ooX x
Vi) =3 = l&])z(x) * RN;};(O’R)( bW ke N rRERY,
V= i=1 -

a; € RN a; # aj for i # j, \i, Ao € (foo, (NZZF), W e LN2(RYN) N L®(RN)

By Hardy’s and Sobolev’s inequalities, it follows that, for any V' € V, the first eigenvalue (V) of
the operator —A — V in DY2(RY) is finite, namely

/]RN (|Vu(x)\2 — V(m)uz(x)) dx

inf
ueDL2(RN)\{0} / Vu(z)|? da
RN

> —00.

pw(V) =
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Hence, we shall frame in the class V the analysis of coercivity conditions for Schrédinger operators.
Let us notice that pu(V') can be estimated from above as follows.

Lemma 1.2. For any V(z) = Zle AiX B(ag,r) (@) |2 — ai] 72 + Ao Xpn\ B(0,ro) (%) |2 2+ W (2) €V,
there holds:

i) if i <0 foralli=1,... k00, then u(V) <1;

4
i) i : <l—— ’
i1) if ,_max Ai >0, then u(V) < (N —2) ,_max Yy
A first positivity result in the class V relies in the following Shattering Lemma yielding positivity

in the case of singularities localized strictly near the poles.
Lemma 1.3. [Shattering of singularities] For any {ai,as,...,a;} C B(0,Rg) C RY, a; # a;
fori # 5, {M,.. ., Ak, Ao} C (=00, (N —2)2/4), and 0 < o < 1 — ‘hnax(fvlfw, there exists
d = d(a) > 0 such that

k
”(Z i XB(as,5)(T) N /\ooX]RN\B(O,Ro)(x)>

2 - af? 2P
4maxi=1,... koo Ni .
> - ——F5e=— —a if maXi=y __pe0Xi >0,
L if max;—1,... koo N <O0.

In particular, the quadratic form associated to the operator

Ai XB(a“zS) T) Ao XRN\B(0,Re)(T)
E/\h A Acsarsmay = A= Z |z — a2 - EE
1s positive definite.

The above result can be extended to Schrédinger operators whose potentials have infinitely many
singularities localized in sufficiently small neighborhoods of equidistanced poles, see Lemma 3.5.

Lemma 1.3 implies that Schrodinger operators with potentials in V are compact perturbations
of positive operators, as stated in the following lemma.

Lemma 1.4. For any V €V, there exist VEV and W € LN/2(RN) 0 L=(RY) such that u(V) > 0
and V(z) = V(x) + W(z).

The proof of Theorem 1.1 is based on the following result, which yields a powerful tool to obtain
positive operators by choosing properly the configuration of poles.

Theorem 1.5. [ Separation Theorem] Let

FLAX oy (2) AL X T
V1($)=Z i B( )( )+ oo RN\B(O,R1)( )

W
ool e @EY

i=1

kZQ )\lZXB(a?,Tf)(x) AgoXRN\B(OvRQ)(x)

@) =2 " ap e
K3

+ Ws (.’L‘) eV.

i=1
Assume that p(V1), u(Va) > 0, namely that the quadratic forms associated to the operators —A—V7,
—A — Vy are positive definite, and that A}, + N2, < (%)2 Then, there exists R > 0 such that,
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for every y € RN with |y| > R, the quadratic form associated to the operator —A — (Vy + Va(- — y))
is positive definite.

Remark 1.6. We mention that the notion of positivity (respectively nullity) in the class V is
related to that of subcriticality (respectively criticality) of potentials arising in the classification
given by Simon [43]. A recent breakthrough in the theory by Pinchover and Tintarev [37] relates
subcriticality with the presence of a spectral gap. More precisely, the subcritical case occurs if
and only if the corresponding Hardy type inequality can be improved, namely if there exists p €
CORN\ {a1,...,ar}), p>0in RN\ {as,...,ax}, such that

> 0.

(4) v (V) = inf Jan IVu(@)? dz — [on V(z)u?(2) do
P weCs® (RN \{ay,...,ar }) fRN p(z) uz(x) dz

As observed in Remark 7.4, being any operator with potential inV compact perturbation of a positive
operator, v,(V') has the same sign as u(V'). Therefore in the class V, subcriticality is equivalent to
positivity.

Concerning the Separation Theorem 1.5, we recall that the case of potentials with compact
support was investigated in [43], while the case of potentials in the Kato class was studied in [36].
We notice that in both these papers the potential is a lower order perturbation of the laplacian and
none of them include the case of potentials with singularities of inverse square type as Theorem
1.5 does. Such a case is not a trivial issue and requires some additional assumptions to control
the singularity at infinity, as one can understand just summing up two mono-polar operators and
observing that in this case the positivity of the resulting operator does not depend on the distance
between poles, due to scaling properties.

Besides the sign, a natural question arising in the study of u(V) is its attainability. Indeed,
while in the case of a single pole the best constant in the associated Hardy’s inequality is not
achieved, when dealing with multipolar Hardy-type potentials a balance between positive and
negative interactions between the poles can lead, in some cases, to attainability of the best constant
in the corresponding Hardy-type inequality, as proved in the proposition below. We mention that
in the literature analogous phenomena are studied by [5, 6, 32] for generalized Hardy’s inequalities
in bounded and unbounded domains with a boundary, and by [47] for potentials satisfying Hardy
type inequalities and perturbations of them in RY.

Proposition 1.7. Let V(z) = Zle AiX B (ag,r) (@) |2 —ai| 724 Moo X\ B (0, Ro) ()| 72+ W (2) € V.
If

4
(5) ,u(V)<1—722max{0,)\1,...7>\k7)\00}

then p(V') is attained.

The properties of V proved in Lemmas 1.3 and 1.4, make such a class of potentials to be a quite
natural setting to study the spectral properties of multisingular Schroédinger operators in L?(RY).
Indeed, as a direct consequence of Lemma 1.4, we obtain that if V = V + W € V, with u(‘7) >0
and W € L¥/2(RV) 0 L®(RYN), then
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/RN (Vu(@)]? - V(2 (2)) da
(6) (V) := inf

> — W oo (RNY) > —00,
u€HY(RN)\{0} / |U(£E)|2 dx ” ”L ®)
RN

i.e. Schrodinger operators with potentials in V are semi-bounded.

In order to ensure quantum completeness of the quantum system associated to the Schrodinger
operator, a further key aspect to be discussed is the essential self-adjointness, namely the existence
of a unique self-adjoint extension. Semi-bounded Schrodinger operators are essentially self-adjoint
whenever the potential is not too singular (see [39]). On the other hand, when dealing with inverse
square potentials, the singularity is quite strong and essential self-adjointness is a nontrivial issue.
In the case of one pole singularity, it was proved in [27] (see Theorem 8.1) that essential self-
adjointness depends on the value of the mass of the singularity with respect to the threshold
(N —2)%/4 — 1. The following theorem extends such a result to potentials lying in the class V.

Theorem 1.8. Let V(x) = Zle Ailz = ail 72X B(as ) (®) + Aoo| |2 Xpn\ B(0,R) (2) + W () € V.
Then —A -V is essentially self-adjoint in C° (RN \{ay,...,ax}) if and only if \; < (N —2)2/4—1
foralli=1,... k.

The proof of the above theorem is based on the regularity results proved in [18, 34, 35] for
elliptic equations with singular weights (see also [14, 24]), which allow us to give the exact asymp-
totic behavior near the poles of solutions to Schrédinger equations with singular potentials. The
characterization of essential self-adjointness for multi-singular Schrodinger operators given above
can be extended to the case of infinitely many singularities distributed on reticular structures, see
Theorem 8.4.

From Theorem 1.8, we have that if V € V with \; < (N —2)?/4 —1for alli = 1,...,k, then
the associated Schrodinger operator —A — V' is essentially self-adjoint and, consequently, admits a
unique self-adjoint extension, which is given by the Friedrichs extension (—A — V)¥:

(7) D(-A-V)")={ue H'RY): ~-Au—Vue L*RY)}, uw— —Au—Vu.

Otherwise, i.e. if \; > (N —2)%/4 — 1 for some i, —A — V is not essentially self-adjoint and
admits many self-adjoint extensions, among which the Friedrichs extension is the only one whose
domain is included in H*(RY), namely in the domain of the associated quadratic form (see also
[15, Remark 2.5]). A complete description of the spectrum of the Friedrichs extension of operators
with potentials in the class V is given in the proposition below.

Proposition 1.9. For any V €V, there holds:

1.9.1. the essential spectrum oess((—A — V)F) = [0, +00);
1.9.2. if 11 (V) < 0 then the discrete spectrum of (—A — V) consists in a finite number of

negative eigenvalues.

The nature of the bottom of the essential spectrum of the Friedrichs extension of operators of
type (1) is analyzed in the following theorem.
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Theorem 1.10. Let (A1, ..., \x) € R¥ satisfy (3). Then

) (V-2

(8) DN > and Y X<
i=1 =1

is a necessary and sufficient condition for the existence of at least a configuration of singularities

(ai,...,ax) € RNK q; # a; for i # j, such that 0 is an eigenvalue of the Friedrichs extension of

L, . Apar.....ans namely there exists u € HY(RN) \ {0} solving Lx,.. . xp.ar,....ant = 0.

Actually, it turns out that, under assumptions (3) and (8), the set of configurations (a1, ..., ax) for
which 0 is an eigenvalue of Ly, ., .a1,...,a, Damely for which there exists an L2-bound state with
null energy, even disconnects RV¥ \ 33, where ¥ := {(a1,...,a;) € RN*: a; = a; for some i # j}.

The paper is organized as follows. In Section 2 we give a condition for positivity of Schrodinger
operators with potentials in V. Section 3 contains the analysis of the asymptotic behavior near
the poles of solutions to Schrédinger equations with Hardy type potentials, the proofs of Lemmas
1.2 and 1.3, and an extension to the case of infinitely many singularities on reticular structures. In
Section 4 the possibility of perturbing positive operators at infinity is discussed, while Section 5 is
devoted to the proof of the Separation Theorem 1.5. Section 6 contains the proof of Theorem 1.1.
In section 7 we study the problem of attainability of p(V'), proving Proposition 1.7 and discussing
the continuity of u(V') with respect to the masses and the location of singularities. In Section 8 we
prove Theorem 1.8. Finally Section 9 contains a detailed description of the spectrum of Schrédinger
operators with potentials in V and the proofs of Proposition 1.9 and Theorem 1.10.

Notation. We list below some notation used throughout the paper.

- B(a,r) denotes the ball {z € RY : |z — a| < r} in RY with center at a and radius r.

- For any A € R, X4 denotes the characteristic function of A.

- S is the best constant in the Sobolev inequality S||u\|%2*(RN) < ||u||%1)2(RN).

- For all t € R, t* := max{¢t,0} (respectively ¢~ := max{—t,0}) denotes the positive (re-
spectively negative) part of t.

- For all functions f : RY — R, supp f denotes the support of f, i.e. the closure of the set
of points where f is non zero.

- wy denotes the volume of the unit ball in R,

- For any open set 2 C RY, D’(€2) denotes the space of distributions in .

Acknowledgements. The authors would like to thank Maria J. Esteban and Diego Noja for
fruitful discussions and helpful suggestions. They are also grateful to Yehuda Pinchover for drawing
their attention to important references related to the present paper.

2. A POSITIVITY CONDITION IN THE CLASS V

Thanks to Sobolev’s inequality, for a Schrodinger operator —A — V., V € LN/2(RN), a general
positivity condition is
||V+HLN/2(RN) < S.
We mention that criteria for a potential energy operator V' (V possibly changing sign or even
being a complex-valued distribution) to be relative form-bounded with respect to the laplacian,



8 VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI

i.e. satisfying

(9)

are discussed in [33]. In particular (9) implies boundedness from below of the associated quadratic
form in DY2(RY) and positivity of Schrodinger operators with small multiple of V' as a potential.
However, this type of result cannot answer the question arisen in the present paper about the
positivity of forms @Qx,,...r..a1,..,a, fOr given masses Aq,..., .

Furthermore, as D“2(RY) is embedded in the Lorenz space L?2(RN), the positivity of the
quadratic form associated to operators —A — V, V € LN/2> would be ensured by a smallness
condition on ||V || ~/2.. gy, where we recall that

. /. @i

1—2
XCRY | X~ w
measurable

We remark that potentials in the class V belong to LN/2>°(RN), but their norm in LY/2:%°(RY)
is not small. Indeed for each pole a;, a direct calculation yields

V(@)|u(@)® dz

‘ gconst/ |Vu(z)|* de,
RN RN

Hf||LN/2v°°(]RN) =

XB(GN"i)
|l — a;|?

> C(N)

LN/2,00(RN)

for some positive constant C'(N) independent of ;. Hence, just by increasing the number of poles,
we can exhibit potentials in V with as large norms as we want. In the sequel, see Remark 3.6, we
will provide an example of potentials having infinite L¥/2:°°(RN )-norm, but giving rise to positive
quadratic forms. Therefore to provide positivity conditions in the class is a nontrivial issue.

In this section we provide a criterion for establishing positivity of Schrédinger operators with
potentials in V in the spirit of the well-known Allegretto-Piepenbrink theory [2, 38], which relates
the existence of positive solutions to a Schrédinger equation with the positivity of the spectrum of
the corresponding operator. For analogous criteria for potentials in the Kato class we refer to [10,
Theorem 2.12].

