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Abstract

Recently, an intriguing correspondence was conjectured in [1] between Schur half-
indices of pure 4d SU(2) N = 2 supersymmetric Yang-Mills (SYM) theory with line opera-
tor insertions and partition functions of the double scaling limit of the Sachdev-Ye-Kitaev
model (DSSYK). Motivated by this, we explore a generalization to SU(N) N = 2 SYM the-
ories. We begin by deriving the algebra of line operators, Agur, representing it both in
terms of the q-Weyl algebra and g-deformed harmonic oscillators, respectively. In the
latter framework, the half-index admits a natural description as an expectation value in
the Fock space of the oscillators. This g-oscillator perspective further suggests an inter-
pretation in terms of generalized colored chord counting, and maps the half-index to
a purely combinatorial quantity. Finally, we establish a connection with the quantum
Toda chain, which is an integrable model whose commuting Hamiltonians can be identi-
fied with the Wilson lines of the SU(N) SYM, and their eigenfunctions correspond to the
function basis appearing in the half-index.
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1 Introduction and summary

Surprising connections between supersymmetric gauge theories and various quantum systems
such as integrable, conformal, and topological field theories have led to deep mathematical and
physical insights. Classic examples are the AGT correspondence [2], the 3d-3d correspondence
[3], or the 4d-2d correspondence [4], for reviews see [5-7]. In each of these, the starting point
is the identification of certain physical observables, such as a supersymmetric partition function
with a correlation function in the dual quantum system. These correspondences usually are
general and hint to some fundamental connections at the core. For the AGT correspondence,
the initial formulation related the S* partition function of N = 2 SU(2) gauge theories and 2d
Liouville CFT correlators. This was subsequently shown to generalize to higher rank SU(N)
class S theories [8] and Toda CFTs [9].

Recently, Gaiotto and Verlinde proposed a similarly intriguing connection between the 4d
N = 2 pure SU(2) Yang-Mills theory and the Sachdev-Ye-Kitaev (SYK) model in one (time)
dimension [1]. More precisely, they provide evidence for the identification of the following
two quantities:
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* The Schur half-index of 4d N/ = 2 pure SU(2) SYM with Wilson and dyonic line operator
insertions. This is a function of q, which is keeping track of a combination of R-symmetry
and Lorentz spins;

* The expectation value of the Hamiltonian and local operators in the double scaling limit
of the SYK model (DSSYK) [10-13], where q plays the role of the double scaling param-
eter.

The main goal of this paper is to consider the natural extension of this to SU(N) pure N = 2
SYM, and to explore the — less obvious — extension of various combinatorial and quantum
mechanical systems that can be associated to the Schur half-index in this context.

Real Schur Quantization, Half Index and Algebra of Line Operators. The starting point
here is a 4d N’ = 2 supersymmetric gauge theory with half-BPS line defects. Although this
generalizes to any theory with a Seiberg-Witten description, we will here restrict to pure gauge
theories with gauge groups SU(N). The algebra of line operators in such a theory is best
studied in the context of the holomorphic-topological twist [14]. The Schur index [15,16] can
be used to formulate a quantization of the Coulomb branch of the N = 2 gauge theory [5,17].
Specifically, the set of half-BPS line defects inserted in the Schur index or the Schur half-index
[18] forms a non-commutative *-algebra Ag4,,, that depends on a deformation parameter (.
As discussed in [17], for 0 < q < 1 one can associate a Hilbert space Hg,,, via the Gelfand-
Naimark-Segal (GNS) construction, thanks to the fact that the Schur half-index is positive
definite and thus induces an inner product. This is what is usually referred to as real Schur
quantization. The Schur algebra also connects to a multitude of interesting problems, such as
quantization of complex Chern-Simons theory and representations of U,(SL(N, C)). Moreover,
in the limit ¢ — 1 the algebra Ag,,, becomes commutative and reduces to the algebra of
holomorphic functions over the Coulomb branch of the 3d A/ = 4 theory obtained by S*
compactification. Hence, Ag,,, can also be understood as a quantization (in the mathematical
sense) of this algebra.

DSSYK, Chord Counting and Liouville. Let us now turn to the DSSYK part of the corre-
spondence. The DSSYK quantities have several alternative descriptions: they can be com-
puted combinatorially from counting certain chord diagrams [19-21] which is equivalent to
a transfer matrix acting on an auxiliary chord Hilbert space, or as gq-deformed Liouville quan-
tum mechanics [22], or as a timelike Liouville CFT on the Mobius strip with (non-conformal)
Dirichlet boundary conditions [23]. In the ¢ — 1 limit (and simultaneously going to low en-
ergies) these descriptions simplify to the well-studied Schwarzian theory holographically dual
to Jackiw-Teitelboim (JT) gravity [24,25]: e.g. the Liouville quantum mechanics describes the
quantum gravity dynamics of the length of the Einstein-Rosen wormhole connecting the two
sides of the eternal black hole. In looking for extensions, having so many equivalent descrip-
tions is invaluable in view of generalizations.

In this paper, we explore correspondences for the Schur half-indices of A' = 2 pure gauge
theories based on an SU(N) gauge group. We find several alternative descriptions: they can
be equivalently computed using colored chord counting (see figure 1 for an example), in terms
of a transfer matrix acting on an auxiliary chord Hilbert space. Equivalently, they are related
to the relativistic open Toda chain [26] based on the Lie algebra su(N), see figure 2. However,
so far we were unable to find a generalized SYK model, whose double-scaling limit would give
rise to this structure, nor a Toda CFT description.

Summary of Results. Let us explain the strategy that led to these findings, summarized in
figure 2. The central object is the algebra of line operators in the holomorphic-topological
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Figure 1: Two examples of chord diagrams arising in the context of evaluating the
Schur half-index 4d N = 2 SU(3) SYM, where the elementary chord configuration is
the one shown on the left (one blue chord, one red chord with a single intersection).
Its gauge theoretic interpretation is the insertion of three fundamental Wilson lines.
A diagram contributing to the insertion of six Wilson lines is shown on the right.

twist of A/ = 2 SYM with gauge group SU(N): Agc,- The representation of this algebra on a
Hilbert space Hgpur, gives a direct way to determine the Schur half-index Ig,,,. We find two
ways of achieving this: using the q-Weyl algebra (or quantum torus algebra), and g-deformed
harmonic oscillators, respectively.

We start from the q-Weyl algebra side: The recent work [17] connected the Schur index to
the algebra of lines through the procedure called ‘Real Schur Quantization’. They showed that
the lines can be built as composites of a convenient set of operators that obey the relatively
tractable q-Weyl algebra. We extend and develop the q-Weyl algebra representation of line
operators for SU(N) gauge theories in section 2. That is, we determine the Wilson lines and
dyonic lines of minimal SU(N) magnetic flux in terms of the q-Weyl algebra generators. We
derive the algebra Ag,,, in detail for SU(3) and we provide some extensions for general N in
section 2.3. For general N > 3 we only discuss a subset of dyonic lines and leave the general
analysis for the future.

The perhaps more surprising representation of the Ag,,,, algebra is in terms of g-deformed
harmonic oscillators that we obtain in section 3. For SU(N) we can represent the Wilson line
operators in terms of mutually commuting sets of oscillators a; and their conjugates al.T for
i=1,---,N—1, satisfying

[ai,a;.’h]q =qa] —qaja; =1. (1)
This representation of the Wilson lines maps the computation of the Schur half-index with
Wilson line operator insertions to a simple evaluation of the vacuum expectation value (VEV)
on the Fock space of these gq-deformed harmonic oscillators! We also show explicitly for SU(3)
how one can construct g-oscillator representations of the dyonic line operators, thus making it
possible to evaluate the index with arbitrary Wilson line and dyonic line insertions as oscillator
VEVs. In particular for dyonic lines, the computation of the index had not been done prior to
this work using standard index methods.

The representation of line operators in terms of g-oscillators motivates the third connection,
namely to generalized chord counting, which we develop in section 4. The observation in [1]
is to note that the fundamental Wilson line for SU(2) SYM is represented in terms of the g-

oscillators as Wy = (1 — q)%(a + a'), which matches the transfer matrix of DSSYK (up to an

overall (1— q)% factor). The expectation values of the powers of the fundamental Wilson line
(W[kl]) — which are the Schur half-indices with these lines inserted — then have an immediate
interpretation as the moments of the DSSYK Hamiltonian! This in turn can be obtained from
an effective chord counting (weighted by g-powers).
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Figure 2: Schur Connections: The central object is the algebra Agu,,, and its rep-
resentation on a Hilbert space Hgy,,,- This is the algebra of line operators of a 4d
N = 2 supersymmetric gauge theory (for us: the pure SU(N) SW theory) in the
holomorphic-topological twist. From it we can compute the Schur half-index Ig, -
The core of the paper is about connecting these to various different formulations: in
terms of a q-Weyl algebra representation, or in terms of g-oscillators. The latter con-
nects directly in the case of Wilson and dyonic lines to generalized chord counting.
It can also be identified in terms of g-deformed Toda quantum mechanics in the case
of Wilson lines only. Solid lines are relations that hold for both Wilson and dyonic
line operators, dashed lines indicate connections that we find for Wilson lines only.

In section 4 we provide the generalized chord counting construction which reproduces the
Schur half-index with any insertion of Wilson line and dyonic line operators. We explain the
construction of the chord diagrams for the Wilson lines in any representation of SU(N), and
how dyonic lines can be realized using the insertion of so called matter chords for the case
of SU(3). Key to this construction is the representation of a line in terms of the g-oscillators,
which we refer to in this context as the transfer matrix, that maps naturally to the construction
of chord counting rules. Each term in the transfer matrix associated to a line operator can
be understood as a boundary vertex rule for some multi-valency creation and annihilation
process involving colored chords. Following this line of reasoning gives a purely combinatorial
derivation of the Schur half-index for SU(N) SYM for any line operator insertion!

Finally in section 5 we provide a concrete proof for generic SU(N) of the statement that
the Schur half-indices with insertions of Wilson lines match the VEVs of the corresponding
g-oscillator operators. This proof will allow us to establish an intriguing connection to the
quantum Toda chain, the last link of the diagram in figure 2. Specifically, the subalgebra
of Aguyr consisting of only the Wilson lines is generated for SU(N) by those in the N — 1
irreducible representations associated to each node of the Dynkin diagram. Their g-oscillator
representations are N — 1 commuting operators that we can diagonalize simultaneously. We
show that the resulting spectral problem is the same one of the N — 1 Hamiltonians of the
g-Toda chain of type su(N) [26], or equivalently that the Wilson lines are isospectral to the
Toda Hamiltonians. The eigenfunctions of the g-Toda chain, and thus also of the SU(N) Wilson
lines, are known to be a class of orthogonal polynomials called g-Whittaker polynomials (see
e.g.[26-30]). For N = 2 these polynomials reduce to the q-Hermite polynomials, which appear
in a similar way in the study of DSSYK [20]. The knowledge of these eigenfunctions will allow
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us to prove various non-trivial results, such as the aforementioned identity between Schur
half-indices and g-oscillator VEVs for the case of the Wilson lines. We then further discuss
how to properly take the q¢ — 1 limit of the Wilson line operators so to recover the conserved
charges of the classical Toda chain, generalizing a similar analysis done for SU(2) in [22] in
the context of DSSYK. We should mention that the appearence of Toda integrable systems in
the study of four-dimensional SYM theories has been observed before (see e.g. [4,31]). It
would be interesting to understand whether the way it arises from our study of Schur indices
is somehow related to these previously known constructions. We conclude in section 6 and
discuss some further questions and extensions.

2 Schur half-index and q-Weyl representation of Ag,,r

We start with an overview of Schur (half-)indices and the algebra Agy,, of lines in the
holomorphic-topological twisted theories. We then derive the algebra Ag,,, for SU(N) pure
SYM, and discuss its representation.

2.1 Schur indices and the Schur algebra Ag,,,

For any 4d N = 2 supersymmetric quantum field theory, the Schur index can be defined as a
refined Witten index [15,16] (see also Appendix A)

I="Tr(-1)"¢" %, 2)

where jj, j, are the Lorentz spins, R is the generator of the Cartan of the SU(2)z R-symmetry
and the trace is taken over all the Schur operators which are defined as those annihilated
by the supercharges Q,, and Q;-. Notice that the Schur index only requires the theory to
possess an SU(2)z R-symmetry, but not a U(1), R-symmetry. This enables the definition also
for non-conformal theories, like the SU(N) SYM theories that we consider in this paper, for
which U(1), is anomalous. Moreover, we will assume that q is real and 0 < q < 1 so that the
index satisfies certain positivity properties [17] that we will review momentarily.

The Schur index can also be understood in two other ways. The first one is as a partition
function over S x S! with a particular choice of background for the SU(2); R-symmetry in
order to preserve enough supersymmetry for it to be computable via supersymmetric local-
ization. From this perspective, the parameter q is related to the ratio of the radii of S3 and
S! (in such a way that q¢ — 1 corresponds to the S! being much smaller than the S%) and to
the R-symmetry background field. However, to the best of our knowledge such a localization
computation has not yet been carried out explicitly. The second one is as the Euler character
of the complex of local operators in the holomorphic-topological (HT) twist R? x C [14, 32],
where we twist by the SU(2)z R-symmetry. From this perspective, the parameter q is related
to a grading of the complex by a combination of the rotations on C and of the R-symmetry. In
the present work, we will mainly use the index interpretation.

The Schur index admits the insertion of %-BPS line operators [18,33-35].! We will in
particular consider half-line defects, although also full lines are admitted. From the $3 x S!
partition function perspective we can insert a collection of lines L; withi =1,--- ,n by wrap-
ping them on the S! and placing them along the equator of S*, see the picture on the left of
figure 3 (a full line would occupy antipodal points on this equator). What we are computing
is then the correlation function of such operators in the S3 x S! background, sometimes called
the Schur correlation function. From the HT twist perspective, they extend radially from the
origin of R. The index perspective is instead that we are counting operators which can live at

Warious aspects of (full) Schur indices with the insertion of lines have been investigated in [36-50].

6
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St St
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Figure 3: Schematic representation of the Schur index as a partition function on
53 x S! (on the left) and of the Schur half-index as a partition function on HS3 x S*
(on the right). These indices can be decorated with the insertion of %—BPS lines
represented in red, which wrap the S! and sit on the same equator of S3 or half
equator of HS3.

the end of the line. The two perspectives are related by conformal mapping of the plane with
the half-line starting from the origin to the cylinder S x R and subsequent compactification
of R to S.

Because all line operators should be placed along the same equator of S3, it is not possible
to move them and exchange their order without having them collide with each other. We then
need to consider the fusion of lines, which is described by a non-commutative x-algebra over
Z[q%, q_%] called the Schur algebra Aguy, [17,33,34,51-56].

Supersymmetric partition functions on suitable manifolds M are known to be factorizable
into building blocks that are usually called holomorphic blocks [57-62] or, in the case of in-
dices, half-indices [34]. Such blocks can themselves be understood as partition functions on
a manifold M with a boundary, from which one can obtain M via some gluing operation. In
spite of this, rather than by applying directly localization on M, they were originally computed
by explicitly evaluating the integral of the full partition function on M and then by showing
that the result takes the form of a sum of contributions that holomorphically factorize. More-
over, the integrand of the full partition function on M usually also factorizes into objects that
correspond to the integrand of the half partition function over M. Schematically, one has

~12 .
— 2 _ (® (D _
2y = ;EIlTllg—.E [ —ﬁr, 3
L. vac

where || - ||§ is a suitable square operation that depends on the type of gluing that relates M

and M, and the sum is over certain supersymmetric vacua of the theory to each of which cor-
responds an integration contour v; that is related to the different types of boundary conditions
we can choose on d M. From the index perspective, in which the contour is simply taken to be
the unit circle, one counts certain gauge invariant protected operators on the space with the
boundary. The bulk degrees of freedom that are given Dirichlet boundary conditions will not
contribute to the index, implying that the integrand of the half-index is, roughly speaking, the
square root of the one of the full index.

The Schur index is no exception. The space S x S! can be factorized in two copies of
HS3xS!, where HS? is the hemisphere (see e.g. [18,34,61,63,64]). We will choose Neumann
boundary conditions for the 4d A/ = 2 vector multiplet, which in A/ = 1 notation corresponds
to Neumann for the NV = 1 vector multiplet and Dirichlet for the N" = 1 adjoint chiral multiplet.
These will be the only boundary conditions that we need to specify, since SYM does not contain
any other fields. Moreover, for most of our discussion we will not add any 3d boundary degrees
of freedom (except in subsection 4.4). By our previous discussion, the resulting quantity can
be called the Schur holomorphic block since it should be obtainable as the Schur limit of the
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holomorphic blocks worked out in [61] or the Schur half-index [18] if we employ the index
perspective. We will mostly use the latter name, since the integration contour that we will use
is the unit circle, which is better understood from the index perspective. In fact, the resulting
Schur half-index counts certain gauge invariant protected operators, but in the presence of the
boundary

I=Try(—1)F g2 R, 4
Also the Schur half-index can be decorated by line defects as the full Schur index, see the
picture on the right of figure 3, however in this case we can only insert half lines due to the
factorization of the geometry. For the case of our interest of 4d N’ = 2 SU(N) SYM with the
insertion of Wilson lines we can express the Schur half-index as a matrix integral. Considering
a configuration with k; Wilson lines in a representation R, of SU(N), k, in a representation
R, and so on, such matrix integral is (see Appendix A for more details)
, (B

(CI Q)Nl +1
S IR I =) (RN o

where each variable z, is integrated over the unit circle, (x;q)oo = ]_[,fio(l — xq*) is the g-
Pochhammer symbol, and the £1 notation is a shorthand for taking the product of both sign
choices. In this expression, the product of g-Pochhammer symbols encodes the contribution
of the vector multiplet, while the contribution of the Wilson lines is expressed in terms of the
character y(Z) of the associated representation R of SU(N). Moreover, we will work in a
basis where for the fundamental representation we have

N—1
Ao 0@ =21+ D 2zl +agl,, 6)
a=2
where we use Dynkin labels for the representations. An equivalent way of expressing the
integral (5) is by performing the change of variables z, = e'%

N-1
(N) (q Cl) f :I:i(9 —0p) i6 ki
dé, a— Vb, e , 7
w W ~ NEoN l_[ g oo l?[bﬁ% ( )) S 6,0 @)
where the integration domain is (see e.g. (4.9) of [65])
Dy ={(01, 0y )| =<6, <--- <Oy <7} (8)

From the above expressions it is evident that the index is independent of the order of the
insertion of the Wilson lines. The Wilson lines indeed fuse following the tensor products of
the corresponding representations and so, even though the full Schur algebra Agy,,, is non-
commutative, the subalgebra generated by the Wilson lines is commutative. For SU(N) any
representation can be obtained by taking tensor products of the N — 1 representations corre-
sponding to one of the nodes of the Dynkin diagram each. We will denote these representations

by

Rr=[05“'30’190"“70]5 r=1:'”;N_1- (9)
—_— Y=
r—1 N—r—1

The corresponding Wilson lines Wy, - then constitute a set of N — 1 commuting generators of
such subalgebra. Some standard fusion rules satisfied by the Wilson lines are for example
those involving the fundamental and antifundamental representations
N—2
W[LO,“‘,OJW[Hl,‘“,szfl] = W[”1+1,n2,'“,’l1v71] + Z W[nl’“':ni_la"i+1+1""’nN—l] + W[’ll,‘“,”zvfz,”zvfl—l] >

i=1
N2 (10)

W[0,~-~,O,l]W[n1,~~~,nN_1] = W[nl—l,nz,""nzv—ﬂ + Z W[nl"";ni+1;ni+1_1""’nN—1] + W[nl""’nN—Z’nN—1+1] .
i=1
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The index is much more complicated with the insertion of more general line operators,
such as 't Hooft or dyonic lines. However one can still study the Schur algebra Ag4,,, quite
explicitly and in the rest of this section we will employ the techniques of [17] to analyze it in
the 4d N =2 SU(N) SYM.

2.2 g-Weyl algebra description of Agy,,,, for SU(N)

In this section we will derive the Schur algebra Ag,,, for 4d N’ = 2 pure SU(N) SYM, repre-
senting the lines in terms of the q-Weyl algebra (i.e. the quantum torus algebra).

Auxiliary variables and q-Weyl algebra

The spectrum of line operators of a 4d A = 2 theory can be characterized in terms of a quantum
torus algebra (see e.g. [18,66,67]), which is described by the integral lattice I of electric and
magnetic charges equipped with a Dirac pairing (, )2

XX, =q"x.x,,  Vy,y er. (11)

This quantum torus algebra is used to compute the Schur index of the 4d N’ = 2 theory in
terms of its IR description as a U(1)" abelian gauge theory on a generic point of the Coulomb
branch [67], where r is the rank of the theory, i.e. the complex dimension of its Coulomb
branch.? From this perspective, the variables X, are associated to the abelian lines of such IR
theory. In order to study the lines of the original UV theory, one has to express the UV lines in
terms of the abelian IR lines X, and then use the quantum torus algebra relations to analyze
their properties [18].

To determine the SU(N) Schur algebra, we can start from the one for U(N) in [17], which
we denote by .A’S chup> @Nd find a suitable restriction. For U(N) SYM the quantum torus algebra
is particularly simple: it is given by two sets of N variables U;, V; fori = 1,---,N that satisfy
the q-Weyl algebra

U;V; = q%iV;U;,

UlU]:U]Ul, l,_]:].,,N, (12)
WV = VY.
We will then describe the U(N) Schur algebra Ag, = in terms of these auxiliary variables U,
V.
For this purpose it is also useful to define
1%
q
Ui+ = —% i )
’ J# -1) !
7 (1=-V.V.
U _=—— Ut
’ J#i -1_ !
" (v -1)
which instead satisfy
UpsV; =g 20V,U, .. (14)

2We use a slightly different convention, which is related to the standard q-deformed Weyl algebra by q = ¢2.
This will ease comparison with g-deformed oscillators and the Schur half-index.

3The Coulomb branch low energy U(1)" theory is not an absolute theory, thus its lines are not necessarily
mutually local. This fact is encoded in the quantum torus algebra (11).
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The commutation relations U;U; = U;U; instead lead to very non-trivial relations between the
U; +. For example, one can show that

N—-1

UpaUpg = (=) q U.U-1
i, L,— — _ — — _ 1 i
’ A=V ViV =D [ g (L= ViV DA = VV)
. W (15)
U, Ui, = =1) 9 -1
j—= i?éj"" - i

U-
A=YV D@V =) T, (0= VeV DA VY1)

In subsection 2.3 we will derive the full set of relations satisfied by the variables U; ., V; for
the N = 3 case.

q-Weyl representation of line operators

The line operators of the U(N) Schur algebra Ag , ~can be expressed in terms of the auxiliary

variables U;, V; and we can thus compute relations among them by using the q-Weyl algebra
(12). We can then restrict to combinations of U(N) lines that are also SU(N) lines, so to obtain
the relations of the SU(N) Schur algebra Ag,,,, We are interested in.

The line operators of SYM can be either Wilson, ’t Hooft or dyonic lines [68]. The Wilson
lines only depend on the variables V; and are expressed as the characters of the corresponding
representation

Wr(V) = xz(V). (16)
Notice that as a consequence of the q-Weyl algebra (12) these commute, as expected. More-
over, they have charge g, under the electric U(1), 1-form symmetry equal to the N-ality of the
representation and trivial charge q,, = O under the magnetic U(1),, 1-form symmetry [69].
For example for the fundamental representation we have

N
Wii0,,01 = Z Vi, (17)
i=1

which has g, = 1. The most basic Wilson lines for U(N) are the N — 1 in (9) that are also
Wilson lines of SU(N), for which q, = r, plus the one in the determinant representation, for
which g, = N. In order to get the SU(N) Wilson lines we should then not consider the relations
involving the Wilson line in the determinant representation. Moreover, we should impose the
SU(N) constraint that trivializes the determinant Wilson line

N
[Tvi=1. (18)
i=1

We stress however that this combination of the V; variables does not commute with the U;
variables, which is crucial to compute the correct algebra relations. Hence, one should impose
the SU(N) constraint only at the end of every computation.

Furthermore, we can construct U(N) dyonic lines with minimal magnetic charge gq,,, = 1
and electric charge g, = n such as

N
Hipp= Y ¢V Uy (19)
i=1

However these operators are not SU(N) operators. This is because they correspond to opera-
tors with the minimal possible U(N) magnetic fluxes*

‘F+=(03”'7051)J f—:(_laoj"'10)> (20)

“Magnetic fluxes for U(N) are N-dimensional vectors in the co-weight lattice A (UN)) = ZN /Sy of U(N),
where Sy is the Weyl group of U(N). We denote them by F = (Fy,--,Fy) € Z" /Sy and we choose to work in
the Weyl chamber —oco < F; <--- < Fy < 400.
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which however are not SU(N) fluxes, i.e. they are not part of the SU(N) co-weight lattice
7%(5 U(N)).°> In order to get actual SU(N) operators we should instead consider the combi-
nations

hn,m = Hl,nH—l,m . (2 1)

These indeed have a magnetic flux that is the minimal possible SU(N) flux®
F=F,+F_=(-1,0,---,0,1) € A/ (SU(N)). (22)

These dyonic lines have electric charge q, = n+ m and trivial magnetic charge q,, = 0. This
is consistent with the fact that the 4d N’ =2 SU(N) SYM has an electric Zy 1-form symmetry
but no magnetic 1-form symmetry.

