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Abstract

The increasing availability of large-scale geospatial and spatiotemporal data presents new
opportunities and challenges for statistical modeling in environmental, technological, medi-
cal, and other complex areas, which increasingly rely on massive multivariate spatiotemporal
datasets. Yet, Bayesian learning for such problems remains severely limited by computational
bottlenecks and the lack of flexible modeling tools. Modern applications require methods
that are adaptive and effective, but still computationally efficient, scalable to massive datasets,
and capable of delivering reliable automated inference with principled uncertainty quantifica-
tion and (possibly) minimal experienced human intervention. Classical Bayesian approaches,
although theoretically appealing and offering rich inferential frameworks, often become com-
putationally infeasible in data-rich environments, especially when confronted with massive
datasets or dynamic, high-dimensional dependence structures. Existing approaches often fail
to scale, leaving a gap between the theoretical richness of Bayesian inference and its practical
deployment in data-rich applications.

This thesis develops Bayesian transfer learning methodologies to address these challenges,
enabling efficient information propagation and scalable inference across large spatial and
spatiotemporal domains, providing a unified framework that merges distributional theory
for matrix-variate models with computational innovations in Bayesian predictive stacking.
Through extensive simulation experiments and data applications to global and satellite moni-
toring of vegetation indices, sea surface temperature, and land-atmospheric climate composi-
tion, the thesis also demonstrates the potential of Bayesian transfer learning to redefine spatial
and spatiotemporal multivariate modeling, providing flexible, computationally efficient solu-
tions that open the way for scalable, automated, and truly modern tools for geospatial learning
in data-rich environments.
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Chapter 1

Introduction

1.1 Overview

Geospatial artificial intelligence (GeoAI) is a rapidly evolving discipline at the intersection of
spatial data science and machine learning, aiming to leverage the analytical capabilities of
artificial intelligence to analyze massive volumes of geographic and spatiotemporal data. This
remarkable growth has been driven largely by the unprecedented explosion in the availability of
georeferenced and spatiotemporal data that the past decade has witnessed. Advances in remote
sensing, sensor networks, satellite imaging, and digital infrastructure have generated massive
and complex datasets that describe environmental processes, human mobility, epidemiological
trends, and climate dynamics. At the same time, computing power and data storage capabilities
have expanded to levels that make global-scale analyses feasible. GeoAI arises as a response
to these twin developments: the need to analyze massive geospatial data, and the opportunity
to use advanced computational methods to do so. In broad terms, GeoAI encompasses any
integration of artificial intelligence methods, such as deep learning, reinforcement learning,
or automated reasoning with geospatial data. However, in its current form, the field remains
skewed toward machine learning approaches that emphasize predictive accuracy at the expense
of probabilistic inference, uncertainty quantification, and interpretability.

This imbalance creates a unique role for statisticians. While still an emerging research
frontier, GeoAI craves the inferential zeal of statistical theory, presenting fertile ground to
design data-analytic tools that preserve the rigor of probabilistic models while remaining
scalable to modern data sizes. Statistical science is built on modeling uncertainty, assessing
evidence, and making predictions that explicitly account for randomness. The challenge lies
in balancing the inferential richness of hierarchical statistical models with the computational
demands of high-dimensional spatial and spatiotemporal datasets. For GeoAI to become a
mature scientific discipline, it must integrate these principles into its methodological core.
Otherwise, it risks becoming a collection of ad hoc predictive tools that are powerful but
unclear, accurate but breakable, and scalable but inconsistent in the presence of uncertainty.

The central motivation of this thesis is to explore how formal statistical inference, partic-
ularly Bayesian transfer learning, can be reconciled with the demands of massive spatial and
spatiotemporal data. The methodological challenge is substantial: traditional spatial statisti-
cal methods are too computationally intensive for modern data, while most machine learning
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methods ignore uncertainty quantification. Bridging this gap is not only of intellectual inter-
est but also practically necessary, as applications such as disease surveillance, environmental
monitoring, and disaster management demand both scalability and reliability.

The study of spatial and spatiotemporal random fields is deeply rooted in probability theory
and statistics. Traditional spatial and spatiotemporal modeling relies heavily on Gaussian
processes (gps), as developed in foundational works (Cressie, 1993; Stein, 1999; Gelfand et al.,
2010; Cressie and Wikle, 2011; Banerjee et al., 2015). The related covariance-based models
and hierarchical formulations (Banerjee et al., 2015) provide flexible representations and allow
formal probabilistic inference within both classical and Bayesian paradigms. These models
provide a principled way to represent spatial correlation, interpolate values at unobserved
locations while enabling full inference. All unknowns, including parameters, latent effects,
and predictive random variables, are estimated: uncertainty is propagated to predictions.

In the Bayesian hierarchical modeling framework (Gelfand et al., 2010; Banerjee et al.,
2015), spatial inference typically follows a rigorous structure [𝑑𝑎𝑡𝑎 | 𝑝𝑟𝑜𝑐𝑒𝑠𝑠] × [𝑝𝑟𝑜𝑐𝑒𝑠𝑠 |
𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠] × [𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠]. The data model links observed data to latent processes and
parameters. Modeling complex dependencies is the purpose of the process model (often
specified as a Gaussian process or conditional autoregressive structure), while the parameter
model assigns prior distributions to hyperparameters (such as variance, range, or smoothness).
This three-level hierarchy enables joint posterior inference on all unknowns, allowing for full
uncertainty quantification. Importantly, it also provides flexibility: one can accommodate ir-
regularly spaced data, complex boundaries, or heterogeneous measurement error. Dynamic
linear models (dlms) and their multivariate and spatiotemporal extensions (dstms) (West and
Harrison, 1997; Cressie and Wikle, 2011; Schmidt and Lopes, 2019; Wikle et al., 2019) have
become a cornerstone of modern spatial and spatiotemporal modeling. They offer a flexible
state-space modeling framework for capturing evolving temporal dependencies while accom-
modating spatial variation. Dynamic linear models make use of observational equations to
link data to latent states, while specifying system equations to regulate latent states’ evolu-
tion. Their computational appeal stems from the Forward Filtering Backward Sampling (ffbs)
algorithm (Carter and Kohn, 1994), which leverages conjugate structures for efficient sequen-
tial updating and smoothing, making it possible to perform sequential updating of posterior
distributions. This is particularly attractive for online inference and forecasting. The literature
offers a comprehensive discussion on spatiotemporal applications of dlms (see e.g. Nobre et al.,
2005; Gamerman et al., 2008; Mahmoudian and Mohammadzadeh, 2014; Hefley et al., 2017, for
an overview).

In hierarchical models, inference proceeds from spatial or spatiotemporal processes that
scale massive data sets. However, the covariance structures associated with those stochastic
processes become rapidly computationally prohibitive. This happens since moderately large-
scale problems, particularly when data are irregularly distributed in space or collected at high
temporal frequency. Markov Chain Monte Carlo (mcmc) or related iterative algorithms, while
theoretically appealing, are often infeasible in practice for massive datasets. Indeed, Gaussian
process models suffer from well-known computational challenges. The associated covariance
matrix for 𝑛 spatial locations is of size 𝑛 × 𝑛, and likelihood evaluation (which needs matrix
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inversion) requires 𝒪(𝑛3) operations, due to the Cholesky decomposition algorithm. This is
denoted in the literature as the “big-n” problem. Moreover, many spatial covariance parameters,
especially spatial variance and range parameter (controlling correlation decay), are weakly
identifiable (Zhang, 2004). This makes posterior sampling slow and unstable, particularly in
high dimensions. Spatiotemporal modeling compounds the challenges of spatial statistics by
introducing temporal dependence. These challenges are especially acute in spatiotemporal
modeling, where the dimensionality grows rapidly as both spatial and temporal dependencies
must be represented.

The need for scalable inference has motivated a vast literature on approximations for large-
scale spatial and spatiotemporal problems. Even a cursory review reveals a significant literature
on methods for massive spatial and spatiotemporal datasets, which is too vast to be summarized
here (see, e.g., Banerjee, 2017; Heaton et al., 2017). To address these limitations, we can
discern that the literature has pursued two broad strategies for scalability: approximation
methods, whose aim is to reduce computational cost by “simplifying” the covariance structure
or likelihood; and distribution-theoretic methodologies, which leverage conjugate distributions
to derive exact analytical results where possible (see e.g., Banerjee, 2017, 2020).

Examples of approximation approaches range from reduced-rank or subsets of regression
approaches (see, e.g., Quiñonero-Candela and Rasmussen, 2005; Sansó et al., 2008; Cressie and
Johannesson, 2008; Banerjee et al., 2008; Lemos et al., 2009; Wikle, 2010), spectral decomposition
or multi-resolution approaches (Mezić, 2005; Nychka et al., 2015; Katzfuss, 2017; Zhang et al.,
2024a), warped processes (King and Kowal, 2021), variational methods (Ren et al., 2011; Wu
et al., 2022), stochastic partial differential equation (spde) approaches (Rue et al., 2009; Wikle and
Hooten, 2010; Lindgren et al., 2011; Rue et al., 2017), and sparse approximation or graph-based
models (Vecchia, 1988; Datta et al., 2016; Katzfuss and Guinness, 2021; Dey et al., 2022; Sauer
et al., 2023). Despite several advances, difficulties remain. Full inference typically requires
Markov chain Monte Carlo (Finley et al., 2019), variational approximations (Ren et al., 2011; Wu
et al., 2022; Cao et al., 2023), expectation-maximization (em) algorithms (Xu and Wikle, 2007),
and a significant body of literature focuses on Gaussian Markov random field approximations
(Rue et al., 2009; Lindgren et al., 2011) in conjunction with integrated nested Laplace approxi-
mations (inla) for computing the marginal distributions of the process at given locations. All
of which become rapidly computationally infeasible as data volumes scale. Moreover, model
selection, parameter initialization, and convergence assessment demand extensive human ex-
pertise. This makes such models ill-suited for the automated, real-time analysis envisioned
in GeoAI. On top of that, in dynamic contexts, data arrive sequentially in time and are often
high-dimensional in space, creating the need for dynamic models that can update quickly as
new data arrive. Therefore, while effective, these methods often introduce bias and require
careful tuning.

The distribution-theory class of methods has been less common but offers unique advan-
tages: it avoids iterative computation, reduces over-parameterization, and allows direct infer-
ence conditional on fixed hyperparameters. Recent contributions have sought to integrate sta-
tistical distribution theory with scalable machine learning methods, thereby reducing compu-
tational burdens while retaining essential inferential capabilities (Zammit-Mangion et al., 2022;
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Zhang et al., 2024b; Presicce and Banerjee, 2024; Pan et al., 2025). Within distribution-theoretic
approaches, extensions to spatial and multivariate contexts have been widely developed. A
promising direction for scaling spatial and spatiotemporal analyses is the use of matrix-variate
distributions (Quintana and West, 1987; West and Harrison, 1997; Banerjee, 2017, 2020; Schmidt
and Lopes, 2019), which exploit separable spatial and temporal structures to reduce complexity
and simplify inference. This allows the simultaneous modeling of multiple separable spatial
fields, with modern context applications (e.g., Jiménez and Pereira, 2021; Banerjee et al., 2025).
However, the reduction of complexity is not just computational but methodological: these
approaches are limited to modeling data that exhibit separable structures.

The key observation is that spatial and spatiotemporal inference, in its classical form, is
both rich and fragile: rich because it provides deep probabilistic insight, fragile because it
collapses under modern data sizes. The methods mentioned above focus on the richness of
statistical inference, but almost invariably involve a significant amount of human intervention
to analyze spatial data: nontrivial implementation choices, parameter tuning, and diagnostic
checks. This is precisely the kinds of human intervention that limit automation. Even the
simplest geostatistical data require exploratory data analysis to learn about aspects of the
underlying process that are weakly identified by the data (Zhang, 2004; Tang et al., 2021).
Nonetheless, spatiotemporal models are often over-parameterized (Wikle and Hooten, 2010),
especially in high-dimensional multivariate settings. Building a GeoAI system, on the other
hand, will require minimizing human intervention in offering a robust framework for spatial
data analysis.

This presents enough challenges that preclude a comprehensive solution in its entirety
within the scope of a single dissertation. Nevertheless, we devise spatial and spatiotempo-
ral data analytic frameworks that hold significant promise for GeoAI. The premise of this
approaches relies upon two basic tenets: (i) model-based statistical inference for underlying
spatial or spatiotemporal processes (including multivariate processes) in a robust and largely
automated manner with minimal human input; and (ii) achieving such inference for truly
massive amounts of data without resorting to iterative algorithms that may require significant
human intervention to diagnose convergence (such as in mcmc).

Bayesian transfer learning plays a fundamental role as a possible tool for both mitigating
the impact of modern data sizes and weakly identifiable parameters. The literature presents
many possible definitions of transfer learning, especially when working with the Bayesian
paradigm (see Suder et al., 2023, for a comprehensive review). Bayesian transfer learning can
support either sharing complex dependency structures in complex models or the development
of scalable spatial and spatiotemporal GeoAI systems. Actually, it provides solutions to a major
obstacle that remains: how to combine inference across data partitions or over time in a way
that preserves predictive validity while remaining computationally efficient.

In the wide Bayesian transfer learning field, a promising solution lies in Bayesian predic-
tive synthesis (McAlinn and West, 2019; McAlinn et al., 2020). It generalizes the well-known
concept of stacking coming from data-driven machine learning and statistical learning litera-
ture. Originally developed in the context of ensemble learning (Wolpert, 1992; Breiman, 1996),
stacking combines multiple predictive models by weighting them to minimize suitable predic-
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tive metrics. Bayesian predictive synthesis combines posterior distributions directly operating
within hierarchical model frameworks. Notwithstanding the multiple methodological inno-
vations introduced by Bayesian predictive synthesis (see e.g, Tallman and West, 2023; Cabel
et al., 2025), its rich and flexible formulation typically relies on mcmc algorithms for posterior
inference. As a consequence, these advances incur substantial computational costs, particularly
in high-dimensional or large-scale settings. More generally, providing full Bayesian inference
over all unknowns often proves prohibitively expensive to develop scalable, large-scale spatial
and spatiotemporal models. Bayesian predictive stacking (bps), as a particular case of Bayesian
predictive synthesis (see Discussion in Yao et al., 2018), offers an alternative. It provides a
principled way to assimilate predictive distributions by weighting multiple predictive models
to minimize Kullback-Leibler divergence from the true predictive distribution, ascribable as a
convex optimization problem. As Bayesian predictive synthesis, bps operates directly on pos-
terior predictive distributions, ensuring probabilistic rigor, but without the necessity of either
simulation-based or iterative algorithms. Therefore, Bayesian predictive stacking presents a
principled approach to perform distributed inference without compromising Bayesian coher-
ence.

Examples of use of bps in spatial analyses can be combined inference across data partitions:
each subset yields a posterior predictive distribution, and stacking weights are chosen to max-
imize predictive performance (see, e.g., Zhang et al., 2024b; Presicce and Banerjee, 2024; Pan
et al., 2025). In the spatiotemporal context, with small expedients, predictive stacking can be
made dynamic: at each time step, predictive distributions are generated, and stacking weights
evolve sequentially. This allows predictions to adapt over time while respecting the temporal
structure of the data. The philosophy here is distinct from either traditional likelihood-based
inference or simulative and iterative algorithms. Rather than insisting on recovering a “true”
model or all the unknown parameters, Bayesian predictive stacking explicitly acknowledges
model misspecification and focuses on optimizing predictive validity. When combined with
distribution-theoretic modeling strategies, such as conjugate formulations with fixed hyperpa-
rameters, this approach enables efficient construction and aggregation of possibly misspecified
yet tractable models. This is especially appropriate in high-dimensional geospatial settings,
where no individual model can be expected to be correct, but where accurate and scalable
predictions are of primary practical importance.

This thesis develops a unified framework for scalable spatial and spatiotemporal infer-
ence that is both probabilistically grounded and computationally feasible at unprecedented
data scales. The main contributions lie in the development of Bayesian transfer learning ap-
proaches for spatial and spatiotemporal large-scale problems. For large-scale spatial problems,
in Chapter 2, Bayesian inference is transferred across data partitions and aggregated via a
double Bayesian predictive stacking (dbps) procedure, enabling efficient posterior propagation
in massive spatial datasets. For large-scale spatiotemporal problems, in Chapter 3, predictive
posterior inference under matrix-variate dlms is integrated over time in a proposal for informa-
tion propagation, which relies on two major developments: first, we establish a fully conjugate
predictive framework for sequential inference by using variational approximations; second, we
introduce Dynamic Bayesian Predictive Stacking (dynbps) for spatiotemporal processes. All
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this defines a novel predictive-synthesis mechanism that transfers information over time by
extending Bayesian predictive stacking with a Markovian structure and dynamically evolving
weights.

The research undertaken here advances the methodological foundations of statistical learn-
ing based GeoAI by developing distribution-theoretic frameworks for scalable spatial and
spatiotemporal inference. Together, these contributions aim to reconcile the rigor of hierar-
chical statistical modeling with the scalability and automation required for modern GeoAI
applications. By minimizing human intervention, exploiting analytical distribution theory,
and leveraging Bayesian predictive stacking, the proposed Bayesian transfer learning frame-
works pave the way for robust, adaptive, and automated analysis of massive geospatial and
spatiotemporal datasets. In this same framework, temporal prediction, spatial interpolation,
and uncertainty quantification are delivered without reliance on mcmc or other computationally
intensive algorithms.

In the sections that follow, we develop the theoretical apparatus that forms the backbone of
this thesis. We then position the specific contributions, highlighting how they extend existing
paradigms and address the challenges outlined in the introduction.

1.2 Matrix-variate Distributions

In this dissertation, we made large use of closed-form distribution theory. By adopting matrix-
Gaussian likelihood and Matrix-Gaussian-Inverse-Wishart distribution family as prior distribu-
tion in spatial and spatiotemporal models, we capture separable structures while avoiding the
over-parameterization typical of multivariate modeling frameworks. To this end, we dedicate
some points to useful content which may help the reader better understand model formulations,
parametrizations, and some of the main results achieved later on.

Matrix-variate distributions extend classical multivariate probability distributions to a class
of distributions defined on matrix-valued random variables rather than vector-valued ones
(see Gupta and Nagar, 2000, for comprehensive details). However, vectorizing matrices,
as is standard in multivariate modeling, generally inflates covariance dimension and leads
to costly computations. Matrix-variate distributions, such as the matrix-Gaussian, imply a
separable covariance structure between rows and columns, enabling parsimonious modeling
parametrizations and efficient algebra. However, separability also introduces limitations of the
method. Indeed, all outcomes are forced to respect the same row-covariance structure. De-
spite restrictions, working with separable structures is especially advantageous for spatial and
spatiotemporal processes, longitudinal data, image analysis, and Bayesian hierarchical models,
where dependence often arises within both rows and columns.

We adopt the following notation: let 𝑍 ∈ R𝑚×𝑘 denote a random matrix with 𝑚 rows and
𝑘 columns. For matrices 𝐴, 𝐵, the Kronecker product is written 𝐴 ⊗ 𝐵, and vec(𝑋) denotes the
column-wise vectorization of 𝑍. The Frobenius norm is denoted ∥𝑍∥𝐹 = tr(𝑍T𝑍) 1

2 . We now
introduce three fundamental matrix-variate distributions that play a central role in Bayesian
statistics and spatiotemporal modeling: the matrix-Gaussian distribution, the inverse Wishart
distribution, and the matrix-variate Student’s 𝑡-distribution.
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1.2.1 Matrix Gaussian distribution

The matrix-Gaussian distribution (also called the matrix normal distribution) generalizes the
multivariate Gaussian distribution to random matrices. Let 𝑀 ∈ R𝑚×𝑘 be a mean matrix,
𝑉 ∈ R𝑚×𝑚 a positive-definite row covariance matrix, and 𝑈 ∈ R𝑘×𝑘 a positive-definite col-
umn covariance matrix. A random matrix 𝑍 ∈ R𝑚×𝑘 is endowed with a probability law
from the matrix-normal distribution, denoted 𝑍 ∼ MN𝑚,𝑘(𝑀,𝑉,𝑈), if and only if vec(𝑍) ∼
N𝑚𝑘

(
vec(𝑀), 𝑈 ⊗ 𝑉

)
. Hence, between matrix-variate and multivariate Gaussian distribu-

tions, there is a strict link, as the latter can be equivalently written as the vectorization of the
former. The density of a matrix-Gaussian with respect to the Lebesgue measure on R𝑚×𝑘 is

𝑝(𝑍 | 𝑀,𝑉,𝑈) =
exp

[
− 1

2 tr
{
𝑈−1(𝑍 −𝑀)T𝑉−1(𝑍 −𝑀)

}]
(2𝜋)𝑚𝑘2 | 𝑈 |𝑚2 | 𝑉 | 𝑘2

. (1.1)

Matrix-Gaussian distributions possess several desirable properties; here, we present only those
relevant to our interest, as a comprehensive treatment is beyond the scope of this Section.

Matrix normal random matrices must obey the marginalization property. The marginaliza-
tion property of the matrix normal distribution states that, given two ordered subsets of rows
and columns 𝐼 ⊂ {1, . . . , 𝑚} and 𝐽 ⊂ {1, . . . , 𝑘}, the corresponding subset matrix identified by 𝐼
and 𝐽 is also matrix normal distributed as 𝑍𝐼 ,𝐽 ∼ MN(𝑀𝐼 ,𝐽 , 𝑉𝐼 ,𝐼 , 𝑈𝐽 ,𝐽). It actually implies that: (i)
each row 𝑖 ∈ {1, . . . , 𝑛} of𝑍, i.e., 𝑍𝑖 ,·, follows𝑍𝑖 ,· ∼ N(𝑀𝑖 ,· , 𝑣𝑖 ,𝑖×𝑈) (where 𝑣𝑖 ,𝑖 is the 𝑖-th element
of 𝑉’s diagonal); (ii) each column 𝑗 ∈ {1, . . . , 𝑘} of 𝑍, i.e., 𝑍·, 𝑗 , follows 𝑍·, 𝑗 ∼ N(𝑀·, 𝑗 , 𝑢𝑗 , 𝑗 × 𝑉)
(where 𝑢𝑗 , 𝑗 is the 𝑗-th element of 𝑈’s diagonal); and (iii) each entry 𝑖 , 𝑗, s.t. 𝑖 ∈ {1, . . . , 𝑛} and
𝑗 ∈ {1, . . . , 𝑘} of 𝑍, i.e., 𝑧𝑖 , 𝑗 , follows 𝑧𝑖 , 𝑗 ∼ N(𝑀𝑖 , 𝑗 , 𝑣𝑖 ,𝑖 × 𝑢𝑗 , 𝑗).

The transpose transformation of a matrix normal random variable 𝑍, i.e., 𝑍T, retain the same
distribution, but with transpose mean matrix with the row and column covariance matrices
swapped, such that 𝑍T ∼ MN𝑘,𝑚(𝑀T , 𝑈, 𝑉).

The matrix-Gaussian family still possesses the property of linearity. Let D (𝑟 ×𝑚) be of full
rank matrix (𝑟 ≤ 𝑚), and C (𝑘×𝑠) be also of full rank 𝑠 ≤ 𝑝, if we pre-multiply, and post-multiply
𝑍 by 𝐷, and 𝐶 respectively, we obtain that: 𝐷𝑍𝐶 ∼ MN𝑟,𝑠(𝐷𝑀𝐶, 𝐷𝑉𝐷T , 𝐶T𝑉𝐶).

Lastly, we conclude by noticing that the Kronecker covariance structure of the matrix-
Gaussian distribution reduces the number of covariance parameters from 𝒪

(
(𝑚𝑘)2

)
to 𝒪(𝑚2 +

𝑘2), which may result in big computational advantages. Furthermore, we highlight that the
inverse of a Kronecker product is the Kronecker product of the inverses. This implies that the
covariance matrix inversion can be attained by inverting two smaller matrices, with substantial
computational advantages.

Matrix-Gaussians are natural for modeling multivariate spatial data or spatiotemporal data,
where𝑚 indexes spatial locations and 𝑘 may index either different dependent variables or time
points (or vice versa).

1.2.2 Inverse Wishart distribution

The inverse Wishart distribution is the inverse of a Wishart distribution, which is the matrix-
valued generalization of the Gamma distribution. The inverse Wishart often serves as a conju-
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gate prior for covariance matrices in multivariate Gaussian models, and it is largely employed
in Bayesian statistics, especially in Bayesian hierarchical modeling.

Let 𝑆 ∈ R𝑘×𝑘 be a positive-definite scale matrix and 𝜈 > 𝑘 − 1 a positive scalar representing
the degrees of freedom. A random positive-definite matrixΣ ∈ R𝑘×𝑘 follows an inverse Wishart
distribution, denoted Σ ∼ IW𝑝(𝜈, 𝑆), if and only if its density is

𝑝(Σ | 𝜈, 𝑆) = |𝑆|𝜈/2

2𝜈𝑘/2 Γ𝑘
(
𝜈
2
) |Σ|−(𝜈+𝑘+1)/2 exp

{
−1

2 tr(𝑆Σ−1)
}
, (1.2)

where Γ𝑘(·) is the multivariate gamma function. Its expected value is E[Σ] = 𝑆/(𝜈 − 𝑘 − 1), only
defined for 𝜈 > 𝑘 + 1. Another useful property inherited from the Gamma distribution is the
following: if Σ ∼ IW𝑘(𝜈, 𝑆), then Σ−1 ∼ W𝑘(𝜈, 𝑆−1), where W𝑘 denotes the Wishart distribution
of dimension 𝑘.

As mentioned before, the inverse Wishart is conjugate for the covariance matrix with respect
to both the multivariate and the matrix normal likelihood. In the matrix-Gaussian setting, the
Inverse Wishart is conjugate for both the column-covariance matrix and the row-covariance
matrix. However, for the purposes of the present contributions, we will focus exclusively on
the column-covariance conjugacy, since this is the only conjugacy that we actually require.

1.2.3 Matrix Student’s 𝑡 distribution

The matrix-variate Student’s 𝑡 distribution extends the multivariate 𝑡-distribution to random
matrices, combining heavy tails and robustness to outliers with matrix-structured covariance.
In Bayesian multivariate regression, based on matrix normal distribution with unknown col-
umn covariance matrix, matrix-variate Student’s 𝑡 distributions typically play a twofold funda-
mental role: (i) as posterior predictive distribution; and (ii) as prior predictive, contributing to
model evidence derivation.

Let 𝑀 ∈ R𝑚×𝑘 be a location matrix,𝑉 ∈ R𝑚×𝑚 and𝑈 ∈ R𝑘×𝑘 positive-definite scale matrices,
and 𝜈 > 0 a scalar representing the degrees of freedom. A random matrix 𝑌 ∈ R𝑚×𝑘 follows a
matrix-variate Student’s 𝑡 distribution, denoted 𝑌 ∼ T𝑚,𝑘(𝜈, 𝑀,𝑈,𝑉). The probability density
function is

𝑝(𝑌 | 𝜈, 𝑀,𝑉,𝑈) =
Γ𝑘

(
𝜈+𝑚+𝑘−1

2
)

(𝜋)𝑚𝑘2 Γ𝑘
(
𝜈+𝑘−1

2
) |Ω|−𝑚

2 |Σ|− 𝑘
2 ×

��I𝑚 + Σ−1(𝑋 −𝑀)Ω−1(𝑋 −𝑀)T
��− 𝜈+𝑚+𝑘−1

2 .

(1.3)
The matrix 𝑡 distribution has comparable properties to those of the matrix normal distribution.
It shares the same relationship with the multivariate 𝑡 distribution that the matrix normal
distribution shares with the multivariate normal distribution. If the matrix has only one row, or
only one column, the distributions become equivalent to the corresponding vector distribution,
then marginals and conditionals retain 𝑡 distributional structure.

The transpose transformation of a matrix Student’s 𝑡 random variable 𝑍, i.e., 𝑍T, retain the
same distribution, but with transpose location matrix, and swapped scale matrices, such that
𝑍T ∼ T𝑘,𝑚(𝜈, 𝑀T , 𝑈, 𝑉). In addition, the matrix 𝑡 family possesses the linearity property:
letting D (𝑟 × 𝑚) be of full rank matrix (𝑟 ≤ 𝑚), and C (𝑘 × 𝑠) be also of full rank 𝑠 ≤ 𝑝, then



1.2. MATRIX-VARIATE DISTRIBUTIONS 9

if we pre-multiply, and post-multiply 𝑍 by 𝐷, and 𝐶 respectively, we obtain that: 𝐷𝑍𝐶 ∼
T𝑟,𝑠(𝜈, 𝐷𝑀𝐶, 𝐷𝑉𝐷T , 𝐶T𝑉𝐶).

The matrix 𝑡 distribution is heavy-tailed compared to the matrix normal, providing en-
hanced robustness to outliers and model misspecification; but its law converges in-distribution
to the matrix-Gaussian as 𝜈 → ∞. Similar to how a one-dimensional t-distribution approaches
a normal distribution with increasing degrees of freedom. Intuitively, the matrix 𝑡 distribution
can be viewed as a compound distribution formed by an infinite scale-mixture of matrix normal
distributions, where the mixing distribution is an inverse-Wishart over the scale (covariance)
matrices. As the parameters of this mixture are adjusted (specifically, as degrees of freedom
increase), the distribution leans towards the simpler matrix normal form.

The matrix 𝑡-distribution is used in robust multivariate and spatiotemporal modeling,
especially in applications subject to anomalous observations (e.g., climate extremes, financial
returns). It naturally arises in Bayesian inference when integrating over an inverse Wishart
prior for covariance in a Gaussian model.

1.2.4 Matrix Normal Regression Model

Matrix-Gaussian models provide a natural and flexible framework for multivariate spatial and
spatiotemporal regression, allowing multiple dependent variables or temporal replicates to
be modeled jointly while preserving a parsimonious covariance structure. We introduce a
conjugate matrix normal regression model that will serve as a foundational building block
throughout the thesis. The key feature of this formulation is the availability of closed-form
Bayesian inference for both matrix-valued regression coefficients and covariance parameters,
achieved through carefully chosen conjugate priors.

Let us consider the following matrix-normal regression model

𝑌 | 𝐵,Σ ∼ MN𝑚,𝑘(𝑋𝐵, I𝑚 , Σ), (1.4)

where 𝑌 ∈ R𝑚×𝑘 is the observed response matrix, and 𝑋 ∈ R𝑚×𝑝 is the known design matrix.
𝐵 ∈ R𝑝×𝑘 are the matrix-valued regression coefficients, Σ ∈ R𝑘×𝑘 is the column (response)
covariance matrix, and the rows of 𝑌 are assumed to be independent (row covariance structure
is known, and defined as I𝑚). It is worth recalling that the model in (1.4), can be equivalently
written as vec(𝑌) | vec(𝐵),Σ ∼ N𝑚𝑘(vec(𝑋𝐵), Σ⊗I𝑚), which highlights the separable covariance
structure implied by the matrix normal distribution.