NiXB(a;,rp) () + AooXRN\B(O,R) (z)
|z—a;|? |=]?

Lemma 2.1. Let V = Zle
conditions are equivalent:

+ Wi(x) € V. Then the two following

) - ) Jen (IVu(z)]? = V(2)u*(z)) do '
(Z) /'L(V) = u€D1=;?]§f.N)\{O} R fRN |V’u,($)|2dx > Oa

(ii) there exist e > 0 and p € DV2(RY), ¢ >0 RV \ {ay,...,ax}, and ¢ C'-smooth
in RN\ {a1,...,ar}, such that — Ap(z) — V(z)p(z) > eV (x)p(z) a.e. in RY.
PrRoOOF. We first observe that, from Hardy’s, Holder’s, and Sobolev’s inequalities,

10) [ Vena)d< [@(ixj+A;)+s1||W+||LN/2<RN>} |, [vut@)P s

for every u € DL2(RY).
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—1
Assume that (i) holds. If 0 < e < # {(Nf2)2 (Zle A+ A;) —|—S_1||W+||LN/2(RN):| , from
(10) it follows that

/ (IVu(@)]? - V(2)a(z) — e VF(2)u () do > @/ V()| de.
RN RN

As a consequence, for any fixed p € LN/2(RN) N L>®(RY), p(z) > 0 a.e. in RY, the infimum

y L 0 fRN (|Vu(ac)|2 —V(x)u?(x) —eV*(x) u(x)2) dz
p(Vr eVt = uelvl»?(ﬂgN)\{O} Jan p(2)u?(2)

is strictly positive and attained by some function ¢ € DV2(RY)\ {0} satisfying
—Ap(z) = V(z)p(x) = e VI (2)p(x) + 1p(V + eV )p(x)p ().

By evenness we can assume ¢ > 0. Since V € V), the Strong Maximum Principle allows us to
conclude that ¢ > 0 in RV \ {ay,...,ax}, while standard regularity theory ensures regularity of ¢
outside the poles. Hence (i7) holds.

Assume now that (ii) holds. For any u € C°(R¥ \ {ay,...,ai}), testing the inequality satisfied
by ¢ with u?/p we get

) u(z) . ) da — u?(x)
€ - VH(z)u®(z) do < Q/RN (p(z)VU(x) V() d /]RN 22(z)

< /RN V()| do — /RN V(@)u2(z) de.

|V(x)|? do — /RN V(z)u?(x) dx

By density of C° (RN \ {a1,...,a;}) in DH2(RY), we deduce that

nf fRN (|Vu(x)\2 - V(x)uQ(:zz)) dx e
uEDL2(RN)\{0} Jan VH(2)u?(2) dz

(11)
From (11) we obtain that u(V) > ¢/(1 + €). Indeed, for every u € DL2(RN)\ {0},

/RN (IVu(z)]* = V(z)u*(z)) da > € VH(x)u?(x) de > e V(2)u*(x) dr,

RN RN
so that
2 1 / 2
<
/RN V(z)u(z) < 152 fon [Vu(z)|® dz,

implying
(12) / (Vu(@)]? — V(@) (@) de > —— [ [Vu(o)] dr.

RN 1 +e€ RN
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3. THE SHATTERING LEMMA

A starting point for the study of positivity of Schrodinger operators with potentials in ¥V, which
will be also a key ingredient for the study of their spectral structure, relies in the Shattering
Lemma 1.3, which ensures the positivity of Schrodinger operators with potentials whose singu-
larities are localized in a small neighborhood of the corresponding poles, thus avoiding mutual
interactions.

The proof of the Shattering Lemma consists in constructing supersolutions for each operator
L3, ., (see Lemma 2.1) and then summing up to obtain a supersolution for £§  , , .. In
order to take account of the interactions, we need to evaluate the exact behavior of such superso-
lutions at each pole and at oo, as described in Lemmas 3.1 and 3.3 below, for the proof of which
we refer to [18] and [34], see also [35].

Lemma 3.1. Let ¢ € DV2(RY), ¢ >0 a.e. in RN, o #0, be a weak solution of

(13) ~a(e) = [P 4 ) o(a) R,

where A < % and q € LS (RN \ {0}). Then
() if q(x) = O(|lz|~3=9)) as |z| — 0 for some € > 0, there exists a positive constant C

(depending on q, A, €, and @) such that

%|m|_‘“ <p(z) < Clz|™*  for all x € B(0,1),

where ay = 7N272 — 4/ (—N;2)2 A;
(i) if q(x) = O(|z|727°) as |z| — +oo for some € > 0, there exists a positive constant C
(depending on q, A, €, and @) such that

1
6|x|_(N_2) < o(z) < Clz| " N=2  for allz € RN\ B(0,1).

Remark 3.2. Scanning through the proof of the regularity result contained in [18, Theorem 1.1],
it is possible to clarify the dependence of the estimates stated in the above lemma on the data of
the problem. Indeed it turns out that if ¢ solves (13) and u is given by

u(z) = |z p(x),
then, by [18, Theorem 1.1], u € C**(B(0,1)) for some a > 0 and ||ul|co.a(5(0,1)) < ¢ el mr(B0,R)
for any R > 1 and for some positive constant ¢ (depending on R, q, ¢, N and \) which stays
bounded uniformly with respect to X whenever A\ stays bounded from below and above away from

(N —2)2/4. Hence
SD(I) < C()‘v N7 q,¢, R) |x|7a)\ ||¢||H1(B(O,R))~
In particular, we can bound c(\, N, q,&, R) uniformly with respect to \ if \ varies in a compact
subset of (—oo, (N —2)2/4).
Lemma 3.3. Let ¢ € DY2(RY), p >0 a.e. in RY, ¢ #0, be a weak solution of
AXrN\B(0,1)(7)
—Ap(z) = |\:v|(2 )

where A < (NZZ)Q and h € L (RN \ {0}). Then

loc

+h(z)| o(z) inRY,




SCHRODINGER OPERATORS WITH MULTIPOLAR INVERSE-SQUARE POTENTIALS 11

(3) if h(z) = O(|z|~279)) as |x| — +oo for some € > 0, there ewists a positive constant C
(depending on h, X, €, and @) such that
1
C
where ay = 7]\12_2 — 4/ (7]\/2—2)2 — A
(i) if h(x) = O(|z|~3=9) as |x| — O for some e > 0, there exists a positive constant C
(depending on h, X, €, and @) such that

| =N < p(a) < Clal~NE) - for allx € RV \ B(0, 1),

<px) <C forallz € B(0,1).

Qlr-

We now prove the bound from above of the first D12(RY)-eigenvalue of Schrédinger operators
with potential in V stated in Lemma 1.2.

Proof of Lemma 1.2. Let us first consider the case in which \; < 0 for all i =1,...,k, 0c0. Let
N-—-2

us fix u € C (RN \{aq,...,a;}) and P € B(0, Ry)\{a1,...,ax}. Letting u,(z) =p= "2 u(%),
for p small there holds

B Jon W(m)ui(m) dz
f]RN |V, (2)|? dx
Letting ;1 — 0% we obtain that u(V) < 1.
Assume now maxj—1,.. koo A > 0. Suppose A1 < Ap < ...\, and let € > 0. From optimality of

the best constant in the classical Hardy inequality (2) and by density of C>° (RN \ {ay,...,ax}) in
DL2(RYN), there exists ¢ € C°(RN \ {ai,...,ax}) such that

ANWM@WM<[QEQP+% Mﬁ??m.

Letting ¢, (x) = p~ 2 ¢(”‘;’“), for any g > 0 there holds

p(V) <1 =1+0(1) aspu—07.

fB(a k) |:L’7ak|72¢i(z) dx fB’(a' i) ziai|72¢;2t(x)dx
V)<1-2X Al SN\ QT
Hr = ’ Jon IV (2)? do Z#Zk Jon [Vou(x)|? d
e Jev\ B0, ro) 1272 () d  Jr W (x)¢? () dx
f]RN ‘V(bu(x)‘g dx f]RN |V¢H($)‘2 dx

f]RN |x\_2¢2(x) dx
" fen V(@) do

Letting u — 07, by the choice of ¢ we obtain

—1-2\

+o(1) as p— 0.

uWﬁSl—A4UV;m2+%_1

for any £ > 0. Letting ¢ — 0 we derive that u(V) <1 — %. Repeating the same argument

with ¢,(z) = u‘¥¢(x/,u) and letting ¢ — 400 we obtain also that (V) < 1 — (13{7?)2. The
required estimate is thereby proved. O
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Proof of Lemma 1.3. Assume that max;—; . ;e Ai > 0, otherwise there is nothing to prove.
2
LetusﬁxO<5<%—l,sothat
maX;=1,..., k,00 Ai
~ N —2)? ~ N —2)2
Moo I:)\oo+€/\o+o < % and \; ::)\,;+€)\j' < % foralli=1,...,k.

By scaling properties of the operator and in view of Lemma 2.1, to prove the statement it is enough
to find ¢ € DL2(RY) positive and smooth outside the singularities such that

k
(14) —Ap(z) — Z Vi(z) p(z) — Voo (z) p(z) > 0 ae. in RY,
i=1
where _ _
_ AiXpa,/5)(2) Aso XgN\ B(0,Ry/5) (T)

Vi(x)

2 ) Voo(x) = ’

jz?

‘,ﬁ

0
and § > 0 depends only on the location of poles and on e. Indeed, if (14) holds for some positive
i, then Lemmas 2.1 and 1.2 ensure that

k
4 Ai XB(as,6) (%) Ao XRN\B(0,Ro) () €
1— & \ > i »Ro >
(N —2)2 imlokoe " = “(; e—a |22 “1+te
forall 0 < e < % — 1 and the result follows letting e — % - L

In order to find a positive supersolution to (13), for alli = 1,..., k let us set, for some 0 < 7 < 1,
B 1
P fa)

pi(x) = p(m - %) where p(z)
and
_ 0" Ry
27T (1+ 103/ Rol?)™
Since p;, poo € LN/? (RN), it is easy to see that the weighted first eigenvalue

/N (IVe(2)? = Vi(z) ¢*(x)) dz
R N :
/RN pi(z)e*(z) dz

is positive and attained by some function ¢; € DV2(RY), ¢; > 0 and smooth in RN \ {a;/6} and
also

Poo(T)

L (e~ Vao) @) o
T pra{EN)\ (o) D02 (2) de
|, pel@)@a

. 2
/ |Vo(x)|? de — Ao Ld (;E) dx
RN RN\ B(0,1) ||

= 12mJiVn
DL2(RN)\{0} / p(@)02(x) da
RN
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is positive and attained by some function ¢, € DV?(RY), po, > 0 and smooth in RY \ {0}. The
function ¢; satisfy

—Api(z) = Vi(x) pi(r) = pipi(x)pi(2)
while oo satisfy
Ao (@) = Voo () oo () = fooPoo (7)) Poc (@),
hence ¥(z) := poo (£02) satisfies

Ao XgN\ B(0,1)(T)

Lemmas 3.1 and 3.3 yield a constant Cy > 0 (independent on d) such that

1 a; _a’;\i a; _aii
(15) 7’95 G 2 ) < C’o‘x _ T for all z € B(a;/,1)

Co 0 o

1 |~ (N-2) I —(N-2)
(16) )x—& < pi(x) SCQ‘.Z‘—% , for all z € RN\ B(a;/6,1),

Co ] )

1 |0z |~ (N=2=a5_) dx |—(N=2-a5_)

— | = << < - o N

an & RO‘ < guelw) < o | 7 | . for all z € RN \ B(0, Ro/5),
1
(18) Co < o) < Ch, for all z € B(0,Ry/9).
Let ¢ = Zle Vi + NYoo for some 0 < n < inf{ H; cai=1, .k AN > O}. Then we have
402X,
k k
—Ap(@) =Y Vila) (@) = Ve (@) p(@) = Y pipi(@)pi() + pooPoc (@) oo (@)
i=1 1=1
k k
=Y Vil@)pje) = n ) Vilw)poo (@) = Vasl(2) Y wila).
i#j i=1 i=1

In particular a.e. in the set B(0, Ro/d) \ Ule B(a;/0,1), we have

k k
—Ap(a) =Y Vi(@) (@) = Ve (@) p(2) = Y pipi(@)pi() + posPoc (@)7 oo (@) > 0.
i=1 i=1

Let us consider B(a;/d,1). If A; < 0, we have easily that
k
—Ap =) " Vi(x) p(x) = Vao(@) () >0 ae. in B(a;/d,1).
=1

If Xz > 0 we can choose 7 < ag . Since, for § small,

B(a;/6,1) C B(0,Ry/8) and B(a;/5,1) C RN \ B(a;/6,1) for j # i,
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from (15), (16), and (18) it follows that, in B(a;/d, 1),

—Ap(x ZV Voo (@) (@) > pipi ()3 (Z% ) + 1 Poo(x ))
J#i
a;|~2 i a; |T—ox, - (N-2)
o 31l 17 - (Sl )]
*‘ 5 {2700‘96 5 Co (; v +’7>}
It is easy to see that for J small
a; | T, a: |—(N=2) 2 N—-2 n
SGTN S and ‘ ) <(—= ) TNz N
| 5 = oad ey (\az aj|) Sho1
and hence the choice of 7 ensures that
—Ap(x Zv Voo (z) 0(x) >0 a.e. in B(a;/d,1),

provided 9 is sufficiently small. N
Let us finally consider RY \ B(0, Ry/d). If Ao < 0, then

—Ap(x ZV Vaol(z) 0(x) >0 a.e. in RN\ B(0, Ry/6).