We should note that there are in principle other dyonic lines that one could consider that
have the same magnetic flux. The fluxes (20) indeed break the gauge group as

U(N) > UN —1) x U(1). (23)

In the dyonic lines (19) we have that for each i the i-th Cartan U(1) of U(N) is singled out
and the sum over i is to obtain Weyl invariants. We then dress by the U(1) characters V" so to
give an electric charge q, = n to the lines. However, one could also consider other lines where
we dress by characters of the U(N — 1) part.

Taking products of these other lines one would then obtain different SU(N) dyonic lines
than the h,, ,, we introduced before. These still have the same magnetic flux (22) that breaks
the gauge group as

SU(N) — SU(N —2) x U(1) x U(1). (24)

The h,, ,,, operators correspond to dressing by charges n and m for the two U(1)’s, but one
could also consider dressing by the SU(N — 2) part. However, notice that for SU(3) this part
of the gauge group trivializes and one only has U(1) x U(1). This indicates that for SU(3)
the h, ;, are enough to describe all the dyonic lines with magnetic flux (22) and any electric
charge. In appendix C.2 we show explicitly that other dyonic lines that one might possibly
consider are not actually independent from the h,, ,,, introduced here.

In the next section we will use the g-Weyl algebra to compute the relations among these
line operators for the case N = 3. One crucial feature of these relations involving product of
Wilson and dyonic lines is that they should be homogeneous in the electric charge modulo N,
compatibly with the fact that the electric 1-form symmetry of SU(N) SYM is Zy.

2.3 Example: Agy, for SU(3)

Let us illustrate this general structure in terms of the concrete case of the SU(3) Schur algebra
Agehur- We start from the U(3) q-Weyl algebra

UV; =a®iviU;,
UlU]:U]Ul) l,]:1,2,3, (25)
AN

5SU(N) magnetic fluxes are those U(N) magnetic fluxes that satisfy the condition Zil F;=0.
®Here the choice of global structure is crucial. Indeed for PSU(N) the minimal allowed flux is (—1%, el
We do not consider such case here.

).

Z|~
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Furthermore let

q 1 -1
U1,+ Ul 3 Ul,— = — — Ul
(1—-wv ) (1-vsv ) (1-wv, ) (1-wvyt)
Us d U, Uy_= L U, (26)
,+ > — _ _ 2
(1—-wv, ) (1-vsv 1) (1-wv ) (1-vvt)
Us d Us Us - = : Uy
,+ > — _ _ 3
(1-vv;h)(1-vv ) (1—vsv 1) (1—vav; )
so that
Ui,:l:‘/j = q:t5ij‘/jUi’i . (27)
Moreover, one finds that whenever i # j
—qV;
Ui+Uj+ = $T_V%+Mw
qvi —V;
U _Uj_= m i-Ui—» (28)
Ui+Uj—-=U; Uiy,
Ui’_Uj’+ - Uj,+Ui,—)
while for i = j (U;; and U,_ of course commute with themselves)
U U =qV?
N g(v V)(qv V)’
(29)

V.
U U, =qV2 : '
i—Yi+=4qV; D(\/i_\/j)(\ﬁ—q%)

These are all the relations that are needed in order to derive the ones satisfied by the line
operators. We give the explicit proof of some of them in Appendix C.1.

Remember that for SU(3) the only two independent representations are the fundamental
[1,0] and the anti-fundamental [0, 1]. The relations that involve Wilson lines only correspond
to the decomposition of tensor products of representations of SU(3). These are given by (10)
only, which specialized for N = 3 become

Wir,01Winy no) = Wing 41,0 + Wing—1,n,011 + Wing ny-11 (30)
Wi0,11Winy ne) = Win—1,,0 + Wing+1,n,-11 + Winy ny 17 -
More non-trivial are the relations involving the dyonic lines. We start by giving relations
for the product of Wilson lines with the dyonic lines defined in (21). For example for the
fundamental Wilson line we have (provided that ]_[1.3:1 V,i=1)

n+m

hn mW10] =q2 hn+1m+q hn ,m+1 +hn 1,m— 1—9 2 W[n+m—2,0]:

— n+m (31)
W[l,O]hn,m ={q 2hn+1,m + q2 hn,m+1 + hn—l,m—l —q K W[n+m—2,0] B

where W, ;] is the Wilson line in the SU(3) representation with Dynkin labels [n, m] (which is
taken to be zero if one of the labels is negative). We can also construct analogous expressions
that allow us to lower the electric charge by involving the anti-fundamental Wilson line (again
3
for[[_,Vi=1)
O 1]h—n—m - qzh—n 1,—m +q 2h—n —m—1 +h—n+1 —-m+1— 4 z W[O n+m—2] >

n+m

h—n,—mW[O,l] = q_zh—n—l,—m + cIzh—n,—m—l + h—n+1,—m+1 —q°? W[O,n+m—2] .

(32)
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In Appendix C.3 we give the proof for the first equation in (31), with the other relations being
proven analogously.

Using (31) and (32), we can derive commutation relations for hy, m with the fundamental
Wilson line

[hn,m’ W[LO]] = (q% - q_%) (hn+1,m - hn,m+1) P (33)
and with the antifundamental Wilson line
I:hn,m: W[O,l]] = (q% - q_%) (hn,m—l - hn—l,m) . (34)

We can also use (31)-(32) to build recursion relations for the higher dyonic line operators
h, m in terms of the lower ones and of the Wilson lines, which will turn out to be very useful.
Specifically, from (31) we obtain

1
2 n+m
hn+1,m = q— (W[I,O]hn,m - qhn,mW[l,O] + (1 - CI) (qTW[n+m—2,O] - hn—l,m—l)) >
A—0+0) 35)
%
q ntm
hym1 = Ao+ (hn,mW[l,O] =W 0t m + (1 —0q) (CI 2 Wintm—2,0] — hn—l,m—l)) ,
while from (32) we obtain
1
qi
h 1= =90+ (hem—aWi0.11 — W07 m.—n
mtn
+ (1 - q) (CI 2 W[O,m+n—2] - h—m+1,—n+1)) ’
1 (36)
qf
h (W[O,l]h—m,—n - qh—m,—nW[O,l]

—m—n—1— 70 <1~
T (1-9)1+a)
m+n
+ (1 - CI) (CI 2 W[O,m+n—2] - h—m+1,—n+1)) .

Finally, we wish to construct algebraic relations for the dyonic line operators h,, ,,. Here
we will exemplify only a few of them, but more relations can be obtained in a similar way. In
particular, we can prove that

dhnoho1 = hn1hoo,
qhnoh11 =hyahi, nez, (37)
qhn,1ho 2 = hy2ho -
Other relations that one can derive are the following:
qhy,0ho,n = hoohin,
qh1,1hon =ho1h1ns nez, (38)
qhaoh1n = h1ohan,
however these are not independent from (37) since they can be derived from them upon acting
with a certain charge conjugation operation that we will describe momentarily. In Appendix

C.4 we present the proof of the first equation in (37), with those of the remaining ones working
in a similar manner.

2.4 Algebras, modules, and Hilbert spaces

In this subsection we will briefly review the results of [17] on the representation theory of
the Schur algebra Agy,,,. We then focus on the 4d N' = 2 SU(N) SYM theory that we are
interested in.

13
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1.
I8

As mentioned in subsection 2.1, the Schur algebra Agy,,, is a *-algebra on Z[q2,q~
We recall that a x-algebra is an algebra .4 over a field F, in this current situation Z[q2,q"
equipped with a map *: A — A with the following properties for any a,b € A and A € F:”

NI= Nl
NI= N

o O

e involution: (a*)* =a,
* anti-linearity: (Aa + b)* = Aa* + b*,
* anti-multiplicativity: (ab)* = b*a™.

In the case of 4d NV =2 SU(N) SYM, the  operation is naturally interpreted as the action of
the outer-automorphism of SU(N), which for brevity we will call charge conjugation

W’R d T(WR) = Wﬁ,
: 39
‘ hn,m - T(hn,m) = h—n,—m . (59

It is not immediately obvious from this definition that 7 indeed satisfies the properties listed
above of the * operation. In the next section we will show that this is true by using the rep-
resentation of Ag,,, in terms of g-oscillators, where T will be implemented by the Hermitian
conjugation and so it will automatically satisfy those properties. Notice also that 7 inverts the
sign of the charge g, under the electric 1-form symmetry of all the line operators, as expected
from charge conjugation.

The operation defined in (39) simplifies in the SU(2) case [1,17], since 7 acts trivially on
the Wilson lines and the non-trivial action is only on the dyonic lines. The reason is that SU(2)
is pseudo-real and so the action of charge conjugation on its representations is trivial. However,
in the presence of a magnetic flux the gauge group is broken to the subgroup U(1) c SU(2)
and charge conjugation acts by changing the sign of the charge of an operator under the U(1),
which explains the action on the dyonic lines.

Thanks to the fact that in the Schur half-index we choose Neumann boundary conditions,
we have the possibility of inserting Wilson lines that live on the boundary of the hemisphere
HS?3, which we will denote by W?. These organize into a module Mg, Of Agey, that encodes
the fusion of bulk and boundary lines. Endowing this module with an inner product defined
by the Schur half-index provides a positive-definite inner product, promoting the module to a
Hilbert space Hgchur [17]-

GNS construction of the Hilbert Space. More precisely, the way one can associate a Hilbert
space Hgeyr to the algebra Agy,,, is via the Gelfand-Naimark-Segal (GNS) construction [70,
71] in the context of algebraic quantum field theory. Given a *-algebra A, a state is defined
as a linear map w : A — C that is positive,® in the sense that w(a*a) > 0 for any a € A. The
GNS construction allows us to associate to any such state the following data:

* a Hilbert space H,,,
* arepresentation 1, of .4 on H,, namely an operator 1, (a) on H,, for any a € A,
* astate |Q,,), from which the full #,, can be constructed by n,,(.A)|Q,,), such that

w(a) =(Q,|m,(a),,), acA. (40)

"We assume that the field F possesses an involutive anti-automorphism, that is a map o : F — F such that
02 =1d. In the text we denoted A = o(1).

8For simplicity we are assuming that IF = C, but this applies also for the case F = Z[q%, q’% ] of Agehr-

14


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160

e SciPost Phys. 20, 160 (2026)

In the case of Agu,r, the map w is given by the Schur half-index with the insertion of
boundary Wilson lines W?

w(L) =T weyLwe L € Aschur > (41)

where on the r.h.s. we mean the Schur half-index with the insertion of W both on the left
and on the right boundaries (the two points where the equator on which the lines are placed
intersects the boundary of H $3) and of L in the bulk, where L could also be a composite line
made from a collection of lines. Indeed, the quantity

w(t(L)L) =Ty wayeyrwe = LruweyLwe » (42)

was argued in [17] to be positive definite for 0 < q < 1. Such a state w can be constructed for
any choice of boundary Wilson line W?. Hence, by the GNS construction we obtain a Hilbert
space

HSChur = {|W8> ‘ Wa € ASchur} B (43)
together with a representation (L) of any line L € Ag,,, and a positive definite inner product
(WoW?) =T yoye - (44)

In particular the vacuum of Hgy,,, corresponds to having no boundary Wilson line and is
denoted by |19).

Hsehur for SU(N) SYM. In the case of 4d N = 2 SU(N) SYM, the vacuum |1°) of Mg
satisfies the important property of being annihilated by some of the dyonic lines. Explicitly in
the SU(3) case, we find that

h0,1|1a> =h—1,0|1a) =0. (45)

These relations can be obtained as follows. We first recall that the Wilson lines, including the
boundary ones, can be expressed in terms of the auxiliary variables V; as the characters of the
corresponding representations, see (16). The dyonic lines h, ,, are instead written in terms
of both V; and U;. The U; acts on the corresponding V; as difference operators V; — qV;, as
encoded in the q-Weyl algebra (12). Hence, to determine the action of a dyonic line h,, ,, on a
boundary Wilson line we first re-express h,, ,, by moving all the U’s to the right and all the V’s
to the left for each of the terms using (12). Schematically

Mo = > F(V)G(D). (46)
k

Then we can act on the boundary Wilson line by applying the difference operators G;(U) on
the corresponding character. In the case of the trivial Wilson line 1° the character is simply 1
and so the action of G (D) is trivial, that is

Gu(D)[1°%) =11°). (47)
Hence, in order to check (45) we should show that >, F (1)]19) = 0, or simply
D F(7)=0, (48)
k

since the Wilson lines, both boundary and bulk ones, simply fuse following the standard mul-
tiplication. Carrying out this computation for hy ; and h_; , one can verify that (45) hold true.
Other remarkable relations that one can find in a similar way are

Piol19) = a2 WG o), o al19) = a2 W ). (49)
In Appendix C.5 we provide more details on the derivation of the relations (45)-(49). This
structure hints at a more algebraic description. In the next section we will give an explicit
realization of Hgp,, in terms of gq-deformed quantum harmonic oscillators.
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3 g-oscillator representation of Ag,

The observations regarding the modules of the Ag,,, algebra of 4d NV =2 SU(N) SYM that
we made in the last section in fact hint at a more algebraic realization of the algebra and the
associated half-index. Indeed, we will show that 4d N’ = 2 SU(N) SYM can be represented in
terms of N — 1 decoupled g-deformed harmonic oscillators, acting on a standard Fock space.
This will furthermore allow us to compute the Schur half-index in terms of simple oscillator
algebra.

More precisely, we are going to provide a unitary representation of Ag.,,, that is a repre-
sentation on the g-oscillators Hilbert space #,,. where for each L € Agy,, we have a corre-
sponding operator 7(L) acting on #,,. and such that the  operation is represented by Hermi-
tian conjugation m(L*) = m(L)". As we will discuss, the Schur half-indices with the insertion
of lines can be computed in this representation as expectation values of the corresponding
operators acting on H ..

3.1 g-oscillators for SU(N)

For generic SU(N) we introduce N — 1 decoupled g-oscillators
[a,a[], =1, =1 ,N-1, 0

[a,d]], =0, i#j=1,---,N—-1,

with the g-commutator is defined as [0, O,]; = 010, —qO,0;. Since the oscillators com-
mute with each other, we can introduce a basis of states which are given by the tensor product
of the states of each oscillator

Iny, - sny_1) =Iny) @ -+ @ lny_q), (51)
on which the creation and annihilation operators act as

a2‘|n1""’ni:"'>nN—1) = |T11,"',Tli+1,"‘,TlN_1>, (52)

ai|n1’...’ni,...’nN_1): |n1’...’ni_]_’...’nN_1>:[ni]q|n1,...’ni_l,...’nN_l).

1—
The ground state |0, ...0) is defined to be the state annihilated by the oscillators q;
a;]0,...0) =0, i=1,---,N—1. (53)

The g-oscillators Hilbert space is then

Hose = {|n1>"' n_1) |1 € Z+} . (54)

We also endow the Hilbert space of g-oscillators with an inner product between states such
that a; and a; are Hermitian conjugates

N-1
(m]_, ey mN_1|n1, e, TlN_]_> = l_[ 5mi’ni[nl’]q!, (55)

where the g-deformed factorial and g-Pochhammer symbol are defined as

n

[n]y!= (gqiq(i;n ) (g;9), = l_[(l —q9). (56)
k=1
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This is a basis on which the number operators n; act diagonally

nilnlj' BPY PR ,TlN_1> = nilnl,' TP )nN—1> . (57)
Such number operators satisfy the relations

[a;,q%]=(q4—1)q"q;, 58)
[al,q"]=(g7 = 1q"a],

or more succinctly
n _ ni+1
aqt=q" "a;,
Tong — =1 7
a;q"=q"""qa;.

(59)

We should note at this point that, as will be discussed in Section 4, g-deformed oscillators
naturally arise in the context of chord counting, and we will be able to connect the half-index
to certain generalized chord counting problems.

3.2 The g-oscillator representation of Ag,,, for SU(3)
3.2.1 Map from g-oscillators to Agehyr

We will start by studying in detail the g-oscillator representation of Ag.p,, for the case of SU(3).
In this case, it is possible to introduce the g-oscillators alT, a; for i = 1,2 as the following
combinations of Ag,, operators:

1 _1 _
al = q7(1—q)2hg, kg,

_1 _1 _
a; =q 2(1—q) 2hy_hgg,

¢ 1 _1 _
ay=q2(1—q)"2h_1 ohgg,

(60)

_1 _1 _
a;=q 2(1—q) 2h1,0h0’}).

Notice that we can express this map also in terms of the q-Weyl variables U; , and V; by using
the definitions of the dyonic lines h,, ,,, however we prefer to express it in terms of the h,, ,, to
avoid cluttering the notation. Using the definition of the number operators a;.’hai = [n;];, we
can use the above (60) to derive similar expressions for the number operators

gt =1- hO,lhaj)hO,—lho_}) ,

_ _ (61)
qnz =1-— h_l’ohoj)h]_’ohoj) .

It is possible to verify that with the above definitions the g-oscillators relations (50) and
(59) hold true by using the relations satisfied by the line operators of Agu,,,. In particular,
some relations that can be proven in Ag,, using the machinery developed in the previous
section and that are imporant for this purpose are

hyoho.1 = aho1hg g

0,0°
ho_j)hl,o = Cl_lhl,ohgj) , 62)
hooho—1 =4 "ho_1hg g,
hgoh—1,0 = ah_1 oM g -
Using these identities, we can show that
[ah ai]q = alai - qaial =(1- CI)_1 (ho,—lha})ho,lh&}) - qho,lha})ho,—lho_})) 63)

=(1—q" (qho,—lho,lhaf) — hO,lhO,—lha%)) =1,
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where in the last step we also made use of the Ag,,, identity

qho—1ho1 —ho1ho 1 =(1— Q)h(z),o ) (64)

which can be verified using the q-Weyl algebra. We can similarly check that [a2, a'zi']q = 1 using
in this case the Ag,,, relation

h_q,0h10—ahioh_10=—(1— Cl)h%,o . (65)

Furthermore, we should check that the a; and a, oscillators commute, namely
[a1,a5] =[ay,a;]; =[a},a,]; = [a},a;]; = 0. These equations are equivalent to the follow-
ing four Ag,,, identities:

ho,—1h1,0 —h10ho—1 =0,

2 _
h_1,0h0,—1—9"ho—1h_10=0,

2 _
ho,1hi0—a"hioho1 =0,
ho,1th—1,0 =h_1,0ho1 =0,

(66)

which have again been verified using the q-Weyl algebra. Finally, we need to verify that (61)
define number operators. For example, a‘{qnl = q“l_la‘l' can be shown to be equivalent to the
following Agq,, identity:

hoahgo—a 'hg ho—1 = q 'ho1hg o —ho 1o _tho s - (67)

np+1 ny+1

Similarly, the relations a;q" = q
to the Ag,,, identities

a;, ayq™ = q"2"a;, and a,q™ = q" 'a, are equivalent

ho,_1h3,o —q 'ho_1ho1ho_1 = qho,_1h§,o — q_2h0,1hg,_1 )

h—l,ohg,o - q_lhil,ohw = q_lh—l,oh(z),o —h_10h10h10, (68)

hl,oh(z),o —q 'hyoh_10h10 = qh1,oh§,0 — q_zh—1,ohio .

Since all of these required equations do indeed hold in Ag,,,, we can conclude that the map
(60) is genuinely a map to g-deformed harmonic oscillators. The power of this map will be-
come useful later, as it will allow us to check that the candidate representation for a Wilson or
dyonic line is indeed mapped to the corresponding line in Agg,,-

3.2.2 Representation of Wilson lines for SU(3)

Our next task is to determine how the line operators of Agy,,, are represented in terms of
the g-oscillators. We begin by discussing the Wilson lines and in the next subsection we will
instead study the dyonic lines hy, ,.

For SU(3) we only have two independent Wilson lines (9) corresponding to the fundamen-
tal [1,0] and the antifundamental [0, 1] representations, which we recall that in terms of the
q-Weyl variables V; read

W[l,O] =Vi+Vy,+ V3,

1, y-1, y-1 (69)
W[O,l] = Vl + V2 + V3 .
We find that these Wilson lines can be represented in terms of g-oscillators as follows:”
1 T 1 .
Wi1,00=(1—q)2 (a{ +(1—q)2aa, + az) ,
(70)

1 v 1
W[(),]] = (1 —q)z (a; +(1_q)2a1ra2 +a1) .

°So far we have denoted the representation of a line operator L € Agy,,, by m(L). From now on we simplify the
notation and still denote by L the representation of the line operator on the g-oscillators Hilbert space.
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One can indeed check that the expressions (69) are reproduced upon application of the map
(60). For a proof, we expand out the definition of the Wilson lines in terms of the dyonic lines,
use the relations (62) to commute the ho_}) terms to the right, and multiply both sides of the

resulting equation by hg o from the right. For the fundamental Wilson line for example, we get
in this way the equation

1 1
W[1,o]h(2),o =q2hg1hoo+aho_1h_10+q 2hyohgp- (71)

A quick check using the gq-Weyl algebra verifies this equation is true (provided ]_[1.3:1 V,i=1),
hence showing the Wilson line in the g-oscillators representation is indeed mapped to the Wil-
son line in the q-Weyl representation. A similar proof can be performed for the antifundamental
Wilson line.

Another non-trivial check is that the Wilson line operators commute

[W1,01 Wioa1] =0, (72)

as expected since the Wilson lines commute in Ag,,.. We also note that Hermitian conjugation
acts on these operators as
.
Wii.01 = Woar- (73)

This indicates that hermitian conjugation in the g-oscillators representation is implementing
the » operation of Ag,,, that we discussed in subsection 2.4.

We can check explicitly the following identity between the Schur half-index with the inser-
tion of k; fundamental and k, antifundamental Wilson lines and the VEVs of the corresponding
g-oscillators representation for low values of k; and k,:

(N) ky ks
i = (wh wke . 74)
Wl Wiy tLorto]

For example if we insert only fundamental or only antifundamental Wilson lines, we have

3 — 3 _3® _3 _ 2
Wiop = Woqp) =1 =L =0—a),
[1,0] [0,1] (75)
W6 — W6 _]I(B) _]I(S) =(1— 4 544 2
Wi op) = Wioap) = WSy WS ]—( 0)*(5+49+4q7),
1,0 0,1

while all the powers that are not a multiple of 3 vanish.

Notice that the indices with the insertion of fundamental or antifundamental Wilson lines
are identical. This is a general feature of the Schur half-index of SU(N) SYM, that is the index
with the insertion of a Wilson line in a representation R is identical to the one with a line in
the conjugate representation R

N) _ (V)
Ly =Tz - (76)

This can be understood at the level of the integral expression (5), where the two indices are
related by the change of variables z, — z;l. Such a transformation is implementing the action
of charge conjugation on the theory. The part of the integral given by the g-Pochhammers is
left invariant, which encodes the fact that the theory is charge conjugation invariant. On the
other hand, the contribution of the Wilson line is not invariant and in particular we have

arGE L aei ) = xm(EnL L ave), (77)

from which (76) follows.
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If instead we insert the same number k; = k, = k of fundamental and antifundamental
Wilson lines, we have

_ (3) _ 1
Wi1,0Wio17) = Iy W0y = (1-q),

2 (3) 2
Wi oW, =1 =2(1— s
(( [1,0] [0,1]) ) W[Zl,o]’W[%),l] ( CI) (78)
3
<(W[1,0]W[0,1]) >=]IS,')3 ws = (1—q)*6+9—7q%).
[1,01°77[0,1]

Later on in this section we will give a more abstract motivation of the identity (74) between
the Schur half-indices with the insertion of Wilson lines and the VEVs of the corresponding
Wilson lines in the g-oscillator representation by showing that the vacuum states of Hg,,,r and
Hos. are related. In Section 5 we will instead give a more direct proof that the VEVs of the
Wilson lines admit the same integral expression (5) as the Schur half-indices by diagonalizing
the Wilson lines in their oscillator representation.

Other irreducible representations. From the fundamental and antifundamental represen-
tations of SU(3) we can construct any other irreducible representation by considering tensor
products. As mentioned in subsection 2.1, the Wilson lines fuse following the decomposition
into irreducible representations of these tensor products. We can thus use this property to de-
termine the g-oscillator expressions for a generic Wilson line in any irreducible representation
of SU(3) by starting from the ones in (70) for the fundamental and antifundamental Wilson
lines.

Let us consider for example the tensor product decomposition [1,0]®[0,1] =[1,1]®[0,0].
The singlet Wilson line is expected to be trivial, since the index with its insertion actually
coincides with the index with no insertion of line operators at all

Wio01=1. (79)

Now, knowing the oscillator representation of the Wilson lines for the [1,0] and [0, 1] repre-
sentations, we can extract W, 7 using

Wi = Wi,o)Wo,11— 1, (80)
which is given explicitly by
Wihi=—q+(1—q) (alaz + aIa; + aial + a;az +(1— q)% ((aDZ as + aiag + a%a; +a,; (a;)z))
+(1— q)zqaiala;az . (81)

Another example, which will be useful for computing the oscillator representations of the
dyonic lines h,, ,, is given by [1,0] ® [1,0] =[2,0] ® [0, 1]. Using this, one finds

Wi2,01 = Wi1,00Wi1,00 = Wio,1
—(1— i(_ T 1— %("r T )
( CI) (al + az)q + ( CI) alal + a1a2 + 5145} (82)
+(1-— q)% (alala;a; +(1+q) (ala;az + a{ala;)) .