Assigning an inverse-Wishart prior distribution to Σ, then the posterior distribution of Σ
conditional on response 𝑌 still belongs to the inverse Wishart family. As a matter of fact, a
convenient conjugate joint prior for (𝐵,Σ) in the matrix-normal regression model (1.4) is the
Matrix-Normal Inverse Wishart (mniw) prior, defined hierarchically with conditional depen-
dence structure among 𝐵,Σ. It can be equivalent to explicit mniw as a whole of the product
between a conditional matrix normal and an inverse Wishart distribution. Then, assuming
𝐵 | Σ ∼ MN𝑝,𝑘(𝑀0 , 𝑉0 , Σ), and Σ ∼ IW𝑘(𝜈0 , 𝑆0), it holds the following equivalence relation:

MN𝑝,𝑘(𝑀0 , 𝑉0 , Σ) × IW𝑘(𝜈0 , 𝑆0) = MNIW(𝑀0 , 𝑉0 , 𝑆0 , 𝜈0), (1.5)
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where 𝑀0 ∈ R𝑝×𝑘 is the prior mean for 𝐵, 𝑉0 ∈ R𝑝×𝑝 is a positive-definite row-scale matrix
(covariance among rows of 𝐵), while 𝜈0 , 𝑆0 are the inverse-Wishart hyperparameters.

Under the Matrix-normal inverse Wishart prior in Equation (1.5), and the likelihood in
Equation (1.4), the posterior is again a mniw, s.t. 𝑝(𝐵,Σ | 𝑌) ∼ MNIW(𝑀𝑚 , 𝑉𝑚 , 𝑆𝑚 , 𝜈𝑚), with
the given closed-form posterior updates: 𝑀𝑚 = 𝑉𝑚(𝑋TI−1

𝑚 𝑌 +𝑉−1
0 𝑀0), 𝑉𝑚 = (𝑋TI−1

𝑚 𝑋 +𝑉−1
0 )−1,

𝑆𝑚 = 𝑆0 + 𝑌TI−1
𝑚 𝑌 +𝑀T

0𝑉
−1
0 𝑀0 −𝑀T

𝑚𝑉
−1
𝑚 𝑀𝑚 , and 𝜈𝑚 = 𝜈0 + 𝑚. Thus, the marginal posteriors

may also be written as 𝐵 | Σ, 𝑌 ∼ MN𝑝,𝑘(𝑀𝑚 , 𝑉𝑚 ,Σ), and Σ | 𝑌 ∼ IW𝑘(𝜈𝑚 , 𝑆𝑚).
The Matrix-Gaussian-inverse-Wishart prior is ubiquitous in Bayesian multivariate analysis

and hierarchical modeling, appearing in multivariate regression, multivariate time series analy-
sis, spatiotemporal hierarchical models, and, more generally, in high-dimensional multivariate
settings. Its appeal lies not only in mathematical convenience but also in its ability to deliver
exact Bayesian updates, closed-form marginal likelihoods, and computationally efficient in-
ference without resorting to iterative simulation-based methods. Under suitable conditions,
multivariate spatial regression models equipped with such conjugate structures admit closed-
form posterior predictive distributions for both the latent spatial process and the observed
outcomes, which take the form of a matrix Student’s 𝑡 distribution (see Presicce and Banerjee,
2024, for derivation). These properties are particularly valuable in high-dimensional spatial
and spatiotemporal contexts, where scalability and analytical tractability are essential.

1.3 Dynamic Linear Models

Many approaches have emerged in the spatiotemporal modeling literature, bringing together
concepts from statistical modeling, physics, signal processing, and engineering. Starting from
population dynamics modeling (Czaran and Bartha, 1992), passing to ecological models (Chen
et al., 2011), most of the contributions consider dynamical system theory as a basis. More recent
works also integrate modern machine learning procedures within statistical frameworks (e.g.
Ivanovic and Pavone, 2019; Zammit-Mangion and Wikle, 2020). Nevertheless, many successful
methods rely upon dynamic linear models (dlms).

Dynamic linear modeling bases its roots on dynamical systems theory. In particular, Dy-
namic linear models (dlms) corresponds to a first-order affine discrete dynamical systems
(Sandefur, 1990), which provide an adequate framework for modeling Markovian dependence
structures. Since their first appearance, dynamic linear models have offered a versatile ap-
proach to analyzing time series. They model observations as functions of both time-varying
parameters and underlying state processes (West and Harrison, 1997). These models are par-
ticularly effective for capturing temporal dependencies and accommodating structural changes
in the data over time. Dynamic linear models, as state-space models, envelop in their simple
structure many modeling frameworks (such as Ali, 1979), with a broad range of applications
(e.g. Nobre et al., 2005; Gamerman et al., 2008; Pherwani et al., 2024; Idjigbèrou et al., 2025).

The dlm framework also naturally extends to spatiotemporal data (Cressie and Wikle, 2011;
Schmidt and Lopes, 2019), which can handle observations at continuously varying locations
across a region of interest, with spatial interpolation as a primary focus. This class is denoted
in literature as dynamic spatiotemporal models (dstms) (details can be found in Cressie and
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Wikle, 2011, Chapter 7). In this section, we introduce the dlms and the accommodating slice
of literature that serves later on, starting from matrix formulation. Besides, a comprehensive
discussion on dstm is beyond the scope of this Section.

1.3.1 Matrix-variate dlm

Matrix-variate dynamic linear models were introduced decades ago (see Quintana and West,
1987), but recently modern perspectives have attracted renewed interest, with the same velocity
of multidimensional data availability (Schmidt and Lopes, 2019). Setting up matrix-variate dlm
may not have univocal solutions. As seen in Section 1.2.1, random matrices endowed with the
Gaussian law can be equivalently written either as matrix normal or as a multivariate normal
distribution. Similarly to what happens for multivariate linear models, even for dlms, the
customary choice falls on matrix vectorization and the use of the multivariate Gaussian distri-
bution. This led to dimension explosions, especially for the covariance matrix, not to mention
the overparameterization for the consequent model. Conversely, we focus and introduce the
reader to the matrix formulation of dlms, using matrix normal distributions instead.

Let us consider the temporal dependent variables 𝑌𝑡 , such that each entry 𝑌
(𝑡)
𝑖 , 𝑗

, for 𝑖 ∈
{1, . . . , 𝑛}, 𝑗 ∈ {1, . . . , 𝑞}, and 𝑡 ∈ 𝒯 , is the observed value at a specific location 𝑖, for the
variable 𝑗, at time 𝑡. The set of 𝒯 observation𝑌 = {𝑌𝑡}𝑡=1,...,𝒯 is thought as a (𝑛× 𝑞) matrix time
series, where each 𝑌𝑡 correspond to a matrix observation at discrete time points 𝑡 ∈ 𝒯 ⊂ N.
Then, our observational sample 𝑌 will take the form of a (𝑛 × 𝑞 × 𝑇) three-dimensional tensor.
By convention, we define 𝒟𝑡 either as the information set or dataset available at time 𝑡, which
includes the current observation 𝑌𝑡 , any covariates observed at 𝑡, and all the relevant past
information 𝒟𝑡−1 (due to Markovian dependence structure). For the sake of completion, we
introduce 𝒟0 ⊂ 𝒟1 as the prior information, while 𝒟1 represent the first observed dataset.

A dynamic linear model for matrix time series decomposes each observation matrix 𝑌𝑡 into
two time-dependent elements: a trend component, 𝐹𝑡Θ𝑡 , and an error component, Υ𝑡 , which
follows a matrix-variate normal distribution with row covariance 𝑉𝑡 and column covariance
Σ. The (latent) (𝑝 × 𝑞) matrix Θ𝑡 , known as the “state” matrix at time 𝑡, evolves over time
following a transition equation only depending on the previous state matrix Θ𝑡−1. Specifically,
we formulate a matrix-variate dlm by the following set of equations:

𝑌𝑡 = 𝐹𝑡Θ𝑡 + Υ𝑡 , Υ𝑡 ∼ MN(0, 𝑉𝑡 ,Σ)
Θ𝑡 = 𝐺𝑡Θ𝑡−1 + Ξ𝑡 , Ξ𝑡 ∼ MN(0,𝑊𝑡 ,Σ),

(1.6)

Where 0 denotes a matrix of zeros, Θ𝑡 is the (𝑝 × 𝑞) state matrix at time 𝑡, and Υ𝑡 and Ξ𝑡 are
zero-mean matrix-Gaussian error matrices with row and column covariances as specified in
Equation (1.6). Here, 𝐹𝑡 is a (𝑛 × 𝑝) matrix of covariates, 𝐺𝑡 is a 𝑝 × 𝑝 evolution matrix, and
𝑊𝑡 is a (𝑝 × 𝑝) row covariance matrix defining the dependence structure across the rows of
Θ𝑡 . Equations (1.6) are commonly called the “observation” and “state” equations. The model
(1.6), assumes Σ, i.e., the column-covariance matrix, to be shared between Υ𝑡 and Ξ𝑡 across
time. It is also assumed that Υ𝑡 and Ξ𝑡 are mutually independent, and independent from Θ0 ,Σ.
Additionally, given Θ𝑡 , the variable 𝑌𝑡 is conditionally independent from past observations.
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A dlm is fully characterized by the quadruple {𝐹𝑡 , 𝐺𝑡 , 𝑉𝑡 ,𝑊𝑡}. If we assume that 𝑉𝑡 = 𝑉

and 𝑊𝑡 = 𝑊 for all 𝑡 ∈ 𝒯 , the model is referred to as the constant model. This type includes
the local level and local trend models, the trigonometric seasonal model, and the time-varying
parameter auto-regressive model. Often, the matrices in the quadruple can be decomposed
into block-diagonal forms to represent conditional independence assumptions. The Markovian
structure of Θ𝑡 , paired with Gaussian assumptions, facilitates efficient inference and prediction
through Kalman filtering. Consequently, dlms are particularly well-suited for online learning
applications, enabling real-time updates to estimates as new data is observed. Sequential
updating, forecasting, and retrospective smoothing naturally follow from derivations presented
in West and Harrison (1997); Schmidt and Lopes (2019) for univariate and multivariate models.

Bayesian inference for dynamic linear models, as well as dynamic spatiotemporal sub-
classes, typically happens using the Forward Filtering Backward Sampling (ffbs) algorithm
(Carter and Kohn, 1994). This algorithm allows conjugate updates within a well-defined
Gibbs sampler. We now present its adaptation using matrix-variate distributions presented
in Section 1.2. The ffbs algorithm begins by “forward filtering”, which serves to propagate
information across time. It pushes the information forward, sequentially as available, from the
(first) previous state to the (last) consecutive one. This defines recursive distributions, starting
from the filtered prior, and the one-step ahead predictive, depicted as:

Θ𝑡 | 𝒟𝑡−1 ,Σ ∼ MN(𝐴𝑡 , 𝑅𝑡 ,Σ) (1.7)

𝑌𝑡 | 𝒟𝑡−1 ,Σ ∼ MN(𝑞𝑡 , 𝑄𝑡 ,Σ), (1.8)

where 𝐴𝑡 = 𝐺𝑡𝑚𝑡−1, 𝑅𝑡 = 𝐺𝑡𝐶𝑡−1𝐺
T
𝑡 +𝑊𝑡 , 𝑞𝑡 = 𝐹𝑡𝐴𝑡 , and 𝑄𝑡 = 𝐹𝑡𝑅𝑡𝐹

T
𝑡 +𝑉𝑡 . Passing then to the

filtered posteriors for the current state Θ𝑡 , and the common column covariance matrix Σ

Θ𝑡 | 𝒟𝑡 ,Σ ∼ MN(𝑚𝑡 , 𝐶𝑡 ,Σ) (1.9)

Σ | 𝒟𝑡 ∼ IW(𝜈𝑡 ,Ψ𝑡), (1.10)

with 𝑚𝑡 = 𝐶𝑡[𝑅−1
𝑡 𝐴𝑡 + 𝐹T

𝑡𝑉
−1
𝑡 𝑌𝑡], 𝐶𝑡 = [𝑅−1

𝑡 + 𝐹T
𝑡𝑉

−1
𝑡 𝐹𝑡)]−1, 𝜈𝑡 = 𝜈𝑡−1 + 𝑛

2 , and Ψ𝑡 = Ψ𝑡−1 +
1
2 (𝑌𝑡 − 𝑞𝑡)T𝑄−1

𝑡 (𝑌𝑡 − 𝑞𝑡). The procedure start considering 𝑡 = 0 as prior information, where
Θ0 | Σ ∼ MN(𝑚0 , 𝐶0 ,Σ) represents the initial information on state matrix, with 𝑚0 and 𝐶0 as
the known (𝑝 × 𝑞) mean matrix and (𝑝 × 𝑝) row covariance matrix, respectively. While prior
information for the common column covariance matrix is depicted by Σ ∼ IW(𝜈0 ,Ψ0), with
scalar parameter 𝜈0, and scale matrix Ψ0. Then forward filtering recursively uses the filtered
posterior of time 𝑡 − 1 as a prior for time 𝑡, under conjugacy of Θ𝑡 and Σ.

Once the filtered posterior 𝑝(Θ𝑡 | 𝒟𝑡 ,Σ) is recovered for all 𝑡 = 1, . . . , 𝑇, backward sampling
is then applied to smooth out posterior distributions using future knowledge, until the last
observed point 𝑇. This allows information from all observed time points to be incorporated
into the posterior distribution and propagated to the posterior samples. Backward smoothed
posterior takes the form:

Θ𝑡 | Θ𝑡+1 ,𝒟𝑇 ,Σ ∼ MN(ℎ𝑡 , 𝐻𝑡 ,Σ) (1.11)

where “backward” smoothed parameters are ℎ𝑡 = 𝐻𝑡[𝐶−1
𝑡 𝑚𝑡 +𝐺T

𝑡+1𝑊
−1
𝑡+1Θ𝑡+1], and 𝐻𝑡 = [𝐶−1

𝑡 +
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𝐺T
𝑡+1𝑊

−1
𝑡+1𝐺𝑡+1]−1. Wrapping up, standard posterior inference for dlms start with ff by the

application of Equations from (1.7) to Equation (1.10), from 𝑡 = 1, . . . , 𝑇. After Θ𝑇 is sampled
from MN(𝑚𝑇 , 𝐶𝑇 ,Σ), smoothed posterior samples are recovered by bs in (1.11), and each Θ𝑡 is
subsequently draw from MN(ℎ𝑡 , 𝐻𝑡 ,Σ). This achieves posterior sampling of Θ0:𝑇 from the joint
posterior distribution 𝑝(Θ0 , . . . ,Θ𝑇 | 𝒟𝑇 ,Σ). This process must be repeated for the desired
number of posterior samples.

Often, experts and researchers, when analyzing time series data, are primarily in temporal
forecasting of outcomes and parameters, for a certain fixed prediction horizon 𝑘. We conclude
this section by recalling the prediction procedure for dynamic linear models in the matrix-
variate case. Here, we represent the joint predictive distribution for Θ𝑇+𝑘 , 𝑌𝑇+𝑘 , an arbitrary
future time point at 𝑘 instants after the last observation 𝑇:[

Θ𝑇+𝑘
𝑌𝑇+𝑘

] �����𝒟𝑇 ,Σ ∼ MN

( [
𝐴𝑇(𝑘)
𝑞𝑇(𝑘)

]
︸   ︷︷   ︸
𝐴★(𝑘)

,

[
𝑅𝑇(𝑘) 𝐹𝑇+𝑘𝑅𝑇(𝑘)

𝑅𝑇(𝑘)𝐹T
𝑇+𝑘 𝑄𝑇(𝑘)

]
︸                           ︷︷                           ︸

𝑅★(𝑘)

,Σ

)
. (1.12)

The predictive parameters are 𝐴𝑇(𝑘) = 𝐺𝑇+𝑘𝐴𝑇(𝑘 − 1), 𝑅𝑇(𝑘) = 𝐺𝑇+𝑘𝑅𝑇(𝑘 − 1)𝐺T
𝑇+𝑘 +𝑊𝑇+𝑘 ,

𝑞𝑇(𝑘) = 𝐹𝑇+𝑘𝐴𝑇(𝑘), and 𝑄𝑇(𝑘) = 𝐹𝑇+𝑘𝑅𝑇(𝑘)𝐹T
𝑇+𝑘 + 𝑉𝑇+𝑘 , with 𝐴𝑇(0) = 𝑚𝑇 , 𝑅𝑇(0) = 𝐶𝑇 . As

perceivable from Equation (1.12), the set of parameter updating follows a recursion. To obtain
the prediction 𝑘 steps ahead, the parameters for the previous 𝑘 − 1 steps must be computed.

1.3.2 Spatiotemporal matrix-variate dlm

Spatiotemporal modeling provides a natural framework for analyzing processes observed
across spatial locations and time, where both spatial and temporal dependence structures
play a central role. For univariate spatiotemporal processes, matrix-variate distribution may
be introduced to incorporate joint spatial and temporal dependence structure into the column,
or row (depending on chosen problem formulation), covariance matrix. This allows for lighter
model parametrization and contemporaneous temporal structure learning. In multivariate
spatiotemporal settings, each observation is naturally represented as a random matrix. Matrix-
variate dynamic spatiotemporal models exploit this structure by employing matrix-variate dis-
tributions, enabling computational scalability while jointly modeling correlated spatiotemporal
processes. By leveraging the correlation structure among dependent variables, these models
enhance inferential efficiency and allow direct inference on the underlying cross-variable de-
pendence.

Based upon the matrix-variate dlms presented in Section 1.3.1, the introduction to the
spatiotemporal framework starts by defining the spatial domain. Let 𝒮 = {𝑠1 , . . . , 𝑠𝑛} be a
set of 𝑛 fixed georeferenced locations over the region of interest 𝒟, where typically 𝒟 ⊂ R2

or R3. These locations constitute the spatial sample and are assumed to remain fixed over
time. Observations collected at these locations form the rows of the response matrices 𝑌𝑡 , for
𝑡 = 1, . . . , 𝑇. For each of these, we collect information on 𝑞 correlated dependent variables,
over a discrete equispaced grid of time points of length 𝑇.

There may be different possibilities to adapt the standard matrix-variate dynamic linear
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formulation to allow accounting for spatiotemporal dependencies. We describe our proposal,
without assuming it as the unique possible construction. We manage the model in Equa-
tions (1.6), such that 𝐹𝑡 = [𝑋𝑡 I𝑛 ] has dimension 𝑛×(𝑝+𝑛), with 𝑝 the number of the available
temporal predictors in 𝑋𝑡 . The definition of Θ𝑡 becomes crucial: Θ𝑡 = [𝐵T

𝑡 : ΩT
𝑡 ]T, with 𝐵𝑡

matrix of dynamic regression coefficients, and Ω𝑡 a latent multivariate spatial process. The
block-matrix representation of Θ𝑡 has dimension of (𝑝 + 𝑛) × 𝑞. To model temporal evolution,
We further assume 𝐵𝑡 ⊥⊥ Ω𝑡 ∀𝑡 ∈ 𝒯 . In particular, we assume that 𝐵𝑡 depends only on 𝐵𝑡−1 and
Ω𝑡 depends only on Ω𝑡−1, with no cross-dependence across blocks. This conditional indepen-
dence assumption implies a block-diagonal evolution matrix 𝐺𝑡 =

[
I𝑝 0𝑝×𝑛

0𝑛×𝑝 I𝑛

]
. Instantaneous

dependence at time 𝑡 is instead governed by the innovation row-covariance matrix 𝑊𝑡 , whose
block-diagonal structure reflects the assumed independence between the innovations driving
𝐵𝑡 and Ω𝑡 .

under these assumptions the matrix-variate dlm formulation in Equation (1.6), reduces to
the following spatiotemporal model:

𝑌𝑡 =
[
𝑋𝑡 I𝑛

]
︸    ︷︷    ︸

𝐹𝑡

[
𝐵𝑡

Ω𝑡

]
︸︷︷︸

Θ𝑡

+Υ𝑡 , Υ𝑡 ∼ MN(0, 𝑉𝑡(𝛼),Σ)

[
𝐵𝑡

Ω𝑡

]
︸︷︷︸

Θ𝑡

=

[
I𝑝 0𝑝×𝑛

0𝑛×𝑝 I𝑛

]
︸          ︷︷          ︸

𝐺𝑡

[
𝐵𝑡−1

Ω𝑡−1

]
︸ ︷︷ ︸

Θ𝑡−1

+Ξ𝑡 , Ξ𝑡 ∼ MN(0,𝑊𝑡(𝜙),Σ),
(1.13)

where the column-covariance matrix Σ is shared across observation and state equations and
is assumed constant over time. The row-covariance matrices are specified as 𝑉𝑡(𝛼) = (1−𝛼

𝛼 )I𝑛 ,
and 𝑊𝑡(𝜙) =

[
𝑊𝐵
𝑡 0𝑝×𝑛

0𝑛×𝑝 ℛ𝑡 (𝒮 ,𝒮;𝜙)

]
, where 𝑊𝐵

𝑡 is a generic positive-definite (𝑝 × 𝑝) covariance matrix
governing the innovations of the dynamic regression coefficients, and ℛ𝑡(𝒮 ,𝒮; 𝜙) is a spatial
correlation matrix generated by a valid spatial correlation function, e.g., exponential or Matérn,
parametrized by the set of parameters 𝜙.

The specification of 𝑉𝑡(𝛼) allows the introduction of a discontinuity. It corresponds to a
“nugget”-effect formulation, commonly used in spatial statistics to model micro-scale vari-
ability or measurement error. Under this parametrization, 𝛼 ∈ (0, 1) controls the relative
contribution of the spatially structured component versus the unstructured noise, with smaller
values of 𝛼 increasing the nugget variance relative to the spatial signal. Conditioning on
fixed hyperparameters {𝛼, 𝜙}, the model in Equation (1.13) is conjugate with respect to Θ𝑡 ,
and Σ, yielding closed-form filtering, smoothing, and predictive distributions as described in
Equations (1.7)-(1.11).

Expanding the matrix form of the model in Equation (1.13), the observation equation yields
𝑌𝑡 = 𝑋𝑡𝐵𝑡 +Ω𝑡 +Υ𝑡 , which corresponds, at each time point, to a multivariate spatial regression
model. This implies that at each time, we are fitting a standard linear spatial model with
well-known properties and well-known interpolation properties, for which distribution theory
can help us. Similarly, the state equation decomposes into two equations: 𝐵𝑡 = 𝐵𝑡−1 + Ξ𝐵𝑡 , and
Ω𝑡 = Ω𝑡−1 + ΞΩ

𝑡 , corresponding to random-walk evolutions for both the regression coefficients
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and the latent spatial process. Alternative temporal dynamics can be accommodated through
different specifications of 𝐺𝑡 . Within the block structure of 𝐺𝑡 , the temporal evolution of 𝐵𝑡
and Ω𝑡 can still be modulated independently by adjusting the corresponding sub-blocks of 𝐺𝑡
depending on knowledge, expertise, or subjective prior beliefs.

Different from customary dynamic linear models, which give the main focus on tempo-
ral forecasting, in spatiotemporal data analysis, we are equally interested in both temporal
forecasting and spatial prediction, i.e., interpolation of the multivariate spatial process at un-
observed spatial points. The aim is to interpolate the distribution of the latent spatial process
for unobserved points, to obtain critical insights into the spatial distribution of the underlying
phenomena, and to create interpolated maps to help the decision-making process. This will
produce an interpolation of the evolution of the multivariate spatial process, which allows
understanding complex dynamics over space and time. Let 𝒰 = {𝑢1 , . . . , 𝑢𝑚} ⊂ 𝒟 denote a
set of 𝑚 unobserved spatial locations at time 𝑡 ∈ 𝒯 . For these locations, we assume covariate
information is available, collected in the design matrix 𝐹̃𝑡 = [ 𝑋̃𝑡 I𝑚 ], where 𝑋̃𝑡 contains the
corresponding predictors. Let 𝑌̃𝑡 and Ω̃𝑡 denote, respectively, the outcomes and latent spatial
process evaluated at the locations in 𝒰 .

We study the joint posterior predictive distribution of the stacked vector (𝑌̃T
𝑡 , Ω̃

T
𝑡 )T, which is

given by the integral

𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡) =
∫ [∫

𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡 ,Θ𝑡 ,Σ)𝑝(Θ𝑡 | 𝒟𝑡 ,Σ)dΘ𝑡

]
𝑝(Σ | 𝒟𝑡)dΣ. (1.14)

For the model in Equation (1.13), the integral in (1.14) can be computed analytically (using
similar arguments used in A.1.1), yielding a matrix-variate Student’s 𝑡 distribution,

𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡) = T2𝜈𝑡 (𝜇𝑡 , 𝐸𝑡 ,Ψ𝑡 , 𝜈𝑡), (1.15)

where 𝜇𝑡 = 𝜒𝑡𝑚𝑡 , 𝐸𝑡 = 𝜒𝑡𝐶𝑡𝜒T
𝑡 + 𝑁𝑡 , with 𝜒𝑡 =

[
𝑋̃𝑡 𝑀̃𝑡

0 𝑀̃𝑡

]
, 𝑁𝑡 =

[
𝑉̃𝑡 (𝛼)+𝑊̃𝑡 (𝜙) 𝑊̃𝑡 (𝜙)

𝑊̃𝑡 (𝜙) 𝑊̃𝑡 (𝜙)

]
. Here

𝑉̃𝑡(𝛼) = (1−𝛼
𝛼 )I𝑚 is the row-covariance matrix for the new outcomes matrix 𝑌̃𝑡 , while 𝑀̃𝑡 =

ℛ𝑡(𝒰 ,𝒮; 𝜙)ℛ−1
𝑡 (𝒮 ,𝒮; 𝜙), 𝑊̃𝑡(𝜙) = ℛ𝑡(𝒰 ,𝒰 ; 𝜙) − ℛ𝑡(𝒰 ,𝒮; 𝜙)ℛ−1

𝑡 (𝒮 ,𝒮; 𝜙)ℛ𝑡(𝒮 ,𝒰 ; 𝜙) are the
mean, and row-covariance matrices for the posterior distribution of the spatial process, i.e.
Ω𝑡 | 𝒟𝑡 .

All the contents illustrated in the following Sections can be adapted to multivariate or
univariate time series modeling straightforwardly (see West and Harrison, 1997; Schmidt and
Lopes, 2019, and references therein), even though it is beyond the scope of this Section. This
concludes the discussion on the matrix-variate formulations for both dlms and dstms, along
with their foundational characteristics. In Chapter 3, we focus our modeling efforts on making
extensive use of the spatiotemporal model in Equation (1.13).

1.4 Bayesian Predictive Stacking

To provide a better understanding of the contents in the following Sections, it is worthwhile
to spend some words introducing Bayesian predictive stacking (bps). The Bayesian predictive
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stacking brings common statistical learning concepts into the Bayesian framework.

Model stacking, also known as stacked generalization (Wolpert, 1992), is a machine learning
ensemble technique. Stacked generalization uses predictive metrics to evaluate the predictive
performances of competitive models, then combines the models’ predictions as weighted av-
erages. In different formulations, a meta-model may be used to combine predictions of com-
petitive models. The scope of stacked generalization is to improve generalization accuracy.
Distinctively, Bayesian predictive stacking (primarily introduced by Yao et al., 2018) falls into
the class of Bayesian model averaging (bma), which selects the model combination weights by
maximizing a score of the log posterior densities. Bayesian Predictive Stacking differs from
Bayesian model averaging techniques, as directly focused on predictive accuracy. It optimizes
a score function of the posterior predictive distributions, instead of relying on posterior model
probabilities. More general approaches were introduced later on (see, e.g., McAlinn and West,
2019; McAlinn et al., 2020) to incorporate weights uncertainty, within a full Bayesian hierarchical
setting.

Let 𝑌 be a real-valued random variable defined on a measurable space (ℰ,𝒜), and let 𝒫
be a convex class of probability measures on (ℰ,𝒜), whose elements represent probabilistic
forecasts. A scoring rule is a function 𝑆 : 𝒫 × ℰ → R = [−∞,+∞] such that, for every
probabilistic forecaster 𝑃 ∈ 𝒫 , the function 𝑆(𝑃, ·) is 𝒫-quasi-integrable, i.e., its expectation
E𝑃[𝑆(𝑃, 𝑌)] =

∫
ℰ 𝑆(𝑃, 𝑦) 𝑑𝑃(𝑦) exists in the extended real numbers. In the continuous case,

each distribution 𝑃 ∈ 𝒫 is identified with its density function 𝑝. For two probabilistic forecasts
𝑃 and 𝑄, we define 𝑆(𝑃, 𝑄) =

∫
ℰ 𝑆(𝑃, 𝑦) 𝑑𝑄(𝑦). A proper scoring rule induces a divergence

𝑑 : 𝒫 × 𝒫 → (0,∞) defined as 𝑑(𝑃, 𝑄) = 𝑆(𝑄, 𝑄) − 𝑆(𝑃, 𝑄), and satisfying 𝑑(𝑃, 𝑄) ≥ 0 with
equality if and only if 𝑃 = 𝑄. For further background on proper scoring rules, we refer the
reader to Gneiting and Raftery (2007); Yao et al. (2018) and references therein.

In the literature, there exist many proper scoring rules. In Yao et al. (2018), the authors
refer to three commonly used score rule functions for continuous variables: (i) quadratic
score rule QS(𝑝, 𝑦) = 2𝑝(𝑦) − ∥ 𝑝 ∥2

2 with 𝑑(𝑝, 𝑞) =∥ 𝑝 − 𝑞 ∥2
2; (ii) logarithm score rule

LogS(𝑝, 𝑦) = log(𝑝(𝑦)) with 𝑑(𝑝, 𝑞) = KL(𝑞, 𝑝) (the only proper local score rule assuming
regularity conditions); (iii) continuous ranked score rule CRPS(𝐹, 𝑦) = −

∫
R(𝐹(𝑥)−1(𝑥 ≥ 𝑦))2 d𝑥

with 𝑑(𝐹, 𝐺) =
∫
R(𝐹(𝑦)−𝐺(𝑦))

2 d𝑦 where 𝐹, 𝐺 are corresponding distribution function; and (iv)
energy score rule ES(𝑃, 𝑦) = 1/2 E𝑃 ∥ 𝑌 − 𝑋 ∥𝛽2 where 𝑌 and 𝑋 are two independent random
variables from distribution 𝑃 (strictly proper when 𝛽 ∈ (0, 2) but not when 𝛽 = 2).

Each (possibly proper) scoring rule could be used to define a Bayesian stacking problem. In-
deed, the Bayesian stacking problem concerns a maximization of a scoring rule, or equivalently,
the minimization of the induced divergence. There is a preference for proper score rules, as a
not strictly proper scoring rule can give rise to identification problems. Among proper scoring
rules, the logarithmic score has desirable properties. In particular, Gneiting and Raftery (2007)
shows that every proper local scoring rule is proportional to the logarithmic score, in the sense
that any proper local scoring rule can be expressed as a strictly increasing transformation of
the log score. This implies that using a different proper local scoring rule leads to the same
ordering of predictive distributions as the log score. Consequently, the logarithmic score is
particularly attractive in practice.
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In general, the goal is to find the distribution in the convex hull C =

{∑𝐽

𝑗=1 𝑤 𝑗𝑝
(
· | ℳ𝑗

)
:∑

𝑗 𝑤 𝑗 = 1, 𝑤 𝑗 ≥ 0
}

that is optimal according to a chosen proper scoring rule (or the divergence
induced from it); considering a set of 𝐽 predictive distributions built from the models ℳ =(
ℳ1 , . . . ,ℳ𝑗

)
.