If Ao > 0 we can choose T < as__- From (16-17), we deduce that in RY\ B(0, Ry/9)

k
—Ap()= > Vi(@) p(x) = Vio () 9() > froopoo ()0 oo () — sz
i=1
1 oo ox (N—Q—a;\oo) T —(N-2)
> — Coree .
|z |2 [2700 RO‘ 0 Z’

It is easy to see that, in RY \ B(0, Ry/J),

> (1 — £)|z| where o = max{|a;|};, hence

k k
—Ap(x)= Y Vi) p(2) = Voo () () > procPoc (@)1 oo () = Vio (@) D ()
i=1 1=1
1 | poon ‘ ‘*(N*Q) - a\~—(N=-2) . N
> — - 1—— .. in RY\ B
Z IV [QTC’O o Co)\ook( R0> >0 ae in \ B(0, Ro/9d)
provided 9§ is sufficiently small. The proof is thereby complete. O

Remark 3.4. For (A1, ..., M\, Aao) € (=00, (N —2)2/4)"! let {a7, a3, ..., aP} € B(0, Ry) C RY
be a sequence of configurations approzimating {ai,as,...,ar} C B(0,Ry) C RN, a; # a; fori # j,

i.e. al — a' asm — oo for alli = 1,...,k. From the proofs of Lemmas 2.1 and 1.3, for any
0<a<l-— mx(ﬁfw, we can choose § > 0 independently of n such that

4 i 0o Ai .
~ 1-— max(Nl—Q)’; —a, if max;=1, . koo >0,
(Vi) > .

1, if maxX;—1,... koo Ni <0,
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where

Z AiXB(ar,6) /\ooX]RN\B(O,Ro)
|z — a"|2 |z|? '

Let us now deal with the case of infinitely many singularities distributed on reticular structures.

Lemma 3.5. [Shattering of reticular singularities] Let A < (N —2)2/4 and let {a, }, C RN
satisfy

(19) Z lan| "NV =2 < 400, Z sk — an| N2 is bounded uniformly in n,
and |an, — amy,| > 1 for all n # m. Then there exists 6 > 0 such that
/ (IVu(z)]* = V(z)u*(z)) dx

inf R

>0
) [ IVut@)P ds
RN

where
XB(an,5) (%) 5)(x
- n _
- Mool
PROOF. Let ¢ > 0 such that A = A +¢ < (N —2)?/4. Arguing as in the proof of Lemma 1.3, we
can construct a function 1 € D¥2(RY), ¥ > 0 and smooth in RY \ {0} such that

M)~ A me)() (@) = ppla)b(a).

where g > 0 and p(z) = |2|772(1 + |=|*)~7, for some 0 < 7 < 1. Moreover, by Lemmma 3.1,

|z =% —as [~ V=2 ~(N-2) : N
o <¢(z) < Clz|~** in B(0,1), and — < (z) < Clx| in RY \ B(0,1).
Let o(x) = >0, 1/1( ) For any compact set K, we have that there exists n such that, for

-2)

| (N- 2). Then

alln>nand z € K, (v — %)| < Clo— 2|~

0| () Zw(xff) Zdz(z——)eH (K) + L™ (K).

(RY). Moreover

< const | =n

In particular ¢ € L{

loc

XBanél
— Ap( AZ ”a,f‘g o(x)

e oo %) 3y Mt )
Then a.e. in the set RV \ |J°2 | B(a,/d,1), we have

XB(a
—Ap(z AZ B( /o) )<p(:l:)>0.

an ‘2
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Assume X > 0, otherwise there is nothing to prove, thus we can choose 7 < a5. Therefore in each
ball B(a,/d,1)

XB(ay /8,1)(T)
—Ap(z) - A Z ﬁsﬁ(fﬂ)
n=1 0

e ol )R 8 (o)
_ak+s_ Z ’x_i —(N—- 2)>.

Since, for small §, |x — ‘IT’"| > @ —-1> mmzi;a"‘ provided 0 small enough, we deduce that

—(N-2)

Ay |2 a
> const ’x — ?n’ (const ‘x S

< (20)N2 Z |am — an| "N 72 < const 6V 2,

m#n m#n

Hence, we can choose § small enough independently of n such that

XB(a
—Ap(x )\Z XB(an/5:)(®) ap(x)>0

_lln|2

a.e. in B(a,/d,1). Hence we have constructed a supersolution ¢ € LL _(RY), ¢ > 0in RN\ {a, }nen
and ¢ smooth in RY \ {a, }nen, such that

—Ap(z) — X Z B(a”/é (@ <p(x) >0 ae. inRY,

an‘Q

where A = X\ + & < (N — 2)2/4. Therefore, arguing as in Lemma 2.1 and taking into account the
scaling properties of the operator, we obtain

/RN (|Vu(ac)|2 — V(x)uz(:ﬂ)) dx
a(v) = inf

ueCfc(]RN\{an}nEN) / |V'LL((E)|2 dz
uZ0 RN

>0,

(20) | v@ra s < =) [ (Ve

for all u € C (RM \ {an}nen). By density of C° (RN \ {a,}nen) in DH2(RY) and the Fatou
Lemma, we can easily prove that (20) holds for all u € D2(RY).
0

Remark 3.6. The Lemma above can be used to construct examples of potentials having infinite
LN/Q’OO(]RN)—norm, but giving rise to positive quadratic forms.

Remark 3.7. If the singularities a,, are located on a periodic M -dimensional reticular structure,
M <N, ie. if

{an, : n e N} ={(x1,22,...,20,0,...,0): 2, €Z foralli=1,..., M},
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then > 00 | lantr —an| "N =2 < +oo if and only if Y po k= N=DFM-1 < 400 e, for M < N—2.

Remark 3.8. From Lemma 3.5, it follows that, for § small and any u € DV2(RY), the series

e 2
Z/ L%dx
=1 Blan,o) [z — an|

converges and

dr < const/ YVu(z)|? dz.
Z/B(am&) |x—an|2 ]RN| @)l

4. PERTURBATION AT INFINITY

In this section we discuss the stability of positivity with respect to perturbations of the potentials
with a small singularity sitting at infinity.

Lemma 4.1. Let

k
)\iX a; . )\ )\ooX T
Vi) = 3 2XBleara@) = BORT) |y,

i=1 |z — a;[? |z[2

where W € L®(RN), W(z) = O(|z|~27°), with § > 0, as |x| — oo. Assume that (V') > 0, namely
that the quadratic form associated to the operator —A — V is positive definite. Let yo € R such

that Moo + Voo < (%)2 Then there exist R > R and ® € DM2(RN), & > 0 in RN \ {a1,..., a1}

and smooth in RN \ {ay,...,ar} such that
Yoo
—A®(z) = V(2)®(x) - [ EM\B G, i ®(x) > 0.

PROOF. Let us fix

0<e< min{\/(Nz_Q)2 — oo, \/(NZ_2)2 — Ao —%0}7

Co > 0 such that

and Rg > 0 such that

k 2
N -2
U B(a;,r;) C B(0,Ry) and — ) 2= > @.
= 2 R
Let ¢1 > 0 be a smooth function such that
1
01 =0 in B(0,Ry), i(z) = e in RV \ B(0,2Ry).
T £
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For every R > 2Ry, we have that

Yoo XgN\B(0, R) (z)
|2

(21) —Api(z) — p1(r) = p1(x) + fi(x)

|

2
N —2\? Xgn 7 ()

<N — 2) 2 B 52] X B0, )\ B(0,2Ro) (¥)

_|_

2

where f1 is a smooth function with compact support. Let us choose a smooth function with
compact support fo such that

fi+f2>0m RN, fi+ fo >0in B(0,2R;), and

Aoo .
Jo+ WXBp(0,2r,) 1 + WXB(OQRO)\B(O,RO)% >0 in RY.

Since fo + WXpg(0,2r,)%1 + )\OO\x|_2XB(o,2R0)\B(O,RO)L,01 € L%(RN) and u(V) > 0, in view of the
Lax-Milgram Theorem there exists ¢o € DV2(RY), 09 > 0 in RN \ {ay, ..., ax}, satisfying

Ao X B(0,2R0 )\ B(0,Ro) (Z)
|z[?

(22)  —Apa(z) = V(z)p2(2) = fo(2) + W(x)XB(o,zRo)(l’) + e1(x).

From Lemma 3.3, we have that, for some positive constant C1,

1
6|a:|*<N*2*“Aoo> < ga(x) < Chfz|~ V727 0) in RV \ B(0,2Ro).
1

Set ® = 1 + py. We claim that for R > 0 large enough there holds

Yoo XpN\B(0,R) ()
|z[?

—AdD(z) — V(2)P(x) ®(z) >0, ae inRY.
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For all R > 2Ry, from (21-22) we deduce
(23)

B Yoo XRN\B(0, ) ()
|z[?

—AD(z) — V(x)®(x) O(x)

> sz_z)z_ e — %o] M%(x) {(N - 2)2 _ 82} XB(0.7)\B(0.2R,) (%) o1 (2)

2 2f? 2 [al?
Ao X B(0,2Re)\B(0,Ro) (Z)
+10)+ Fal0) + W Xiany o) + 2 ORI )
Yoo XgN\ B R ()
- ee) V@ (@)

N_ 2 2 2 X N\ (0 ‘)(1) 1
> R R _ RM\B(0,R
= }1(1') —+ fg(fﬂ) + |:( 9 ) 3 Yoo )\oo:| |JI|2 |x| N;2 -

N —2\2 Co 1 XB(0,R)\B(0,2R0)(T)
+(555) - ] FNDO.280) 7 ()
{ 2 |[° ||
Co 1 Yoo Cq
T PR e Es0.m ) T R e s o.m (@)
By the choice of fa, we have that in B(0,2R))
B Yoo XpN\ B(0,R) (2)
|z[?

From (23) and the choice of € and Ry, it follows that, in B(0, R)\ B(0,2R,),

—AD(z) — V(z)®(x) O(x) > fi(x) + fa(x) > 0.

Yoo X\ (0, 7 (%) N —2\2 Co ] 1

From (23) and the choice of ¢, we deduce that, in RN \ B(0, R),

Yoo X o (@
~AD(@) - V(2)@(z) - — RN|;T§0’R)( o) >
N —2\2 1 CO ’}’0001
> (E—2) -2 -~ — - -
- {( 2 ) c oo Aoo] |x|2+¥+s |x|2+6+¥+5 |$\N_“*oo >0
provided R is large enough. The claim is thereby proved. O

Theorem 4.2. Let

k
ANiXB(a: ) (T Ao X T
V(JC) :Z iXB(aq, L)( ) 4 ]RN\B(O,R)( )

|z — af? |z[?

+Wi(x) eV,

where W € L®(RN), W(z) = O(|z|27%), with § > 0, as |z| — co. Assume that u(V') > 0, namely
that the quadratic form associated to the operator —A — V is positive definite. Let 7o € R such
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2
the quadratic form associated to the operator —A —V — &%X]RN\B(O,R) is positive definite.

that Ao + Yoo < (M)2 Then there exists R > R such that ,u(V + &%X]RN\B(O R)) > 0, namely

PROOF. As already observed in the proof of Lemma 2.1, if V' € V and u(V) > 0, then there
exists € > 0 such that V + eV € V, u(V +eVF) > 0, and Ao + 700 + (AL +75) < (852)%

In particular V + eV also satisfies the assumptions of Lemma 4.1, hence there exist R > R and
® € DL2RYN), @ > 0in RV \ {ay,...,ar} and smooth in RN \ {ay,...,ax} such that

N
—Ad(z) - V(2)P(z) — &%XRN\B(QR)@(x) > e(VH) + &%)@(x) >e(Vi(a) + ‘Wx%)np(x).

The conclusion follows now from Lemma 2.1. O

5. SEPARATION THEOREM

In this section we provide a tool to construct a positive operator from two positive potentials
in V whose interaction at infinity is not too strong. To this aim we first show how, starting
from the supersolutions corresponding to each positive given operator, it is possible to scatter the
singularities and obtain a positive supersolution for the resulting operator by summation.

Lemma 5.1. Let

k
Vi () = i: )‘%XB(U,}J})(J:) AL Xe3\ B(0,Ry) ()

W-
- al e ey,

i=1

i/\?XB(af,rf)(x) A2 XRN\B(0, 1) ()
|z — a7|? |z [?

VQ(.%‘) = + WQ(LL‘) eV,

i=1
where W; € L®RY), Wi(z) = O(|z|7279), i = 1,2, with § > 0, as |x| — oo. Assume that
w(V1), u(Va) > 0, namely that the quadratic forms associated to the operators —A — Vi, —A —V;
are positive definite and that N\, + N2, < (%)2 Then, there exists R > 0 such that, for every
y € RN with |y| > R, there exists ®, € DV2(RY), &, > 0 a.e. in RN, &, > 0 and C'-smooth in
RN\ {a},a? + Y}i=1,..k;,j=1,2, such that

~AD,(z) — (Vi(z) + Va(z —y)) @y(z) >0 a.e inRY.
N—2

PROOF. Let 0 <& << 1 be such that AL, + A2, < (852)? — ¢ and, for j = 1,2, set

A= (H)Q—E and A=A ).