Following this procedure, one can construct the oscillator representation for any Wilson
line in an irreducible representation of SU(3). To validate our proposal further, we can verify
for low k (and indeed we will prove later in subsection 3.2.6) that the VEVs of these Wilson
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lines agree with the Schur half-index

_13)  _
(W[1,1]) = ]IW[l,l] =-q,

2 _13  _ 2
(W[1,1]> = ]IW[ZM] =1-— 2q + 2q , (83)
3
(W3 1) =1, =3-10q+9¢° —4q* +¢°,

[1,1]

and similarly for the [2,0] representation we have

13 _
(Wi201) = Ino = 0,
2 713 _
Wipop) =Tz =0, (84)
[20]
3
(WS, o)) = ]I(W[)g =1-2q+ 242 —2q* +¢°.
2,0
We will show in subsection 4.2 how the oscillator representation of the Wilson lines natu-
rally gives rise to chord counting.

3.2.3 Representation of Dyonic lines for SU(3)

We will now discuss how to realize the dyonic lines for SU(3) on the g-oscillators Hilbert space.
It is convenient at this point to introduce variables in which the oscillator representation of
the Wilson lines takes a more compact form. We define

x=(-q%, y=(0-9iq, i=12, (85)
with respect to which the Wilson lines become

Wii,01 = X1 + X217+ Y2,

(86)
Wio1=X2 +X1Y2+ Y1 -

This will allow us to also have more compact expressions for the g-oscillator representation of
the dyonic lines hy, ,.

3.2.4 Construction of the h,, ,, operators

We will focus on the h,, ,, lines defined in (21). Moreover, we will consider the case of SU(3)
for which we have worked out in details various relations that hold in the Schur algebra Agq.r»
but the same strategy can be applied with some effort for general SU(N).

We proceed as follows. Consider the relations (33)-(34), which we repeat here for conve-
nience

[hn,m’ W[l,O]] = (q% - q_%) (hn+1,m - hn,m+1) P
[hn,m, W[O,l]] = (q% - q_%) (hn,m—l - hn—l,m) .

Since we have already determined the g-oscillators representation of the Wilson lines, we can
use these equations to determine the representations of the h,, ,, for higher (or lower) values
of n,m. To do this, we just need to fix the representation of the 't Hooft line which we propose
to be hy g = g ™™™27!, Then we determine the first few other operators for |n|+|m| < 3 to be

(87)

—n;—ny—1
J

a1
hoo =1 ho—1=y19 "2,

3
—hThaT3

1
—ny—ny—3 _
T2 h_1o=x,q ,

hl,O =Y2q
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hoy = x4 Cl_nl_nz_% ) hoy—1=y1Xq M7,
hyp=X1yq M0, hi_1 = Y129 7",
hoo=Y39 M —y1q ™, hoqg = x1Xq MT"272,
hoo=xjq M2 —x g, hopo=x59 "M% —x;qg ™7,
ho—p=yiq ™M™ —yoq7"2, (88)

where x;, y; are those defined in (85). The higher or lower h,, ,, operators can be determined
from these ones using the recursive relations (35)-(36), for example

1 1 1
ho1=q2 —q 72 +x1y,%q M2,
hy o= Cl% — Cl_nz_% + x%)’zq_nl_nr% ) (89)

Moo= qx; —x10 ™M+ Yy — Yoq ™ +qxoy; + X3 Y34

-y —n2—1

One can check explicitly that all of these operators satisfy all the relations of Ag,,, that we
derived in subsection 2.3, such as (37) and (38).

Moreover, we can use the map (60) to verify the expressions in (88). Let us consider h
for example. First, we note that under the map (60) this is mapped to

hyo =" hyohghyo— a4 2ho,1hg : '
0 09,0M1,0 0.~ %91 —q1hg1ho 1y

(90)

We can multiply the entire equation by the denominator, then move all factors of ho_%) to the

right of each term in the expression, and finally multiply by hg o from the right. This results in
the following equation:

- - — _1
hz,ohg,o —q 1h2,0h0,1h0,—1h0,0 =q 1hioh§,o —q 2hioho,1ho,—1 —q° ho,—1hg,0~ (91

This equation can be checked in Agy,,, using the q-Weyl algebra, provided that l_[?=1 V,=1.
Hence, the one in (88) is the correct g-oscillators representation of h .

We can perform similar computations also for all the other h,, ,, in (88). Moreover, as
mentioned before, any other h,, ,,, can be obtained from the ones in (88) by using the recursive
relations (35)-(36). Hence, we have obtained the g-oscillator representation of any SU(3)
dyonic line h,, .

3.2.5 Conjugation properties of the Dyonic lines

We have seen in (73) that Hermitian conjugation induces a transformation on the g-oscillator
representation of the Wilson lines that is the same as the action of charge conjugation of SU(3),
which corresponds to the x operation defined in (39) for Agy,,,- We are now going to prove
that the same is true also for the dyonic lines, namely

Y =hnm- (92)

This can be proven by employing the recursive relations (35)-(36), and proceeding by a
two-step induction. Let us consider n,m > O first. The basis of the induction corresponds to
checking that (92) holds for n,m € {0, 1}. This can be done by using explicitly the expressions
in (88), for example

(hio) = (1—q)iq ™ 2a) = (1 —q)Palqg ™ ™3 =h_y,, 93)
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where we used (59). In the inductive step, we assume that (92) is true for h,, ,, and h,,_; ;1.
Then from (35) we can verify that (92) is true also for h,,,; ,

1

- q2
Ryim = m( Wiiopht = ahy Wi o+ (1— NCES Wintm—2,0] — h,'l_l,m_l))

L
(I—q)(1+q)
- h—n—l,—m > (94)

n+m
( [1,0 h—n,—m - qh—n,—mW[l,O] + (1 - Cl)(q 2 W[n+m—2,0] - h—n+1,—m+l))

and likewise for hy, ;1.

We can extend the above proof, that was valid for n,m > 0, to a proof for all values of m, n.
The result for n,m < 0 is proven similarly, but using the recursion relations (36) instead. We
are then left with the cases where n and m have opposite sign, like n > 0 and m < 0. Consider
for example h; _;. Using (35) this can be re-expressed in terms of hy _; and h_; _,. However
we have already shown (92) for the former as the basis of the induction and for the latter
because it is a case with n,m < 0. More generally, the validity of the result for n,m > 0, for
n,m < 0 and for the basis of the induction n,m € {0, 1} allows us to prove it also for n > 0,
m < 0 and n < 0, m > 0 via the recursion relations.

In summary, the * operation of Ag,,, which acts as charge conjugation (39) for SU(3)
(and more generally SU(N)) corresponds to the Hermitian conjugation in the g-oscillator rep-
resentation.

3.2.6 Identification of the vacuum states

So far we have shown how to realize the lines of Agy,,, in terms of operators built from the
g-oscillators. However, we can further argue for an equivalence between the Hilbert space
Hsenur introduced in subsection 2.4 and the g-oscillators Hilbert space H,. defined in (54).
More precisely, Hgcpyr is isomorphic to the dual g-oscillator Hilbert space

Hsehur = Mg - (95)
Let us consider for example the vacuum state of H,., which for N = 3 is defined by
a,10,0) = a,]0,0) =0. (96)
On the other hand, we saw in (45) that the vacuum state of Hgy,, satisfies
h0,1|1a> =h—1,0|1a) =0, 97)
which using (60) and hO’Olla ) ~ [19) implies that
all1%) =d}|1%) =0. (98)
We then see that the vacuum of Hg,,, is identified with the dual of the vacuum of H,.
[19) =10,0)7. (99)

This relationship between the vacua is enough to obtain the identity between the Schur
half-index and the VEV of the corresponding qg-oscillator operator not just for the Wilson lines
as in (74) but for any line operator. Namely, given a line L € Agy,,, and its representation
7t(L) on the g-oscillators Hilbert space, we have

I = (12|L[1%) = (0, -+, 0lm(L)[0, -+ ,0) = (n(L)). (100)
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One useful application of this relation is to the computation of the Schur half-index with
the insertion of dyonic lines, since it can be translated into a very simple one in the g-oscillators
representation. For example for SU(3)

<hl(§,o> =q7F,
(nk ) =(nk,) = (a2 —q72)F.

3.3 Representation of the Wilson lines for SU(N)

(101)

The representation of the Wilson lines in terms of g-oscillators that we have found for SU(3)
in (70) has a natural SU(N) generalization. In this case, we make use of the N — 1 decoupled
g-oscillators a;, a; introduced in subsection 3.1. We also introduce the auxiliary operators

xi=(1-q7a, y=0-9q, i=1---,N—1, (102)

Consider a Wilson line in one of the representations R, in (9). We propose that in order to
realize the Wilson line Wy in terms of the g-oscillators we should consider the associated
character y (V) written in terms of SU(N) parameters v; with i =1,--- ,N — 1, and replace
v; with x; and vi_1 with y;. We shall refer to this as the character to oscillator map.

Let us consider for example the fundamental and the antifundamental representations of
SU(N). Their characters are

N-1
> -1 -1
21,0 0]() =v + Z ViV VNl

i=2
N—1 (103)
X[O,-",O,l](‘j) = Vl_l + Z Vi_lvi_l + VN—1-
i=2
Following the above rule of the character to oscillator map, we are then led to define
N-1
Wri0,-,00 = X1+ Z Xi¥i-1+ YnN-1
i=2
) -1
=(1—q)2 (a} +(1—q)2 Z aja;_1+ aN—l) ,
i=2
N—1 (104)
W, 011=Y1+ Z YiXi—1+ Xy
i=2
: N1
=(1-a)2 (al +(1-q)? > aal_ + a;\,_l) :
i=2

As an important consistency check of our proposal, one can show that all operators con-
structed in this way commute

[We,, W, ]=0, rr'=1--,N—1. (105)

Remember that this is an expected property since the Wilson lines in .4g4,,, commute, in par-
ticular the index is independent of the order of the insertions.
Another important property of these operators is that

(Wg)" =wg, (106)
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which one can immediately observe for the fundamental and antifundamental representations
from (104). In other words, we see that also for SU(N) the action (39) of charge conjugation
on the Wilson lines is realized as the Hermitian conjugation in the g-oscillator representation.

Finally, we claim that the vacuum expectation values of the g-oscillator operators that
realize the Wilson lines match with the corresponding Schur half-indices

) ok kn_
Lo o = Wry o Weih), (107)
R1> 7Ry

where we compactly denoted (O) = (0,---,0|O|0,---,0). In the following we will consider
more in detail some low rank examples and check this identity for low values of k,., while in
section 5 we will provide a general proof.

Example: SU(4). We have already discussed in detail the case of SU(3) in subsection 3.2,
so we will now consider SU(4). First, we have the fundamental and antifundamental Wilson
lines (104)

10 4 1, ¢
Wi1,0,0] = X1+ X2Y1 + x3Y2 + y3 =(1—q)2 (ai +(1—q)? (aya, +alay) + ag) " 08)
1 1 ] N N
Wio,0,1] = Y1+ Y2X1 + Y3xp +x3 =(1—q)?2 (al +(1—q)2 (azalr + a3a;) + a;) )

but we also have the antisymmetric Wilson line. The character of the antisymmetric represen-
tation of SU(4) is

SUM4) 3y -1 -1 -1 -1 -1, . —1
X[o,l,o](v) =vot+ v, +Vvivy + Vv Vst vV, vty vavs s, (109)

which applying the character to oscillator map gives

Wio,1,0) = X2 + Yo+ X1Y3 + Y1X3 +X1Y2X3 + Y1X2Y3

n - . P N (110)
=(1—q)2 (aé +ay+(1—q)? (qyal +alas) +(1—q)(alayal + alaz'ag)) .
We can explicitly verify using (50) that all these operators commute
[Wi10,01 Wio,1,01) = [Wir0,00 Wio,0.11) = [Wio,1,01 Wio,0.11) = 0, (111)

and also that charge conjugation acts as hermitian conjugation, so in particular Wy ; o7 is self-
adjoint.
Moreover, one can check that the index with the insertion of k; fundamental, k, antisym-
metric and k3 antifundamental Wilson lines matches with the VEV of the operator
ky ka ks . . '
W[l,O,O]W[O,l,O]W[O,O,l] by explicit computations for low values of k,. For example we find

2 T CO
(W[0,1,0]> - ]IWZ =1- q,

[0,1,0]

(W1 0p) = Hi‘v‘i =(1-9*(3—q+q?), (112)

[0,1,0]

(W[%,Lo]) = ]Iij)ﬁ =(1-q)° (16 —12q+ 64>+ 5q3) ,
[0,1,0]

with all the odd powers vanishing instead.
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Example: SU(5). The Wilson lines in the fundamental and antifundamental representations
of SU(5) are as usual given by

10 5 1/ 4 ~ i
W1,0,00] = (1—q)2 (alr +(1—q)2 (a;al + a;az + a£a3) + a4) s

(113)
w =(1- )%(*4-(1—)%(’* +alas+alay) + )
[0,0,0,1] = q)*\a, q)2\asas +a,az +a;az)+ag .
Similarly, we have the Wilson line in the rank-1 antisymmetric representation
10 g (% i T
Wio,1,001 = (1—q)2 (az +a3;+(1—q)2 (a3a1 +aa; + a1a4) 114
+(1—- q)(a{a;[az + aiaiag + a;a1a4 + a§a2a4) +(1—- q)%a;aialag) ,
and the one in the rank-2 antisymmetric representation
1/ = 1/ -
Wio0,1,01 = (1—1q)2 (aé +a,+(1—q)2 (aiag +ayay + a}:al) 115)
+(1— q)(a;alag + a§a1a4 + aialaz + a;a1a3) +(1—- q)%a‘{a;azaét) .
Once again we can check that all of these operators commute
[Wi1,0,0,01 Wio,1,0,01) = [Wi1,0,0,01 Wio,0,1,01] = [Wi1,0,0,01 Wi0,0,0,11] (116)

= [W[0,1,0,0], W[0,0,1,0]] = [W[o,1,o,o], W[o,0,0,1]] = [W[o,o,1,o], W[o,0,0,1]:| =0,

and that Hermitian conjugation acts on them exactly as charge conjugation does on the Wilson
lines. Moreover, the VEVs for any of their combinations can be checked to match with the
corresponding indices by explicit evaluation. For example, we find

<W[%,o,1,o]> = ]IE;[)Z ] =(1—-9)*6+7%). 117)
0,1,0

4 Generalized chord counting

The connection between the line operator algebra Ag,,, and its representation in terms of a
system of N—1 decoupled g-deformed harmonic oscillators leads naturally to an interpretation
in terms of (generalized) chord counting.

Indeed, it is well-known in the SYK literature that in the double scaling limit, the moments
of the SYK Hamiltonian H can be computed in terms of g-deformed harmonic oscillators by
identifying H with a transfer matrix T = a’ + a. In turn the expectation values (TX) match
exactly the SYK moments (Tr H*) ;, where we trace over the Majorana fermions and perform a
statistical averaging over the random Gaussian coupling J. These moments naturally have an
interpretation in terms of summing all chord diagrams on a disc with a fixed number of chords
g, where each diagram is weighted by its number of bulk intersections.

From a gauge theory point of view, T is nothing other than the SU(2) fundamental Wilson
line in the g-oscillator representation (up to a normalization of (1 — q)%). This is precisely
how [1] connected the double scaled SYK to chords, to g-oscillators, and to the Schur half-
index of pure 4d A/ = 2 SU(2) SYM with the insertion of Wilson lines.

For SU(3) we have seen that Wilson lines, dyonic lines, and their Schur half-indices have
an interpretation in terms of g-oscillators and associated expectation values. Naturally, we are
led to explore the generalization of the DSSYK chord counting that one can extract from our
oscillator representation of these line operators. Indeed, we propose concrete chord counting

26


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160

e SciPost Phys. 20, 160 (2026)

rules that reproduces the Schur half-index with the insertion of any number of Wilson lines
in any representation of SU(3). We also use matter chords to give a chord realization of the
dyonic lines h,, ,,. More generally, we give the chord realization of any SU(N) Wilson line,
thus providing a third way of constructing Schur half-indices, this time as a combinatorial sum
over chord configurations.

We will demonstrate our proposal first for SU(3) Wilson lines, explain how it extends to
SU(N) Wilson lines, and then explain how we use matter chords to realize dyonic lines. To
round off the section, we discuss how certain matter chords are also related to 3d N’ = 2
domain walls inside the 4d A/ = 2 SU(N) SYM. All chord diagrams in this section are to be
read in a clockwise manner.

4.1 Review: DSSYK and chord counting

The SYK model is a one-dimensional quantum system with random p-body interactions, drawn
from a sample of N Majorana fermions obeying {v;,vy;} = 26;;. The Hamiltonian for this
system is given by

H=i"? Z Jipwi, iy i, = ip/ZZJﬂ/JI ; (118)
i1 << I
where the random couplings J; are drawn from a Gaussian ensemble
N (N\!
Wy=0,  Ukls=55 Ok - (119)
2p“\p

The double scaling limit of the SYK model is the one in which we take

2
p,N — 00, A= % fixed. (120)

In this double scaling limit the model can be solved exactly by recasting it into the language
of chords [19]. The chords represent Wick contractions between the random couplings J; in
the expansion of (TrHX);, and represent the connection between two distinct points on the
thermal circle. The weight of a bulk intersection point is the average factor one gets from
commuting the fermions within the trace. This factor is Poisson distributed, with average
value e = q. One then sums over all possible chord diagrams with k/2 chords, and weights
each diagram by its number of intersections, yielding the partition function

Zpssyk(B) = (Tre™ ﬁH Z = /3) Ter )y = Z (= ﬂ) Z q# intersections
k=0 diagrams with k/2 chords
(121)

The counting of chord diagrams can be recast in the language of q-deformed harmonic
oscillators, similar to those we discussed in section 3 but for the special case of N = 2. The
idea is to cut open the diagram at a generic point, which is then declared to have no open
chords. The g-oscillator Hilbert space is interpreted as the Hilbert space of open chords. A
chord diagram with k external vertices is then constructed by starting from the vacuum |0),
acting on it k times with the transfer matrix T = a' +a, and projecting back to the vacuum (0.
From this perspective, the k-th moment of the SYK Hamiltonian can be computed as a VEV of
the transfer matrix

(TrH*),; = (T). (122)

It is possible to re-express the VEVs of the transfer matrix as an integral by diagonalizing
it [20, 21] (we will see this computation for our SU(N) generalization in section 5). One
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finds in this case that the eigenfunctions of the transfer matrix are given by the g-Hermite
polynomials, and the partition function of the theory is

T —2f cos(0) . )
Zpssyk(B) = J € V00 (45 9) 00 (€2 oo (67205 0) o0 » (123)
0

where the integral appearing in the above expression is a generating function for the 4d N = 2
SU(2) SYM Schur half-index with the insertion of fundamental Wilson lines [1], which in our
notation corresponds to W;;). Equivalently, the integral expression for the moment (TrH ky,
coincides with the Schur half—inc}l{ex (7) for N = 2 with the insertion of k fundamental Wilson
lines (up to some overall (1 —q)2 normalization).

As elluded to earlier, the moments of the Hamiltonian (TrH¥); coincide (up to an over-

all (1— q)é normalization) with the powers of a transfer matrix (T[kl]), where we define

T = (11— q)%(a +a").!% It may seem pathological to introduce the overall normalization
into the transfer matrix T}y, since this means it no longer matches exactly with the DSSYK
moments, but this has the advantage that the VEVs (Tk1 ) now match exactly with the index
with the insertion of k fundamental Wilson lines. That is, with this choice of normalization

(1—q) 2 (TrH¥), = (T*

2
k)= ]IE/V} . (124)

1]
Moreover, under this correspondence, we see that the transfer matrix is exactly identified with
the oscillator representation of the fundamental Wilson line W;;. From the transfer matrix
Tp17, we extract chord rules that allow us to recast the computation of (T[kl]) in terms of a
combinatorial sum over weighted chord diagrams.

Let us briefly recap how this works in our new normalization. Note that here we use the
terminology bulk weight to refer to the factor of g tersections of 5 chord diagram, and the term
boundary weight to refer to the factors that one picks up on the boundary each time we create
or annihilate a chord. Boundary weights are not a feature of traditional DSSYK chord counting,
but they necessarily arise when one considers our higher rank chord rules. We associate the
insertion of (1— q)%aT in the VEV with creating a chord on the thermal circle with a boundary
weight of (1 — q)%, and the insertion of (1 — q)%a with annihilating a chord on the thermal
circle with boundary weight (1 — q)%.

For example, we see from figure 4 that evaluating (T[Ai]) using the chord diagrams with the
explicit inclusion of boundary weights gives us

(Th) =1 -?C2+q). (125)

This matches exactly the DSSYK computation of (TrH*);, up to the overall (1 — q)? factor,

which we stress is included here so that our computations match exactly with the index }I(zl .
1)
It is precisely this correspondence between terms in the transfer matrix and weighted chord

rules on the thermal circle that will allow us to interpret for generic SU(N) our g-oscillators
representation of line operators in terms of generalized chords.

In analogy with the DSSYK presentation, in this section we will call the g-oscillator repre-
sentation of the Wilson lines transfer matrices, and implement the notation T = Wy, where
Tr is the transfer matrix associated to a Wilson line in a representation R of SU(N). We will
also refer to the DSSYK chords as bivalent chords, anticipating an N-valency generalization.

1%We use the subscript [1] to align with our notation that this is the transfer matrix associated to the fundamental
Wilson line of SU(2). This is to be contrasted to the standard DSSYK literature in which the transfer matrix is just
called T. We also normalize this new transfer matrix Tj;; so that it coincides with the oscillator representation of
the Wilson line W(y;.
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(1-oial (1-0)ia (1-o)id’ (1-g)a’
(1-0q)2a 1-q)d' (1—q)2a (1—q)2a
(1—q)za’ (1—q)2a’

(1-q)a (1—q)fa

Figure 4: The three chord diagrams contributing at order (T[Ai]) in the standard SYK

chord diagram expansion. The first diagram arises from evaluating (1—q)*(aa’aa’),
and the second and third diagrams come from evaluating (1 — q)?(a®(a")?). We
included here explicitly the vertex boundary weights on the thermal circle. The first
two diagrams have bulk weight q° = 1 since they have no bulk intersections, and the
third diagram has bulk weight q, since it has one bulk intersection.

Finally, we will present two very insightful limits of the Schur half-index, ¢ = 1 and q — 0,
which will allow us to construct the chord counting problem associated to the fundamental
Wilson lines for higher SU(N). The purpose of this is so that one can in principle derive the
chord rules purely from the limits of the index, without a priori knowledge of the associated
transfer matrix. The two limits we present are such that the Schur half-index becomes a gen-
erating function for two different associated combinatorial problems. For the SU(2) index,
these limits are the given by the following.

The g — 0 limit of the Schur half-index with the insertion of 2k fundamental Wilson lines
counts the number of walks of length 2k in N, starting and ending at the origin that one can
take given the allowed steps {(1), (—1)} [72].!! If one takes this limit in the language of chords,
all chord diagrams with bulk intersections are sent to 0, leaving only the non-intersecting chord
diagrams. One can go even further and reconstruct all non-intersecting chord diagrams from
the walking problem, by assigning a (1) step to opening a chord, and a (—1) step to closing
the first available chord.

The q — 1 limit of the Schur half-index with the insertion of 2k fundamental Wilson lines
counts, up to the (1 — q)* prefactor, the number of distinct chord diagrams we can draw with
k chords.'? This is just because in this limit each chord diagram contributes with bulk inter-
section weight 1.

To summarize, the ¢ — 1 limit tells us the total number of chord diagrams, while the ¢ — 0
limit allows us to distinguish between those that have trivial and non-trivial bulk intersection.
Investigating these limits is what will allow us to figure out what generalized chord counting
problem is associated to the higher SU(N) Schur half-index.

1 These are also the 2-dimensional Catalan numbers.

12This is also the total number of partitions of the set {1,2,...2k} into sets of size 2. Since the partition is into
sets of size 2, we see that each chord in a diagram corresponds to one of these two-element sets within a given
partition, in that it connects two points on the thermal circle.
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- v

cut open T
r

Figure 5: The minimal diagram associated to the fundamental representation of
SU(3) has three external vertices joined simultaneously with two types of chord,
which we color in blue and red. The diagram also has an intrinsic orientation en-
coded in the arrows. On the left we represent the closed diagram, while on the right
we represent the opened version.

Note that our ability to write the DSSYK partition function in the closed form integral
expression (123) is due to the fact that the SYK model becomes integrable in the double scaling
limit. In this limit, we recover q-deformed Liouville quantum mechanics, and in the ¢ — 1 limit
of the DSSYK (commonly referred to as the triple scaling limit) we recover standard Liouville
quantum mechanics [22].

Since the SYK model has a clear gravitational interpretation, the construction of general-
ized chord counting problems that are solved by the Schur half-index of SU(N) SYM suggests a
(higher spin) gravitational interpretation of the correspondence. The correct higher rank SYK
model remains thus far elusive. One expects a random many body interaction analogous to the
SYK model, with the feature that in the double scaling limit, the model recovers the relativistic
open Toda chain, and in the triple scaling limit reduces to simply the classical open Toda chain
(we will show how the Toda chain arises in the study of SU(N) Schur half-indices in section
5.1). In the following, we discuss the generalized chord counting problems for higher rank
SU(N) and leave the question of finding a generalization of the SYK model that has a limit in
which it is solved by these chord diagrams for future investigation.

4.2 Generalized chord rules for SU(3) line operators

For clarity, let us first focus on SU(3) line operators and propose the associated chord counting.
We start with the fundamental Wilson line and then extend to other representations.

4.2.1 Fundamental Wilson lines

We can associate a counting problem of generalized chord diagrams to the SU(3) fundamental
Wilson line transfer matrix

1 - 1 -
Tr1,01 = (1—q)2 (ai +(1—Q)§alaﬁ+az) , (126)

which coincides with the g-oscillators representation of the fundamental Wilson line. The
counting problem of chord diagrams with k vertices that we are going to discuss will thus
reproduce the Schur half-index with the insertion of k fundamental Wilson lines.