Defining the 𝐽-dimensional simplex as 𝒮
𝐽

1 =

{
𝑤 ∈ [0, 1]𝐽 :

∑𝐽

𝑗=1 𝑤 𝑗 = 1
}
, then we can write

the stacking problem as the following optimization problem

min
𝑤∈𝒮𝐽

1

𝑑
©­«

𝐽∑
𝑗=1

𝑤 𝑗𝑝
(
· | 𝑦,ℳ𝑗

)
, 𝑝★(· | 𝑦)ª®¬ or max

𝑤∈𝒮𝐽

1

𝑆
©­«

𝐽∑
𝑗=1

𝑤 𝑗𝑝
(
· | 𝑦,ℳ𝑗

)
, 𝑝★(· | 𝑦)ª®¬ (1.16)

where 𝑝
(
𝑦̃ | 𝑦,ℳ𝑗

)
is the predictive density of new data 𝑦̃ in model ℳ𝑗 that has been trained

on observed data 𝑦, while 𝑝★(𝑦̃ | 𝑦) refers to the true predictive distribution.

Generally, 𝑝★(𝑦̃ | 𝑦) is not known. However, we can consider the following reasoning to
obtain an empirical approximation. First of all, recall that for two probabilistic forecasts, here
𝑝̃ ≡ ∑𝐽

𝑗=1 𝑤 𝑗𝑝
(
· | 𝑦,ℳ𝑗

)
and 𝑝★ ≡ 𝑝★(· | 𝑦), we write

𝑆(𝑝̃ , 𝑝★) =
∫

𝑆(𝑝̃ , 𝑦̃)𝑑𝑝★(𝑦̃) = E[𝑆(𝑝̃ , 𝑦̃)], 𝑦̃ ∼ 𝑝★. (1.17)

At this point, we consider the following approximation of this expected value

E[𝑆(𝑝̃ , 𝑦̃)] ≈ 1
𝑛

𝑛∑
𝑖=1

𝑆(𝑝̃−𝑖 , 𝑦𝑖), (1.18)

where 𝑝̃−𝑖 =
∑𝐽

𝑗=1 𝑤 𝑗 𝑝̂
−𝑖
𝑗

and 𝑝̂−𝑖
𝑗

(
𝑦𝑖

)
=

∫
𝑝
(
𝑦𝑖 | 𝜃𝑗 ,ℳ𝑗

)
𝑝
(
𝜃𝑗 | 𝑦−𝑖 ,ℳ𝑗

)
𝑑𝜃𝑗 . That corresponds

to the leave-one-out (loo) estimate.

Thus, an empirical approximation can be constructed by replacing the full predictive dis-
tribution 𝑝

(
𝑦̃ | 𝑦,ℳ𝑗

)
evaluated at a new datapoint 𝑦̃ with the corresponding loo predictive

distribution 𝑝̂−𝑖
𝑗

(
𝑦𝑖

)
. The corresponding stacking weights are then recovered as the solution to

this optimization problem

(𝑤̂1 , . . . , 𝑤̂𝐽)T = arg max
𝑤∈𝒮𝐽

1

1
𝑛

𝑛∑
𝑖=1

𝑆
©­«

𝐽∑
𝑗=1

𝑤 𝑗 𝑝̂
−𝑖
𝑗 , 𝑦𝑖

ª®¬ (1.19)

From which the stacked estimate of the predictive density is derived as follows

𝑝̂(𝑦̃ | 𝑦) =
𝐽∑
𝑗=1

𝑤̂ 𝑗𝑝
(
𝑦̃ | 𝑦,ℳ𝑗

)
. (1.20)

The stacking estimate finds the optimal predictive distribution within the convex set 𝒞 , that
is, the closest to the data-generating process with respect to the chosen scoring rule. This is
different from Bayesian model averaging, which asymptotically with probability 1 will select
a single model: the one that is closest in kl divergence to the true data-generating process.
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Solving for the stacking weights is an M-estimation problem, i.e., the estimates minimizing a
loss function computed on the data. Under some mild conditions, the stacking weights converge
to the weights that maximizes predictive accuracy, in the sense of yielding the highest expected
score. Thus, the stacking weights are the optimal combination of weights asymptotically (Yao
et al., 2018).

1.4.1 bps of predictive densities

In the following, we only consider the Logarithmic score rule, which is defined as LogS(𝑝, 𝑦) =
log(𝑝(𝑦)) with 𝑑(𝑝, 𝑞) = KL(𝑞, 𝑝). As presented, the Logarithmic scoring rule is the one
inducing the notable Kullback-Liebler (kl) divergence, here denoted as KL(·, ·). As a matter of
fact, it is a crucial scoring rule not only for its relation to the kl divergence, but also because,
without further smoothness assumptions, every proper local scoring rule is equivalent to the
logarithmic score. In this matter, the aforementioned Logarithmic scoring rule defines a specific
class of Bayesian stacking: the stacking of predictive distributions.

Bayesian predictive stacking (bps) of predictive distributions assimilates models using a
weighted distribution in the convex hull, 𝒞 =

{∑𝐽

𝑗=1 𝑤 𝑗𝑝( · | 𝒟,ℳ𝑗) :
∑
𝑗 𝑤 𝑗 = 1, 𝑤 𝑗 ≥ 0

}
, of in-

dividual posterior distributions by maximizing the logarithm score rule (Gneiting and Raftery,
2007; Yao et al., 2018) to fetch

(𝑤̂1 , . . . , 𝑤̂𝐽)T = arg max
𝑤∈𝑆𝐽1

1
𝑛

𝑛∑
𝑖=1

log
𝐽∑
𝑗=1

𝑤 𝑗𝑝
(
𝑌𝑖 | 𝒟−𝑖 ,ℳ𝑗

)
. (1.21)

Here, 𝒟−𝑖 is the dataset excluding the 𝑖-th block (indexed by a row) of observations in 𝑌, and
ℳ =

(
ℳ1 , . . . ,ℳ𝐽

)
are 𝐽 different models.

Solving (1.21) minimizes the Kullback-Leibler divergence from the true predictive distribu-
tion using convex optimization (Grant and Boyd, 2008; CVX Research, 2012). In particular, the
Bayesian predictive stacking problem with the logarithm score rule is the ℳ

★-optimal projec-
tion of the information in the actual belief model ℳ★ to 𝑤̂. The explicit specification of ℳ★ is
avoided by re-using data as a proxy for the predictive distribution of ℳ★, and {𝑤1 , . . . , 𝑤𝐽} are
the free parameters.

As explained in Section 1.4, while the true predictive distribution is unknown, we use a
leave-one-out (loo) estimate of the expected value of the score (see. e.g., Yao et al., 2018, for
details), which requires fitting the model 𝑛 times as we exclude one row of the data 𝒟 at a time.
We generally prefer K-fold cross-validation in large-scale applications, as a more cost-effective
method for generating predictions (Breiman, 1996).

The maximization in Equation (1.21) is a convex optimization problem (see Grant, 2005;
Grant and Boyd, 2008, and reference therein) that can be solved with standard optimization
libraries present in the most popular statistical computing software. In this thesis, while
building the programs and the associated R packages spBPS and spFFBS, we make extensive
use of the CVXR package freely available on CRAN for the R environment CVX Research (2012).
It applies signed disciplined convex programming (dcp) to verify the problem’s convexity,
converting the problem into standard form using graph implementations and passing it into
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a quadratic solver such as osqp, or a cone solver such as ecos or scs (Grant, 2005; Grant and
Boyd, 2008; CVX Research, 2012).

1.4.2 Dynamic bps of predictive densities

Bayesian predictive stacking of predictive distributions, detailed in Section 1.4.1, offers an ex-
tremely flexible tool for assimilating models. However, it shows some limitations regarding the
intrinsic dependence structure of data. In general, while evaluating models the bps procedure
assumes data to be i.i.d., which may be problematic when applying it to multivariate correlated
variables, and related heterogeneity across models. Within Bayesian predictive synthesis, some
new contributions go toward accounting for either spatial or complex dependence structures
(Tallman and West, 2023; Cabel et al., 2025). Besides, Bayesian stacking is still attractive. As a
matter of fact, it provides a feasible and promising solution to deliver computationally friendly
posterior prediction inferences and uncertainty quantification (Zhang et al., 2024b; Presicce
and Banerjee, 2024; Pan et al., 2025).

To the best of our knowledge, there is no contribution merging the flexibility of standard
Bayesian predictive stacking and accounting for dependence in data. In this Section, we aim to
provide a novel contribution toward this research path. Specifically, we offer an updated version
of Bayesian predictive stacking that accounts for temporal dependence in data. The proposed
formulation can account for Markovian dynamics, posing the first milestone in modeling
complex dependences by using Bayesian predictive stacking.

As presented in Yao et al. (2018) Section 3.1, and resumed in Section 1.4, the Bayesian pre-
dictive stacking problem is defined as the optimization problem in Equation (1.16), aiming to
either maximize a score rule function or minimize the induced divergence between the true
predictive distribution and the posterior predictive. The empirical approximation to Equa-
tion (1.16) proposed in the original manuscript of Yao et al. (2018) relies upon the replacement
of the posterior predictive density evaluated at a new data point with its corresponding leave-
one-out (loo) cross-validation predictive distribution. In doing so, they avoid over-optimistic
estimates, see Equation (1.18).

Here, we aim to manage Markovian dependence by defining a renewed stacking problem,
ad hoc for dynamic contexts. Specifically made for scenarios where time-dependence has
relevance, and a one-step ahead posterior predictive distribution is more informative than the
standard posterior predictive. Typically, in these situations, customary loo approximations
fail to provide reliable validations (Snĳders, 1988; Paul-Christian Bürkner and Vehtari, 2020).
Introducing temporal dynamic in the bps problem should then imply that the proper scoring
rule must be assessed with respect to the true one-step ahead predictive distribution, at a generic
time instant 𝑡, i.e. 𝑝★(𝑌𝑡 | 𝒟𝑡−1), instead of posterior predictive as seen in Equation (1.16). Thus,
we define the “dynamic” stacking problem as

min
𝑤𝑡∈𝒮𝐽

1

𝑑
©­«

𝐽∑
𝑗=1

𝑤𝑡 , 𝑗𝑝(· | 𝒟𝑡−1 ,ℳ𝑗), 𝑝★(· | 𝒟𝑡−1)ª®¬ or max
𝑤𝑡∈𝒮𝐽

1

𝑆
©­«

𝐽∑
𝑗=1

𝑤𝑡 , 𝑗𝑝(· | 𝒟𝑡−1 ,ℳ𝑗), 𝑝★(· | 𝒟𝑡−1)ª®¬ .
(1.22)

Since also the one-step-ahead posterior predictive distribution is generally unknown, an ap-
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proximation is required. In this situation, as mentioned before, leave-one-out cross-validation
does not provide an accurate approximation, as it does not account for the time ordering
naturally present in time series data (Snĳders, 1988).

Leave-future-out (lfo) arises in literature to solve precisely this issue. We then pursue an
approximation to the expectation of the proper scoring rule by using leave-future-out cross-
validation. Indeed, proper scoring rules for two probabilistic forecasts can also be written as
the following expectation (Gneiting and Raftery, 2007; Yao et al., 2018, for further details)

𝑆
©­«

𝐽∑
𝑗=1

𝑤𝑡 , 𝑗𝑝(· | 𝒟𝑡−1 ,ℳ𝑗), 𝑝★(· | 𝒟𝑡−1)ª®¬ = E𝑝★
𝑆 ©­«

𝐽∑
𝑗=1

𝑤𝑡 , 𝑗𝑝(𝑌𝑡 | 𝒟𝑡−1 ,ℳ𝑗), 𝑌𝑡ª®¬
 . (1.23)

Implementing the leave-future-out cross-validation we derive the subsequent approximation
to the expectation in (1.23), which takes into account temporal dependence with Markovian
dynamics

(𝑤̂𝑡 ,1 , . . . , 𝑤̂𝑡 ,𝐽)T = arg max
𝑤𝑡∈𝒮𝐽

1

1
𝑡 − 1

𝑡−1∑
𝜏=1

𝑆
©­«

𝐽∑
𝑗=1

𝑤𝑡 , 𝑗𝑝(𝑌𝜏+1 | 𝒟𝜏 ,ℳ𝑗), 𝑌𝜏+1
ª®¬ . (1.24)

We also opt for the logarithm score, since its desirable properties as a locally proper score
rule. Again solving (1.24) then identifies, at each time point 𝑡, the predictive distribution
within the convex hull 𝒞𝑡 =

{∑𝐽

𝑗=1 𝑤𝑡 , 𝑗𝑝( · | 𝒟𝑡−1 ,ℳ𝑗) :
∑
𝑗 𝑤𝑡 , 𝑗 = 1, 𝑤𝑡 , 𝑗 ≥ 0

}
that is closest to the

data-generating process with respect to the chosen scoring rule, equivalently minimizing the
Kullback-Leibler divergence from the true predictive distribution. The maximization problem
decomposes into 𝑡 independent problems, yielding optimal stacking weights separately at each
time point.

In addition, similarly to standard Bayesian predictive stacking of predictive distribution
problem, dynamic Bayesian predictive stacking can be easily executed using convex opti-
mization (Grant, 2005; CVX Research, 2012), leading to the optimization problem reported in
Equation (1.24). Likewise, we call this novel approach dynamic Bayesian predictive stacking
(dynbps) of predictive distributions.

1.5 Bayesian transfer learning

This dissertation proposes methodologies that specifically belong to metalearning, or “learning
to learn”. In Section 2.1, Suder et al. (2023) state: “Vanschoren et al. (2019) defines metalearning
as methods aiming to improve the configuration of the model for the target task by training
on metadata; referring to information obtained from models trained individually with differ-
ent configurations; for example one may vary different aspects of the model and measure its
performance via cross validation”, and subsequently “While some researchers consider met-
alearning as distinct from transfer learning Hospedales et al. (2022), following Definition 1.5.1
we consider it to be a special case of transfer learning. In this case, the information from the
source domain is utilized by training models with various configurations on these domains
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and then using the metadata generated from them in improving the model for the target task.”
As a specific case, this thesis must be considered as a contribution within the context of transfer
learning.

Transfer learning (tl) broadly refers to propagating knowledge from one task to accomplish
a different, but related, task (see Suder et al., 2023, and references therein). A “task” denotes a
specific problem that a model is trained to solve, such as classifying images or detecting spam
emails. Typically, a model is first trained on a “source” task, often with a large dataset, to learn
general features. These learned features are then leveraged to improve performance on a new
“target” task, often smaller or related, via fine-tuning or adaptation. This process, referred to as
“knowledge transfer”, accelerates learning and enhances predictive accuracy on the target task.
In conventional machine learning (ml), transfer learning specifically involves re-using a trained
model for a new but related task (e.g., adapting a classifier for cars to recognize trucks without
retraining from scratch). The approach presented in Chapter 2, which focuses on splitting large
spatial datasets and recombining posterior inference, does not trivially align with this classical
usage. Following Suder et al. (2023), we formalize transfer learning as follows:

Definition 1.5.1. Consider the source domains 𝒟1 ,𝒟2 , . . . ,𝒟𝐾 with respective associated source tasks

𝒯1 , 𝒯2 , . . . , 𝒯𝐾 , as well as the target domain 𝒟0 with the associated target task 𝒯0 = {𝒴0 , f0}, where

an approximation to f0 can be learned based on the available data (𝑋0 , 𝑌0) with 𝑋0 ∈ 𝒳0 , 𝑌0 ∈ 𝒴0.

Suppose that 𝒟𝑘 ≠ 𝒟0 or 𝒯𝑘 ≠ 𝒯0 for any 𝑘 = 1, . . . , 𝐾. Transfer learning refers to algorithms which

aim at improving the approximation of f0 by incorporating the knowledge from 𝒟1 ,𝒟2 , . . . ,𝒟𝐾 and

𝒯1 , 𝒯2 , . . . , 𝒯𝐾 .

This definition provides a foundation for the Bayesian transfer learning framework devel-
oped in Chapter 2, where knowledge from multiple data partitions is combined to improve
inference on a target spatial process.

In Chapter 2, we consider transferring inference from one subset to the next in a stream
of subsets to analyze the entire dataset. This resembles “divide and conquer” methods: we
divide a computationally unfeasible problem into tractable sub-problems. Ideally, we wish to
reproduce the inference where we are able to analyze the entire dataset with a desired model.
However, this is achieved only in special cases (see Section 2.1). Chapter 3 offers a customary
definition of transfer learning, where information is propagated forward in time.

Note that our focus remains on statistical inference with uncertainty quantification. More
specifically, in Section 2.4.3, we show how predictive stacking can be used to support amortized
inference within deep learning frameworks. In probabilistic modeling and Bayesian statistics,
amortized inference refers to shifting the computational burden of inference to an offline
training phase, during which a neural network learns a reusable mapping from observed
data to posterior distributions of interest, or to their summaries. Once this training phase
is completed, inference for new datasets can be obtained almost instantaneously, without
rerunning computationally intensive algorithms, and yielding posterior summaries for spatial
random fields at negligible additional cost.

This perspective aligns naturally with the notion of transfer learning commonly adopted
in the machine learning literature, where a model trained across related tasks enables rapid
inference on new ones. While amortized inference is not the primary focus of this contribution,
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Figure 1.1: Double Bayesian predictive stacking approach representation

these results highlight the practical value of predictive stacking, which provides accurate
predictive targets for network training without relying on expensive iterative sampling-based
procedures.

1.6 Thesis contributions

The research presented in this dissertation takes a distribution-theoretic perspective, exploiting
the structure of matrix-variate probability distributions to enable conjugate analytic updates. It
builds on Bayesian predictive stacking principles to achieve coherent Bayesian transfer learning
in both static and dynamic environments. The contributions unfold along two main directions,
corresponding to Chapters 2 and 3, which are complementary yet unified under the same
distributional foundations.

The first major contribution is the development of a Bayesian transfer learning framework
designed for large-scale spatial analyses. At its core, this framework exploits conjugacy prop-
erties of matrix-Gaussian models to design a geostatistical model inference strategy that is
computationally feasible even under millions of georeferenced locations. The methodology
proceeds by partitioning the spatial domain and conducting local inference. Each partition
is analyzed using multiple conjugate matrix-Gaussian models, yielding closed-form posterior
distributions. This local step preserves exact Bayesian posterior information while remaining
analytically tractable. The resulting local posteriors are then synthesized through a novel dou-
ble Bayesian predictive stacking procedure: the first stacking occurs within data partitions,
where information from multiple competitive models ℳ is coherently assimilated; the second
stacking takes place across partitions, allowing information to be transferred from local analy-
ses to a global spatial perspective. Figure 1.1 shows a schematic representation of the double bps
approach. As mentioned in Section 1.5 following Suder et al. (2023), this two-stage approach
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Figure 1.2: Data shards dynamics dependences representation

effectively constitutes a form of Bayesian transfer learning, as knowledge gleaned from one
part of the spatial domain informs inference in other parts, and local analyses are integrated
into a coherent global predictive distribution. Importantly, we achieve the information transfer
entirely through analytic distributional updates, without the need for high-dimensional and
expansive iterative or simulation-based algorithms, such as customary mcmc. The framework
enables both scalable and feasible posterior inference and predictive uncertainty quantification
for datasets that would be computationally inaccessible to conventional Gaussian process meth-
ods or hierarchical Bayesian models. This advantage is particularly evident when working with
scarce computational resources. Chapter 2 develops this framework in detail, presenting both
the theoretical underpinnings rooted in matrix-Gaussian distribution theory and empirical
demonstrations on large-scale spatial datasets.

In the second major contribution, we extend Bayesian transfer learning by embedding it
within the structure of matrix-variate dynamic linear models (dlms), thereby adapting Bayesian
predictive stacking to sequential online settings, i.e., where information arrives over time. We
bring ideas from static spatial data detailed in Chapter 2 into dynamic spatiotemporal settings,
through a twofold parallel direction, working with dynamic linear models. Firstly, we propose
a variational adaptation to integrate dynamic spatiotemporal models with Bayesian predictive
stacking. Secondly, we focus on a dynamic adaptation for the Bayesian predictive stacking
methodology. Indeed, bps of predictive distribution, as presented in Section 1.4.1, provides
a mechanism for combining multiple predictive distributions into a single coherent forecast,
but without accounting for dependencies in data. The resulting dynamic predictive stacking
framework enables the weights used in predictive combination to evolve adaptively, respond-
ing to temporal heterogeneities in the data. Figures 1.2,1.3 offer a representation of the time
data shards’ dynamic dependence, and how it is controlled either by variational adaptation
in Section 3.1 or parallel flows propagation in Section 3.2, respectively. Both methodologies
aim to handle temporal propagation similarly: at each time step, exact posterior inference is
achieved by exploiting the tractability of matrix-Gaussian and Student’s 𝑡 distributions, while
ensuring that sequential updates can be carried out analytically and without iterative simula-
tion. The method depicted in Section 3.2 dynamically integrates information across models and
across time, producing posterior distributions and predictive densities that remain coherent
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𝒟1 𝒟𝑇

𝑝(· |𝒟1 ,ℳ1)
· · ·

𝑝(· |𝒟1 ,ℳ𝑗 )
· · ·

𝑝(· |𝒟1 ,ℳ𝐽 )

PARALLEL COMPUTING

𝑝(· |𝒟𝑇 ,ℳ1)
· · ·

𝑝(· |𝒟𝑇 ,ℳ𝑗 )
· · ·

𝑝(· |𝒟𝑇 ,ℳ𝐽 )

PARALLEL COMPUTING

∑𝐽

𝑗=1 𝑤̂1, 𝑗 𝑝(· | 𝒟1 ,ℳ𝑗)

{𝑌̂, Θ̂}1

∑𝐽

𝑗=1 𝑤̂𝑇,𝑗 𝑝(· | 𝒟𝑇 ,ℳ𝑗)

{𝑌̂, Θ̂}𝑇

STACKING STACKING

· · ·
FORWARD FILTERING

for {𝒟𝑡}𝑡=2,...,𝑇−1

· · ·
BACKWARD SAMPLING

for {𝒟𝑡}𝑡=𝑇−1,...,2

Figure 1.3: Data shards dynamics dependences representation

and calibrated throughout the sequence. Conversely, the contents in Section 3.1 introduce a
variational approximation which allows for performing online learning, notwithstanding bps
induces non-conjugate mixtures of distributions. The methodologies provide an analytically
tractable alternative to sequential Monte Carlo methods, which are typically required for such
problems but become computationally burdensome in large-scale settings. Chapter 3 develops
this contribution in detail, presenting the theoretical distributional results, the sequential and
parallel updating algorithms, and applications to climate science forecasting and interpolation
tasks.

Taken together, these contributions establish a coherent probabilistic framework that ad-
dresses the dual challenges of scalability and automation in modern GeoAI. By grounding
inference procedures in distribution theory and minimizing reliance on iterative computation,
the thesis develops robust and flexible Bayesian transfer learning tools for large geospatial and
spatiotemporal systems. Central to this framework is the use of Bayesian predictive stacking as
a unifying principle, which enables the principled combination of multiple probabilistic mod-
els while maintaining computational efficiency at scale. Within this perspective, customary
ideas of conjugacy, extended to matrix-variate distributions, are repurposed to accommodate
modern large-scale problems, yielding analytically tractable updates and scalable inference
procedures. Predictive stacking then complements this structure by extending beyond static
model averaging to fully dynamic and sequential settings, allowing model weights and predic-
tive distributions to adapt over time as new information becomes available. The thesis outlines
a research agenda in which distributional conjugacy and predictive stacking jointly form the
foundation for next-generation Bayesian inference at scale. This perspective enables the analy-
sis of datasets that are orders of magnitude larger and more complex than those traditionally
addressed by Bayesian spatiotemporal models, while preserving interpretability, uncertainty
quantification, and statistical rigor.

The remainder of the thesis is organized as follows. Chapter 2 develops the Bayesian transfer
learning framework for massive spatial data, introducing partitioned conjugate inference using
matrix-Gaussian models and the double-stacking procedure that enables transfer of informa-
tion across partitions. Chapter 3 presents the dynamic Bayesian predictive stacking framework
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for spatiotemporal models, also extending predictive stacking to sequential inference with
variational approximations under matrix-variate dynamic linear models and demonstrating
applications to forecasting and interpolation. Finally, Chapter 4 offers extensions, discussion,
and future research directions, reflecting on the methodological implications of the work, its
limitations, and opportunities for advancing scalable Bayesian inference in geospatial science
and beyond.

Supporting materials for the methods, algorithms, and proofs presented in Chapter 2
are provided in Appendix A. Appendix B contains supplementary material for the dynamic
predictive stacking framework of Chapter 3, including derivations, implementation details,
and additional experimental results.





Chapter 2

Bayesian transfer learning for Spatial
Large-Scale Problems

The first contribution devises transfer learning frameworks for deployment in artificially intelli-
gent systems. Here, a massive dataset is split into smaller datasets that stream into the analytical
framework to propagate learning and assimilate inference for the entire dataset. Specifically, we
introduce Bayesian predictive stacking for multivariate spatial data and demonstrate the rapid
and automated analysis of massive datasets. Furthermore, inference is delivered without either
human intervention or excessively demanding hardware settings. We illustrate the effective-
ness of our approach through extensive simulation experiments. We produce inference from
massive datasets on sea surface temperatures and vegetation index that are indistinguishable
from traditional (and more expensive) statistical approaches.

2.1 Divide-and-Conquer multivariate Bayesian inference

We consider the matrix-variate Bayesian linear regression model

𝑌 = 𝑋𝛽 + 𝐸𝑌 , 𝐸𝑌 | Σ ∼ MN(𝑂, 𝑉, Σ) (2.1)

where 𝑌 is the 𝑛 × 𝑞 response matrix, 𝑋 is the 𝑛 × 𝑝 explanatory variables matrix, and 𝛽 is the
𝑝 × 𝑞 matrix of regression coefficients. The matrix 𝐸𝑌 is a zero-centered random error, with 𝑂
denoting a conformable matrix of zeros, and 𝑉 an 𝑛 × 𝑛 row-covariance matrix characterizing
dependence across observations. We assign a matrix-Gaussian 𝛽 | Σ ∼ MN(𝑀0𝑚0 , 𝑀0 , Σ),
where 𝑀0 is the 𝑝 × 𝑝 prior row-covariance matrix, encoding prior dependence and scaling
across regression coefficients. The 𝑝 × 𝑞 matrix 𝑚0 represents prior information on 𝛽. In par-
ticular, the parameterization specifying the prior mean as 𝑀0𝑚0 simplifies posterior updating
formulas, reduces redundant matrix operations, and leads to more efficient closed-form ex-
pressions for the posterior parameters under conjugacy. The likelihood and the prior share the
same 𝑞×𝑞 column-covariance matrixΣ, governing the dependence across responses. We assign
an inverse-Wishart distributionΣ ∼ IW(Ψ0 , 𝜈0) and denote the resulting joint prior distribution
of 𝛽 and Σ by MNIW(𝑀0𝑚0 , 𝑀0 ,Ψ0 , 𝜈0), which yields a closed-form posterior for {𝛽,Σ} within
the same family.
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Let 𝒟 = {𝑌, 𝑋} be the entire dataset, which is too massive to even be accessed, let alone
be analyzed using (1.1), within the GeoAI system. Therefore, we envisage 𝐾 disjoint and
exhaustive subsets 𝒟 = {𝒟1 , . . . ,𝒟𝐾} streaming into GeoAI as a sequence. Each 𝒟𝑘 = {𝑌𝑘 , 𝑋𝑘}
consists of 𝑛𝑘 rows of 𝑌 and 𝑋, where 𝑛 =

∑𝐾
𝑘=1 𝑛𝑘 , 𝑌𝑘 is 𝑛𝑘 × 𝑞 and 𝑋𝑘 is 𝑛𝑘 × 𝑝 for each

𝑘 = 1, . . . , 𝐾. We now fit (2.1) to each subset using 𝑌𝑘 = 𝑋𝑘𝛽 + 𝐸𝑘 , 𝐸𝑘 ∼ MN(𝑂,𝑉𝑘 ,Σ), where
𝑉𝑘 is the 𝑛𝑘 × 𝑛𝑘 row-covariance matrix corresponding to the rows in 𝑌𝑘 ; the specification for
{𝛽,Σ} remains as in (2.1). Starting with MNIW(𝛽,Σ | 𝑀𝑘𝑚𝑘 , 𝑀𝑘 ,Ψ𝑘 , 𝜈𝑘) at 𝑘 = 0 (the prior),
we use Bayesian updating 𝑝(𝛽,Σ | 𝒟1:𝑘+1) ∝ 𝑝(𝛽,Σ | 𝒟1:𝑘) × 𝑝(𝑌𝑘+1 | 𝑋𝑘+1𝛽, 𝑉𝑘+1 ,Σ) to obtain
𝛽,Σ | 𝒟1:𝑘+1 ∼ MNIW(𝑀𝑘+1𝑚𝑘+1 , 𝑀𝑘+1 ,Ψ𝑘+1 , 𝜈𝑘+1) with 𝑀−1

𝑘+1 = 𝑀−1
𝑘

+ 𝑋T
𝑘+1𝑉

−1
𝑘+1𝑋𝑘+1, 𝑚𝑘+1 =

𝑚𝑘 +𝑋T
𝑘+1𝑉

−1
𝑘+1𝑌𝑘+1, 𝜈𝑘+1 = 𝜈𝑘 +𝑛𝑘+1, and Ψ𝑘+1 = Ψ𝑘 +𝑌T

𝑘+1𝑉
−1
𝑘+1𝑌𝑘+1+𝑚T

𝑘
𝑀𝑘𝑚𝑘 −𝑚T

𝑘+1𝑀𝑘+1𝑚𝑘+1.
Upon termination at 𝑘 = 𝐾, we exactly recover the posterior distribution 𝑝(𝛽,Σ | 𝒟). There is
no need to interact between the subsets, and computational complexity is determined solely by
the dimension of the subsets.

Spatial random fields immediately present a challenge. The above method delivers full
inference without loss of information only if 𝑌𝑘 ’s are independent (or exchangeable) across
blocks. If each row of 𝑌 corresponds to one of 𝑛 spatial locations so that 𝑉 is an 𝑛 × 𝑛 spatial
correlation matrix, then each 𝑉𝑘 is the spatial correlation matrix constructed from 𝑛𝑘 spatial
locations in 𝒟𝑘 . Independence among the 𝐾 blocks may yield reasonable inference if we can
design the blocks such that the spatial correlation across blocks do not impact overall inference.
However, designing such blocks will require significant human intervention or a separate ai
system. We seek to avoid this in GeoAI.