2
Let us also choose 0 < n << 1 such that
(24) A% < a1 =2n) and Al <3 (1—27).

We can choose R > 0 such that, for j = 1,2, Ufi1 B(af,r{) C B(0, R), and define

|3j - ag|_2+a in B(agmg),

(25) pi(z) =<1 in B(0, R)\ U, B(a?,r?),
0 in RN\B(O,R),
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with o > 0. In view of Theorem 4.2, there exist ; such that the quadratic forms associated to the
J - . . .
operators —A — V; — ;%XRN\ B(0,R;) are positive definite. Therefore, since p; € LN/2 the infima
A

= o Jan [[Vu(@)]? = Vi(@)u?(2) = vd]2[7*Xan g0, 7,y 4 ()] do
T uept2 (RN )\ {0} S~ pj(x)u?(z) da

are achieved by some 1; € DV2(RN), h; > 0 ae. in RY, ¢p; > 0 in RV \ {a{,...,aij}, solving
equation

J
(26) () = V() (2) = wipy)s() + Lo po iy (o) BN

In view of Lemma 3.3, there holds

lim ¢j($)|$|N727aA = éj >0,
P
hence the function ¢; := %7 solves (26) and ¢;(z) ~ |z|~(N=2794) at co. Then there exists

p > max{R;, Ry, R} such that, in RN \ B(0, p),

(27) (1= )|~V 727) < gi(z) < (14 )|z~ D27
and that
(28) (Wi(z)] <mydolel™  and  [Wa(z)| < mydolal ™

Moreover, from Lemma 3.1 we can deduce that for some positive constant C'

1 C_a s g .
(20) gle—all ™ < i) < Cle—al] ™ in Blal.r]), i=1.. .k

and ¢; are C'-smooth outside the poles.
For any y € RY, let us consider the function

D, (2) =2 01(x) + viop2(z —y) € DV(RY).
Then
—A®,(z)—(Vi(z) + Va(z — y)) @y (2)
e
= vz (2)pr(z) + ﬁXRN\B(O,Rl)‘PI(gﬂ)

1 .2
1
b2 —y)eale —y) + = S BB, #2(2 — )

— 1 Vi (@) 2z — y) — 2 Va(z — y)pr ().
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From (24) and (27), it follows that in RN \ (B(0, p) U B(y, p))

_A(I)y(x)_(vl (z) + Va(z — y))@y(x)

1 2 1 2
! 7L
> T;POO 1(56) + |x0i <X|>2 902(1‘1 - y)
s AR
o e C e I e e G e 0 I 50 N O /D) Va5 (1 = 1%)

>

o= =yl TaPle =y o — gl

1 1 1 1
1.2 2
_ 1 - — - —— ) >o.
’Yoor}/oo( n ) <|$|N_QA_2 |x—y|N_“A_2) <|LL'|2 x_y|2) -

For |y| sufficiently large, B(0,p) N B(y,p) = 0. In B(a},r}), fori = 1,... k1, from (25), (27),
(28), (29) we have that

—A®y (z)—(Vi(2) + Va(a — y)) Dy (@)

5 Vi
> Y1 ()1 () + |in ;TQ pa(z —y)

— 1 Vi(@)pa(z — y) — V2 Valz — y)er ()

> |z —aj| {“”50

C +0(1)} . as|y| — oo

In B(0,p) \ Uf;l B(a},r}), from (25), (27), (28) and since ¢; > ¢ > 0, we obtain that
—A®, () — (Vi(z) + Va(z — ) @y (2) > puric+o(l),  as |y — oo
In a similar way we can prove that, if |y| is large enough,

—A®(z) — (Vi(z) + Va(z —y))Py(z) >0, a.e. in B(y,p).

Proof of Theorem 1.5. Let us fix ¢ € (0,1) such that, for j = 1,2,

o) e <min{2s (v, 12 [M(iwﬁ L))+ S| }
and
u(V V) >0, A+ e (00) +020)7) < (552

see the proof of Lemma 2.1. Fix R > 0 such that

3

. g
(31) IWiXex\p(o,r) L2y < mm{?ES}.
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Denoting Vj r := V; — W;Xgn\ p(0,r), from (30) and (31), there results
[ (Vu@P = V(o) (@) do
R

_ w(V;
> [u%5) = IWas s lawans ™) [ IVat@as= 202 [ wuwp ds

therefore, from (30), it follows

/]RN (|Vu(x)|2 — (Vj,r(z) + 6‘/J+R(:L'))u2(m)) dx

1) - o (g (S0D* + ) + s-luwjnmz(wﬂ IRCCIRE

i=1
ZM/ |Vu(z)|? dz.
4 Jon

Hence the potentials V; g + 5Vj+R satisfy the assumptions of Lemma 5.1, which yields, for |y|
sufficiently large, the existence of ®, € DL2(RY), o, >0 ae. in RY, ®, > 0 and C'-smooth in
RN\ {af,a? + y}i=1,..k,,j=1,2, such that

—AD,(z) — Vi y(2)Py(z) > ¢ ng(x)fl)y(x) a.e. in RY,

where Vg ,(z) :== Vi r(x) + Vo r(z — y). As a consequence, arguing as in the proof of Lemma 2.1,
we easily deduce that

fow (VU@ = Vi (2l (@) do
ueDL2(RN)\ {0} S~ Vg:y(x)UQ(x) dx -

(32)

We claim that
0 Jen (IVu(z)* = (Vi(z) + Va(z — y))u?(z)) do
uwEDL2(RN)\{0} Jon [Vu(z)|? da

> 0.

We argue by contradiction and assume that there exists a sequence u,, € D"2(RY) such that

lim (\Vun(x)|2 - (Vi(z) + Va(z — y))ufl(w)) dr =0 and /RN |V, (z)]? = 1.

n—oo JpN

From (32) and (31), we obtain, for n large enough,

e=c /R Vit @)+ W@ po,m) @) + Wale = 9)Xan b, (0) = Vi, (@) wl () da + o(1)

2
< [ Vu@Pdo— [ Viylahd(e)do+ =SS WX s s + o)
R R

j=1

2
= /]RN (lvun($)|2 — (V1($) + V2(5C — y))u%(m)) dx + (1;5) Z HWJ‘XRN\B(O’R)”LN/2(RN) + 0(1)
j=1

< S(l+e)+o(1) <
which is a contradiction. The theorem is thereby proved. 0

ool ™
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6. POSITIVITY OF MULTIPOLAR OPERATORS

This section is devoted to the proof of Theorem 1.1.

Proof of Theorem 1.1.

Step 1 (Sufficiency.) We prove the sufficient condition on the positivity of the quadratic form
Qxi,... Ap,a1,....ar, aPPlying an iterating process on the number of poles k. Let Ay < Ay < -+ < Ap.

As observed in Section 1, if k& = 2 the claim is true for any choice of ai,as. Suppose that
the claim is true for k — 1, let us prove it for k. We may assume A > 0, otherwise the proof
is trivial. If Ap,..., A\ satisfy (3), then the same holds true for Aj,...,Ap—1. By the recursive
assumption, there exists a configuration of poles {aj,...,ar—1} such that the quadratic form
Qxi1,..Ap_1,a1,....ar_1 associated to the operator

is positive definite.
We claim that there exists a; € RY such that the quadratic form associated to the operator
Lx,,..2na1,....a5 1S Positive definite. Indeed, the two potentials

— A A

% k

M= g YOS op
i=1 v

belong to the class V and satisfy the assumptions of Theorem 1.5, which ensures the existence of
ar € RY such that the quadratic form associated to the operator

Lk1,4..,kk,a1,...,ak = _A - (Vl + ‘/2( - a/k'))

is positive definite.

Step 2 (Necessity.) Assume that for some configuration {aq,...,ax} and for some € > 0 there
holds
S *(x)
/ |Vu(z)|?de — Z /\i/ g > 6/ |Vu(z)?dz, for all u e DLH2(RY).
RN P Ry |7 — ail? RN

Arguing by contradiction, suppose that, for some i, \; > (%)2 Let 6 € (0,e(N —2)?/4). By
optimality of the best constant in the Hardy inequality (2) and by density of C2°(RY) in D1:2(RY),
there exists ¢ € C2°(RY) such that

2 2
/ IVo(z)|2dx — /\i/ alCOI R N GO
RN ry |72 ry |2
The rescaled function ¢, (z) = p~N=2/2¢(x /) satisfies

2
Quon s Opla =) = [ Vo@Pas - [ )

¢*(x)

Ry |2[?

d:v—z}\j/ %dw
"

i RN o

= / Vo (x)|?dr — \; dx+o(1), asu—D0.
RN
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Letting ¢ — 0, by Hardy’s inequality, we obtain

2 29 . ¢*(x)
s/RN V()| dxg/RN Vo (x)2de )\z/RN S

\
¢2($> 40 2
<o < e /RN Vo(@)|?dx

thus giving rise to a contradiction.

Suppose now that, A := Zle A > (%)2 Let § € (0,e(N —2)2/4). As above, there exists

¢ € C(RYN) such that
¢*(z) ¢*(x)
/RN |V¢(x)|2dx—A/RN xé de < § Y) da.

| ry 22

The rescaled function ¢, () = u=N=2/2¢(x /) satisfies

k 2
Qusin s Opla)) = [ Vo@Pde = 30x [
i=1

¢*(z)

Ry |22

= / |V (z)|[>dz — A dx 4+ o(l), as u — oo,
RN

see [19, Proposition 3.1]. Letting u — oo and arguing as above, we obtain easily a contradiction.
O

7. BEST CONSTANTS IN HARDY MULTIPOLAR INEQUALITIES

The classical Hardy’s inequality states that p(|z[™2) = 1 — ﬁ is not attained. On the
other hand, when dealing with multipolar Hardy-type potentials, a balance between positive and
negative interactions between the poles can lead to attainability of the best constant in the Hardy-
type inequality associated to the multisingular potential V' € V:

(33) /RN V(@) lu(@) de < (1 - u(V)) /RN Vu(@)|2dz, for all u € DV2(RY).

We recall that, in view of Lemma 1.2, the best constant in inequality (33) can be estimated by
terms of the best constant in the inequality associated to the potential with one singularity located
at the pole carrying the largest mass, ie. pu(V) <1 — ﬁ max{0,A1,..., Ak, Ao }. We now
prove attainability of p(V) when it stays strictly below the bound provided in Lemma 1.2.

Proof of Proposition 1.7. Let us denote
A =max{0, A1, ..., Ak, Aoo }-

From assumption (5), there exists a > 0 such that u(V) =1-— ﬁ — . From Lemma 1.3, there
exists § > 0 such that

(34) V) 21— =
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where V(z) = Zle AiXB(ai,0)|T — i) 7 4+ Ao XrN\B(0,Ro) 2] 2. We notice that we can split
V =V +W for some W € LN2(RN). Let u, € DY?(RY) be a minimizing sequence for u(V),
namely
/ |Vu,(2)|*de =1 and / (IVug(@)> = V(2)uz(2)) de = p(V) + o(1) asn — oc.
RN RN
Being {u,,}, bounded in DY2(RY), we can assume that, up to a subsequence still denoted as u,,
u,, converges to some u a.e. and weakly in D*2(R”Y). Since

W) < [ (Vun@)P - V@) dot [ Wiad(@)de=p(V)+ [ W) de+o(1)
RN RN RN
as n — oo, from (34) and the choice of « it follows that

— 4N —
1l ——s — = < u(V w ()dr=1— ——s — w 2(z)d
(N —2)2 2—/‘( )+ - (x)u”(z) dx (N2 a+ o (z)u(z) dz,
hence [pn W (z)u2(z) dz > S > 0, thus implying u # 0. From weak convergence of u, to u, we
deduce that
Jen (IVu(z)* = V(2)u?*(z)) do
Jon [Vu(z)|? d

[Jov ([Vun(2)? = V(@)u () do] — [ fox (IV(un —0)(@)]* = V(@)(un — u)?(2)) dz] + o(1)
Jow (Vn @)7 o — [ [Vt — ) @) o+ o(1)

1— Jan [V(un — u)(z)* dz + o(1) N o(1)

1= [an [V(un = u)(z)? dz + o(1) Jan IVu(@)2 dz + o(1)

Letting n — oo, we obtain that w attains the infimum defining p(V). O

< (V) = u(V)|1

as n — OoQ.

As a consequence of the attainability of u(V), a result of continuity follows.

Lemma 7.1. Let
k

AiXB(a;,r) () Ao XRN\B(0,R,) (T)
\%4 = AL ’ w
(z) ; e e +W(z) €V,
k
AiXB(ar ) (T) Ao XN\ B(0,R) (%)
Vn(;(;) = Z |x — a?|2 ‘x|2 0 + Wn(.’lj) ey

i=1
be such that al — a; asn — oo, foralli=1,...,k, and W, = W in LN/Q(RN). Then
Jim (V) = u(V).
PROOF. Let A = max{0,\1,..., \g, Aoo}. For any u € DV2(RY), Lemma A.3 and the strong
LN/2_convergence of W,, imply that [;y Vi, (z)u?(z) dz — [pn V(2)u?(z) dz, hence

(IVu(@)]? = Va(2z)u?(z)) do _ Jen (IVu(z)> = V(2)u?(z)) dz + o(1)
Jon V(@) dz Jon [Vu(2)? da

n(Vy) < fRN
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for any u € DV2(RY) \ {0}. Therefore, letting n — oo and taking infimum over DL2(RV) \ {0},
we obtain that

(35) lim sup (V) < u(V).