The chord diagrams are constructed as follows. Each diagram has k external vertices,
which should be joined in triples using two different types of chords that we will distinguish
using blue and red colors (see figure 5). At each of the three connected points on the thermal
circle, one of the following can occur:
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1. a blue chord is created with boundary weight (1 — q)% ;

2. a blue chord is destroyed and a red chord is created with boundary weight (1 —q);

3. ared chord is destroyed with boundary weight (1 — q)%.

Notice that a natural ordering of the three points is required, since a chord cannot be destroyed
before being created. Hence, point 1. has to preceed point 2. which has to preceed point 3.
In figure 5 we represent this ordering following the clockwise direction, and we stress the
creation/annihilation of a chord with an outgoing/ingoing arrow.

On the right of figure 5 we also represent the opened version of the diagram. A chord
diagram can be cut open only at a point where there is not an open chord. Hence, the diagram
in figure 5 can only be cut between points 3. and 1. This has to be contrasted with the SU(2)
case corresponding to the ordinary DSSYK chord counting, where we can cut open anywhere
and just declare that at that point there are no open chords.

One can check that the number of inequivalent diagrams with k external vertices one can
draw is exactly equal (up to an overall (1 — q)ék) to the Schur half-index of SU(3) SYM with
the insertion of k fundamental Wilson lines in the ¢ — 1 limit, confirming that this is the right
counting problem we are after. Explicitly for low values of k we find!3

lim(1—q)"21®) =1,
q_}1( q) Wi
lim(1—q)#1®) =10,
qﬁl( q) we

. _ 673 _
%lgi(l )L, =280,

[1,0]

(127)

lim(1—q)81®), = 15400,
q—1 Wi
while the index vanishes for k # 0 mod 3.

To reproduce the g-refined index we should find suitable intersection rules that allow us
to weight each diagram in the right way. To understand where these chord intersection rules
come from, it is useful to consult the second limit of the Schur half-index given by q — 0. for
low k we get

lim(1—q) 21 =1,
qHO( a) W
-418)  _g )

6
W0

lim(1-q) L), =42,

[1,0]

lir%(l —q)
f (128)

lim(1—q) 81 =462.
q—>0( ) Wi

In this limit, the Schur half-index with the insertion of k = 3n fundamental Wilson lines co-
incides with the number of walks of length 3n in N(Z) starting and ending at the origin (0, 0)
using the allowed steps'*

{1=(-1,0),2=(0,1),3=(1,—-1)}. (129)

In analogy to the SU(2) case of DSSYK chords, we assign the step (0,1) to opening a blue
chord, the step (1,—1) to closing a blue chord and opening a red chord, and the step (—1, 0)
to closing a red chord. For k = 3n = 6, there are five possible walks, shown in figure 6.

BThese are also the number of partitions of the set {1,2,...,3k} into sets of size 3 [73].
4These are also the 3-dimensional Catalan numbers or equivalently the number of standard tableaux of the
form (n,n, n).
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N )

A)

AN AN

(0,0)e= (0,0)e— < (0,0)¢—
)
A)
(0,0)¢— < (0,0)&—

Figure 6: The five walks of length 6 starting and ending at the origin in Ng. The
diagrams depict the walks 123123, 112233, 112323, 121233, and 121323. Blue is
used for a step 1, violet is used for 2, and red is used for 3.

1 1 1

4 4

Figure 7: The five chord diagrams with trivial bulk contribution surviving the q — 0
limit, corresponding to the five walks in figure 6.

Using the rules outlined above, we can associate each of these five walks to a chord dia-
gram, which we depict in figure 7. Observe that of all the diagrams, there are three obviously
non-intersecting ones, given by the first, third, and fourth. However, there are also two dia-
grams which have a blue-red bulk intersection. This means that in order for the contribution
of these two diagrams to survive in the ¢ — 0 limit, they must contribute with a trivial weight
(1—q)*q°. The factor of (1—q)* is due to the fact that all of these diagrams have six boundary
vertices, each of which has an associated boundary weight by our general rules. Note that in
the limit ¢ — O this factor is trivialized, so in order to detect it we need to consult the other
limit g — 1.
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4 4

Figure 8: The five chord diagrams with non-trivial bulk intersection weight. The first
four diagrams are weighted with weight (1—q)*q, and the final diagram has weight

(1—q)*q%

The q — 1 limit of the Schur index (127) tells us there should be 10 total chord diagrams,
with four of them weighted by a factor of (1 —q)*q, and one of them weighted by a factor of
(1—q)*¢%. To determine these, we consider the remaining diagrams with k = 3n = 6 external
vertices that we can construct using the rule to connect vertices in figure 5, that are not in
figure 7. These are depicted in figure 8. By observation, we see that the first four diagrams
all come with either one red-red intersection or one blue-blue intersection, with some number
of trivially contributing blue-red bulk intersections. This suggests that red-red and blue-blue
intersections should be counted with weight g, so that these four diagrams reproduce the index
contribution 4q. Finally, the fifth diagram is our maximally intersecting one, consisting of one
of each type of bulk intersection, and so is assigned the bulk weight ¢**%*! = ¢2. Summing all
ten diagrams, we find the total contribution

1—9)*(5+4q9+9%), (130)

which matches exactly the SU(3) Schur half-index with the insertion of two fundamental Wil-
son lines (75).
Summarizing, we get the following set of intersection rules:

Figure 9: The bulk intersection rules for chord diagrams in SU(3).

One can check explicitly that these rules reproduce the SU(3) Schur indices for various values
of k (see (75) for the cases k = 3, 6).
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1T Y Y
A 4 A~
w3y j )
1 2 3 4 5 6 6 1 2 3 4 5

Figure 10: Two different slicings of the maximally intersecting chord diagram for
3k = 6. The diagram on the left is an allowed slicing, where the circle has been cut
between nodes 6 and 1. The diagram on the right is a disallowed slicing, where the
circle has been cut between nodes 5 and 6.

# ~ # ~ T z\_# ~
1 2 3 4 5 6 1 2 3 4 5 6
]
AN a$r Y AN # % ~
U I T | A
1 2 3 4 5 6 1 2 3 4 5 6

Figure 11: The five chord diagrams with intersection weight q° as open chord dia-
grams. The slice was taken between nodes 6 and 1.

In order to later make connection with the Wilson lines defined in section 3, it is useful to
consider the opened chord diagrams. In the SU(2) case of DSSYK chords, one marks any point
on the thermal circle in between vertices and slices open the chord diagram at that point. The
thermal circle can then be unfolded, with the convention that at the cutting point one declares
to have no open chord and then moving to the right of the linearized diagram open chords
decrease in height from left to right. As mentioned previously, for the SU(3) case there is a
restriction in where one can slice open the chord diagram.

Consider for example the two slicings depicted in figure 10 of the maximally intersecting
(1 —q)*g? chord diagram of figure 8. In the first, we slice the diagram between the nodes 6
and 1, and in the second we slice between the nodes 5 and 6. In the first slicing, all of the
chords appear with the trivalent structure we introduced at the beginning: a blue chord opens,
it closes to create a red chord, and then the red chord closes. In particular, all the arrows are
directed from left to right, following the correct evolution of the diagram. Hence we say this
is an allowed slicing. The second slicing is a disallowed slicing, since one of the red chords is
incorrectly oriented from right to left. The issue with this slicing is that we cut open at a point
where a red chord is already opened. This gives us a clear notion of when a slicing of a chord
diagram is allowed

A chord diagram can only be sliced open where the number of open chords

at the point of slicing is exactly 0,
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1
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Figure 12: The five chord diagrams with non-trivial intersection weight, sliced open
between nodes 6 and 1. The first four diagrams come with intersection weight g, and
the final one comes with intersection weight ¢?.

or equivalently

A chord diagram can only be sliced open at a point such that all chords

have orientation from left to right in the opened diagram.

With this convention the ten open chord diagrams corresponding to the closed diagrams of
figures 7 and 8 are the ones depicted in figures 11 and 12 respectively.

4.2.2 Hilbert space interpretation

We now wish to give a Hilbert space interpretation of the counting problem we have just
defined, thus connecting it concretely to transfer matrices. As in the ordinary DSSYK model,
we view an open chord diagram with k vertices as generated by applying k times the operator
T{17 to the vacuum state |0) and then contracting with (0|. At intermediate steps, we will have
a state labeled by the set of chords that are opened. However, an interesting feature of the
analogous problem for SU(3) chords is that such a state is determined only by the number
of blue chords n; and of red chords n,, while their ordering does not matter. This is because
swapping the order of blue and red chords might introduce extra intersections in a given
diagram, however these are always of blue-red type that give a trivial contribution according
to the rules in figure 9. This gives a tensor product Hilbert space with states |n;, n,) which we
can choose to represent with all the blue chords on top of the red ones

N
}nz

This Hilbert space corresponds to the one (54) of the decoupled g-oscillators.

o

Iny,ny) =

NN o

~ - .

(131)
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Let us now consider the action of the transfer matrix that makes us evolve from such a
state associated with a generic external point of a chord diagram to the next one. Given the
rules for constructing a generalized chord diagram that we described in the previous section,
there are three possibilities:

1. A blue chord might be created, so that we obtain the state (1 — q)% Iny +1,n,).

2. A blue chord might be closed and a red chord created, so that we obtain the state
(1 —gq)|n; —1,n, + 1). If we choose to close the i-th blue chord, then we will have
i — 1 blue-blue intersections and n, blue-red intersections, producing a factor of q'*.

3. A red chord might be closed, so that we obtain the state (1 — q)%lnl,nz —1). If we
choose to close the j-th red chord, then we will have j—1 red-red intersections. Hence,
an additional factor of ¢/~ will be produced.

Summarizing, we find that the evolution in the open chords Hilbert space can be realized
precisely with the fundamental Wilson line operator

3
1 -
Tr01ln1,ng) = (1 —q)2|ny +1,ny) + (1 —q) (Z q' 1) Iny —1,n, +1)

i=1

no

1 -
+(1—q)2 (ZQJ 1) Inqy,ny —1)
j=1
1 1

=(1—q)2In; + 1,n5) + (1 —q)lny1glmy — Lny + 1) + (1 —q)2[ny]gIng, ny — 1)
=(1—CI)% (ai+(1—q)%a1a;+a2)|n1,n2), (132)

where we use the creation and annihilation operators of two decoupled g-deformed harmonic
oscillators

a{|”1, ny) = |ny +1,ny), ay|ny,ny) = [ny]Ing —1,n,), (133)
ajlny, ny) = |ny,ny +1), az|ny, ny) =[ny]glng, ny — 1),
which satisfy the algebra
[al,ai]q = [az,a;]q =1, la;,a5], = [al,a;]l =0. (134)

We thus recover the system of two decoupled g-deformed oscillators (50) and the action of the
operator T, 7 associated to the fundamental Wilson line we introduced in (70).

We can intuitively think of the commutators (134) as associated with the intersection rules
in figure 9 as follows. To a blue line we associate the operators ai, a; and to a red line we

associate the operators a;, a,. So from the intersection rules in figure 9 we get that
* blue-blue intersection implies [a;,a;]; =1,

* red-red intersection implies [az,a;] =1

q
* red-blue intersection implies [a;,a,]; = [a;,a3]; =0.

In this way we recover the g-oscillator algebra (134).
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(1—q)2a: (1—q)?a:

(1—q)? (1—q)2
(1-— q)a'{az :

(1—q)

Figure 13: Chord vertex rules for the antifundamental transfer matrix Tjg 13-

4.2.3 Other representations

More bizarre chord counting problems arise from Wilson lines in other representations. The
logic to take here is that we should think of the associated transfer matrices Tx as defining
certain vertex rules. Each term in T labels a process that can happen on the thermal circle. To
construct the chord diagrams with a fixed number of chords, one should apply all consistent
vertex rules to draw all possible chord diagrams, then sum over them, weighted appropri-
ately by the boundary vertex factors and the number of chord intersections in the bulk, where
the latter are the same as in figure 9 since the are only dictated by the g-oscillators algebra.
Despite the chord counting problems for the fundamental and antifundamental representa-
tions are equivalent (up to an exchange of color) it is instructive to first demonstrate how the
antifundamental works before going to higher weight representations.

For the antifundamental representation of SU(3), we still have the two decoupled
g-oscillators af, a; for i = 1,2, and the associated transfer matrix is given by

1 1 =«
Tioy=(1—a)? (a, +(1—0)?aja, +af). (135)

In this case all the chords look as in the previous example of the fundamental Wilson line Tp; ¢,
but with the colors of red and blue interchanged. Instead of drawing the entire chord diagram,
we just write down the vertex rules. The antifundamental Wilson line has three terms, each of
which has an associated external vertex that we depict in figure 13. Each diagram is to be read
from right to left, so that newly created chords point towards the left, and annihilated chords
enter from the right and are terminated on the circle boundary. We see that the (1 — q)%a;

operator creates a red chord with boundary weight (1 — q)%, (1—- q)%al annihilates a blue

chord with boundary weight (1 — q)%, and (1— q)aiaz annihilates a red chord and creates a
blue chord with boundary weight (1 —q). Each time one of these rules is applied, there must
be a corresponding factor of T, ;7 in the vacuum expectation value, so we see that the first

non-trivial non-zero VEV is (T[% 1

annihilated it for a factor of (1 —q) whilst creating a blue chord, and subsequently annihilated
that blue chord with weight (1— q)%. Computing (T[’B,l]) is then a matter of fixing the number
of nodes k on the circle, and summing over all possible consistent applications of the vertex
rules, where each chord diagram is weighted by the boundary (1 — q) factors and the bulk
g intersections according to the rules in figure 9. This reproduces the results in (75).

For higher weight representations, we must use the tensor product decompositions into ir-
reducible representations discussed in subsection 3.2.2. Here, we see the second advantage of
our choice of normalization: the transfer matrices Ty obey the same tensor product decompo-

sition rules as the Wilson lines Wy, . For example the decomposition[1,0]®[0,1]=[1,1]&[0,0],

), where we have created a red chord with weight (1 — q)%,
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gives us the Wilson line for the singlet representation

T[O,O] =1 5 (136)
and the one for the adjoint representation

10, 442 + N2
T =—q9+1—q) (a1a2 + aiag +aya; +aya; +(1—q)?2 ((ai) a, + aia% + a%a; +a; (aﬁ) ))
+ (1—q)2qaia1a§a2. (137)

The chord diagrams for the singlet representation are all trivial, meaning there are no chords,
no bulk intersections, and no boundary weights, and thus it obviously agrees with the index
calculation of

k )
(T[0’0]> = ]IW[]Z) . s (138)

for all values of k. The chord diagrams for the adjoint Wilson line are instead less trivial, but
they still reproduce

(Tk

3
k=10 . (139)

(11]

The feature which sets the adjoint chord rules apart from the fundamental and antifunda-
mental rules is that there are more choices of boundary vertices, depicted in figure 14. With
the fundametal, there was always the fixed trivalent structure of creating a blue chord, anni-
hilating it and creating a red chord, and then finally annihilating a red chord. Similarly with
the antifundametal, there was again a trivalent structure, this time given by first creating a red
chord, annihilating it and creating a blue chord, and then finally annihilating a blue chord.

(l—q)aia; : (I—q)asay :
(1—q) (1—q)
(1—q)aia1 : (1—q)a§a2 :
(1—q) (1—-q)
(1 _q)% (1 —q)%
(1 _Cl)% (1 —q)%
a1 —q)? —q

Figure 14: Chord vertex rules for the adjoint transfer matrix T, ;7 of SU(3).
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NG e 4

Figure 15: Examples of the different types of chord structures that appear in the
transfer matrix VEVs (T2 ..) and (T _.) respectively.

[1,1] (1 1]>

In the case of the adjoint representation however, one can have multi-valency structures of
different types emerge that are consistent with the application of the boundary vertex rules,

see figure 15 for two examples. To compute the VEVs of T one must now sum over all
consistent applications of the vertex rules with a fixed number }< of vertices on the circle. The
combinatorics here becomes much more cumbersome than previously, as there are now more
choices that one has available. Peculiarly, there is the choice to do nothing at the vertex, and
acquire a factor of —q. Clearly doing the sum over all allowed chord diagrams with a fixed
number of external vertices is much more challenging in the case of the adjoint representa-
tion. However, this problem can be efficiently solved with the g-oscillators or with the Schur
half-index. Indeed, using the Schur half-index, we can write down the closed form expression
of such VEVs

CH)S >
i =13, == f Tt T ) G| o

[11] @ a<b | 1za—l

As another example of Wilson line associated to a higher weight representation, we can
consider the decomposition of SU(3) representations [1,0]® [1,0] =[2,0]®[0,1] to find

Tr201= (1—q)% (—(a1 +a;)q+(1 q) ( +aTa2+a2a2))

o (141)
+(1— q)% (alalaéaé +(1+9q) (alaéaz + a{alaé)) .

One can extract chord vertex rules from this operator, which contain not only vertices that
look like a doubled version of those of the fundamental representation depicted in figure 5,
but also more involved vertices similar to those depicted in figure 14.

4.3 SU(N) chord counting problem

We shall now briefly discuss the chord counting problem for the fundamental transfer matrix
Tt10,...0] of SU(N). For other lowest weight representations R, in (9) one can use the character
to oscillator map explained in subsection 3.3 to obtain the transfer matrices and then construct
the chord problems in a similar way. For higher weight representations one should consider
again the decompositions of tensor product representations into irreducible representations.

For SU(N), the chords come in N — 1 different colors, labeled by i = 1,...,N —1. In
the case of the fundamental representation, only N-tuples of external points can be joined
simultaneously using these N — 1 chords as shown in figure 16.

In analogy to the SU(3) case, we can recast the combinatorial problem of counting these
chord diagrams in the language of N — 1 g-deformed harmonic oscillators. These obey the
algebra

La;, aT]q =1,
o (142)
[alJa ]1 [alJ ]]1 l#]:
capturing the fact that they are decoupled oscillators, in the sense that bulk intersections of
two different colors are counted with weight q° = 1. Instead, the intersection of two chords
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Figure 16: The minimal diagram associated to the fundamental representation of
SU(N) has N external vertices joined simultaneously with N — 1 types of chord.

of the same color has weight q'. The fundamental SU(N) transfer matrix is given by

N-1
f 4 1
Tr0..01 = (1 —0)? (ai +(1—q)? Z ala;_y + aN—l) ; (143)
i=2
where the oscillators act on the chord Hilbert space as
a;.'klnl, cony_g) =ng, .+, ajlny,...ny4q) = [ni]q|n1) coni—1 0y ).
(144)

This is exactly the same oscillator algebra and transfer matrices discussed in section 3, and so
we will not repeat the Hilbert space construction again here. From the form of the transfer
matrix, we see that each vertex connected to a single chord, namely thei =1 and thei =N—1
chords, has boundary weight (1 — q)%, while the other vertices have boundary weight 1 —q.
The counting of chord diagrams with k external vertices joined as depicted in figure 16
and with the bulk and boundary weights we have just discussed is solved by computing the
VEV (Tk ]), or equivalently by the Schur half-index with the insertion of k fundamental

[1,0,
Wilson llnes

(T o 01) =T

[1,0,--,0]

CH)N = dz,
:T§ ZTrlC.lzal_[((Z Zb -4 ) (X[lo’ 0

a= a<b

(145)

l_[(l Za:1

Such integrals can be explicitly evaluated, resulting in the desired solution of the counting
problem. The generalization to other SU(N) representations works similarly to the SU(3)
case.

4.4 Dyonic lines and domain walls from matter chords

The insertion of matter chords into the chord counting picture allows us to realize two different
gauge theory objects, namely dyonic lines and 3d domain walls. The logic is that when one
inserts a matter chord, corresponding to some operator of scaling dimension A, one can use
this to cut the chord diagram in two. Counting the number of open chords which cross the
matter chords gives us a chordial realization of the number operator ¢". First, we explain how
the matter chords work, and then we specialise to the case of dyonic lines and domain walls.
For simplicity we will focus on the case of SU(3) and on the chord diagrams arising from the
fundamental transfer matrix T, 7 but the same logic can be applied to the more general case.
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(o))
N
o)}
N

4 4

Figure 17: The figure on the left shows a generic diagram which contributes to (T[(’1 0])
in the SU(3) case. The diagram on the right is that same diagram, but with the
insertion of a matter chord M;(A;) (in green) that starts between nodes 6 and 1,

and ends between 3 and 4. This diagram contributes ! to (T[?’1 O]qu“l T[?’1 e

4.4.1 Matter chords and their g-oscillator realization

In figure 17 left, we have a generic diagram that appears in the computation of the g-oscillator
VEV (0, OIT[E’LO]IO, 0) using the chords perspective. Suppose we want to measure the number
of open blue chords between the nodes 3 and 4 in this diagram. Clearly there is one open
blue chord between nodes 3 and 4, which starts at node 1 and ends at node 5. The other
blue chord between nodes 2 and 3 has already been closed by the time we want to make this
measurement. We would like to find some way of counting this one open blue chord and to
translate it in the g-oscillator language.

The strategy is to introduce a new type of chord that we call a matter chord in analogy to
the SU(2) case of DSSYK. We denote this by M;(A;), where A; is its conformal dimension, and
we draw it in green. In figure 17 right, we show how this matter chord should be placed in the
chord diagram in order to solve our task of counting the number of open blue chords between
nodes 3 and 4. To perform such counting, we also declare that it intersects blue chords with
weight q®1 and red chords with weight q° = 1. In this way the matter chord does not count
the number of open red chords, only the number of open blue chords. We had to insert the
matter chord starting just before node 1, since this is where the diagram starts, and between
node 3 and 4, where we wanted to make our measurement. With these rules, the diagram in
figure 17 right will correspond to g1, since it has only one green-blue intersection.

In order to translate the insertion of a matter chord in g-oscillators language, we associate
to M;(A;) the operator ¢®1™. In other words, the diagram in figure 17 right is contributing
to the g-oscillator VEV

Ay T[Sl,O]qun1> — (T[31’0]qA1n1 T[31,0]> , (146)

<T[31’0]q
where we used that q®1"|0,0) = |0,0). This VEV is indeed counting the number of diagrams
with 6 external vertices grading the intersection of the ordinary chords with ¢ according to
the usual rules explained in Subsection 4.2, but also grading with q®1 the number of open
blue chords after applying three times the transfer matrix. Since the operator 1™ appears in
the VEV between the third and fourth application of the fundamental transfer matrix on the
vacuum to the right, we see that this blue chord grading is counted between points 3 and 4 in
the chord diagram.
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4

Figure 18: Example of a diagram used to count simultaneously the number of open
blue chords between points 1 and 2, and 4 and 5. In terms of g, this diagram con-
tributes q®11 to the VEV (T[Zl’o]qALZ“l T31, ]qAU“l T{1,01), encoding the fact that there

[1,0
is one open blue chord between 1 and 2, and none between 4 and 5.

Hence, the diagram in figure 17 right will be contributing to this VEV with a term q*1, as
desired. More generally, if we want to grade diagrams with k = k; +k, external vertices by the
number of open blue chords between vertex k, and k,+ 1, we should consider the g-oscillators
VEV ky Aqng ks

(T[LO]q 1 lT[LO]) . (147)

We can similarly construct the matter chord for counting open red chords, which will be
associated to the number operators of the second g-oscillator. We will denote this matter chord
with M,(A,) and color it in orange. For this second type of matter chord, we choose trivial
intersection weight q°=1 between it and a blue chord, and intersection weight q*2 with a red
chord. Then this other matter chord will be realized with the g-oscillators by the operator
q®2"2, and if we want to count diagrams with k = k; + k, external vertices graded by the
number of open red chords between vertex k, and k, + 1 we should consider the VEV

k k.
(T[ll,OJCIAznz Tiiop - (148)

In further generality, one can consider inserting both of these two matter chords, in such a
way that they start before vertex 1 and end after any point k, of the diagram (again k = k; +k,
is the number of external vertices). This will correspond to the VEV

(Trpgga™ ™22 T ), (149)
which is counting all chord diagrams with k external vertices with an additional grading of g1
for each open blue chord after vertex k, and q°2 for each open blue chord again after vertex
k,. Since the number operators n; all commute, their order inside the VEV is irrelevant and
the intersection of different matter chords has trivial weight.

An important subtlety arises when considering the insertion of multiple chords of the same
type. Let us consider for example the case in which we want to count simultaneously the
number of open blue chords between the external points 1 and 2 as well as 4 and 5. For this
purpose, we need to introduce two green matter chords M;(A; ;) and M;(4A, ,) with different
dimension, as depicted in figure 18. We still draw both of them in green since they have the
property of having non-trivial intersection weight with the blue chord but trivial with the red
chord, but we distinguish them with a solid and dashed line to stress that they have different
dimensions and hence their intersections with blue chords contributes differently, with g1
and g2 respectively. The diagram in figure 18 will then contribute to the g-oscillators VEV

(T 702" T 9™ ™ Tr0) (150)

with a term g1,
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Figure 19: Evaluation of (h’é o) = (g kmHn2+1)y ysing chord diagrams. The green

chord corresponds to counting the number of open blue chords that cross the diagram
with intersection weight 7%, and the orange chord counts the number of open red
chords that cross the diagram with intersection weight ¢ . These correspond to the
operator insertions of ¢ <™ and q =" respectively. Since there are no insertions of
the transfer matrices Ty, there are no open blue or red chords to cross the diagram,
hence the matter chords give a trivial contribution.