Instead, we devise a method for assimilating the learning from each of these blocks using
predictive stacking. We exploit the fact that 𝑉 is indexed by a small number of parameters in
a spatial correlation kernel. Fixing these parameters fixes 𝑉 , and hence 𝑉𝑘 for each 𝑘, yielding
closed-form posterior inference on 𝛽 and Σ. Stacking combines these analytically accessible
distributions using an optimal set of weights that are computed using a convex optimization
algorithm. These weights are then used to reconstruct the posterior and predictive distributions
for the spatial random field. It is worth remarking here that existing “meta-kriging” and related
“divide and conquer” approaches (e.g., Guhaniyogi and Banerjee, 2018; Scott et al., 2016, and
other references on “divide and conquer” methods provided in Section 1) analyze subsets of
data using mcmc, which is expensive and not fully automated. A key distinction of the current
manuscript is that we abandon all iterative estimation algorithms, let alone expensive mcmc,
and focus on assimilating inference using closed forms of distributions.

What remains to be resolved is the issue of fixing the parameters in 𝑉 . These parameters
govern the strength of association across the spatial random field and possibly the smoothness
of the field. Unfortunately, these parameters are weakly identified by the data, and posterior
learning struggles due to slower convergence of iterative algorithms. Exploratory spatial data
science tools for gleaning information about these parameters will also be less helpful, as they
may suggest different values for each of the variables indexed by the columns, while we insist
on retaining a single parameter to exploit conjugate distribution theory. Hence, we collect
the closed-form posterior distributions obtained for a collection of fixed values of the spatial
parameters and, subsequently, combine these posterior distributions.
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2.2 Accelerated learning for multivariate spatial random fields

Let 𝒮 = {𝑠1 , . . . , 𝑠𝑛} ⊂ 𝒟 be a set of 𝑛 locations yielding observations on 𝑞 possibly correlated
outcomes collected into a 𝑞 × 1 vector 𝑦(𝑠) = (𝑦1(𝑠), . . . , 𝑦𝑞(𝑠))T for each 𝑠 ∈ 𝒮. We collect
these measurements into the 𝑛 × 𝑞 matrix 𝑌 =

[
𝑦 𝑗(𝑠𝑖)

]
for 𝑖 = 1, . . . , 𝑛 and 𝑗 = 1, . . . , 𝑞. Let

𝑋 = [𝑥(𝑠𝑖)T] be 𝑛 × 𝑝 with rows 𝑥(𝑠𝑖)T consisting of 𝑝 < 𝑛 explanatory variables at location
𝑠𝑖 ∈ 𝒮; we assume 𝑋 has rank 𝑝. We introduce latent spatial processes, 𝜔 𝑗(𝑠), for each outcome
𝑦 𝑗(𝑠) to capture spatial dependence and a 𝑞 × 𝑞 covariance matrix, Σ, to capture non-spatial
dependence among the elements of 𝑦(𝑠) within 𝑠. This matrix is typically adjusted by a scale
factor

(
𝛼−1 − 1

)
to accommodate additional variation at local scales. For example, setting

𝛼 = 𝜎2/
(
𝜎2 + 𝜏2) where 𝜎2 and 𝜏2 denote variances for the spatial process and measurement

error (“nugget”) implies 𝛼 is the ratio of the spatial variance (partial sill) to the total variance
(sill) gleaned from a variogram in classical geostatistics.

We cast this into (2.1), explicitly introduce a latent 𝑞 × 1 spatial process 𝜔(𝑠) as

𝑌 | 𝛽,Ω,Σ ∼ MN(𝑋𝛽 +Ω, (𝛼−1 − 1)I𝑛 , Σ)
𝛽 | Σ ∼ MN(𝑀0𝑚0 , 𝑀0 , Σ)
Ω | Σ ∼ MN(𝑂, 𝑉, Σ)

Σ ∼ IW(Ψ0 , 𝜈0)

(2.2)

Where Ω = [𝜔(𝑠𝑖)T] is 𝑛 × 𝑞 with rows 𝜔(𝑠𝑖)T. To capture spatial dependence, 𝑉 is an 𝑛 × 𝑛
spatial correlation matrix with (𝑖 , 𝑗)-th element equaling the value of a positive definite spatial
correlation function 𝜌(𝑠𝑖 , 𝑠 𝑗 ; 𝜙) indexed by parameter(s) 𝜙. To account for measurement errors
in observations, as is customary in geostatistics, we introduce a discontinuity in the spatial
correlation function and modify the elements to 𝜌(𝑠𝑖 , 𝑠 𝑗 ; 𝜙) + (𝛼−1 − 1)1𝑠𝑖=𝑠 𝑗 , where 𝛼 ∈ [0, 1]
represents the proportion of total variability attributed to the spatial process.

Let 𝛾T =
[
𝛽T ΩT

]
be 𝑞 × (𝑝 + 𝑛), we assume {𝛾,Σ} ∼ MNIW

(
𝜇𝛾 , 𝑉𝛾 ,Ψ0 , 𝜈0

)
, where

MNIW
(
𝛾,Σ | 𝜇𝛾 , 𝑉𝛾 ,Ψ0 , 𝜈0

)
= IW(Σ | Ψ0 , 𝜈0) × MN𝑝,𝑞(𝛾 | 𝜇𝛾𝑉𝛾 ,Σ), (2.3)

with 𝜇T
𝛾 =

[
𝑚T

0𝑀0 0𝑞×𝑛
]

and𝑉𝛾 = blockdiag
{
𝑀0 , 𝜌𝜙(𝒮 ,𝒮)

}
. The mniw prior is conjugate with

respect to the matrix-normal likelihood. Thus, for any fixed {𝛼, 𝜙} and hyperparameters in the
prior density, we obtain a MNIW posterior density for {𝛾,Σ},

𝑝(𝛾,Σ | 𝒟) = MNIW
(
𝛾,Σ | 𝜇★

𝛾 , 𝑉
★
𝛾 ,Ψ

★, 𝜈★
)
, (2.4)

where 𝜇★
𝛾 = 𝑉★

𝛾

[
𝛼

1−𝛼𝑋
T𝑌+𝑚0
𝛼

1−𝛼𝑌

]
, and 𝑉★

𝛾 =

[
𝛼

1−𝛼𝑋
T𝑋+𝑀−1

0
𝛼

1−𝛼𝑋
T

𝛼
1−𝛼𝑋 𝜌−1

𝜙 (𝒮 ,𝒮)+ 𝛼
1−𝛼 I𝑛

]−1

, Ψ★ = Ψ0 + 𝛼
1−𝛼𝑌

T𝑌 +

𝑚T
0𝑀0𝑚0 − 𝜇∗T

𝛾𝑉
★−1
𝛾 𝜇★

𝛾 and 𝜈★ = 𝜈0 + 𝑛.

The framework in (2.2) is equivalent to (2.1) with𝑉 = 𝑅𝜙+(𝛼−1−1)I𝑛 with𝑅𝜙 = [𝜌(𝑠𝑖 , 𝑠 𝑗 ; 𝜙)].
We recover posterior samples of Ω by drawing a value of Ω from 𝑝(Ω | 𝒟, 𝛽,Σ,ℳ𝑗) for
every posterior draw of {𝛽,Σ}. This renders itself seamlessly to the Bayesian transfer learning
framework described in Section 2.1 provided that 𝑉 , or {𝛼, 𝜙}, is fixed. For GeoAI, we seek
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to minimize human intervention. Rather than fixing them at one particular value, perhaps
gleaned from a spatial variogram that requires human inspection, we use a set of 𝐽 candidate
values {𝛼 𝑗 , 𝜙 𝑗} specifying model ℳ𝑗 for 𝑗 = 1, . . . , 𝐽. We now obtain analytical closed forms for
𝑝(𝛽,Σ | 𝒟,ℳ𝑗) for each 𝑗, as described in Section 2.1, and use Bayesian predictive stacking to
evaluate the stacked posterior distribution.

Turning to prediction, let 𝒰 = {𝑢1 , . . . , 𝑢𝑛′} be a finite set of locations where we seek to
predict or impute the value of 𝑌 based upon an observed 𝑛′ × 𝑝 design matrix 𝑋𝒰 associated
with the locations in𝒰 . The joint posterior predictive for𝑌𝒰 and the unobserved latent process
Ω𝒰 = [𝜔(𝑢𝑖)T] for 𝑖 = 1, . . . , 𝑛′, can be recast by integrating out {𝛾,Σ} from the conditional
posterior predictive distribution to yield

𝑝(𝑌𝒰 ,Ω𝒰 | 𝒟) =
∫

MN𝑛′,𝑞
(
𝑌𝒰 | 𝑋𝒰 𝛽 +Ω𝒰 ,

(
𝛼−1 − 1

)
I𝑛′ ,Σ

)
× MN𝑛′,𝑞

(
Ω𝒰 | 𝑀𝒰Ω, 𝑉Ω𝒰 ,Σ

)
× MNIW

(
𝛾,Σ | 𝜇★

𝛾 , 𝑉
★
𝛾 ,Ψ

★, 𝜈★
)
𝑑𝛾𝑑Σ,

(2.5)

where 𝑀𝒰 = 𝜌𝜙(𝒰 ,𝒮)𝜌−1
𝜙 (𝒮 ,𝒮) and 𝑉Ω𝒰 = 𝜌𝜙(𝒰 ,𝒰) − 𝜌𝜙(𝒰 ,𝒮)𝜌−1

𝜙 (𝒮 ,𝒮)𝜌𝜙(𝒮 ,𝒰). This
is a matrix-variate Student’s t T2𝑛′,𝑞(𝜈★, 𝜇★, 𝑉★,Ψ★), with degrees of freedom 𝜈★, location ma-
trix 𝜇★ = 𝑀𝜇★

𝛾, row-scale matrix 𝑉★, and column-scale matrix Ψ★, where 𝑀 =

[
0 𝑀𝒰
𝑋𝒰 𝑀𝒰

]
and 𝑉★ = 𝑀𝑉★

𝛾𝑀
T + 𝑉𝐸 with 𝑉𝐸 =

[
𝑉Ω𝒰 𝑉Ω𝒰
𝑉Ω𝒰 𝑉Ω𝒰 +(𝛼−1−1)I𝑛′

]
. See Section A.1.1 for details. The

conditional posterior predictive distributions take the following forms 𝑝(Ω𝒰 | 𝒟, 𝛾,Σ) =

MN𝑛′,𝑞
(
Ω𝒰 | 𝑀𝒰Ω, 𝑉Ω𝒰 ,Σ

)
, and 𝑝(𝑌𝒰 | 𝒟,Ω𝒰 , 𝛾,Σ) = MN𝑛′,𝑞(𝑌𝒰 | 𝑋𝒰 𝛽+Ω𝒰 ,

(
𝛼−1 − 1

)
I𝑛′ ,Σ).

Hence, we can proceed with posterior predictive inference by sampling from the closed-form
joint predictive distribution or sampling from the conditional distributions. We draw one in-
stance of Ω𝒰 ∼ 𝑝(Ω𝒰 | 𝒟, 𝛾,Σ) for each posterior draw of {𝛾,Σ} and then draw one value of
𝑌𝒰 ∼ 𝑝(𝑌𝒰 | 𝒟,Ω𝒰 , 𝛾,Σ) for each drawn {Ω𝒰 , 𝛾,Σ}. The resulting samples are exactly drawn
from the posterior predictive distribution 𝑝(𝑌𝒰 | 𝒟).

This tractability is possible if the spatial correlation parameter(s) 𝜙 and 𝛼 are fixed. While
data can inform about these parameters, they are inconsistently estimable and lead to poor
convergence (Zhang, 2004). Finley et al. (2019) explored 𝐾-fold cross-validation, but inference
is limited to only one set of values for the parameters. Instead, we pursue exact inference
using (2.4) and (2.5) by stacking over different fixed values of {𝛼, 𝜙} using bps of predictive
densities as described in Section 1.4.1. This drastically reduces human intervention and enables
automation.

For each subset of the data, we compute the stacking weights 𝑧̂𝑘 = {𝑧𝑘,𝑗}𝑗=1,...,𝐽 as

max
𝑧𝑘∈𝒮𝐽

1

1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
, (2.6)

where 𝑌𝑘,𝑖 denotes the 𝑖-th of the 𝑛𝑘 rows of 𝑌𝑘,[𝑙] ∈ 𝒟𝑘,[𝑙], the 𝑙-th fold within the 𝑘-th dataset.
The training set 𝒟𝑘,[−𝑙] is obtained by removing the 𝑙-th fold from the 𝑘-th dataset, with
𝑙 = 1, . . . , 𝐿, and 𝐿 denoting the number of folds used to form K-fold cross-validation estimates
of the expected score (see Section 1.4.1). The posterior predictive density, 𝑝

(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
,
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is available in closed form as a matrix t distribution, which enables efficient computation. As a
result, Equation (2.6) can be written equivalently as

max
𝑧𝑘∈𝒮𝐽

1

1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗 T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇
★
𝑖 , 𝑉

★
𝑖 ,Ψ

★
[−𝑙]), (2.7)

where 𝜈★[−𝑙] = 𝜈0+𝑛𝑘,[−𝑙], 𝑛𝑘,[−𝑙] is the cardinality of𝒮𝑘,[−𝑙] (which is the set of locations in𝒟𝑘,[−𝑙]),
and Ψ★

[−𝑙] = Ψ0+(𝛼−1
𝑗
−1)𝑌T

𝑘,[−𝑙]𝑌𝑘,[−𝑙]+𝑚
T
0𝑀0𝑚0−𝜇T★

𝛾,[−𝑙]𝑉
−1★
[−𝑙] 𝜇

★
𝛾,[−𝑙]. The remaining parameters

are given by 𝑉★
𝑖
= 𝑀𝑦,𝑖𝑉

★
𝛾𝑀

T
𝑦,𝑖

+ 𝑉Ω𝑖
+ (𝛼−1

𝑗
− 1), 𝜇★

𝑖
= 𝑀𝑦,𝑖𝜇★

𝛾,[−𝑙], which are defined by com-

puting the following auxiliary quantities: 𝑉−1★
𝛾,[−𝑙] =

[ 𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]𝑋𝑘,[−𝑙]+𝑀

−1
0

𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]

𝛼 𝑗
1−𝛼 𝑗

𝑋𝑘,[−𝑙] 𝜌−1
𝜙 𝑗
(𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙])+

𝛼 𝑗
1−𝛼 𝑗

I𝑛𝑘,[−𝑙]

]
,

𝜇★
𝛾,[−𝑙] = 𝑉

★
𝛾,[−𝑙]

[ 𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]𝑌𝑘,[−𝑙]+𝑚0
𝛼 𝑗

1−𝛼 𝑗
𝑌𝑘,[−𝑙]

]
,𝑀𝑦,𝑖 =

[
𝑋𝑘,𝑖 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,[−𝑙])𝜌

−1
𝜙 𝑗
(𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙])

]
, and𝑉Ω𝑖

= 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,𝑖)−

𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,[−𝑙])𝜌−1
𝜙 𝑗
(𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙])𝜌𝜙 𝑗 (𝒮𝑘,[−𝑙] ,𝒮𝑘,𝑖). Note that 𝜈★[−𝑙] is scalar, 𝜇★

𝑖
is 1×𝑞 row vector,

𝑉★
𝑖

is a scalar, and Ψ★
[−𝑙] is 𝑞 × 𝑞 matrix. Further details, including derivations and implemen-

tation, are provided in Section A.1.1 and Algorithm 1.

For each dataset 𝒟𝑘 , bps produces: (i) an estimate of the posterior predictive 𝑝̂( · ;𝒟𝑘) =∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 𝑝
(
· | 𝒟𝑘 ,ℳ𝑗

)
for 𝑘 = 1, . . . , 𝐾 and 𝑗 = 1, . . . , 𝐽; and (ii) the corresponding set of

stacking weights 𝑧̂𝑘 = {𝑧̂𝑘,𝑗}𝑗=1,...,𝐽 .

Although the models considered here admit closed-form posterior and predictive distribu-
tions, directly applying a single stacking procedure to the full dataset (e.g. Zhang et al., 2024b)
may still be computationally prohibitive in large-scale settings. The computational bottleneck
arises from a combination of memory constraints associated with large covariance matrices,
repeated matrix inversions required to evaluate predictive densities, and the optimization prob-
lem defining stacking weights when both the number of observations and candidate models
are large. To address these challenges, we adopt a divide-and-conquer strategy based on data
partitioning, which motivates the introduction of a double Bayesian predictive stacking (dbps)
procedure.

Once the subset predictive distributions and the associated weights are available, we then
apply bps a second time to combine the 𝑝̂( · ;𝒟𝑘) over the 𝑘 subsets. This second stack-
ing step yields a global combination of locally stacked predictive distributions. Specifi-
cally, the double bps (dbps) of predictive densities seeks weights 𝑤 = {𝑤𝑘}𝑘=1,...,𝐾 such that
𝑤̂ = max𝑤∈𝒮𝐾

1

1
𝑛

∑𝑛
𝑖=1 log

∑𝐾
𝑘=1 𝑤𝑘 𝑝̂ (𝑌𝑖 | 𝒟𝑘). Each 𝑝̂(𝑌𝑖 | 𝒟𝑘) is evaluated using internally val-

idated predictive distributions. Although 𝑌𝑖 ∈ 𝒟𝑘 , the internal cross-validation structure
underlying the construction of 𝑝̂( · ;𝒟𝑘) mitigates over-optimism (see Section 2.3.1).

The stacked predictive distribution based on double stacking is therefore given by

𝑝̂( · ;𝒟) =
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 𝑝
(
· | 𝒟𝑘 ,ℳ𝑗

)
. (2.8)

Once double stacking weights 𝑤̂ = {𝑤̂𝑘}𝑘=1,...,𝐾 are computed using Algorithm 2, the resulting
approximation defines a mixture of finite mixtures. This structure enables straightforward
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sampling from (2.8) and the evaluation of both posterior and posterior predictive distribu-
tions, with a substantial simplification compared to other distributed approaches (see e.g.,
Guhaniyogi and Banerjee, 2018, 2019). The dbps does not require empirical approximations of
posterior or predictive distributions.

In particular, posterior sampling follows directly from the mixture representation. First, the
set of stacking weights 𝑧̂𝑘 = {𝑧̂𝑘,𝑗}𝑗=1,...,𝐽 obtained using bps within each subset of the data 𝒟𝑘 ,
is used to approximate the corresponding subset posterior distribution as

𝑝̂(Θ ;𝒟𝑘) =
𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝑝
(
Θ | 𝒟𝑘 ,ℳ𝑗

)
, (2.9)

for 𝑘 = 1, . . . , 𝐾. By introducing the second set of stacking weights 𝑤̂ = {𝑤𝑘}𝑘=1,...,𝐾 , the stacked
posterior distribution based on the full dataset is

𝑝̂(Θ ;𝒟) =
𝐾∑
𝑘=1

𝑤̂𝑘 𝑝̂(Θ ;𝒟𝑘) =
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 𝑝(Θ | 𝒟𝑘 ,ℳ𝑗), (2.10)

where Θ = {𝛾,Σ}. The same construction applies to posterior predictive distributions. The
predictive distribution of the random variable 𝑌𝒰 is recovered from (2.8) as

𝑝̂(𝑌𝒰 ;𝒟) =
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 𝑝
(
𝑌𝒰 | 𝒟𝑘 ,ℳ𝑗

)
. (2.11)

Inferential interest often resides on the posterior predictive surface for the latent spatial
process Ω. Accordingly, we estimate Ω𝒰 via

𝑝̂(Ω𝒰 ;𝒟) =
𝐾∑
𝑘=1

𝑤̂𝑘 𝑝̂(Ω𝒰 ;𝒟𝑘), (2.12)

where 𝑝̂(Ω𝒰 ;𝒟𝑘) =
∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 𝑝
(
Ω𝒰 | 𝒟𝑘 ,ℳ𝑗

)
.

2.3 Computational perspectives

Key computational aspects of the proposed method involve two points: comparing its the-
oretical complexity to state-of-the-art approaches and addressing memory constraints. The
complexity comparison evaluates the method’s time and space efficiency, particularly its scal-
ability with larger datasets. This includes discernment from the explicit objective function,
highlighting its computational impact. Memory constraints are equally critical, as limitations
can hinder performance despite powerful processors. The proposed method addresses these
challenges, ensuring both scalability and efficient resource use.

In summary, this section will examine both the theoretical complexity, including the explicit
derivation of the objective function for the optimization problems detailed in Equations (2.6)
and (2.13), as well as the memory management strategies, offering a comprehensive view of
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Algorithm 1 Computing stacking weights within subsets using bps
Input: 𝑌 (𝑛 × 𝑞 matrix of outcomes), 𝑋 (𝑛 × 𝑝 design matrix), 𝒮 (coordinates of 𝑛 locations);
{𝑚0 , 𝑀0 ,Ψ0 , 𝜈0}: Prior parameters; 𝐺𝛼 × 𝐺𝜙: Grids of {𝛼, 𝜙}; 𝑛 (no. of locations), 𝑞 (no. of
outcomes), 𝑝 (no. of predictors); 𝐾 (no. of subsets), 𝐽 (no. of models), 𝐿 (no. of folds).
Output: 𝑧̂ = {𝑧̂𝑘 = {𝑧̂𝑘,𝑗} : 𝑘 = 1, . . . , 𝐾, 𝑗 = 1, . . . , 𝐽}: Stacking weights within subsets;
{𝑝𝑑𝑘,𝑗,𝑖 : 𝑘 = 1, . . . , 𝐾, 𝑗 = 1, . . . , 𝐽 , 𝑖 = 1, . . . , 𝑛}: point-wise predictive density of 𝑌; 𝐺𝑎𝑙𝑙 : Grid
of dimension 𝐽, spanned by 𝐺𝛼 , 𝐺𝜙

1: Partition 𝑌, 𝑋,𝒮 into 𝒟𝑘 = {𝑌𝑘 , 𝑋𝑘 ,𝒮𝑘}, 𝑘 = 1, . . . , 𝐾
2: Store 𝑛𝑘 , as cardinality of 𝒮𝑘 ; Compute 𝐺𝑎𝑙𝑙 by expanding 𝐺𝛼 , 𝐺𝜙

3: for 𝑘 = 1, . . . , 𝐾 do Parallel
4: for 𝑗 = 1, . . . , 𝐽 do
5: Extract {𝛼 𝑗 , 𝜙 𝑗} from 𝑗-th row of 𝐺𝑎𝑙𝑙
6: Form 𝐿 folds: 𝒟𝑘,[𝑙] = {𝑌𝑘,[𝑙] , 𝑋𝑘,[𝑙] ,𝒮𝑘,[𝑙]} and 𝒟𝑘,[−𝑙] = {𝑌𝑘,[−𝑙] , 𝑋𝑘,[−𝑙] ,𝒮𝑘,[−𝑙]}
7: Store 𝑛𝑘,[−𝑙], as cardinality of 𝒮𝑘,[−𝑙]
8: for 𝑙 = 1, . . . , 𝐿 do
9: Compute 𝑅𝜙 𝑗 ([−𝑙]) = 𝜌𝜙 𝑗 (𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙]), 𝑅−1

𝜙 𝑗
([−𝑙]) and 𝑀0 for 𝑀−1

0

10: Construct 𝑉−1★
𝛾,[−𝑙] =

[ 𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]𝑋𝑘,[−𝑙]+𝑀

−1
0

𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]

𝛼 𝑗
1−𝛼 𝑗

𝑋𝑘,[−𝑙] 𝑅−1
𝜙 𝑗
([−𝑙])+

𝛼 𝑗
1−𝛼 𝑗

I𝑛𝑘,[−𝑙]

]
11: Solve for 𝜇★

𝛾,[−𝑙]: 𝑉
−1★
𝛾,[−𝑙]𝜇

★
𝛾,[−𝑙] =

[ 𝛼 𝑗
1−𝛼 𝑗

𝑋T
𝑘,[−𝑙]𝑌𝑘,[−𝑙]+𝑚0
𝛼 𝑗

1−𝛼 𝑗
𝑌𝑘,[−𝑙]

]
12: Calculate Ψ★

[−𝑙] = Ψ0 + (𝛼−1
𝑗

− 1)𝑌T
𝑘,[−𝑙]𝑌𝑘,[−𝑙] + 𝑚

T
0𝑀0𝑚0 − 𝜇T★

𝛾,[−𝑙]𝑉
−1★
[−𝑙] 𝜇

★
𝛾,[−𝑙]

13: Calculate 𝜈★[−𝑙] = 𝜈0 + 𝑛𝑘,[−𝑙]
14: for 𝑖 ∈ [𝑙] do
15: Compute 𝑅𝜙 𝑗 (𝑖) = 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,𝑖) and 𝑅𝜙 𝑗 (𝑖 , [−𝑙]) = 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,[−𝑙])
16: Calculate 𝑀𝑖 = 𝑅𝜙 𝑗 (𝑖 , [−𝑙])𝑅−1

𝜙 𝑗
([−𝑙]) and form 𝑀𝑦,𝑖 =

[
𝑋𝑘,𝑖 𝑀𝑖

]
17: Calculate 𝜇★

𝑖
= 𝑀𝑦,𝑖𝜇★

𝛾,[−𝑙] and 𝑉Ω𝑖
= 𝑅𝜙 𝑗 (𝑖) −𝑀𝑖𝑅𝜙 𝑗 ([−𝑙], 𝑖)

18: Construct 𝑉𝑒 ,𝑖 = 𝑉Ω𝑖
+ (𝛼−1

𝑗
− 1) and 𝑉★

𝑖
= 𝑀𝑦,𝑖𝑉

★
𝛾,[−𝑙]𝑀

T
𝑦,𝑖

+𝑉𝑒 ,𝑖
19: Compute 𝑝𝑑𝑘,𝑗,𝑖 = T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇

★
𝑖
, 𝑉★

𝑖
,Ψ★

[−𝑙]).
20: end for
21: end for
22: end for
23: Solve: max

𝑧𝑘∈𝒮𝐽

1

1
𝑛𝑘

∑𝑛𝑘
𝑖=1 log

∑𝐽

𝑗=1 𝑧𝑘,𝑗𝑝𝑑𝑘,𝑗,𝑖 such that 𝑧𝑘 ∈ [0, 1]𝐽 and
∑𝐽

𝑗=1 𝑧𝑘,𝑗 = 1
24: end Parallel for
25: return {𝑧̂ , {𝑝𝑑𝑘,𝑗,𝑖}, 𝐺𝑎𝑙𝑙}

the computational feasibility in practical applications.

2.3.1 Objective function for double Bayesian predictive stacking

We expand the derivation of double Bayesian predictive stacking of Section 2.2. The opti-
mization problem used to compute the stacking weights in Equation (2.8) is formally defined
as:

max
𝑤∈𝒮𝐾

1

1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘 𝑝̂ (𝑌𝑖 ;𝒟𝑘) = max
𝑤∈𝒮𝐾

1

1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
, (2.13)
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Algorithm 2 Calculating stacking weights between subsets using bps
Input: 𝑧̂ = {𝑧̂𝑘 = {𝑧̂𝑘,𝑗} : 𝑘 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within subsets;
{𝑝𝑑𝑘,𝑗,𝑖 : 𝑘 = 1, . . . , 𝐾, 𝑗 = 1, . . . , 𝐽 , 𝑖 = 1, . . . , 𝑛}: point-wise predictive density of 𝑌; 𝑛, 𝑞, 𝑝:
Number of rows, number of outcomes, and number of predictors; 𝐾, {𝑛𝑘 : 𝑘 ∈ {1, . . . , 𝐾}}, 𝐽:
Number of subsets, dimension of each subset, and number of competitive models in each
subset.
Output: 𝑤̂ = {𝑤̂𝑘 : 𝑘 = 1, . . . , 𝐾}: Stacking weights between subsets.

1: Construct 𝑝𝑑 = [𝑝𝑑T
1 : · · · : 𝑝𝑑T

𝐾
]T of dimension (𝑛 × 𝐽)

where 𝑝𝑑𝑘 =


𝑝𝑑𝑘,1,1 . . . 𝑝𝑑𝑘,𝐽 ,1
... 𝑝𝑑𝑘,𝑗,𝑖

...

𝑝𝑑𝑘,1,𝑛𝑘 . . . 𝑝𝑑𝑘,𝐽 ,𝑛𝑘

 of dimension (𝑛𝑘 × 𝐽)

2: for 𝑘 = 1, . . . , 𝐾 do
3: Compute 𝑒𝑝𝑑𝑘 = 𝑝𝑑 𝑧̂𝑘 of dimension (𝑛 × 1)
4: end for
5: Solve convex optimization problem:

max𝑤∈𝒮𝐾
1

1
𝑛

∑𝑛
𝑖=1 log

∑𝐾
𝑘=1 𝑤𝑘𝑒𝑝𝑑𝑘,𝑖 = max𝑤∈𝒮𝐾

1

1
𝑛

∑𝑛
𝑖=1 log

∑𝐾
𝑘=1 𝑤𝑘

∑𝐽

𝑗=1 𝑧̂𝑘,𝑗𝑝𝑑𝑘,𝑗,𝑖

where 𝑝𝑑𝑘,𝑗,𝑖 = 𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
= T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇

★
𝑖
, 𝑉★

𝑖
,Ψ★

[−𝑙])
for ∀𝑖 ∉ [−𝑙], 𝑙 ∈ {1, . . . , 𝐿} and 𝒮

𝐾
1 = {𝑤 ∈ [0, 1]𝐾 :

∑𝐾
𝑘=1 𝑤𝑘 = 1}

6: return 𝑤̂ = {𝑤̂𝑘 : 𝑘 ∈ {1, . . . , 𝐾}}

as 𝑝̂ (𝑌𝑖 ;𝒟𝑘) =
∑𝐽

𝑗=1 𝑧̂𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
. In this double bps framework, we focus exclusively

on 𝒟𝑘 , which is treated equivalently to ℳ𝑗 in the first step. It is crucial to discriminate the
predictive performance induced by each 𝒟𝑘 . We must utilize a common set of 𝑌 across all 𝒟𝑘 –
namely, 𝑌 itself. This stems from the construction of double bps. Specifically, for double bps to
be effective, it necessitates predictive assessments over a common set of points for each model
in the competition. Otherwise, the predictive performances cannot be directly compared,
and the weights cannot be optimized to distinguish predictive capabilities across models, as
different points would be used for different models. To illustrate, consider the first stacking
step. Here, we compute 𝑝

(
𝑌𝑘,𝑖 | 𝒟𝑘 ,ℳ𝑗

)
for each subset, where 𝑖 = 1, . . . , 𝑛𝑘 and 𝑗 = 1, . . . , 𝐽.