In particular, the sequence { u(Vn)}n is bounded. We now claim that
(36) w(V) =liminf u(V,).
Indeed, let {M(an)}j be a subsequence such that lim; p(V,,) = liminf, . u(V,) and suppose,

by contradiction, that lim; u(V,,) < u(V) — «, for some a > 0.
In view of Lemma 1.3, see also Remark 3.4, there exists § > 0 independent of n such that

~ D) « ~ D) «
n) 21— s — =, >1l- s — 5,
@) W) 21- B8 iz P
where
Z AiXB(ar,5) )\OOXRN\B(O,RO Z AiXB( al, /\ooXlRN\B(O,RO)
|z — a”|2 |z |z — a;[? || .

We can write V,, :V —|—W andV:XN/—&—W, where
k

A
W W +Z| n|2XB(a ;i)\ B(al,d) and W W—’_ZF

Xar a
ail? B(ai,ri)\B(a;,8)"

By the Dominated Convergence Theorem we deduce that W,, — W in LV/2(RN).
From Lemma 1.2, we have that, for large j,

4
(N —2)*
hence, by Proposition 1.7, u(V},;) is attained by some ¢; € DL2(RY) satisfying

[ Fei@Pde=1 and [ (V@) Vi, @) @) d = u(Vi),
Moreover ¢; satisfies the equation

(39) —Apj(x) = Vo (2)p;(x) = —p(Va, ) Agj (2).
Since {¢;}; is bounded in DV2(RY), there exists a subsequence, still denoted as {¢;};, weakly
converging to some ¢ in DL2(RY). From (38) and (37) it follows that
40 o) 9 9 — 9
1= rogi — 5 <aT) < [ (Ve@F ~V,@e@) det [ W, @) do

(38) (Vi) < (V) —a < 1 -

=nVa)+ | W, ()3 () do < p(V) — o+ . W (x)¢?(z) dz + o(1),

as j — oo. Letting 7 — oo, we obtain that
4\ — 4\

1—m §<,u(V)—oz—|— RNW(m)goQ(x)del—m -
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yielding [ v W(x)ap%x) dr > 5 >0 and hence ¢ #Z 0. We claim that

(40) lim ‘7,” (x)pj(z)v(x)dx = / V(z)p(z)v(z)dr for all v e DV2(RM).
)= JRN RN
Indeed for any v € DL2(RY) and & > 0, by density there exists 1 € C(RY \ {ay,...,ax}) such

that [[v —9|[pr2@yy < e. Since 1 lies far away from the singularities, from Hardy’s inequality we
have that

| Vu@es@h@ide— [ T ds
]RN

RN

< conste + ‘/ (‘7,” —V)(z)p;j(z)¢(zr) dr| < conste +o(l) asj— oo.
RN

(40) is thereby proved. From (40) and strong L™/2-convergence of W, to W, we can multiply (39)
by ¢ and pass to limit as j — oo thus obtaining

[ (Ve = V@) @) do =tmint (Vi) | V(e

RN n—oo RN

and consequently liminf, . u(Vy) > p(V), a contradiction. Claim (36) is thereby proved. The
conclusion follows from (35) and (36). O

Remark 7.2. We emphasize that ju: LN/2°(RN) = R, pu: V s u(V) is continuous with respect
to the LN/2°°_norm. In particular the first D2(RN)-eigenvalue (V) is continuous not only with
respect to the location of the singularities but also with respect to their masses \;’s.

Remark 7.3. We notice that if V,, € V converge to V€ V in the sense that the poles of V,
converge to the poles of V' (i.e. in the sense of Lemma 7.1), then ||[Vy, — V|| n/2.00mny does not
tend to zero. On the other hand (V) — (V). In other words, the first DV2(RYN)-eigenvalue is
stable with respect to small perturbations of configurations of poles, even though such perturbations
make the LN/%_distance between the potentials far away from zero.

Remark 7.4. Since operators with potentials in V' are compact perturbations of positive operators,
see Lemma 1.4, we can prove, for the first weighted eigenvalue v,(V) defined in (4), the same
type of continuity result as in Lemma 7.1. Moreover, it is not difficult to check that the infimum
defining v, is attained, for any p € LN2RN)YNCORN), p > 0. As a consequence, for anyV €V,
there holds

1, if t >0,
sgnv,(V) =sgnpu(V), where sgnt:=<0, ift=0,
-1, ift<0.

Indeed, it is obvious that v,(V) < 0 if and only if u(V) < 0. If w(V) > 0, from Hélder’s and
Sobolev’s inequalities it immediately follows that v,(V) > 0. Assume now that v,(V) > 0. By
continuity, we can find € > 0 such that v,(V + V™) > 0 is attained, thus providing a positive
function satisfying condition (ii) of Lemma 2.1, which yields the positivity of w(V).
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8. ESSENTIAL SELF-ADJOINTNESS

The Shattering Lemma 1.3 reveals how Schrédinger operators with potentials lying in the class
V are actually compact perturbations of positive operators, see Lemma 1.4. Hence they are semi-
bounded symmetric operators and their L?(RY)-spectrum is bounded from below. Consequently
the class V provides us with a good framework to study the spectral properties of multisingular
Schrédinger operators in L2(RY).

For any V' € V, let us discuss essential self-adjointness of the operator —A — V' on the domain
CX(RN\ {ay,...,ar}). In the case of just one singularity (i.e. k = 1), a complete answer to this
problem is contained in a theorem due to Kalf, Schmincke, Walter, and Wiist [27] and Simon [42]
(see also [39, Theorems X.11 and X.30]):

Theorem 8.1. [Kalf, Schmincke, Walter, Wiist, Simon] Let V(z) = ﬁ +W(z), W e
L>(RY). The operator —A —V is essentially self-adjoint in C°(RN \ {0}) if and only if X <

(N —2)2/4 1.

We are now going to extend the above result to potentials lying in the class V, for which we
give below a seflf/—adjointness criterion. According to Lemma 1.4, we can split any V € V as
V(z) =V (z) + W(x) where

k

~ Xi XB(a;.6)(T) Ao XRN\B(0,Ry) () ~
@y V@)=Y |xia_|>2 - |\w‘<2 ) §5>0, Ro>0, u(V)>0,
i=1 v

and W € LN/2(RN) n L= (RY).

Lemma 8.2. [Self-adjointness criterion in V] Let V. € V and V = V + W, with V as
in (41) and W € LN2(RN) N L°(RN). Then the operator —A — V is essentially self-adjoint in
CX(RN\{ay,...,ar}) if and only if Range(—A — V +b) is dense in L2(R™N) for some b > 0.

PROOF. For any b > 0, we can split the operator —A — V as (—A — V +b) — (W +b), i.e. as a
bounded perturbation of the positive operator —A — V +b. In view of the Kato-Rellich Theorem
(see e.g. [28, Theorem 4.4]), the operator —A—V is essentially self-adjoint in C>°(R¥\ {ay, ..., ax})
if and only if —A — V4 bis essentially self-adjoint for some b > 0. The conclusion now follows
from well-known self-adjointness criteria for positive operators (see [39, Theorem X.26]). O

The above criterion provides the following non self-adjointness condition in V.

Corollary 8.3. Let V eV and V =V + W, with V as in (41) and W € LN/2(RN) 0 L= (RN).
Assume that there existv € L*(RY), v(z) > 0 a.e. inRY, [on v? >0, a distribution h € H~*(RY),
and b > 0 such that

42 -1y (b)) oo <0 forallu e HY(RY), u >0 a.e in RY,
(RY) H(RN)

and

(43) —Av—Vuvo+bv=h DR\ {a,...,a1}).

Then the operator —A —V is not essentially self-adjoint in C° (RN \ {ay,...,ax}).
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PROOF. From Lemma 8.2 and the Kato-Rellich Theorem, it is enough to prove that Range(—A —
V +b) is not dense in L?(R¥Y). To this aim we will show that v does not belong to the closure of

Range(—A — vV + b) in L?(RY). Arguing by contradiction, we assume that there exist sequences
{un}n C O RN\ {ay,...,ax}) and {f,}, C L?>(RY) such that f, — v in L2(RY) and

(44) — Ay (2) = V() un () + bun (z) = fr(z).
In view of the Lax-Milgram Theorem there exists u € H'(R"Y), weakly solving
(45) —Au(z) — V(z)u(z) + bu(z) = v(z).

Testing (45) with —u~, we easily obtain that u > 0 a.e. in R™ hence by the Strong Maximum
Principle we deduce that u > 0in RN\ {ay,...,ax}. Subtracting (45) from (44) and multiplying by
Uy, —u, we find that [|u, —ul| g1 gy < const || fn —v|| L2 ey, hence u, — uin H'(RY). Testing (43)
with u,, and using (44), we obtain

H*I(JRN)<h7un>H1(]RN) = /RN fal(z)v(2) d,

which, passing to the limit, yields

H*l(RN)<h7U>H1(]RN) = /]RN v*(z) dz > 0.
The above identity contradicts assumption (42). O

We now extend Theorem 8.1 to our class of multi-polar potentials, thus proving Theorem 1.8.

Proof of Theorem 1.8.

Step 1: if \; < (N —2)2/4—1foralli=1,...,k, then —A — V is essentially self-adjoint.

In view of Lemma 8.2, to prove essential self-adjointness it is enough to show that Range(—A—f/—l—b)
is dense in L2(RY) for some b > 0, where V is as in (41). Let f € C°(RY \ {ay,...,a;}) and
b > 0. By the Lax-Milgram Theorem, there exists u € H'(R") weakly solving

—Au(z) — V(z)u(z) + bu(z) = f(z) in RN,
From Lemma 3.1 we deduce the following asymptotic behavior of u at poles
(46) (@) ~ Jz— a ", asw o ar

Hence the function g(z) := V(z)u(z) — bu(z) + f(x) ~ |z — a;|~* 2 as £ — a;. In particular, if
ANi < (N—2)2/4—1foralli=1,...,k, then g € L*(RY). Green’s representation formula yields

1 9(y) / 1 ou
47 ) =———— / — = dy + — = ds
47) (=) N(N - 2)wy [ B(as,0) [T —y[N 2 9B(as,0) [T —ylN =2 Ov
1 / u(y)
—_— ——>——ds, x € B(a;,0),
Nwn JoB(ase) |z —ylN 1 (@:,9)

where wy denotes the volume of the unit ball in RY, v is the unit outward normal to dB(a;,d),
and ds indicates the (N — 1)-dimensional area element in dB(a;,d). It is easy to verify that the
functions

1 ou u(y)

— — ds(y), T — ——ds(y),
9B(as,0) [T —ylN =2 Ov ) y[N -t )

T —
0B(ai,5) |z —
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are of class C'(B(a;,d)). From Lemma A.1 of the appendix, we have that

1 9(y) ) 1 / -y
V(v L ) =5 EY oy,
(N(N —2)un s T -y 2 Nwn JB(a;,6) [ —y\Ng(y) Y

Consequently

1 9(y) ) ‘ / ly —ai| =2
48 AV e —— / —="—dy || < const  —dy.
(48) ’ (N(N = 2)wN JB(ai0) 17— y|N 2 B(as,0) |7 —ylN 1

IfX\; >1—N,ie. ay, > —1, then

1 9(y) )‘
v 7/ — < const h;(z — a;),
‘ (N(N = 2)WN JB(as,0) [T — Y|V 2 Y ( )

where
ly| = o> 2
hi(z) = dy.
@) /RN o -y
An easy scaling argument shows that h;(ax) = a~ i~ 'hi(z) for all > 0, hence h;(z) =
|z| =% ~1h;(e1), where e; = (1,0,...,0) € RY. Then, if \; > 1 — N,
1 9(y) >‘ —ax, -1
49 \Y 7/ —r < const |z — a;| 7.
(49) ‘ (N(N_2)WN Blais) |7 —y[N 2 Y | |

IfA\<1—N,ie ay, <-1l,wefix0<e< % and notice that, from (48),

1 9(y) N —ay, —1
A4 7/ —= < 5T T B(2),
‘ (N(N —2)wN JB(as,0) [T —ylN 2 Y =)

where

1
k; = dy.
@) /RN = @l 2V Y

An easy scaling argument shows that k;(az) = o ¢k;(x) for all & > 0, hence k;(x) = || %ki(e1).
Then, if \; <1—-N

(50) (5 o Lo e )| < @k~

for some positive constant C'(¢) depending on € (and also on N, \;, and u). Representation (47),
regularity of the boundary terms, and estimates (49-50) yield

O(|x—ai|_‘“i_1), if>\i>1—N,
(51) Vu(z) = as r — a;.
O(lz — a;|79), if \; <1—-N,
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For all n € N let 7, be a cut-off function such that n, € C°(RN \ {a1,...,ax}), 0 <n, <1, and

)=0in U (al, )U(RN\B(O,Qn)), Nn(z) =1 in B(0,n \U (al, ),
Vin(2)] < C'n in U( (a: )\B(ai,in)), |V77n(x)|§%in B(0,2n) \ B(0,n),

A7 (2)] < Cn? in L_J( (s )\B(al,%)), Ann(2)] < % in B(0,2n) \ B(0,n),

for some positive constant C' independent of n. Let us set f,, := n,f — 2V, - Vu — v An, and
Up = Npu, so that u, € Cg"(ﬂ%N \ {a1,...,ax}) and —Au,(z) — V(2)un(x) + buy(z) = fru(z). In
particular f,, € Range(—A — V + b). Furthermore 7, f — f in L%(RY), while (46) and (51) yield

/ Vi ()2 V()2 dix
RN

k
t
< constn Z/ |Vu(z)|* de + Con; / |Vu(z))? da
B(a;, })\B(a;,2) n B(0,2n)\B(0,n)

s

§constn{ Z / || 2% 72 d 4 Z
B(0,%

_ const
|72 da | + —5—|lull i @)
n?