We finally note that the whole logic presented in this subsection can be applied in the same
way to chord diagrams generated from transfer matrices T for any representation R and also
to higher rank SU(N). In particular for generic SU(N) we will have N — 1 different types of
matter chords, which count the number of open chords of each of the N — 1 types and which
correspond to each of the N — 1 number operators n,.

4.4.2 Chord rules for Dyonic lines h,, ,,

We recall from our discussion in section 3 that the representation of the dyonic lines h,, ,,, of
Ag ey in terms of g-deformed oscillators is of the form

hym = ij(a'*', d)qi it (151)
j

where f; are polynomials of the creation and annihilation operators, and A, ; are integers. We
would like to give an interpretation at the level of chord diagrams of the g-oscillator VEVs with
the insertion of these operators on top of the transfer matrices Tr,.

Firstly, we treat each term in the sum over j individually, and assign to each of them
matter chords M;(4, ;). As before these matter chords are taken to start right before node 1,
and end in the interval corresponding to the location of the h,, ,, operator in the VEV. Next, we
assign chord vertex rules to the coefficient functions f; in the analogous manner to how we
constructed chord rules for generic transfer matrices in subsection 4.2. The chord diagrams
constructed in this way will then be computing the desired VEV with the insertion of the g-
oscillator representation of the dyonic line h,, ,,.

As a first example, let us consider a VEV with the insertion of the operator hy o = g ML

(o) = a7 g M) (152)

This is equivalent to decorating the single chord diagram with no external vertices (since we
did not insert any transfer matrix in the VEV) with a green matter chord M;(A; = —k) and an
orange matter chord M,(A, = —k), see figure 19. Since there is no blue nor red chord that
can intersect with the matter chords, the result is simply

(hg o) = a (a7 m7m) = g7 (153)
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1

(h10Tr001) = (- q)q"2 = (- CI)C{_%

2

Figure 20: Evaluation of (h; (T 17) using chord diagrams. The factor of q~! comes
from the single bulk intersection of the orange matter chord with the red chord. We
avoided drawing the green matter chord since this has trivially contributing intersec-
tion with the other chords.

For a less trivial example, let us consider the VEV (h; 4 Tjo17). This can be computed using
g-oscillators as follows:

1 - 1 .
(h10T7017) = (O1(1 —q)azg ™ ™7 2(ay + (1 — q)ialaz +a;)|0)
=(1 —q)q‘%<0lq‘“l‘“2aza$|0) (154)
_3
=1—q)q 2,

where to go from the first to the second line we used (59) and that only terms with the same
number of aj' and q; for any given i contribute. The computation of this VEV using chord
diagrams is represented in figure 20. In this case we only have one diagram, which is obtained
by creating a red chord at point 1 using the a; part of the transfer matrix T 13, closing an
orange chord M,(A, = —1) (which was created by adding for free the operator ¢~ "2 on the
very right of the VEV) using the q~" part of h; ; and finally closing the red chord using the
a, part of h; ;. Notice that in principle the operator h; o has also a ¢~ which should give a
green matter chord opened before 1 and closed after 1, however we avoided drawing it since
it gives trivial contribution.

This whole structure generalizes in the natural way to SU(N) chord diagrams, and can be
used to realize any string of Wilson and dyonic lines inside a VEV.

4.4.3 Matter 2-point function and 3d /' = 2 domain walls

Given a matter chord M, one can compute the matter 2-point function, given by
Ga (B, By) = (e PR g2 AmeFTre) (155)

where the q®i are the intersection weights for the j = 1,...N — 1 different colored chords
appearing in the SU(N) chord counting problem. Note that one does not typically introduce
dyonic lines into this definition.

By choosing the dimensions A of the matter chords appropriately, one can relate the asso-
ciated VEV to the index of a 3d N/ = 2 domain wall inside the 4d N’ =2 SU(N) SYM theory.
Specifically, we take

A=(A,2A,...,(N—-1)A), (156)

so the associated 2-point function becomes

Gx(B1, Ba) = (€ P TrRi A 2T PaTre) (157)
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We claim that this 2-point function can be computed by the integral

G )= Ve " e [ () 50). () 59). 159
A\M15 M2 (N|)2 Zmz 27‘Clua a<b b o > P . oo
(aV%50) o1, (rBar, @

X .
N _
[Teoor (022013 %50) o [Tze=TT, ta=1

One can check this explicitly to low orders in an expansion in 3; and f3,, but in subsection 5.1
we will give a general proof.

This expression for the VEV corresponding to the insertion of matter chords with the di-
mensions (156) coincides with the Schur half-index of a configuration with two copies of the
4d N =2 SU(N) SYM separated by a certain 3d N' = 2 domain wall (see Appendix A). On
the domain wall, the vector multiplets of the two copies of SYM are given Neumann boundary
conditions, but we also have intrinsically 3d degrees of freedom that live on it. More precisely,
we have a chiral multiplet ¢ in the bifundamental representation of the two 4d SU(N) gauge
symmetries and a flipping field F, that is a gauge singlet chiral field with superpotential'®

W =F detd. (159)

This superpotential preserves a U(1) global symmetry under which F has charge —N and
® has charge 1. Hence, the index can be refined with a fugacity v = q* for such symmetry.
Furthermore, we give R-charge 2 to F and O to &, again in compatibility with the superpotential
interaction. On the boundary of the Schur half-index, the 3d fields are given Dirichlet boundary
conditions for F and Neumann for ® [78,79]. If we further consider adding k; Wilson lines
in a representation R; in the left 4d theory and k, Wilson lines in a representation Ry in the
right 4d theory, then the Schur half-index of this system is (see Appendix A for more details)

2(N—1) N
) (a; CI) —1)%1 -
]IWQL,W;;R_ (N1)2 é l_[2mz 2mu l—[((zazb ) ’q)oo ((u “ ) ’q) (160)
(q" ,q)oo
XN
[Te oo (0220, 750)

This reproduces the order ﬁf ! /352 in a double expansion in f3;, 3, of the expression (158) for
the matter 2-point function

(1, @) (xr, (@)

l_[a Za:l_[a uﬂ:l

N—1 .
Ly e = (TR, 0557 T, (161)
RL’

N—1 .
Hence, inserting the 3d domain wall corresponds to inserting the operator qAZi:l % in the
g-oscillator VEV, or equivalently the matter chord of dimension (156) as in (157).
5 Spectral problem for Wilson lines and the Toda chain

In section 3 we have argued for an identity (107) between the Schur half-indices with the
insertion of Wilson lines and the VEVs of the corresponding transfer matrices

(N) ik k
]Iwkl N <TR1 ' RAIIV 11> (162)
R1> 27 RN-1

15This domain has previously been considered in [74,75]. A 5d/4d version was instead studied in [76] (see
also [77]).
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We have given evidence for the validity of this equation by computing both sides explicitly for
some cases and verifying that they match. In this section we will provide a general proof. We
will also prove the identity (158) for the matter 2-point function that allowed us to connect it
to the 3d NV = 2 domain wall.

We will do this by solving the eigenvalue problem for the transfer matrices T . This
will then allow us to show that their VEVs admit the same integral representation (5) that also
computes the Schur half-indices. This analysis generalizes to SU(N) a similar analysis that was
done to compute the VEVs of the transfer matrix of the SYK model [20], which corresponds to
our N = 2 case. As we will see, this diagonalization problem is strictly related to the relativistic
open Toda chain [26]. Specifically, we will show that the commuting operators Ty, coincide
with the Hamiltonians H,. of the Toda chain, whose eigenfunctions are known to be given by a
class of orthogonal polynomials called g-Whittaker polyomials (see e.g. [26-30]). We will also
discuss the g — 1 limit in which the operators T _reduce to the Hamiltonians of the classical
open Toda chain, again generalizing a similar result obtained in [22] for the SYK model.

5.1 Diagonalization and relativistic open Toda chain

We begin by setting up the eigenvalue problem for the operators T that we introduced in
subsection 3.3. These can be understood as implementing an evolution in the g-oscillators
Hilbert space, as we discussed from the chord perspective in section 4. Let us focus for example
on the fundamental representation

N-1
Y 1
Tiio,. 01 = (1—q)2 (a{ +(1—q)2 > ala, + aN_l) . (163)

i=2

We consider evolving the system by applying it several times and denote the state at the a-th
step by v(a) . We then have a recursive relation that expresses the state at the step a + 1

,n
from the one eivt the step a via Tj; ... o]
yla+l) — (@)
Tl(ll, YN (T v ¢ )nl,"',TlN,I
X N—2
— 3.,(@ +14,,(a)
- (1 - q)zvnl_l’nb“"nN—l + Z(l " )an’ Sni+lnig =1 ny (164)
i=1
1 _ qu_1+1 (a)
+ 1 an"'UanZ,anl"’l :
(1—q)2

This is because in order to have a state with nq,---,ny_; at the step a + 1 we can only have
the following possibilities for the state at the step a:

1. at step a we have a state with n; —1,--- ,ny_; and we apply the creation operator of
4 1
the first oscillator a; with the prefactor (1 —q)Z;

2. at step a we have a state ny,---,n; +1,n;,; —1,---,ny_; fori =1,--- ,N —2 and we
apply al-az +1» With a prefactor 1 — qhitL;
. 1—q"N-111
3. at step a we have a state nq,--- ,ny_; + 1 and we apply ay_;, with a prefactor ————.
(1-q)2

In order to actually determine the state v(a) ny, Ata generic step we need not only this
recursive relation, but also an initial cond1t1on For the chord diagrams of section 4 the initial
condition is the vacuum state v(() 9 byt for the following analysis we can keep it generic.

Let us now consider the elgenvalue problem for the operator Tpy ... o]

T[l’()’...’o]vnl’ n = E[l 0,,0 ]an:“"nN—l . (165)
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It is convenient to take

1S p,
Vagoomyy = (A= @2 T, (166)
Then the eigenvalue equation becomes
N—2
1 4+l
W”l—l,nz,“ + Z 1 - q” ' "1 oL =1, ny + (1 - qu B )th"',anz,anl'*‘l

i=1

= E[LO’...’()]anl,...’,11\]71 . (167)

This relation generalizes to higher N the one satisfied by the continuous g-Hermite polynomi-
als, which is used in the case N = 2 in the context of the SYK model [20].

The Lh.s. of (167) corresponds precisely to the action of the first Hamiltonian of the rela-
tivistic open Toda chain [26] of type su(N). To show this, we start from the Hamiltonian for
type u(N), which can be written as [29,30] (see also Appendix B)

N-1
H, =D, + Z (1 _ qPi+1—Pi+1) D1, (168)

i=1
where the difference operators D; act as
Difp oy = Spyee pitiepy - (169)
In order to match this Hamiltonian with the Lh.s. of (167) we identify
N = Pi+1—Di- (170)

Note that this identification fixes all the p; up to their sum 7 = Zf’zl p; Which corresponds to
the u(1) part of u(N). Moreover one can easily check that with the identification (170) the
difference operators D; act on the parameters n; and 7 as

fnl —Lng,,ny_q,m+1> =1,
Difnh'",nNﬂ,Tf = fﬂ1 S +ln—1, ny_q,m+1> =2, —1, a71)
fnl:"':nN—Z:nN—1+1;7T+1 ’ =N.

In particular, all the D; act in the same way on 7 by shifting it by 1. This action is analogous
to that of the last u(N) Hamiltonian Hy = l_[i\]:1 D

Hanl:“”nN—l:n :fnl’“"nN—l;n"'N . (172)

Its N-th square root coincides with the single Hamiltonian for the u(1) part of u(N) and can
be factored out of the first u(N) Hamiltonian

= )
Hy = HY (Dl +> (1 —qu+1‘Pf+1)Di+1) ; (173)

i=1

where we have defined the new difference operators D; acting only on the n; and not on 7t

f”l Lny, - ,ny_1,m> =1,
Difnl;“'ynN—l;n = fnl, e +Ln=le g, LS 2, ,N—1, (174)
fnl,"',anz,anl'f‘l,Tf > i=N.
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To obtain the su(N) Hamiltonian we should trivialize the u(1) part of uw(N). This is achieved

1
by removing the overall Hj and setting 7 = 0. After the change of variables (170) we get

H! —D1+Z(1 M) i (175)

By our analysis we can see that the action of this operator coincides precisely with the 1.h.s. of
(167)
N-2

— _ Tli+1
- WH1—1,712,"'J1N—1 + (1 q )W"ll,"',ni+1,ni+1—1,"',nN71 (176)
i=1

+(1—q™ )W,

H, W, .

SMN—1

1o y—2,nN—1+1

In summary, we have shown that the transfer matrix of the fundamental Wilson line coincides
with the first Hamiltonian H} of the relativistic open Toda chain of type su(N)

H/1 = T[1,0,~~,0] . (177)

Remember that for generic N all the N — 1 operators Ty in the representations (9) com-
mute. The open Toda chain of type su(IN) is also characterized by a set of N — 1 commuting
Hamiltonians H’. We thus expect the transfer matrices TR to be related to the Toda Hamilto-
nians

H =Tz . (178)

We will show this for the case of the anti-fundamental representation (the other cases
work similarly but are more complicated). By similar manipulations to those that we did
for the fundamental representation, the eigenvalue equation of the operator T ... ¢ 1] can be
rewritten as

ni,1+1 n+1
Wy o nyy—1 + E (1=a" "YW ettty F (A=) W i1 1

= Efo,.. 0, 1]Wn (179)

157N —1 °

We would like to compare this with the last Toda Hamiltonian. The one for type u(N) can be
worked out from the expressions given in [29,30] (see also Appendix B)

= o S0 o, s

J#i

N1
Observe that each term contains N — 1 difference operators, so we can factor out H," . Per-

forming also the redefinition (170) we get the su(N) Hamiltonian

N-1 N-1 N

=5+ 2= 5. a8y
j=1 i=1 j#i

What is left to do is to show that the combinations of difference operators that appear in this

Hamiltonian act exactly as the Lh.s. of (179). This is indeed true since from (174) one can
verify that

N fn1+1,n2,---,nN,1,n; =1,

| | Djf“h"',nNﬂﬂT = fn1,"',ni—l—l,ni+1,"',nN—1,7T ’ =2, -1, (182)
j£i —

7 fnl""an—z;nN—l_l;Tf > =N.
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Hence

N2

+ nl+1+1) Wn
1,0 —=1,n+1, ;ny
121 : (183)

ni;+1
+ (1 —q ! )Wn1+1,n2,---,nN71—1 5

/
Hi W, ..

SIN-1 " sny-1—1

which tells us that
Hy_1 = Tio,011- (184)

Since we have a set of commuting operator T , we can try to find a common basis of
eigenfunctions, which should satisfy N — 1 recursion relations similar to (167)-(179). It is
known (see e.g. [26-30]) that a common basis of eigenfunctions of the relativistic open Toda
Hamiltonians is given by the q-Whittaker polynomials W5(Z; q), which correspond to the t — 0
limit of the Macdonald polynomials (see Appendix B for some of their properties). In our
case we have those of su(N) type, which are functions of N complex variables z;, - - - , 2y with
|z,| =1, i.e. defined on the unit circle, and subject to the constraint | [, z, = 1. Moreover, the
eigenvalues for each Hamiltonian are exactly the corresponding characters written in terms of
the variables Z

Er = xr(2). (185)

Since we have shown that the T operators coincide with the Toda Hamiltonians, this means
that the g-Whittaker polynomials solve our diagonalization problem

Tr, Wi(Z; ) = HWs(Z; ) = xr, EIWi(Z;q). (186)
The g-Whittaker polynomials are orthogonal with respect to the measure
G i
AZ;q) = —=2— A ‘ , 187
@)= Kb(( ') 5 (187)

which is exactly the same one we use in the Schur half-index (5). Explicitly we have

§ Il

Thinking of the g-Whittaker polynomials as the inner product of the transfer matrix eigenstates
and the open chord states W5(Z; q) = (ii|Z) gives us the completeness relation satisfied by the
states |Z)

7(Z; )Wia(Z59) = 657 - (188)

N-—1 dZ
jﬁ [ 222G oRE =1, (189)
TN-1 g1 2Tz,

which we can insert inside any VEV of the product of transfer matrices so to express them with
an integral form that precisely coincides with that of the Schur half-index (5)

| 57z, G DOE)ETS, - T 1)

34 | 5ris, A o[ ]G @)

i=1

ky kN 1 k1 . kN 1
(T8 TR ) = B)TR - T ) f

(190)

[ z.=1
(N)

kq ky—1 2
W W,
R1’ RN-1

where we used (186) and that (6|E) = 1. This completes the proof of (162).
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With a similar strategy we can also prove the integral form (158) of the matter 2-point
function with the scaling dimension (156) that allowed us to make connection with the 3d
N = 2 domain wall inside the 4d /' =2 SU(N) SYM. Such 2-point function reads

Gx(B1By) = (e PrTrigA 2T e~PaTry) (191)

We first insert a complete set of open chord states (i.e. eigenstates of the number operators)

Gx(B1,B2) = Z (OIe_ﬁlTRLln)( lq AZ} IJ"Je /52T72R|0>

fieN) 1
- (192)
= D (Ol Ta]iipg B0 e PeTra o).
AeN)
Next, we use the completeness relation (189) which yields'®
(a5 Q)Z(N Y du, 1\l 1\l
Gﬁ(ﬁlﬂ ﬁ2) = (N')Z 27_”2 27Tlu l_!((zazb ) ’q)oo ((uaub ) :q)oo
Z qAZ?’;ll jnjwﬁ(z; q)Wﬁ(ﬁ_l; q)e—ﬁMRL(E)—ﬁzxﬁR(ﬁ) . (193)

l_la Za:l_[a uﬂ:l

= N1
neNy

We can now get rid of the sum over 7i by using the following property of the q-Whittaker
polynomials (see Appendix B for a derivation):

AZN_ljn. - -—1 (qNA;q)Oo
Z q ==t WRE )W 5 q) === — :
ﬁENSFl naza:nauazl 1_[a,bZI (q Zaub ’q)oo l_[aza=l_[aua=1
(194)
Inserting this expression into the 2-point function, one recovers
(CH Q)i(oN_l) = dz, du, N 1\l 13E1
Gx(B1,B2) = e U Sriz, 2ril, l_[ ((Zazb ) ;CI)OO ((uaub ) Cl)oo
a=1 a<b (195)

NA.
(a%59) PR, G Botr, @
l_[]:,bzl (quaugl; q)oo

1—1(1 ZCI:HH uazl

5.2 Limit to the classical open Toda chain

The relativistic Toda chain reduces to the classical one in the limit ¢ — 1. Here we will explain
how this limit should be taken at the level of the operators Ty, in order to recover the Hamil-
tonians of the classical open Toda chain of type su(N). Our analysis generalizes to any N the
one done in [22] for N = 2 in the context of the SYK model.

We start recalling that the Hamiltonian of the classical open Toda chain in the u(N) case is

given by
1 & N-1
=3 Z pf + Z eQu—Qat1 (196)
a=1 a=1
where the coordinates satisfy the canonical commutations relations

[Qa, Pb] == i5ab . (197)

16We have performed a change of variables ii — #i~* for later convenience.
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We can obtain the su(N) Hamiltonian by performing the change of variables

Q=n+q, Q=n+9a—9a1> a=2,---,N—1, Qv =1—dn-1> (198)
b, =m+p,, P,=nm+p,—DPa-1> a=2,---,N—1, Py=m—pn_1-
The original Hamiltonian then takes the form
H=H,+H'. (199)
The u(1) Hamiltonian
N
H,= 57[2 (200)
is written in terms of the variables 7, m which satisfy the commutation relation
[n,m]= L (201)
n, - N .
The su(N) Hamiltonian that we are interested in is instead
= Nolo
=15 s e, oo
a,b=1 a=1
where C is the su(N) Cartan matrix
2 -1 0 0
-1 2 -1 0
c=0 -1 2 - 0 (203)
. . Do g
0 0 0O -1 2
and the variables q,, p, satisfy the commutation relations
2N—(N—1)la—b|—|N—a—b|,
(4o, Pp] = ( ) -~ Il- (204)

2N

This Hamiltonian can be recovered from any of the operators T as follows. We first
perform the redefinition (a similar transformation was done for SU(2) in [80])

ik: A —ik; A n;
1 1 1— L
aT:(e_)l, i €l P P (205)
1—q)2

i 1
(1—q):
where we also used q = e~*. Note that since the rescaled length operators [; are quantized,
the momenta k; are periodic. One can check that the new operators [;, k; satisfy the canonical
commutation relations (up to a sign)

We also write the eigenvalues of the operators T as
Ep (k) =y, (ei?,. ekva?) (207)
For convenience, we finally define

Tr =Tgr, —Eg, (0). (208)
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We then take the limit

A—0, [ —> o0, el = e A2 = finite. (209)

One can check that the leading order in the A = —log(q) expansion of any of the TR, operators

s = N-1
Tr = _(5 Z kiCijk; + ; e_li) A2+0(2%). (210)

ij=1

This coincides with the su(N) Toda Hamiltonian (202) up to the identification
N—1
ki =p;, li=—Z Ciiq; - (211)
j=1

One can also check that the commutators (206) correctly imply the commutators (204) with
this identification.

The classical open su(N) Toda chain, as the relativistic one, is also known to have N — 1
commuting conserved charges. Since we have shown in the previous section that the N —1
commuting operators Tr coincide with the Hamiltonians of the relativistic open Toda chain
for any value of q, we expect to be able to recover all of the conserved charges of the classical
Toda chain by taking the q — 1 limit of the Ty operators.

Let us focus for example on N = 3, where we only have the operators Tj; o7 and T 1
defined in (70). As we have just discussed, both of them reduce to the su(3) Toda Hamiltonian
to leading order A2 in the A = log(q) expansion. However, if we consider the limit of the
operator Ty g1 — Tjo,17 then the order A2 vanishes and the first non-trivial contribution will
be at order A®. This will give us an operator that is expected to commute with H’, since the
original operators T, g7 and Tjo 1] were commuting with each other. We find

i (01— Trony) = (K2ko — ki k2 + ko™i —kye™2) 22+ 0(2°)
(212)
= (Pip2 —p1p3 + P22 —p1e”122) 22+ 0(2%) .

This coincides (up to a prefactor) with the second conserved charge of the open su(3) Toda
chain, which can be computed as %Tr(L3) where L is the Lax matrix. For generic u(N), the
Lax matrix is an N x N matrix that can be written as

Pp by O O 0
0 b, Py by 0
L=10 o0 b P, o |- (213)
SR S bn—1
0 0 0 0 by Py
where ey 1
by=e 2> , a=1,---,N—1. (214)

Performing the redefinition (198) with = = 0 gives the SU(N) Lax matrix, which in particular
satisfies

Tr(L) =0, %Tr(Lz) =H’'. (215)

We can verify that the same logic works also for N = 4. As mentioned in our general
discussion of subsection 3.3, the three operators T}; 03, T[0,1,0]> T[0,0,1] @ll lead to leading
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order to the Hamiltonian. The higher conserved charges can be obtained from the differences

i(2Tt1.000 =~ Tron.01) = 1 (Tro.01 = 2Tr0,017) + 0 (A*) = i (Trr000— Tro01) + 0 (A7)

1
= 3TLHA° +0 (1), (216)

- - - 1 1 2
T[l,O,O] — T[O,l,O] + T[O,O,l] = (ZTr(L4) — g (Tr(Lz)) ) 244 +0 (),5) .

6 Comments and outlook

We have provided evidence for a connection between the Schur half-index for pure N = 2
SU(N) SYM theory with line operator insertions, and a generalized chord counting problem
that equivalently has a description in terms of q-deformed harmonic oscillators, which in turn
comes from the a g-Weyl realization that we derived. In as such this is a combinatorial or
quantum mechanical recasting of the Schur index. There are various connections which are
worthwhile exploring further, but have certain challenges, which we will summarize here.

DSSYK Connection. For N = 2 the chord diagrams were observed to be directly connected to
certain moments of the Hamiltonian appearing in the partition function of the DSSYK model.
For N > 2 there seems to not be an obvious connection to an SYK-like model, whose partition
function would be computed in terms of the generalized chord counting relevant for the Schur
index. For example, for N = 3 we find colored chords that are effectively trivalent (and for
general N, there are N — 1 colors and an N-valent structure of vertices), the interpretation of
which from an SYK-like perspective, where the chords would originate from Wick contractions,
is less clear. Let us list the requirements for such a putative model (for the SU(3) example for
simplicity) it needs to: 1. incorporate color changing boundary vertices; it needs to give rise
to multiple transfer matrices T}, o] and T 13; 2. give rise to oriented chords (hinting at Dirac
fermions with chemical potential turned on [81]), but with simple intersection rules (hinting at
Majorana fermions). Clearly it would be very interesting to find a generalization of the DSSYK
model whose partition functions are computed in terms of our generalized chords. This would
in turn connect the Schur half-index to that model and provide a full-fledged extension of the
proposal for SU(2) SYM in [1].

Connection to Liouville and Toda field theory. There is a known connection between the
double-scaling limit of the SYK model, and 2d Liouville theory on a Mobius strip with non-
conformal boundary conditions. In fact, one can show directly (see Appendix H of [82]) that
performing perturbation theory in the cosmological constant of Liouville on a Md&bius strip
gives rise to the same DSSYK chord diagrams. Motivated by the AGT correspondence [2] and
its higher rank extension [9], one can ask whether Ay_; Toda theory on a Mdbius strip is a
natural candidate for the chord counting problems that give rise to the Schur half-index. By
diagonalising the exponential term within the Toda field theory action, one can show that per-
forming perturbation theory in the cosmological constant yields a chord counting problem with
N — 1 colors of chords, where the bulk intersection weights are given (in oscillator language)
by

ij> 217)

[ai,a]'. ]qcl-j =5
with Cj; the entries of the Ay_; Cartan matrix. Computing the partition functions of multi-
colored chord counting constructions are open problems in the literature. Since the Cartan
matrix is non-diagonal one needs to keep track of the ordering in which the chords appear,

rendering the problem very difficult to solve. Nevertheless, one can compute such moments
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for low values of k. To the best of our knowledge, we cannot reconcile the Toda chord counting
problem with the index chord counting problem. Moreover, there is no mechanism within the
standard Toda Lagrangian that would give rise to the kind of color changing vertex rules we
see on the boundary for the index counting problem. It would be very interesting to explore
other proposals that may connect these two points of view.

