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Introduction

Description of the problems

This PhD thesis is concerned with applications of nonlinear systems of con-
servation laws to gas dynamics and traffic flow modeling.

The first result is contained in (1) and is here presented in Chapter 1.
It is devoted to the analytical description of a fluid flowing in a tube with
varying cross section. When the section a(z) varies smoothly, a classical
model is based on the p—system

teR™ time
_q zeR space
Oup + 0r = a Ora p=p(t,x) fluid density
(p) 9 2 g=q(t,x) linear momentum
q q .
Orq + Oy (— + p(p)) = Oz density
p p a=a(x)  pipe section

p=p(p) pressure.

Here, the source term takes into account the inhomogeneities in the tube
geometry, see for instance [40, Remark 2.7]. In this case, the regularity of
the pipe automatically selects the appropriate definition of weak solution.

The mathematical problem related to a junction has been widely con-
sidered in the recent literature, see [11, 21, 26] and the references therein.
Analytically, it consists of a sharp discontinuity in the pipe’s geometry, say
sited at = 0. More precisely, it corresponds to the section a(x) = a~ for
x < 0 and a(z) = a* for x > 0. Thus, in each of the two pipes, the model
reads

Oip+0zq =0

q2
8tq+a:c ;""p(p) :O

where the coupling condition

v (a7, (p,)(t,0-): 0™, (p, ) (,04) ) = 0

imposes suitable physical requirements, such as the conservation of mass and
the equality of the hydrostatic pressure, see [11], or the partial conservation

1
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of momentum, see [21]. In (1) we introduce a choice of ¥ motivated as limit
of the smooth case, see Figure 1.

Figure 1: The unique concept of solution in the case of a smooth section
induces a definition of solution in the case of the junction.

With this definition, we first prove the well posedness of the resulting
model, also in the case of a piecewise constant pipe’s section. The bounds
on the total variation obtained in this construction allow to pass, through a
suitable limit, to the case of a pipe’s section a of class W1, see Figure 2.
In particular, by means of this latter limit, we also prove the well posedness
of the smooth case.

I e
N N

Figure 2: The construction for a single jump is first extended to general
piecewise constant sections and then, through an approximating procedure,
to a section function a of class W1,

Above, as usual in the theory of conservation laws, by well posedness we
mean that we construct an L1 Lipschitz semigroup whose orbits are solutions
to the Cauchy problem. Moreover, the formal convergence of the problem
with piecewise constant section to that one with W11 section is completed
by the rigorous proof of the convergence of the corresponding semigroups.

In (1), a careful estimate on the total variation of the solution shows
that, at lower fluid speeds, higher total variations of the pipe’s section are
acceptable for the solution to exist. On the contrary, an explicit example
computed in the case of the isothermal pressure law shows that, if the fluid
speed is sufficiently close to the sound speed, a shock entering a pipe may
have its strength arbitrarily magnified due to its interaction with the pipe’s
walls. In other words, near to the sonic speed and with ¢ having large total
variation, the total variation of the solution may grow arbitrarily in finite
time.

A key role in the result above is played by wave front tracking solu-
tions to conservation laws and by the operator splitting method. The former
technique allows the construction of very accurate piecewise constant ap-
proximations. In general, properties of solutions are first proved on these
approximations, then passing to the limit we show that they hold on the
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exact solutions too. In the present case, the standard wave front track-
ing procedure [16, Chapter 7] needs to be adapted to the presence of the
junction.

In (2), presented in Chapter 2, as a first result we study the Cauchy
problem for an n x n strictly hyperbolic system of balance laws. More
precisely, we consider

teR*
Oyu + 8xf(u) = g(m,u) recR

_ u€R"
u(0,2) = uo(a) o € L N BV (R:R")

with each characteristic field being genuinely nonlinear or linearly degenerate
(see [16, Definition 5.2, Chapter 7]. Under the nonresonance assumption

|Ai(u)] = ¢>0forallie{l,...,n} and for all u,
and the boundedness condition
Hg(:z:, -)H02 < M (z) with M € Ll(R;R),

we prove the global existence, uniqueness and regularity of entropy solu-
tions with bounded total variation provided, as usual, that the L' norm of
llg(x,-)||c1 and TV(u,) are small enough. In [1] an analogous result was
proved, but under the stronger condition M € (L*°(R;R) N L*(R;R)).

This general result allows to compute the limit considered in (1) and
illustrated in Figure 1, also in the case of the full 3 x 3 Euler system. Indeed,
in (2), we derive existence and uniqueness of solutions in the case of a
discontinuous pipe’s section as limit of solutions corresponding to smooth
pipe’s section.

Among the results in (2) there is also a characterization of solutions
in the case of a general balance law. When applied in the 2 x 2 case of
the p—system, it ensures that the solutions constructed in [26, Theorem 3.2]
coincide with those in (1), whenever the coupling condition induced by the
smooth junction is considered.

Here, the technique is again based on the wave front tracking algorithm
but, differently from (1), we do not use the operator splitting procedure.
On the contrary, as in [1] here the source is approximated by a sequence of
Dirac deltas; careful estimates allow us to use the L! norm on the bound on
M instead of its L norm, so that we can go to the limit as in the scheme
of Figure 1.

In (3), presented in Chapter 3, the basic analytical properties of the
equations governing a fluid flowing in a pipe with varying section, proved
in (1) for the case of the p-system, are extended to the full 3 x 3 Euler
equations.
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In particular, we consider two tubes separated by a junction sited at,
say, * = 0. In each pipe, the fluid dynamics is described by the full 3 x 3
Euler system:

Op+0,q=0 p=p(t,z)  fluid density
9 q=q(t,x)  linear momentum
g + O EE p(pe) | =0 e=e(t,z) internal energy
©) P density
q - p=p(p,e)  pressure
HE+ O (E (B+ple e))> =0 E:%%—i—pe total energy density.

We extend the results proved for the p-system in [26, Theorem 3.2] to the
3 x 3 case of a general coupling condition at the junction, that is

¥ (a7, (p,0, B)(t,0-);0% (p, 0, E)(t,0+)) = 0.

This framework comprises various choices of the coupling condition found in
the literature, such as for instance in [11, 21|, once they are extended to the
3 x 3 case and [31] for the full 3 x 3 system. We also extend the condition
inherited from the smooth case introduced in (1).

Within this setting, we prove the well posedness of the Cauchy problem
for (e) and, then, the extension to pipes with several junctions and to pipes
with a W1 section.

As in the 2 x 2 case of the p-system, here a key assumption is the bound-
edness of the total variation of the pipe section. We provide explicit exam-
ples to show that this bound is necessary for each of the different coupling
conditions considered.

The analytical techniques used here are the same to that ones in (1).
To show the necessity of the bound on the total variation, in a part of the
proof, we used a software for symbolic computations.

Concerning traffic flow, in (4), presented in Chapter 4, we introduce
a new macroscopic traffic model, based on a non-smooth 2 x 2 system of
conservation laws. Consider the classical LWR model
Op+ 0y (pV) = 0 ‘//)i/‘)/(zt,a:) Eragc dens(iity
V = wi(p) =V(w,p) tra ic spee
w>0 maximal traffic speed.

Here, ¢ describes the attitude of drivers to choose their speed depending on
the traffic density at their location. First, we assume that each driver has
his proper maximal speed, so that the constant w above becomes a variable
quantity transported by traffic. Then, we assume that there exists an overall
maximal speed Viax. Therefore, we obtain the following model, which can
be seen as a development of those presented in [6, 18]:

(t) {%Zﬁ?éf}iyﬁio with - v(prw) = min {Vonwe, 0 90} }
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and can be rewritten as a 2 x 2 system of conservation laws with a C%1 flow:

{ gzm) ?1 (g:((f;g)v)m u()’)) _o vith  v(pw) = min (Vi wib(p)} -
A different approach leads to a similar model in [14].

In (4), we study the Riemann problem for (t) and the qualitative prop-
erties of its solutions that are relevant from the point of view of traffic.

It is remarkable that the introduction of the speed bound Vj,.x induces
the formation of two distinct phases, similarly to the model in [18] and
coherently with common traffic observations. The former one corresponds
to the free phase, i.e. high speed and low density, while the latter describes
the congested phase, i.e. low speed and high density. The first one is 1D in
the density—flow plane (p, pv), but 2D in the plane of the conserved variables
(p, pw). The second one is 2D in both planes, as it has to be expected from
the traffic point of view.

Moreover, we establish a connection between this model and other ap-
proaches found in the literature, considering also kinetic and microscopic
descriptions. In the case of other macroscopic models, we compare the var-
ious fundamental diagrams among each other and with the experimentally
observed ones. In particular, we develop a rigorous connection between (t)
and the microscopic Follow-The-Leader class of models, based on ordinary
differential equations. As a result, we show directly that (t) can be viewed
as the limit of the microscopic model when the number of vehicles increases
to infinity. Our approach is different from others found in the literature,
see for instance [5]; in our approach neither the Lagrangian description, nor
Godunov scheme are considered.

Articles and Preprints

This PhD thesis collects the results presented in the following papers:

(1) R.M. Colombo, F. Marcellini. Smooth and discontinuous Junctions in
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(2) G. Guerra, F. Marcellini, V. Schleper. Balance Laws with Integrable
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(3) R.M. Colombo, F. Marcellini. Coupling Conditions for the 3 x 3 Euler
System. Quaderno di Matematica n. 15/2009, Dipartimento di Mate-
matica e Applicazioni, Universita di Milano-Bicocca. Submitted, 2009.

(4) R.M. Colombo, F. Marcellini, M. Rascle. A 2-Phase Traffic Model
Based on a Speed Bound. Quaderno di Matematica n. 18/2009, Dipar-
timento di Matematica e Applicazioni, Universita di Milano-Bicocca.
Submitted, 2009.
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Chapter 1

Smooth and Discontinuous
Junctions in the p-System

1.1 Introduction

Consider a gas pipe with smoothly varying section. In the isentropic or
isothermal approximation, the dynamics of the fluid in the pipe is described
by the following system of Euler equations:

O(ap) + 0z(aq) =0

2
Or(aq) + 0z |a (% —|—p(p)> =p(p) O0.a, (1.1.1)

where, as usual, p is the fluid density, ¢ is the linear momentum density,
p = p(p) is the pressure and a = a(x) is cross-sectional area of the tube.
We provide a basic well posedness result for (1.1.1), under the assumptions
that the initial data is subsonic, has sufficiently small total variation and
the oscillation in the pipe section a = a(z) is also small. We provide an
explicit bound on the total variation of a. As it is physically reasonable, as
the fluid speed increases this bound decreases and vanishes at sonic speed,
see (1.2.14).

As a tool in the study of (1.1.1) we use the system recently proposed for
the case of a sharp discontinuous change in the pipe’s section between the
values a~ and a™, see [10, 21, 26]. This description is based on the p-system

Op + 029 =0 1o
atq+ax(%+p(p))=o (1.1.2)

equipped with a coupling condition at the junction of the form
v (a‘, (p,@)(t,0=);a", (p, q)(t,0+)> =0 (1.1.3)

9



10 CHAPTER 1. JUNCTIONS IN THE P-SYSTEM

whose role is essentially that of selecting stationary solutions.

Remark that the introduction of condition (1.1.3) is necessary as soon as
the section of the pipe is not smooth. The literature offers different choices
for this condition, see [10, 21, 26]. The construction below does not require
any specific choice of ¥ in (1.1.3), but applies to all conditions satisfying
minimal physically reasonable requirements, see (30)—(X2).

On the contrary, if a € Wb! the product in the right hand side of the
second equation in (1.1.1) is well defined and system (1.1.1) is equivalent to
the 2 x 2 system of conservation laws

81;0 + 8xq =—20,a

q

¢ 2 1.1.4
Oq + Ox ( p(p))z—g—paxa. (1.14)
Systems of this type were considered, for instance, in [17, 35, 40, 52, 56,
65, 74]. In this case the stationary solutions to (1.1.1) are characterized as
solutions to

Ou(a(z)q) = 0 Do = ~L 050
0. (ate) (£ 400))) =) 0ra ™ \0x (£ +500)) = 2 00a,
(1.1.5)
see Lemma 1.2.6 for a proof of the equivalence between (1.1.4) and (1.1.1).

Thus, the case of a smooth a induces a unique choice for condition (1.1.3),
see (1.2.3) and (1.2.19). Even with this choice, in the case of the isothermal
pressure law p(p) = c%p, we show below that a shock entering a pipe can
have its strength arbitrarily magnified, provided the total variation of the
pipe’s section is sufficiently high and the fluid speed is sufficiently near to
the sound speed, see Section 1.2.2. Recall, from the physical point of view,
that the present situation neglects friction, viscosity and the conservation of
energy. Moreover, this example shows the necessity of a bound on the total
variation of the pipe section in any well posedness theorem for (1.1.1).

The next section is divided into three parts, the former one deals with a
pipe with a single junction, the second with a pipe with a piecewise constant
section and the latter with a pipe having a W1 section. All proofs are
gathered in Section 1.3.

1.2 Notation and Main Results

Throughout this chapter, u denotes the pair (p,q) so that, for instance,

ut = (p*,¢%), @ = (p,q), .... Correspondingly, we denote by f(u) =
(¢, P(p,q)) the flow in (1.1.2). Introduce also the notation R = [0, +o0l,
whereas RT = 10, +o0o[. Besides, we let a(z+) = lime_,+ a(§). Below,

B(u; ) denotes the open ball centered in u with radius 6.
The pressure law p is assumed to satisfy the following requirement:
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(P) p € C2(R*;R") is such that for all p > 0, p’(p) > 0 and p”(p) > 0.

The classical example is the y-law, where p(p) = k p?, for a suitable v > 1.
Recall the expressions of the eigenvalues A1 o and eigenvectors ry o of the
p-system, with ¢ denoting the sound speed,

Mu)=2—clp), clp)=vP(), (w)=2L+clp),
1 1 (1.2.1)
Tl(u) = [ B 1(u) ] ) T2(u) - [ )\2(u) ] :
The subsonic region is given by
Ap = {u e R* x R: M\ (u) <0 < )\g(u)} . (1.2.2)
For later use, we recall the quantities
2
flow of the linear momentum: P(u) = L, p(p)
p
2 p
total energy density: E(u) = a +p / ILZ) dr
2p oo T
flow of the total energy density:  F(u) = % - (E(u) + p(p))

where p, > 0 is a suitable fixed constant. As it is well known, see [33, for-
mula (3.3.21)], the pair (E, F') plays the role of the (mathematical) entropy
- entropy flux pair.

1.2.1 A Pipe with a Single Junction

This paragraph is devoted to (1.1.2)—(1.1.3). Fix the section a > A, with
A > 0 and the state u € Ag.

First, introduce a function ¥ = X(a~,a™;u~) that describes the effects
of the junction when the section changes from a~ to a™ and the state to the
left of the junction is u~. We specify the choice of (1.1.3) writing

atqt —a"q"
atPut) —a P(u™)

U(a ,u;at,ut) = —Y(a",atu7). (1.2.3)

We pose the following assumptions on >:

(X0) X e C!([a—A,a+A] x B(ua;6);R?).

(£1) X(a,a;u”)=0foralla€fa—A,a+ A] and all u= € B(u;0).
Condition (30) is a natural regularity condition. Condition (1) is aimed
to comprehend the standard “no junction” situation: if a= = a™, then the
junction has no effects and X vanishes.

Conditions (30)—(X1) ensure the existence of stationary solutions to
problem (1.1.2)—(1.1.3).
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Lemma 1.2.1 Let (30)—-(X1) hold. Then, for any a € R, @ € Ay, there
exists a positive § and a Lipschitz map

T:la—0,a+6[x Ja—6,a+0[x B (u;6) — Ag (1.2.4)
such that
U(a™,u";aT,ut) =0
a”€la—d,a+d| -
atela—b.a+4] &= u =T a"%u7)
+ .

In particular, T'(a,a,w) = . We may now state a final requirement on X:

)
(22) Z(a,a%u") + 2 (a®a™T(a,a%u™)) =S(a",at5u7).

With T as in Lemma 1.2.1. Alternatively, by (1.2.3), the above condi-
tion (X2) can be restated as

V(o= ,u";a%u’) = 0 _
\IIECLO UO'CL+ u—l—; = 0 }:>\I/(CL , U ;a+7u+):0'

Condition (X2) says that if the two Riemann problems with initial states
(a=,u7), (a’ u®) and (a®,u%), (at,u™) both yield the stationary solution,
then also the Riemann problem with initial state (a~,u~) and (a™,u™) is
solved by the stationary solution.

Remark that the “natural” choice (1.2.19) implied by a smooth section
satisfies (2£0), (X1) and (X2).

Denote now by 4 a map satisfying

(1.2.5)

o Jatifz<0 . U(aT,a7;at,at) =0,
i) = {zﬁ x>0 Vgt e A

The existence of such a map follows from Lemma 1.2.1. Recall first the

definition of weak W-solution, see [21, Definition 2.1] and [26, Definition 2.1].

Definition 1.2.2 Let ¥ satisfy (£0)—(%X2). A weak V-solution to (1.1.2)—
(1.1.3) is a map

u € QO (R+;a+L1(R+;1§<+ X R))

Q (1.2.6)
uw(t) € BV(R;Rt xR) forae teR"

such that

(W) for all ¢ € CLR* x R;R) whose support does not intersect x = 0

/R+/R(u8tw+f(u) Oup) dudt =0
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(®) fora.e.t € RT and with VU as in (1.2.3), the junction condition is met:
) (a_,u(t,O—);a+,u(t,O+)> =0.

It is also an entropy solution if

(E) forall ¢ € C%(I[O%Jr x R;R") whose support does not intersect x = 0
/ / (E(u) dyp+ F(u) 0) dzdt > 0.
R+ JR

In the particular case of a Riemann Problem, i.e. of (1.1.1) with initial datum
um if x > 0
u(0,z) = { ut if oz < 0,

Definition 1.2.2 reduces to [26, Definition 2.1].

To state the uniqueness property in the theorems below, we need to
introduce the following integral conditions, following [16, Theorem 9.2], see
also [45, Theorem 8] and [1]. Given a function u = u(t, z) and a point (7, &),
we denote by Uéju;r,f) the solution of the homogeneous Riemann Problem

consisting of (1.1.2)—(1.1.3)—(1.2.3) with initial datum at time 7

) limy e wu(r,z) i oz < €
w(r,z) = { limg ey u(r,z) if = > &. (1.2.7)
and with ¥ satisfying (20), (2¥1) and (X2). Moreover, define U(bu-Tg as the

solution of the linear hyperbolic Cauchy problem with constant coefficients

w(r,x) = u(r,z), (1.2.8)

{ Ow+ 0, Aw =0 t>r1
with A = Df (u(T,E))
The next theorem applies [26, Theorem 3.2] to (1.1.2) with the choice (1.2.3)
to construct the semigroup generated by (1.1.2)—(1.1.3)—(1.2.3). The unique-
ness part follows from [45, Theorem 2].

Theorem 1.2.3 Let p satisfy (P) and ¥ satisfy (30)—(22). Choose any
a >0, uc Ag. Then, there exist a positive A such that for all a=,a™ with
‘a_ — EL‘ < A and ‘a+ — EL‘ < A, there exist a map 4 as in (1.2.5), positive
0, L and a semigroup S:RT x D — D such that

1. D2 {ueca+LY(R;Ay): TV(u—1a) <d}.

2. For allu € D, Sou=u and for allt,s > 0, S;Ssu = Ssitu.
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3. For all u,u’ € D and for all t,t' >0,

IS = Sy |lga < - (flu=lga + [t = ¢]) -

4. If u € D is piecewise constant, then for t small, Syu is the gluing of
solutions to Riemann problems at the points of jump in v and at the
junction at x = 0.

5. For all uw € D, the orbit t — Syu is a weak ¥-solution to (1.1.2).

6. Let \ be an upper bound for the moduli of the characteristic speeds in
B (a(R),6). For all u € D, the orbit u(t) = Syu satisfies the integral
conditions

(i) For all™>0 and £ € R,

) 1 E+hA 4
fllli% 7 e Hu(T +h,z) — U(u;T,g)(T + h,a:)H de=0. (1.2.9)

(ii) There exists a C' > 0 such that for all 7 > 0, a,b € R and
§ € la,b],

1 b—hA
_/a Hu(r + @) = Ul (7 + h’”“’)de

h Josns (1.2.10)

<C [TV {u(T); la, b[}] ?

7. If a Lipschitz map w: R — D satisfies (2.1.8)-(2.1.9), then it coincides
with the semigroup orbit: w(t) = Sy (w(0)).

The proof is deferred to Paragraph 1.3.1. Note that, similarly to what
happens in the standard case of [16, Theorem 9.2], condition (2.1.9) is always
satisfied at a junction.

1.2.2 A Pipe with Piecewise Constant Section

We consider now a tube with piecewise constant section
n—1
a = Q0 X]—oo,z1] + Z A5 Xaxj,xj11] +an X[n,+oo]
j=1

for a suitable n € N. The fluid in each pipe is modeled by (1.1.2). At each
junction z;, we require condition (1.1.3), namely

B N for all j =1,...,n, where
\I/(aj_l,uj g, Uj ) =0 ’LL;t — hmi UJ(JE) . (1211)
(E—>£Bj

We omit the formal definition of ¥-solution to (1.1.2)—(1.1.3) in the present
case, since it is an obvious iteration of Definition 1.2.2.
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Theorem 1.2.4 Let p satisfy (P) and ¥ satisfy (30)—(%2). For any a >
0 and any u € Ay there exist positive M, A, 6, L, M such that for any profile
satisfying

(A0) a € PC (R;]la— A,a+ Af) with TV(a) < M,
there exists a piecewise constant stationary solution

n—1

U= U X] o0, | T+ Z ajx]%rﬂl[ @ X, ool
j=1

to (1.1.2)—(1.2.11) satisfying
Uj € Ay with |’[Lj—’L_L| <4 forj=0,...n
v (aj_l,&j_l;aj,&j) =0 fO’/“j = 1, sy
TV (i) < MTV(a) (1.2.12)
and a semigroup S*:RT x D% — D such that
1. D* D {u e a+LY(R;Ap): TV(u—a) < &}.
2. 5( 1is the identity and for all t,s >0, SS¢ = S¢,,.