This allows us to evaluate 𝑌𝑘 with respect to the predictive density of all 𝐽 models under
comparison. Similarly, in double bps, the goal is to evaluate 𝑌𝑖 with respect to the predictive
density across all 𝐾 subsets (acting as competing models) for comparison. The weights {𝑧̂𝑘,𝑗},
which are derived from the optimization problem specified in Equation (2.6) also appear in
Equation (2.13). However, comparing the right-hand sides of Equations (2.13) and (2.6), we
observe that the objective functions are almost identical, with the only difference being the
second convex linear combination governed by the weights {𝑤𝑘}. Therefore, the predictive
distributions in both optimization problems refer to the same quantity. To summarize, the
objective function in Equation (2.6) can be derived by substituting each {𝑧𝑘,𝑗}with its optimized
counterpart {𝑧̂𝑘,𝑗} and incorporating the weights {𝑤𝑘}. This leads to the maximization objective
in Equation (2.13).
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Next, we consider the optimization problem in Equation (2.6) with objective function,

max
𝑧𝑘∈𝒮𝐽

1

1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
= max
𝑧𝑘∈𝒮𝐽

1

𝑓 (𝑧𝑘) , (2.14)

where 𝑓 (𝑧𝑘) = 1
𝑛𝑘

∑𝑛𝑘
𝑖=1 log

∑𝐽

𝑗=1 𝑧𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
. An explicit form of 𝑓 (𝑧𝑘) is

𝑓 (𝑧𝑘) = 𝑓
(
𝑧𝑘,1 , . . . , 𝑧𝑘,𝐽

)
=

1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
=

1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗 T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇
★
𝑖 , 𝑉

★
𝑖 ,Ψ

★
[−𝑙])

=
1
𝑛𝑘

𝑛𝑘∑
𝑖=1

log
𝐽∑
𝑗=1

𝑧𝑘,𝑗𝐾(𝑌𝑘,𝑖)
���1 +𝑉★−1

𝑖 (𝑌𝑘,𝑖 − 𝜇★
𝑖 )Ψ−1★

[−𝑙](𝑌𝑘,𝑖 − 𝜇★
𝑖 )T

���− 𝜈★[−𝑙]+1

2
,

(2.15)

where 𝐾(𝑌𝑘,𝑖) =

���Ψ★
[−𝑙]

���− 1
2 |𝑉★

𝑖 |
− 𝑞2 Γ𝑞

(
𝜈★[−𝑙]+1

2

)
(𝜋)

1𝑞
2 Γ𝑞

(
𝜈★[−𝑙]

2

) .

The logarithm of a linear combination precludes further accessibility, but 𝑓 (𝑧𝑘) is computed
easily by evaluating the matrix-T density. This is a standard convex optimization (Yao et al.,
2018); see Section 2.3.5 for further details.

The objective function in Equation (2.13) is related to Equation (2.6) as

max
𝑤∈𝒮𝐾

1

1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
= max
𝑤∈𝒮𝐾

1

𝑔(𝑤), (2.16)

where 𝑤 = (𝑤1 , . . . , 𝑤𝐾)T and

𝑔(𝑤) = 1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝑝
(
𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
=

1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇
★
𝑖 , 𝑉

★
𝑖 ,Ψ

★
[−𝑙])

=
1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝐾(𝑌𝑘,𝑖)
���1 +𝑉★−1

𝑖 (𝑌𝑘,𝑖 − 𝜇★
𝑖 )Ψ−1★

[−𝑙](𝑌𝑘,𝑖 − 𝜇★
𝑖 )T

���− 𝜈★[−𝑙]+1

2
.

(2.17)

In practical applications, we address Equation (2.13) separately from Equation (2.6), which
is defined for each 𝑘𝑡ℎ subset. Although it must be solved for each subset, we perform 𝐾

separate maximizations of Equation (2.6), one for each subset. Once we obtain all 𝐾 sets of
{𝑧̂𝑘,𝑗}, we can recover the weights {𝑤̂𝑘} across subsets by solving the convex optimization
problem in Equation (2.13).

Overlooking the possibility of computing the subset stacking weights {𝑧𝑘,𝑗} in parallel for
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the time being, this method offers a significant computational benefit: no extra quantities need
to be computed to solve the problem in Equation (2.13). All necessary information is already
available from independent computations performed within each subset. For clarity, all the
terms in Equations (2.6) and (2.13) are known and coincide except for the weights 𝑤, which
still need to be optimized. Consequently, there is no need to recompute the cross-validated
predictive distributions or {𝑧̂𝑘,𝑗} as all these components have been computed.

2.3.2 Theoretical complexity

In terms of theoretical computational complexity, we provide a comparison between spatial
meta-kriging (smk Guhaniyogi and Banerjee, 2018) and the double bps. So far, given a dataset
𝒟𝑛 , 𝑛 denotes the total number of observations and 𝐾 the number of subsets. Let 𝑀 be the
number of target posterior samples. From Guhaniyogi and Banerjee (2018), it is known that
each posterior sample, considering a parallel implementation over 𝐾 cores of smk requires
𝒪

(
( 𝑛𝐾 )3

)
. Thus, taking into account 𝑀 draws from each of the subset posteriors yields theoreti-

cal complexity of𝒪
(
𝑀( 𝑛𝐾 )3

)
, for each computational core. The cost of computing the Geometric

median also has to be added. As stated in Minsker et al. (2017), Weiszfeld’s algorithm has a
complexity of 𝒪

(
𝑀2) for each step, and it needs at most 𝒪

(
1/𝜖

)
steps to approximate the full

posterior to a degree 𝜖 of accuracy. Especially in large-scale applications, having a computa-
tional core for each subset is not always possible. Let us consider the number of available cores
hereafter as 𝑚, generally 𝑚 << 𝐾. Leading the total complexity of smk, for 𝐾 partitions in
parallel over 𝑚 cores to 𝒪

(
𝐾
𝑚

[
𝑀( 𝑛𝐾 )3

]
+ (𝐾𝑀)2

𝜖

)
.

For theoretical complexity of double Bayesian predictive stacking, we have to specify 𝐽 as
the number of competitive models, and 𝐿 as the number of folds used for cross-validation.
Equivalently to smk, model fitting within subsets is dominated by Cholesky decompositions
implying costs in the order of 𝒪

(
( 𝑛𝐾 )3

)
. Nevertheless, in double bps, we perform 𝐽 Cholesky

decompositions, and for each of them, we refit the model 𝐿 times. Hence, the theoretical
complexity boils down to 𝒪

(
𝐾
𝑚 𝐽𝐿( 𝑛𝐾 )3

)
. In addition, we use the package cvxr Fu et al. (2020) in

the R statistical computing environment by applying disciplined convex programming Grant
(2005); CVX Research (2012) to find the stacking weights in polynomial time using an interior-
point algorithm. We used the solvers scs (O’Donoghue et al., 2016) and ecoSolveR (Fu et al.,
2023) to obtain the stacking weights. This introduces the discipline convex problems into the
theoretical complexity, turning out to be𝒪

(
𝐾
𝑚 [𝐽𝐿( 𝑛𝐾 )3+ 𝐽𝑝]+𝐾𝑝

)
, for 𝐾 subsets over𝑚 cores, and

a polynomial degree 𝑝 (which depends on the chosen interior-point algorithm). The portion
in square brackets pertains to model fitting within each subset, consisting of a term related to
cross-validation and the polynomial cost of double bps across 𝐽 models. Finally, we account for
the complexity introduced by the second stacking process across the 𝐾 subsets.

Next, we compare the computational complexities of the two approaches. We will separately
examine the terms associated with subset modeling and global inference combination. Thus,
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for smk and double bps, respectively, the computational complexities are as follows:

𝒪

©­­­­­­«
𝐾

𝑚

[
𝑀

(
𝑛

𝐾

)3
]

︸      ︷︷      ︸
subset modeling

+ (𝐾𝑀)2
𝜖︸  ︷︷  ︸

combination

ª®®®®®®¬
, 𝒪

©­­­­­­«
𝐾

𝑚

[
𝐽𝐿

(
𝑛

𝐾

)3
+ 𝐽𝑝

]
︸             ︷︷             ︸

subset modeling

+ 𝐾𝑝︸︷︷︸
combination

ª®®®®®®¬
(2.18)

Focusing on the subset modeling component, as highlighted in Equation (2.18), two key
specifications stand out. First, consider the difference in magnitude between𝑀 and the product
𝐽𝐿. In this context, double bps offers a theoretical advantage when 𝐽𝐿 < 𝑀, a quite common
condition in practice. This is because 𝑀 represents the number of posterior samples required
for convergence across all the Markov chains involved, and it typically needs to be at least on
the order of 103. In contrast, the product 𝐽𝐿 consists of relatively small terms, making it highly
likely that this inequality will hold. Second, due to the significant difference in scale , the term
𝐽𝑝 is absorbed by (𝑛/𝐾)3

When comparing the combination phase, the analysis reduces to a comparison between
the geometric median approximation and Bayesian predictive stacking. Since a substantial
number of posterior samples 𝑀 is required by smk for each of the 𝐾 partitions, we generally
find that 𝐾𝑝 < (𝐾𝑀)2/𝜖. Thus, while empirical computational times are significantly lower
for double Bayesian predictive stacking compared to smk (see Section 2.4.4), there are some
modest theoretical differences between the two methods. The major advantage lies in avoid-
ing simulation-based methods, such as mcmc, while achieving local inferences through exact
approaches.

Like Weiszfeld’s algorithm, modern disciplined convex programming encounters compu-
tational challenges in high-dimensional contexts, particularly in managing random memory
allocation. In Section 2.3.3, we present a feasible strategy for approximating the double bps
weights, tailored for very large-scale memory problems.

2.3.3 Memory management and Pseudo-bma

When modeling GeoAI systems, as the number of locations exceeds the order of millions,
managing storage space becomes crucial. Timing issues may arise depending on the available
optimizer. While open-source solvers theoretically offer faster solutions compared to iterative
algorithms, e.g. geometric median, they often face practical challenges when the problem size
considerably exceeds dimensions of 102. In contrast, commercial optimizers behave slightly
better, even if these approaches are not exempted from random allocation memory constraints.
We emphasize working with portable approaches, i.e. with open-source solvers, that can
effectively handle large-scale problems.

We present a computationally cheaper alternative that facilitates better management of
available ram. The subsequent contents, including Algorithm 3, were implemented in data
analyses involving millions (106) of locations of Sections 2.5. When addressing optimization
problems of significant dimensions, aic-based alternatives could be considered.

To facilitate model stacking, various methodologies exist within the Bayesian model aver-
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Algorithm 3 Calculating stacking weights between subsets using pseudo-bma
Input: 𝑧̂ = {𝑧̂𝑘 = {𝑧̂𝑘,𝑗} : 𝑘 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within subsets;
{𝑝𝑑𝑘,𝑗,𝑖 = T1,𝑞(𝑌𝑘,𝑖 | 𝜈★[−𝑙] , 𝜇

★
𝑖
, 𝑉★

𝑖
,Ψ★

[−𝑙]) : 𝑘 = 1, . . . , 𝐾, 𝑗 = 1, . . . , 𝐽 , 𝑖 = 1, . . . , 𝑛}: point-wise
predictive density of 𝑌; 𝑛, 𝑞, 𝑝: Number of rows, number of outcomes, and number of predic-
tors; 𝐾, {𝑛𝑘 : 𝑘 ∈ {1, . . . , 𝐾}}, 𝐽: Number of subsets, dimension of each subset, and number of
competitive models in each subset.
Output: 𝑤̂ = {𝑤̂𝑘 : 𝑘 = 1, . . . , 𝐾}: Stacking weights between subsets.

1: Construct 𝑝𝑑 = [𝑝𝑑T
1 : · · · : 𝑝𝑑T

𝐾]T︸               ︷︷               ︸
𝑛×𝐽

, 𝑝𝑑𝑘 =

𝑝𝑑𝑘,1,1 ... 𝑝𝑑𝑘,𝐽 ,1
... 𝑝𝑑𝑘,𝑗,𝑖

...
𝑝𝑑𝑘,1,𝑛𝑘 ... 𝑝𝑑𝑘,𝐽 ,𝑛𝑘

︸                    ︷︷                    ︸
𝑛𝑘×𝐽

2: for 𝑘 = 1, . . . , 𝐾 do
3: Compute 𝑒𝑙𝑝𝑑

𝑘
=

∑𝑛
𝑖=1 log

(
𝑝𝑑 𝑧̂𝑘

)
4: end for
5: for 𝑘 = 1, . . . , 𝐾 do
6: Compute 𝑤̂𝑘 = exp

(
𝑒𝑙𝑝𝑑

𝑘 ) / ∑𝐾
𝑘=1 exp

(
𝑒𝑙𝑝𝑑

𝑘 )
7: end for
8: return 𝑤̂ = {𝑤̂𝑘 : 𝑘 ∈ {1, . . . , 𝐾}}

aging (bma) framework. In particular, we present an approach based on information criteria,
and formerly introduced in Yao et al. (2018). To ensure comparability between datasets and
enhance interpretability, we estimate the expected log point-wise predictive density (as done
in double bps). The expected log pointwise predictive density (𝑒𝑙𝑝𝑑) for each partition 𝑘 is
defined as

êlpd
𝑘
=

𝑛∑
𝑖=1

êlpd
𝑘

𝑖 =

𝑛∑
𝑖=1

log 𝑝(𝑌𝑘,𝑖 | 𝒟𝑘,[−𝑙]) (2.19)

Importantly, each 𝑒𝑙𝑝𝑑 term need not be computed individually, as these values are generated
during the first bps procedure within each subset for all model configurations, significantly
reducing memory storage requirements and the total computational burden. Given the set
{êlpd

𝑘
}𝑘=1,...,𝐾 , the pseudo Bayesian model averaging (pseudo-bma) weights are computed as

𝑤̂𝑘 =

exp
(
êlpd

𝑘
)

∑𝐾
𝑘=1 exp

(
êlpd

𝑘
) . (2.20)

This formulation, early introduced by Yao et al. (2018), simplifies the computation of the
stacking weights, significantly reducing computational costs in terms of complexity and storage
while maintaining the Bayesian predictive stacking framework. Thus, it serves as a viable
alternative to bps for predictive densities in challenging scenarios. When dealing with datasets
comprising millions of instances and a substantial number of partitions, optimization solvers
may fail or produce errors due to memory constraints, and the iterative processes involving
large matrices can lead to increased procedure times.

Based on empirical experience, we primarily utilize pseudo-bma as a Bayesian predic-
tive stacking approach when datasets require excessive memory storage, particularly when
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𝑛 >> 105 and 𝐾 >> 102. When feasible we generally prefer convex optimization using bps
of predictive densities without reservations. Simulations highlighting potential differences in
posterior predictive and posterior inference performances between these two model stacking
approaches can be found in Yao et al. (2018), where several alternatives to Bayesian stacking
approaches were discussed. We opted for pseudo-bma due to its simpler analytical formulation,
which enables matrix algebra to mitigate the computational burden of both random allocation
memory and runtime.

2.3.4 Memory-efficient posterior sampling

In the matrix-variate conjugate Bayesian linear regression model presented in Equation (2.1),
the Bayesian updating process becomes costly as the number of data shards, or even more,
as the dimensions increase. Computational problems are often related to the available ram,
especially when working with considerable datasets. We present a memory-efficient posterior
sampling for the regression coefficient 𝛽, helping in such intricate contexts. We consider the
model in Equation (2.1) of Section 2.1,

𝑌 = 𝑋𝛽 + 𝐸 , 𝐸 | Σ ∼ MN(𝑂,𝑉,Σ) ;

𝛽 = 𝑀0𝑚0 + 𝐸𝛽 , 𝐸𝛽 | Σ ∼ MN(𝑂, 𝑀0 ,Σ) ; Σ ∼ IW(Ψ0 , 𝜈0) ,
(2.21)

where Σ is assumed as known hereafter. Then, by matrix normal distribution theory, we know
the exact form of the posterior distribution

𝛽 | 𝒟,Σ ∼ MN(𝑀𝑛𝑚𝑛 , 𝑀𝑛 ,Σ), (2.22)

where 𝑀−1
𝑛 = 𝑀−1

0 + 𝑋⊤𝑉−1𝑋, 𝑚𝑛 = 𝑚0 + 𝑋⊤𝑉−1𝑌. We provide a memory-efficient way
to sample from this distribution and reduce its computational burden. We define random
variables 𝑌𝑟𝑒𝑝 ∼ MN(𝑌,𝑉,Σ) and 𝑍 ∼ MN(𝑀0𝑚0 , 𝑀0 ,Σ). Expressing the relation between
𝑌𝑟𝑒𝑝 , 𝑍, and 𝐵 as

𝑀−1
𝑛 𝐵 = 𝐴1𝑍 + 𝐴2𝑌𝑟𝑒𝑝 . (2.23)

We seek matrices 𝐴1 , 𝐴2 such that 𝐵 𝑑
= 𝛽 | 𝒟,Σ. Since 𝛽 | 𝒟,Σ is distributed as a matrix-

Gaussian random variable, it is fully characterized by its mean and variance (in such a case,
with both row and column covariance matrices). Then, all we need are 𝐴1 and 𝐴2 so that the
first two moments of 𝐵 matches with 𝛽 | 𝒟,Σ.

For 𝐺 ∼ MN(𝑚, 𝑣, 𝑠), we have 𝐷𝐺𝐶 ∼ MN(𝐷𝑚𝐶, 𝐷𝑣𝐷⊤ , 𝐶𝑠𝐶⊤). Moreover, if 𝐺 is 𝑛 × 𝑞,
the row-variance matrix is defined as 𝑣 = V𝑟𝑜𝑤(𝐺) = E[(𝐺 − 𝑚)(𝐺 − 𝑚)T] tr(𝑠)−1 of dimension
𝑛×𝑛 and its elements are defined as the variance computed on each row, while the 𝑞×𝑞 column
covariance matrix is depicted by 𝑠 = V𝑐𝑜𝑙(𝐺) = E[(𝐺 −𝑚)T(𝐺 −𝑚)] tr(𝑣)−1 (see, e.g., Gupta and
Nagar, 2000, for further details). Without loss of generality, we compute the row covariance
matrix for 𝐵 since the column covariance matrix Σ is given. Note that

𝑀−1
𝑛 V𝑟𝑜𝑤(𝐵)𝑀−1

𝑛 = 𝐴1V𝑟𝑜𝑤(𝑍)𝐴⊤
1 + 𝐴2V𝑟𝑜𝑤(𝑌𝑟𝑒𝑝)𝐴⊤

2 = 𝐴1𝑀0𝐴
⊤
1 + 𝐴2𝑉𝐴

⊤
2 (2.24)
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Setting these matrices as 𝐴1 = 𝑀−1
0 , and 𝐴2 = 𝑋⊤𝑉−1, we have

𝑀−1
𝑛 V𝑟𝑜𝑤(𝐵)𝑀−1

𝑛 = 𝑀−1
0 𝑀0𝑀

−1
0 + 𝑋⊤𝑉−1𝑉𝑉−1𝑋 = 𝑀−1

0 + 𝑋⊤𝑉−1𝑋 = 𝑀−1
𝑛 . (2.25)

This implies V𝑟𝑜𝑤(𝐵) = 𝑀𝑛 . The mean follows from

𝑀−1
𝑛 E[𝐵] = 𝐴1E[𝑍] + 𝐴2E[𝑌𝑟𝑒𝑝] = 𝑀−1

0 𝑀0𝑚0 + 𝑋⊤𝑉−1𝑌 = 𝑚𝑛 , (2.26)

and we obtainE[𝐵] = 𝑀𝑛𝑚𝑛 . Therefore, we can derive the next equality in distribution between
𝐵 and the posterior distribution of the regression coefficient 𝛽 as

𝐵
𝑑
= 𝛽 | 𝒟,Σ ∼ MN(𝑀𝑛𝑚𝑛 , 𝑀𝑛 ,Σ). (2.27)

This implies we can sample from 𝛽 | 𝒟,Σ by solving a linear system. Specifically, by simply
drawing samples from 𝑍 and 𝑌rep, we obtain a sample from 𝛽 | 𝒟,Σ by solving the system
(𝑀−1

0 + 𝑋⊤𝑉−1𝑋)𝐵 = (𝑀−1
0 𝑍 + 𝑋⊤𝑉−1𝑌rep) for 𝐵. This approach is particularly advantageous

for Bayesian transfer learning, as it avoids storing several large matrices when computing the
posterior of 𝛽 | 𝒟,Σ. Instead, only the prior precision matrix for 𝛽, 𝑀−1

0 , and the product
matrix 𝑋⊤𝑉−1 need to be stored, significantly reducing the memory footprint.

2.3.5 Computer programs and resources

All our subsequent analyses are implemented in native R and c++ deploying the spBPS package.
All programs required to reproduce the analysis are publicly accessible from the GitHub reposi-
tory lucapresicce/Bayesian-Transfer-Learning-for-GeoAI that links the Rcpp-based spBPSpack-
age. The reported results are from a standard laptop running an Intel Core I7-8750H cpu with
5 cores for parallel computation and 16 GB of ram.

We fit linear model of coregionalization (lmc, Banerjee et al., 2015), nearest-neighbor Gaus-
sian process model (nngp, Datta et al., 2016), and multivariate seemingly unrelated Bayesian
additive regression trees (multivariate bart, Esser et al., 2025) using spBayes, spNNGP and
suBART packages, respectively. We also compare with machine learning methods and ai sys-
tems using a scalable platform for parallelized supervised and unsupervised machine learning
algorithms offered by h2o (Fryda et al., 2024). We specifically fit distributed random forest (drf),
gradient boosting (gbm), deep neural network (dnn), and a fully automatic machine learning
algorithm (automl).

For parallel implementations of dbps, we employ R packages doParallel, and foreach
(Microsoft and Weston, 2022; Microsoft and Weston, 2022). We map the interpolated spatial
surfaces using MBA (Finley et al., 2011), while sampling from the matrix-variate normal and
t distributions is achieved using mvnfast (Fasiolo, 2014). Section 2.3 specifies computational
considerations and sensitivity to the number of data shards, 𝐾, for spatial “BIG” data analysis.

We build a Bayesian transfer learning engine to conduct amortized Bayesian inference
(Zammit-Mangion et al., 2024) using dbps. We implement a residual neural network (ResNet)
(He et al., 2015) using the R interfaces supplied by tensorflow (Allaire et al., 2024) and keras
(Kalinowski et al., 2024) for native Python.

https://github.com/lucapresicce/Bayesian-Transfer-Learning-for-GeoAI
https://github.com/lucapresicce/spBPS
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2.4 Simulation experiments

We evaluate computational and inferential performances of double bps, while underscoring
comparisons with multiple alternative methodologies.

2.4.1 Transfer learning in ℳ-closed & ℳ-open settings

We evaluate inferential and predictive performance under different settings. We explore how
double bps behaves in the ℳ-closed and ℳ-open settings and compare with an exact transfer
learning framework we devise in Section 2.1. We perform the experiment using 50 replications.
Each replicate consists of values of 𝑛 × 𝑞 outcome 𝑌 generated from (2.2) with 𝑛 = 5, 000,
𝑞 = 3, and 𝑝 = 2, 𝑋 includes an intercept and a predictor generated from a standard uniform
distribution over [0, 1], 𝛽 =

[ −0.75 1.05 −0.35
2.20 −1.10 0.45

]
and Σ =

[ 2.00 0.80 0.20
0.80 2.00 −0.45
0.20 −0.45 2.00

]
. The 𝑛 × 𝑛 spatial

correlation matrix 𝑉 is specified using an exponential correlation function with 𝜙 = 4 and
𝛼 = 0.8.

For exact transfer learning, model specification is characterized by different values of 𝛼 and
𝜙 representing (i) well-specified (ws) setting with the data generating values {𝛼 = 0.8, 𝜙 =

4}; (ii) moderately misspecified (ms) setting with {𝛼 = 0.45, 𝜙 = 6.63}; and (iii) a highly
misspecified (hms) setting with {𝛼 = 0.25, 𝜙 = 50}.

Then, the double bps was tested over ℳ-closed and ℳ-open settings. The former considers
situations where the true model exists, and it is identified within a finite set of considered
models. Here, the “true” model is the one such that {𝛼 = 0.8, 𝜙 = 4}. Then, for double bps
under closed setting (bps-c) we specify 𝐽 = 9 competitive models with 𝛼 ∈ {0.75, 0.80, 0.85}
and 𝜙 ∈ {2, 4, 6} that yields effective spatial ranges in the percentage of maximum point
inter-distance of 105%, 53%, 35% respectively, including the true model as one of the possible
candidates. Conversely, in the ℳ-open setting, even though the true model exists, it cannot be
fully specified. Thus, for double bps under the open setting (bps-o), we randomly define 𝐽 = 9
candidate models. In particular, we uniformly sample 3 values for 𝛼 ∈ (0, 1) and 3 values for
𝜙 ∈ (0, 50).

Figure 2.1 presents (i) mean square prediction error (mspe); (ii) predictive interval width;
(iii) absolute bias; and (iv) variance. We present boxplots for the distribution of each metric over
the 50 replicates. This is made for each response and for each setting. In terms of predictive
mspe, absolute bias, and variance, the settings bps-c, bps-o depict slightly better performance.
However, this seems to be compromising predictive interval width as the uncertainty of pre-
diction results is much higher. By approaches that estimate {𝛼, 𝜙}, rather than fix them, more
uncertainty is somehow expected. In addition, we find no evidence of any difference between
bps-c, and bps-o for any metric. This is surprising, as it suggests the reliability of dbps even
under the transfer learning setting we devise in Section 2.2. Finally, irrespective of ℳ-closed
or ℳ-open settings, it is more convenient to specify a set of candidate models using double bps
instead of attempting to fix {𝛼, 𝜙}.

Figure 2.2 presents posterior inference for (i) average empirical bias; (ii) average coverage;
and (iii) average standard deviation, where the average is taken over the 50 replications. As
expected, misspecification induces empirical bias in posterior estimates. The top panel reports
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how greater levels of bias are associated with models that are farther away from the truth. Here,
double bps is placed in the middle for both ℳ settings. The middle plot in Figure 2.2 shows
that Σ is the most affected parameter by misspecifications. Its elements are well captured only
by double bps, with coverage close to nominal, followed by ws specification, which performs
worse. A Similar pattern holds for 𝛽, where only double bps ensures adequate coverage. This
reflects greater posterior variability in stacking approaches, as shown in the bottom panel re-
porting posterior standard deviations across settings. Unsurprisingly, inferential performance
is weakest for the spatial variance, which is not identifiable from the realized data (Zhang,
2004). double bps behaves very similarly among ℳ-closed and ℳ-open.

While dbps outperforms transfer learning in ℳ-closed and ℳ-open settings, transfer learn-
ing improves predictive performance over a well-specified model with misspecified data than
with well-specified data. This, while somewhat unexpected, is attributed to the estimated
response surfaces being practically indistinguishable. Furthermore, transfer learning in mis-
specified settings perform competitively. These findings seem to be consistent with theoretical
insights offered by Stein (1988) and Stein and Handcock (1989), who theoretically established
the ability of Gaussian processes to deliver good predictive performance even for misspecified
covariance functions in fixed domains (in-fill asymptotics).

2.4.2 Predictive coverage performance

We evaluate the predictive coverage performance and computational efficiency of our proposed
framework using a synthetic spatial dataset comprising 2, 250: 𝑛 = 2, 000 locations used for
training, and 𝑢 = 250 held out for predictive evaluations. We also include a design matrix
𝑋 with 𝑝 = 2 comprising an intercept and a single predictor whose values were sampled
independently from a uniform distribution over [0, 1], and a univariate (𝑞 = 1) response 𝑌.
Spatial coordinates are sampled uniformly over the unit square [0, 1]2, and the 𝑛 × 𝑛 spatial
correlation matrix over these coordinates using 𝜌𝜙(𝑠𝑖 , 𝑠 𝑗) = exp(−𝜙∥𝑠𝑖 − 𝑠 𝑗∥) with 𝜙 = 4.
The response is generated according to a Gaussian process model with regression coefficients
𝛽 = (1.0, 0.5)⊤, spatial variance 𝜎2 = 1, and nugget variance 𝜏2 = 0.25, which corresponds to
𝛼 = 0.8.

While our methodology is inherently multivariate, we restrict this study to a univariate
response and a moderate sample size. This design allows direct comparison with established
gold-standard approaches: full Gaussian process models (Full gp) and nearest-neighbor Gaus-
sian process (nngp) models. Larger or multivariate datasets would render repeated full gp
analyses infeasible, yet these settings are sufficient to evaluate predictive coverage, mspe, and
interval width across competing methods.

We assess distributed learning via dbps, varying the number of subsets 𝐾 ∈ 5, 10, 20, with
candidate models defined over a grid of hyperparameters 𝛼 ∈ 0.7, 0.8, 0.9 and 𝜙 ∈ 3, 4, 5.
For benchmarking, we fit nngp models with neighbor numbers ranging in 𝑚 ∈ 5, 10, 20 and
a full GP model as a benchmark. For both simulation-based methods, we specify the same
non-informative default priors and 2, 000 mcmc samples. Each method is replicated 𝐵 = 50
times to capture variability in predictive performance, and then the results are averaged over
replications.
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Model Time (sec) Pred. Int. Width MSPE Emp. Coverage

full gp 1654 2.00 0.264 0.945
nngp (𝑚 = 5) 17 2.01 0.264 0.948
nngp (𝑚 = 10) 39 2.01 0.264 0.949
nngp (𝑚 = 20) 120 2.01 0.264 0.947
dbps (𝐾 = 5) 24 2.04 0.265 0.946
dbps (𝐾 = 10) 13 2.11 0.268 0.956
dbps (𝐾 = 20) 12 2.19 0.271 0.961

Table 2.1: Average predictive interval width, mspe, empirical coverage at 95%, and computation time (in seconds) for
different specifications of nngp, dbps, and full Gaussian process models. Results are averaged over 50 replications.

Table 2.1 summarizes the results in terms of average predictive interval width, mean squared
prediction error (mspe), empirical coverage, and computational time in seconds. Distributed
dbps achieves predictive accuracy and coverage comparable to nngp and full gp models while
dramatically reducing computation time with respect the latter. Moreover, computation time
decreases as the number of subsets increases, highlighting the scalability of the framework
without compromising inferential quality. These findings demonstrate that a distributed ap-
proach can efficiently replicate the predictive performance of full Gaussian process models,
making it a practical alternative for large spatial datasets. These results demonstrate that
double bps achieves substantial computational savings relative to full gp models while main-
taining comparable predictive accuracy and coverage. This simulation experiment illustrates
the scalability of the framework without compromising inference quality, even with respect to
Vecchia-style approximations as nearest-neighbor Gaussian process models.

The prediction oversmoothing, which typically happens in distributed approaches (e.g.,
Guhaniyogi and Banerjee, 2018), seems not to have a strong effect for double bps. Despite this,
it is evident that increasing the number of subsets induces some extra variability and extra
coverage. However, simulations confirm the effect is negligible. The origin of this extra width
of the predictive interval may arise from a disagreement term, often associated with linear
pooling forecast (Knüppel and Krüger, 2022). We reserve the study of disagreement tempering
techniques to remove possible variance inflation as future work.