Holographic Interpretation. In section 5.2 we showed that in the ¢ — 1 limit the relativistic
Toda chain reduces to the classical Toda chain.!” For the SU(2) case this limit gives rise to
Liouville quantum mechanics (LQM)

H=k>+el, (218)

The relevance of LQM to the SYK model was first discussed in [83], and its holographic inter-
pretation in JT gravity was explained in [22,84]. The phase space of pure JT gravity is two-
dimensional: it can be described using the (renormalised) distance between the two asymp-
totic boundaries of AdS,, [ and its canonical conjugate momentum k and their dynamics is
governed by the Hamiltonian (218).

There are two notable checks of this correspondence. First, the JT gravity partition func-
tion [23,85-87] on the disk topology matches a survival amplitude in LQM:

Zyy gravity(/j) = (Ole_ﬁHl())LQM

o 2
o™ /B (219)
= dEp(E)e_ﬁE = —,
Jo 4,/mp3/2

where the state |0) is the zero chord state localized at [ = —c0,'® and where the density of

states is JE

sinh(2rvE
p() = ST VE), (220)

4m2

which can be obtained both from a gravity computation, but also by taking the q — 1 limit of
density of states in (187).

Second, an even more detailed check is the matching between the Hartle-Hawking wave
function of the gravity side [84,87] and the Euclidean evolution of the zero chord state:

Uit graviey(B/2, 1) = ([lePH/210) o

oo
~ P (221)
=J dEp(E)e ﬁE/223/2Ki2@(26 1/2),
0

where K, (2) is the modified Bessel function of the second kind. In fact the first match in (219)
is a consequence of the second, as Z;p(f3) = f dl |w,+(B/2, D).

JT gravity can be recast in the first order formalism as SL(2,R) BF theory [88-93]. This
rewriting suggests a generalization to SL(N,R) BF theory as a higher spin gravity [94]. In the
SL(2,R) BF theory the formulas for the partition function and the wave function acquire group
theoretical meanings [90,91]: p(E)dE = du(s) with E = s? is the Plancherel measure with s
labeling the principal series representations, the Liouville Hamiltonian is the Casimir,  is the
hyperbolic Gauss-Euler coordinate on SL(2,R), and the Bessel function is a matrix element
of the principal series representation.'® It would be very interesting to perform the analo-
gous SL(N,R) BF theory computations. We expect that the partition function would match

7For the precise double scaling limit, see (209).
8Due to the infinite shift between the [ and [ variables.
The holographic boundary conditions fix the dependence on the other Gauss-Euler coordinates.
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(0|e PHmd|0) and the wave function, which now is labelled by multiple wormhole “lengths"
appropriate for higher spin gravity, would match (I;|e #/2Hmc|0) in the classical Toda chain.
The corresponding formulas can be extracted from section 5 and the ¢ — 1 limit can be im-
plemented following the methods of [95].
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A Generalities on supersymmetric indices

In this appendix we review the basic ingredients to compute the Schur full and half-indices of
4d N = 2 theories, possibly with the insertion of 3d N' = 2 domain walls.

We start by considering the supersymmetric index of 4d A/ = 1 theories [65,96,97] (see
[98,99] for reviews). This can be defined as a refined Witten index of the theory quantized
on S xR . .

IN:l — Tr(_l)ij1+jz+Toqj2—j1+To l_[fiTi ) (A.1)
1

In this expression, F is the fermion number, j; and j, are the Cartan generators of the isometry
group so(4) = su(2); ® su(2), of S, Ry is the Cartan generator of the U(1)g, R-symmetry, and
T; are the generators of global symmetries which commute with one of the supercharges,
which is usually taken to be Q. Hence, all the charges that appear in the index (A.1) as the
exponents of the fugacities p, q, f; commute with the supercharges Q. The trace is taken over
states that obey the shortening condition of being annihilated by Q-, which is equivalent to
the condition

3
5;:E—2j2_£R0:O, (Az)

provided that U(1)g, is taken to be the superconformal R-symmetry.

We can then consider 4d N = 2 SCFTs, which posses an SU(2)z x U(1), R-symmetry. These
can be thought of as A/ = 1 theories with a U(1), global symmetry that is the commutant of
the A/ = 1 R-symmetry inside the N’ = 2 R-symmetry. One usually defines (we follow the
conventions of [16])

INZZ =Tr (_1)ij1+jz—rqu—jl—rtR+r l_[fiTi , (A.3)
i

where now the trace is taken over states annihilated by Q; -, which thus obey the condition

§,-=E—2j,—2R+r=0. (A.4)

One can consider limits of the superconformal index of 4d A/ = 2 SCFTs that preserve
additional supersymmetries, that is that count states annihilated by more than one supercharge
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[16]. For example, the Schur index is obtained by taking the limit

Schur limit: t—q. (A.5)

Indeed, it turns out that in this limit all the charges that appear in the index commute not only
with Qq-, but also with Q;, and thus obey the additional shortening condition

014, =E+2j;—2R—r=0, (A.6)
which combined with (A.4) gives
E=—j;+j,+2R, r=j;+7Js. (A.7)
Plugging (A.5)-(A.7) inside (A.3) we find that the Schur index is given by
T =Tr(=1)F g2 R, (A.8)

where we recall that the trace is taken over all the states annihilated by Q. and Q;-, which by
the state/operator map correspond to the so called Schur operators. Observe that the Schur
index does not depend on r, hence one can actually define the Schur index also for non-
conformal theories that lack a U(1), symmetry. An example is the 4d N’ = 2 SYM, for which
U(1), is anomalous.

For Lagrangian gauge theories, these indices can be computed by enumerating all the pos-
sible operators constructed from the fundamental fields and that satisfy the shortening con-
ditions, and selecting only those that are gauge invariant. In the case of the Schur index,
the contribution of N = 2 half-hypermultiplets and vector multiplets is given in terms of the
following single letter indices:

D=

q . 2q
=" A.
1_q3 lV(q) 1_q ( 9)

i%H(q) =

The index contributions of all possible operators that can be constructed from these fields is
obtained by taking the plethystic exponential of the single letter indices, which is defined as

PE[f(x)] = exp[z %f(xk)] : (A.10)
k=1

Finally, to select only gauge invariant operators one has to integrate over all gauge fugacities
with the appropriate Vandermonde determinant measure A(Z). For a gauge theory with gauge
algebra g and hypermultiplets in representations R, this looks as follows:

rkg
dza — . — . — . —1 -
I= ﬁr [ ZmzaA(z)PE[zv(q)xadj(z)+;(z;H(q)fann(z) +iyf, xnn(z))], (A1)
where we used the fact that a hyper is made of two half-hypers in conjugate representations
under the gauge group and rotated by a flavor symmetry of fugacity f,,. This integral can be
recast in terms of q-Pochhammer symbols (x; q)o, = l_[]fi o(1— xq¥) using that

PE[ X }: ! (A.12)
1_q (X;q)oo' '

The index (A.11) then becomes

k - -,
I_(QM)Q?% 1 dz [T, E% d)oo (47% @)oo
T

|Wg| g g1 2miz, l_[n l_[pn (q%fngpn; q)oo (q%fn—lg—Pn; q)oo

, (A.13)
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where [W,| is the order of the Weyl group of g, a are the roots of g and p, are the weights of
the representation R,,. We also used the short-hand notation Z* = nzkzgl zg.

Thanks to the additional supersymmetry preserved by the Schur index, one can decorate
it with the insertion of %-BPS line operators [18]. One can either insert a full or a half line.
In the case of a half Wilson line in a representation R one simply inserts in the integrand of

(A.13) the corresponding character
k k - -
. (q;q)ix?é 1 dz [ 1o G% D)oo (42 0)oo
] 1 - 1 -
|Wg| Trkg a=1 27lea l_[n l_[pn (q2fnzpn; q)oo (qun_lz Pn; q)oo
while a full Wilson line amounts to adding two half Wilson lines in conjugate representations

K o o
s (a;9)25° f Cy dz, [T G @)oo (4% D)oo
- i TN 1. 1o
|Wg| Trka g—1 27TlZa l_[n l_[pn (qunzpn; q)oo (qun—lz—Pn; q)oo
In the main text we are particularly concerned with the Schur half-index [18]. This is

defined as the index of the 4d /' = 2 theory in the presence of a 3d boundary that preserves
half of the supersymmetries

1r(E), (A.14)

1r(E)x7(Z). (A.15)

I=Try(—1)F g2 1"k, (A.16)

Due to the presence of the boundary, one has to give boundary conditions to the 4d bulk fields.
In order to describe these, it is useful to decompose the N' = 2 multiplets into A/ = 1 ones.
In particular, the N' = 2 vector decomposes into an A/ = 1 vector and an N = 1 chiral in the
adjoint representation of the gauge group, while the A/ = 2 hyper decomposes into two A =1
chirals in conjugate representations. In the present context, the boundary conditions for the
N = 2 vector that we are interested in assign Neumann boundary conditions to the ' = 1
vector and Dirichlet to the N’ = 1 adjoint chiral. For the A/ = 2 hyper instead, one usually
assigns Neumann to one of the two N = 1 chirals and Dirichlet to the other. Summarizing

N =1 vector: Neumann,

N =2vector —
{N =1 adjoint chiral: Dirichlet,

(A.17)
N =1 chiral in rep. R: Neumann,

N =2hyperinrep. R — _
P P {N =1 chiral in rep. R: Dirichlet.

Notice that this in particular implies that Wilson lines are dynamical on the boundary. Only
the fields that are given Neumann boundary conditions will contribute to the half index, so
that its integrand is roughly the square root of that of (A.13). Decorating the half index with
half Wilson lines (full lines are not allowed for the half index), one has the integral expression

k k .
IRCH f 1 dz, [1.G%d)oo
- . =
|W | Trke g—1 27TlZa l_ln l—[Pn (qivnzpn; q)oo

g
Specializing this expression to the 4d N’ = 2 SU(N) SYM with insertion of various half Wilson
lines one finds the integral (5), where in particular we parametrized the SU(N) fugacities
using U(N) fugacities zq, - - - , 2y subject to the tracelessness condition ]_[2]:1 2, = 1.

One can consider more general configurations where a 3d domain wall with intrinsic 3d
degrees of freedom is inserted in the 4d theory [3,34,100]. This 3d domain wall does not fully
live on the 3d boundary of the half index. Rather, the domain wall intersects the boundary
of the half index on a 2d sub-boundary. In particular in subsection 4.4 we focused on the
situation in which only 3d N = 2 chiral multiplets lived on this domain wall. To determine

7z

1r@). (A.18)
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their contribution to the 4d Schur half-index, we first start from the one to the 3d index [101-

105]%°
(ql—Rl vl q)oo

(a®v;0) o
where R, is the R-charge of the chiral and v is the fugacity for a possible U(1) global symmetry
that acts on it. However, this 3d A/ = 2 chiral living on the domain wall should be assigned ei-
ther Neumann or Dirichlet boundary conditions on the boundary of the half-index. Depending
on this choice we will have that some of the fields of the chiral multiplet will not contribute to
the index, resulting in the two possible contributions [78,79]

Zchir = 5 (A 19)

1

ZNeu _
(4% v;0) o

chir —

, 2R =(q"Rvlig) (A.20)

B Properties of orthogonal polynomials

In this appendix we review a few relevant properties of orthogonal polynomials [106] in the
conventions we used in the main text.

A particularly important class of orthogonal polynomials for our purposes is given by the
Macdonald polynomials [27]. We will focus on the ones of type u(N) first, and then discuss
their specialization corrersponding to those of type su(N). The Macdonald polynomials are
functions of N variables x, for a = 1,--- ,N as well as the deformation parameters ¢, t, and
they are labelled by ordered partitions of N which we denote by A= (A1, Ag, -+, Ay) with
A=Ay == Ay = 0. They are defined as

Pi(E 10,0 = N3 (0,0 | mz@)+ > uz;(a,0mu(F) | - (B.1)
[i<71
In this expression, the dominance order of partitions is defined as

k k N N
A<l = D <D A for 1<k<N—1 and ) .= > A, (B.2)
a=1 a=1

a=1 a=1

and @ < A if one of the inequalities is strict. Moreover, we defined the monomial symmetric

functions as N
m;3(X) = Z l_[xgma), (B.3)

oesy a=1

with S}, denoting the distinct permutations of A= (A1, Ay, -+, Ay), and compared to [27,106]
we introduced the normalization factor

N A
1—qg*a
/\/}L(q,t)zzil_[m, 23 =l_[rm'mr!, (B.4)
a=1 r=1

where we re-expressed the partition as A= (N, ... 2k 1) The coefficients uiﬁ(q, t) do not
admit a closed form expression, but they can be determined algorithmically (see e.g. [107] for
a Mathematica package).

20All magnetic fluxes are turned off in this expression.
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The Macdonald polynomials are orthogonal

g.11:

with respect to the integration measure

t)Pl(Z 9, t)P (Z q:t) - A v (BS)

0 )" [ (&R

(t q)OO a<b (t(zazb_l)il ; cl)oo .

They also satisfy various other remarkable properties. One of these is the Cauchy identity

A(Z;q,1) = ( (B.6)

t a ; oo
Zm(x 0, 0P;(7; 0,0 = ]_[ UXaYpi Qoo (B.7)

ap=1 (Xa¥p3Doo
Moreover, they are homogeneous in the variables x, with degree |A| =A; +--- + Ay
PX(V X1, ,VXN5 0, t) = vlllpi(vxla L VXN Cl:t): (B8)
and possess the shift property
N
Pog )G 60 =XPy, 1. a-)(X0,8),  X= l_[xa . (B.9)
a=1

One can also label the Macdonald polynomials not with partitions 7 but with a basis cor-
responding to Dynkin labels of u(N)

i=(ny, - ,ny)=(A1— Ay, Ay — A3, , Ay—1 — AN, AN). (B.10)

In the main text we used Dynkin labels rather than partitions.

The Macdonald polynomials are eigenfunctions of the Macdonald-Ruijsenaars difference
operators. We will not give here the explicit expression of these operators in full generality,
but only in the t — O limit. This is because in this limit the Macdonald polynomials reduce to
the g—Whittaker polynomials that we used in the main text

W;(%;q) = P;(¥;9,t=0). (B.11)

In this limit the Macdonald-Ruijsenaars difference operators coincide with the Hamiltonians of
the relativistic open Toda chain [26], which for type u(N) can be written as (see e.g. [29,30])

H _ZX]- 5111 1- 12—111 "'X-l_6ir_ir_1’1D‘ ... D

i I

., r=1,N, (B.12)

where the sum is over ordered subsets I, = {i; <1i,,-:-,i.} of 1,2,--- N and we defined

— __ ~Pa+1—P +1 —
Xg=1—qPenr Pt D e (B.13)

with the action of D, being expressed in the Dynkin label basis (B.10).

For our purposes, we need the analogous properties (B.5)-(B.7)-(B.8)-(B.9) but for the g-
Whittaker polynomials. These are easily obtained by just considering the t — 0 limit. We find
that the g-Whittaker polynomials are orthogonal

J.11:

3(E OW5(359) =65 5, (B.14)
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with respect to the integration measure

AE;q) _ q ]_[( . )OO, (B.15)

a<b

they satisfy the Cauchy identity

N
SwiEaowsGio=[1 o5 (8.16)
H a,b=1 YaYb>9)oo
they are homogeneous
Wi(vxy, o, vxy;q) = VWW}(XL XN ), (B.17)
and they possess the shift property
N
Worg, ) 0) =X Wi 1, 2 -1)(%5 9, X= l_[xa . (B.18)
a=1

As mentioned at the beginning of this appendix, so far we have focused on the orthogonal
polynomials of type u(N). However, in the main text we mainly used those of type su(N). The
latter can be obtained from the former by just setting

su(N) condition: X = l_[xa =1, Ay=0. (B.19)
a=1
In the following and in the main text we denote by Wh(X; q) the g-Whittaker polynomials of
type su(N) and in the Dynkin label basis it = (ny, - ,ny_1) € N](;’_l
We would like to conclude this appendix by providing a proof of the relation (194) for the
g-Whittaker polynomials of type su(N)

("3 0) o

N
l—laxazl_[aya:]' l_[a,b:1 (anyb;q)oo Haxa:l_[aya:]'

vzj”?lfmjwﬁ(f;q)wm(y;q)' , (B.20)

meNy~1
where (194) is obtained by taking v = q®. For this, we start from the Cauchy identity (B.16)
for type u(N) g-Whittaker and rewrite the 1.h.s using (B.18) for Ay times

E . Wi G W, (Y5 a) E , W= =2 00 DV 2 e a1 2,00 (V5 )
An=0 Al AN—1
A=Ay > Ay

N

= ]_[ PR (B.21)

a,b=1 ayb’q)oo

where we defined X = ]_[2]:1 X, and Y = l_[i:[:1 Ya, and we used the fact that the u(1) g-
Whittaker polynomials are simply W, ,(X;q) = X AN Next, we perform the redefinition in
the sum on the second line

Ai 2 A+ Ay, i=1,---,N—1, (B.22)

so to make it independent from the first sum over Ay

Z W)X Wi, (Y a) Z Wiy 1,0 DWW, ay_,0)(F50)
An=0 N
A1> >7\N 120

_ l_[ (B.23)

a,b=1 (Xayb: q)oo
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This allows us to evaluate the sum over Ay of the u(1) g-Whittaker polynomials using the
Cauchy identity for N =1

- . (XY;q)
> Wane a0 E OV a0 0) = =5 = (B.24)
Al An—1 na,b:] (Xa.yb; q)oo
A=Ay 120
We now perform the rescaling
Xq = VXg, a=1,---,N, (B.25)
which after using the homogeneity property (B.17) gives us
2 . . (VWXY3q),
D Wo a0 a0 D) = (B.26)

N .
Ay AN—1 l_[a’b:]_ (v XaYbs q)oo

The desired result (B.20) is obtained by using the map (B.10) from partitions to Dynkin labels
and imposing the su(N) conditions X =Y = 1 on the fugacities.

C Deriving Agq,.. identities

C.1 Constructing commutation relations for U; .

In this appendix we explain the strategy to derive the relations (28)-(29) for the product of
pairs of the U; . in the SU(3) case. We focus in particular on the first equation in (28) for the
case i = 1 and j = 3. All the other relations are derived similarly.

By using the definitions (26) we first note that

q q U
_ _ 3
Q- H( -V, ) A (A
qz (C.1)

= — — — — U, Us,
A=V, YA -V H(1—qn vy DA -,V

Up+Us =

where we commuted U; across the rational function of the V; using the g-Weyl algebra (25).
Similarly

q q
Q- H(A=V,Vy ) (1—V2 O Al )

7> (C.2)

B A AT EAT CEAT o

Us Uy =

By comparing these two expressions and using that U; and U; commute, we get the desired

result . .
(I—qV5Vy D)1 —W V) Vi—qVs

— U3’ U]_’ :—U?” Ul, . (CB)
(1_V3 1 1)(1—qV1 3 1) i i qu_V3 " "

U +Us =

The other results can be derived analogously.
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C.2 Other Dyonic lines

In section 2.2 we explained how to express some of the dyonic lines of the SU(N) SYM, which
we denoted h,, ,, in (21), in terms of the gq-Weyl algebra variables V;, U; .. In this section we
introduce other possible dyonic lines that one could consider and show that they are actually
not independent from the h, ,,. For SU(3) there are no other dyonic lines, so the h, ,, are
enough to cover all of them.
As we did in section 2.2 for the h,, ,,, we start from the U(N) dyonic lines with minimal
magnetic fluxes
F.=(0,---,0,1), F_=(-1,0,---,0). (C.4)

These break the gauge group as U(N) — U(1) x U(N — 1), so we can then dress the line oper-
ators with characters either for the U(1) or the U(N) part. In section 2.2 we only considered
dressing by the U(1) part, which led us to define the U(N) dyonic lines H,, , in (19). However,
we can also consider the U(N) dyonic lines with dressing for the U(N — 1) part

N N |n]
ﬁﬂ,ﬁzqig(zvjsgn(n)) Ui 5

i=1 j#i

Note that for positive n we dress by powers of the fundamental representation of the residual
U(N —1), while for negative n we have the antifundamental representation. In both cases this
gives an electric charge of g, = n to the dyonic line.
From the U(N) operators we can then build SU(N) dyonic lines with the minimal SU(N)
magnetic flux
F=(-1,0,---,0,1). (C.6)

Some are the h,, ,,, we defined in (21), but here we want to consider also

P =HyH 1 - (C.7)

Similarly to the h,, ,, these also have charge q, = n + m under the electric 1-form symmetry.

We will now show how to re-express the dyonic lines iln’m in terms of the dyonic lines h,, ,
and the Wilson lines Wr . We will give this proof for generic SU(N), and use its conclusion to
argue that we have indeed constructed all dyonic line operators for SU(3). First, let us prove
a small result concerning commutators of the U(N) dyonic lines with the fundamental Wilson
line that will be useful later

11
[Hi1 Wi, 01l =22 —q 2)Hiq py - (C.8)

To prove this, we use the definition of the lines, expand it, and simplify using the gq-Weyl
algebra (25)

N N N N
[Her o Wino,.o] = 2, D0 VULV — D0 g5 VU,
i=1 j=1 =1j=1
N , N N N
— Z q:ET ‘/irl+l Ul',j: + Z qﬂ:E ‘/an] Ul"j: _ Z q:kj ‘/in+1 Ui,j: _ Z qii ‘/lrl‘/J Ui,:{:
i=1 i#j=1 i=1 i#j=1
1 N +1 1 N +1
— q:l:f Z q:l:T ‘/irH-l Ui’:l: _ q:Fj Z qﬂ:T ‘/in+1 Ui’;l:
i=1 i=1
1 _1
= :I:(qz —q 2)H:l:1,n+1 . (C-9)

62


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160

e SciPost Phys. 20, 160 (2026)

A similar proof for the commutator with the antifundamental Wilson line can be constructed,
yielding the result

11
[Hi10,Wo,. 0111 = F(a2 —q 2)Hyq 1 - (C.10)

Now we are ready to construct the general proof that we can explicitly express the dyonic
lines hy, ,, in terms of the lines h,, ,,, and Wilson lines Wy, . Let us consider first the case n,m > 0
where we get the simple expression

N N n
Hiyn= Zqi%(zvj) U (C.11)

i=1 £
We start by using the identity

N
Z Vi=Wo,..0—Vi- (C.12)
Jj#i

From here, it is simple to rewrite H +1, in terms of H,, ,, and the fundamental Wilson line as

n
n\ .n o
:Z(k)qiz( Wi o o1V k)Uli
B . N (C.13)
ny\ .k k n—k Lk
N (k)q W01 Zq 2V,
k=0 i=1

n k _
= (k)qizw[kl,o _____ 0](_1)n kH:I:l,n—k'

n m
~ n my\ k — _L —
hn,m:ZZ(k)(l)qZW[kl,o ..... 0 ("D Hy k@ 2 W ooy (1™ Ho

m
— my(m +m—k—1 5Lk !
_ZZ(k)( l )(_l)n " q°2 W[1,0 ..... o]HlJl—kW[l,o ..... o]H—l,m—l'

Since we want this expression in terms of h, ,, and not simply H,, ,,, we need to commute the

factors W[l1 0] to the left. In order to do this, we make use of two key facts: the first being (C.8)

that we proved earlier, and the second being the following expression

(C.14)

l

ABl=" (;)Bl_Padg(A), (C.15)

p=0
where we define the nested commutator
adf(A) =[[...[[A,B],B], ..., 1B], (C.16)

with p commutators. Combining these two facts we see

l

l l—p , 1 _1
Hl,n—kW[ll,o] = Z (p)w[l’g](qz —q 2 )PHl,n—k+p . (C.17)
p=0
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Inserting this expression into h,, ,, and using the definition of h,, ,, in terms of H., ,, we arrive
at our final expression

n n P
7 n\(m\(l nbm—k—l k.1 1 k+1—
hn,m=kZZZ(le)(p)(—l)+ 197 (a2 =9 2P W gy Phnckepmet - (C18)

=0[=0 [=0

One can similarly deal with the case of the dyonic lines il_n’_m with n,m > 0. Notice
indeed that

N
DV =W 0=V (C.19)
i

meaning we can write

. (=n) _
Hiy qui = (Wo,..011— V; D'V«

N n
n\ ,en o
:Z ( )qi 7 W[If),...,o,l](_l)n kR, (C.20)

n m
- n\(m g =kl
h—”’—m:ZZ(k)(l)(_l)Hm ‘ lq : W[IE),...,O,l]HLk—"W[ZO,..,,O,l]H—l,l—m
k=0 [=0
SRl n\(m\/(1 nmekel—p K 1 1o kilp
- ZZ kKJ\L)\p (=1) 02 (a2 —q?) W....011H1k—n—pH-1,1-m
k=0 [=0 p=0
&G\ m\( ] kel 1 1
—k—]—p =kl 1 -1 k+1—,
=2.2.2, (Mg (g — g W
L i\ )\ T )\p [0,...,0,1]
=0 [=0 p=

(C.21)

Hence we have expressed the dyonic lines fz_n,_m in terms of dyonic lines h,, ,, and the anti-
fundamental Wilson line Wy ¢ 13- For dyonic lines with mixed positive and negative indices
fln,_m and fl_n’m, one can use the above formulas to derive similar closed form expressions for
them in terms of the lines h,, ,,, and the Wilson lines Wy, o 7 and Wo o 17- This shows that
indeed the fln,m are not independent from the hy, ,.