3. For all u,u' € D% and for all t,t' >0,

Stu = Sgal|lga < L - ([l () =l + |t = ])

4. If u € D% is piecewise constant, then for t small, Siu is the gluing of
solutions to Riemann problems at the points of jump in u and at each
Junction x;.

5. For all uw € D?, the orbit t — Sfu is a weak ¥-solution to (1.1.2)-
(1.2.11).

6. The semigroup satisfies the integral conditions (2.1.8)—(2.1.9) in 6. of
Theorem 1.2.3.

7. If a Lipschitz map w: R — D satisfies (2.1.8)-(2.1.9), then it coincides
with the semigroup orbit: w(t) = S (w(0)).

Remark that 0 and L depend on a only through @ and TV (a). In particular,
all the construction above is independent from the number of points of jump
in a. For every u, we provide below an estimate of M at the leading order
in 0 and A, see (1.3.11) and (1.3.8). In the case of ¥ as in (1.2.19) and with
the isothermal pressure law, which obviously satisfies (P),

p(p) = p, (1.2.13)
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the bounds (1.3.11) and (1.3.8) reduce to the simpler estimate
4% if5/c € }o, 1/\/5] :
M=3 1 e . (1.2.14)
—_—— if ¥ 1/v/2,1
de (v/c)? ifoje € } /V2 [’

where v = q/p. Note that, as it is physically reasonable, M is a weakly
decreasing function of v, so that at lower fluid speeds, higher values for the
total variation of the pipe’s section can be accepted.

Furthermore, the estimates proved in Section 1.3.2 show that the total
variation of the solution to (1.1.2)—(1.2.11) may grow unboundedly if TV (a)
is large. Consider the case in Figure 1.1. A wave o, hits a junction where

a

++

I 9 T

Figure 1.1: A wave o, hits a junction, giving rise to o which hits a second
junction.

the pipe’s section increases by Aa > 0. From this interaction, the wave o5

of the second family arises, which hits the second junction where the section
diminishes by Aa. At the leading term in Aa, we have the estimate

‘05#‘ < <1 + K(v/c) (%)2) ‘02_‘ , where  (1.2.15)

—148&2 —7¢t 4 2¢5
K = , 1.2.16
= Sagare 1210
see Section 1.3.2 for the proof. Note that £(0) = —1 whereas lim¢_,; - K(§) =
+00. Therefore, for any fixed Aa, if ¥ is sufficiently near to ¢, repeating the
interactions in Figure 1.1 a sufficient number of times makes the 2 shock
waves arbitrarily large.
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1.2.3 A Pipe with a W'! Section

In this paragraph, the pipe’s section a is assumed to satisfy

ac WhHi (R;]a —A,a+ A[) for suitable A >0, a > A
(A1) TV(a) < M for a suitable M > 0
a'(r) =0 for a.e. z € R\ [-X, X] for a suitable X > 0.

For smooth solutions, the equivalence of (1.1.1) and (1.1.4) is immediate.
Note that the latter is in the standard form of a 1D conservation law and
the usual definition of weak entropy solution applies, see for instance [68,
Definition 3.5.1] or [32, Section 6]. The definition below of weak entropy
solution to (1.1.1) makes the two systems fully equivalent also for non smooth
solutions.
Definition 1.2.5 A weak solution to (1.1.1) is a map

ue o <R+;ﬂ + LY(R;R* x R))

such that for all ¢ € CLRT x R;R)

INAE:

u is an entropy weak solution if, for any ¢ € Cé(]f%Jr x R;R), ¢ >0,

aq

O + aP(u)

Ortp + o |dxdt=0. (1.2.17)

0
p(p)oza

/ / (a E(u) 8y + a F(u) dyp) drdt > 0. (1.2.18)
RtJR

Lemma 1.2.6 Let a satisfy (A1). Then, u is a weak entropy solution
to (1.1.1) in the sense of Definition 1.2.5, if and only if it is a weak entropy
solution of (1.1.4).

The proof is deferred to Section 1.3.3.
Now, the section a of the pipe is sufficiently regular to select stationary
solutions as solutions to either of the systems (1.1.5), which are equivalent

by Lemma 1.2.6. Hence, the smoothness of a also singles out a specific choice
of ¥, see [45, formula (14)].

Proposition 1.2.7 Fiz a”,a" € |a— A,a+ A[ and v~ € Ag. Choose a
function a strictly monotone, in C1, that satisfies (A1) with a(—X—) = a~
and a(X+) = at. Call p = R*(xz;u™) the p-component of the correspond-
ing solution to either of the Cauchy problems (1.1.5) with initial condition
u(—X)=wu". Then,
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1. the function

0

S(a”,aT,u) = /_);p (R“(a:;u_)) o () di (1.2.19)

satisfies (X0)—(X2);

2. if a is a strictly monotone functionfatisfymg the same requirements
above for a, the corresponding map ¥ coincides with 3.

The basic well posedness theorem in the present W11 case is stated similarly
to Theorem 1.2.4.

Theorem 1.2.8 Let p satisfy (P). For any a > 0 and any u € Aq there
exist positive M,A,d, L such that for any profile a satisfying (A1) there
exists a stationary solution G to (1.1.1) satisfying

@ € Ao with ||a(z) — a|| <6 for all z € R
and a semigroup S*:RT x D* — D% such that
1. D* D {ue€a+LY(R; Ag): TV(u—a) < 6}.
2. S§ is the identity and for all t,s >0, S§S§ = S¢,,.
3. for all u,u’ € D* and for all t,t' >0,
Istu—Spuls < 2+ (Ju ol + e~ ¢1).
4. for all w € D, the orbit t — S{u is solution to (1.1.2) in the sense of
Definition 1.2.5.

5. @et \ be an upper bound for the moduli of the characteristic speeds in
B (&(R),é). For all uw € D, the orbit u(t) = Syu satisfies the integral
conditions

(i) For allT <0 and £ € R,

1 E+hA
lim / Hu(7‘+h,:17)—Ujj
13

e NG h,x)” dz = 0. (1.2.20)

(ii) There exists a C > 0 such that, for all T > 0, a,b € R and

€ €la,bl,
1 [b-hA X
— u(t +h,x) U/, .o (T +h,x)||dx
h Jasns H ( )~ Vlum )H (1.2.21)

< € [TV {u(r):]a. b} + TV {as]a,bl}]
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6. If a Lipschitz map w:R — D solves (1.1.1), then it coincides with the
semigroup orbit: w(t) = Sy (w(0)).

Thanks to Theorem 1.2.4, the proof is obtained approximating a with a
piecewise constant function a,. The corresponding problems (1.1.2)—(1.2.11)
generate semigroups defined on domains characterized by uniform bounds
on the total variation and with a uniformly bounded Lipschitz constants for
their time dependence. Then, we pass to the limit (see Section 4 for the
proof) and we follow the same procedure as in [16, Theorem 9.2] and [45,
theorems 2 and 8] to characterize the solution.

As a byproduct of the proof of Theorem 1.2.8, we also obtain the follow-
ing convergence result, relating the construction in Theorem 1.2.4 to that of
Theorem 1.2.8.

Proposition 1.2.9 Under the same assumptions of Theorem 1.2.8, for ev-
ery n € N, choose a function 3, such that:

(i) Bp is piecewise constant with points of jump y,lL, coym s with y,lL =
-X,ym" =X, and maxj(yﬁfl —yh) < 1/n.
(ii) Bn(xz) =0 for allz € R\ [-X, X].
(i4i) Bp — a' in LY(R;R) with ||Bpp2 < M, with M as in Theorem 1.2.8.
Define an(z) = a(=X—) + [*y Bn(§) d¢ and points ol € ]y%,y%ﬂ[ for
7=1,....m, —1 and let
mp—1 _
an=a(=X=)x__ 1t D o) xy, e+ al(X )X

i [n'™ ,+o00]

(see Figure 1.2) . Then, ay, satisfies (A0) and the corresponding semigroup
S™ constructed in Theorem 1.2.4 converges pointwise to the semigroup S
constructed in Theorem 1.2.8.

1.3 Technical Proofs

1.3.1 Proofs Related to Section 1.2.1

The following equalities will be of use below:

9,P=—-M\X  and 9P =X+ ;. (1.3.1)

Proof of Lemma 1.2.1. Apply the Implicit Function Theorem to the
equality ¥ = 0 in a neighborhood of (a,,a,u), which satisfies ¥ = 0
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by (31). Observe that 9,%(a,a;u~) =0 by (X1). Using (1.3.1), compute

o —0,+3 a
— P
det 0,+V¥(a,u,a,u) = det [ a0, P ad, P
0 a
= det [ a8p+P a0+ P
= a2\ (@) Xa(a)
40,
completing the proof. O

Proof of Theorem 1.2.3. Let A be defined as in Lemma 1.2.1. Assump-
tion (F) in [26, Theorem 3.2] follows from (P), thanks to (1.2.1) and to the
choices (1.2.2)—(1.2.5). We now verify condition [26, formula (2.2)]. Recall
that D,-X(a,a;u) = 0 by (X1). Hence, using (1.3.1),

The proof of 1.-5. is completed applying [26, Theorem 3.2]. The obtained
semigroup coincides with that constructed in [45, Theorem 2], where the
uniqueness conditions 6. and 7. are proved. O

1.3.2 Proofs Related to Section 1.2.2

We now work towards the proof of Theorem 1.2.4. We first use the wave
front tracking technique to construct approximate solutions to the Cauchy
problem (1.1.2)—(1.2.11) adapting the wave front tracking technique intro-
duced in [16, Chapter 7].

Fix an initial datum u, € @ + L1(R; 4g) and an ¢ > 0. Approximate
u, with a piecewise constant initial datum u; having a finite number of
discontinuities and so that lim._,q Hui — uOHLI = 0. Then, at each junction
and at each point of jump in u along the pipe, we solve the corresponding
Riemann Problem according to Definition 1.2.2. If the total variation of the
initial datum is sufficiently small, then Theorem 1.2.3 ensures the existence
and uniqueness of solutions to each Riemann Problem. We approximate
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each rarefaction wave with a rarefaction fan, i.e. by means of (non entropic)
shock waves traveling at the characteristic speed of the state to the right of
the shock and with size at most ¢.

This construction can be extended up to the first time #; at which two
waves interact in a pipe or a wave hits the junction. At time #; the functions
so constructed are piecewise constant with a finite number of discontinuities.
At any subsequent interaction or collision with the junction, we repeat the
previous construction with the following provisions:

1. no more than 2 waves interact at the same point or at the junction;

2. ararefaction fan of the i-th family produced by the interaction between
an i-th rarefaction and any other wave, is not split any further;

3. when the product of the strengths of two interacting waves falls below
a threshold &, then we let the waves cross each other, their size being
unaltered, and introduce a non physical wave with speed 5\, with A >
sup(y) A2(u); see [16, Chapter 7] and the refinement [9].

We complete the above algorithm stating how Riemann Problems at the
junctions are solved. We use the same rules as in [21, § 4.2] and [26, § 5].
In particular, at time ¢t = 0 and whenever a physical wave with size greater
than € hits the junction, the accurate solver is used, i.e. the exact solution
is approximated replacing rarefaction waves with rarefaction fans. When a
non physical wave hits the junction, then we let it be refracted into a non
physical wave with the same speed A and no other wave is produced.
Repeating recursively this procedure, we construct a wave front tracking
sequence of approximate solutions u. in the sense of [16, Definition 7.1].
At interactions of waves in a pipe, we have the following classical result.

Lemma 1.3.1 Consider interactions in a pipe. Then, there exists a positive
K with the properties:

1. An interaction between the wave o of the first family and o, of the

second family produces the waves af and 0';' with

‘Jf—af‘—l—‘a;—a;‘ <K- ‘01_02_‘. (1.3.2)

2. An interaction between o) and ol both of the same i-th family produces
waves of total size o and oy with

o = (o1 + o)

+‘0;‘§K"0£0’/{ ifi=1,

‘Jf‘ + ‘O’; — (o5 +0%)

§K-‘U§U§/ ifi=2.
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3. An interaction between the physical waves o] and o5 produces a non
physical wave 0’; , then

‘a;j(gK-‘a;a;‘.

4. An interaction between a physical wave o and a non physical wave o3
produces a physical wave o and a non physical wave agr , then

| = |oz | < K -|oos |

For a proof of this result see [16, Chapter 7]. Differently from the construc-
tions in [21, 26], we now can not avoid the interaction of non physical waves
with junctions. Moreover, the estimates found therein do not allow to pass
to the limit n — 400, n being the number of junctions.

Lemma 1.3.2 Consider interactions at the junction sited at xj. There exist
positive K1, Ko, K3 with the following properties.

1. The wave o5 hits the junction. The resulting waves af,a; satisfy

+
+ . of |
‘01‘ S Kl‘aj—aj_1|‘0'2 s
| < (-]
Oy
< eKZ‘aj—aj—1’ 0.2—‘ x;

2. The non-physical wave o~ hits the junction. The resulting wave o™

satisfies

‘J"" < <1+K3|aj—aj_1‘) ‘0'_‘

< efalaj—a;-]

0_‘.

Proof. Use the notation in the figure above. Recall that Jf and O';_ are
computed through the Implicit Function Theorem applied to a suitable com-
bination of the Lax curves of (1.1.2), see [21, Proposition 2.4] and [26,
Proposition 2.2]. Repeating the proof of Theorem 1.2.3 one shows that
the Implicit Function Theorem can be applied. Therefore, the regularity
of the Lax curves and (P) ensure that o] = o} <0'2_,CL]' —aj_1;u) and
oy =0y <0'2_,CL]' — aj_1; 11) An application of [16, Lemma 2.5], yields

+ —
oy (O,a-—a-_l;u) 3
i B T PP [
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_l’_ —
ot (00— aj ;@) = 0 . )
of (05,0:0) = oF = ‘0’2 — 0, ‘ < Kja; —aj_l“az ‘ (1.3.3)
= ‘O‘;‘ < [1 —I—KQ‘CL]' —aj_l‘:| ‘0'2_ R
completing the proof of 1. The estimate at 2. is proved similarly. O

We now aim at an improvement of (1.3.3). Solving the Riemann problem
at the interaction in case 1. amounts to solve the system

Lo <T <£1(ﬂ; af)) ;0';) =T (Eg(ﬁ; 0'2_)> . (1.3.4)
By (1.2.1), the first order expansions in the wave’s sizes of the Lax curves

exiting u are

q+ Ao(u)o + o(o)

y—| Pr—otolo) o) —
Liluio) = [ q— M(u)o +o(o) ] and Ly(u0) =

p+o+o(o) ]’

while the first order expansion in the size’s difference Aa = a* — a™ of the
map T defined at (1.2.4), with v = ¢q/p, is

(14 H22) p+o(Aa)

T(a,a+ Aa;u) = <1 - M) 4+ o(Aa) , where (1.3.5)
02 + 9,+%—p(p)
H = — ¢

2 2

ce—0

Inserting these expansions in (1.3.4), we get the following linear system for

of,of:
_A —
—<1+HTG>01+ + of = (1+8%)0;
a
Aa < + ~Aa Yy -+ Aa ) Y, —
(i ot -
where
_ 2+ (043 a,a)—p(p)) /p ~ '"(p)p —0)H — v
P O (Z,a,f;) p@) /P el (e (Pp—v)H —©
] v+c

and all functions are computed in u. The solution is

MH +X(1+G) A
of = <1—A1 +;i( ¢) %) oy (1.3.7)
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which implies the following first order estimate for the coefficients in the
interaction estimates of Lemma 1.3.2:

o L[ ()
t % 1_(2)2 )
; (1.3.8)
a2 ) A () B
Lo (2
c

The estimate (1.3.7) directly implies the following corollary.

Corollary 1.3.3 If |aj — aj_1| is sufficiently small, then o3 and oy are
either both rarefactions or both shocks.

Denote by O’ia the wave belonging to the i-th family and sited at the
point of jump x¢, with 2 in the j-th pipe I, where we set Iy = |—o00,z1],
I; = ]xj,xjH[ forj=1,...,n—1and I, = |x,, +oo[. Aiming at a bound
on the Total Variation of the approximate solution, we define the Glimm-like
functionals, see [16, formulee (7.53) and (7.54)] or also [33, 38, 58, 70],

n .
Vo= g g (‘J{ ‘602221 |an—an_1| 4 ‘ag ‘eczz—;‘ahﬂ_“h’)
7a 7a

7=0 Z‘O‘EIJ'
n 1
CYr= lanyr1—a
F TSl S,
J=0 o non physical in I;
S,
_ E : jo g
Q - Ui,aai’,a’ ’

!

(Uf,a,aj., ,)EA
T = V+Q, (1.3.9)

where C' is a positive constant to be specified below. A is the set of pairs

J Uj’,,a’) of approaching waves, see [16, Paragraph 3, Section 7.3]. The

(Ui,a7 7

i-wave a{ . sited at z, and the #-wave O’Z// o Sited at z, are approaching
if either 7 < ¢’ and z, > x4, or if i = i < 3 and min{ag7a,ag,la,} < 0,
independently from j and j'. As usual, non physical waves are considered
as belonging to a fictitious linearly degenerate 3rd family, hence they are
approaching to all physical waves to their right.

It is immediate to note that the weights exp (C Z{L:l lap, — ah_l\) and

exp (C ZZ;; lapt1 — ah]> in the definition of V' are uniformly bounded:

1 < exp CZfl:l lap, —an—1]) < exp (CTV(a)),
1 < exp CZZ;; laps1 —an]) < exp (CTV(a)).

\¥]
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Below, the following elementary inequality is of use: if a < b, then
e® —eb < —(b— a)e®.

Lemma 1.3.4 There exists a positive § such that if an e-approximate wave
Jfront tracking solution u = u(t, x) has been defined up to time t, T (u(t—)) <
6 and an interaction takes place at time t, then the e-solution can be extended
beyond time T and T (u(t+)) < T (u(t—)).

Proof. Thanks to (1.3.10) and Lemma 1.3.1, the standard interaction es-
timates, see [16, Lemma 7.2], ensure that T decreases at any interaction
taking place in the interior of I;, for any j =0,...,n.

Consider now an interaction at x;. In the case of 1 in Lemma 1.3.2,

AQ
S SR R R SR ()

(UT,O’Z',Q)E.A (0'2 70'2',&)6'4
< K, ‘aj - aj—l‘ Z ‘Ui,a‘ + <€K2’aj—aj71’ — 1) Z ‘O-i,a‘ ‘02_‘

i, o

< (B + K2) T(t-) faj — aj] ‘05‘
< (Ki+ Ks)daj —aj_i| ‘02_‘ .

AV
- eczi:l |an—an_1| O'I'_‘ " ecz;;l, lant1—an]| 0;-‘ _ 6022;31;1 |ani1—an| 0—2_‘
<

2ol (Kifa, - oo |

+ <eCZZ—Jl' |ah+1—ah|eK2|aJ'_“J’71| — eczz;;‘ﬂ |ah+1_ah|> ‘

02_‘
j—1
< (il S o) |
+ eCZZ;} |ah+1—ah| (6K2|aj—aj,1\ - eC"aj—aj,ll) ‘0,2—‘
j—1
< <K1\aj — aj_i]eC Xh "”F‘”H’) ‘02_‘
n—1
—(C — K»)|a; — aj-1 ekelas=a;1| (OX5; |antr—an] 02_‘
< <(K1 + K>) (1 + eK2|“+_a7|) eCTV(a) _ C’> ‘aj — aj_1| ‘02_‘.
AT
<

<(K1 + K>) <1 + eK2|“+‘“7|) TV 4 (K| + K36 — C> la; —aj_1 ‘Uz_‘.
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Choosing now, for instance,

1
TV(a)

1

A(K1 + Ky)e
(1.3.11)

o<1, C=

In2
, ‘a+ - a_‘ < e and TV(a) <
Ko

the monotonicity of T in this first case is proved.
Consider an interaction as in 2. of Lemma 1.3.2. Then, similarly,

AQ < Z |O‘i,a| <‘0‘+‘ _ ‘U_D
(0F,0i,a)EA
< (el 2 1) S Joia] o
i,
< Ks3Y(t—)|a; — aj_1 ‘O'_‘
< Kgé‘aj—aj_lwa_‘.
AV < eCZZ;;‘ |ant1—an| 0—"" _ eczﬁ;;‘fl |ant1—an| 0——‘
< <eczz_; Jan1=an| Kslai —aj1| _ (€ TR} \ah+1—ah!> o]
< eCZZ;Jl- |an+1—an] <6K3|aj—aj,1\ — ec|%‘—%‘71|) ‘0'_‘
< (K3 —C)|aj — aj_1 fslas—aj1] (O30 [anti—an] 0——‘ ,

AT < (Kyefl' = 10TV 4 s — C) Jaj — aja o |
and the choice 6 < 1 and C' > 2K3 ensures that AT < 0. O

Proof of Theorem 1.2.4. First, observe that the construction of the sta-
tionary solution 4 directly follows from an iterated application of Lemma 1.2.1.
The bound (1.2.12) follows from the Lipschitz continuity of the map T de-
fined in Lemma 1.2.1. Define

D= {u € 4+ LY(R; Ag):u € PC and T(u) < 5},

where PC denotes the set of piecewise constant functions with finitely many
jumps. It is immediate to prove that there exists a suitable C7; > 0 such
that CilTV(u)(t) < V(t) < CiTV(u)(t,-) for all (u) € D. Any initial data
in D yields an approximate solution to (1.1.2) attaining values in D by
Lemma 1.3.4.