Ai>1—-N Ai<1l—-N ’n
S const |: 2 n2a>\ +4— N § n2+257N + ’I’L2:|
Ai>1— Ai<1-N

and

| Am@Plu@] da
1 9 const
< constn Z/ |u(z)|* dx + -

#\B(ai,55)

lu(z)|? dz

/B(O,Zn)\B(O,n)

co st
<constn42/ 2| 2% d + - ]| 71 vy
B(0,1/n)

k

< const {Z p2axi TN 4 n‘ﬂ )

i=1
Since for \; < (N —2)2/4 — 1 there holds 2ay, +4 — N < 0, we conclude that f,, — f in L2(RY).
Hence Range(—A — V + b) is dense in C®°(RN \ {ay,...,ax}). Since C®(RN \ {as,...,az}) is
dense in L2(RY), we obtain that Range(—A — V + b) is dense in L2(RM).
Step 2: if \; < (N —2)2/4—1foralli€ {1,...,k}, then —A —V is essentially self-adjoint.
Let us fix b > 0, f € C°(RY \ {ay,...,ax}). To prove essential self-adjointness it is enough to
find some g € Range(—A — v+ b) such that g is arbitrarily closed to f in L2(RY). To this aim,
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we fix € > 0 and notice that there exists 0 < o < 1 such that if u € H*(RY) solves

(52) —Au(x) = Vo (2)u(w) + bu(z) = f(2),
where
~ . (Ai = 0) XB(ay,5) () Ai XB(a;,6)(Z)  AcoXRN\B(0,R0/6)(T)
A Ai_%a% ool +Ai<<§-2>21 pmal WP
then
(53) (Ve = V)l g2y < e.

Indeed, by Remark 3.2, there exists a positive constant C' independent on o € (0,1), such that all
solutions of (52) can be estimated as

u(@)] < Clo = ai[ "= Jul| g rry  in Blai, d),
for all ¢ such that A\; = (#)2 — 1. Moreover, testing (52) by u there results that all solutions of
(52) satisfy
1/ ll2 @)
min{u(V), b}
Then for all ¢ such that \; = (%)2 — 1, we have that

llull vy <

UXB(a,,,é) (x) U 2

1
2 2 2 N—-5-2a(x,-«
|$—ai|2 S C g ||u||H1(RN)/O r & )d’l"

L2(RN)

C ey,
2(min{,u(1~/),b})2 Vito-1
Therefore it is possible to choose o small enough in order to ensure that all solutions of (52)
satisfy (53). For such a o, let u € H'(RY) be a solution to (52). Let 1, be the sequence of
cut-off functions introduced in step 1. As in step 1, we have that f, :=n,f —2Vn, - Vu —uAn,
converges to f in L*(RY). Hence, for every n large enough, [|f, — flr2@y) < e. Moreover
Up = nuu € CX (RN \ {ay,...,a}) and

(Ve = Vunll 2@y < 1|V — Vullp2@ny < &

o(l) as o —0.

for any n. Setting g, (z) := fu(z) + (Vo () — V(2))un(x), we obtain that u,, satisfies
—Atn () = V(@) un (@) + bun (x) = gn(2),

i.e. g, € Range(—A — V+ b), and [|gn — fllL2@~) < 2¢ for large n. The proof of step 2 is thereby
complete.
Step 3: if \; > (N—2)2/4—1forsomei € {1,...,k}, then —A —V is not essentially self-adjoint.
Let V =V + W, with V as in (41) and W € LN/2(RN) 0 L®(RV). Let us fix i € {1,...,k} such
that A; > (N —2)?/4 — 1 and a < 0, and consider the solution 1) € C*((—00,1Ind]) of the Cauchy
problem

U (s) — wg, U(s) =be* (),

(o) =0, ¥'(nd)=a,
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where wy, = (%)2 — \; and § is as in (41). In view of Lemma A.2 of the appendix, we can
estimate v as
(54) 0<9(s) <C e “° forall s<Ing,

for some positive constant C' = C()\;, 4, a, b). Let us set
o) = | a;| =7 w(n |z — ail), if x € B(a;,0) \ {ai},
"o, if 2 € RN\ B(as,0).

From (54) we infer that

—2 N

UG
(55) 0 <o) < Clo—a 7 VEFN in B(a,,9).

The assumption \; > (N —2)2/4 — 1 and estimate (55) ensure that v € L?(RY). Moreover the
restriction of v to B(a;,0) satisfies

—Av(x) — |5r3—)\7ia'|2 v(z) +bv(xz) =0, in B(ay,?d),
v

v=0 and %:5’%04, on 0B(a;,9).

As a consequence the distribution —Av — Vv +bv € D'(RV \ {ay,...,ax}) acts as follows:
Ve _N
D/(RN\{al,...,ak,})<—AU—VU+bU, <)0>C(?O(RN\{G1,...,G,1€}) :5 Za/aB( . (p(x) ds

Hence h = —Av—Vv+bv € H L(RY) and satisfies (42) as a < 0. From Corollary 8.3, we finally
deduce that the operator —A — V is not essentially self-adjoint in C°(RN \ {a1,...,ax}). O

The following theorem characterizes essential self-adjointness of Schrodinger operators with
potentials carrying infinitely many singularities distributed on reticular structures.

Theorem 8.4. For A < (N —2)2/4 and {an}, C RY satisfying (19) and |a, — am| > 1 for all
n#£m, let 0 <§<1/2 be given by Lemma 3.5 and

XB(an,5) (T
= ™ .
5 sl
Then —A =V is essentially self-adjoint in C° (RN \ {an}nen) if and only if X < (N —2)%/4—1.

ProoOF. From the Kato-Rellich Theorem the operator —A — V is essentially self-adjoint in
C2° (RN \ {an}nen) if and only if —A — V + b is essentially self-adjoint for some b > 0. In
view of Lemma 3.5, for any b > 0, —A — V + b is positive. Hence essential self-adjointness is
equivalent to density of Range(—A — V +b) in L%(RY) for some b > 0.

Let us first prove that, if A < (N —2)2/4 — 1, then —A — V is essentially self-adjoint. For
f € C® (RV\ {an}nen) and b > 0, the Lax-Milgram Theorem provides a unique u € H*(RY)
weakly solving

—Au(z) = V(z)u(z) + bu(z) = f(z) in RY.
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From Lemma 3.1 and arguing as in the proof of Theorem 1.8, we deduce that

Y O(lz — an|~71), ifA>1-N,
(56) wu(z) ~ |z —a,|™*, and Vu(z)= as T — ay,
O(lz — an|™%), ifA<1-—N,

where 0 < ¢ < Y22 Since A < (N —2)?/4 — 1, we have that 2ay +4 — N < 0, hence, for all j € N,
we can choose N € N such that N; — +o0 as j — oo, ij2‘“+4_N — 0, and ijza_N“‘2 — 0,
and let R; > 0 such that R; — 400 as j — oo and B(an,1/j) C B(0,R;) for all n = 1,..., Nj.
Let 7; be a cut-off function such that n; € C2° (RN \ {an}nen), 0 < n; <1, and

N; N;

ni(x)=0in | J B(an, %) U RN\ B(0,2R;)), n;(x)=1in B(O,R;)\ | J B(an, %)

n=1 n=1

NJ
Ol < i U (8o 1) \Bansg5)) 9] < 7 n BO.2R)\BOLRy),

A ()] < C 42 Q( (an,%)\B(an,%)), |A77j(x)|§%1n3(0 2R;)\ B(0, R)),

for some positive constant C independent of j and n. Let f; := n;f — 2Vn; - Vu — uAn; and
uj = nju, so that u; € C° (RV\ {an}nen) and —Au;(z) — V(2)uj(z) + buj(z) = fi(z). In
particular f; € Range(—A — V +b). Furthermore n; f — f in L?(RY), while (56) yields

/ V(@) 2| V()2 de
RN

t
< const j* Z / |Vu(z)|* de + C(};QS

/ |Vu(z)|? da
a-,“J N\B( aruglj) J B(0,2R;)\B(0,R;)

- const [N j2ext4=N 4 R;QHU”HI(]RN)], iftA>1-N
const [N j2e~N+2 4 Rj_2||u||H1(RN)], iftA<1-N

and, in a similar way,

/ | Ay () P )| dar < const [N, 2 H-N 4 R=1].
RN

By the choice of N;, we deduce that f; — f in L?(RY). Hence Range(—A — V +b) is dense in
C2° (RN \ {an}nen) and consequently in L?(RY).

To prove essential self-adjointness for A = (N —2)%/4 — 1, we can argue as in the proof of Theorem
1.8, Step 2, i.e. by approximation of the resonant potential V' with sub-resonant potentials. To
do that, we need to prove that for fixed b > 0, f € C° (RM \ {an}nen), and € > 0, there exists
0 < o < 1 such that if u € H}(RY) solves

(57) —Au(z) — Vo(x)u(z) + bu(z) = f(x), where V,(x) :=(\—0) Z M

[z —anf?
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then
(58) ||(Vg — V)UHL2(RN) <e.
Indeed, by Remark 3.2, there exists a positive constant C' independent on o € (0,1) and n € N,
such that all solutions of (57) can be estimated as
lu(z)] < Clz — an|” " |lull g1 (B(a,,61y) in Blan,6),
for some § < ¢’ < 1/2 and for all n € N. Consequently

2

UXB(G7L,5)(x)u ? |u||2 g
Hl(B(a,“(S’)) \/m_ 17

2
<9
|z — a,|? -2

L2(RN)
and hence

1(Ve = V)ul| . — 1
o — 2(RN) S L(RN
RV e L

o
< const ||f||L2(RN)7
vVvVli+o-—-1

Therefore it is possible to choose o small enough in order to ensure that all solutions of (57)
satisfy (58). In order to prove self-adjointness, it is now sufficient to repeat the argument of
Theorem 1.8, Step 2.

—0 aso—0.

The proof of non essential self-adjointness in the case A > (N — 2)2/4 — 1 can be obtained just by
mimicking the arguments of the proof of Theorem 1.8 and Corollary 8.3. g

9. SPECTRUM OF SCHRODINGER OPERATORS WITH POTENTIALS IN V

In this section we study the spectrum of the Friedrichs extension (—A — V) of Schrédinger
operators with potentials in V, see (7). We recall that in view of Theorem 1.8, if \; < (N —2)2/4—1
for all i = 1,...,k, then (—A — V)¥ is the only self-adjoint extension of —A — V. On the other
hand, if \; > (N —2)%/4—1 for some i, then —A —V has many self-adjoint extensions, among which
the Friedrichs extension is the only one with domain included in H*(RY). Due to self-adjointness,
the spectrum of (—A — V)¥ turns out to be a subset of R, which will be described below.

9.1. Essential spectrum. Let us start by studying the essential spectrum of the Friedrichs
extension of operators —A — V, V € V, in L?(RY). The Friedrichs extension (—A — V) :
D((=A = V)F) — L2(R") defined in (7) is self-adjoint. As a consequence, the essential spec-
trum aess((—A — V)F) can be characterized by terms of the Weyl sequences as follows: A €
Uess((—A - V)F) if and only if
(59) there exists {f}n C D((—A = V)¥) such that liminf, 4o || fnllp2@y) > 0,

fn — 0 weakly in L2(RN)7 and H - Afn - an - )\anLQ(]RN) — 0,
see [12, p. 167].
Proof of Proposition 1.9.1.
Step 1: [0,400) C gess(—A — V). Let A > 0. Tt is well known that oess(—A) = [0, +00), where

—A: D(-A) = H*(RN) = L*(RN).
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Hence A € 0ess(—A) and the characterization given in (59) yields a sequence {f,}, C H?(RY),
such that || fnllr2@y) =1, fr = 0 weakly in L*(RY) and || — Af, — Afnllz2@ryy — 0. By density
of C2°(RY) in H?(RY), for any n there exists g, € C°(RY) such that ||gn — fnl 2@~y < 1/n. It
is easy to verify that g, — 0 weakly in L?(R™), 1/2 < ||gn |l 12~y < 2 for sufficiently large n, and
| — Agn — AgnllL2r) — 0. Let us choose a sequence {2y}, C RY such that

(60) supp o, C RV \ B(0,n), where ¢, () := gn(2 + 2n).