We should note that one could also consider SU(N) dyonic lines obtained by multiplying
U(N) lines of different type, namely Hl,nH—l,m and I:Il,nH—l,m' However, thanks to (C.13)-
(C.20), one can still re-express these in terms of the h, » and the Wilson lines only. For SU (3),
the dyonic lines considered in this appendix are all the ones of minimal magnetic flux that one
can construct. Hence, for SU(3) it is enough to focus on the h,, ,, as we did in the main text.

C.3 Proof of the recurrence relations for h,, ,,

Here we prove the first of the recurrence relations (31). The proofs for the second equation
in (31) and for the relations in (32) work similarly. Before we dive straight into the proof, it
is pertinent to collect some small facts that we will use later.

64


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160

e SciPost Phys. 20, 160 (2026)

Fact 1: The Wilson line W}, ;2 7 is written in terms of the Weyl character formula, which
can be expressed in the following way:

Xm+n ym+n zm+n XZ yz 22
Ximin—2,01(X,y,2) =det| x y z |det|f x y =z , (C.22)
1 1 1 1 1 1

X2 y? g2
det| x y =z |=(—x)z—x)z—Y). (C.23)
1 1 1

Fact 2: The following equation holds true provided that ]_[?:1 V,=1:
VIV = vl.“—lvjm—l, i#j#k, (C.24)

upon insertion of the SU(3) identity V;V, V5 = 1. This can be easily proven by exhaustion. For
example, if k = 3 we have

Van]mVB — ‘/ln‘/Jm‘/l—].‘/J—]. — ‘/ln—l‘/]m—l ) (C.25)
as required. Another example would bei =3, j=2,k=1
VAV = VY = VY = vty (C.26)

One can show that (C.24) holds for all possible choices of i,j,k = 1,2,3 withi # j # k in a
similar way.
We are now ready to prove the following statement:

n+m

2 W[n+m—2,0] . (C.27)

1 _1
hn,mW[l,O] —q2 hn+1,m —q 2 hn,m+1 - hn—l,m—l =—q

To do so, we will start with the easier task of matching the terms that have non-trivial U; .
dependence on either side. Since the Wilson line is a function of V; only, there are no terms with
a non-trivial U; , dependence on the right hand side. On the left hand side, upon substituting
the definition (21) of h,, ,, the non-zero U;, dependent terms are

3 3
n—m n—m+2

0F (VU0 4 )= S v v
-y oy
S , 7 (C.28)
n—m—2 n—m _ —

—q ) Z ‘/inUi’+‘/jm+1 Uj’— _ q 5 Z ‘/in 1Ui’+‘/jm 1Uj)— .
i#] i)

Note that we sum over i # j, since terms with i = j will fuse into functions of the V’s
according to (29). Since the products U; ,U; _ with i # j are independent, their V; dependent
coefficients must vanish for each of them. Let us consider a generic term of the form

n—m+2

(a3 U VU ) (Vi V + Vi) — a3 VY, VU

1

(C.29)

n—m—2 n—m _ —
—q 2 V‘nUi,+‘/jm+1Uj’__q 5 ‘/in 1Ui’+‘/jm nt’_,

1

where i # j # k. Of course under this condition (V; + V; + Vi) = (V; + V, + V3). Applying the
commutation rules for the q-Weyl algebra, this reduces to

02 (V' Ve =V VUL (C.30)
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Now we apply Fact 2 and conclude the coefficient of U; ,U; _ is zero. Thus we have shown
that all U; . dependent terms vanish in (C.27).

Next, we will show that the U; , independent terms on the left hand side can be rearranged
into the form of the Weyl character (C.22) with x =V}, y = V,, and z = V5. To start, we first
need to rearrange all terms into the form f;(V;, V,, V3)U; L U; _. Doing so results in

q_T (qu1n+m(V2 + V3) _ CIm+1 V1m+n+1 _ qm—l V1m+n—2) U1’+ Ul,—
+ q% (qu2n+m(Vl + VS) _ qm-&—l V2m+n+1 _ c|m—1 V2m+n—2) U2’+ UZ,— (C?)l)
+ q% (qmv?’rﬁm(v1 + VZ) _ qm+1 V3m+n+1 _ qm—l V3m+n—2) U3’+ US,— )

Next, we apply (29) so to get

B (quntm+l 4 mlyndm=2 _ ynmey oy S .32
a2 (qvy a9V 1 (Va + Vs)) (V1 = Vo)(V; = V3)(qVq — Vo) (qVy — V3) ( )
2
n ~ - qu V1V3
+q 2 (qutmH 4 gtV v (Y 4 V)
(av; 2 2 1Y )(vz—vl)(vz—Vg)(qVZ—Vl)(qu—Vs)
qVEV,V,

n+m
+q2 an+m+1 +q71Vn+m72_Vn+m(V +V) .
(a3 ? 5O ) S = v — T 7))

From here, we multiply and divide the first term by (V5 —V5), the second by (V; —V3), and the
last by (V, — V7). This allows us to factorise out the common denominator

1
(Vo = V1) (Vs = V1)(V5 —V3)

(C.33)

which we recognise as the inverse of the Vandermonde determinant that appears in the Weyl
character formula of Fact 1. The next task is to recover the form of the numerator of the Weyl
character formula. Indeed, we can verify that after stripping the expression of the Vander-
monde determinant, we are left with

qVEVaVa(Vs — Vy)

(qVh —Va)(qVq — V3)
qVVy Va(Vy — V3)
(qVy —=V1)(gVy —V3)
NANAER))
(qV3—=V1)(gVa = V)’

n+m

q 2 (qV1n+m+1 _i_q—1V1n+m—2_V1n+m(V2 +V3))

n+m

+q 2 (qV2n+m+1 + q—1V2n+m—2 _V2n+m(vl + VB))

(C.34)

ntm — —
+q2 (qV3n+m+1+C| 1V3n+m 2_V3n+m(V1+V2))

which upon inserting V3 = (V;V,)™!, simplifies to

n+m

n+m —n—m+2y;,—n—m+1 —n—m+1y,—n—m+2 n+m+1y,2 n+m 2yyn+m
qz (Vm—v; v, +V; v, -V VZ— V4 Ry

(C.35)
Lastly, we can rewrite this expression as
. V1m+n V2m+n Vl—n—mvz—n—m
—qT det Vl V2 V3 , (C36)

1 1 1

allowing us to reconstruct the full Weyl character (C.22). This completes the proof of (C.27).
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C.4 Proof of the Dyonic line algebraic relations

In this appendix we provide the proof of the first relation in (37). The proofs of the other
relations in (37)-(38) work similarly.
Using the explicit form of h,, ,, in terms of the q-Weyl algebra, we have

Mo =02 D VUL Uim = g3 V] Y U Ui + 3V > Upy Ui+ 43V > U, Up—, (C.37)
0 ] ] ]

and similarly

n—1 n—1 n—1
Poa =07 D VIULVU =07 V) D UL ViU +0'7 V' ) Ua, ViU

i,j J J
n—1 (C.38)
+q TV Y U, ViU
J
Our goal is to now verify the following three claims:
n+2 n-1
9T V] Y UL Ujhgy =47 V> UL V,Uj_hqy,
J J
n+2 n1
q 2 Vzn Z U2+ Uj—hO,l =q 2 Vzn Z U2+Vj Uj—hO,O B (C39)
J J

2 n-1
47 V' D U3 Uj_hoy =47 V3 D Us,ViUj_hog.
j j

Since V;" factors out of the above equations, we see that the above equalities are in fact in-
dependent of n. Thus we only have to prove that (C.39) holds true for n = 0. To prove
these statements, one should first expand hg; and hg o using their q-Weyl definitions (21),
then proceed to commute all of the V; to the left using the q-Weyl algebra (27), and order the
U; + according to the standard ordering Uf’ﬂr Uil_Uiz+ Ug’z_U‘ff+ Ug’?’_, where the p;, g; are some
positive integer powers. Fusing the U; ,U; _ using (29) and re-ordering the expression such
that the rational functions of the V;’s always appear on the left of the expressions, one can
then verify that the two sides of the equations agree. Indeed, one can perform this substantial
exercise to verify these equalities are indeed true for n = 0, and so we have proven the claim.

C.5 Fusion of bulk and boundary lines

In this section we provide more details for the derivation of the relations in (45) and (49)
encoding the fusion of certain bulk and boundary lines. In particular, we will focus on the
action of the dyonic lines h; ; and hg ; on the trivial boundary Wilson line [19), which is the
vacuum of the Hilbert space Hgp,,;. The equations for the action of h_, 5 and h, _; are proven
analogously.

The first identity that we would like to prove is

hyol19) = a2 WS o7 = a2 W3 y11°). (C.40)
For this, we first write out the definition of h ; in terms of the variables V; and U; .
(3 3
hio=H,H_1o=q2 (Z ViUi,+) (Z Uj,—) , (C.41)
i=1 j=1

which when written in terms of the q-Weyl variables V;, U; using (13), becomes

3

3 1 1

hio=q> E Vi —U, _ U1 42
=R ) A N VN
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The goal is now to commute the U; to the right hand side of this expression, where we can
then safely apply the action of boundary fusion. Employing the q-Weyl algebra, we see that

3
3 1 1
hio=q> V. - UuUTt. (C.43)
2 T @ =Y

Acting on the vacuum then gives

1
hyol1%) = g2 119), (C.44)
o UZ:l ]_[k#(l ViV D) [ @y = 1)

where we used the property that fusing to the boundary is implemented on the q-Weyl variables
U; by U; — 1. It is now simply a task of verifying the above rational function of V simplifies
to the form of the fundamental SU(3) Wilson line

3 1 1

l'[k#(l VeV D T T @i Pnvyvt —1)

= V]_ + V2 + V3 . (C.45)

Since this is a function of only V;, all the variables in this function are commuting, and so it is
just an algebraic exercise to verify that indeed the above equation is true.
Next, we wish to prove the statement

ho1119) =0. (C.46)

Proceeding in the same manner, we expand the dyonic line explicitly in terms of the q-Weyl
algebra variables

3 3
_1
ho1=H;oH_1; =92 ( E Ui,+)( E VjU-’_)
i=1 j=1

(C.47)
3
=q2 L UV L o
=q — iV; — .
el B PR O R A A B B (PR AA /e VI
Commuting U; through the expression and acting on the ground state gives
;S 1 1
hoa[1°) = g2 %V, —————119). (C.48)
= nkyéi(l _ Vkvi 1) J nl¢j(q5l} 5”Vle 1_ 1)
Finally, one can verify the somewhat non-trivial looking identity
3
1 1
q%uV; =0, (C.49)

i,j=1 l_[ky’:i(l - VkVi_1 ’ l_[l#j(q(Sij_éileVl_l —1)

thus proving the dyonic line hy, ; annihilates the ground state of the Schur Hilbert space.

References
[1] D. Gaiotto and H. Verlinde, SYK-Schur duality: Double scaled SYK correlators

from N =2 supersymmetric gauge theory, J. High Energy Phys. 06, 163 (2025),
doi:10.1007/JHEP06(2025)163 [preprint doi:10.48550/arXiv.2409.11551].

68


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/JHEP06(2025)163
https://doi.org/10.48550/arXiv.2409.11551

e SciPost Phys. 20, 160 (2026)

[2] L. E Alday, D. Gaiotto and Y. Tachikawa, Liouville correlation functions from four-
dimensional Gauge theories, Lett. Math. Phys. 91, 167 (2010), doi:10.1007/s11005-
010-0369-5 [preprint doi:10.48550/arXiv.0906.3219].

[3] T. Dimofte, D. Gaiotto and S. Gukov, Gauge theories labelled by three-manifolds,
Commun. Math. Phys. 325, 367 (2013), doi:10.1007/s00220-013-1863-2 [preprint
doi:10.48550/arXiv.1108.4389].

[4] N. A. Nekrasov and S. L. Shatashvili, Quantization of integrable systems and four dimen-
sional gauge theories, in XVIth international congress on mathematical physics, World Sci-
entific, Singapore, ISBN 9789814304634 (2010), doi:10.1142/9789814304634 0015
[preprint doi:10.48550/arXiv.0908.4052].

[5] J. Teschner, Exact results on N' =2 supersymmetric gauge theories, in New dualities of
supersymmetric gauge theories, Springer, Cham, Switzerland, ISBN 9783319187686
(2015), doi:10.1007/978-3-319-18769-3 1 [preprint doi:10.48550/arXiv.1412.7145].

[6] B.LeFloch, A slow review of the AGT correspondence, J. Phys. A: Math. Theor. 55, 353002
(2022), d0i:10.1088/1751-8121/ac5945 [preprint doi:10.48550/arXiv.2006.14025].

[71 1. Bah, D. S. Freed, G. W. Moore, N. Nekrasov, S. S. Razamat and S.
Schéfer-Nameki, A panorama of physical mathematics c. 2022, (arXiv preprint)
doi:10.48550/arXiv.2211.04467.

[8] D. Gaiotto, N =2 dualities, J. High Energy Phys. 08, 034 (2012),
doi:10.1007/JHEP08(2012)034 [preprint doi:10.48550/arXiv.0904.2715].

[9] N.Wyllard, A(y_;) conformal Toda field theory correlation functions from conformal N = 2
SU(N) quiver gauge theories, J. High Energy Phys. 11, 002 (2009), doi:10.1088/1126-
6708/2009/11/002 [preprint doi:10.48550/arXiv.0907.2189].

[10] S. Sachdev and J. Ye, Gapless spin-fluid ground state in a random quantum Heisenberg
magnet, Phys. Rev. Lett. 70, 3339 (1993), doi:10.1103/PhysRevLett.70.3339 [preprint
d0i:10.48550/arXiv.cond-mat/9212030].

[11] A. Kitaev, A simple model of quantum holography - Part 1 (2015), http://online kitp.
ucsb.edu/online/entangled15/kitaev/.

[12] A. Kitaev, A simple model of quantum holography - Part 2 (2015), http://online.kitp.
ucsb.edu/online/entangled15/kitaev2/.

[13] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-Kitaev model,
Phys. Rev. D 94, 106002 (2016), doi:10.1103/PhysRevD.94.106002 [preprint
doi:10.48550/arXiv.1604.07818].

[14] A. Kapustin, Holomorphic reduction of N =2 gauge theories, Wilson-t Hooft operators,
and S-duality, (arXiv preprint) doi:10.48550/arXiv.hep-th/0612119.

[15] A. Gadde, L. Rastelli, S. S. Razamat and W. Yan, Four dimensional superconformal index
from g-deformed two dimensional Yang-Mills theory, Phys. Rev. Lett. 106, 241602 (2011),
doi:10.1103/PhysRevLett.106.241602 [preprint doi:10.48550/arXiv.1104.3850].

[16] A.Gadde, L. Rastelli, S. S. Razamat and W. Yan, Gauge theories and Macdonald polynomi-
als, Commun. Math. Phys. 319, 147 (2012), doi:10.1007/s00220-012-1607-8 [ preprint
doi:10.48550/arXiv.1110.3740].

69


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.1007/s11005-010-0369-5
https://doi.org/10.48550/arXiv.0906.3219
https://doi.org/10.1007/s00220-013-1863-2
https://doi.org/10.48550/arXiv.1108.4389
https://doi.org/10.1142/9789814304634_0015
https://doi.org/10.48550/arXiv.0908.4052
https://doi.org/10.1007/978-3-319-18769-3_1
https://doi.org/10.48550/arXiv.1412.7145
https://doi.org/10.1088/1751-8121/ac5945
https://doi.org/10.48550/arXiv.2006.14025
https://doi.org/10.48550/arXiv.2211.04467
https://doi.org/10.1007/JHEP08(2012)034
https://doi.org/10.48550/arXiv.0904.2715
https://doi.org/10.1088/1126-6708/2009/11/002
https://doi.org/10.1088/1126-6708/2009/11/002
https://doi.org/10.48550/arXiv.0907.2189
https://doi.org/10.1103/PhysRevLett.70.3339
https://doi.org/10.48550/arXiv.cond-mat/9212030
http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/
http://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.48550/arXiv.1604.07818
https://doi.org/10.48550/arXiv.hep-th/0612119
https://doi.org/10.1103/PhysRevLett.106.241602
https://doi.org/10.48550/arXiv.1104.3850
https://doi.org/10.1007/s00220-012-1607-8
https://doi.org/10.48550/arXiv.1110.3740

e SciPost Phys. 20, 160 (2026)

[17] D. Gaiotto and J. Teschner, Schur quantization and complex Chern-Simons theory, (arXiv
preprint) doi:10.48550/arXiv.2406.09171.

[18] C. Cérdova, D. Gaiotto and S. H. Shao, Infrared computations of defect Schur in-
dices, J. High Energy Phys. 11, 106 (2016), doi:10.1007/JHEP11(2016)106 [preprint
doi:10.48550/arXiv.1606.08429].

[19] M. Berkooz and O. Mamroud, A cordial introduction to double scaled SYK,
Rep. Prog. Phys. 88, 036001 (2025), doi:10.1088/1361-6633/ada889 [preprint
d0i:10.48550/arXiv.2407.09396].

[20] M. Berkooz, P Narayan and J. Simén, Chord diagrams, exact correlators in spin
glasses and black hole bulk reconstruction, J. High Energy Phys. 08, 192 (2018),
doi:10.1007/JHEP08(2018)192 [preprint doi:10.48550/arXiv.1806.04380].

[21] M. Berkooz, M. Isachenkov, V. Narovlansky and G. Torrents, Towards a full solu-
tion of the large N double-scaled SYK model, J. High Energy Phys. 03, 079 (2019),
doi:10.1007/JHEP03(2019)079 [preprint doi:10.48550/arXiv.1811.02584].

[22] H. W. Lin, The bulk Hilbert space of double scaled SYK, J. High Energy Phys. 11, 060
(2022), doi:10.1007/JHEP11(2022)060 [preprint doi:10.48550/arXiv.2208.07032].

[23] J.S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P Saad, S. H. Shenker, D. Stanford, A.
Streicher and M. Tezuka, Black holes and random matrices, J. High Energy Phys. 05, 118
(2017), doi:10.1007/JHEP05(2017)118 [preprint doi:10.48550/arXiv.1611.04650].

[24] K. Jensen, Chaos in AdS, holography, Phys. Rev. Lett. 117, 111601 (2016),
doi:10.1103/PhysRevLett.117.111601 [preprint doi:10.48550/arXiv.1605.06098].

[25] J. Maldacena, D. Stanford and Z. Yang, Conformal symmetry and its breaking in
two-dimensional nearly anti-de Sitter space, Prog. Theor. Exp. Phys. 12C104 (2016),
doi:10.1093/ptep/ptw124 [preprint doi:10.48550/arXiv.1606.01857].

[26] S. N. M. Ruijsenaars, Relativistic Toda systems, Commun. Math. Phys. 133, 2 (1990),
doi:10.1007/BF02097366.

[27] L. G. Macdonald, A new class of symmetric functions., Sémin. Lothar. Comb. 20, B20a
(1988), https://eudml.org/doc/120965.

[28] P Etingof, Whittaker functions on quantum groups and g-deformed Toda operators, (arXiv
preprint) doi:10.48550/arXiv.math/9901053.

[29] A. Gerasimov, D. Lebedev and S. Oblezin, On g-deformed gl,,; - Whittaker function
I, Comm. Math. Phys. 294, 97 (2010), doi:10.1007/s00220-009-0917-y [preprint
doi:10.48550/arXiv.0803.0145].

[30] A. Gerasimov, D. Lebedev and S. Oblezin, On g-deformed gl,,; - Whittaker Function
II, Commun. Math. Phys. 294, 97 (2009), do0i:10.1007/s00220-009-0917-y [preprint
d0i:10.48550/arXiv.0803.0970].

[31] A. Gorsky, I. Krichever, A. Marshakov, A. Mironov and A. Morozov, Integrability
and Seiberg-Witten exact solution, Phys. Lett. B 355, 466 (1995), do0i:10.1016/0370-
2693(95)00723-X [preprint doi:10.48550/arXiv.hep-th/9505035].

[32] K. Budzik, D. Gaiotto, J. Kulp, B. R. Williams, J. Wu and M. Yu, Semi-chiral
operators in 4d N =1 gauge theories, J. High Energy Phys. 05, 245 (2024),
doi:10.1007/JHEP05(2024)245 [preprint doi:10.48550/arXiv.2306.01039].

70


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.48550/arXiv.2406.09171
https://doi.org/10.1007/JHEP11(2016)106
https://doi.org/10.48550/arXiv.1606.08429
https://doi.org/10.1088/1361-6633/ada889
https://doi.org/10.48550/arXiv.2407.09396
https://doi.org/10.1007/JHEP08(2018)192
https://doi.org/10.48550/arXiv.1806.04380
https://doi.org/10.1007/JHEP03(2019)079
https://doi.org/10.48550/arXiv.1811.02584
https://doi.org/10.1007/JHEP11(2022)060
https://doi.org/10.48550/arXiv.2208.07032
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.48550/arXiv.1611.04650
https://doi.org/10.1103/PhysRevLett.117.111601
https://doi.org/10.48550/arXiv.1605.06098
https://doi.org/10.1093/ptep/ptw124
https://doi.org/10.48550/arXiv.1606.01857
https://doi.org/10.1007/BF02097366
https://eudml.org/doc/120965
https://doi.org/10.48550/arXiv.math/9901053
https://doi.org/10.1007/s00220-009-0917-y
https://doi.org/10.48550/arXiv.0803.0145
https://doi.org/10.1007/s00220-009-0917-y
https://doi.org/10.48550/arXiv.0803.0970
https://doi.org/10.1016/0370-2693(95)00723-X
https://doi.org/10.1016/0370-2693(95)00723-X
https://doi.org/10.48550/arXiv.hep-th/9505035
https://doi.org/10.1007/JHEP05(2024)245
https://doi.org/10.48550/arXiv.2306.01039

e SciPost Phys. 20, 160 (2026)

[33] D. Gaiotto, G. W. Moore and A. Neitzke, Framed BPS states, Adv. Theor.
Math. Phys. 17, 241 (2013), doi:10.4310/ATMP2013.v17.n2.al1 [preprint
doi:10.48550/arXiv.1006.0146].

[34] T. Dimofte, D. Gaiotto and S. Gukov, 3-manifolds and 3d indices, Adv. Theor.
Math. Phys. 17, 975 (2013), doi:10.4310/ATMP2013.v17.n5.a3 [preprint
doi:10.48550/arXiv.1112.5179].

[35] D. Gang, E. Koh and K. Lee, Line operator index S! x $3, J. High Energy Phys. 05, 007
(2012), doi:10.1007/JHEP05(2012)007 [preprint doi:10.48550/arXiv.1201.5539].

[36] Y. Ito, T. Okuda and M. Taki, Line operators on S! x R? and quantization of the Hitchin
moduli space, J. High Energy Phys. 04, 010 (2012), doi:10.1007/JHEP04(2012)010
[preprint doi:10.48550/arXiv.1111.4221]. [Errata: J.HighEnergyPhys. 03, 085 (2016),
doi:10.1007 /JHEP03(2016)085].

[37] N. Mekareeya and D. Rodriguez-Gémez, 5d gauge theories on orbifolds and 4d ‘t Hooft
line indices, J. High Energy Phys. 11, 157 (2013), doi:10.1007/JHEP11(2013)157
[preprint doi:10.48550/arXiv.1309.1213].

[38] N. Drukker, The N =4 Schur index with Polyakov loops, J. High Energy Phys. 12, 001
(2015), doi:10.1007/JHEP12(2015)012 [preprint doi:10.48550/arXiv.1510.02480].

[39] T. D. Brennan, A. Dey and G. W. Moore, On ’t Hooft defects, monopole bubbling
and supersymmetric quantum mechanics, J. High Energy Phys. 09, 014 (2018),
doi:10.1007/JHEP09(2018)014 [preprint doi:10.48550/arXiv.1801.01986].

[40] H. Hayashi, T Okuda and Y. Yoshida, ABCD of ’t Hooft operators, J. High
Energy Phys. 04, 241 (2021), doi:10.1007/JHEP04(2021)241 [preprint
d0i:10.48550/arXiv.2012.12275].

[41] Y. Hatsuda and T. Okazaki, Exact N =2* Schur line defect correlators, J.
High Energy Phys. 06, 169 (2023), doi:10.1007/JHEP06(2023)169 [preprint
d0i:10.48550/arXiv.2303.14887].

[42] Z. Guo, Y. Li, Y. Pan and Y. Wang, N =2 Schur index and line operators,
Phys. Rev. D 108, 106002 (2023), doi:10.1103/PhysRevD.108.106002 [preprint
doi:10.48550/arXiv.2307.15650].

[43] Y. Hatsuda and T. Okazaki, Large N and large representations of Schur line defect corre-
lators, J. High Energy Phys. 01, 096 (2024), doi:10.1007/JHEP01(2024)096 [preprint
doi:10.48550/arXiv.2309.11712].

[44] Y. Hatsuda and T Okazaki, Excitations of bubbling geometries for line defects,
Phys. Rev. D 109, 066013 (2024), doi:10.1103/PhysRevD.109.066013 [preprint
d0i:10.48550/arXiv.2311.13740].