We pass now to the L-Lipschitz continuous dependence of the approx-
imate solutions from the initial datum. Consider two wave front tracking
approximate solutions uq and uy and define the functional

n 2 +o00
<I>(u1,u2) = ZZ/O

j=1i=1

Sf(x)‘ VVZ](:E) dzx , (1.3.12)
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where s!(z) measures the strengths of the i-th shock wave in the j-th pipe

at point z (see [16, Chapter 8]) and the weights WZJ are defined by
Wi (x) =1+ w1 Al (x) + w1 k2 (T(u1) + T(uz))

for suitable positive constants 1, k2 chosen as in [16, formula (8.7)]. Here
Y is the functional defined in (1.3.9), while the A/ are defined by

Alw) = Z{\aima:
{J-
=

see [16, Chapter 8. Here, as above, ag ., is the wave belonging to the i-th
family, sited at z®, with * € I;. For fixed k1, Ko the weights sz(x) are
uniformly bounded. Hence the functional ® is equivalent to L' distance:

1
— - lur =zl < P (ur,u2) < Co- flur — ual|pa

Cy

To <T,1 < ko <2
To >x,1<ky<i

To <, o € Jj(ur)
zo >z, o € J;(u2)

J

2,00 |"

} if sz(:n) <0,
+

To <z, o € Jj(u2)
zo >z, o € J;(ur)

J .
Ti ol

} if sz(:n) > 0;

for a positive constant Co. The same calculations as in [16, Chapter 8] show
that, at any time ¢ > 0 when an interaction happens neither in u; or in wus,
d
E(I) (ul(t),’u,g(t)) < Cg 9
where C} is a suitable positive constant depending only on a bound on the
total variation of the initial data.
If £ > 0 is an interaction time for u; or us, then, by Lemma 1.3.4,

A [T (ui(t)) + 7T (uz(t))} < 0 and, choosing k9 large enough, we obtain

AP (ul(t),UQ(t)) <0.

Thus, ® (u1(t),uz(t)) — @ (u1(s),uz(s)) < Coe(t —s) for every 0 < s < t.
The proof is now completed using the standard arguments in [16, Chapter 8].

The proof that in the limit ¢ — 0 the semigroup trajectory does indeed
yield a U-solution to (1.1.2) and, in particular, that (1.2.11) is satisfied on
the traces, is exactly as that of [19, Proposition 5.3|, completing the proof
of 1.-5.

Due to the local nature of the conditions (2.1.8)—(2.1.9) and to the finite
speed of propagation of (1.1.2), the uniqueness conditions 6. and 7. are
proved exactly as in Theorem 1.2.3. g
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Proof of estimate (1.2.14). We first compute 9,+%, with X defined
in (1.2.19). To this aim, by 2. in Proposition 1.2.7 (in Paragraph 2.3), we
may choose

a” ifz € ]—oo,—X],

) at—a” _ .
a(r) = —x @+t X)+a ifz € [-X,X],
at ifz € ]X,+o0[,

so that we may change variable in the integral in (1.2.19) to obtain

at

0yt X = Ot </ p (R*(a,u)) da) =p(p) + O(Aa). (1.3.13)

Now, estimate (1.2.14) directly follows inserting (1.2.13) and (1.3.13) in (1.3.11)
and (1.3.8). O

Proof of estimates (1.2.15)—(1.2.16). Refer to the notation in Fig-
ure 1.1, where the pipe’s section is given by

a ifer € |—o0,l,
a(z) =< a+Aa ifzx e [,2],
a ifx € |2l,4o00],

where Aa > 0. The wave O';_ arises from the interaction with the first junc-

tion and hence satisfies (1.3.7). Using the pressure law (1.2.13) and (1.3.13),
we obtain

oy = (1+¢(u,a)Aa)0’2_, where
1 1/2
o) = = (= =)

Now we iterate the previous bound to estimate the wave o5 © which arises
from the interaction with the second junction, i.e.

ot = <1 —la+ Aa,u™) Aa) oy,

where, by (1.3.5),

Yla+ Aa,u™) =1 | a+ Aa, 1—1—#g p,<1—%>q
a a
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Introduce 7 =1/ (1 — (v/c)?) and ¥ = Aa/a to get the estimate
oyt = <1 + (Q,Z)(a,u,) —(a+ Aa,u+)> Aa) o
Aa n Aa 1/2 _
= |1+22 (042 _
+a< +2>+G+Aa 1 1-9 v)> 72
- <1+m9 E>
Aa 1 1/2 _
= |t e ]
- (1+19772)

and a further expansion to the leading term in Aa gives (1.2.15)—(1.2.16).

O

1.3.3 Proofs Related to Section 1.2.3

Proof of Lemma 1.2.6. 1f a € C* (R;[a
solution of (1.1.4). Then,

-, a+]) and u is a weak entropy

] o
0 = ot | L -] &7 dx dt
/R+/R i tP P( ) @ [ gpaxa]cp)
_ K P I P A )
B /R+/R _aq_ata—i__aP(U)_ax(p [aqu]a28xa)dwdt
i ap— ® i aq ] @ 0 @
_ ¢ L 2 dadt
/R+/R aq | %a | aP(w) | %0 T p(p)axa] a) ¢

showing that (1.2.17) holds.

preliminarily
tOra ¢ ("),
o ] < o[ [
ap "%
_ (.4 /
2/)2 p

% (E(u) +p(p)) dra
F(u)0za.

Concerning the entropy inequality, compute

19
o
apYzd

[

dr+ p(P) %) Oza
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Consider now the entropy condition for (1.1.4) and, by the above equality,

o
IA

/R+/R E(u) dpp + F(u) 0y — VE(u)

_ /R ) /R (B2 +ar@w)o,*

+ | F(u)0ya — V(aE(u))

50z dz dt
Lo .a 14 *

= / /(aE(u)8t£+aF(u)amf
R+ JR a a
+ (F(u)0ya — F(u)0,a) %) dx dt

_ /R+/R<CLE(u) 0.2 +aF(u) a%) du dt,

showing that (1.2.18) holds. The extension to a € W' is immediate. [

Proof of Proposition 1.2.7. The regularity condition (30) follows from
the theory of ordinary differential equations. Condition (X1) is immediate.

Consider now the item 2. If a; and ag both satisfy (A1), are strictly
monotone, smooth and have the same range, then a; = as o ¢ for a suitable
strictly monotone ¢ with, say ¢’ > 0, the case ¢’ < 0 is entirely similar.
Note that if u = (Ri(z;u™),Qi(z;u™)) solves (1.1.5) with @ = a;, then
direct computations show that Ry(z,u™) = Ry (¢(z),u”) and Q1(z,u™) =
Q2 (¢(z),u™). Hence

) — |

-X

N /X P <R2 (‘p(:”)?”_>> ay (p(x)) ¢ () dx

-X

: p (Rl(x; u_)> a(z) dx

= [ p(mater)) abierde

-X
= Yo(a,aT;u).

Having proved (20) and (X1), we use the map T defined in Lemma 1.2.1.
We first prove that ¥ satisfies $(a™,a*;u™)+3 (a™,a™;T(a%,a™5u™)) =0,
given a satisfying (A1), strictly monotone and with a(—X) =a~, a(X) =
a®, let a(z) = a~ + a® — a(x). Then, using 2. proved above, and integrat-
ing (1.1.5) backwards, we have
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= —%(a ,a"u7).

Finally, condition (32) follows from the the flow property of R and the
additivity of the integral. Indeed, by 2. and 3. we may assume without loss
of generality that a= < a® < a™. Then, let ¢ = Q(z;u~) be the ¢ component
in the solution to (1.1.5) with initial condition «(0) = u~. Then, if T" is the
map defined in Lemma 1.2.1, we have

T(a™,a"u") = (R (@*);u7), Q™ ()su))
so that
Y(a",aT;u7)

= /X P (R(m,u‘)) d (z)dz

-X
_ /_c; (a )p (R(%U_) d(r)dz +/aX1(aO)p (R(az,u‘)) a(r)dx

|
N—— N—

proving 1. ([l

Proof of Theorem 1.2.8. Fixa > 0, and u € Ag. Choose M, A, L,d as in
Theorem 1.2.4. With reference to these quantities, let a satisfy (A1). For
n € N, let a,,a,, 3, be as in Proposition 1.2.9. Note that «,, is piecewise
linear and continuous. By (iii), we have that o, — a and a, — a in L1.
Moreover, TV(ay,) < M and TV(a,) < M and, for n sufficiently large,
an(R) Cla— A,a+ Al. Hence, for n large, a, satisfies (A0). Call S™ the
semigroup constructed in Theorem 1.2.4 and denote by D™ its domain.

Let u? be a sequence of initial data in D™. The S™ are uniformly Lipschitz
in time and SPu have total variation in  uniformly bounded in ¢. Hence,
by [16, Theorem 2.4], a subsequence of u,(t) = SFul converges pointwise
a.e. to a limit, say, u. For any ¢ € C(lj(I[O%Jr x R;R) and for any fixed n, let
e > 0 be sufficiently small and introduce a C°(R;R) function 7. such that

Jj=1

forall 2 € UM 2[a) + 26,25 — 2],

Ne(x) =0 forall =z € Um”_l[;p% _ 57;% +¢],
=1 o

ne(z)
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-X v y%“ X z

Figure 1.2: The thick line is the graph of a = a(x), the dotted line represents
an while the polygonal line is o,

Thus, we have

Qn Pn Gndn
/RJr/ [anQn P anP(un) 890(70 da dt
s A P GnQn
B glir(l] /IR+/IR Gndn 'le 8t(70 + anP(un) e am(’p du dt
T Ap P AnQn
= ?E% /W/ | O(ns ) + an P (1) O (e ) | da dt
— lim / / a"q" © Oy dx dt .
e—0 R+

The first summand in the latter term above vanishes by Definition 1.2.2
applied in a neighborhood of each z7,. The second summand, by the BV
regularity of u,, converges as follows:

— Oy + Oz | dx dt
/RJr/R [anQn i anP(un) v *
= lim/ / a"q" © Ozne dax dt

e—0 R+

my—1

_ an(ajn"‘)qﬂ( .+) - an(a:%—)qn(a:%—) j
- Z /R+ an (2h+) Po(zh4) — an (ah—) Py (2],—) ] plt o) dt

mp—1 0

- Z/w 2 (an(@h-), an(@het), ult, o)) p(tay) dt.
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We proceed now considering only the second component. Using the map

mp—1

pnltiz) = pta)x (@) + > ol wh) Xy (@)
j=1

(%) X (7))
we obtain
mnp—1 . .
Z/ an(z) =), an(z)+), (t,:nﬁ;)) o(t,x)) dt
R+
mp—1

- X [ = (an0: anu ™).t ) ot
R+

mn—l

- X = (antud)scntu ™), utta ) ot ) e
R+

mp—1 yitt

Z/ /j (Ra”<:nuntx—)> z)d o(t,x)) dt
Rt Jyi,

mn 1yl ®

L it

M —1
TG >>
a, () o(t, xj) i J+1[( x) dz dt

— / /p (p(2)) Oza(x) o(t, o)) dx dt as n — +o0,
R+ JR

> w)da o(t, ) dt

where we used (i) in the choice of the approximation a,.

We thus constructed a solution to (1.1.1), for any initial datum in D.
Note that this solution satisfies (1.2.20)—(1.2.21), as can be proved using
exactly the techniques in [45, Theorem 8]. Therefore, the whole sequence
Uy, converges to a unique limit u, which is Lipschitz with respect to time.
This uniqueness implies the semigroup property 2. in Theorem 1.2.8. The
Lipschitz continuity with respect to the initial datum follows from the uni-
form Lipschitz regularity of the approximate solutions u,, completing the
proof of 3. Finally, 6. is proved exactly as in [45, Theorem 8§]. O
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Chapter 2

Balance Laws with Integrable
Unbounded Sources

2.1 Introduction

We consider the Cauchy problem for a n x n strictly hyperbolic system of
balance laws

Opu + O f (u) = g(z,u), zeR,t>0
u(0,2) = u, € LN BV (R;R"),
|[Ai(u)| > e¢>0forallie{1,...,n},
l9(z,)||ge < M(z) € L,

each characteristic field being genuinely nonlinear or linearly degenerate. As-
suming that the L' norm of ||g(x,-)||c: and [ollBV (r) are small enough, we
prove the existence and uniqueness of global entropy solutions of bounded
total variation extending the result in [1] to unbounded (in L°°) sources.
Furthermore, we apply this result to the fluid flow in a pipe with discontin-
uous cross sectional area, showing existence and uniqueness of the underlying
semigroup. The recent literature offers several results on the properties of
gas flows on networks. For instance, in [20, 25, 26, 31] the well posedness is
established for the gas flow at a junction of n pipes with constant diameters.
The equations governing the gas flow in a pipe with a smooth varying cross
section a = a(z) are given by (see for instance [63]):

Oip+ 02q = —10,a
0 + 0x(% + p) = — L ya

The well posedness of this system is covered in [1] where an attractive uni-
fied approach to the existence and uniqueness theory for quasilinear strictly

35
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hyperbolic systems of balance laws is proposed. The case of discontinuous
cross sections is considered in the literature inserting a junction with suitable
coupling conditions at the junction, see for example [20, 25, 26, 31]. One
way to obtain coupling conditions at the point of discontinuity of the cross
section a is to take the limit of a sequence of Lipschitz continuous cross sec-
tions a® converging to a in L (for a different approach see for instance [28]).
Unfortunately the results in [1] require L>° bounds on the source term and
well posedness is proved on a domain depending on this L bound. Since in
the previous equations the source term contains the derivative of the cross
sectional area one cannot hope to take the limit a®* — a. Indeed when a
is discontinuous, the L* norm of (a®)’ goes to infinity. Therefore the pur-
pose of this paper is to establish the result in [1] without requiring the L
bound. More precisely, we consider the Cauchy problem for the following
n X n system of equations

Ou+ Oy f (u) = g(z,u), reR, t>0, (2.1.1)

endowed with a (suitably small) initial data

u(0,x) = up(z), xr € R, (2.1.2)

belonging to L' N BV (R;R"), the space of integrable functions with
bounded total variation (Tot.Var.) in the sense of [72]. Here u(t,z) €
(R)™ is the vector of unknowns, f : @ — R"™ denotes the fluxes, i.e. a
smooth function defined on 2 which is an open neighbourhood of the origin
in R™. The system (2.1.1) is supposed to be strictly hyperbolic, with each
characteristic field either genuinely nonlinear or linearly degenerate in the
sense of Lax [57]. We recall that if zero does not belong to to the domain {2
of definition of f, as in the case of gas dynamics away from vacuum, then
a simple translation of the density vector u leads back the problem to the
case 0 € (2. Concerning the source term g, we assume that it satisfies the
following Caratheodory—type conditions:

(P1) g:RxQ — R"™is measurable with respect to (w.r.t.) z, for any u € Q,
and is C? w.r.t. u, for any = € R;

(Py) there exists a L! function M(z) such that Hg(:z:, -)H02 < M(z);

(P3) there exists a function w € L1(R) such that ||g(z,)||c: < w(x).

Remark 2.1.1 Note that the L' norm of M(x) does not have to be small
but only bounded differently from w(x) whose norm has to be small (see
Theorem 2.1.4 below). Furthermore condition (Pa) replaces the L bound
of the C2 norm of g in [1]. Finally observe that we do not require any L™
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bound on w. On the other hand we will need the following observation: if
we define

h
Ep = sup/ w(x +s) ds, (2.1.3)
z€R JO

by absolute continuity one has €, — 0 as h — 0.

Moreover, we assume that a nonresonance condition holds, that is the
characteristic speeds of the system (2.1.1) are bounded away from zero:

A> W) >e>0, YueQ ie{l,...,n}, (2.1.4)

for some A > ¢ > 0.
Before stating the main theorem of this paper we need to recall the
Riemann problem for the homogeneous system associated to (2.1.1):

Ou+ 0, f(u) =0,  u(o,z)= {Zﬁ gz i ig (2.1.5)

and we need following two definitions.

Definition 2.1.2 Given a BV function uw = u(zx) and a point £ € R, we

denote by U?u'{) the solution of the homogeneous Riemann Problem (2.1.5)
with data

ug = lim u(x), u, = lim u(x), T, = E&. 2.1.6
o= lim u(o) lim u(e) SNCAY)

Definition 2.1.3 Given a BV function u = u(zx) and a point & € R, we
define U(bu,g) as the solution of the linear hyperbolic Cauchy problem with
constant coefficients

dyw + Adyw = §(x), w(0,z) = u(z), (2.1.7)
with A = Vf (u({)), g(x)=yg (m,u(é))

Theorem 2.1.4 Assume (P))—(Ps) and (2.1.4). If the norm of w in L}(R)
is sufficiently small, there exist a constant L > 0, a closed domain D of
integrable functions with small total variation and a unique semigroup P :
[0,+00) x D — D satisfying

i) Pou=u, Pipsu= P,oPsu foralluéeD andt,s>0;
i) ||Psu—P|pim) < L<|s—t|+||u—v||L1(R)) for allu,v € D andt,s > 0;

i11) for all u, € D the function u(t,) = P, is a weak entropy solution
of the Cauchy problem (2.1.1)-(2.1.2) and for all T > 0 satisfies the
following integral estimates:
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(a) For every &, one has

1 9 "
1%11)1%) 3 A ‘U(T +9,z) — Ulur)ie) (9, z)|dx = 0. (2.1.8)

(b) There exists a constant C such that, for every a < £ < b and

0<¥< bz_j\“, one has
1 b—9X , )
9o ‘u(T +9,7) — U(bu(r);g) (19,33)‘ dx < C’[TV {u(r); (a, b)}+/ w(z) d:p} ‘

(2.1.9)

Conversely let u : [0,T] — D be Lipschitz continuous as a map with
values in LY (R,R™) and assume that u(t,z) satisfies the integral conditions
(a), (b). Then u(t,-) coincides with a trajectory of the semigroup P.

The proof of this theorem is postponed to sections 2.3 and 2.4, where ex-
istence and uniqueness are proved. Before these technical details, we state
the application of the above result to gas flow in section 2.2. Here we apply
Theorem 2.1.4 to establish the existence and uniqueness of the semigroup
related to pipes with discontinuous cross sections. Furthermore, we show
that our approach yields the same semigroup as the approach followed in
[26] in the special case of two connected pipes. The technical details of
section 2.2 can be found at the end of the paper in section 2.5.

2.2 Application to gas dynamics

Theorem 2.1.4 provides an existence and uniqueness result for pipes with
Lipschitz continuous cross section where the equations governing the gas
flow are given by

2
0iq + 0u(L +p) = —L0sa (2.2.10)

dre+ 0, (e +p)) = )y

Here, as usual, p denotes the mass density, ¢ the linear momentum, e is
the energy density, a is the area of the cross section of the pipe and p is
the pressure which is related to the conserved quantities u = (p, g, e) by the
equations of state. In most situations, when two pipes of different size have
to be connected, the length [ of the adaptor is small compared to the length
of the pipes. Therefore it is convenient to model these connections as pipes
with a jump in the cross sectional area. These discontinuous cross sections
however do not fulfil the requirements of Theorem 2.1.4. Nevertheless, we
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can use this Theorem to derive the existence of solutions to the discontinuous
problem by a limit procedure. To this end, we approximate the discontinuous
function

a”, <0
a(x) = { otz >0 (2.2.11)

by a sequence q; € C%1(R,RT) with the following properties

N~

(2.2.12)

MI<~

9

mlN

v
a(x) = ) i LE

7

where ¢ is any smooth monotone function which connects the two strictly
positive constants a~, a™. One possible choice of the approximations a; as
well as the discontinuous pipe with cross section a are shown in figure 2.1.

f
X K at

Figure 2.1: Illustration of approximated and discontinuous cross-sectional
area

With the position 4;(z) = Ina;(z), we can write (2.2.10) in the following
form

Opu + 0, f(u) = Aj(z)g(u). (2.2.13)

Observe that [|A)|lr = |AT — A7| = |Ina™ —Ina~|, hence, the smallness of
lat — a~| (away from zero) implies the smallness of ||A}||p1.
Let ®(a,u) be the solution to the Cauchy problem

~u(a)
u(O) =

U (u_,u+> =ut —®(AT — A" u7). (2.2.15)

[Duf(u(@)] " g(u(a)) (2.2.14)

U.

and define

Definition 2.2.1 A solution to the Riemann problem with a junction in
x = 0 described by the function W:

O+ Op f(u) = 0, x#0
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(0, 7) = { w if © < xg

uy if © > g

U(u(t,0—),u(t,04+)) =0 (2.2.16)
is a function u : [0, +00) x R — R? such that

i) the function (t,x) — wu(t,z) is self similar and in x > 0 coincides
with a fan of Lax entropic waves with positive velocity outgoing from
(t,z) = (0,0) while in x < 0 coincides with a fan of a Lazx entropic
waves of negative velocity outgoing from (t,x) = (0,0);

it) The traces u(t,0—), u(t,04) satisfy (2.2.16) for all t > 0.

With the help of Theorem 2.1.4 and the techniques used in its proof,
we are now able to derive the following Theorem (see also [28] for a similar
result obtained with different methods).

Theorem 2.2.2 Let @ a non sonic state. If |a™ —a™| is sufficiently small,
the semigroups P! (defined on a domain of functions which take value in a
small neighborhood of @) related with the smooth section a; converge to a
unique semigroup P.

Moreover let U’ be defined for all & as in Definition 2.1.3 (here the
hyperbolic flux f is the gas dynamic flux (2.2.10) ). Let U* be defined for
all £ # 0 as in Definition 2.1.2 and in the point £ = 0 as the solution of
the Riemann problem defined in Definition 2.2.1. Then the limit semigroup
satisfies and is uniquely identified by the integral estimates (2.1.8), (2.1.9).

Observe that the same Theorem holds for the 2 x 2 isentropic system
(see Section 2.5)

Op+0yq=—10,a
W T T (2.2.17)
Orq + am(? +p) = _a_pama-
In [26] 2 x 2 homogeneous conservation laws at a junction are considered for
given admissible junction conditions. In the 2 x 2 case, the function ¥ in

(2.2.15) depends only on four real variables:
U ((07,0), (%, a%)) = (pF.a7) = B(AT = A7, (p7,q7)). (2.218)

It fulfils the determinant condition in [26, Proposition 2.2] since it satisfies
Lemma 2.3.4. Condition (2.2.16) is now given by

(p*,q") —®(AT - A7, (p7,q7)) =0, (2.2.19)

The result in [26, Theorem 3.2] for the case of a junction with only two
pipes with different cross sections and the function ¥ given by (2.2.19) can
be stated in the following way
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Theorem 2.2.3 Given a subsonic state uw = (p,q), there exist a constant
L > 0, a closed domain D C @ + LY(R,R?) of functions with small total
variation and a unique semigroup S : [0,4+00) x D — D satisfying

i) Sou=1u, Sipsu=SioSsu for allu €D andt,s>0;
i) ||Ssu—Spvllpim) < L<|s—t|+||u—v||L1(R)> for allu,v € D andt,s > 0;

i11) for all u, € D the function u(t,-) = Syu,=(p,q)(t,-) is a weak entropy

solution to
{ Oip+ 02q =0

Ouq + 0u(L +p) = 0, (2.2.20)

for x # 0, equipped with the condition at the junction in x =0

((p,q)(t,0-); (p,q)(t,0+)) =0, (2.2.21)

for almost every t > 0, where ¥ is given by (2.2.19);

i) If u € D is piecewise constant, then fort > 0 sufficiently small, Syu co-
incides with the juxtaposition of the solutions to homogeneous Riemann
Problems centered at the points of jumps of w in x # 0 and the solution
of the Riemann problem at the junction as defined in Definition 2.2.1
for the point x = 0.