By (60), it is easy to prove that ¢, — 0 weakly in L(R") and 1/2 < ||¢p || 2z = lgnllL2@yy < 2.
From (60), it follows also that, if n is sufficiently large, the support of ¢,, is disjoint from all balls
B(a;,r;) where singularities of V' are located. Therefore

Aoo XRN\ B(0,R)

EE On + We, € L*(RY)

Vo, =
and hence ¢, € D((—A —V)F).
Furthermore, letting h,, = —Aw, — Ay, we have that ||h, || L2@y) = | = Agn — Agnll 2@~y — 0,
hence

/ Vo (z)|*de = /\/ @2 (x) dx + hon(z)on(z) de < 4(A+0(1)), asn — +oo.
RN RN RN

Since ¢, is bounded in DV2(RN) and W € LN/2(RY) N L>(RYN), from Sobolev’s inequality we
obtain

2/N
60 IWonlmn <5 Wlmen ([ W@ 2a) [ v @Pas—o

N\B(0,n)
as n — +o00. Moreover

)\2

Sﬁ”@ﬂ”%ﬂ(ﬂ@]\f)—)() as n — 4o0.

Moo X
(62) H RN\ B(0,R)

|$|2 LIO’IL

L2(RN)
From (61-62) we deduce that lim,, . 1o [|[V@n||L2@y) = 0. As a consequence

| = Avn = Von = Apnllr2@yy < |hnllr2@yy + IVenll 2@y — 0
as n — +oo. Thus, {¢,}n, is a Weyl’s sequence and A € aess((—A — V)F).

Step 2: aess((—A — V)F) C [0,400). Assume now that A € aess((—A — V)F) Then, from (59)
there exists a sequence {fn}n C D((—A — V)¥) such that || fulz2@y) = 1, fn — 0 weakly in
L2(RN), and h, :== —Af, — Vfu — Afn — 0 strongly in L?(RV). By Lemma 1.4, we can write
V(z) = V(z) + W(z) where u(V) >0 and W € LN/2(RV) 0 L>°(RY). Hence

:)\/RN | fn(2)] dx+/RN W (x)|fn(x)] dx+/ o (2) f (2) dac

RN
<A+ HW”LN(RN) +0o(1) asn — +oo.
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Being { f,, }» bounded in H*(RY), there exists f € H*(R") such that, up to a subsequence, f, — f
weakly in H'(RY). Weak convergence of f,, to 0 in L>(RY) implies that f = 0, hence f, — 0
weakly in H'(R") and a.e. in RY. For any measurable set w, Sobolev’s inequality implies

/N

/wv”V(x)f,%(x) dx < s—1</w|’m7(x)|N/2 dg;)Q/N/RN IV fo(2)|? dz < const (/w|f/l7(x)|N/2 d;v>2 ,

hence the integral in left hand side goes to zero both for the Lebesgue measure of w tending to
0 and for w being the complement of balls with radius tending to +o00. As a consequence, the
Vitali’s Convergence Theorem yields

(63) lim W (z)f2(x) dz = 0.

n—-+oo RN

From (63) and the strong convergence of h,, to 0 in L2(R"), we obtain
A< ,m/ IV £ (@) dr — )\/ ()2 do
RN RN
< [ (9L@P - V@lh@P) d-a [ If@Pd

:/ W(x)\fn(x)|2dx+/ o (2) fu () dzt = o(1) a8 n —> +o0.

Letting n — 400, we obtain A > 0. O

Remark 9.1. [ Essential spectrum in the case of infinitely many reticular singularities ]
For A\ < (N —2)2/4, let {an}n C RY be a sequence of poles located on a periodic M -dimensional
reticular structure, M < N — 2. As observed in Remark 3.7, (19) is satisfied and Lemma 3.5
yields & > 0 such that the quadratic form associated to the infinitely singular operator —A — V|
V(z) =AY 0" |2 — anl 2XB(a,,5)(x), is positive definite in D?(RN). Since the reticulation does
not fill the whole RN, we can repeat the translation argument in Step 1 of the proof of Proposition
1.9.1 to construct Weyl’s sequences. In addition, the positivity of the quadratic form allows us to
mamic the procedure developed in Step 2, thus obtaining that the essential spectrum of the Friedrichs
extension (—A — V) is given by the half line [0, +0c0).

9.2. Discrete spectrum. If v;(V) < 0, then the spectrum of (—A — V)¥ below 0, namely the
discrete spectrum

oa((—A - V)F) =o((-A - V)F) \ Oess ((—A — V)F) = 0((—A — V)F) N (—o0,0),
is not empty and is described as a sequence of eigenvalues
lll(V) < I/Q(V) << l/k(V) R

which admit the following variational characterization:
/ (\Vu(x)|2 — V(x)uQ(z)) dx
ve(V):= inf RY

s k=12
ueEmM\{0} / lu(z)|? dz
RN

) ) A
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where
Ek:{weHl(RN):/ w(z)v;(x) =0 fori:l,...,k—l}
RN

and {v;, i = 1,...,k — 1}, are the first k£ — 1 eigenfunctions. The following corollary of Lemma
1.4 states that whenever 14 (V) < 0, then it is attained. The corresponding eigenfunction thus
provides a bound state in L*(RY) with negative energy.

Corollary 9.2. If V €V and v1(V) <0, then v1(V) is attained.

PROOF. In view of Lemma 1.4, we can write V as V(z) = V(z) + W(z) where u(V) > 0 and
W e LN2(RN) N L2(RN). Let {u,}, C H'(RY) be a minimizing sequence such that

/]RN | (z)*dz =1 and  lim (|[Vun(2)]? = V(2)ui(2)) do = vy (V).

n—-+o0o RN n

Since
W) [ V@R de < [ (9@ - V@l @) de
= V) + [ W@lun(a) do +0(1) < (V) + (W) + o)

as m — 400, we obtain that {u,}, is bounded in H'(R™), hence, up to a subsequence, u, — u
weakly in H'(R") and a.e. in RV, Vitali’s Convergence Theorem easily yields

W (2)|un (2)[? do — / W (a)|u(z)|? da.
RN RN
Therefore, taking into account that [;y (|Vu(z) |2—X~/(x)u2(x)) dz is an equivalent norm, we deduce
(64) / (|Vu(z)]? - V(m)uQ(x)) dx — W (z)|u(z)[? dz
RN RN

< liminf </1RN (IVun(2)? = V(z)u2 (2)) dx) — lim W (@) |un(2)]? dz = 11 (V) < 0.

n—-+4oo n—-+o0o RN

Hence u # 0. Then from (6) and (64) it follows

(65) l/l(V)/ lu(z)|? de < / ([Vu(z)]?* — V(z)u*(z)) dz < vi (V).
RN RN

Hence [;n [u(x)[*dz > 1. On the other hand, by weakly lower semi-continuity of the L?-norm,

we have that [oy [u(2)]? dz < liminf, |« [on [un(2)|? dz = 1. Therefore [y |u(z)*dz =1 and,

from (65),

/ (IVu(z)]* = V(z)u*(z)) dz = v (V),
RN
i.e. u attains the infimum in (6). O

Fix an integer k£ > 1. Arguing as above, Lemma 1.4 allows us to prove that whenever v (V) < 0,
then it is attained, thus providing a bound state in L?(R”) with negative energy.

Corollary 9.3. If V €V and v (V) <0, then vx(V) is attained.



40 VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI

Proof of Proposition 1.9.2. Since operators —A—V, V € V, are L/2-perturbations of positive
operators (see Lemma 1.4), from the Cwikel-Lieb-Rosenblum inequality ([9, 31, 40]) it follows that
the number of negative eigenvalues is finite. Hence the conclusion follows from Corollaries 9.2
and 9.3. 0

9.3. Eigenvalues at the bottom of the essential spectrum. We now mean to study the nature
of the bottom of essential spectrum of operators Ly, ., a4,....a, defined in (1). More precisely,
when the values of \;’s admit both configurations of poles corresponding to negative quadratic
forms and configurations corresponding to positive quadratic forms, we will provide a necessary
and sufficient condition on the masses of singularities for the existence of a configuration of a;’s
admitting a bound state with null energy.

Let (A1,..., ) € R¥ fixed. We denote as X the set of colliding configurations, namely

Y= {(a,...,ax) € RV*: a; = a; for some i # j}.
For any a = (ay,...,ax) € RV*¥\ ¥, we introduce the following notation

Qhwn)\mahm,ak (u)

|u||291,2(RN)

Ha *= Lepra®n )\ o)

The following result is a direct corollary of Lemma 7.1.

Corollary 9.4. For (\1,...,\) € (—o0, (N—2)2/4)F, let a,, € RN* be a sequence of configurations
converging to a € RVE\ 3. Then lim pg, = jq.

Let us denote
AT:={a e RY"\T: po >0}, A== {a e RY*\Z: p, <0}, and A%= {a ¢ RVF\Z: p, = 0}.

From Corollary 9.4, it follows that AT and A~ are open sets. Hence, whenever both AT and A~
are nonempty, the set A° is nonempty and disconnects RVF \ ¥.

Proof of Theorem 1.10. Let us assume that the A;’s satisfy (3) and (8). From Theorem 1.1

and (3), there exists a configuration of poles a®™ = (a7 ,...,a{) such that p+ > 0. On the other
hand, in [19, Proposition 1.2] it is proved that, if Zle NS> %, then it is possible to find

a configuration of poles a= = (ay,...,qa; ) such that p,— < 0. It is worth noticing that, from
the proofs of Theorem 1.1 and [19, Proposition 1.2], there easily results that at and a= can be
chosen to be collisionless, i.e. at,a™ € RN¥*\ X, From Corollary 9.4, @ — pq > 0 is continuous on
RN*\ 3, which is a connected open subset of RV¥. Therefore there exist @ = (a1, ..., a) € RN*\X
such that pig = 0. From Proposition 1.7, it follows that e = 0 is attained by some u € D2(RY)
weakly solving in D12(RV) \ {0}

k A\,
(66) —Au(x) — Z m u(z) = 0.
i=1 ‘

By evenness we can assume u > 0, while the Strong Maximum Principle and standard regularity
theory ensure that u is smooth and strictly positive in RV \{ay,...,ax}. Lemma 3.3 yields a precise
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estimate of the decay of u at infinity, i.e. u(x) ~ ||~V =27%) as |z| — 0o, where Ao = Zle i

As a consequence
k
we LXRY) ifand only if ) N <

i=1

(N-2?

1.
4

Hence, under assumption (8), any function u attaining e provides an eigenfunction of the Schré-
dinger operator Ly, . ,.a1,...,.a, @ssociated to the null eigenvalue.

Let us now prove the necessity of condition (8). If Ele A > % — 1, Lemma 3.3 implies
that, for any a € RV¥ (66) cannot have any nontrivial nonnegative solution in H*(RY). On the
2
other hand, if Zle /\Z-+ < %, we distinguish two cases:
Case 1: Zfil A< %. In this case, [19, Proposition 1.2] ensures that uga > 0 for any
a € RV¥\ ¥ and hence the only D'2(R¥)-solution to (66) is the null one.

Case 2: Zle = %. In this case, assumption (3) implies that there exists at least one
index ¢ such that A\; < 0. Arguing by contradiction, assume that (66) admits a nontrivial
DL2(RN)-solution u to (66) for some (a1, ...,a;) € RV*\ 3. We have that

0= (1 - M(iﬁ)) /RN \Vu(z)? de

</ |Vu(x)|2dx—i)\+/ de——i/\/ de<0
RN i RN |17—(li‘2 B i N|3:—ai|2 ’

i=1 i=1 R
which is a contradiction.
In both cases, we have proved that, for any (ay,...,a;) € RV¥\ ¥, (66) admits no nontrivial
DL2(RN)-solutions. In particular, for any configuration of singularities, 0 is not an eigenvalue of
the Friedrichs extension of Ly, . x,.a1,...a%- O

APPENDIX

We collect in this appendix some technical results used in the paper. In the following lemma
(which was needed in the proof of Theorem 1.8), we extend to L? (not necessarily bounded)
functions a well-known property of differentiability of Newtonian potentials, see [23, Lemma 4.1,
p. 54].

Lemma A.1. Let Q C RY be a bounded smooth domain, p € 2, g € L*(Q), g smooth in Q\ {p},
and let u be the Newtonian potential of g, i.e.

_ 1 9(y) N
u(x)_N(Q—N)wN/Q|x—y|N—2dy’ z € R\ {p}.

Then u € WH(RN) for all q € (%, %] and the weak derivatives of u are given by

ou 1 g(y) (@i —yi)
(@ /
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PRrROOF. Let g € L*(RY) be such that g(y) = 0 in RV \ Q and §|Q = g. Note that u = I1(g),
where I5(g) is the Riesz potential defined by

N 1 g
(1)@ = =70 oo Tz

For any 1 < p < min{2, N/2}, from [45, Theorem 1, p. 119] it is known that I is a linear bounded
operator from LP(R™) into LN/ (N=2p)(RN) Tt follows that u € LY(RY) for all ¢ € ({5, 00) if
2< N <4, qe (5, 25)if N> 4.