[45] Y. Imamura, Giant graviton expansions for the line operator index, Prog.
Theor. Exp. Phys. 6, 063B03 (2024), doi:10.1093/ptep/ptae084 [preprint
d0i:10.48550/arXiv.2403.11543].

[46] M. Beccaria, Schur line defect correlators and giant graviton expansion, J.
High Energy Phys. 06, 088 (2024), doi:10.1007/JHEP06(2024)088 [preprint
doi:10.48550/arXiv.2403.14553].

71


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.4310/ATMP.2013.v17.n2.a1
https://doi.org/10.48550/arXiv.1006.0146
https://doi.org/10.4310/ATMP.2013.v17.n5.a3
https://doi.org/10.48550/arXiv.1112.5179
https://doi.org/10.1007/JHEP05(2012)007
https://doi.org/10.48550/arXiv.1201.5539
https://doi.org/10.1007/JHEP04(2012)010
https://doi.org/10.48550/arXiv.1111.4221
https://doi.org/10.1007/JHEP03(2016)085
https://doi.org/10.1007/JHEP11(2013)157
https://doi.org/10.48550/arXiv.1309.1213
https://doi.org/10.1007/JHEP12(2015)012
https://doi.org/10.48550/arXiv.1510.02480
https://doi.org/10.1007/JHEP09(2018)014
https://doi.org/10.48550/arXiv.1801.01986
https://doi.org/10.1007/JHEP04(2021)241
https://doi.org/10.48550/arXiv.2012.12275
https://doi.org/10.1007/JHEP06(2023)169
https://doi.org/10.48550/arXiv.2303.14887
https://doi.org/10.1103/PhysRevD.108.106002
https://doi.org/10.48550/arXiv.2307.15650
https://doi.org/10.1007/JHEP01(2024)096
https://doi.org/10.48550/arXiv.2309.11712
https://doi.org/10.1103/PhysRevD.109.066013
https://doi.org/10.48550/arXiv.2311.13740
https://doi.org/10.1093/ptep/ptae084
https://doi.org/10.48550/arXiv.2403.11543
https://doi.org/10.1007/JHEP06(2024)088
https://doi.org/10.48550/arXiv.2403.14553

e SciPost Phys. 20, 160 (2026)

[47] Y. Imamura and M. Inoue, Brane expansions for anti-symmetric line operator in-
dex, J. High Energy Phys. 08, 020 (2024), doi:10.1007/JHEP08(2024)020 [preprint
doi:10.48550/arXiv.2404.08302].

[48] M. Beccaria, Leading large N giant graviton correction to Schur correlators in large repre-
sentations, Nucl. Phys. B 1006, 116638 (2024), doi:10.1016/j.nuclphysb.2024.116638
[preprint doi:10.48550/arXiv.2404.12690].

[49] Y. Imamura, A. Sei and D. Yokoyama, Giant graviton expansion for general Wilson line
operator indices, J. High Energy Phys. 09, 202 (2024), doi:10.1007/JHEP09(2024)202
[preprint doi:10.48550/arXiv.2406.19777].

[50] M. Beccaria, N =4 SYM line defect Schur index and semiclassical string, J.
High Energy Phys. 10, 046 (2024), doi:10.1007/JHEP10(2024)046 [preprint
d0i:10.48550/arXiv.2407.06900].

[51] A. Kapustin and N. Saulina, The algebra of Wilson-t Hooft operators, Nucl.
Phys. B 814, 327 (2009), doi:10.1016/j.nuclphysb.2009.02.004 [preprint
doi:10.48550/arXiv.0710.2097].

[52] D. Gaiotto, G. W. Moore and A. Neitzke, Wall-crossing, Hitchin systems, and the WKB
approximation, Adv. Math. 234, 239 (2013), doi:10.1016/j.aim.2012.09.027 [preprint
d0i:10.48550/arXiv.0907.3987].

[53] N. Drukker, J. Gomis, T. Okuda and J. Teschner, Gauge theory loop operators and Liouville
theory, J. High Energy Phys. 02, 057 (2010), doi:10.1007/JHEP02(2010)057 [preprint
doi:10.48550/arXiv.0909.1105].

[54] L. E Alday, D. Gaiotto, S. Gukov, Y. Tachikawa and H. Verlinde, Loop and surface opera-
tors in N' = 2 gauge theory and Liouville modular geometry, J. High Energy Phys. 01, 113
(2010), do0i:10.1007/JHEP01(2010)113 [preprint doi:10.48550/arXiv.0909.0945].

[55] D. Gaiotto, G. W. Moore, A. Neitzke and F Yan, Commuting line defects at q" =1,
Commun. Math. Phys. 406, 144 (2025), doi:10.1007/s00220-025-05330-5 [preprint
doi:10.48550/arXiv.2307.14429].

[56] E Ambrosino and D. Gaiotto, Renormalization group flow in Schur quantization,
J. High Energy Phys. 02, 57 (2026), doi:10.1007/JHEP02(2026)057 [preprint
d0i:10.48550/arXiv.2503.16685].

[57] S. Pasquetti, Factorisation of N =2 theories on the squashed 3-sphere, J.
High Energy Phys. 04, 120 (2012), doi:10.1007/JHEP04(2012)120 [preprint
d0i:10.48550/arXiv.1111.6905].

[58] E Benini and S. Cremonesi, Partition functions of N' = (2,2) gauge theories on S*> and
vortices, Commun. Math. Phys. 334, 1483 (2014), doi:10.1007/s00220-014-2112-z
[preprint doi:10.48550/arXiv.1206.2356].

[59] N. Doroud, J. Gomis, B. Le Floch and S. Lee, Exact results in D = 2 supersymmetric
gauge theories, J. High Energy Phys. 05, 093 (2013), do0i:10.1007/JHEP05(2013)093
[preprint doi:10.48550/arXiv.1206.2606].

[60] C. Beem, T. Dimofte and S. Pasquetti, Holomorphic blocks in three dimensions,
J. High Energy Phys. 12, 177 (2014), doi:10.1007/JHEP12(2014)177 [preprint
d0i:10.48550/arXiv.1211.1986].

72


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/JHEP08(2024)020
https://doi.org/10.48550/arXiv.2404.08302
https://doi.org/10.1016/j.nuclphysb.2024.116638
https://doi.org/10.48550/arXiv.2404.12690
https://doi.org/10.1007/JHEP09(2024)202
https://doi.org/10.48550/arXiv.2406.19777
https://doi.org/10.1007/JHEP10(2024)046
https://doi.org/10.48550/arXiv.2407.06900
https://doi.org/10.1016/j.nuclphysb.2009.02.004
https://doi.org/10.48550/arXiv.0710.2097
https://doi.org/10.1016/j.aim.2012.09.027
https://doi.org/10.48550/arXiv.0907.3987
https://doi.org/10.1007/JHEP02(2010)057
https://doi.org/10.48550/arXiv.0909.1105
https://doi.org/10.1007/JHEP01(2010)113
https://doi.org/10.48550/arXiv.0909.0945
https://doi.org/10.1007/s00220-025-05330-5
https://doi.org/10.48550/arXiv.2307.14429
https://doi.org/10.1007/JHEP02(2026)057
https://doi.org/10.48550/arXiv.2503.16685
https://doi.org/10.1007/JHEP04(2012)120
https://doi.org/10.48550/arXiv.1111.6905
https://doi.org/10.1007/s00220-014-2112-z
https://doi.org/10.48550/arXiv.1206.2356
https://doi.org/10.1007/JHEP05(2013)093
https://doi.org/10.48550/arXiv.1206.2606
https://doi.org/10.1007/JHEP12(2014)177
https://doi.org/10.48550/arXiv.1211.1986

e SciPost Phys. 20, 160 (2026)

[61] E Nieri and S. Pasquetti, Factorisation and holomorphic blocks in 4d, J.
High Energy Phys. 11, 155 (2015), doi:10.1007/JHEP11(2015)155 [preprint
doi:10.48550/arXiv.1507.00261].

[62] S. Pasquetti, Holomorphic blocks and the 5d AGT correspondence, J. Phys.
A: Math. Theor. 50, 443016 (2017), doi:10.1088/1751-8121/aa60fe [preprint
doi:10.48550/arXiv.1608.02968].

[63] N. Drukker, D. Gaiotto and J. Gomis, The virtue of defects in 4D gauge theories and 2D
CFTs, J. High Energy Phys. 06, 025 (2011), doi:10.1007/JHEP06(2011)025 [preprint
d0i:10.48550/arXiv.1003.1112].

[64] M. Dedushenko, Gluing II: Boundary localization and gluing formulas, Lett.
Math. Phys. 111, 18 (2021), doi:10.1007/s11005-021-01355-8 [preprint
doi:10.48550/arXiv.1807.04278].

[65] E A. Dolan and H. Osborn, Applications of the superconformal index for pro-
tected operators and q-hypergeometric identities to N =1 dual theories, Nucl.
Phys. B 818, 137 (2009), doi:10.1016/j.nuclphysb.2009.01.028 [preprint
doi:10.48550/arXiv.0801.4947].

[66] S. Cecotti, A. Neitzke and C. Vafa, R-Twisting and 4d/2d correspondences, (arXiv
preprint) doi:10.48550/arXiv.1006.3435.

[67] C. Cordova and S. H. Shao, Schur indices, BPS particles, and Argyres-Douglas theo-
ries, J. High Energy Phys. 01, 040 (2016), doi:10.1007/JHEP01(2016)040 [preprint
d0i:10.48550/arXiv.1506.00265].

[68] O. Aharony, N. Seiberg and Y. Tachikawa, Reading between the lines of four-dimensional
gauge theories, J. High Energy Phys. 08, 115 (2013), doi:10.1007/JHEP08(2013)115
[preprint doi:10.48550/arXiv.1305.0318].

[69] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized global symmetries,
J. High Energy Phys. 02, 172 (2015), doi:10.1007/JHEP02(2015)172 [preprint
doi:10.48550/arXiv.1412.5148].

[70] I. M. Gelfand and M. A. Naimark, On the imbedding of normed rings into the ring of
operators on a Hilbert space, Mat. Sb. 54, 197 (1943), https://eudml.org/doc/65219.

[71] L E. Segal, Irreducible representations of operator algebras, Bull. Am. Math. Soc. 53, 73
(1947), doi:10.1090/S0002-9904-1947-08742-5.

[72] N. Sloane, The encyclopedia of integer sequences, Elsevier, Amsterdam, Netherlands,
ISBN 9780080571850 (2012).

[73] PL.Erdés and L. Székely, Applications of antilexicographic order. I. An enumerative theory
of trees, Adv. Appl. Math. 10, 488 (1989), d0i:10.1016/0196-8858(89)90026-2.

[74] M. Sacchi, O. Sela and G. Zafrir, Compactifying 5d superconformal field theories to
3d, J. High Energy Phys. 09, 149 (2021), doi:10.1007/JHEP09(2021)149 [preprint
doi:10.48550/arXiv.2105.01497].

[75] M. Sacchi, O. Sela and G. Zafrir, On the 3d compactifications of 5d SCFTs as-
sociated with SU(N + 1) gauge theories, J. High Energy Phys. 05, 053 (2022),
doi:10.1007/JHEP05(2022)053 [preprint doi:10.48550/arXiv.2111.12745].

73


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/JHEP11(2015)155
https://doi.org/10.48550/arXiv.1507.00261
https://doi.org/10.1088/1751-8121/aa60fe
https://doi.org/10.48550/arXiv.1608.02968
https://doi.org/10.1007/JHEP06(2011)025
https://doi.org/10.48550/arXiv.1003.1112
https://doi.org/10.1007/s11005-021-01355-8
https://doi.org/10.48550/arXiv.1807.04278
https://doi.org/10.1016/j.nuclphysb.2009.01.028
https://doi.org/10.48550/arXiv.0801.4947
https://doi.org/10.48550/arXiv.1006.3435
https://doi.org/10.1007/JHEP01(2016)040
https://doi.org/10.48550/arXiv.1506.00265
https://doi.org/10.1007/JHEP08(2013)115
https://doi.org/10.48550/arXiv.1305.0318
https://doi.org/10.1007/JHEP02(2015)172
https://doi.org/10.48550/arXiv.1412.5148
https://eudml.org/doc/65219
https://doi.org/10.1090/S0002-9904-1947-08742-5
https://doi.org/10.1016/0196-8858(89)90026-2
https://doi.org/10.1007/JHEP09(2021)149
https://doi.org/10.48550/arXiv.2105.01497
https://doi.org/10.1007/JHEP05(2022)053
https://doi.org/10.48550/arXiv.2111.12745

e SciPost Phys. 20, 160 (2026)

[76] D. Gaiotto and H.-C. Kim, Duality walls and defects in 5d N =1 theories,
J. High Energy Phys. 01, 019 (2017), doi:10.1007/JHEP01(2017)019 [preprint
doi:10.48550/arXiv.1506.03871].

[77] A. P Braun, E. Sabag, M. Sacchi and S. Schéfer-Nameki, G,-manifolds from
4d N =1 theories, part I: Domain walls, SciPost Phys. 17, 102 (2024),
doi:10.21468/SciPostPhys.17.4.102 [preprint doi:10.48550/arXiv.2304.01193].

[78] Y. Yoshida and K. Sugiyama, Localization of three-dimensional N’ = 2 supersymmetric the-
ories on S! x D?, Prog. Theor. Exp. Phys., 113B02 (2020), doi:10.1093/ptep/ptaal36
[preprint doi:10.48550/arXiv.1409.6713].

[79] T. Dimofte, D. Gaiotto and N. M. Paquette, Dual boundary conditions in 3d SCFT’s,
J. High Energy Phys. 05, 060 (2018), doi:10.1007/JHEP05(2018)060 [preprint
d0i:10.48550/arXiv.1712.07654].

[80] H. Verlinde, Double-scaled SYK, chords and de Sitter gravity, J. High Energy Phys. 03, 076
(2025), doi:10.1007/JHEP03(2025)076 [preprint doi:10.48550/arXiv.2402.00635].

[81] M. Berkooz, V. Narovlansky and H. Raj, Complex Sachdev-Ye-Kitaev model in the double
scaling limit, J. High Energy Phys. 02, 113 (2021), doi:10.1007/JHEP02(2021)113
[preprint doi:10.48550/arXiv.2006.13983].

[82] H. W. Lin and D. Stanford, A symmetry algebra in double-scaled SYK, Sci-
Post Phys. 15, 234 (2023), doi:10.21468/SciPostPhys.15.6.234 [preprint
doi:10.48550/arXiv.2307.15725].

[83] D. Bagrets, A. Altland and A. Kamenev, Sachdev-Ye-Kitaev model as Liouville quan-
tum mechanics, Nucl. Phys. B 911, 191 (2016), doi:10.1016/j.nuclphysb.2016.08.002
[preprint doi:10.48550/arXiv.1607.00694].

[84] D. Harlow and D. Jafferis, The factorization problem in Jackiw-Teitelboim gravity,
J. High Energy Phys. 02, 177 (2020), doi:10.1007/JHEP02(2020)177 [preprint
doi:10.48550/arXiv.1804.01081].

[85] D. Stanford and E. Witten, Fermionic localization of the Schwargian theory, J.
High Energy Phys. 10, 008 (2017), doi:10.1007/JHEP10(2017)008 [preprint
doi:10.48550/arXiv.1703.04612].

[86] T. G. Mertens, G. J. Turiaci and H. L. Verlinde, Solving the Schwarzian via the confor-
mal bootstrap, J. High Energy Phys. 08, 136 (2017), doi:10.1007/JHEP08(2017)136
[preprint doi:10.48550/arXiv.1705.08408].

[87] Z. Yang, The quantum gravity dynamics of near extremal black holes, J.
High Energy Phys. 05, 205 (2019), doi:10.1007/JHEP05(2019)205 [preprint
doi:10.48550/arXiv.1809.08647].

[88] D. Grumiller, R. McNees, J. Salzer, C. Valcarcel and D. Vassilevich, Menagerie
of AdS, boundary conditions, J. High Energy Phys. 10, 203 (2017),
doi:10.1007/JHEP10(2017)203 [preprint doi:10.48550/arXiv.1708.08471].

[89] T. G. Mertens, The Schwargian theory — Origins, J. High Energy Phys. 05, 036 (2018),
doi:10.1007/JHEP05(2018)036 [preprint doi:10.48550/arXiv.1801.09605].

74


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/JHEP01(2017)019
https://doi.org/10.48550/arXiv.1506.03871
https://doi.org/10.21468/SciPostPhys.17.4.102
https://doi.org/10.48550/arXiv.2304.01193
https://doi.org/10.1093/ptep/ptaa136
https://doi.org/10.48550/arXiv.1409.6713
https://doi.org/10.1007/JHEP05(2018)060
https://doi.org/10.48550/arXiv.1712.07654
https://doi.org/10.1007/JHEP03(2025)076
https://doi.org/10.48550/arXiv.2402.00635
https://doi.org/10.1007/JHEP02(2021)113
https://doi.org/10.48550/arXiv.2006.13983
https://doi.org/10.21468/SciPostPhys.15.6.234
https://doi.org/10.48550/arXiv.2307.15725
https://doi.org/10.1016/j.nuclphysb.2016.08.002
https://doi.org/10.48550/arXiv.1607.00694
https://doi.org/10.1007/JHEP02(2020)177
https://doi.org/10.48550/arXiv.1804.01081
https://doi.org/10.1007/JHEP10(2017)008
https://doi.org/10.48550/arXiv.1703.04612
https://doi.org/10.1007/JHEP08(2017)136
https://doi.org/10.48550/arXiv.1705.08408
https://doi.org/10.1007/JHEP05(2019)205
https://doi.org/10.48550/arXiv.1809.08647
https://doi.org/10.1007/JHEP10(2017)203
https://doi.org/10.48550/arXiv.1708.08471
https://doi.org/10.1007/JHEP05(2018)036
https://doi.org/10.48550/arXiv.1801.09605

e SciPost Phys. 20, 160 (2026)

[90] A. Blommaert, T. G. Mertens and H. Verschelde, Fine structure of Jackiw-Teitelboim
quantum gravity, J. High Energy Phys. 09, 066 (2019), doi:10.1007/JHEP09(2019)066
[preprint doi:10.48550/arXiv.1812.00918].

[91] A. Blommaert, T. G. Mertens and H. Verschelde, The Schwargian theory — A Wilson
line perspective, J. High Energy Phys. 12, 022 (2018), doi:10.1007 /JHEP12(2018)022
[preprint doi:10.48550/arXiv.1806.07765].

[92] P Saad, S. H. Shenker and D. Stanford, JT gravity as a matrix integral, (arXiv preprint)
d0i:10.48550/arXiv.1903.11115.

[93] L. V. Iliesiu, S. S. Pufu, H. Verlinde and Y. Wang, An exact quantiza-
tion of Jackiw-Teitelboim gravity, J. High Energy Phys. 11, 091 (2019),
doi:10.1007/JHEP11(2019)091 [preprint doi:10.48550/arXiv.1905.02726].

[94] H. A. Gonzélez, D. Grumiller and J. Salzer, Towards a bulk description of higher spin
SYK, J. High Energy Phys. 05, 083 (2018), doi:10.1007/JHEP05(2018)083 [preprint
d0i:10.48550/arXiv.1802.01562].

[95] B. Mukhametzhanov, Large p SYK from chord diagrams, J. High Energy Phys. 09, 154
(2023), doi:10.1007/JHEP09(2023)154 [ preprint doi:10.48550/arXiv.2303.03474].

[96] J. Kinney, J. Maldacena, S. Minwalla and S. Raju, An index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275, 209 (2007), doi:10.1007/s00220-007-
0258-7 [preprint doi:10.48550/arXiv.hep-th/0510251].

[97] C. Romelsberger, Counting chiral primaries in N = 1, d =4 superconformal field theo-
ries, Nucl. Phys. B 747, 329 (2006), doi:10.1016/j.nuclphysb.2006.03.037 [preprint
doi:10.48550/arXiv.hep-th/0510060].

[98] L. Rastelli and S. S. Razamat, The supersymmetric index in four dimensions, J.
Phys. A: Math. Theor. 50, 443013 (2017), doi:10.1088/1751-8121/aa76a6 [preprint
d0i:10.48550/arXiv.1608.02965].

[99] A. Gadde, Lectures on the superconformal index, J. Phys. A: Math. Theor. 55, 063001
(2022), doi:10.1088/1751-8121/ac42ac [preprint doi:10.48550/arXiv.2006.13630].

[100] D. Gang, E. Koh and K. Lee, Superconformal index with duality domain wall,
J. High Energy Phys. 10, 187 (2012), doi:10.1007/JHEP10(2012)187 [preprint
d0i:10.48550/arXiv.1205.0069].

[101] J. Bhattacharya, S. Bhattacharyya, S. Minwalla and S. Raju, Indices for superconfor-
mal field theories in 3, 5 and 6 dimensions, J. High Energy Phys. 02, 064 (2008),
doi:10.1088/1126-6708/2008/02/064 [preprint doi:10.48550/arXiv.0801.1435].

[102] J. Bhattacharya and S. Minwalla, Superconformal indices for N'= 6 Chern Simons the-
ories, J. High Energy Phys. 01, 014 (2009), doi:10.1088/1126-6708/2009/01/014
[preprint doi:10.48550/arXiv.0806.3251].

[103] S. Kim, The complete superconformal index for N =6 Chern-Simons theory,
Nucl. Phys. B 821, 241 (2009), doi:10.1016/j.nuclphysb.2009.06.025 [preprint
doi:10.48550/arXiv.0903.4172].

[104] Y. Imamura and S. Yokoyama, Index for three dimensional superconformal field the-
ories with general R-charge assignments, J. High Energy Phys. 04, 007 (2011),
doi:10.1007/JHEP04(2011)007 [preprint doi:10.48550/arXiv.1101.0557].

75


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.1007/JHEP09(2019)066
https://doi.org/10.48550/arXiv.1812.00918
https://doi.org/10.1007/JHEP12(2018)022
https://doi.org/10.48550/arXiv.1806.07765
https://doi.org/10.48550/arXiv.1903.11115
https://doi.org/10.1007/JHEP11(2019)091
https://doi.org/10.48550/arXiv.1905.02726
https://doi.org/10.1007/JHEP05(2018)083
https://doi.org/10.48550/arXiv.1802.01562
https://doi.org/10.1007/JHEP09(2023)154
https://doi.org/10.48550/arXiv.2303.03474
https://doi.org/10.1007/s00220-007-0258-7
https://doi.org/10.1007/s00220-007-0258-7
https://doi.org/10.48550/arXiv.hep-th/0510251
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.48550/arXiv.hep-th/0510060
https://doi.org/10.1088/1751-8121/aa76a6
https://doi.org/10.48550/arXiv.1608.02965
https://doi.org/10.1088/1751-8121/ac42ac
https://doi.org/10.48550/arXiv.2006.13630
https://doi.org/10.1007/JHEP10(2012)187
https://doi.org/10.48550/arXiv.1205.0069
https://doi.org/10.1088/1126-6708/2008/02/064
https://doi.org/10.48550/arXiv.0801.1435
https://doi.org/10.1088/1126-6708/2009/01/014
https://doi.org/10.48550/arXiv.0806.3251
https://doi.org/10.1016/j.nuclphysb.2009.06.025
https://doi.org/10.48550/arXiv.0903.4172
https://doi.org/10.1007/JHEP04(2011)007
https://doi.org/10.48550/arXiv.1101.0557

e SciPost Phys. 20, 160 (2026)

[105] A. Kapustin and B. Willett, Generalized superconformal index for three dimensional field
theories, (arXiv preprint) doi:10.48550/arXiv.1106.2484.

[106] I. G. Macdonald, Symmetric functions and Hall polynomials, Oxford University Press,
Oxford, UK, ISBN 9780198504504 (1998).

[107] B Alexandersson. Mathematica-packages, https://github.com/PerAlexandersson/
Mathematica-packages.

76


https://scipost.org
https://scipost.org/SciPostPhys.20.6.160
https://doi.org/10.48550/arXiv.1106.2484
https://github.com/PerAlexandersson/Mathematica-packages
https://github.com/PerAlexandersson/Mathematica-packages

	Introduction and summary
	Schur half-index and q-Weyl representation of ASchur
	Schur indices and the Schur algebra ASchur
	q-Weyl algebra description of ASchur for SU(N)
	Example: ASchur for SU(3) 
	Algebras, modules, and Hilbert spaces

	q-oscillator representation of ASchur
	q-oscillators for SU(N)
	The q-oscillator representation of ASchur for SU(3)
	Map from q-oscillators to ASchur
	Representation of Wilson lines for SU(3)
	Representation of Dyonic lines for SU(3)
	Construction of the hn,m operators
	Conjugation properties of the Dyonic lines
	Identification of the vacuum states

	Representation of the Wilson lines for SU(N)

	Generalized chord counting
	Review: DSSYK and chord counting
	Generalized chord rules for SU(3) line operators
	Fundamental Wilson lines
	Hilbert space interpretation
	Other representations

	SU(N) chord counting problem
	Dyonic lines and domain walls from matter chords
	Matter chords and their q-oscillator realization
	Chord rules for Dyonic lines hn,m
	Matter 2-point function and 3d N=2 domain walls


	Spectral problem for Wilson lines and the Toda chain
	Diagonalization and relativistic open Toda chain
	Limit to the classical open Toda chain

	Comments and outlook
	Generalities on supersymmetric indices
	Properties of orthogonal polynomials
	Deriving ASchur identities
	Constructing commutation relations for Ui,
	Other Dyonic lines
	Proof of the recurrence relations for hn,m 
	Proof of the Dyonic line algebraic relations
	Fusion of bulk and boundary lines

	References