We will prove in Section 2.5 that the semigroup obtained in [26] and re-
called in Theorem 2.2.3 satisfies the same integral estimate (see the following
proposition) as our limit semigroup hence they coincide.

Proposition 2.2.4 The semigroup defined in [26] with the junction condi-
tion given by (2.2.19) satisfies the integral estimates (2.1.8),(2.1.9) with U*
substituted by the solution of the Riemann problem described in Definition
2.2.1.

The proof is postponed to Section 2.5.

Remark 2.2.5 Note that Proposition 1 justifies the coupling condition (2.2.19)
as well as the condition used in [40] to study the Riemann problem for the
gas flow through a nozzle.

2.3 Existence of BV entropy solutions

Throughout the next two sections, we follow the structure of [1]. We recall
some definitions and notations in there, and also the results which do not
depend on the L*° boundedness of the source term. We will prove only the
results which in [1] do depend on the L> bound using our weaker hypotheses.
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2.3.1 The non homogeneous Riemann-Solver

Consider the stationary equations associated to (2.1.1), namely the system
of ordinary differential equations:

O f(v(2)) = g(z,v(x)). (2.3.22)
For any z, € R, v € Q, consider the initial data
v(x,) = 0. (2.3.23)

As in [1], we introduce a suitable approximation of the solutions to (2.3.22),
(2.3.23). Thanks to (2.1.4), the map u +— f(u) is invertible inside some
neighbourhood of the origin; in this neighbourhood, for small A > 0, we can
define

Dy (20, u) = f!

h
fu) —i—/o g (zo + s,u) ds] . (2.3.24)

This map gives an approximation of the flow of (2.3.22) in the sense that

h
[ (Pn(wo,u)) — flu) = /0 g (xo+ s,u) ds. (2.3.25)

Throughout the paper we will use the Landau notation O(1) to indicate
any function whose absolute value remains uniformly bounded, the bound
depending only on f and | M]||y:.

Lemma 2.3.1 The function ®p(x,,u) defined in (2.3.24) satisfies the fol-
lowing uniform (with respect to x, € R and to u in a suitable neighbourhood
of the origin) estimates.

[P (20, )[[c2 < O(),

limp, o sup,, er [Pr(2o, u) — ul =0, (2.3.26)

limp ¢ |[|[Id — Dy ®@p(x0, u)|| =0
Proof. The Lipschitz continuity of f~! and (2.1.3) imply
| (20, u) —u| = ‘(I)h(xo,u) —ft (f(u))‘ <0(1) ‘fohg(aco + s,u) ds‘
<o) (fo"w(:co +s) ds( <O1)&, — 0,
for h — 0. Next we compute
D, ®y(zo,u) =  Df! [ —|—f0 (T + s,u ds}

< —I—fo ugazo—l—su)ds)
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which together to the identity v = f~! ( I (u)) implies
1D (0, w) — 1] = | Putn(o ) = DI (F) )
SHDf‘ [ —i—fo (o + 8,u) ds] Df~! (f(u))H

<HDf |+ fo | Dug(zo + s, u)|] ds)

+||Ds = (r@)]| - S5 IDug@o + 5,0 ds
<0O()ép — 0,

for h — 0. Finally, denoting with D; the partial derivative with respect
to the 7 component of the state vector and by ®;, ; the £ component of the
vector @, we derive

DiD;®p(0,u) =Y <Dka/f[1 ( )+ [I glzo + s,u ds)
. (Difk + fo gk (o + 8, 1) ds)

. (Djfk/ + fo gk (To + 8, u) ds) )

+Ekaf[1< —|—f0 (xo + s,u) ds)
: (DjDi Fie(w) + [ D;Digi(wo + 5,u) ds)

so that

HD2<I>h(:EO,u)H <00) (1 + 0 N (w0 + 5) ds) <o) (1 n ||M||L1) <00).
O

For any z, € R we consider the system (2.1.1), endowed with a Riemann
initial datum:

) owe ifr<a,
u(0,z) = { w >z, (2.3.27)

If the two states uy, u, are sufficiently close, let ¥ be the unique entropic
homogeneous Riemann solver given by the map

Uy = \I’(O')(UE) = T/Jn(O'n) 0...0 Ibl(Ul)(uE), (2.3.28)
where o = (01,...,0,) denotes the (signed) wave strengths vector in R"”,
[57]. Here 1;, j = 1,...,n is the shock-rarefaction curve of the j* family,

parametrised as in [16] and related to the homogeneous system of conserva-
tion laws

Oy + Oy f(u) = 0. (2.3.29)
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Observe that, due to (2.1.4), all the simple waves appearing in the solu-
tion of (2.3.29), (2.3.27) propagate with non-zero speed.

To take into account the effects of the source term, we consider a sta-
tionary discontinuity across the line x = z,, that is, a wave whose speed
is equal to 0, the so called zero-wave. Now, given h > 0, we say that the
particular Riemann solution:

u(t,z) = { u iz < Yit>0 (2.3.30)
u, if T > xz,.

is admissible if and only if u, = ®p(x,,us), where ®p is the map defined
in (2.3.24). Roughly speaking, we require uy, u, to be (approximately)
connected by a solution of the stationary equations (2.3.22).

Definition 2.3.2 Let p be the number of waves with negative speed. Given
h > 0 suitably small, x, € R, we say that u(t,x) is a h—Riemann solver for
(2.1.1), (2.1.4), (2.3.27), if the following conditions hold

(a) there exist two states u™, u™ which satisfy u™ = ®p(To,u™);

(b) on the set {t > 0, x < x,}, u(t,z) coincides with the solution to
the homogeneous Riemann Problem (2.3.29) with initial values wp, u™
and, on the set {t > 0, x > x,}, with the solution to the homogeneous
Riemann Problem with initial values u™, u,;

(c) the Riemann Problem between uy and u~ is solved only by waves with
negative speed (i.e. of the families 1,...,p);

(d) the Riemann Problem between u™ and u, is solved only by waves with
positive speed (i.e. of the families p+1,...,n).

u | ut

U Ur

Figure 2.2: Wave structure in an A-Riemann solver.
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Lemma 2.3.3 Let x, € R and u, ui, ug be three states in a suitable neigh-
bourhood of the origin. For h suitably small, one has

h
|®p(0,u) —u| = O(l)/o w(zo + 8) ds, (2.3.31)

‘(I)h(ajo,UQ) — q)h(xo,ul) - (UQ - u1)| = (2.3.32)

Tot+h
O(1) lug — ug| / w(s)ds.

The proof can be found in [1, Lemma 1].

Lemma 2.3.4 For any M > 0 there exist 87, h} > 0, depending only on M
and the homogeneous system (2.3.29), such that for all maps ¢ € C2(R"™,R")
satisfying

lollce <M, o(u) —ul < By, |1 = De(u)ll < I

and for all ug € B(0,0}), ur € B(p(0),8)) there exist n+2 states wo, . . ., W41
andn wave sizes o1, ... ,0n, depending smoothly on uy, u, which satisfy, with
the previous notations:

i) wo = up, Wpt1 = Up;
i) wi = V(o) (wi—1), i=1,...,p;
ii) wpy1 = p(wp);
i) wit1 = V(o) (w;), i=p+1,...,n.
Here p is the number of waves with negative velocity as in Definition 2.5.2.

The proof can be found in [1, Lemma 3].
The next lemma establishes existence and uniqueness for the ~-Riemann
solvers (see Fig.2.2).

Lemma 2.3.5 There exist 61, hy > 0 such that for any x, € R, h € [0, hy],
ug, ur € B(0,81), there exists a unique h—Riemann solver in the sense of
Definition 2.3.2.

Proof. By Lemma 2.3.1 if hy > 0 is chosen sufficiently small then for any
h € [0, hi], x, € R the map u — ®p(x,, u) meets the hypotheses of Lemma
2.3.4. Finally taking hy eventually smaller we can obtain that there exists
41 > 0 such that B(0,d1) C B(0,07) N B(®p(xo,0),07), for any h € [0, hq].
O
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In the sequel, F stands for the implicit function given by Lemmas 2.3.4
and 2.3.5:
o=FE(h,up, ur; x,),

which plays the role of a wave—size vector. We recall that, by Lemma 2.3.4,
E is a C? function with respect to the variables uy, u, and its C? norm is
bounded by a constant independent of h and z,.

In contrast with the homogeneous case, the wave—size ¢ in the h—Riemann
solver is not equivalent to the jump size |uy—wu,|; an additional term appears
coming from the “Dirac source term” (see the special case u; = u,.).

Lemma 2.3.6 Let 61, hy be the constants in Lemma 2.53.5. For ug,u, €
B(0,61), h € [0,h], set B = E[h,ug,up;xo). Then it holds:

h
lug —u.| = O(1) |c7|+/0 w(x, + 8) ds),
(2.3.33)

h
lo| = O() | |ug — uy| —1—/ w(zo + 5) ds) .
0
The proof can be found in [1, Lemma 4].

2.3.2 Existence of a Lipschitz semigroup

Note that as shown in [1] we can identify the sizes of the zero waves with
the quantity

o= /h w(jh + s)ds. (2.3.34)
0

With this definition all the Glimm interaction estimates continue to hold
with constants that depend only on f and on |[M||p1, therefore all the
wave front tracking algorithm can be carried out obtaining the existence
of e, h-approximate solutions. Here we first give a precise definition of &, h-
approximate solutions and then outline the algorithm which allows to obtain
them. The detailed proof that the algorithm can be carried out for all times
t>0isin [1].

Definition 2.3.7 Given €,h > 0, we say that a continuous map
u®" : [0, 400) — L1 (R,R")

is an €, h-approximate solution of (2.1.1)-(2.1.2) if the following holds:

— As a function of two variables, u®" is piecewise constant with discon-

tinuities occurring along finitely many straight lines in the z,t plane.
Only finitely many wave-front interactions occur, each involving ex-
actly two wave-fronts, and jumps can be of four types: shocks (or con-
tact discontinuities), rarefaction waves, non-physical waves and zero-
waves: J =SURUNPUZ.
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— Along each shock (or contact discontinuity) xo = x4(t), o € S, the
values of v~ = uSM(t,xq—) and ut = uSM(t,xo+) are related by
ut = Yy, (0a)(u™) for some ko € {1,...,n} and some wave-strength
0n. If the ka™ family is genuinely nonlinear, then the Lax entropy
admissibility condition o, < 0 also holds. Moreover, one has

| = Ak (uyu”)| <€

where Ay, (u™,u™) is the speed of the shock front (or contact disconti-
nuity) prescribed by the classical Rankine-Hugoniot conditions.

— Along each rarefaction front T, = x4(t), @« € R, one has ut =
Y, (0a)(u™), 0 < g4 < € for some genuinely nonlinear family ke .
Moreover, we have: |tq — A, (u™)| < e.

— All non-physical fronts © = x4(t), a« € NP travel at the same speed
To = A >sup,; [Ni(u)]. Their total strength remains uniformly small,
namely:

Z ]ue’h(t,xa—k) . ue’h(t,xa—)‘ <e, Yt > 0.
aENP

— The zero-waves are located at every point x = jh, j € (—hie, hie) NZ.
Along a zero-wave located at x, = joh, o € Z, the values u~ =
uSl(t,xq—) and ut = uSh(t,xo+) satisfy ut = Op(xa,u”) for all
t > 0 except at the interaction points.

— The total variation in space TVus"(t,-) is uniformly bounded for all
t > 0. The total variation in time TV {ua’h(',x); [0,—1—00)} is uni-
formly bounded for x # jh, j € Z.

Finally, we require that ||us"(0,.) — oL () < €.

Outline of the wave front tracking algorithm (see Figure 2.3) For
notational convenience, we shall drop hereafter the €, h superscripts as there
will be no ambiguity. Now, given any small value for these parameters, let
us build up such an approximate solution.

e In order for our approximate solutions to be piecewise constant, we
need to discretize the rarefactions; following [16], for a fixed small parameter
0, each rarefaction of size o, when it is created for the first time, is divided
into m = [%] + 1 wave-fronts, each one with size o/m < 9.

e Given the initial data u,, we can define a piecewise constant approxi-
mation u(0, -) satisfying the requirements of Definition 2.3.7; moreover, it is
possible to guarantee that

TVu(0,-) < TVu,.
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h )% - J Qh
Figure 2.3: Illustration of the wave front tracking algorithm

Then, u(t,x) is constructed, for small ¢, by applying the h-Riemann solver
at every point x = jh with j € (—h%, h%) NZ (even if in that point u(0,-)
does not have a discontinuity), and by solving the remaining discontinuities
in u(0, -) using a classical homogeneous Riemann solver for (2.3.29).

e At every interaction point, a new Riemann problem arises. Notice that
because of their fixed speed, two non-physical fronts cannot interact with
each other; neither can the zero-waves. Moreover, by a slight modification
of the speed of some waves (only among shocks, contact discontinuities and
rarefactions), it is possible to achieve the property that not more than two
wave-fronts interact at a point.

After an interaction time, the number of wave-fronts may well increase.

In order to prevent this number to become infinite in finite time, a particular
treatment has been proposed for waves whose strength is below a certain
threshold value p by means of a simplified Riemann solver [16]. We shall use
similar trick in our construction, in the same spirit as in the homogeneous
case;
Suppose that two wave-fronts of strengths o, 0’ interact at a given point
(t,z). If x # x4, for any a € Z, we use the classical accurate or simplified
homogeneous Riemann solver as in [16]. Assume now that x = x, = j.h
with a € Z, different situations can occur:

— if the wave approaching the zero wave is physical and it holds |oo’| > p
we use the (accurate) h—Riemann solver;

— if the wave incoming to the zero wave is physical and it holds |oo’| < p
we use a simplified one. Assume that the wave-front on the right is a
zero-wave (the other case being similar): let uy, uy, = ¥;(0)(we), u, =
®y, (z, upy,) be the states before the interaction.

We define the auxiliary states

U = Pp(z, up), Uy = Vj(0)(Um)-
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Then three fronts propagate after interaction: the zero-wave (ug, Uy, ),
the physical front (u,,, 4,) and the non-physical one (i, u,).

— Suppose now that the wave on the left belongs to NP. Again we use
a simplified solver: let wug, Up,, u, = ®p(z,u,,) be the states before
the interaction, and define the new state iy = ®p(x, uy).

After the interaction time, only two fronts propagate: the zero—wave
(ug, Ug) and the non-physical (ag, u,).

Keeping h > 0 fixed, we are about to first let € tend to zero. Hence we
shall drop the superscript h for notational clarity.

Theorem 2.3.8 Let u® be a family of e, h—approximate solutions of (2.1.1)—
(2.1.2). There exists a subsequence u® converging asi — —+o0o in L}, ((0, +00) x ]R)
to a function u which satisfies for any ¢ € C. ((0, +00) X R):

© © . h . .
/0 /R [ugs + f(u)ea] dwdt+/0 Zcp(t,jh) </0 g [jh+ s,u(t, jh—)] ds) dt = 0.

JEZ
(2.3.35)
Moreover TVu(t,-) is uniformly bounded and u satisfies the Lipschitz prop-
erty

/ lu(t',z) — u(t", z)| de < Ot — 1|, 't > 0; (2.3.36)
R

Now we are in position to prove [1, Theorem 4] with our weaker hypothe-
ses. Asin [1] we can apply Helly’s compactness theorem to get a subsequence
whi converging to some function v in L1,,. whose total variation in space is
uniformly bounded for all ¢ > 0. Moreover, working as in [2, Proposition
5.1], one can prove that u"(t,-) converges in L' to u(t,-), for all ¢ > 0.

Theorem 2.3.9 Let u" be a subsequence of solutions to Equation (2.5.35)
with uniformly bounded total variation converging asi — +oo in L' to some
function u. Then u is a weak solution to the Cauchy problem (2.1.1)—(2.1.2).

We omit the proofs of Theorem 2.3.8 and 2.3.9 since they are very similar
to the proofs of [1, Theorem 3 and 4]. We only observe that, in those proofs,
the computations which rely on the L* bound on the source term have to
be substituted by the following estimates.

e Concerning the proof of Theorem 2.3.8:

foh ‘g (jh + S,ua(t,jh—)) —qg (jh + S,u(t,jh—))‘ ds

< Jo loGih+ 5, ga - |uf (t jh=) = u(t, jh—)| ds
< éh : |u5(t,jh—) - U(t,jh—)| :
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e Concerning the proof of Theorem 2.3.9:

I

g(jh+s,uh(t,jh—)>' ds < fohHg(jh—l—s, Nt ds < én

and

I

g <jh + s,uh(t,jh—)> — g (jh + s, ult, jh + s))' ds
< Jy llgGh + 5, | gn - [t (¢ jh—) = ut, b+ 5)] ds
< &, - TV {u(t,),[( — Dh, (G + D]}

+ L(Z+1)h w(z) ‘uh(t7 ) — ult, x)‘ .

We observe that all the computations done in [1, Section 4] rely on the
source g only through the amplitude of the zero waves and on the interac-
tion estimates. Therefore the following two theorems still hold in the more
general setting.

Theorem 2.3.10 There ezists § > 0 such that if |w|g(ry is sufficiently
small, then for any (small) h > 0 there exist a non empty closed domain Dy,()

and a unique uniformly Lipschitz semigroup P" : [0, 4+00) x Dy(8) — Dy (9)
whose trajectories u(t,.) = Plu, solve (2.3.35) and are obtained as limit of
any sequence of €, h—approzimate solutions as € tends to zero with fized h.
In particular the semigroups P satisfy for any ue, v, € Dp(5), t,5 >0

Pluy = u,, P/'o P, = P! u,, (2.3.37)

HPthuo — P;‘vo

i <1 [”uo — Vol + It - s\] (2.3.38)

for some L > 0, independent on h.

Theorem 2.3.11 If |lwlly1(r) 15 sufficiently small, there exist a constant
L > 0, a non empty closed domain D of integrable functions with small
total variation and a semigroup P : [0,+00) x D — D with the following
properties

i) Pou=u, Yu € D; Piysu=P,oPu, YueD,ts>0.
ii) [P = Poollpae) < L(ls =t/ + Ju = vlga) ), Yu, v e D, t,s20.

iii) For all u, € D, the function u(t,-) = Pyu, is a weak entropy solution of
system (2.1.1).

iv) For all h > 0 small enough D C Dj,.
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v) There exists a sequence of semigroups P such that Pthiu converges in
L! to P as i — +o0o for any u € D.

Remark 2.3.12 Looking at [1, (4.6)] and the proof of [1, Theorem 7] one
realises that the invariant domains Dy, and D depend on the particular source
term g(x,u). On the other hand estimate [1, (4.4)] shows that all these do-
mains contain all integrable functions with sufficiently small total variation.
Since the bounds O(1) in Lemma 2.3.6 depend only on f and on | M||p1,
also the constant Cy in [1, (4.4)] depends only on f and on ||M|y1. There-
fore there exists & > 0 depending only on f and on |[M||p1 such that Dy, and
D contain all integrable functions u(zx) with TV {u} < 6.

2.4 Uniqueness of BV entropy solutions

The proof of uniqueness in [1] strongly depends on the boundedness of the
source, therefore we have to consider it in a more careful way.

2.4.1 Some preliminary results

As in [1] we shall make use of the following technical lemmas whose proofs
can be found in [16].

Lemma 2.4.1 Let (a,b) a (possibly unbounded) open interval, and let \ be
an upper bound for all wave speeds. If u, v € Dy, then for all t > 0 and
h > 0, one has

b—At
|| @ - (Re) @

Remark 2.4.2 Observe that in the e, h-approzimate solutions, the waves
do not travel faster than X, therefore the values of the function P}'v in the

b
dx < L/ u(z) — 0(x)|do.  (2.4.39)

interval <a+ ;\t,b— ;\t> depend only on the values that v assumes in the

interval (a,b). Therefore, estimate (2.4.39) is only a localisation of (2.3.38),
in particular the Lipschitz constant L is the same and depends on g only
through || M ||y, .

Lemma 2.4.3 Given any interval Iy = [a,b], define the interval of deter-
minacy

. . b—
L=[a+Ab-X], t< 2;‘. (2.4.40)
For every Lipschitz continuous map w : [0,T] — Dy, and h > 0:
_ ph ‘
_ ph 2 I Hw(s ) = Byuw(s) LY(Ioy)
w(t) — Pw(0) <L lim inf ds.
L1(Iy) 0 n—0 n

(2:4.41)
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Remark 2.4.4 Lemmas 2.4.1, 2.4.3 hold also substituting P" with the op-
erator P. In this case we have obviously to substitute the domains Dp(0)
with the domain D of Theorem 2.5.11.

Let now wuy, u, be two nearby states and A < 5\; we consider the function

)y iz < XA,
v(t,x) = { w if x> M+ (2.4.42)

Lemma 2.4.5 Call w(t,x) the self-similar solution given by the standard
homogeneous Riemann Solver with the Riemann data (2.3.27).

(i) In the general case, one has

+oo
%/ lo(t, 2) — w(t,2)| dz = O(L) [ug — u,: (2.4.43)

—00

(ii) Assuming the additional relations u, = R;(0)(ug) and X\ = \;i(u,) for

some o >0,i=1,...,n one has the sharper estimate
1 [Fee
Z/ lo(t, z) — w(t,z)| dz = O(1) 0% (2.4.44)
—o0
(iii) Let u* € Q and call \j < ... < X, the eigenvalues of the matriz

A* = V f(u*). If for some i it holds A*(u, —ug) = N (up — ug) and
A=\ in (2.4.42), then one has

1 [t
F [ lotea) — wles)] do = ©00) e = el (jue = |+ = ]
(2.4.45)

The proof can be found in [16, Lemma 9.1].
We now prove the next result which is directly related to our A-Riemann
solver.

Lemma 2.4.6 Callw(t,z) the self-similar solution given by the h—Riemann
Solver in x, with the Riemann data (2.3.27).