Let g, € C®(RY) such that suppg, C Q and g, — ¢ in LP(RY) for all p € [1,2] and set
Up = I2(gn). Since for all 1 < p < min{2, N/2}, g, — g in LP(RY), we have that un — u in
LEN)/(N=20)(RN) je. u, — win LIRY) for all ¢ € (25,00) if 2 < N <4, g € (5, 225) if
N > 4. By [23, Lemma 4.1, p. 54], u,, € C1(RY) and

ouy, 1 gn(y)( Yi) .

axi() Ii(gn) = NwN/]RN |a:—y\N dy, reRY, i=1,..., N
From [45, Theorem 1, p. 119], I} are linear bounded operators from LP(RY) into L®N)/(N=p)(RN)
for all p € (1,2]. Hence, for i =1,..., N, 2 — [i(g) in LEN/N=p)(RN) for all p € (1,2], i.e.

N-2°

N-27 N2’N4

? dac,
uy, 1 J(y)(zi — i) . N 2N
d LR for all < —.
axi_’NwN/RN |z—y\N y I IDART) forall g9 << g
Therefore for all g € (N 5 ﬁNz} u € WH(RY) and
1 9y (= —y) N
Vu(z) = / dy, reR .
@) = e | S ay \ o}
The proof is thereby complete. O

The following lemma was used in the proof of Theorem 1.8.

Lemma A.2. Fors e R, w > 0,b>0, and a < 0, let ¢ € Cl((—oo,§]) be the solution of the
following Cauchy problem

P(s) —w?(s) = be* P(s),
P(5) =0, '(3)=a
Then
o wSs b 25 —ws —
ng(s)g—ﬂe exp<4we )e for all s < 5.

PrOOF. The initial conditions imply that v is positive in a left neighborhood of 5, whereas the
equation forces the solution to be convex wherever it is positive. As a consequence 1 must be
strictly positive in (—o0,5). We have that, for s < s,

77[}(5) — e wS [ _ gewg _ i ewt (t)€2t dt:| 4 ews [ ﬂus 4 7/ ﬂut 2t dt:|

2w 2w
For any 7 > 0, set f(7) := e“~7)4)(5 — 7), hence
AL —2wT b T w(t—T7 S5—
f(r)= —55¢ S(1—e? )—|—%/O (1 — e f(1) 250 dt.
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Since the function f € C1([0,+0oc)) can be estimated as

& s + b oo [T £(t) —2t gy
— e —e e
2&} 2(4) 0 ’

flr) < -

the Gronwall’s Lemma yields

Qs boos [T _o Qs b o5
< —— e - < — €
f(r) < 5, € exp <2w e /o e dt) < -5 e exp (4w e

for all 7 > 0, thus proving the required estimate. O

We now give a result of continuity of Hardy integrals with respect to poles which was used in
the proof of Lemma 7.1.

Lemma A.3. For any a € RN, r > 0, and u € DV2(RYN), there holds
2 2
lim ) / @) g,
Y= JB(y,r) |l‘ - y| B(a,r) |l‘ - a|
PRrROOF. For any u € DV2(RY), u > 0 a.e., we consider the Schwarz symmetrization of u defined as
(1) u*(z) :==inf {t >0: ’{yERN: u(y) > t}| <wylz/V}

where |- | denotes the Lebesgue measure of RY and wy is the volume of the standard unit N-ball.
For any Q@ C RY and for any u € DV3(RY), let Q* = B(0, (|Q|/wn)'/N) and |u|* denote the
Schwarz symmetrization of |u|, see (1). From [49, Theorem 21.8] and since (1/]z — y\)>k = 1/|z|,
for any y € RV it follows that

2 *\2
(2) / uiz de < / (Jul 2) da.
QNB(y,r) |z -yl Q*NB(0,r) |z

Let u € DL2(RY). Tt is easy to see that

2 2
u X u“X
- ZBlr) converges to 2B e in RY as Yy — a.
|z —yl? |z — al?
2
Moreover, from (2), it follows that the family of functions {% cy € RN } is equi-integrable.
Hence Vitali’s convergence Theorem allows to conclude. O

REFERENCES

[1] B. Abdellaoui, V. Felli, I. Peral, Ezistence and multiplicity for perturbations of an equation involving Hardy
inequality and critical Sobolev exponent in the whole RN, Adv. Differential Equations, 9 (2004), 481-508.

[2] W. Allegretto, On the equivalence of two types of oscillation for elliptic operators, Pacific J. Math., 55 (1974),
no. 2, 319-328.

[3] P. Baras, J. A. Goldstein, The heat equation with a singular potential, Trans. Amer. Math. Soc., 284 (1984),
no. 1, 121-139.

[4] H. Berestycki, M. J. Esteban, Ezistence and bifurcation of solutions for an elliptic degenerate problem, J.
Differential Equations, 134 (1997), no. 1, 1-25.

[5] H. Brezis, M. Marcus, Hardy’s inequalities revisited, Ann. Scuola Norm. Sup. Pisa Cl. Sci., (4) 25 (1997),
217-237.

[6] H. Brezis, M. Marcus, 1. Shafrir, Eztremal functions for Hardy’s inequality with weight, J. Funct. Anal. 171
(2000), no. 1, 177-191.



44

[7]

(8]

[9]
(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
(19]
(20]

21]
(22]

23]

[24]
25]
[26]

27]

(28]
[29]
(30]
31]
32]
(33]

(34]

VERONICA FELLI, ELSA M. MARCHINI, AND SUSANNA TERRACINI

M. Conti, S. Crotti, D. Pardo, On the existence of positive solutions for a class of singular elliptic equations,
Adv. Differential Equations, 3 (1998), no. 1, 111-132.

M. Conti, S. Terracini, G. Verzini, Nodal solutions to a class of nonstandard superlinear equations on RN,
Adv. Differential Equations, 7 (2002), no. 3, 297-318.

M. Cwikel, Weak type estimates for singular values and the number of bound states of Schridinger operators,
Ann. Math. (2), 106 (1977), no. 1, 93-100.

H. L. Cycon, R. G. Froese, W. Kirsch, B. Simon, Schrédinger operators with application to quantum mechanics
and global geometry, Texts and Monographs in Physics, Springer Study Edition, Springer-Verlag, Berlin, 1987.
I. Daubechies, E. Lieb, One-electron relativistic molecules with Coulomb interaction, Comm. Math. Phys., 90
(1983), no. 4, 497-510.

E. B. Davies, Spectral theory and differential operators, Cambridge Studies in Advanced Mathematics, 42,
Cambridge University Press, Cambridge, 1995.

E. B. Davies, B. Simon, LP norms of noncritical Schrédinger semigroups, J. Funct. Anal., 102 (1991), no. 1,
95-115.

V. De Cicco, M. A. Vivaldi, Harnack inequalities for Fuchsian type weighted elliptic equations, Comm. Partial
Differential Equations, 21 (1996), no. 9-10, 1321-1347.

T. Duyckaerts, Inégalités de résolvante pour l’opérateur de Schréidinger avec potentiel multipolaire critique,
Bulletin de la Société mathématique de France, 134 (2006), 201-239.

H. Egnell, Elliptic boundary value problems with singular coefficients and critical nonlinearities, Indiana Univ.
Math., J. 38 (1989), no. 2, 235-251.

A. Ferrero, F. Gazzola, Existence of solutions for singular critical growth semilinear elliptic equations, J.
Differential Equations, 177 (2001), no. 2, 494-522.

V. Felli, M. Schneider, A note on regularity of solutions to degenerate elliptic equations of Caffarelli-Kohn-
Nirenberg type, Adv. Nonlinear Stud., 3 (2003), no. 4, 431-443.

V. Felli, S. Terracini, Elliptic equations with multi-singular inverse-square potentials and critical nonlinearity,
Comm. Partial Differential Equations, 31 (2006), no. 1-3, 469-495.

V. Felli, S. Terracini, Nonlinear Schrodinger equations with symmetric multi-polar potentials, Calc. Var. Partial
Differential Equations, 27 (2006), no. 1, 25-58.

W. M. Frank, D. J. Land, R. M. Spector, Singular potentials, Rev. Modern Phys., 43 (1971), no. 1, 36-98.

J. Garcia Azorero, 1. Peral, Hardy Inequalities and some critical elliptic and parabolic problems, J. Diff. Equa-
tions, 144 (1998), no. 2, 441-476.

D. Gilbarg, N. S. Trudinger, Elliptic partial differential equations of second order. Second edition, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 224. Springer-Verlag,
Berlin, 1983.

C. E. Gutiérrez, Harnack’s inequality for degenerate Schrédinger operators, Trans. Amer. Math. Soc., 312
(1989), no. 1, 403-419.

G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Reprint of the 1952 edition, Cambridge Mathematical
Library. Cambridge University Press, Cambridge, 1988.

E. Jannelli, The role played by space dimension in elliptic critical problems, J. Differential Equations, 156
(1999), no. 2, 407-426.

H. Kalf, U.-W. Schmincke, J. Walter, R. Wiist, On the spectral theory of Schrodinger and Dirac operators with
strongly singular potentials, Spectral theory and differential equations (Proc. Sympos., Dundee, 1974; dedicated
to Konrad Jorgens), pp. 182-226. Lecture Notes in Math., Vol. 448, Springer, Berlin, 1975.

T. Kato, Perturbation theory for linear operators, Reprint of the 1980 edition. Classics in Mathematics.
Springer-Verlag, Berlin, 1995.

L. D. Landau, E. M. Lifshitz, Quantum mechanics, Pergamon Press Ltd., London-Paris, 1965.

J. M. Lévy-Leblond, Electron capture by polar molecules, Phys. Rev., 153 (1967), no. 1, 1-4.

E. Lieb, Bounds on the eigenvalues of the Laplace and Schrédinger operators, Bull. Amer. Math. Soc., 82
(1976), no. 5, 751-753.

M. Marcus, V. Mizel, Y. Pinchover, On the best constant for Hardy’s inequality in R™, Trans. Amer. Math.
Soc. 350 (1998), no. 8, 3237-3255.

V. G. Maz’ya, 1. E. Verbitsky, The Schridinger operator on the energy space: boundedness and compactness
criteria, Acta Math., 188 (2002), no. 2, 263-302.

M. Murata, Structure of positive solutions to (—A + V)u = 0 in R™, Duke Math. J. 53 (1986), no. 4, 869-943.



(35]
(36]
(37]

(38]
(39]

[40]
[41]
[42]
(43]
(44]
(45]
(46]

[47]
(48]

(49]

SCHRODINGER OPERATORS WITH MULTIPOLAR INVERSE-SQUARE POTENTIALS 45

Y. Pinchover, On positive Liouville theorems and asymptotic behavior of solutions of Fuchsian type elliptic
operators, Ann. Inst. H. Poincar Anal. Non Linaire 11 (1994), no. 3, 313-341.

Y. Pinchover, On the localization of binding for Schréodinger operators and its extension to elliptic operators,
J. Anal. Math., 66 (1995), 57-83.

Y. Pinchover, K. Tintarev, A ground state alternative for singular Schrédinger operators, J. Funct. Anal., 230
(2006), no. 1, 65-77.

J. Piepenbrink, Nonoscillatory elliptic equations, J. Differential Equations, 15 (1974), 541-550.

M. Reed, B. Simon, Methods of modern mathematical physics. II. Fourier analysis, self-adjointness, Academic
Press, New York-London, 1975.

G. V. Rosenblum, Distribution of the discrete spectrum of singular differential operators, Soviet Math. Izv.
VUZ, 20 (1976), 63-71.

D. Ruiz, M. Willem, Elliptic problems with critical exponents and Hardy potentials, J. Differential Equations,
190 (2003), no. 2, 524-538.

B. Simon, Essential self-adjointness of Schrédinger operators with singular potentials, Arch. Rational Mech.
Anal. 52 (1973), 44-48.

B. Simon, Brownian motion, LP properties of Schrodinger operators and the localization of binding, J. Funct.
Anal., 35 (1980), no. 2, 215-229.

D. Smets, Nonlinear Schridinger equations with Hardy potential and critical nonlinearities, Trans. AMS, 357
(2005), 2909-2938.

E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series, No.
30 Princeton University Press, Princeton, N.J. 1970.

S. Terracini, On positive entire solutions to a class of equations with singular coefficient and critical exponent,
Adv. Diff. Equa., 1 (1996), no. 2, 241-264.

A. Tertikas, Critical phenomena in linear elliptic problems, J. Funct. Anal. 154 (1998), no. 1, 42-66.

J. L. Vazquez, E. Zuazua, The Hardy inequality and the asymptotic behavior of the heat equation with an
inverse-square potential, J. Funct. Anal., 173 (2000), no. 1, 103-153.

M. Willem, Analyse fonctionnelle élémentaire, Cassini Editeurs. Paris, 2003.

VERONICA FELLI: UNIVERSITA DI MILANO BICOCCA, DIPARTIMENTO DI STATISTICA, VIA BICOCCA DEGLI ARCIM-
BOLDI 8, 20126 MILANO, ITALY. E-mail address: veronica.felli@unimib.it.

ELSA M. MARCHINI, SUSANNA TERRACINI: UNIVERSITA DI MILANO BicoccA, DIPARTIMENTO DI MATEMATI-
CA E APPLICAZIONI, VIA Cozzi 53, 20125 MILANO, ITALY. FE-mail addresses: elsa.marchini@unimib.it,
susanna.terracini@unimib.it.