2.4.3 Amortized Bayesian inference

We conduct transfer learning by supervising a neural network using the outputs of double
bps to deliver amortized Bayesian inference. We generate 100 instances of 𝑌 from (2.2) using a
fixed realization of Ω for 𝑞 = 2 correlated outcomes, 𝑛 = 500 spatial locations that remain fixed
across the datasets, and a fixed design matrix 𝑋 with 𝑝 = 2 comprising an intercept and a single
predictor whose values were sampled independently from a uniform distribution over [0, 1].
The true regression coefficients are fixed at 𝛽 =

[ −0.75 1.85
0.9 −1.10

]
, with Σ =

[ 1 −0.3
−0.3 1

]
, 𝛼 = 0.8, and

𝜌𝜙(𝑠𝑖 , 𝑠 𝑗) = exp(−𝜙∥𝑠𝑖 − 𝑠 𝑗∥) with 𝜙 = 4.
We train the neural network using 𝑅 = 250 posterior samples by applying double bps to

each generated dataset with 𝐾 = 5 subsets, 𝛼 ∈ {0.7, 0.8, 0.9} and 𝜙 ∈ {3, 4, 5}. These yield 100
instances of {𝑍,Θ}, where 𝑍 = [𝑌 : 𝑋] ∈ R𝑛×(𝑞+𝑝) and Θ ∈ R[(𝑞𝑝)+(𝑞(𝑞+1)/2)+(𝑛𝑞)]×3 comprises the
{2.5, 50, 97.5} posterior quantiles for the distinct elements of {𝛽,Σ,Ω}.

We use a deep neural network comprising 3 hidden layers with 128, 256, and 512 nodes, with
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Figure 2.3: Amortized posterior credible intervals for parameters. True parameters in yellow.

ReLU activations. The residual network is trained over 50 epochs with 24 batches per epoch.
For evaluation, we apply the trained model to unseen datasets with the same dimensions.
Figure 2.3 displays predicted posterior intervals (blue bars) for {𝛽,Σ}, alongside true parameter
values (yellow triangles). The predicted medians (50%) align closely with the ground truth,
and all true values are captured by the estimated 95% credible intervals, highlighting the deep
network’s strong predictive accuracy in recovering posterior summaries.

Figure 2.4 displays the predicted posteriors for Ω quantiles. We compare the results from
Amortized inference, with the trueΩ, and the double bps prediction for 50th quantile, presented
in the first and the second column of Figure 2.4, respectively.

This experiment aims to show the strengths of amortized inference and transfer learning
working together. Once trained, the deep network provides instant posterior quantile estimates
for new datasets, without requiring re-running double bps, thus amortizing the computational
cost across future tasks. Additionally, the model generalizes across a range of data-generating
conditions, effectively enabling posterior transfer to new but structurally similar problems.
This makes the approach especially useful in large-scale or resource-constrained applications
where repeated full Bayesian inference would be prohibitively expensive.

2.4.4 Computational performance

We investigate running times of our framework using two synthetic datasets with common
structures but distinct sizes. Both datasets consist of 𝑝 = 2 predictors and 𝑞 = 2 response
variables, but different numbers of spatial locations, 𝑛 = 5, 000 and 𝑛 = 10, 000, respectively.
We generate and fix spatial coordinates from a uniform distribution on the unit square ([0, 1]2).
We build the 𝑛 × 𝑛 spatial correlation matrix 𝑉 over these coordinates using 𝜌𝜙(𝑠𝑖 , 𝑠 𝑗) =

exp(−𝜙∥𝑠𝑖 − 𝑠 𝑗∥) with 𝜙 = 4 and specify Σ = I𝑞 . From these specifications we generate the
𝑛 × 𝑞 matrix 𝑌 from the first equation of (2.2) with fixed 𝑝 × 𝑞 matrix 𝛽 =

[ −0.75 1.85
0.90 −1.10

]
, a fixed

𝑛 × 𝑝 matrix 𝑋 with a first column of ones, representing the intercept, and 𝑝 − 1 columns
of values randomly simulated from a uniform distribution on [0, 1] (emulating standardized
predictors), and the proportion of spatial variability 𝛼 = 0.8. We compare with multivariate
meta-kriging (Guhaniyogi and Banerjee, 2019), linear model of coregionalization lmc, and
seemingly unrelated Bayesian additive regression tree (subart) (see Section 2.3).

For distributed learning approaches, i.e., double bps and msmk, we perform the analyses
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Figure 2.4: Surface interpolations for true spatial process, BPS prediction (50 quantile), and Amortized prediction
of {50, 2.5, 97.5} quantiles. Each row corresponds to an outcome.

in two settings: (i) 𝐾 = 10 and 𝑛 = 5, 000; (ii) 𝐾 = 10 and 𝑛 = 10, 000; (iii) 𝐾 = 5 and
𝑛 = 5, 000; and (iv) 𝐾 = 20 and 𝑛 = 10, 000. These settings produce subsets of size 𝑛/𝐾 ∈
{500, 1000}. We implement double bps using 𝐽 = 9 candidate models ℳ𝑗 , 𝑗 = 1, . . . , 𝐽, where
each model is specified by a set of candidate values for the hyperparameters 𝛼 𝑗 , 𝜙 𝑗 in (2.2). These
hyperparameters represent the proportion of spatial variability and the parameter(s) of the
spatial correlation function, respectively. The set of candidate models is constructed as the set of
all possible combinations of values for these hyperparameters. In the subsequent experiments,
the grid of models was built using 𝛼 ∈ {0.70, 0.80, 0.90} and 𝜙 ∈ {3, 4, 5}. These values
resemble an effective spatial range of {0.99, 0.75, 0.60} units, corresponding to 70%, 53%, 42%
of the maximum inter-site distance inside the unit square, beyond which the spatial correlation
drops below 0.05. Equation (2.3) follows choices in Zhang et al. (2021). Specifically, we set
𝑚0 = 0𝑝×𝑞 , 𝑀0 = 10I𝑝 , Ψ0 = I𝑞 , and 𝜈0 = 3 in the mniw joint prior for {𝛾,Σ} in 2.3. For data
analysis, we use an exponential spatial correlation function for 𝜌𝜙( · , · ), which is completely
defined conditionally on ℳ𝑗 , since specifies a value for 𝜙. Again, in the conjugate framework,
we draw 𝑅 = 250 posterior samples used for inference.

We also apply msmk to the two simulated datasets with the same combinations of 𝑛 and 𝐾
as double bps. Unlike double bps, where we stack analytically tractable posteriors over a range
of fixed values of spatial covariance kernel parameters, the msmk implementation attempts full
Bayesian inference using prior distributions on spatial covariance kernel parameters. We fit
the linear model of coregionalization described in Finley et al. (2015) for each subset of the
multivariate spatial data using mcmc. The posterior samples from the 𝐾 subsets are combined
using Weiszfeld’s iterative algorithm (Minsker et al., 2017) to produce an estimate of the geo-
metric median of the posterior distributions. For both experimental settings, we then fit lmc,
and subart on the full dataset, where they were endowed with default prior settings, following
Finley et al. (2015), and Esser et al. (2025), respectively.

Table 2.2, which compares the computational speed of double bps with other considered
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Setting Model Time (min) Relative to dbps Visual

𝑛 = 5000, 𝐾 = 10 dbps 1.38 1.0×
msmk 51.41 37.3×

𝑛 = 5000, 𝐾 = 5 dbps 7.22 1.0×
msmk 237.23 32.9×

𝑛 = 5000
subart 215.67 29 – 156× –
lmc 8975.31 >1000×

𝑛 = 10000, 𝐾 = 20 dbps 2.24 1.0×
msmk 103.36 46.1×

𝑛 = 10000, 𝐾 = 10 dbps 10.58 1.0×
msmk 446.01 42.2×

𝑛 = 10000
subart 557.60 53 – 249× –
lmc – – –

Table 2.2: Running times (in minutes), relative to double bps. Bars give a visual impression of time cost (where
applicable).

approaches reveals massive computational gains accrued from double bps. The computational
advantage evinced from the relative ratio becomes more pronounced as the size of the data
becomes larger, despite the larger subsets. This is explained by the fact that fitting the Gaussian
process regression dominates the computation relative to the assimilation of inference from the
subsets. If the number of locations explode, then the geometric median of posteriors required
by msmk is computationally unfeasible. While msmk offers Bayesian estimates using mcmc for
each subset, double bps avoids mcmc and, hence, issues of convergence. Similar arguments
follow for lmc and subart. As expected, the linear model of coregionalization, when fitted on
the entire set of locations, gives a disastrous performance, taking almost a week of computation
in the lighter simulation settings, and makes it infeasible to record results for 𝑛 = 10, 000.
Notwithstanding the scalability offered by this multivariate extension of the Bayesian additive
regression model, the subart does not have any chance to provide inference in a comparable
time.

Figure 2.5, which depicts estimated response surfaces using double bps and msmk corre-
sponding to 𝑛 = 5000 and 𝐾 = 10, shows that inferences are practically indistinguishable, but
oversmoothed with respect to the true surfaces. This behavior is somehow expected, as typical
of distributed approaches (Guhaniyogi and Banerjee, 2018). The root mean squared prediction
error (rmspe), reported in Figure 2.5, denotes the average squared differences between the gen-
erated and estimated values of the response and reveals minor discrepancies between double
bps and msmk.

Figure 2.6 reports 95% posterior predictive intervals for the response. Again, the empirical
coverage is impressive. While we see slightly wider intervals from double bps, this is less pro-
nounced than the underestimation of variability seen with msmk. Moreover, Figure 2.6 reveals
superior map estimates for the double bps. Finally, Figure 2.7 presents the recovery of parameter
estimates. As seen in predictive inference, the posterior credible intervals for parameters also
deliver practically indistinguishable inference for the two modeling frameworks. In particular,
both methods recover the true values for 𝛽 and Σ, while double bps reconstructs a better point
estimate for range parameters 𝜙 using

∑𝐾
𝑘=1 𝑤̂𝑘

∑𝐽

𝑗=1 𝑧̂ 𝑗𝜙 𝑗 . The presented results show that
double bps achieves spatial interpolation performance comparable to msmk, while requiring
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Figure 2.5: from left to right: comparison between the true generated response surfaces, the surfaces predicted
from double bps and msmk (posterior mean), with rmspe. For 𝑛 = 5000, 𝐾 = 10.

only a fraction of the computational cost.

2.4.5 Subset size sensitivity

The methodological novelty introduced in Section 2.2 can be summarized in three main steps,
as illustrated in Figure 1.1. First, we partition the original, often massive, dataset into 𝐾 smaller
subsets. The number of locations in each partition is a critical decision, seriously impacting
inferential, predictive, and computational outcomes. Accordingly, a trade-off arises between
computational resources and performance.

To address this, we conduct a simulation analysis to assess the sensitivity of the results to
subset size. This section aims to investigate how predictive performance (in terms of rmspe), and
runtime (in seconds) change as the number of locations within each partition grows. Intuitively
and theoretically, as the dimension of the subsets grows, we expect predictive performance to
improve, while runtime increases polynomially with 𝑛. To enhance the comparability of the
results, we apply min-max normalization to each variable, defined as 𝑥̃ =

𝑥−min(𝑥)
max(𝑥)−min(𝑥) . This

normalization scales all variables to the interval [0, 1], facilitating a more direct graphical
comparison.

We utilize a multivariate synthetic dataset comprising 𝑛 = 5, 000 locations, 𝑞 = 2 simulated
responses, and 𝑝 = 2 predictors to explore the sensitivity to subset size. This dataset is generated
from the model in Equation (2.2), with parameters 𝛽 =

[ −0.75 1.85
0.90 −1.10

]
and Σ =

[ 1.00 −0.30
−0.30 1.00

]
. The

predictor matrix 𝑋 includes an intercept and 𝑝−1 columns generated from a standard uniform
distribution over [0, 1]. The range parameter for the exponential spatial covariance function,
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Figure 2.6: from top to bottom: comparison between posterior predictive intervals for the predicted response from
double bps and msmk, with empirical coverage. For 𝑛 = 5000, 𝐾 = 10.

and the proportion of spatial variability, are fixed at 𝜙 = 4 and 𝛼 = 0.8 respectively. We set
prior information as follows: 𝑚0 = 0𝑝×𝑞 , 𝑀0 = 10I𝑝 , Ψ0 = I𝑞 , and 𝜈0 = 3. These specifications
and prior information remain constant, allowing only the number of locations in each subset
to vary. In performing double bps detailed in Section 2.2, we consider 𝐽 = 9 competitive models
characterized by 𝛼 ∈ {0.70, 0.80, 0.90} and 𝜙 ∈ {3, 4, 5}.

We focus our sensitivity analysis by selecting the following set of partition sizes: {25, 50,
100, 250, 500, 1000, 1250}, which correspond to the number of partitions 𝐾 ∈{200, 100, 50, 20,
10, 5, 4}. Figure 2.8 illustrates the two curves resulting from this sensitivity analysis.

As anticipated, the behavior of the two curves aligns with theoretical expectations across
most scenarios. Specifically, the total time required to fit the model increases monotonically,
exhibiting more than linear growth in the number of locations within each partition, as the
dashed line exhibits in Figure 2.8. Conversely, the root mean square prediction error experi-
ences an unexpected fluctuation, likely due to the extremes of very low or high numbers of
locations/subsets (50/100). rmspe decreases until it stabilizes at a “plateau” for partition sizes
of 500 units on. The trends observed in Figure 2.8 reveal a compromise between predictive
performance and computational effort close to a subset size of 500 units.

However, Figure 2.8 also raises an important question: how much predictive error is ac-
ceptable? The two quantities, although normalized for comparison, differ significantly in their
scales. More precisely, the trade-off is asymmetric: doubling the number of locations per par-
tition yields a moderate reduction in rmspe, while the runtime can increase dramatically, rising
at least quadratically with 𝑛. For all these reasons, we generally opt for a subset size of 500
locations in both our simulation studies and data applications. Nonetheless, we should not
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Figure 2.7: from left to right: comparison between posterior credible intervals for the parameters recovered from
double bps and msmk. For 𝑛 = 5000, 𝐾 = 10.

Figure 2.8: Comparison between average rmspe (solid line) and model fitting time (dashed line) across various
subset dimensions (both min-max normalized).

overlook the opportunity to reduce this size, accepting a trade-off in predictive performance to
achieve even faster global Bayesian inference for exceptionally large GeoAI applications.

2.5 Application to modis data

Global warming and its critical consequences (see Fisher, 1958; Nicholls, 1989; Friehe et al.,
1991; O’Carroll et al., 2019) are increasingly being investigated using machine learning and ai
tools that assist in developing predictive global models and formulating data-driven policies.
trying to produce faster solutions. The key aspects of global warming are related to global
temperature, atmospheric and land surface compositions. We analyze data extracted from
NASA’s Moderate Resolution Imaging Spectroradiometer (modis) platform.

Specifically, we consider as response variables two vegetation indices present in vi data:
the normalized difference vegetation index (ndvi), and the red reflectance (rr). Both measure
the activity of vegetation on land surfaces and are commonly investigated to help understand
biophysical and structural properties of vegetation at global scales (Walther et al., 2018; Jiang
et al., 2020; Ai et al., 2020). We apply the multivariate model developed in Section 2.2, with
ndvi and rr comprising the 𝑞 = 2 columns of 𝑌. The predictors comprise an intercept and the
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Figure 2.9: Left to right: Maps for training data (top left), test data (top right) and predicted surface (bottom right)
for ndvi. Empirical coverage for held-out values are in the bottom left. Results correspond to 𝐾 = 2, 000.

solar zenith angle for that location (𝑝 = 2). The latter depicts the strength of solar irradiation.
All the data were collected over a 16-day window in May 2024 and then averaged.

Following other investigations (Zhang and Banerjee, 2022), we report our analysis on all
spatially dependent variables in the logarithmic scale, and we opt for an exponential spatial
covariance function. Machine generated exploratory data analysis (eda) is described in Sec-
tion A.5 to guide grid settings for 𝛼, 𝜙. Based on Section A.5, we set 𝛼 ∈ {0.825, 0.909}, and
𝜙 ∈ {0.049, 0.067} respectively. We specify {𝛾,Σ} in (2.3) using 𝑚0 = 0𝑝×𝑞 , 𝑀0 = 10I𝑝 , Ψ0 = I𝑞 ,
𝜈0 = 3. The analyzed data consists of 1, 002, 500 observed spatial locations across the world,
of which 𝑛 = 1, 000, 000 locations are used as training data and the rest are withheld for eval-
uating predictive performance. Following insights from Section 2.4.5, we fix the subset size at
𝑛𝑘 ∈ {250, 500}, leading to a number of subsets 𝐾 ∈ {4, 000 , 2, 000} respectively. We use a
random scheme to form the partition of the dataset and present results when 𝐾 = 2, 000 and in
Table 2.3 for 𝐾 = 4, 000.

Figures 2.9 and 2.10 illustrate maps corresponding to ndvi and rr, respectively, using
𝐾 = 2, 000 subsets. The top left panel in each figure presents the spatially interpolated map
of the training data for the respective responses. The interpolated maps for the test data are
displayed in the top right panel of the respective figures. These maps reveal pronounced
spatial variation, where the darker shades of green in ndvi represent higher values of detected
biomass, while lighter shades of brown represent low biomass. Conversely for rr, warmer
colors in the red spectrum represent higher reflectance.

Figures 2.9 and 2.10 show results from double bps. Maps of interpolated posterior means
and predicted responses are displayed in the bottom right of the respective figures. The dbps
interpolated maps are almost indistinguishable from the true surface (top right). This suggests
that the automated dbps effectively, perhaps even strikingly, recovers the spatial patterns in
spite of the modeling simplifications over more elaborate statistical models (Banerjee, 2020;
Zhang and Banerjee, 2022). The predictive 95% credible intervals when 𝐾 = 2, 000 for both
responses are shown in the bottom left of Figures 2.9 and 2.10, respectively.

We attempted comparisons with other Bayesian models, which represent the benchmark for
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Figure 2.10: Left to right: Maps for training data (top left), test data (top right) and predicted surface (bottom right)
for rr. Empirical coverage for held-out values of outcomes (bottom left). Results correspond to 𝐾 = 2, 000.

Parameter Conjugate Linear model dbps (𝐾 = 4,000) dbps (𝐾 = 2,000)

𝛽0,ndvi 34.495 (34.392, 34.601) 1.670 (-0.570, 4.159) 1.814 (-0.787, 4.312)
𝛽1,ndvi -2.708 (-2.719, -2.697) 0.716 (0.453, 0.955) 0.700 (0.431, 0.979)
𝛽0,rr -16.924 (-17.014, -16.837) -0.586 (-2.512, 1.498) -0.633 (-2.408, 1.407)
𝛽1,rr 2.664 (2.655, 2.674) 0.962 (0.739, 1.162) 0.966 (0.749, 1.156)
Σndvi 0.221 (0.220, 0.221) 0.182 (0.133, 0.245) 0.147 (0.114, 0.211)

Σndvi,rr -0.167 (-0.168, -0.166) -0.116 (-0.167, -0.081) -0.093 (-0.132, -0.072)
Σrr 0.155 (0.154, 0.155) 0.118 (0.082, 0.165) 0.093 (0.073, 0.134)

Table 2.3: Vegetation Index data analysis parameter estimates for candidate models. Parameter posterior summary
50 (2.5, 97.5) percentiles.

spatial data analysis: the lmc, the nngp, and bart models. We were not able to fit any of them to
our multivariate data because they exceeded memory. Notwithstanding, the nngp is the gold
standard in large-scale analysis, the restricted computational resources we use to fit the dataset
do not allow us to allocate the output. This highlights a main advantage of using dbps when
working on limited computational frameworks. Table 2.3 compares model parameters posterior
estimates for dbps with 𝐾 ∈ {4, 000 , 2, 000}, and the Bayesian conjugate linear model, which
does not take into account spatial variability. The notably higher magnitudes of the intercepts
in the non-spatial linear model are unsurprising as the spatial random effects absorb much
of the variation in the intercepts. The solar zenith angle is positively associated with rr and
negatively associated with ndvi in the non-spatial model. This, too, is expected since higher
levels of solar irradiation are associated with higher red reflectance and with more arid regions
with less vegetation. However, the spatial models reveal that the slope for ndvi is significantly
positive with solar irradiation after the spatial effects have absorbed previously unaccounted
latent or lurking factors that might have contributed to the negative slopes in the non-spatial
model.

In addition to double bps (dbps), lmc, nngp, and Bayesian multivariate linear regression,
we expanded the analysis by including four competitive algorithms: distributed random forest
(drf), gradient boosting (gbm), deep neural network (dnn), and a fully automatic machine learn-
ing algorithm (automl). As detailed in Section 2.3, we implement and perform the analysis
using the h2o R package (Fryda et al., 2024). As no method for multivariate models is available
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Model Time (min) RMSPE 𝜚ndvi,rr
dbps (𝐾 = 2,000) 81 [0.208, 0.165, 0.187] -0.915 (-0.929, -0.894)
dbps (𝐾 = 4,000) 21 [0.230, 0.186, 0.208] -0.910 (-0.931, -0.872)

nngp (m = 5) – [–, –, –] – (–, –)
lmc – [–, –, –] – (–, –)
bart – [–, –, –] – (–, –)
gbm 2 [0.419, 0.352, 0.385] – (–,–)
drf 10 [0.420, 0.353, 0.386] – (–,–)
dnn 26 [0.422, 0.354, 0.388] – (–,–)

automl 44 [0.419, 0.352, 0.385] – (–,–)
Conjugate Linear Model 12 [0.474, 0.404, 0.439] -0.921 (-0.928, -0.915)

Table 2.4: Vegetation Index data analysis computing time in minutes, rmspe, and empirical correlation (𝜚) for
candidate models. Root mean square prediction error(s) presentation [ndvi, red reflectance, average].

within the h2o framework, we fit these algorithms separately for ndvi, and rr, considering the
same explanatory variables used for dbps and other Bayesian models. Then, we compute the
empirical correlation among the predictions. In Table 2.4, we offer a comparison of compu-
tational costs, predictive performances, and empirical correlation. The double bps dominates
both running time and predictive performances. It achieves an average rmspe of 0.187 when
𝐾 = 2, 000, and 0.208 with 𝐾 = 4, 000 subsets for ndvi and rr. This is more than 100% lower
than the standard Bayesian conjugate multivariate linear model, which produces average rmspe
of 0.439 for the two vegetation indexes. Actually, the double bps outperformed all the other
competitive algorithms in terms of rmspe. This is attained at a fraction of the computational
time for other methods, let alone double bps models multivariate distributions jointly, and offer
full explainability. Estimates of 𝜚ndvi and 𝜚rr reveal a well-documented negative association
between the two responses. Indeed, the spatial patterns in these indices are almost the reverse
of each other as revealed in Figures 2.9 and 2.10. The conjugate Bayesian linear model estimates
a higher mode for negative correlation with respect to dbps, even though the 95% credible in-
tervals remain comparable. However, dbps tends to lower negative correlation strength as 𝑛𝑘
decreases.

Recalling that all the analyses are produced on a personal laptop (with just 5 physical cores)
with minimal human intervention, the total run time of only 21 minutes with 𝐾 = 4, 000 and 81
minutes with 𝐾 = 2, 000 for double bps are impressive and confirm the quadratic dependence
of the partition size discussed in Section 2.4.5. Moreover, the strong dependence on the number
of 𝐽 competitive models assessed is worth noting. Here 𝐽 = 4, and this suggests a marginal
computational burden for each competitive model.



Chapter 3

Bayesian Transfer Learning for
Spatiotemporal Large-Scale Problems

The second contribution focuses on dynamic spatiotemporal systems, where online updating
of both spatial and temporal dependence is essential. Building on matrix-variate Gaussian
distribution theory, dynamic linear models, and Bayesian predictive stacking, the proposed
approach facilitates efficient sharing of information across temporal shards while preserv-
ing spatial coherence. A Markovian dependence framework supports scalable modeling of
complex multivariate dynamics, and exact inference is retained through predictive stacking
combined with variational, sequential, and parallel updating schemes. Methodologically,
the work advances Bayesian transfer learning by introducing dynamic Bayesian predictive
stacking (dynbps), able to assimilate models accounting for inherited temporal dependence.
This allows learning temporal and spatial dependence among long-massive datasets to be
propagated and combined without reliance on expensive hardware or manual intervention.
Almost-automated processing of shards provides conjugate inference at scale, transforming
traditionally intractable problems into feasible analyses without reliance on high-performance
computing.

3.1 Variational propagation

Bayesian predictive stacking (Yao et al., 2018) assimilates models using weighted distribution
in the convex hull of individual posteriors, maximizing a score rule between the true predictive
distribution and the weighted posterior (Gneiting and Raftery, 2007; Yao et al., 2018). Some
applications already show great results of bps for spatial data analysis (Zhang and Banerjee,
2022; Presicce and Banerjee, 2024; Pan et al., 2025, and Chapter 2). Here, we aim to assimilate
models for different couples {𝛼, 𝜙} using predictive stacking, to retain the full conjugacy of
the model in Equation (1.13) at any time point. We specify a set of 𝐽 competitive models ℳ𝑗

for 𝑗 = 1, . . . , 𝐽, characterized by couples {𝛼 𝑗 , 𝜙 𝑗}. For each 𝑡 ∈ 𝒯 , we compute the stacking
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Algorithm 4 Computing stacking weights at time 𝑡 using dynamic-bps
Input: 𝑛, 𝑞, 𝑝: Number of observed rows, number of prediction points, number of outcomes,
and number of predictors; 𝐽: number of competitive models in each subset, and number of
predictive samples; {𝑚̃𝑡−1 , 𝐶̃𝑡−1 , Ψ̃𝑡−1 , 𝜈̃𝑡−1}: kl-minimizer posterior parameters; {{𝛼(𝑗) , 𝜙(𝑗)} :
𝑗 = 1, . . . , 𝐽}: Parameter associated with 𝐽 models.
Output: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗 : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard.

1: for 𝑗 = 1, . . . , 𝐽 do
2: for 𝑖 = 1, . . . , 𝑛 do
3: Compute 𝑞(𝑗)

𝑡 ,𝑖
, 𝑄

(𝑗)
𝑡 ,𝑖

using {𝑚̃𝑡−1 , 𝐶̃𝑡−1 , Ψ̃𝑡−1 , 𝜈̃𝑡−1 , 𝛼(𝑗) , 𝜙(𝑗)}, and 𝐹𝑡 ,𝑖 as the 𝑖-th row of
𝐹𝑡

4: Compute 𝑝𝑑(𝑖)
𝑡 , 𝑗

= T𝜈̃𝑡 (𝑌𝑡 ,𝑖 | 𝑞
(𝑗)
𝑡 ,𝑖
, 𝑄

(𝑗)
𝑡 ,𝑖
, Ψ̃𝑡−1 , 𝜈̃𝑡−1)

5: end for
6: end for
7: Solve 𝑤̂𝑡 = argmax

𝑤𝑡∈𝒮𝐽

1

1
𝑛

∑𝑛
𝑖=1 log

∑𝐽

𝑗=1 𝑤𝑡 𝑝𝑑
(𝑖)
𝑡 , 𝑗

8: with 𝒮
𝐽

1 simplex of dimension 𝐽
9: return 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗 : 𝑗 ∈ {1, . . . , 𝐽}}

weights 𝑤̂𝑡 as

𝑤̂𝑡 = (𝑤̂𝑡 ,1 , . . . , 𝑤̂𝑡 ,𝐽)T = argmax
𝑤𝑡∈𝒮𝐽

1

1
𝑛

𝑛∑
𝑖=1

log
𝐽∑
𝑗=1

𝑤𝑡 , 𝑗 𝑝(𝑌𝑡 ,𝑖 | 𝑌1:𝑡−1 ,ℳ𝑗), (3.1)

where𝑌𝑡 ,𝑖 is the 𝑖-th row of𝑌𝑡 , 𝑝(· | 𝑌1:𝑡−1 ,ℳ𝑗) is the one-step ahead predictive distribution given
on ℳ𝑗 , and 𝒮

𝐽

1 is the simplex of dimension 𝐽. The marginal predictive density is available in
closed form as a matrix t distribution, which makes the computation efficient. The derivation
follows contents outlined in Section A.1.1, starting from 𝑝( · | 𝑌1:𝑡−1 ,Σ,ℳ𝑗), available as a
matrix-variate distribution from the forward filtering procedure (Carter and Kohn, 1994; West
and Harrison, 1997), integrating out 𝑝(Σ | 𝑌1:𝑡−1 ,ℳ𝑗), also accessible through ffbs. Once we
derive the set of dynamic weights 𝑤̂𝑡 , posterior inference at any 𝑡 ∈ 𝒯 follows straightforwardly
using the stacked posterior distributions:

𝑝̂(· | 𝑌1:𝑡) =
𝐽∑
𝑗=1

𝑤̂𝑡 , 𝑗 𝑝̂(· | 𝑌1:𝑡 ,ℳ𝑗). (3.2)

A substantial problem arises when attempting to borrow information throughout ffbs dy-
namics between data shards. The resulting posterior distributions come out as finite mixtures
when using Bayesian predictive stacking. This will break the ffbs machinery. Unluckily,
stacked posteriors in Equation (3.2) do not allow conjugate posterior-to-prior update, breaking
online learning machinery. Intuitively, a solution relies on approximating the stacked posterior
with a distribution that retains the conjugacy of the ffbs algorithm. We opt for a common
approach, widely used when the posterior distribution appears to be intractable. We propose
a variational approach: choose a new tractable posterior that minimizes the Kullback-Leibler
(kl) divergence w.r.t. the stacked posterior. Here, intractable posterior distributions are finite
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Algorithm 5 Compute kl-approximate posterior distribution parameters
Input: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗} : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard; 𝑛, 𝑞, 𝑝: Number of ob-
served rows, number of outcomes, and number of predictors; 𝐽: number of competitive models
in each subset; {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)} : 𝑡 = 1, . . . , 𝑇; 𝑗 = 1, . . . , 𝐽}: Set of parameters for
each time point, and model.
Output: {𝑚̃𝑡 , 𝐶̃𝑡 , 𝜈̃𝑡 , Ψ̃𝑡}: kl-minimizer posterior parameters.

1: for 𝑗 = 1, . . . , 𝐽 do
2: Compute Σ̂(𝑗) = E[Σ | 𝑌1:𝑡 ,ℳ𝑗] = Ψ

(𝑗)
𝑡 (𝜈(𝑗)𝑡 − 𝑞 − 1)−1

3: end for
4: Compute 𝑚̃𝑡 =

∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑚
(𝑗)
𝑡

5: Compute 𝐶̃𝑡 =
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 [𝐶
(𝑗)
𝑡 + (𝑚(𝑗)

𝑡 − 𝑚̃𝑡)TΣ̂(𝑗)(𝑚(𝑗)
𝑡 − 𝑚̃𝑡)]

6: Compute 𝜈̃𝑡 =
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝜈
(𝑗)
𝑡

7: Compute Ψ̃𝑡 = 𝜈̃𝑡[
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝜈
(𝑗)
𝑡 Ψ

−1(𝑗)
𝑡 ]−1

8: return {𝑚̃𝑡 , 𝐶̃𝑡 , 𝜈̃𝑡 , Ψ̃𝑡}

mixtures of matrix-normal inverse-Wishart densities, while matrix-normal inverse-Wishart act
as tractable counterparts.