(i) In the general case one has

%/M lv(t,z) — w(t,z)| dz = O(1) (qu —ur| + /Oh w(To + 8) ds);

- (2.4.46)
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(i) Assuming the additional relation
h
U = ug + [V ] (u*)/ g(xo + s,u™)ds
0
with A =0 in (2.4.42) one has the sharper estimate

“+oo
l/ lu(t,z) — w(t,z)| do (2.4.47)

t —0o0

= 0O(1) (/Ohw(a:o—i-s) ds—i—\ug—u*]) -/Ohw(azo+s) ds.

Proof. Suppose A > 0 (the other case being similar) and compute

1 [T
Z/ !v(t,m)—w(t,x)!da:
1 [0 1 [ 1 At
— z/A \w—w(t,xﬂda:—kz/ |uz—w(t,a:)‘dx+¥/ lur — w(t, )| da
v 0 M

= O(l)zp:|a|—|—1/>\t|u —w(t,z)|dz + O(1) Zn: lo,|
- < L t 0 7 3 L

1=p+1
1 At
= OQ1)lo]+ Z/ |ug — w(t,x)| dz,
0

where 0 = E [h, uy, u,; z,]. Since w(t,z) is the solution to the h—Riemann
problem, Lemma 2.3.6 implies |u; —w(t, x)| = O(1) (]a! + foh w(zo + 5) ds).

Therefore using again Lemma 2.3.6 we get (7).
Let us prove now (ii). Setting A = 0 in the previous computation gives

+oo
L / lo(t,z) — w(t, )| dz = O(1) |o].

t — 00

This leads to

B = ‘E [y ug, up; 0] — E [h,uz,q)h(l’mw);xo]
= O(1) [uy — ®p(wo, ur)| -

To estimate this last term, we define b(y,u) = f~' (f(u) +y) and compute
for some y1, yo:

we+ (VA7 @)y = blazue)| < Ol - [u” = el + O(1) Iy — el

+ ‘UZ + VA (w2 — b(y%ué)‘ :
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The function z(ys) = uy + [Vf] ™ (ur)y2 — b(y2,ue) satisfies z(0) = 0,
Dy,z(0) = 0, hence we have the estimate

wp + V171 (u*)yr — b(yz,w)( < O(1) [Iy1| Jut = el + |yr — yo| + |y2|2] -

If in this last expression we substitute

h h
Y1 = / 9(xo + s,u”)ds, Yo = / 9(zo + s,ur)ds
0 0

then, we get

h h
U — ®p (0, up)| = O(l)(/ w(zo + 8) ds + |ug — u*|> / w(z, + 5) ds
0 0
which proves (2.4.47). O

2.4.2 Characterisation of the semigroup’s trajectories

In this section we are about to give necessary and sufficient conditions for a
function u(t,-) € D to coincide with a semigroup’s trajectory. To this end,
we prove the uniqueness of the semigroup P and the convergence of all the
sequence of semigroups P towards P as h — 0.

We will need the following approximations of Ué’u; £) (see Definition 2.1.3).

Let T be a piecewise constant function. We will call w” the solution of the
following Cauchy problem:

_ h
A" + 0, A"y = 3 (& — jh) / GGh+s)ds,  wh(0,z) = B(a).
jez 0
Define u*=u(§) and let \; = A\;(u*), 7y = 7(u*), l; = l;(u*) be respec-

tively the i'" eigenvalue, the i right/left eigenvectors of the matrix A (see
Definition 2.1.3). As in [1] w and w” have the following explicit representa-
tion

n 1 x

w(t,x) = Z{<li,u(x—)\it)>+)\—/ <li,§(x/)>dx’}m,
i=1 i Jax—\;t

n

{<m(m — i) + Ai <z ah(t, m)>} riy (2.4.48)

i=1
where the function G Z Gh t,xz)r; is defined by
i=1
> / iy (jh+s8))ds  if A >0
Gl(t,x) = ¢ SN (2.4.49)

-y / L GGh+s))ds  if A <0,

j: jhe(zz—N;t)
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Using (2.1.3) we can compute

= 0(1) &,. (2.4.50)

hit,z) — ' ,g(2") dx
Gitte) — [ (g d

Hence, for any a,b € R with a < b, we have the error estimate

b— At
/ uwtt ) — )] dr < 0(1)
a+ At

b
/ |u(z) —v(z)| dz + (b — a)éh] .

(2.4.51)
From (2.4.48), (2.4.49), it is easy to see that w"(t, ) is piecewise constant
with discontinuities occurring along finitely many lines on compact sets in
the (¢, z) plane for ¢ > 0. Only finitely many wave front interactions occur
in a compact set, and jumps can be of two types: contact discontinuities or
zero waves. The zero waves are located at the points jh, j € Z and satisfy
. (j+1)h
wh(t, jh+) — wh(t, jh—) = [V f]~ (u*)/ G(jh+s)ds.  (2.4.52)
jh

Conversely a contact discontinuity of the " family located at the point

xo(t) satisfies £, (t) = \j(u*) and

W' (t, xo(t)+) — w(t, 20 (t)—) = ori(u”) (2.4.53)

for some o € R.
Now, we apply a technique introduced in [15] to state and prove the
uniqueness result in our more general setting.

Theorem 2.4.7 Let P : D x [0,+00) — D be the semigroup of Theorem
2.8.11, let \ be an upper bound for all wave speeds (see (2.1.4)) and let Ut
and U® the functions defined in Definitions 2.1.2 and 2.1.3. Then every
trajectory u(t,-) = Pyug, ug € D, satisfies the integral estimates (2.1.8) and
(2.1.9) at every T > 0.

Viceversa let u : [0,T] — D be Lipschitz continuous as a map with values
in LY(R,R") and assume that the conditions (2.1.8), (2.1.9) hold at almost
every time 7. Then u(t,-) coincides with a trajectory of the semigroup P.

Remark 2.4.8 The difference with respect to the result in [1] is the presence
of the integral in the right hand side of formula (2.1.9). If w is in L, the
integral can be bounded by O(1) (b — a) and we recover the estimates in [1].
Note also that the quantity

b

w ((a, b)) =TV {u(r); (a,b)} +/ w(z) dz

a

s a uniformly bounded finite measure and this is what is needed for proving
the sufficiency part of the above Theorem.
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Proof. Part 1: Necessity Given a semigroup trajectory u(t,-) = P,
u € D we now show that the conditions (2.1.8), (2.1.9) hold for every
7> 0.

As in [1] we use the following notations. For fixed h, 9, € > 0 we define
Jy=J7 UJP U J with

JS = (5 (29—t AE— (- T)X) : (2.4.54)
Je = [g — (=TI E+ (- T)x} : (2.4.55)
Jho= (g @-nher@o—t+n)d). (2.4.56)

Let U
dividing the centered rarefaction waves in equal parts and replacing them
by rarefaction fans containing wave fronts whose strength is less than e.
Observe that:

1 [T
: / U3 (0,2) = U, ) (0,2)| d = O(1) < (2.4.57)

Applying estimate (2.4.41) to the function U(ﬁ’( ).¢) We obtain

/..
HU’“ (=7 +m) — PRURS (1~ T)‘

T+9 1
< L/ lim inf L (Jt+n)dt.
T n—0 n

da (2.4.58)

f.e hrrl,e
Uta(ryse) (9, %) = (P B U(um;o(o)) ()

The discontinuities of U, &E(T)_g) do not cross the Dirac comb for almost all
times ¢ € (1,7 + 1). Therefore we compute for such a time ¢:

1 /
77 Jt+77
/ o

409Uy

Ul eyt =T +m,) — (PthE( NG 7)) (z)|dz  (2.4.59)

U(ﬁua(T) )( —T+nx)— (P,?U&E(T);O(t — T)) ()| dz.

Define W, the set of points in which U&E(T); £ (t—7) has a discontinuity while
Z}, is the set of points in which the zero waves are located. If 7 is sufficiently
small, the solutions of the Riemann problems arising at the discontinuities
of Uéje( » )(t — 7) do not interact, therefore

)
n o

t+n

dx

be —
Utniryie(t =7 +m,2) = <P Ula(e; >(’5‘7)) ()

(u(r):€) (9, z) be the piecewise constant function obtained from U, ?U(T), 6 (9, z)
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<Z+Z

zeJNWe  zeJPNZy
1 /x-i-j\n
n :(:—5\77

Note that the shock are solved exactly both in Ut (’ (7)) and in P"U (ﬁus(T) £)

therefore they make no contribution in the summation. To estimate the
approximate rarefactions we use the estimate (2.4.44) hence

U(T(ﬂ )(t —T4ny) — (PhU(ﬁ;(T) )( 7')) (y)' dy

:c—i—)\n
Z / ") t—7’+77, x) — (PhU(ﬁ;(T) ot 7')) (x)| dz
zeJLNW; T
<o Y jeP<on )eTV{U(ﬁE(T) ot 7);,]3} (2.4.60)
zGJtoﬁWt
rarefaction

<O0()e ‘U(T, E+) — u(ﬂf‘)‘

Concerning the zero waves, recall that t is chosen such that U &E(T)f) is con-

stant there, and P" is the exact solution of an h-Riemann problem, hence
we can apply (2.4.46) with u, = u, and obtain

a+X
e;z /E 77 (7) t —TAne) - <PhU(ti;(T) )( T)) (v)|dz
(jh+s) ds < O(1) ( w(x) dx + € > (2.4.61)
J};O/ j /f €h

Finally using (2.4.61) and (2.4.60) we get in the end

),
n o

t+n

dr  (2.4.62)

ﬁ7 h/ ﬂ7
Ul (t =7 +m,2) = (PRUE 0t = 7)) (@)

:O(l){/]ow($)dw+€h+e}.

Moreover, following the same steps as before and using (2.4.43) and (2.4.46)
with uy = u, we get

)
nJit

t+n

dr (2.4.63)

ﬁ7 h/ ﬂ7
Uit =7+ 0:0) = (PIUEL ot =) (@)
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Note that here there is no total variation of U ?7;6(7), £) since in Jt+ it is constant.

A similar estimate holds for the interval J;,. Putting together (2.4.59),
(2.4.62), (2.4.63), one has

3l
mJ Tty

UES ot =7 +m,2) - <phU(ﬁu€(T) ot 7)) (z)| da

o (/ o) dr 48+ ).

Hence, setting © = U(ﬁua(T) )(0) =U!

(u(7);€)
/JT+19

~ o) (ﬁ(LTw(x) dr 48, + ).

(0) by (2.4.58), we have

dx (2.4.64)

Uiere @) = (P?) @)

Finally we take the sequence P converging to P. Using (2.4.39) we have

1 -
ﬁHPh ~_ phig oy = gt =l (2.4.65)
4230
_ L \u(r,2) — o(z)| do
Y £—2\9
= €9,

where &y tends to zero as ¥ tends to zero due to the fact that u(7) has right
and left limit at any point: for any given € > 0 if ¢ is sufficiently small
lu(r,2) — 0(z)| = |u(r, z) — u(r,é=)| < e for z € (£ — 2)0, €).

Therefore by (2.4.57), (2.4.64), we derive:

1 492 i
3 - "LL(T +9,z) — U(u(r);g) (9, x)‘ dx
HPgu(T) — Pg“u(T)‘

_ g L® 4 g +0(1) [/ w(z) dz + &,

The left hand side of the previous estimate does not depend on e and h;,
hence

1 9

3 Je_oi [ulr +0.2) = Uf ) (9.) | dz = O() / w(z) dz + 5.

Note that the intervals J. depend on 9 (see 2.4.55). So taking the limit as
¥ — 0 in the previous estimate yields (2.1.8).
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To prove (2.1.9) let ¥ > 0 and a point (7,&) be given together with an
open interval (a,b) containing £. Fix ¢ > 0 and choose a piecewise constant
function v € D satisfying v(£) = u(r, &) together with

b
/ |o(z) — u(r,z)| de <e, TV{w;(a,b)} <TV{u(r);(a,b)} (2.4.66)

Let now w” be defined by (2.4.48) (u* = ©(¢) = u(7,€)). From (2.4.51),
(2.4.66) we have the estimate

b—0\
/aw; \U}’u(% (9, 2) — w"(v“,x)( dr < O(1) (a e — a)). (2.4.67)

Using (2.4.40), (2.4.41) we get
w(@,2) — (Pju'(0)) (@)

b—9A
/a+195\
Hwh(t —741n) — Plwh(t — 7')‘

T+ =
< L / lim inf LY (en) dt
T n—0 n

da (2.4.68)

where we have defined INH_n =Ii—74y. Let t € (7,7 + 1) be a time for which
there is no interaction in w”; in particular, discontinuities which travel with
a non-zero velocity do not cross the Dirac comb (this happens for almost all
t). We observe that by the explicit formula (2.4.48):

TV {wh(t —); ft} — 0(1) (Tv {5;(a,b)} + /abw(g;) dz + 5h> (2.4.69)

(wh(t_T,x)—@(g)‘ — 0(1) (TV{@; (a,b)}—l—/abw(x) dx—i—éh). (2.4.70)

As before for n sufficiently small we can split homogeneous and zero waves

1)
N JIy

=z i

zel,nW,  zeliNZ,

dx

Wt — 7 +1,1) — (P;Lwh(t - 7)) ()

x—l—j\n
dx

Y wh(t —T4+n,x)— <P;Lwh(t — T)) (x)

The homogeneous waves in w” satisfy (2.4.53), with #(¢) in place of u*,
hence we can apply (2.4.45) which together with (2.4.69), (2.4.70) leads to

(E—I—j\?]

wh(t —7+n,x) — (P;Lwh(t - T)) (z)| dx

>

zel;NW;

1
n m—j\n
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b
o) > !Awh(t—T,a:)]<TV{v;(a,b)}+/ w(w) dv+ &)

: z€L,NW,

< oM TV {w'(t—7),L} (TV {5 (a.b)} + / () da +n)
b 2 ‘

< 0 (TV{@; (a,b)}—k/a w(x) dw+§h)

where Aw"(t — 7, z) denotes the jump of w"(t — 1) at x.
The zero waves in w” satisfy (2.4.52), hence we can apply (2.4.47) which
together with (2.4.70) leads to

Z /:Jr/\n

zel;NZy,

Z / (r+s)ds- (TV{’U ab}—l—/ dx+ah>

xEItﬁZ;L

< 0Q1) </ft w(z) dz + €h> (TV {v;(a,b)} + /bw(:n) dx + €h>

a

(t—7+n2x)— (P#wh(t — T)) (x)| dz

IN

< 0() (TV {w5(a,)} + /abw(“) dz + 5h)2

Let now P" be the subsequence converging to P. Since w"(0) = v using
(2.4.67), (2.4.68), (2.4.66), and the last estimates we get

1 b—9A b

D Joros ‘U(T +0,2) = Ulygryg) (9 fﬂ)‘ du

||P19U(T) - Pgiu(T)HLl(R) ||u(7-) _ T’”Ll(R)
- 9 + L 5

+O(1) {Hé’”b(b_ 9 4 (TV{T); (a,b)} +/bw(a:) dw+§hi)2}.

a

So for €, h; — 0 we obtain the desired inequality.

Part 2: Sufficiency By Remark 2.4.4 we can apply (2.4.41) to P and
hence the proof for the homogeneous case presented in [16], which relies on
the property recalled in Remark 2.4.8, can be followed exactly for our case,

hence it will be not repeated here. [J
O

Proof of Theorem 2.1.4 It is now a direct consequence of Theorems
2.3.11 and 2.4.7. O
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2.5 Proofs related to Section 2.2

Consider the equation
u + f(u)y = a'g(u)

for some a € BV. Equation (2.2.10) is comprised in this setting with the
substitution a — Ina. For this kind of equations we consider the exact
stationary solutions instead of approximated ones as in (2.3.24). Therefore
call ®(a,u) the solution of the following Cauchy problem:

@) = [Duf(u(a))] ' glu(a))
{ Z(o) )= (2.5.71)

If a is sufficiently small, the map u — ®(a,u) satisfies Lemma 2.3.4. We
call a-Riemann problem the Cauchy problem

Opu+ 0p f(u) = a'g(u)

(a,u)(0,z) = { Ezlzz)) gi ig (2.5.72)

its solution will be the function described in Definition 2.3.2 using the map
®(at — a,u”) instead of the ®;, in there. Observe that if a™ = a~ the
a-Riemann solver coincides with the usual homogeneous Riemann solver.

Deﬁni‘gion 2.5.1 Given a function u € BV and two states a—, a™, we
define U (t,z) as the solution of the a-Riemann solver (2.5.72) with u; =
u(0—) and u, = u(0+).

Proof of Theorem 2.2.2: Since ||aj|lx = |at — a~|, hypothesis (P) is
satisfied uniformly with respect to [, moreover the smallness of |at — a™|
ensures that the L! norm of w in (P3) is small. Therefore the hypotheses of
Theorem 2.1.4 are satisfied uniformly with respect to [.

Let P! be the semigroup related with the smooth section a;. By Remark
2.3.12, if TV {u} is sufficiently small, u belongs to the domain of P! for
every [ > 0. Since the total variation of Plu is uniformly bounded for a
fixed initial data u, Helly’s theorem guarantees that there is a converging
subsequence Ptllu By a diagonal argument one can show that there is a
converging subsequence of semigroups converging to a limit semigroup P
defined on an invariant domain (see [1, Proof of Theorem 7]).

For the uniqueness we are left to prove the integral estimate (2.1.8) in
the origin with U? substituted by U*.

Therefore we have to show that the quantity

1 +9A 3
5 / utr 4 0,2) ~ T (0,0)] da (2.5.73)
[N
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converges to zero as ¥ tends to zero. We will estimate (2.5.73) in several
steps. First define v = Uﬁ(T) (0, ) and compute

+19)\
. / (Pyu(r))() — (Py0)(2) (9, )| da < 2. (2.5.74)

as in (2.4.65). Then we consider the approximating sequence Pli correspond-
ing to the source term a;, and the semigroups Plil wwhich converge to P in
the sense of Theorem 2.3.11. Hence we have

+19)\
tin lim / Pihg) () — (Pyo)(a)| de = 0

1—00 h—0

For notational convenience we skip the subscript ¢ in /;. As in (2.4.57)
we approximate rarefactions in Uﬁ(T) introducing the function Ug’(‘i). Then
we define (see Figure 2.4)

Uﬁ’a)(t—T,x—i-%) r<—1/2

~U(T
Uit — ) =14 U(x) —1)2<x<1/2
[75’(87_)@—7',.%'—%) x>1/2

where U (x) is piecewise constant with jumps in the points jh satisfying
U(jh+) = ®(jh,U(jh—)). Furthermore U(—1/2—) = U(ﬁui)(t —7,0—) and

Uﬁ?£7l7h

|
N~

u(r,0—) =y u(r,04) = u,

U

Figure 2.4: Tllustration of U*b" in the (¢,x) plane
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P is defined as in (2.3.24) using the source term g(z,u) = aj(x)g(u). Observe
that the jump between U(l/2—) and Uﬁ’(‘i’;’h(t— 7,1/24) does not satisfy any

jump condition, but as (7(:17) is an “Kuler” approximation of the ordinary
154

differential equation f(u), = ajg(u), this jump is of order &,. Since Uﬁ’(ﬂ

and Uﬁé;h have uniformly bounded total variation we have the estimate

1A fe bel,h
. / R 05 (9,2) ~ D5 (0,2)] de < O(1)

3| ~

the bound O(1) not depending on h. We apply Lemma 2.4.3 on the remain-
ing term

+19)\ -
. / () = UL (0,2)| da
0 ”Uﬁ U — 7 ) — PPROESL (- 1)
.. u(T) u(T) LY (Je4n)
<L 1 f
. / 0 7

To estimate this last term we proceed as before. Observe that P does not
have zero waves outside the interval [—— —h, L 5 +h] since outside the interval

[— é, 2] the function a] is identically zero. If 7 is small enough, the waves

in P77 Uﬁ i;h (t — 7) do not interact, therefore the computation of the L!

norm in the previous integral, as before can be splitted in a summation on
the points in which there are zero waves in P4 or jumps in Ug’(i’;’h (t—7).
Observe that the jumps of Uﬁé;h (t — 7 +mn) in the interval (—4,+1), are

defined exactly as the zero waves in P"" so we have no contribution to the
summation from this interval. Outside the interval [—% - h,% + h], P"

coincides with the homogeneous semigroup, hence we have only the second

order contribution from the approximate rarefactions in Uﬁé;h (t —7) asin

(2.4.60). Furthermore we might have a zero wave in the interval [—4 —h, —1]
and a discontinuity of Uﬁ(e’g’h in the point x = % of order &,. Using (2.4.46)

for the zero wave and (2.4.43) for the discontinuity (since P" is equal to the
homogeneous semigroup in z = é), we get

|U5" (=74 m) = By U5 (¢ = 7) o,
it o 117 ") Vi) — 0(1) (e + &)
77—)

Which completes the proof if we first let € tend to zero, then let h tend to
zero, then [ tend to zero and finally ¥ tend to zero. As in the previous proof,
the sufficiency part can be obtained following the proof for the homogeneous
case presented in [16]. O
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Proof of Proposition 2.2.4: Call S the semigroup defined in [26]. The
estimates for this semigroup outside the origin are equal to the ones for
the Standard Riemann Semigroup see [16]. Concerning the origin we first
observe that the choice (2.2.19) implies that the solution to the Riemann
problem in [26, Proposition 2.2] coincides with Uﬁ(T). We need to show that

] 1 +9A i
q%lil%) 3 /_195\ ‘U(T +9,x) — Usir) (9, z)|dx = 0. (2.5.75)

with u(t,z) = (Siu,)(x). As before, we first approximate Ug(T) with Ug’(i)
and u(7) with Uﬁ(ﬂ (0)=7v then we apply Lemma 2.4.3 (which holds also for

the semigroup S) and compute

1 / +M‘(sﬁ@)(:c) 0t (9, 2)| da

9 —_o5 u(T)
1 /Tw N T (¢ =7 +m) = SyT%5 (6= 7) La(s,)
-0 T n—0 n

The discontinuities of Uﬁi are solved by S, with exact shock or rarefaction
for x # 0 and with the a—Riemann solver in x = 0 therefore the only
difference between Uﬁ’(i) (t—7+mn) and Snﬁ'ﬁ’(i) (t — 7) are the rarefactions
solved in an approximate way in the first function and in an exact way in
the second. Recalling (2.4.44) we know that this error is of second order in
the size of the rarefactions.

To show that (2.5.75) holds, proceed as in (2.4.60). O



Chapter 3

Coupling Conditions for the
3 x 3 Euler System

3.1 Introduction

We consider Euler equations for the evolution of a fluid flowing in a pipe
with varying section a = a(z), see [74, Section 8.1] or [40, 64]:

d(ap) + 0z(aq) =0
d(aq) + 0y [aP (p,q,E)] =p(p,€) Dza (3.1.1)
O (aE) + 0y [aF (p,q, E)] =0

where, as usual, p is the fluid density, ¢ is the linear momentum density and
FE is the total energy density. Moreover

1¢? ¢ q
E(p,q,E) = 3, Tre P(p,q,E) = L P F(p.q,E) = ;(E+p),
(3.1.2)
with e being the internal energy density, P the flow of the linear momentum
density and F' the flow of the energy density. The above equations express
the conservation laws for the mass, momentum, and total energy of the fluid
through the pipe. Below, we will often refer to the standard case of the ideal

gas, characterized by the relations

p=(y—1pe, S=le—(y-1)lnp, (3.1.3)

for a suitable v > 1. Note however, that this particular equation of state
is necessary only in case (p) of Proposition 3.3.1 and has been used in the
examples in Section 3.4. In the rest of this work, the usual hypothesis [70,
formula (18.8)], that is p > 0, d,p(7,S) < 0 and 92.p(r,S) > 0, are suffi-
cient.

The case of a sharp discontinuous change in the pipe’s section due to
a junction sited at, say, * = 0, corresponds to a(z) = a~ for z < 0 and

65
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a(z) = a*t for z > 0. Then, the motion of the fluid can be described by

Orp+ 020 =0
Oq + 0z P(p,q, E) =0 (3.1.4)
OE + 8$F(p7 q, E) =0,

for x # 0, together with a coupling condition at the junction of the form:
W (a7, (p,0. B)(t,0-);0" (.0, E)(,04)) =0, (3.15)

Above, we require the existence of the traces at x = 0 of (p,q, F). Var-
ious choices of the function ¥ are present in the literature, see for in-
stance [10, 22, 26, 28] in the case of the p-system and [31] for the full 3 x 3
system (3.1.4). Here, we consider the case of a general coupling condition
which comprises all the cases found in the literature. Within this setting,
we prove the well posedness of the Cauchy problem for (3.1.4)—(3.1.5). Once
this result is obtained, the extension to pipes with several junctions and to
pipes with a Wh! section is achieved by the standard methods considered
in the literature. For the analytical techniques to cope with networks having
more complex geometry, we refer to [37].

The above statements are global in time and local in the space of the
thermodynamic variables (p,q, F). Indeed, for any fixed (subsonic) state
(p,q, E), there exists a bound on the total variation TV(a) of the pipe’s
section, such that all sections below this bound give rise to Cauchy problems
for (3.1.4)—(3.1.5) that are well posed in L. We show the necessity of this
bound in the conditions found in the current literature. Indeed, we provide
explicit examples showing that a wave can be arbitrarily amplified through
consecutive interactions with the pipe walls, see Figure 3.1.

This chapter is organized as follows. The next section is divided into
three parts, the former one deals with a single junction and two pipes, then
we consider n junctions and n+1 pipes, the latter part presents the case of a
W11 section. Section 3.3 is devoted to different specific choices of coupling
conditions (3.1.5). In Section 3.4, an explicit example shows the necessity
of the bound on the total variation of the pipe’s section. All proofs are
gathered in Section 3.5.

3.2 Basic Well Posedness Results

Throughout, we let u = (p, q, E). We denote by R the real halfline [0, +oo],
while RT = 10, +o00]. Following various results in the literature, such as [10,
11, 22, 26, 28, 31, 45|, we limit the analysis in this paper to the subsonic
region given by Aj(u) < 0 < Az(u) and Aa2(u) # 0, where \; is the i—th
eigenvalue of (3.1.4), see (3.5.1). Without any loss of generality, we further
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restrict to
Ao = {u € R* x RT x R*: Ay (u) < 0 < Ag(u)} . (3.2.6)

Note that we fix a priori the sign of the fluid speed v, since Ao(u) = q/p =
v > 0.

3.2.1 A Junction and two Pipes

We now give the definition of weak W—solution to the Cauchy Problem
for (3.1.4) equipped with the condition (3.1.5), extending [22, Definition 2.1]
and [28, Definition 2.2] to the 3x 3 case (3.1.4) and comprising the particular
case covered in [31, Definition 2.4].

Definition 3.2.1 Let U: (R+ x Ag)? — R3, u, € BV(R; Ag) and two posi-
tive sections a~, a® be given. A W-solution to (3.1.4) with initial datum u,
1S a map

u € CO(RMLL.(RT;A))

u(t) € BV(R;Ag) forae teRT (3.2.7)

such that
1. for x # 0, u is a weak entropy solution to (3.1.4);
2. for a.e. v € R, u(0,z) = uo(x);

3. for a.e. t € R", the coupling condition (3.1.5) at the junction is met.

Below, extending the 2 x 2 case of the p-system, see [10, 20, 22, 26, 28], we
consider some properties of the coupling condition (3.1.5), which we rewrite
here as

U(a ,u";a",ut)=0. (3.2.8)
(¥0) Regularity: ¥ € C? ((]ﬁﬁ X A0)2;R3).
(¥1) No-junction case: for all @ > 0 and all u=,u™ € A, then
+

U(a,u sa,ut)=0<=u" =u

(¥2) Consistency: for all positive a=,a’, a* and all u=,u®, ut € Ay,

,ul) =0
U(a,ul;at,ut) =0
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Moreover, by an immediate extension of [28, Lemma 2.1], (¥0) ensures that
(3.2.8) implicitly defines a map

ut=T(a ,at;u") (3.2.9)

in a neighborhood of any pair of subsonic states u~, u™ and sections a™—,a™

that satisfy U(a~,u";a™,ut) = 0.
The technique in [24] allows to prove the following well posedness result.

Theorem 3.2.2 Assume that VU satisfies conditions (¥ 0)-(¥2). For every
a>0 and u € Ay such that

det [Dy-W -1 (@) Dy+¥-ro(d) Dy+V-rg(@)] #0 (3.2.10)

there exist positive §, L such that for all a=,a™* with ‘a+ — &‘ + |a_ — EL‘ <6
there exists a semigroup S:R* x D — D with the following properties:

1. D2 {uecu+LY(R;A): TV(u) <d}.
2. For allu € D, Sou =u and for all t,s > 0, SSsu = Ssitu.

3. For all u,u' € D and for all t,t' >0,

81 = el g < £ (= g + |6 = 71

4. If w € D is piecewise constant, then for t small, Syu is the gluing of
solutions to Riemann problems at the points of jump in v and at the
Junction at x = 0.

5. For all u, € D, the orbit t — Syu, is a V-solution to (3.1.4) with
mitial datum u,.

The proof is postponed to Section 3.5. Above r;(u), with ¢ = 1,2,3, are
the right eigenvectors of Df(u), see (3.5.1). Moreover, by solution to the
Riemann Problems at the points of jump we mean the usual Lax solution,
see [16, Chapter 5], whereas for the definition of solution to the Riemann
Problems at the junction we refer to [26, Definition 2.1].

3.2.2 n Junctions and n + 1 Pipes

The same procedure used in [28, Paragraph 2.2] allows now to construct the
semigroup generated by (3.1.4) in the case of a pipe with piecewise constant

section
n—1

a4 = G0 X]—co,a1] T Z 4 X(zjjpr[ T On X[zn,+oo]
j=1
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with n € N. In each segment |z;,z;41[, the fluid is modeled by (3.1.4). At
each junction x;, we require condition (3.1.5), namely

B N for all j =1,...,n, where
U(aj-1,u;sa5,uj) =0 ui: _ hmi ui(z). (3.2.11)
T—Ty

We omit the formal definition of ¥-solution to (3.1.4)—(3.1.5) in the present
case, since it is an obvious iteration of Definition 3.2.1. The natural exten-
sion of Theorem 3.2.2 to the case of (3.1.4)—(3.2.11) is the following result.

Theorem 3.2.3 Assume that ¥ satisfies conditions (¥0)-(®2). For any
a > 0 and any u € Ay, there exist positive M, A, L, M such that for any
pipe’s profile satisfying

a € PC (R;]la— A,a+ A]) with TV(a) < M (3.2.12)
there exists a piecewise constant stationary solution

n—1

U = UoX] -0z, T Z ajx]mjvmﬂl[ + X, oo
j=1

to (8.1.4)—(3.2.11) satisfying
Uj € Ay with |’[Lj—’L_L| <dforj=0,...n
LG (aj_l,zlj_l;aj,zlj) =0forj=1,....n
TV(a) < MTV(a) (3.2.13)
and a semigroup S®:RT x D* — D% such that
1. D* 2 {uea+LY(R;Ay): TV(u—a) < 6}.
2. 5§ 1is the identity and for all t,s >0, SS¢ = S¢,,.

3. For all u,u’ € D* and for all t,t' >0,

|5iu = Sl |lga < L - ([l () =l + |t = ])

4. If u € D% is piecewise constant, then for t small, Siu is the gluing of
solutions to Riemann problems at the points of jump in v and at each
Jjunction x;.

5. For all u € D*, the orbit t — Sfu is a weak V-solution to (3.1.4)-
(3.2.11).

We omit the proof, since it is based on the natural extension to the present
3 x 3 case of [28, Theorem 2.4]. Remark that, as in that case, § and L
depend on a only through @ and TV (a). In particular, all the construction
above is independent from the number of points of jump in a.
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3.2.3 A Pipe with a W1! Section

In this paragraph, the pipe’s section a is assumed to satisfy

ac Whl (R;]a —A,a+ A[) for suitable A >0, a > A
TV(a) < M for a suitable M > 0 (3.2.14)
a'(x) =0 for a.e. z € R\ [-X, X] for a suitable X > 0.

The same procedure used in [28, Theorem 2.8] allows to construct the semi-
group generated by (3.1.1) in the case of a pipe which satisfies (3.2.14).
Indeed, thanks to Theorem 3.2.3, we approximate a with a piecewise con-
stant function a,. The corresponding problems to (3.1.4)—(3.2.11) generate
semigroups S, defined on domains characterized by uniform bounds on the
total variation and that are uniformly Lipschitz in time. Here, uniform
means also independent from the number of junctions. Therefore, we prove
the pointwise convergence of the S, to a limit semigroup .S, along the same
lines in [28, Theorem 2.8].

3.3 Coupling Conditions

This section is devoted to different specific choices of (3.2.8).

(S)-Solutions We consider first the coupling condition inherited from the
smooth case. For smooth solutions and pipes’ sections, system (3.1.1) is
equivalent to the 3 x 3 balance law

Oup + 0ug = —L 0a
a 2
oq+ 0, P(p,q, FE) = —Z— Opa (3.3.1)

Ok +8$F(pv q, E) = _E Oza.

The stationary solutions to (3.1.1) are characterized as solutions to

Oz(a(x)q) =0 Orq=—10:a ,
Oy (a(a:) P(p,q,E)) =p(p,e)0za or LO.P(p,q,E)=—-L0,a (3.3.2)
9z (a(z) F(p,q, E)) =0 0. F (p,q, FE) = —%P@ma.

As in the 2 x 2 case of the p-system, the smoothness of the sections induces
a unique choice for condition (3.2.8), see [28, (2.3) and (2.19)], which reads

atqt —a q” .
(S) ¥=|atPu")—a Plu) +/ p (RY(z), %)) d'(z)dz | (3.3.3)

-X
atF(ut) —a  F(u™)



3.3. COUPLING CONDITIONS 71

where a = a(z) is a smooth monotone function satisfying a(—X) = a~ and
a(X) = at, for a suitable X > 0. R E* are the p and e component in the
solution to (3.3.2) with initial datum u~ assigned at —X. Note that, by
the particular form of (3.3.3), the function W is independent both from the
choice of X and from that of the map a, see [28, 2. in Proposition 2.7].

(P)-Solutions The particular choice of the coupling condition in [31, Sec-
tion 3] can be recovered in the present setting. Indeed, conditions (M), (E)
and (P) therein amount to the choice

atqt —a"q”
(P) U(a ,u,a",ut) = P(u™) — P(u™) , (3.3.4)
atFut)—a F(u™)

where a™ and a~ are the pipe’s sections. Consider fluid flowing in a hori-
zontal pipe with an elbow or kink, see [51]. Then, it is natural to assume
the conservation of the total linear momentum along directions dependent
upon the geometry of the elbow. As the angle of the elbow vanishes, one
obtains the condition above, see [31, Proposition 2.6].

(L)-Solutions We can extend the construction in [10, 11, 20] to the 3 x 3
case (3.1.4). Indeed, the conservation of the mass and linear momentum
in [20] with the conservation of the total energy for the third component
lead to the choice

atqt —a"q
(L) V(o ,u,at,u™)=| atP(ut) —a"Pu~) |, (3.3.5)
atF(ut) —a  F(u™)

where a™ and a~ are the pipe’s sections. The above is the most immedi-
ate extension of the standard definition of Lax solution to the case of the
Riemann problem at a junction.

(p)-Solutions Following [10, 11], motivated by the what happens at the
hydrostatic equilibrium, we consider a coupling condition with the conser-
vation of the pressure p(p) in the second component of ¥. Thus

atqt —a q
(P) W ,u,a"u)= | p(p*.e")—p(p~,e7) |, (3.3.6)
atF(ut) —a F(u™)

where at and a~ are the pipe’s sections.
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Proposition 3.3.1 For everya > 0 and @ € Ay, each of the coupling condi-
tions W in (3.3.3), (3.3.4), (3.8.5), (3.3.6) satisfies the requirements (¥0)-
(¥2) and (3.2.10). In the case of (3.53.6), we also require that the fluid is
perfect, i.e. that (3.1.3) holds.

The proof is postponed to Section 3.5. Thus, Theorem 3.2.2 applies,
yielding the well posedness of (3.1.4)—(3.1.5) with each of the particular
choices of ¥ in (3.3.3), (3.3.4), (3.3.5), (3.3.6).

3.4 Blow-Up of the Total Variation

In the previous results a key role is played by the bound on the total variation
TV(a) of the pipe’s section. This requirement is intrinsic to problem (3.1.4)—
(3.1.5) and not due to the technique adopted above. Indeed, we show below
that in each of the cases (3.3.3), (3.3.4), (3.3.5), (3.3.6), it is possible to
choose an initial datum and a section a € BV (R;[a~,a™]) with at — a~
arbitrarily small, such that the total variation of the corresponding solution
to (3.1.4)—(3.1.5) becomes arbitrarily large.

Consider the case in Figure 3.1. A wave o5 hits a junction where the

a

Figure 3.1: A wave o3 hits a junction where the pipe’s section increases by
Aa. From this interaction, the wave J;' arises, which hits a second junction,

where the pipe section decreases by Aa.

pipe’s section increases by, say, Aa > 0. The fastest wave arising from
this interaction is agr , which hits the second junction where the section
diminishes by Aa.
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Solving the Riemann problem at the first interaction amounts to solve
the system

Ls <L2 <T (Ll(u; Jf)) ;O';) ;0§'> =T (Lg(u; 0'3_)) , (3.4.1)

where u € Ay, see Figure 3.2 for the definitions of the waves’ strengths o;"
and o5 . Above, T is the map defined in (3.2.9), which in turn depends
from the specific condition (3.2.8) chosen. In the expansions below, we
use the (p, g, e) variables, thus setting u = (p, ¢, e) throughout this section.
Differently from the case of the 2 x 2 p-system in [28], here we need to

+ +
0 09

O3

Figure 3.2: Notation used in (3.4.1) and (3.4.4).

consider the second order expansion in Aa = a™ — a~ of the map T; that is
A Aa\’ Aa\’
T(a,a+ Aa;u) :u—i-H(u)Ta + G(u) <7a> +o <7a> (3.4.2)

The explicit expressions of H and G in (3.4.2), for each of the coupling
conditions (3.3.3), (3.3.4), (3.3.5), (3.3.6), are in Section 3.5.2.

Inserting (3.4.2) in the first order expansions in the wave’s sizes of (3.4.1),
with 7; for i = 1,2, 3 as in (3.5.3), we get a linear system in o7, o , o5 . Now,

introduce the fluid speed v = ¢/p and the adimensional parameter

a sort of “Mach number”. Obviously, ¥ € [0, 1] for u € Ayg. We thus obtain
an expression for 0; of the form

2
of = <1 A0 22 4 p) (A—) ) oy | (3.4.3)

The explicit expressions of f; and fs in (3.4.3) are in Section 3.5.2.
Remark that the present situation is different from that of the 2 x 2

p-system considered in [28]. Indeed, for the p-system fo(9) = fo(9F) = 0,

while here it is necessary to compute the second order term in (Aa)/a.
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Concerning the second junction, similarly, we introduce the parameter
9+ = (vt /ct)? which corresponds to the state u. Recall that uT is defined

by ut = L3 (T <L3(u; o3 ); 0’;'>>, see Figure 3.2 and Section 3.5.2 for the

explicit expressions of Y. We thus obtain the estimate
Aa Aa\?
O':;H‘ = <1 — f1(19+) — + f2(19+) <7> > o';', (3.4.4)

where 97 = 9T (19,0'3_, (Aa)/a). Now, at the second order in (Aa)/a and
at the first order in o3, (3.4.3) and (3.4.4) give

2
ot = <1—f1<19+>%+f2<19+> (A—)>

2
X <1+f1(19)% + f2(19) (%) >0'3_

- <1 +x(9) <%>2> o5 . (3.4.5)

Indeed, computations show that fi (¢) — f1 (91) vanishes at the first order
in (Aa)/a, as in the case of the p-system. The explicit expressions of x are
in Section 3.5.2.

It is now sufficient to compute the sign of x. If it is positive, then
repeating the interaction in Figure 3.1 a sufficient number of times leads to
an arbitrarily high value of the refracted wave o3 and, hence, of the total
variation of the solution wu.

Below, Section 3.5 is devoted to the computations of x in the different
cases (3.3.3), (3.3.4), (3.3.5) and (3.3.6). To reduce the formal complexities
of the explicit computations below, we consider the standard case of an ideal
gas characterized by (3.1.3) with v = 5/3.

The results of these computations are in Figure 3.3. They show that in
all the conditions (3.1.5) considered, there exists a state u € Ay such that
x (1) > 0, showing the necessity of condition (3.2.12). However, in case (L),
it turns out that x is negative on an non trivial interval of values of . If
4 is chosen in this interval, the wave o3 in the construction above is not
magnified by the consecutive interactions. The computations leading to the
diagrams in Figure 3.3 are deferred to Section 3.5.2.
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1000 10000
800 8000 r
600 6000
5 5
400 r 4000
200 2000 r
0.1 02 03 04 05 06 0.7 08 09 1 0.1 02 03 04 05 06 07 08 09
theta in case (S) theta in case (P)
1 T 1
0 0.8 t
1k
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-3 F
-4 +
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theta in case (L) theta in case (p)

Figure 3.3: Plots of x as a function of ¢. Top, left, case (S); right, case (P);
bottom, left, case (L); right, case (p). Note that in all four cases, x attains
strictly positive values, showing the necessity of the requirement (3.2.12).
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3.5 Technical Details

We recall here basic properties of the Euler equations (3.1.1), (3.1.4). The
characteristic speeds and the right eigenvectors have the expressions

/\1:%—6 )\2:% )\3:%4-6
=P P P (3.5.1)
ro=1 pc—q ry = a | = q+pc
gqc—E—p E+p-55 E+p+qc

whose directions are chosen so that VA; - r; > 0 for ¢ = 1,2,3. In the case

of an ideal gas, the sound speed ¢ = \/0,p + p~2 p Oep becomes

c=+/v(y—1e. (3.5.2)

The shock and rarefaction curves curves of the first and third family are:

p=—0+po o < 0
S1(uo,0) = v=To \/ (p = Po) (p po) for v < w,
e:eo—%(p—l—po) (%—i) S > 5,
p=0+po c < 0
— v — ] —(p— 1_ 1 P < po
Salugro) = 4 V=t~ =po) (F-7) for 2= P
e:eo—%(p—kpo) (%—i) S < S,
p=—0+po c > 0
P
_ <
Riuns) = & v=vo [lpom sty o 05 0
S(p, e) = S(po, 60) e < e
p =0+ po c > 0
p
_ >
Ryloo) = § vt [ @Sy or P2 4
. V2> U
S(p, e) = S(po, 60) e = €

The 1,2,3-Lax curves have the expressions

Sl (05 Pos Yo, Eo)y o<0

L1(0'§p07QO7Eo) = { R1(0§p07QO7Eo)7 o >0

p=0c+po
LQ(U; pO7QO7EO) = UV = Vo

p(p,e) = p(po, €o)

. _ Ss(p;pi.qi, E1),  0<0
L3(Uapo>QO>Eo) - { R3(O-§poaquo), o>0



3.5. TECHNICAL DETAILS 7

Their reversed counterparts are

p=0+po c < 0
= = —(p— 1_ 1 p < p
Sl (umo') = V= Uy + (p po) (p Po) for v > U:
e:eo—%(p—i-po) (% p—10> S < S,
p= =0+ pPo c < 0
- — —(p — 1_ 1 p = p
S5 (up,0) = v—vo-i-\/ (P — Po) (p po) for v > UZ
e=e,— 5 (p+po) (%—%) S > 5
g
_ >
Ritin) = 3 v=rvo= [(pow s d o 0 20
S(pye):S(pmeo) e = e
p=—0+po o >0
P
_ <
Ri(uno) = v=vo+ [ oS dp or 05 P
Po v S Vo
S(p7e):S(p07eo) e < e
and
— . _ Sl_(o-;p07q07EO)7 <0
Ll (vaoaquo) - {R;(UQPmQOan)y 0.20
p=—0+po
L2_(O-§poa(J0yEo) = UV = Vo
p(ﬂ? 6) = p(pmeo)
_ S5 (05 P0y oy Ep), 0 <0
L . E — 3 sy Hoy Yoy o )y
3(0'7p07qm 0) {R5(03p07QO7E0)7 oc>0.