In general, for two real-valued measures 𝑃, 𝑄, the kl divergence is formulated through the
density functions (assuming their existence), respectively 𝑝(·), 𝑞(·)

kl(𝑃 || 𝑄) =
∫
R

log
(
𝑝(𝑥)
𝑞(𝑥)

)
𝑝(𝑥)𝑑𝑥. (3.3)

We proceed by separating the computation between the two parameters Θ𝑡 ,Σ, and starting on
the conditional posterior distribution for Θ𝑡 . This is possible since the joint distribution of Θ𝑡

and Σ admits a closed-form factorization as 𝑝(Θ𝑡 ,Σ) = 𝑝(Θ𝑡 | Σ) 𝑝(Σ), with both components
being analytically available. Let us consider 𝑃(Θ𝑡) =

∑𝐽

𝑗=1 𝑤̂ 𝑗 MN(Θ𝑡 | 𝑚(𝑗)
𝑡 , 𝐶

(𝑗)
𝑡 ,Σ) to be the

stacked posterior we want to approximate, which is a finite mixture of matrix-variate Gaussians,
and 𝑄(Θ𝑡) = MN(Θ𝑡 | 𝑚̃𝑡 , 𝐶̃𝑡 ,Σ) to be a single matrix-variate normal measure (representing
the matrix normal distribution which borrows information between time instants). Later on,
we fix the time instant at 𝑡 (without loss of generality for any 𝑡 = 1, . . . , 𝑇), and we consider Σ
known for 𝑗 = 1, . . . , 𝐽. In Section B.1.1, we compute the KL(𝑃(Θ𝑡) || 𝑄(Θ𝑡)) by its definition
in Equation (3.3). Now consider minimizing the kl divergence obtained in Equation (B.10)
in B.1.1 with regard to the parameters of 𝑄(Θ𝑡), i.e. 𝑚̃𝑡 , 𝐶̃𝑡 (since Σ is known). We seek the
matrix-variate Gaussian distribution that minimizes kl divergence with 𝑃(Θ𝑡), which is fully
determined by matching the first two moments

arg min
𝑚̃𝑡∈R𝑛×𝑞 ,𝐶̃𝑡≻0∈R𝑛×𝑛

kl
( 𝐽∑
𝑗=1

𝑤̂ 𝑗 MN(Θ𝑡 | 𝑚(𝑗)
𝑡 , 𝐶

(𝑗)
𝑡 ,Σ)

������MN(Θ𝑡 | 𝑚̃𝑡 , 𝐶̃𝑡 ,Σ)
)
. (3.4)

In Section B.1.2, we obtain a closed-form solution for the optimization problem stated
in Equation 3.4. Hence, from results in Equations (B.13),(B.16) of Section B.1.2, the matrix
normal distribution which minimizes the kl divergence from a finite mixture of matrix normal
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distributions is the one, fully characterized, by the following optimal parameters:

𝑚̃𝑡 =

𝐽∑
𝑗=1

𝑤̂ 𝑗𝑚
(𝑗)
𝑡 , 𝐶̃𝑡 =

𝐽∑
𝑗=1

𝑤̂ 𝑗

[
𝐶
(𝑗)
𝑡 + (𝑚(𝑗)

𝑡 − 𝑚̃𝑡)TΣ−1(𝑚(𝑗)
𝑡 − 𝑚̃𝑡)

]
, (3.5)

conditionally to a known common column covariance matrix Σ, for 𝑗 = 1, . . . , 𝐽. This leads to
the following approximated posterior distribution 𝑝̂𝐾𝐿(Θ𝑡 | 𝑌1:𝑡 ,Σ) = MN(Θ𝑡 | 𝑚̃𝑡 , 𝐶̃𝑡 ,Σ) with
𝑚̃𝑡 , and 𝐶̃𝑡 defined in (3.5).

Then, we present an approximation for the posterior distribution of Σ, based on an equiva-
lent reasoning made for Θ𝑡 . Where 𝑃(Σ) = ∑𝐽

𝑗=1 𝑤̂ 𝑗 IW(Σ | 𝜈(𝑗)𝑡 ,Ψ
(𝑗)
𝑡 ), and𝑄(Σ) = IW(Σ | 𝜈̃𝑡 , Ψ̃𝑡).

In Section B.1.3, we derive a formulation for kl(𝑃(Σ) || 𝑄(Σ)). Let us now consider optimizing
the following problem, looking to characterize the inverse Wishart distribution which mini-
mizes kl(𝑃(Σ) || 𝑄(Σ)). We are now looking for

arg min
𝜈̃𝑡∈R+ ,Ψ̃𝑡≻0∈R𝑚×𝑚

kl
( 𝐽∑
𝑗=1

𝑤̂ 𝑗 IW(Σ | 𝜈(𝑗)𝑡 ,Ψ
(𝑗)
𝑡 )

������ IW(Σ | 𝜈̃𝑡 , Ψ̃𝑡)
)
. (3.6)

We obtain a closed-form for the optimal scale matrix Ψ𝑡 in Section B.1.4. However, when
we pass to 𝜈𝑡 , no closed-form solutions are available due to the presence of the parameter
within the argument of multiple digamma functions. This makes a direct computation of the
optimal parameter unavailable, but implementing a numerical optimizer or a root finder for the
derivative (which exists analytically and is presented in Section B.1.4) is still feasible. Neverthe-
less, alternative paths were investigated. In particular, commonly used approximations of the
involved special function can be adopted, leading to simpler formulations for the optimization
problem.

Actually, the degree of freedom across models must be the same, since the Bayesian updating
for each 𝜈

(𝑗)
𝑡 depends only on the number of observations, and models ℳ𝑗 have no influence.

Therefore, a logical choice is to set 𝜈̃𝑡 =
∑𝐽

𝑗
𝑤̂ 𝑗𝜈

(𝑗)
𝑡 , which removes the need for a numerical

optimization procedure to recover 𝜈̂𝑡 . Since 𝜈
(𝑗)
𝑡 = 𝜈𝑡−1 + 𝑛/2 for all 𝑗 = 1, . . . , 𝐽. This reduce the

approximated posterior distribution for Σ to 𝑝̂𝐾𝐿(Σ | 𝑌1:𝑡) = IW(Σ | 𝜈̃𝑡 , Ψ̃𝑡), with 𝜈̃𝑡 =
∑𝐽

𝑗
𝑤̂ 𝑗𝜈

(𝑗)
𝑡 ,

and Ψ̃𝑡 = 𝜈̃𝑡
[∑𝐽

𝑗=1 𝑤̂ 𝑗𝜈
(𝑗)
𝑡 Ψ

−1(𝑗)
𝑡

]−1
(see Section B.1.4 for further details).

In Algorithm (5), we provide a practical procedure to compute 𝑚̃𝑡 , 𝐶̃𝑡 , Ψ̃𝑡 , 𝜈̃𝑡 for 𝑡 = 1, . . . , 𝑇.
Thus, we found a solution that allows us to average out nuisance spatial parameters, and this
was obtained by merging instruments from bps framework with concepts from variational
inference. It is worth noting that the kl approximations of the posterior distribution at time
𝑡 do not affect inference within the same data shard at time 𝑡, but serve solely as a prior
for subsequent data shards. In practice, approximated posterior distributions are only used
to allow the information propagation across time, but inferences are pursued by a stacked
posterior. This permits us to take advantage of the finite mixture formulation of stacked
posterior gained from bps, making it possible to fit more complex distributions, for prediction
and uncertainty quantification. Figure 1.2 provides a graphical representation of the entire
procedure within each “cell”.
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3.1.1 Computational details

Section 3.1 proposed to improve the dynamic spatiotemporal propagation of Bayesian updating
in dynamic linear models by using variational approximations. Here, we present the computa-
tional details regarding the algorithms we developed to provide online spatiotemporal learning
for massive georeferenced historical data with variational propagation.

Standards Bayesian inference for dlms proceed with the well-known forward filter back-
ward sampling, where possible. Indeed, conjugacy is generally not available for all parameters.
In spatial and spatiotemporal settings, spatial range parameter(s) introduce complications. Cir-
cumnavigating this problem requires the implementation of simulation-based approaches, e.g.
mcmc, to perform sampling from posterior distributions, making conjugacy only exploitable as
full conditional analysis in Metropolis-within-Gibbs frameworks. In section 3.1, we propose a
mixed strategy based on Bayesian predictive stacking of predictive distributions. Notwithstand-
ing several advantages of including Bayesian predictive stacking, it also introduces drawbacks.
The main limitations come from the mixture-form structure of stacked posterior distributions.
Even though it can be seen as a benefit generally, it is quite “destructive” for dlms since the
stacked posterior breaks down posterior-to-prior update, which allows borrowing of informa-
tion through time instants of the forward filter backward sampling algorithm. To be precise,
the stacked posteriors when used as priors for the next time point, as a mixture distribution, do
not preserve conjugacy for dlms. To this matter, we find a solution that permits the introduction
of bps without renouncing to full conjugacy. This was detailed in Section 3.1, while now we
present how to apply the solution in practice. A series of algorithms replacing standard proce-
dures for dlms will be introduced and motivated in this Section, having special consideration
for the spatiotemporal modeling.

Algorithm (8) presents the modification to the forward filtering (ff) procedure within ffbs
algorithm for each time instant 𝑡 = 1, . . . , 𝑇. In particular, it incorporates Algorithm (4), and
Algorithm (5), making its construction different from standard ff, but retaining most of the
original structure. The first step in Algorithm (8) uses Algorithm (5) to approximate the infor-
mation from preceding stacked posterior exploiting kl divergences computed in Appendix B.1.
Once an approximated prior information from time 𝑡 − 1 is obtained under a suitable form,
the Algorithm (8) proceeds as usual for dlms. Indeed, we derive filtered prior, filtered pos-
terior, and one-step ahead predictive distributions from Equations (1.7)-(1.11), using the new
approximated parameters {𝑚̃𝑡 , 𝐶̃𝑡 , 𝜈̃𝑡 , Ψ̃𝑡}. This is repeated for each competing model ℳ𝑗 , with
𝑗 = 1, . . . , 𝐽. Then, we recover the set of dynamic weights at time 𝑡 by Algorithm (4), computing
expected logarithm predictive density under each model ℳ𝑗 . Thus, posterior inference occurs
using staked posterior distributions defined in Equation (3.10). To achieve forward filtering,
the procedure in Algorithm (8) is repeated for 𝑡 = 1, . . . , 𝑇. At starting point 𝑡 = 1, we fix
𝑤̂0, 𝑗 = 1/𝐽 ∀𝑗 = 1, . . . , 𝐽 implying that {𝑚̃𝑡 , 𝐶̃𝑡 , 𝜈̃𝑡 , Ψ̃𝑡} = {𝑚0 , 𝐶0 , 𝜈0 ,Ψ0}, i.e. prior informa-
tion are equally used across models ℳ𝑗 . To fully incorporate the new piece of information,
as the latest dataset occurs at 𝑇 + 1, it suffices to apply Algorithm (8) only, followed by Algo-
rithm (10). This allows us to gain an advantage from the Markovian dependence assumption
across datasets, and reduce the computational effort without the necessity to reconsider the
full collection of 𝑇 datasets. In the ffbs algorithm, after the forward filtering step, the backward
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sampling (bs) step is applied to smooth posterior distributions by propagating information from
the final observed time point 𝑇 backward to each state 𝑡 = 𝑇 − 1, . . . , 1. This procedure incor-
porates future observations into earlier latent states, yielding smoothed posterior samples and
improving inferential accuracy beyond filtering alone. Here, to achieve bs into the framework
we are building, we propose the Algorithm (10). For each desired posterior draw 𝑟 = 1, . . . , 𝑅,
we sample one of the competitive model ℳ𝑗 , with 𝑗 = 1, . . . , 𝐽, from which draw the posterior
sample from correspondent conditional posterior for Θ𝑇 , i.e. 𝑝(Θ𝑇 | 𝑌1:𝑇 ,ℳ𝑗), by using weights
𝑤̂𝑇 . In doing so, we obtain a sample from 𝑝̂(Θ𝑇 | 𝑌1:𝑇) =

∑𝐽

𝑗=1 𝑤̂𝑇,𝑗 𝑝(Θ𝑇 | 𝑌1:𝑇 ,ℳ𝑗). Then, still
for 𝑟 = 1, . . . , 𝑅, we use bs algorithm letting vary 𝑡 = 𝑇 − 1, . . . , 1, and repeating the model
“sampling”, and using the correspondent weights 𝑤̂𝑡 , computed for all 𝑡 in Algorithm (8). At
the end of the procedure depicted in Algorithm (10), we obtain a smoothed posterior sample of
size 𝑅. In particular, with Algorithm (10), we generate samples from the stacked joint posterior,
whose density admits the factorization

𝑝̂(Θ0 , . . . ,Θ𝑇 | 𝑌1:𝑇) = 𝑝̂(Θ0 | Θ1 , 𝑌1:𝑇)𝑝̂(Θ1 | Θ2 , 𝑌1:𝑇) · · · 𝑝̂(Θ𝑇−1 | Θ𝑇 , 𝑌1:𝑇)𝑝̂(Θ𝑇 | 𝑌1:𝑇), (3.7)

so that backward sampling yields draws distributed according to (3.7). Each conditional
distribution is given by 𝑝̂(Θ𝑡 | Θ𝑡+1 , 𝑌1:𝑇) =

∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝̂(Θ𝑡 | Θ𝑡+1 , 𝑌1:𝑡 ,ℳ𝑗). Together with
Algorithm (8), this concludes the Bayesian estimation for dlms, from which posterior inference
descends. However, in spatiotemporal settings, two crucial targets still remain to be investi-
gated. Indeed, after we conclude the posterior inference on parameters, forecasting for the
outcomes is usually imperative, and here is a two-way problem, since we can perform temporal
forecasting and spatial predictions separately. Let us start by managing temporal forecasting
for the time series involved.

When working with time series, we often aim to forecast the future value of the outcome.
This is a well-defined problem and, especially for dlms, is quite trivial. In Section 3.1, we derive
the posterior predictive distribution 𝑘-step ahead, valid for a generic forecasting horizon 𝑘.
Thus, based on all the information available, i.e., up to 𝑇, we recursively obtain the distribution
of the future outcome after 𝑘 time instants, leading to an out-of-sample posterior inference. The
same can be made in-sample, meaning one computes the posterior predictive for each instant
𝑡 observed, for 𝑡 = 1, . . . , 𝑇. As belonging to the state-space models class, forecasting for
dlms is carried out similarly to arima models. Algorithm (11) casts the 𝑘-step ahead posterior
predictive distribution detailed in Section 3.1 into the novel framework we introduce in this
manuscript. In particular, Algorithm (11) introduces the Bayesian predictive stacking in the
recursive predictive procedure. Following the same logic as the beforehand algorithms, for
each posterior predictive sample 𝑟 = 1, . . . , 𝑅 we sample a model ℳ𝑗 based upon 𝑤̂𝑇 , i.e., the
last set of stacking weights. Then, standard recursive steps for prediction for Bayesian state-
space models occur. Concluding the Algorithm (11), we obtain a stacked posterior predictive
sample from 𝑝̂(Θ̃𝑇+𝑘 , 𝑌̃𝑇+𝑘 | 𝑌1:𝑇) =

∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝(Θ̃𝑇+𝑘 , 𝑌̃𝑇+𝑘 | 𝑌1:𝑇 ,ℳ𝑗) of size 𝑅. The recursive
part in Algorithm (11) resides in the inner loop. As the one-step ahead predictive depends
upon the last observed time, the 𝑘-step ahead predictive depends upon the 𝑘 − 1-step ahead
leading to the need to compute all the previous 𝑘 − 1 predictive distributions, to obtain the
𝑘-step ahead uncertainty quantification. The computational burden grows with the length of
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the forecast horizon 𝑘. Moreover, the prediction will worsen, leading to an increasing diffusion
for the posterior predictive distribution. This retraces the prediction behavior for standard
arima, where the posterior mean move forward to the global mean (known as mean-reverting
property), and the variance linearly depend on the length of the forecast horizon.

Along with temporal forecasting, spatial interpolation helps improve decision-making and
problem-understanding when spatial components play a fundamental role, e.g., environmental
and climate sciences, medical screenings, etc. Spatial interpolation, also called spatial predic-
tion, is a crucial step in spatial and spatio-temporal settings. It allows us to infer spatial process
characteristics and its spatial distribution over unobserved locations, and possibly at any point
within the region of interest. Letting 𝒰 = {𝑢1 , . . . , 𝑢𝑚} be the set of 𝑚 unmonitored locations
as specified in Section 3.1. In Equation (1.15) we derive the joint posterior predictive for the
response 𝑌̃𝑡 , and the spatial process Ω̃𝑡 for these points, at any generic time point 𝑡 = 1, . . . , 𝑇.
The Algorithm (12) provides a practical procedure that incorporates Bayesian predictive stack-
ing into spatial prediction to draw posterior predictive samples from the stacked predictive
distribution 𝑝̂(𝑌̃𝑡 , Ω̃𝑡 | 𝑌1:𝑡) =

∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝑌1:𝑡 ,ℳ𝑗), at any 𝑡 ∈ 𝒯 . Specifically, in Algo-
rithm (12) we start sampling one across the competitive models ℳ𝑗 using weights 𝑤̂𝑡 . Then
we compute the parameters of the corresponding conditional predictive posterior distribution
𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝑌1:𝑡 ,ℳ𝑗), and draw a predictive sample. This must be repeated for the number 𝑅 of
desired predictive samples, as with Algorithm (11). After completing the sampling procedure,
we can perform uncertainty quantification for the outcomes and the spatial processes across the
entire region of interest, perhaps providing useful graphical maps of their spatial distributions.

3.2 Parallel propagation

Section 1.3 described standard matrix-variate dynamic linear models to incorporate spatiotem-
poral problems. Similar approaches were already investigated, especially for complex data
analysis (see e.g. Jiménez and Pereira, 2021). However, to the best of our knowledge, no previ-
ous contribution avoids simulation-based methodology in estimating dynamic spatiotemporal
models with ffbs, while retaining full conjugacy, including spatial parameters. This pretends
to be achieved thanks to the pillar of this novelty: a dynamic adaptation of Bayesian predictive
stacking (bps), supported by computational stratagems.

Since it was introduced, Bayesian predictive stacking (Yao et al., 2018) provides a widely
applicable and effective alternative to Bayesian model averaging focused on predictive criteria.
We aim to apply bps for spatiotemporal problems. In doing so, we have to implement a
“dynamic” variation for predictive stacking, to take advantage of the predictive structure
which dlms intrinsically offer. We introduce predictive stacking to retain the full conjugacy of
the model in Equation (1.13). Indeed, fixing the couple {𝛼, 𝜙}, the model in (1.13) could be
easily estimated through the ffbs algorithm, without accessing simulation-based approaches
(e.g. mcmc). How can we effectively fix them? Bayesian stacking is perfectly tailored to address
this task. The methodology is remarkably straightforward: specify a set of 𝐽 competitive
models, each defined by the pair {𝛼 𝑗 , 𝜙 𝑗}, and let the procedure do the heavy lifting by
assigning relative weights to determine the most effective models. Then provide stacked
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posterior inference over these models. Unfortunately, bps was not originally thought to face
temporal dependencies. Gathering ideas from Paul-Christian Bürkner and Vehtari (2020);
Vehtari et al. (2016, 2017), we introduce leave-future-out (lfo), instead of vanilla leave-one-out
cross-validation, into Bayesian predictive stacking (we refer the reader to Ruiz Maraggi et al.,
2021; Cooper et al., 2023; Kennedy et al., 2024, for examples of leave-future-out and similar
approaches that account for dependence in validations). This modification enables us to more
accurately account for temporal dependencies within observations. In addition, let us recall
the structure of model (1.6), or (1.13) equivalently, and its estimation. In particular, at each
time instant 𝑡, one-step ahead predictive distributions are computed by default within the
ffbs procedure, see Equation (1.8). We notice these distributions exactly match the one-step
ahead predictive distribution needed for lfo cross-validation. Indeed, leave-future-out cross-
validation focuses on the predictive evaluation of the next future observation given the past.
Figure 3.1 gives a sketch of its operating principle.

Time

1

2

3

T-1

...

T

𝒟0 𝒟1

𝒟1 𝒟2

𝒟2 𝒟3

...
...

𝒟𝑇−2 𝒟𝑇−1

𝒟𝑇−1 𝒟𝑇

train test

Compute 𝑝( · | 𝒟𝑡−1)

Evaluate 𝑝(𝑌𝑡 | 𝒟𝑡−1)

Figure 3.1: Leave-future-out cross-validation

Bayesian predictive stacking attempts to find the distribution in the convex hull 𝒞 =

{∑𝐽

𝑗=1 𝑤 𝑗𝑝(· | ℳ𝑗) :
∑𝐽

𝑗=1 𝑤 𝑗 = 1, 𝑤 𝑗 ≥ 0} of individual posterior distributions which maxi-
mize a proper scoring rule from the true predictive distribution (Gneiting and Raftery, 2007;
Yao et al., 2018). While the true predictive distribution is unknown, they use a leave-one-out
estimate of the expected value of the score (see Yao et al., 2018, Section 3.1). Transposing
the same reasoning, we replace the predictive distribution with the one-step ahead predic-
tive distribution, as we consider it more functional to assess model predictive capabilities in
time-dependent contexts. In Section 1.4.2, we provide further details on deriving the optimiza-
tion problem for dynamic predictive stacking. Dynamic stacking weights at time 𝜏 are then
computed by solving this optimization problem

𝑤̂
(𝜏)
𝑖

= argmax
𝑤

(𝜏)
𝑖
∈𝒮𝐽

1

1
𝜏 − 1

𝜏−1∑
𝑡=1

log
𝐽∑
𝑗=1

𝑤
(𝜏)
𝑖 , 𝑗
𝑝(𝑌𝑡+1,𝑖 | 𝒟𝑡 ,ℳ𝑗), (3.8)

where 𝑌𝑡 ,𝑖 is the 𝑖-th row of 𝑌𝑡 , 𝑝(𝑌𝑡 ,𝑖 | 𝒟𝑡−1 ,ℳ𝑗) corresponds to the marginalization of one-step
ahead predictive distribution in Equation (1.8) based on ℳ𝑗 fixed parameters, and 𝒮

𝐽

1 is the
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simplex of dimension 𝐽. The marginal predictive density 𝑝(𝑌𝑡 ,𝑖 | 𝒟𝑡−1 ,ℳ𝑗), is available in closed
form as a matrix t distribution, which makes the computation efficient. Leading Equation (3.8)
to

𝑤̂
(𝜏)
𝑖

= argmax
𝑤

(𝜏)
𝑖
∈𝒮𝐽

1

1
𝜏 − 1

𝜏−1∑
𝑡=1

log
𝐽∑
𝑗=1

𝑤
(𝜏)
𝑖 , 𝑗

T
𝜈
(𝑗)
𝑡

(𝑌𝑡+1,𝑖 | 𝑞(𝑗)𝑡+1,𝑖 , 𝑄
(𝑗)
𝑡+1,𝑖 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 ), (3.9)

where 𝑞(𝑗)
𝑡+1,𝑖 = 𝐹𝑡+1,𝑖𝐴

(𝑗)
𝑡+1, and 𝑄𝑡+1,𝑖 = 𝐹𝑡+1,𝑖𝑅

(𝑗)
𝑡+1𝐹𝑡+1,𝑖 + 𝑉𝑡+1(𝛼 𝑗); with 𝐴

(𝑗)
𝑡+1 = 𝐺𝑡+1𝑚

(𝑗)
𝑡 , and

𝑅
(𝑗)
𝑡+1 = 𝐺𝑡+1𝐶

(𝑗)
𝑡 𝐺

T
𝑡 +𝑊𝑡(𝜙 𝑗). As noticed, for each step 𝑡 the parameters {𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1 , 𝜈

(𝑗)
𝑡−1}

must be inherited from the previous step 𝑡 − 1, for each model ℳ𝑗 .

It is worth noting that we derive stacking weights for each location 𝑖 in Equation (3.8), which
corresponds to a single time series, and for each time 𝑡 = 2, . . . , 𝑇. This stems primarily from
natural dynamic stacking weights in (3.8). We compare predictive performances across time in-
stants and not across observations as vanilla Bayesian predictive stacking does. This originates
from the difference existing between leave-one-out cross-validation and leave-future-out cross-
validation (schematized in Figure 3.1). On the other hand, even if it is theoretically possible
to design this way, the simultaneous evaluation across time and locations is infeasible. There
are several reasons for this, starting from the curse of dimensionality. As the number of points
increases, the density lies in a higher-dimensional space, where the notion of point rapidly
loses sense, and its probability goes to zero even faster. Then, when the number of locations
grows, the evaluation of the predictive density for the whole matrix 𝑌𝑡 results in numerical
instabilities. Nevertheless, individual evaluations allow us to reach a finer granularity of stack-
ing weights and possibly provide individual temporal inferences for each location. Individual
stacking weights are useful instruments to extract insight into model competition in several
areas of interest, as shown in Section 3.3 using simulated data.

However, performing posterior inference on the parameters using Algorithm (10) requires
a unique set of stacking weights. Moreover, posterior inference on parameters should not
depend on single locations, even though it is possible to do so. Let us make the reader
aware that performing individual posterior inferences may turn into an excessively demanding
computational burden, along with we use of global weights for this scope. Parallel computing
may be helpful in this matter but requires high computational resources to lighten individual
inferences over 𝑛 locations, especially in big-n settings.

To retain computational admissibility over the locations, we propose two approaches to
achieve stacking weights. We may opt for the average weights across all locations, i.e.
{𝑤̂(𝜏)

𝐺,1 , . . . , 𝑤̂
(𝜏)
𝐺,𝐽

} = 𝑤̂
(𝜏)
𝐺

= 1
𝑛

∑𝑛
𝑖=1 𝑤̂

(𝜏)
𝑖

= { 1
𝑛

∑𝑛
𝑖=1 𝑤̂

(𝜏)
𝑖 ,1 , . . . ,

1
𝑛

∑𝑛
𝑖=1 𝑤̂

(𝜏)
𝑖 ,𝐽
}, referring to them as

“global” weights, and indexed with the subscript 𝐺. Or we may consider the consensus across
all locations, i.e. {𝑤̂(𝜏)

𝐶,1 , . . . , 𝑤̂
(𝜏)
𝐶,𝐽

} = 𝑤̂
(𝜏)
𝐶

=

{
#{𝑖 : max{𝑤̂𝜏

𝑖 ,1 , . . . , 𝑤̂
𝜏
𝑖 ,𝐽
} = 𝑤̂𝜏

𝑖 , 𝑗
} : 𝑗 = 1, . . . , 𝐽

}
,

referring to them as “consensus” weights, and indexed with the subscript 𝐶. We provide an
empirical investigation on the impact of this choice in Section 3.3.

After we derive the set of dynamic weights at time 𝜏, 𝑤̂𝜏, posterior inference follow straight-
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forwardly using the stacked posterior distributions:

𝑝̂(· | 𝒟𝜏) =
𝐽∑
𝑗=1

𝑤̂
(𝜏)
𝑗
𝑝(· | 𝒟𝜏 ,ℳ𝑗). (3.10)

The computational procedure needed to compute the individual stacking weights within each
time shard is depicted in Algorithm (6). We take advantage of parallel computing over the
competitive model evaluation, as the number 𝐽 of competitive models in most applications
allows a light implementation even in modest computational environments.

As mentioned in Section 3.1, a substantial problem arises when borrowing temporal
posterior-to-prior information throughout ffbs using the content presented so far. Indeed,
also dynamic predictive stacking results in posterior distributions defined as finite mixtures,
see Equation (3.10). This could break the ffbs machinery, i.e., its conjugacy across previous
instant posteriors acting as priors for the next one; a solution to mutual information must be
found. Possibly looking at something different from variational approximations presented in
Section 3.1, as we aim to retain dynamics introduced with dynbps. Intuitively, a solution relies
on assimilating a parallel learning flow for each model. So that stacked distribution retains
reliability for inference in each generic dataset 𝒟𝜏, but information to the incoming dataset
𝒟𝜏+1 only passes across 𝐽 parallel learning paths. Then, posterior-to-prior distribution retains
the conjugacy of ffbs algorithm, as we do not use stacked posterior 𝑝̂(· | 𝒟𝜏) but conditional
posterior instead, i.e. 𝑝(· | 𝒟𝜏 ,ℳ𝑗) for 𝑗 = 1, . . . , 𝐽. Hence, these computational adaptations
allow us to preserve the conjugacy in the ffbs algorithm while borrowing information between
time instants.

Thus, we found a solution that allows us to average out nuisance spatial parameters, and
this was obtained by adapting instruments from bps into a dynamical environment. It is worth
specifying that the conditional posterior distributions do not affect the inference within each
data shard at a specific time instant. In practice, conditional posterior distributions are only
used to allow the information propagation across time, but inferences are pursued by stacked
posteriors. This permits us to take advantage of the finite mixture formulation of stacked
posterior gained from bps, making it possible to fit more complex distributions, for prediction
and uncertainty quantification. Figure 1.3 provides a graphical representation of the entire
procedure within each “cell”.

3.2.1 Computational details

Section 3.2 introduced the dynamic Bayesian predictive stacking (dynbps) framework, which
provides scalable advancements for Bayesian estimations of dynamic spatiotemporal models,
improving Markovian propagation for large-scale problems. We have developed an efficient
and effective approach to managing online spatiotemporal learning for massive georeferenced
historical data.

In this Section, we aim to describe strategies that avoid simulation or iterative-based method-
ologies, looking for a full conjugate analysis for dstms. Vanilla implementations of Bayesian
predictive stacking, let alone the advantages, also introduce drawbacks. The bps posterior
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Algorithm 6 Computing individual stacking weights at time 𝜏 using dynamic-bps
Input: 𝑛, 𝑞, 𝑝: Number of observed rows, number of prediction points, number of out-
comes, and number of predictors; 𝐽: number of competitive models in each subset, and
number of predictive samples; {𝑚(𝑗)

𝜏−1 , 𝐶
(𝑗)
𝜏−1 ,Ψ

(𝑗)
𝜏−1 , 𝜈

(𝑗)
𝜏−1 : 𝑗 = 1, . . . , 𝐽}: previous parame-

ters for each model; {{𝛼(𝑗) , 𝜙(𝑗)} : 𝑗 = 1, . . . , 𝐽}: Parameter characterizing the 𝐽 models;
{𝑝𝑑(𝑡)

𝑖 , 𝑗
: 𝑖 = 1, . . . , 𝑛 ; 𝑗 = 1, . . . , 𝐽 ; 𝑡 = 1, . . . , 𝜏 − 1}: Previous predictive density evaluations.