In the (p,q,e) space, for a perfect ideal gas, the tangent vectors to the
Lax curves are:

-1
= |—2-V1y—De| 7=
—(v=15 -5 (v—1%

DI =
!

3.5.1 Proofs of Section 3.2

The following result will be of use in the proof of Proposition 3.2.2.
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Proposition 3.5.1 Let o; — L;(ug,0;) be the i-th Lax curve and o; —
L (ug,0;) be the reversed i-th Lax curve through wgy, for i = 1,2,3. The

2

following equalities hold:

1 1
% — At (to) % — A2(uo)
001 |g,=0 Eo+po 4o " 002 |gy=0 Ey+po  poc |’
(0] —
Po Po Po 86]90
1
% — >\3 (uo)
003 |o5=0 Eotpo G0, |
Po Po
oL L.
fori=1,2,3 : _ 9L ,
8Ui |oi=0 aai |oi=0
oL; é oL, ? or, [0
apo |oi=0 0 7 8QO |oi=0 0 ’ Z?EO |oi=0 1 ’
OL; _0L; OL; 0L, OL; oL;

8pO |Uz:0 B 8pO ‘Ui:(]’ aqO ‘0'120 B 8(]0 |0'i:0, aE‘O |Uz:0 B aE‘O|c}'l:0

The proof is immediate and, hence, omitted.

Proof of Theorem 3.2.2. Following [25, Proposition 4.2], the 3 x 3 sys-
tem (3.1.4) defined for z € R can be rewritten as the following 6 x 6 system
defined for z € R*:

0 (t,z) € Rt xRt

0: e Rt (3.5.4)

b(U(t,0+))

{@U+@fw)

the relations between U and u = (p, q, F), between F and the flow in (3.1.4)
being

[ p(t,—z) ] R
Q(tv _:I:) P(U17 U27 U3)
E(t, —x) F(Ul,UQ,Ug)
Ut,z) = d FUU) =
D=1 ey | ) Uy
q(t,r) P(Uy,Us, Ug)
E(t, x) F(U4, Us, U@)

with z € RT and E, P, F defined in (3.1.2); whereas the boundary condition
in (3.5.4) is related to (3.1.5) by

b(U) = W (a7, (U1, U, Uss )i, (Us, Us, Us) )
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for fixed sections a~ and a*.

The thesis now follows from [24, Theorem 2.2]. Indeed, the assump-
tions (), (b) and (f) therein are here satisfied. More precisely, condi-
tion () follows from the choice (3.2.6) of the subsonic region Ay. Simple
computations show that condition (b) reduces to

. 9Ly 0Ly )
det | D,- W 901 0120 D,+V¥ Box |03=0 D,+V¥

=det [D,-V-71(a) —Dy+V-ro(a) —Dy+V-r3(a)]
=det [D,-V -7 (@) Dy+¥-ro(a) D,+¥-r3(u)],

oLy oLg
Out |o'2:() dos |0—3:0

which is non zero for assumption if u € Ap and @ > 0. Condition (f) needs
more care. Indeed, system (3.5.4) is not hyperbolic, for it is obtained gluing
two copies of the Euler equations (3.1.4). Nevertheless, the two systems are
coupled only through the boundary condition, hence the whole wave front
tracking procedure in the proof of [24, Theorem 2.2 applies, see also [25,
Proposition 4.5]. O

Proof of Proposition 3.3.1. It is immediate to check that each of
the coupling conditions (3.3.3), (3.3.4), (3.3.5), (3.3.6) satisfies the require-
ments (¥0) and (¥1).

To prove that (¥2) is satisfied, we use an ad hoc argument for condi-
tion (S). In all the other cases, note that the function ¥ admits the rep-
resentation ¥(a~,u";at,ut) = Y(a”,u”) — ¥P(at,u"). Therefore, (¥2)
trivially holds.

We prove below (3.2.10) in each case separately. Note however that for
any of the considered choices of U,

Du+\Il(a_7 u, CL+, u+)\u:ﬂ, a=a = —Du- \Ij(a_y u -, (I+, u+)|u:ﬁ,a:d (355)
so that (3.2.10) reduces to

det [D,- W - 71(@) Dys ¥ -ro(@) Dyr ¥ - r3(a)]
= —det Dy U -det [ry (@) o) rs(@)] -

Thus, it is sufficient to prove that det D+ ¥(a~,u™,a%, u") =g o=z # 0.

(S)-solutions To prove that the coupling condition (3.3.3) satisfies (¥2),
simply use the additivity of the integral and the uniqueness of the solution
to the Cauchy problem for the ordinary differential equation (3.3.2).

Next, we have

-X

b's
D, (/ p (RYx),E%x)) d(z) dw) =0,

|lu=t, a=a
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since a’(x) = 0 for all x, because a~ = a™ = a. Thus, ¥ in (3.3.3) satisfies

Dy+¥(a™,u™, 0", ut)jy—g, o=

= a3 det

= —a’ )\ (1)

which is non zero if u € Ay.

(P)-solutions

Concerning condition (3.3.4),

which is non zero if u € Ay.

|t

we have

(L)-solution For condition (3.3.5) the computations very similar to the

above case:

D+ ¥(a™,u”,a", u")juma, ama

which is non zero if u € Ay.

ELg)\l (ﬂ))\2 (a))‘i’) (ﬂ)v

(p)-solution Finally, concerning condition (3.3.6),

which is non zero if @ € Ay and if the fluid is perfect, i.e. (3.1.3) holds.

O
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3.5.2 Computation of x in (3.4.5)

The Case of Condition (S) Let ¥ be defined in (3.3.3) and set

X
S(a™,at,u) :/ p (R%(xz),E%x)) d(z)dx

-X

where the functions R? €% have the same meaning as in (3.3.3). A per-
turbative method allows to compute the solution to (3.3.2) with a second
order accuracy in (Aa)/a. Then, long elementary computations allow to get
explicitly the terms H and G in (3.4.2) of the second order expansion of T

_193—4192+50—2
B _302+39-1"

H(p,q.€) = _q2(_03+202_ﬁ)
T3 307 430-1)
4 (9% —29?)
T3(93 2 P
3(03 392 +309 1)

G(p,g.e) = | ¢
_70194 — 25793 + 34292 — 2079 + 36

18 (93 =392+ 30 — 1)

Moreover, the coefficients f1, f2 in (3.4.3) read

30+ (W-3)VI-3
6v0 (9—1)—6(0—1)
V9 (1269 — 50593 + 758 9% — 4899 + 270)
72 (VI (05~ 307+ 30 1) = 93 4+30% - 39 + 1)
429* — 183 9% 4 278 ¥ + 339 + 54
72 (VI (5 - 302430 —1) — 93+ 302 —30+1)

f9) =

f(9) =

Next, x is given by

Vo (126194—5061934—773192 —48019+279) +4209% — 17493 + 311 9% + 969 + 45

X:
36(\/5(193—3192+319—1)—193+3192—319+1)

The Case of Condition (P) Let U be defined in (3.3.4). With reference
to (3.4.2), we show below explicitly the terms H and G in (3.4.2) of the
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second order expansion of T,

[ 8 (—0 4207 —v)
33302 +30—1) "
H(p,q,e) = | —q
2 (59% — 793 — 9%+ 39)
9 (3 —3924309—1)
64 (9% + 392)
27 (03 — 302 +30 1) "
G(p.g.e) = | q
56501 — 15999° + 9279 — 4059 .
I 81 (93 — 392 +39—1)
Moreover, the coefficients fi, f2 in (3.4.3) read
VO (992 +29 —27) + 3092 — 429 — 9
18V9 (9 —1) — 18 (9 — 1)

VU (1549° 4+ 9319% — 4416 9% + 657092 + 990 ¥ + 891)
324 (VI (9%~ 302+ 39 — 1) = 05+ 392~ 30 + 1)
8695 — 31191 — 75293 + 7038 9% + 1026 9 + 81
324 (VO (09— 307 +30 1) = 93+ 307 = 30 + 1)

f(9) =

Next, x is given by
V9 (4079° 4+ 1931 9% — 7858 93 + 1476692 + 11799 + 1863)
324 (VI (93— 392 4+39 — 1) — 0 + 302~ 30 + 1)
—239° + 141 9* 4 20029° + 1571492 + 25659 + 81
324 (VI (9% =302 +39 1) — 05+ 392~ 30 +1)

The Case of Condition (L) Let ¥ be defined in (3.3.5). Then,

49
—p 3w-1 "
H(p,q,e) = | —q and  G(p,g.e) = | ¢
0 3592 —9(49 —1)
o 9(W—-1)

The coefficients f1, fo in (3.4.3) read

fi(@) =0
VO (6392 — 1069 + 27) + 2192 — 789 + 9
f2(19) = s
36(\/1_9 (0 —1)—9+1)
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so that x is

VU (6392 — 1069 +27) +219% — 789 + 9
18(\/5(19—1)—1%-1) '

X:

The Case of Condition (p) Let ¥ be defined in (3.3.6). With reference
to (3.4.2),

2 (493 + 1297 +99)
4293 +99%) +27(29+1)
H(p,q.e) = | —q

P

2 (493 + 1292 4+ 99)
4203 +992) +27 (29 + 1)

e

4(93 +302)
4203 +902) +27(29 + 1)
G(p.g.e) = | ¢ ;
12 (9% + 2092)
4203 +992) +27 (29 + 1)

P

(&

with f1 and fy given by

292 44093 +309—9

P =
fi(9) 2 (402 + 129 +9)
L) = 3204 + 8V (493 + 992 — 999) + 31693 + 55892 + 2169 + 81
S 6 (16 9% + 96 93 + 216 92 + 2169 + 81) ’
so that
609 + 96 VI (0° + 92 — 399) + 7009 + 110792 — 5449 + 81
X = :

6 (1691 + 9693 + 21692 + 21649 + 81)



Vo ((a; +6) 192—|—1819—9a§> +2(3-207) 9246 (207 +3) 9,
VI (0 —1)+9 (0 —1) a
Vi (14 (1105 —30) 9°+ (990 = 30107 ) v +3 (2505 —236) 0° + (11107 —18) 9* + 45 (12— 07 0—3780;)

9t = 99—

A 2
108 (V0 (9% =302 +39 — 1) + 0% — 392 + 30 — 1) <a>

4(21705 —105) 0° +2 (495 — 148905 ) 9" + 4 (92805 —177) 9° =2 (107705 —9) ¥ +24 (2605 +15) I / 70\ ?
- 108 (VO (99— 302 39 — 1) +0° 302 + 39— 1) <7>
NG, ((110; ~30) 9° + (~1905 —108) 92 +9 (505 — 6) z9+27a;> +2 (3105 —15) v =36 (o5 +3) 92— 18 (505 +3) N

+ _ -
o= 21V (9 — 1) +27 (9 — 1) a

Vo (2 (28305 —300) v°+ (127905 —5310) 9° + (5400 — 254307 ) 9* +6 (67707 +1242) ¥* +36 (109 — 20705 ) 92 + 729 (2~ 505 ) ¥ — 1215 a;>

486 (\/1_9 (193—3192+319—1)+193—3192+319—1)

4 (60105 —150) 9° +2 (352107 —2655) 0° +8 (225 — 381407 ) 9" +36 (65505 +207) 0° + 108 (5305 +36) 92 +162 (907 +25) ¥ (Aa>2

486(\/1_9(193—3192+319—1)+193—3192+319—1) a

Vi ((7%; ~210) 0 + (<1307 —36) 02 + 27 (07 +2) 19—270;> 2+ (21705 —105) 9° — 4 (14707 +9) v2 +18 (507 +3) 0 A\
540 (0 — 1) 454 (9 — 1) (a>

=2 (05 +6) 9° + VI (1005 9 + 2705 942705 ) +3 (05 —18) 92 =9 (05 +6) ¥ 5,

3(402 +120+9) a

48 (a; +5) &+ (1440; 0 + 78005 0% + 2214 05 9% + 194405 O + 1215 a;) A2
48 (20% 1 120° + 2702 + 270 + 12) ( )

9t = 99—

9t = o+

4 (9105 +342) 9t — 54 (110; +56) 93 — 216 (20; +15) 92 — 81 (50; +18) 9/ Ag\?
- 48 (2094 + 1293 + 2792 + 279 + 12) (_>

Above are the values of 97 in the cases (S), (P), (L) and (p).



Chapter 4

A 2—Phase Traffic Model
Based on a Speed Bound

4.1 Introduction

We present here a new macroscopic traffic model displaying 2 phases, based
on a non-smooth 2 x 2 system of conservation laws. We extend the classical
LWR traffic model allowing different maximal speeds to different vehicles.
Then, we add a uniform bound on the traffic speed.

Several observations of traffic flow result in underlining two different
behaviors, sometimes called phases, see [18, 36, 39, 53]. At low density and
high speed, the flow appears to be reasonably described by a function of the
(mean) traffic density. On the contrary, at high density and low speed, flow
is not a single valued function of the density.

= Tx free flow ,’/ congested flow
x
q (vehicles /) /

UNCONGESTED,
2500 | CONDITIONS , /3

Flow (vehicles per hour)

o 20 @ a0 Y 100 = 140 160 18
Densltyv {vehicles per mile}

Figure 4.1: Experimental fundamental diagrams. Left, [55, Figure 1] and,
right, [53, Figure 1], (see also [48]).

Here we present a model providing an explanation to this phenomenon,
its two key features being:

1. At a given density, different drivers may choose different velocities;

85
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2. There exists a uniform bound on the speed.

By “bound”, here we do not necessarily mean an official speed limit. On the
contrary, we assume that different drivers may have different speeds at the
same traffic density. Nevertheless, there exists a speed Viax that no driver
exceeds. As a result from this postulate, we obtain a fundamental diagram
very similar to those usually observed, see Figure 4.1 and Figure 4.2, left.
Besides, the evolution prescribed by the model so obtained is reasonable and
coherent with that of other traffic models in the literature. In particular,
we verify that the minimal requirements stated in [6, 34] are satisfied.
Recall the classical Lighthill-Whitham [62] and Richards [67] (LWR)
model
Op+ 0, (pV)=0 (4.1.1)

for the traffic density p. Assume that the speed V is not the same for all
drivers. More precisely, different drivers differ in their mazimal speed w,
so that V' = w(p), with w € [w,w],w > 0, being transported along the
road at the mean traffic speed V. We identify the different behaviors of the
different drivers by means of their maximal speed, see also [12, 13]. One is
thus lead to study the equations

{ Ow + v 0w = 0 with v=wi(p). (4.1.2)

Here, the role of the second equation is to let the maximal velocity w be
propagated with the traffic speed. Indeed, w is a specific feature of every
single driver, in other words is a Lagrangian marker. Therefore this model
falls into the class of models introduced in [6], and later on extended in [60],
see also [8, formula (1.2)].

Introducing a uniform bound V.« on the speed, we obtain the model

Op + O (pv) =0 ) .
{ Ayw + v dpw = 0 with v = min { Vi, w(p)} . (4.1.3)

We choose to reformulate the above quasilinear system in conservation form,
similarly to [54, formula (1)], [7, formula (2.2)], [60, formula (1)], see also [71],
as follows:

dp + 0 (pulp,m))
m + 0 (nv(p,m))

8 with ?}(,0, T]) = min {VmaX7 % w(l))}

(4.1.4)
see the Remark 4.5.3 for further comments on this choice. This model
consists of a 2 x 2 system of conservation laws with a C%* but not C* flow.
Note in fact that n/p = w € [w,w]. A 2 x 2 system of conservation laws
with a flow having a similar C%?! regularity is presented in [46] and studied
in [3].
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From the traffic point of view, we remark that, under mild reasonable
assumptions on the function 1, the flow in (4.1.4) may vanish if and only
if p = 0, i.e the road is empty, or p = R, i.e. the road is fully congested.
It is also worth noting the agreement between experimental fundamental
diagrams often found in the literature and the one related to (4.1.4), see
Figure 4.2, left.

From the analytical point of view, we can extend the present treat-
ment to the more general case of a maximal speed V. that depends on p,
i.e. Vinax = Vmax(p). However, we prefer to highlight the main features of
the model (4.1.4) in its simplest analytical framework.

As we already said, the model studied here, inspired from [18], falls into
the class of “Aw-Rascle” models. So we could use the approach and the
theoretical results of [5], which should apply here with minor modifications.

However, our approach is different: here, contrarily to the above ref-
erence, we establish directly a connection between the Follow-The-Leader
model in Section 4.4 and the macroscopic system (4.1.4), without viewing
both systems as issued from a same fully discrete system (Godunov scheme)
with different limits, and without passing in Lagrangian coordinates. For
related works, including vacuum, see also [4, 41, 42].

This chapter is arranged in the following way: in the next section we
study the Riemann Problem for (4.1.4) and present the qualitative properties
of this model from the point of view of traffic. In Section 4.3 we compare
the present model with others in the current literature and in Section 4.4
we establish the connection with a microscopic Follow-The-Leader model
based on ordinary differential equations. We also show rigorously that the
macroscopic model (4.1.4) can be viewed as the limit of the microscopic
model as the number of vehicles increases to infinity. All proofs are gathered
in the last section.

4.2 Notation and Main Results

We assume throughout the following hypotheses:
a. R, w,w, Vyax are positive constants, with w < .

b. ¢ € C2([0, R];[0,1]) is such that

$(0) = 1, , Y& =0
Y'(p) < 0, 3—/}2(p¢(p)) < 0 forall pel0,R].

c. W > Viax.

Here, R is the maximal possible density, typically R = 1 if p is normalized as
in Section 4.4; w, respectively w, is the minimum, respectively maximum,
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of the maximal speeds of each vehicle; Vihax is the overall uniform upper
bound on the traffic speed. At b., the first three assumptions on ¥ are the
classical conditions usually assumed on speed laws, while the fourth one is
technically necessary in the proof of Theorem 4.2.1. The latter condition
means that all drivers do feel the presence of the speed limit.

Moreover, we introduce the notation

F = {(p,w)€[0,R]
¢ = {(p,w) €[0,R]

[, ®]: v(p, pw) = Vinax } (4.2.1)
[0, @]:v(p, pw) =wip(p)}  (4.2:2)

to denote the Free and the Congested phases. Note that F' and C' are closed
sets and F'NC # (). Note also that F' is 1-dimensional in the (p, pv) plane of

Il w
Y @ / n
C F o
F
W ¢ 1y
Vmax
0 RpP 0 RP O R P

Figure 4.2: The phases F' and C' in the coordinates, from left to right, (p, pv),
(p;w) and (p,n).

the fundamental diagram, while it is 2-dimensional in the (p,w) and (p,7n)
coordinates, see Figure 4.2. See also Figure 4.3 to have a vision in three
dimensions.

pu

&«

R p

Figure 4.3: The phases F' and C' in the coordinates (p, pv,w). Note that F
is contained in a plane. This figure shows an example of Riemann Problem
when u! = (p!, plot, wl) € F and u” = (p", p"o",w") € C.
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Let p, be the maximum of the points of maximum of the flow, i.e. p, =
max {p € [0, R]: py(p) = max,¢(o g) Tw(r)}. Then, the condition

Wi (p+) 2 Vinax (4.2.3)

is a further reasonable assumption. Indeed, it means that the maximum flow
is attained in the free phase, coherently with the capacity drop phenomenon,
see for instance [47]. However, (4.2.3) is not necessary in the following
results.

Our next goal is to study the Riemann Problem for (4.1.4).

Theorem 4.2.1 Under the assumptions a., b. and c., for all states (p',n'),
(p",n") € FUC, the Riemann problem consisting of (4.1.4) with initial data

1 . 1 .
p(o,w)z{gr Zﬁi i 8 n(O,x):{ZT Zji i 8 (4.2.4)

admits a unique self similar weak solution (p,n) = (p,n)(t,x) constructed as
follows:

(1) If (o', 1), (p",n") € F, then

10 .
(p,n)(t,a:)z{ (”;’773) Z . i 5;; (4.2.5)

(2) If (o' 1), (p",n") € C, then (p,n) consists of a 1-Lax wave (shock or
rarefaction) between (p',n') and (p™,n™), followed by a 2-contact dis-
continuity between (p"™,n™) and (p",n"). The middle state (p™,n™) is
in C and is uniquely characterized by the two conditions n'™/p™ = n'/p!

and v(p™,n™) =v(p",n").

(3) If (p',n') € C and (p",n") € F, then the solution (p,n) consists of a
rarefaction wave separating (p",n") from a state (p"™,n™) and by a linear
wave separating (p™,n™) from (p',n'). The middle state (p™,n™) is in
FNC and is uniquely characterized by the two conditions n™ /p™ = n" /p"
and v(p™, ") =V.

(4) If (p',n') € F and (p",n") € C, then (p,m) consists of a shock be-
tween (p',n!) and (p™,n™), followed by a contact discontinuity between
(p™,n™) and (p",n"). The middle state (p",n™) is in C and is uniquely
characterized by the two conditions n™/p™ = n'/p" and v(p™,n™) =

v(p",n").
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(If % (pw(p)) vanishes, then the words “shock” and “rarefaction” above

have to be understood as “contact discontinuities”).
We now pass from the solution to single Riemann problems to the prop-

erties of the Riemann Solver, i.e. of the map R: (FUC)? — BV(R;C U F)
such that R ((pl, "), (p", 7]")) is the solution to (4.1.4)—(4.2.4) computed at
time, say, t = 1.

To this aim, recall the following definition, see [18]:

Definition 4.2.2 A Riemann Solver R is consistent if the following two
conditions hold for all (p',n'), (p™,n™), (p",n") € FUC, and T € R:

(C1) IR (), (o™ 0™) (&) = (™0™ and R (6™ 0™), (7)) (2)
= (p™,n™), then

[ 1 roor _ R (pl777l)7(pm777m) ,fo < ;i'7
R<(p KRN )) - R(((pm,nm)a(pﬁn"))) ifx > T,

(C2) IR ('), (p7,1)) (&) = (o™ 5/™), then

R((pl,nl),(pﬁn")) Vifr <,
(™™, ifr >z,

m .m roor (pm’nm)’ ifx<j’
R (™), (6" )) = R((pl,nl),(pﬁn")) Jifr >

R ((pl,nl)a (pm,nm)> =

Essentially, (C1) states that whenever two solutions to two Riemann prob-
lems can be placed side by side, then their juxtaposition is again a solution
to a Riemann problem. Condition (C2) is the vice-versa.

t t t

(o™ n™)
re (™ ™)
(" n")

T T

('n')

Figure 4.4: The conditions (C1) and (C2).

The next result characterizes the Riemann Solver defined above.

Proposition 4.2.3 Let the assumptions a., b. and c. hold. The Riemann
Solver R defined in Theorem 4.2.1 enjoys the following three conditions
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1. It is consistent in the sense of Definition 4.2.2.

2. If (o', nh), (p",n") € F, then R ((pl,nl), (p’",nr)) is the standard solution
to the linear system

{ Otp + O (p Vinax) = 0 (4.2.6)

O + O (77Vmax) =0,

3. 1If (p',1') € FUC and (p",1") € C, then R((pl,nl),(pr,n’"» is the
standard Lax solution to

O+ 0z (n(p)) =
om -+ 0, (2 4(p) ) 427

Moreover, the conditions (C1), 2. and 3. wuniquely characterize the Rie-
mann Solver R.

The above properties are of use, for instance, in using model (4.1.4) on traffic
networks, according to the techniques described in [37].

The next result presents the relevant qualitative properties of the Rie-
mann Solver defined in Theorem 4.2.1 from the point of view of traffic.

Proposition 4.2.4 Let the assumptions a., b. and c. hold. Then, the
Riemann Solver R enjoys the following properties:

1. If the initial datum attains values in F', C', or FUC then, respectively,
the solution attains values in F, C', or FUC.

2. Traffic density and speed are uniformly bounded.
3. Traffic speed vanishes if and only if traffic density is maximal.

4. No wave in the solution to (4.1.4)—(4.2.4) may travel faster than traffic
speed, i.e. information is carried by vehicles.

4.3 Comparison with Other Macroscopic Models

This section is devoted to compare the present model (4.1.4) with a sample
of models from the literature. In particular, we consider differences in the
number of free parameters and functions, in the fundamental diagram and
in the qualitative structures of the solutions. Recall that the evolution de-
scribed by model (4.1.4) and the corresponding invariant domain depends on
the function ¥ and on the parameters Viax, R, @ and w. The fundamental
diagram of (4.1.4) is in Figure 4.2, left.
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4.3.1 The LWR Model

In the LWR model (4.1.1), a suitable speed law has to be selected, analogous
to the choice of ¢ in (4.1.4). Besides, in (4.1.4) we also have to set Vipax, R
and the two geometric positive parameters w and w.

The fundamental diagram of (4.1.4) seems to better agree with experi-
mental data than that of (4.1.1), shown in Figure 4.5, left. Indeed, compare

N

Figure 4.5: Fundamental diagrams, from left to right, of the (LWR)
model (4.1.1), of the (AR) model (4.3.1) and of the 2-phase model (4.3.2).

Figure 4.2, left with the measurements in Figure 4.1.

As long as the data are in F', the solutions to (4.1.4) are essentially the
same as those of (4.1.1). In the congested phase, the solutions to (4.1.4)
obviously present a richer structure, for they generically contain 2 waves
instead of 1. In particular, the (LWR) model (4.1.1) may not describe the
“homogeneous-in-speed” solutions, i.e. a type of synchronized flow, see [53,
Section 2.2] and [48, 73], which is described by the 2-waves in (4.1.4).

Finally, note that if in (4.1.4) the two geometric parameters w and @ co-
incide, then we recover the LWR (4.1.1) model with V(p) = min{Vipax, W ¥ (p)}.

4.3.2 The Aw-Rascle Model
Consider now the Aw—Rascle (AR) model

Op+0: [polpy)] =0y
{ Oy + 9 [yv(p,y)] =0 (p,y) = P p(p) (4.3.1)

introduced in [6] and successively refined in several papers, see for instan-
ce [5, 8, 39, 42, 43, 44, 49, 66, 69] and the references therein.
Note that w in (4.1.4) plays a role analogous to that of v+p (p) in (4.3.1).
In the (AR) model, R and the “pressure” function need to be selected,
similarly to R and v in (4.1.4). No other parameter appears in (4.3.1), but
the definition of an invariant domain requires two parameters, with a role
similar to that of w and . Indeed, an invariant domain for (4.3.1) is

{(p, y):p € [0,R] and y € [p (v—+p(p)),p (v- +P(P))]}
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see Figure 4.5, center, and depends on the speeds v_ and v,. More recent
versions of (4.3.1) contain also a suitable relaxation source term in the right
hand side of the second equation; in this case one more arbitrary function
needs to be selected. The original (AR) model does not distinguish between
a free and a congested phase. However, it was extended to describe two
different phases in [39]. Further comments on (4.3.1) are found in [59].

Concerning the analytical properties of the solutions, the Riemann solver
for the (AR) model suffers lack of continuous dependence at vacuum, see [6,
Section 4]. However, existence of solutions attaining also the vacuum state
was proved in [42], while the 2-phase construction in [39] also displays con-
tinuous dependence.

A qualitative difference between the (AR) model and the present one is
property 3. in Proposition 4.2.4. Indeed, solutions to (4.3.1) may well have
zero speed while being at a density strictly lower than the maximal one.

4.3.3 The Hyperbolic 2-Phase Model

Recall the model presented in [18], with a notation similar to the present
one:
Free flow: (p,q) € F, Congested flow: (p,q) € C,

o B 8tp+8x [P‘UC(PaQ)]:O
ap+ 0y [p - vr(p)] =0, 0+ 0 (4= ) - velp,@)] =0

vp(p)=(1-%)-V ve(pg) = (1- %) 4
(4.3.2)
the phases being defined as

F = {(p,q) €[0,R] xR*:vp(p) > Vy, g =p -V},

C = {(p,q) €[0,R] x R™:ve(p.q) < Ve, L € [Qlﬁq*, Qzéq*”-

In (4.3.2) no function can be selected, on the other hand the evolution
depends on the parameters V', R and ¢, while the invariant domains F' and
C depend on Vi, Ve, Q1 and Q2. A geometric construction of the solutions
to (4.3.2) in the congested phase is in [61].

The main difference between fundamental diagrams of (4.3.2), see Fig-
ure 4.5, right, and that of (4.1.4) is that (4.3.2) requires the two phases to
be disconnected: there is a gap between the free and the congested phase.
This restriction is necessary for the well posedness of the Riemann problem
for (4.3.2) and can be hardly justified on the basis of experimental data.
More recently, the global well-posedness of the model (4.3.2) was proved
in [23].

Note that in both models, as well as in that presented in [39], the free
phase is one dimensional, while the congested phase is bidimensional.



94 CHAPTER 4. A 2-PHASE TRAFFIC MODEL

The model (4.3.2) allows for the description of wide jams, i.e. of persistent
waves in the congested phase moving at a speed different from that of traffic.
Here, as long as % (p ¢(p)) < 0, persistent phenomena can be described
only through waves of the second family, which move at the mean traffic
speed. We refer to [59] for further discussions on (4.3.2) and comparisons
with other macroscopic models.

4.3.4 A Kinetic Model

Recall, with a notation adapted to the present case, the kinetic model in-
troduced in [13, Section 1]:

Opr(t,x;w) + 0y |wr(t,z;w) </w r(t,z;w') dw’) =0. (4.3.3)

w

The function ¥ and the speed w play the same role as here. The unknown
r = r(t,x;w) is the probability density of vehicles having maximal speed w
that at time ¢ are at point x.

In (4.3.3) there is one function to be specified, v, as in (4.1.4). The
parameters are R (which is normalized to 1 in [13]), @ and w, similarly
to (4.1.4). Since no limit speed is there defined, no parameter in (4.3.3) has
the same role as here Vi.x.

Being of a kinetic nature, there is no real equivalent to a fundamental
diagram for (4.3.3).

From the analytical point of view, the existence of solutions to (4.3.3)
has not been proved, yet. The main result in [13] only states that (4.3.3)
can be rigorously obtained as the limit of systems of n x n conservation laws
describing n populations of vehicles, each characterized by their maximal
speed.

Let the measure r solve (4.3.3) and be such that for suitable functions p
and w

r(t,x;-) = p(t, z) 5w(t,x) (4.3.4)

where 0 is the usual Dirac measure. Then, formally, (p,w) solves (4.1.4).
Indeed, for the first equation simply substitute (4.3.4) in (4.3.3) and inte-
grate; for the second equation substitute (4.3.4) in (4.3.3), multiply by w
and integrate over [w,w0].

Remark that (4.3.4) suggests a further interpretation of the quantity p
in (4.1.4). Indeed, in the present model, at (¢, z) vehicles of only one species
are present, namely those with maximal speed w(t,x).
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4.4 Connections with a Follow-The-Leader Model

Within the framework of (4.1.3), a single driver starting from p at time ¢ =0
follows the particle path p = p(t) that solves the Cauchy problem

p=1 <€ (t7p(t)) Y ((tjp(t))> U(p, w) = min {Vmaxa w¢(p)} )
p(0) =p
(4.4.1)

refer to [30] for the well posedness of the particle path for the LWR model
(see also [5]). Recall now that w is a specific feature of every single driver,
ie. w (t,p(t)) = w(0,p) for all p. On the other hand, from a microscopic
point of view, if n drivers are distributed along the road, then p is approxi-
mated by [/(pi+1 — pi), where [ is a standard length of a car.

We fix L > 0 and assume that n drivers are distributed along [—L, L].
Then, the natural microscopic counterpart to (4.1.4) is therefore the Follow-
The-Leader (FTL) model defined by the Cauchy problem

pn—i—l = Vinax (442)

where py = —L and p,,+1 = L—I. Proposition 4.4.1 shows that (4.4.2) admits
a unique global solution defined for every ¢t > 0 and such that p;+1 — p; > 1
for all t > 0.

Proposition 4.4.1 Let a., b. and c. hold. Fix L > 0. For any n € N,
with n > 2, choose initial data p for i =1,...,n satisfying p;',, — Dy > 1.
Then, the Cauchy problem (4.4.2) admits a unique solution p}' = pl(t), for
i=1,...,n+1, defined for all t > 0 and satisfying p}_,(t) — pi'(t) > for
allt>0 and fori=1,...,n .

The proof is postponed to Section 4.5.

Our next aim is to rigorously show that in the limit n — —+oo with
nl = constant > 0, the microscopic model in (4.4.2) yields the macroscopic
one in (4.1.4). Given the position p’ of every single vehicle and its maximal

speed w;, for i = 1,...,n + 1, the macroscopic variables p,w are given by
n l n
x) = z) and w(z)= wl x).
) = 3 o X, ) () = D0l Xy

Note that necessarily p’,; — pj' > .
On the contrary, given (p,w) € (LYNBV)(R; [0, 1] x [0, 1]), with supp p,
suppw C [—L, L], we reconstruct a microscopic description defining [ =
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(fR p(x) dl‘) /n and

Ppy1 = L=l
Pit1

pl = max pe[—L,L]:/ plz)dx =1 fori=1,...,n
P

wp = wpil+) fori=1,...,n+1.

Note that fR p(x)dz =nl > 0. Now we are able to rigorously show that, as
the number of vehicles increases to infinity, the microscopic model in (4.4.2)
yields the macroscopic one in (4.1.4).

Proposition 4.4.2 Let a., b. and c¢. hold. Fiz T > 0. Choose (p,0) €
(LY N BV)(R;[0,1] x [w,w]) with suppp, suppw C [—L, L]. Construct the
initial data for the microscopic model setting | = (fR p(x) dx) /n and

152-1—1 = L-I
Dit+1

plo= max{pe(-LLi [ plads=lf fori=1...n
P

wp = w(pl+) fori=1,...,n+1.

Let pi(t), fori=1,...,n, be the corresponding solution to (4.4.2). Define

n - l
pite) = ;p&l(t)—p?(t) Xppan, o™ @43
w'(t,x) = Zw? X[p?(t)’p?ﬂ(t)[(g;). (4.4.4)

i=1
If there exists a pair (p,w) € L>([0,T]; L*(R; [0,1] x [w,®]) such that
lim (p",w")(t,2) = (p,w)(t,2)  pae

then, the pair (p, pw) is a weak solution to (4.1.4) with initial datum (p, pw).

The proof is postponed to Section 4.5.

4.5 Technical Details
We first prove an elementary consequence of our assumption b.
Lemma 4.5.1 Let v satisfy b. Then,

¥ is constant on [0, p],

37 € [0, Bl such that { Y 1is strictly decreasing on [p, R).
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Proof. Call q(p) = pip(p). If 9 is strictly monotone, then p = 0 and the
proof is completed. Otherwise, assume that ¥ (p1) = 1¥(p2) = ¢ for suitable
p1,p2 €10, R] and p; # pa. Then, by b., for all p € [p1, p2] we have ¥(p) = ¢
and ¢q(p) = cp. If ¥(0) = ¢, then the proof is completed. Otherwise, note
that ¢'(0) = ¥(0) > ¢ contradicts the convexity of q. O

Corollary 4.5.2 Let v satisfy b. and ¢. Then,
p <min {p € [0, R]: 3w € [w,®] such that (p,w) € C} .

The proof is immediate and, hence, omitted.
In the sequel, for the basic definitions concerning the standard theory of
conservation laws we refer to [16].

Proof of Theorem 4.2.1. We consider different cases, depending on the
phase of the data (4.2.4).
Lo (phn). (") € F.

In this case, (4.1.4) reduces to the degenerate linear system (4.2.6) so
that the problem (4.1.4)—(4.2.4) is solved by (4.2.5). Remark, for later use,
that the characteristic speed is A" = Vipax.

2. (). (p" ") € C.

Now, v(p,n) = n(p)/p. We show that C is invariant with respect to
the 2 x 2 system of conservation laws (4.2.7). To this aim, we compute the
eigenvalues, right eigenvectors and the Lax curves in C:

M(p,m) = n'(p) +v(p,n) Aa(p,m) = wv(p,m)
(p,1) [‘p] (p,7) :
ri(p,m) = reolp,n) = 1_ ¥
7 N (E - @0(5))
d2
VAi-r = —d—pQ[N/J(P)] VAg-rg = 0
v 09 (0]
L1(p; porn0) = nopﬁ L2(p; Pos o) %, po < R.

When p, = R, the 2-Lax curve through (p,,7,) is the segment p = R,
n € [Rw, Rw].

Shock and rarefaction curves of the first characteristic family coincide
by [7, Lemma 2.1], see also [16, Problem 1, Chapter 5]. The second charac-
teristic field is linearly degenerate. Hence, (4.2.7) is a Temple system and C'
is invariant, since its boundary consists of Lax curves, see [50, Theorem 3.2].

Thus, the solution to (4.1.4) is as described in (2) and attains values in
C.

3. () eC, (") eF.

Let p™ satisty ¥(p™) = Vimaxp”/n". Note that such p™ exists in |0, 1]

by b and c., it is unique by Corollary 4.5.2. Define n™ = (p™/p")n" and
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note that (p!,n'), (p™,n™) are connected by a 1-rarefaction wave of (4.2.7)
having maximal speed of propagation A1(p",n™) < Viax. Hence, a linear
wave, solution to (4.2.6), can be juxtaposed connecting (p™,n™) to (p,n')
and the solution to (4.1.4) is as described at (3).
4. (pnh) e F, (p",n") € C (see Figure 4.3).

Note that system (4.2.7) can be considered on the whole of FFUC. Also
this set is invariant for (4.2.7), by [50, Theorem 3.2]. Then, in this case, we
let (p,n) be the standard Lax solution to (4.2.7), as described at (4). O

Proof of Proposition 4.2.3. We consider different cases depending on
the phase of the data (4.2.4).

If (o', '), (p",n") € F, then R <(pl,nl), (pr,nr)) coincides with the Rie-
mann solver of a linear system, which satisfies (C1). Condition (C2) is
immediate since no nontrivial middle state is available.

Similarly, if (p',n), (o",1") € C, then R ((pl, ), (p, nr)> coincides with
the standard Riemann solver of a 2 x 2 system, which is consistent. The
consistency of R then follows by the invariance of C', by 2. in the proof of
Theorem 4.2.1.

By the same argument, also the case (p',n!) € F and (p",n") € C is
proved. Indeed, in (C2), note that the only possible nontrivial middles
states are in C.

Finally, if (o',n') € C and (p",n") € F, then R <(,ol,77l), (,or,n’“)) takes
values in F'U C and is the juxtaposition of 2 consistent Riemann problems,
hence (C1) holds. Concerning (C2), note that the the only possible non-
trivial middles states are in C, and (C2) follows by the consistency of the
standard Riemann solver for (4.2.7).

Thus 1. is proved. Assertions 2. and 3. are immediate consequences of
the construction of Theorem 4.2.1.

Assume now that R satisfies 2 and 3. Then all Riemann problems with
data (p',7'), (0", 1") € F, (p',0}) € F, (p",0") € C and (o, 9}), (p",7") € C
are uniquely solved. The solution to Riemann problems with (p',7!) € C
and (p",n") € F is then uniquely constructed through (C1). O

Proof of Proposition 4.2.4. Consider the different statements separately.

1. The invariance of F', C' and F U C is shown in the proof of Theo-
rem 4.2.1.

2. By the invariance of F'U C, it is sufficient to observe that on the
compact set F'U C, the density p, respectively the speed v, is uniformly
bounded by R, respectively Vijax.

3. It is immediate, see for instance Figure 4.2, left.

4. In phase C we have

M(p,n) =nd'(p) +v(p,n) <vlp,n) and  Aa(p,n) < w(p,n).
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In the free phase the wave speed is Vi,ax = v(p,n). The only case left is that
of a phase boundary with left state in F' and right state, say (p",n"), in C.
Then, the speed A of the phase boundary clearly satisfies A < A1 (p",n") <

v(p",1")- O

Proof of Proposition 4.4.1. Note first that the functions p — v(p, w;)
in (4.4.2) are uniformly bounded and Lipschitz continuous for i = 1,...,n.
We extend them to functions with the same properties and defined on
[0, +00[ setting

Vinax if p<0
0 if p> 1.

We also note that, for i = 1,...,n, the composite applications 6 — u;(1/d),
can be extended to uniformly bounded and Lipschitz continuous functions
on [0, +00[. Now we consider the Cauchy problem

mo__ o, l s
D = Uy (P?H—P?) 1 = 1,...,n

Py = Vinax (4.5.2)
pr(0) = B i = 1,...,n+1.
Note that p}', for i = 1,...,n+1 are defined in Proposition 4.4.2 and satisfy
the condition p}, | — pi* > 1 >0, for every i =1,...,n.
By the standard ODE theory, there exists a C1 solution p? defined as
long as pi',; —pi > 0 for all i = 1,...,n. We now prove that in fact

piq(t) — pi(t) > 1 for every t > 0. To this aim we assume by contradiction
that there exist positive ¢ and t*, witl} t < t*, such that pj, | (t) — p}'(t) =1
and p?,  (t) — p'(t) < for every t € |¢,t*]. Then,

t t l
p?tzp?tJr/I')iSdS:P?tJF/ui o | ds =i ().
(t) (t) : (s) (t) i e ) (t)
This yields a contradiction, since for every t € ]t_, t*]
P (t) = pi'(t) = pipa (B) —pi'(B) = 1,

completing the proof. O

Proof of Proposition 4.4.2. Recall first the definition of weak solution
to (4.1.4): for all ¢ € C, setting v(p, w) = min{Viax, w(p)},

/OT/R [p{’w] Dy + Pv(p,w))]aw dZL'dt—l—/R

pwv(p,w pw

p ] ©(0,2)dx =0
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and consider the two components separately.

Below, O(1) denotes a constant that uniformly bounds from above the
modulus of ¢ and all its derivatives up to the second order. Insert first (4.4.3)
in the above equality and obtain:

T
I .= / /(p"(‘)tgp—l—p”v(p",w”)(‘)xgo) dmdt—l—/ﬁcp(o,x)dw
o Jr R

n

Z/T l /p?+1(t) 5 l 5 i
= A — () v o o Wi | O | d
o PPy () = PP Jypey | Pl (t) — ()

i=1

—i—/Rp"(O,a:)cp(O,x) dw—i—/R(ﬁ—p"(O,x)) (0, z) dz

T l p?+1(t) .n
S /0 R / o (Out2) 0001 0)
i1 i+1 i Py

+ Z _ /legp(O, x)dx + / (p—p™(0,2)) (0, 2) d.

~n =1
i1 Pi+1 — Pi Jps R

Approximating ¢ (t,x) with ¢ (¢,p}(t)) for every z in [pl'(t),p},(t)], we
obtain:

= T l Py (t) d
= / ﬁ/ — o (t.pi (1)) dxdt
; o Pipa(t) = pi(t) Jpney dt (8,27 (1)

p?+1 (®)

- 4 ! n n

l Di+1 R .
+Zﬁ / (,0(0,3)) dzx —|—/ (,O—p (O,ZE)) (,D(O,JE) dx
=1 Piv1 — Pi Jps R

T d n T
— ZZ/O %w(t,p?(t))dtJrAx;/o O(1) (ple () — pi(E)) da dt

i=1
" l Dit1 ) .
+Z~n7_~n/ 90(07$)d$+/(,0—p (0,2)) (0, z) dz
i—1 Pit1 = Pi Jp; R
n l Di+1 )
- Z 7/ [¢(0,2) — ¢(0,5})] dx

“n  __ =n
=1 Piv1 — Pi Jp

O 1pha() = 2D + [ (5= 5"(0.2)) 9(0.0)do

= O) (2L + ViaxT) + /R (p—p™(0,2)) »(0,z)dz

and both terms in the latter quantity clearly vanish as n — +oo.
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The computations related to the other component are entirely similar,
since w is constant along any set of the form

{(to) € [0.7) x Riw € [ (1), 51 (1)}

and the proof is completed. O

Remark 4.5.3 System (4.1.2) is not in conservation form. As far as smooth
solutions are concerned, it is equivalent to infinitely many 2 X 2 systems
of conservation laws. Indeed, introduce a strictly monotone function f €
C? ([w,w];]o, +oo[). Then, elementary computations show that, as long as
smooth solutions are concerned, system (4.1.2) is equivalent to

where n = pflw) and (4.5.3)

9 (f(w) =w

Clearly, different choices of f yield different weak solutions to (4.5.3), but
they are all equivalent when written in terms of p and w.

Oip+ 0z (p(p) g(n/p)) =0
Om + 0. (nv(p) g(n/p)) =0
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