Output: 𝑤̂(𝜏)
𝑖

= {𝑤̂(𝜏)
𝑖 , 𝑗

: 𝑗 = 1, . . . , 𝐽}: Individual stacking weights for time shard 𝜏 (𝑖 = 1, . . . , 𝑛).

1: for 𝑗 = 1, . . . , 𝐽 do Parallel
2: for 𝑖 = 1, . . . , 𝑛 do
3: Compute 𝑞(𝑗)𝜏,𝑖 , 𝑄

(𝑗)
𝜏,𝑖 using {𝑚𝜏−1 , 𝐶𝜏−1 ,Ψ𝜏−1 , 𝜈𝜏−1 , 𝛼(𝑗) , 𝜙(𝑗)},

4: Compute 𝑝𝑑(𝜏)
𝑖 , 𝑗

= T𝜈𝜏−1(𝑌𝜏,𝑖 | 𝑞
(𝑗)
𝜏,𝑖 , 𝑄

(𝑗)
𝜏,𝑖 ,Ψ𝜏−1 , 𝜈𝜏−1)

5: end for
6: end Parallel for
7: for 𝑖 = 1, . . . , 𝑛 do
8: Solve 𝑤̂(𝜏)

𝑖
= argmax

𝑤
(𝜏)
𝑖
∈𝒮𝐽

1

1
𝜏−1

∑𝜏−1
𝑡=1 log

∑𝐽

𝑗=1 𝑤
(𝜏)
𝑖 , 𝑗
𝑝𝑑

(𝑡+1)
𝑖 , 𝑗

9: end for

distributions are finite mixtures, then it breaks down posterior-to-prior updating, which al-
lows borrowing of information through time instants in the forward filter backward sampling
algorithm. The same happens for more sophisticated bps-based modeling approaches (e.g.,
Presicce and Banerjee, 2024). A feasible solution, to retain ffbs algorithm structure available,
should include temporal dynamics within the Bayesian predictive stacking while preserving
conjugate posterior-to-prior updates. In section 3.2, we then propose a dynamic strategy based
on Bayesian predictive stacking of predictive distributions. Algorithm (6) shows its implemen-
tation.

We now present the computational adjustment to the algorithms characterizing the ffbs
procedure (Carter and Kohn, 1994). We tailored these having special consideration for spa-
tiotemporal modeling, referring to Model (1.13).

The parallel propagation strategy we define in Section 3.1 shares most of the computa-
tional modifications we introduce in Section 3.1.1, and the algorithms detailed in Appendix B,
specifically in Section B.2. Only the algorithm associated with the forward filtering procedure
presented in Section 3.1.1, i.e., Algorithms 8, must be changed when passing from variational
to parallel propagation.

Algorithm (9) presents the specific modification to forward filtering (ff) procedure within
ffbs algorithm for each time instant 𝑡 = 1, . . . , 𝑇 when working with parallel learning flows. In
particular, it incorporates Algorithm (6), instead of Algorithms (4), and (5), making its structure
different from standard ff and Algorithm (8), actually retaining the founding structure. It
exploits parallel computations, establishing 𝐽 parallel forward filter flows. This means that
the Algorithm (9) implements parallel filtering procedures, where each of these conditions to
model ℳ𝑗 , i.e., uses the couple {𝛼 𝑗 , 𝜙 𝑗}, for 𝑗 = 1, . . . , 𝐽. Then, there is no need to compute kl
approximation using Algorithm (8), as the 𝐽 parallel paths push information forward exactly.
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Once each 𝑗-th flow provides filtered posterior distributions, especially the one-step-ahead
predictive distribution, we computed dynbps weights using Algorithm (6). Prior information is
equally used across models ℳ𝑗 . Then forward propagated for all the observed times. To fully
incorporate the new piece of information, as the latest dataset occurs at𝑇+1, it suffices to apply
Algorithm (9) once, followed by Algorithm (10) to update posterior sampling with the newest
info. This gains advantage from the Markovian dependence assumption between datasets.

The same reasoning we state in Section 3.1 holds true: we still conclude smoothing inference
with weighted backward sampling Algorithm (10), where only the weights are derived differ-
ently. Then, similarly as in Section 3.1.1, to obtain each posterior draw 𝑟 = 1, . . . , 𝑅, we first
sample a model ℳ𝑗 , with 𝑗 = 1, . . . , 𝐽, by giving models weights 𝑤̂𝑇 obtained at last observed
time. Then, we draw the posterior sample from the corresponding conditional posterior for Θ𝑇 ,
i.e. 𝑝(Θ𝑇 | 𝒟𝑇 ,ℳ𝑗). In doing so, we obtain a sample from the approximated stacked posterior
𝑝̂(Θ𝑇 | 𝒟𝑇) =

∑𝐽

𝑗=1 𝑤̂𝑇,𝑗 𝑝(Θ𝑇 | 𝒟𝑇 ,ℳ𝑗). We then make use of standard bs algorithm, sampling
the models ℳ with weights 𝑤̂𝑡 , for 𝑟 = 1, . . . , 𝑅. We obtain a smoothed posterior distribution
sample of size 𝑅 after executing Algorithm (10). As mentioned in Section 3.1.1, we smooth out
the samples from the approximated stacked joint posterior, corresponding again to

𝑝̂(Θ0 , . . . ,Θ𝑇 | 𝒟𝑇) = 𝑝̂(Θ0 | Θ1 ,𝒟𝑇)𝑝̂(Θ1 | Θ2 ,𝒟𝑇) · · · 𝑝̂(Θ𝑇−1 | Θ𝑇 ,𝒟𝑇)𝑝̂(Θ𝑇 | 𝒟𝑇). (3.11)

Each 𝑝̂(Θ𝑡 | Θ𝑡+1 ,𝒟𝑇) =
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝̂(Θ𝑡 | Θ𝑡+1 ,𝒟𝑇 ,ℳ𝑗). Together with Algorithm (9), this
concludes the Bayesian computation needed to achieve posterior inference and uncertainty
quantification for Model (1.13) by using parallel information propagation.

Concerning the forecast of future values, and providing uncertainty quantification for the
outcomes and the spatial processes across the entire region of interest, the argument remains
the same as at the end of Section 3.1.1. Then forecasting can still be achieved following Algo-
rithm (11), while spatial interpolation can still be computed using Algorithm (12), implemented
following the same procedure. Thus, we consider the variational and parallel propagation ap-
proaches extremely similar; they mostly differ in the derivation of the weighting. Even though
there is a sensible difference, as dynbps include temporal dynamics.

3.3 Simulations experiment

We highlight the potential of dynamic Bayesian predictive stacking under different simulation
experiments, while posing challenges and exploring features of multivariate spatiotemporal
analysis. We also provide a comparison among variational and parallel information propa-
gation strategies, including a discussion on the effect of dynamics when included in stacking
weights. On this matter, we focus our simulation and data application on the parallel propa-
gation approach, which brings in more premises on efficiency when working with large-scale
problems, notwithstanding its better performance. The simulations and analysis were imple-
mented using native R and C++ programming languages. We obtain the results by using just
a standard laptop running an Intel Core i7-8750H cpu with 5 cores for parallel computation,
with 16 gb of ram; representing the efficiency of dynbps within scarce computational resources
frameworks. Additional details on programs and Algorithms are explored in Section 3.2.1.



3.3. SIMULATIONS EXPERIMENT 67

Figure 3.2: dynbps weights dynamic comparison

3.3.1 Space-time weights dynamics

In this simulation experiment, we investigated the different behavior for dynamic Bayesian
predictive stacking weights. In Section 3.2, we introduce the concept of “global” weights (g),
and “consensus” weights (c). Descending from the need to concentrate the local information
on weights, which actually dynbps provides (see Section 3.2 for motivation and further technical
details). Either global or consensus weight sets work as central tendency extrapolation from
their spatial distributions, allowing ffbs algorithm implementation, as detailed in Section 3.2.1.
In particular, they reflect information on the average weight and the “consensus” among
locations, to each of the 𝐽 candidate models, at any time point. Although they mainly serve
to retain computational admissibility, there are many interesting features we may obtain by
investigating local weights and their dynamics across time. Thus, we report here a simulation
experiment that gives more insight into these matters, allowing us to obtain model preferences
“locally”.

We start our simulation experiment by generating a set of spatiotemporal synthetic data.
We mainly follow the same simulation framework used in Section 3.3.3, without replications,
as we focus on weights communalities. Then, we have values on 𝑛 × 𝑞 × 𝑡 outcome 𝑌 generated
from (1.13) with 𝑛 = 500, 𝑞 = 3, 𝑡 = 100 and 𝑝 = 2, 𝑋 includes two predictors generated
from a standard uniform distribution over [0, 1]. While the 𝑛 × 𝑛 spatial correlation matrix
𝑉 is specified using an exponential correlation function with 𝜙 = 4 and 𝛼 = 0.8. We specify
𝐽 = 9 models ℳ𝑗 letting range 𝛼 ∈ {0.7, 0.8, 0.9}, and 𝜙 ∈ {2, 4, 6}, for all time points. See
Section 3.3.3 for further details.

We start our discussion with the examination of Figure 3.2. We report here two panels, from
left to right: “consensus” weights (𝑤̂(𝑡)

𝐶
), and “global” weights (𝑤̂(𝑡)

𝐺
) dynamics over time-points.

Firstly, worth highlighting that, by construction of dynamic bps, as the time instant grows,
more information is available to determine the weights. This leads to possibly interpreting
panels in Figure 3.2 as trace plots, i.e., reflecting weights convergence. That said, we notice
decreasing variability of the weights’ magnitude as time passes. Both approaches completely
stabilize the weights’ central tendency after about 30 time-points, even if 𝑤̂(𝑡)

𝐺
appear to have

smoother and faster transitions. Let alone the transitions, we also noticed a greater separation
in magnitude for 𝑤̂(𝑡)

𝐶
, while spatially averaged weights (𝑤̂(𝑡)

𝐺
) tend to concentrate. Figure 3.2

also shows a model-ranking coherence among the two approaches, which means they give the
same predictive “relevance” to the same model. Therefore, we can state there are no sensible
differences using either one method or the other, as we obtain comparable results.
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Figure 3.3: Parameter estimates dynamic - with true value (red dashed line)

Hereafter, we then consider global weights 𝑤̂(𝑡)
𝐺

for dynbps. Figure 3.3 represent the empirical
estimates for {𝛼, 𝜙} at different time point. As Figure 3.2, we could interpret these as trace
plots. Let us notice that the estimates are given as follows: 𝛼̂𝑡 =

∑𝐽

𝑗=1 𝑤̂
(𝑡)
𝐺
𝛼 𝑗 , and 𝜙̂𝑡 =∑𝐽

𝑗=1 𝑤̂
(𝑡)
𝐺
𝜙 𝑗 . In Figure 3.3, leftmost panel show the trace plot for 𝛼, while rightmost for 𝜙.

Both are in some sense attracted by the true values (dashed lines), but for 𝛼 there is an
understimation, in opposition to 𝜙, which is overestimated. The latter, which can be identified
as “oversmoothing” is typical when working with a distributed learning approach (see e.g.,
Guhaniyogi and Banerjee, 2018; Presicce and Banerjee, 2024). The understimation for 𝛼, may
actually descend from the oversmoothing of 𝜙. Indeed, the model could underestimate the
proportion of spatial variance, i.e., 𝛼, when a bigger 𝜙 is preferred, as it suggests a stronger
spatial dependence, which, ceteris paribus, should absorb less variability from the “total”, still
retaining the same spatial dependence. It remains of interest the investigation into the model
balancing behaviour of the dynamic stacking weights, but we will reserve it for future work.
At the moment, we can only conclude observing a good attitude of the dynbps, at least when
working in ℳ-closed setting, as the experiment was.

Lastly, we extrapolate insight from location-wise weights, which are shown in Figure 3.4.
This panel is twofold: the average weight of models, and the spatial distribution of weights
coloured per model. The latter makes use of the Voronoi tassellation in order to help interpre-
tation. To better understand the leftmost subplot in Figure 3.4, just consider every coloured
bar as the frequency of location that “prefers” that model. Where preference is expressed as
the biggest weight. The same reasoning applies to the right subplot: it shows for each loca-
tion, which is the model to which the greater weight was assigned, i.e., the preferred model.
Figure 3.4 clearly reports that most of the locations prefer the model {𝛼 = 0.8, 𝜙 = 6}, but the
second preferred model is the true one, i.e., {𝛼 = 0.8, 𝜙 = 4}. Notwithstanding many locations
do not prefer the true model, as in the data-generating process, the conjunction between spatial
variability and non-spatial association among variables leads to sample georeferenced points
with individual characteristics for which the posterior predictive distribution pushes towards
different values. We actually average out locally dependent micro-characteristics as justified
by the backward sampling, which aims to identify a common set of parameters. However, the
methodological contribution allows for further investigation of many other perspectives, giving
users a flexible level of interpretability for the analyses. From Figure 3.4, we can bring home
that every location has a personal set of weights, based on the local evaluation of posterior
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Figure 3.4: Location-wise weights spatial preference - over Voronoi tassellation

predictive distributions. Even though it may be computationally cumbersome to start a local
analysis for all the points, there is still the chance to individually investigate each point, which
corresponds to a multivariate time series by itself. This will imply that from the joint procedure,
you can also decide to further study a subset of points, which may be of interest for a specific
research question. Once the forward filtering, along with weights, the backward sampling can
be done for just the interested point, for which any of those can be used as an individual set of
weights, reflecting local model preferences.

3.3.2 Propagation comparison along ℳ-closed & ℳ-open settings

We establish and compare the effectiveness of contributions in Sections 3.1,3.2 under 50 repli-
cations, using synthetically generated data from the model in (1.13), with 𝛼 = 0.8 and 𝜙 = 4,
under an exponential spatial correlation function. At each round, we uniformly sample 𝑛 = 150
fixed locations over a unit square, for 𝑇 = 20 observed time instants, yielding 3000 observa-
tions. We opt to generate data for ℎ = 5 future time points, helping us with temporal forecast
evaluation. The response 𝑌 consists of 𝑞 = 3 correlated spatial outcomes, while 𝑋 includes
𝑝 = 2 predictors, simulated from a uniform distribution fixed over time. The matrices 𝐺𝑡 and 𝐹𝑡
are also held constant over time, as specified in Section 3.1. We define Σ =

[ 1 −0.3 0.6
−0.3 1.2 0.4
0.6 0.4 1

]
, while

the true regression coefficients are initialized at Θ0 = 0(𝑝+𝑛)×𝑞 . Then, data evolved following
Model (1.13) dynamics.

For bps-based procedures, we define two scenarios: ℳ-closed, andℳ-open settings. This al-
lows for a fair comparison between the two alternatives, whether in simple or complex contexts.
We refer to bps-c and bps-o for the variational propagation approach described in Section 3.1,
and to dynbps-c and dynbps-o for the parallel propagation method introduced in Section 3.2,
corresponding to closed and open settings, respectively. Within closed environments, we spec-
ify 𝐽 = 9 models ℳ𝑗 letting range 𝛼 ∈ {0.65, 0.8, 0.95}, and 𝜙 ∈ {2, 4, 6}, for all time points. For
open settings, we randomly sample three values for 𝛼 from a uniform distribution over [0.2, 1]
and 𝜙 from a uniform distribution over [1, 20], for each replication. We complete the model
specification putting on Θ,Σ a matrix-normal inverse Wishart prior, where parameters were
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Figure 3.6: Frobenius norm for Σ - over 50 replications

fixed as: 𝑚0 = 0(𝑝+𝑛)×𝑞 , 𝐶0 =

[
I𝑝 0𝑝×𝑛

0𝑛×𝑝 ℛ0(𝒮 ,𝒮;𝜙=1)

]
, opting for an exponential spatial correlation

function, and 𝜈0 = 𝑞,Ψ0 = I𝑞 . We withheld out 50 locations for each time point, comprising 𝒰 ,
to check spatial interpolation performances.

We start presenting parameter replication results, presented in Figure 3.5, and Figure 3.6,
for dynamic parameters Θ𝑡 and column covariance matrix Σ, respectively. Figure 3.5 shows
four panels: divided by metrics on rows, and submatrices of Θ by column. Actually, the
first column refers to the dynamic regression coefficients 𝐵𝑡 , while the second refers to the
multivariate spatial process Ω𝑡 . The first row reports replication results on the average root
mean square error at any observed time point; the second row shows replication results on the
average coverage, with respect the nominal 95% level. Any panel of Figure 3.5 points out a neat
separation between bps, and dynbps, especially in terms of variability across replications. This
also suggests an intrinsic instability of the estimates. For both dynamic regression coefficients
and the multivariate spatial process, we observe how dynamic bps offers more reliable results,
almost unaffected by the setting. In particular, the coverage tends to be concentrated on the
nominal level. Conversely, for variational propagation, which uses standard bps, the coverage is
overstimated in closed settings, while understimated in open settings instead. Worth noticing,
how open settings are destructive for variational propagation, which suffer and produce a total
defeat in terms of any metrics for some replications. Even though median tendency across time
(represented as coloured line in the top subpanels) for variational propagation and parallel
propagation in open settings appears the be close, actually it is just an effect of the robustness
of the median to outliers, as for some replications we observe some values totally out of scale.
This can also be extrapolated from the extremely low level of coverage bps in the open setting.

Figure 3.6 shows the distribution of the Frobenius norm for Σ, where we consider the
estimation achieved at the last observed time, with all the information available. As the lower
the better, dynbps obtain the more promising results, offering even more stable results with
respect to variational propagation approaches. Figure 3.6 illustrates the same insight regarding
the variability of the estimates, showing that bps with variational propagation yields unstable
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Figure 3.9: Running time distributions for methods and setting - over 50 replications

results. Besides the worst performances, we observe that dynamic Bayesian predictive stacking
offers maximum a posteriori estimates for Σ, which are significantly better than those of non-
dynamic competitors. This is strengthened by noticing that even in open settings, dynbps better
estimates that bps in closed settings.

We also compute temporal forecasts and spatial predictions over replications. We compose
Figure 3.7 with two panels. The leftmost shows in-sample average rmspe for one-step-ahead
predictions, the rightmost shows the out-of-sample results instead. Figure 3.7 clearly states
the predictive superiority of dynbps, for both observed and future times. Actually, parallel
propagation performs out-of-sample almost equivalent to variational propagation in-sample.
In terms of future predictions, both the propagation approaches show comparable achieve-
ment between ℳ-closed and ℳ-settings, suggesting that the misspecification setting does not
sensibly affect one-step-ahead predictive sampling.

In Figure 3.8, we report the average spatial prediction rmspe for the outcome matrix 𝑌𝑡 (left
panel) and for the multivariate spatial processΩ𝑡 at both observed and future time points (right
panel). Something different happens for spatial interpolation with respect to the temporal
forecast. Here, we notice smoother transitions for metric performances between observed
time and horizon points. Moreover, Figure 3.8 suggests only slight differences in predictive
performance between dynbps and bps. This apparent similarity is largely due to the median
“amortization” of extreme values. As shown in the left panel, bps-o exhibits highly unstable
predictive performance, consistent with the variability observed for parameter estimates in
Figure 3.5. Lastly, we notice the difference in spatial prediction between closed and open
ℳ-settings to be more evident for spatial process interpolation. Despite the extremely poor
prediction of bps-o, the variational and parallel propagation approaches perform reasonably
similarly. For both methods, spatial interpolation accuracy worsens over time, consistent with
the accumulation of uncertainty as predictions are propagated forward without additional
data. This effect is less pronounced for dynbps, which benefits from its dynamic updating
mechanism.
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We conclude this simulation experiment with some computational remarks. We compare
the running times for the two approaches under the two settings. Figure 3.9 reports violin
plots of running time distributions over the 50 replications. As expected, the ℳ-setting does
not impact computational structure, as the discriminant resides in the number of models. The
difference in running time between dynamic parallel propagation and variational propagation
is striking: in this (moderate) setting bps takes six times longer than dynbps to achieve inferences.
Not to mention that dynbps also performs better. At the current state, we then suggest to
prefer dynbps with parallel propagation introduced in Section 3.2, over variational propagation
approach presented in Section 3.1. Besides the elegant derivations presented in Appendix B,
there is no clear advantage in using variational propagation over parallel propagation. For this
reason, we will focus our next simulation experiments and data applications on the contribution
introduced in Section 3.2.

3.3.3 Dynamic bps in ℳ-closed & ℳ-open settings

We explore how dynamic bps behaves in the ℳ-closed and ℳ-open settings. Generally, these
two classes of model misspecifications relate to opposite scenarios. The ℳ-closed refers to the
case when the true model can be identified within a finite set of candidate models. ℳ-open
class admits the existence of the true models, but this can not be directly specified within
candidate models.

Hereafter, model specification is characterized by values of 𝛼 and 𝜙, where the data gener-
ating values {𝛼 = 0.8, 𝜙 = 4} represent the true model (true). The dynamic bps was tested over
ℳ-closed and ℳ-open settings. For dynbps under closed setting (dynbps-c) we specify 𝐽 = 9
competitive models with 𝛼 ∈ {0.7, 0.8, 0.9} and 𝜙 ∈ {2, 4, 6} that yields effective spatial ranges
in the percentage of maximum point inter-distance of 105%, 53%, 35% respectively, including
the true model as one of the possible candidates. Conversely, in the ℳ-open setting, even
though the true model exists, it cannot be fully specified. Thus, for dynamic bps under the open
setting (dynbps-o), we randomly define 𝐽 = 9 candidate models. In particular, we uniformly
sample 3 values for 𝛼 ∈ (0.5, 1) and 3 values for 𝜙 ∈ [1, 50]. We perform the experiment using
25 replications.

Each replicate consists of values of 𝑛 × 𝑞 × 𝑡 outcome 𝑌 generated from (1.13) with 𝑛 = 100,
𝑞 = 3, 𝑡 = 20 and 𝑝 = 2, 𝑋 includes two predictors generated from a standard uniform
distribution over [0, 1], Σ =

[ 1 −0.3 0.6
−0.3 1.2 0.4
0.60 0.4 1

]
. Θ = [𝐵𝑇 : Ω𝑇]𝑇 was defined letting evolving the

system in (1.13), starting with a realization from the marginal prior distribution. We equally
defined for all model ℳ𝑗 the joint prior distribution for Θ,Σ from the matrix-normal inverse
Wishart family, with parameters𝑚0 = 0𝑝+𝑛×𝑞 , 𝐶0 =

[
0.05I𝑝 0

0 ℛ(𝒮 ,𝒮;𝜙=1)

]
, Ψ0 = 10I𝑞 , and 𝜈0 = 𝑞+1.

The 𝑛× 𝑛 spatial correlation matrix𝑉 is specified using an exponential correlation function
with 𝜙 = 4 and 𝛼 = 0.8.

Every column in Figure 3.10 shows predictive sampling metrics for each simulated outcome.
Rows show (i) absolute bias; (ii) mean square prediction error (mspe); (iii) predictive interval
width; and (iv) predictive variance. We report boxplots for the distribution of each metric across
the 50 replicates at any instant in the horizon, i.e., future time points. In terms of predictive
mspe and absolute bias, we notice equivalent results among the settings, indicating excellent
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Figure 3.12: Posterior metrics for each component of the multivariate spatial process Ω - over 50 replications

predictive aptitude of dynamic bps, no matter whether closed or open case. Soft differences
emerge with respect to predictive interval width and variance. Expectedly, ℳ-open setting
induces bigger variability of predictive distributions, even though it is largely comparable with
ℳ-closed. Actually, predictive variability inflates when we introduce uncertainty in {𝛼, 𝜙}.

The series of Figures 3.11,3.12,3.13 aim to provide insight of posterior inference achieved
by dynbps when comparing ℳ-closed and ℳ-open settings. Every figure displays four panels:
(i) average empirical bias; (ii) average coverage; (iii) average posterior standard deviation; and
(iv) Frobenius norm distribution, across the 50 replicates.

Starting from time-dependent parameters, Figure 3.11 mainly shows which regression co-
efficient submatrix 𝐵𝑡 is well-identified from dynbps. The bottom-right sub-panel includes
the distributions over replications, at any time point 𝑡 for any setting, of the Frobenius norm,
i.e., ∥ 𝐵𝑡 − 𝐵𝑡 ∥𝐹=

√∑𝑝

𝑖=1
∑𝑞

𝑗=1 | 𝛽̂𝑖 , 𝑗 ,𝑡 − 𝛽𝑖 , 𝑗 ,𝑡 |2, where 𝐵̂𝑡 , 𝛽̂𝑡 represent the maximum a posteri-
ori (map) estimate of 𝐵, and its element 𝛽𝑖 , 𝑗 . We support the interpretation using a different
coloured line for each setting, representing the median of the Frobenius norm distribution
across time points. Looking at the average coverage (top-right) and Frobenius norm (bottom-
right) subplots, we record a unique exception at time 𝑡 = 14: all the evaluated models produce
the worst estimates. Nevertheless, the replication results are generally balanced among settings
for the considered metrics. ℳ-open stand out in terms of empirical bias and Frobenius norm,
but the differences are numerically negligible. This is somewhat expected when working with
ℳ-open settings, especially given the simulation setting: we sampled a different set of val-
ues for {𝛼, 𝜙} across replications. This inevitably inflates variability and shifts into diffusion
metrics. Different from Figure 3.11, which reports a panel for each element of 𝐵; Figure 3.12
collects data for each of the 𝑞 = 3 components of the multivariate spatial process. Thus, the
only subpanel that is time-dependent reflects Frobenius norm distributions (still bottom-right),
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Figure 3.13: Posterior metrics for Σ - over 50 replications

similarly to the bottom-right subplot of Figure 3.11. Here, there is a net separation between
ℳ-open and other settings, which perform more stably. Indeed, the median-trace for ℳ-open
settings shows sensibly greater values. However, in terms of average empirical bias (top-left)
and average coverage (bottom-left), ℳ-close and ℳ-open performances are indistinguishable,
ensuring good inferential achievements. While the average standard deviation results (top-
right) mirror the behavior of the underlying subpanel: ℳ-close stay “closer” to the true model
in terms of estimates’ diffusion, “setting” distance from ℳ-open setting. From Figure 3.12,
we ascertain the striking capabilities of recovering the true multivariate spatial-dependence
between the 𝑞 outcomes, across time. dynbps provides excellent uncertainty quantification for
either ℳ-close or ℳ-open setting.

We conclude the simulation experiment, gathering information on the time-independent
dense covariance matrix Σ, which exposes the multivariate non-spatial dependence among the
𝑞 variables. We divided Figure 3.13 into two columns. We composed the leftmost column
stacking vertically three metrics: (i) average empirical bias; (ii) average coverage; and (iii)
average standard deviation, separately represented by its element, i.e., Σ𝑖 , 𝑗 for 𝑖 , 𝑗 = 1, . . . , 𝑞. In
the rightmost column, we report the Forbenius norm distribution across replication, for each
setting. Conversely, from Figures 3.11,3.12, which show time-dependent objects, here we only
have a distribution by setting, where the posterior distribution at the last observed time is
considered to compute the map estimates. The latter reflects something already seen for 𝐵, and
Ω: dynbps-o inflates variability on the estimates. However, if for regression coefficients and
multivariate spatial process, the greater diffusion of the estimates does not affect the inferential
performances, such as the empirical bias and the coverage, here it does. The average coverage
(middle-left) suffers from undercoverage, in equal measure for all the parameters. Even though
differences are negligible, as it attests to having an average coverage of about 90%, it is worth
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Figure 3.14: 1 step ahead average monthly temperature forecast for selected time points: truth (left panel) and
predicted (right panel)

to be noticed. Similar traits are reflected by average empirical bias, which takes distance from
that achieved by other settings. Notwithstanding the great achievement of dynamic bps, we
are not surprised that the worst inferential performances are related to the common-covariance
matrix Σ. Indeed, when working with georeferenced data is well-known that covariances are
not identifiable from data realizations (Zhang, 2004; Tang et al., 2021), even more so when
data shows multidimensional dependencies. Worth noting, these findings are consistent with
Stein (1988); Stein and Handcock (1989), who theoretically established the ability of Gaussian
processes to deliver good predictive performance even for misspecified covariance functions in
fixed domains (in-fill asymptotics).

3.4 Application to copernicus data

There is broad consensus that climate change represents one of the most overreaching global
challenges, alongside other highly critical and interconnected threats to humanity and life on
Earth (Houghton, 2005; Barnard et al., 2021). The consequences of global warming permeate
many aspects of human and natural systems, including the spread of infectious diseases (Khas-
nis and Nettleman, 2005), agriculture and food production (Smith et al., 2008), as well as the
climate itself, which is increasingly characterized by extreme events (Pielke et al., 2005). The
primary drivers of global warming are associated with changes in global temperatures and
atmospheric composition. For this reason, international agencies, e.g., nasa, esa, and noaa,
developed monitoring systems based on satellite imaging and in-situ monitoring. Thus, differ-
ent satellite-based collections of global-extended data are available and managed in accessible
databases by national administration agencies.

This study utilizes high-resolution climate data from the Copernicus Climate Change Ser-
vice (c3s) Atlas, a multi-source dataset developed within the European Union’s Copernicus
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Figure 3.15: 1 step ahead average monthly rain forecast for selected time points: truth (left panel) and predicted
(right panel)

Programme. The c3s Atlas compiles harmonized gridded climate variables from different
sources, including satellite remote-sensing and in-situ monitoring networks. These datasets
are accessible via the Climate Data Store (cds) and conform to acdd netcdf4 metadata con-
ventions, ensuring compatibility, reproducibility across climate analyses, and consistency for
long-term climate monitoring.

Temperature is not the only crucial factor for environmental and climate scientists. Actually,
many variables are determinants of the atmospheric composition, especially when considering
its evolution. Here, we present a multivariate spatiotemporal modeling for four of these impor-
tant key quantities employed in climate science studies: 2-meter air temperature (Celsius de-
grees), total monthly precipitation (𝑚𝑚), 10-meter wind speed (𝑚𝑠−1), and monthly evaporation
(𝑚𝑚). These variables collectively represent essential surface climate processes with relevance
to hydrology, energy balance, and atmospheric dynamics. The scientific research question con-
centrates on jointly predicting atmospheric influencing factors from massive, spatiotemporal
datasets of this scale using GeoAI. We assess whether multivariate statistical models can deliver
accurate, scalable, and timely predictions across tens of thousands of spatiotemporal points.
These settings are characterized by long-term temporal dependencies and strong associations,
while accounting for evolving multidimensional dependence structures among multivariate
outcome series. The aforementioned contribution has the scope to enable researchers to per-
form spatiotemporal analysis, based on a rigorous statistical framework, on large temporal and
spatial scales, even with modest computational and memory resources. Public and private
research organizations are under increasing pressure to examine and interpret data related to
global warming. Naturally, the issue of moving such research to ai platforms has come up due
to the sheer size of these datasets and the process-driven models needed for their analysis.

We focused our representative analysis on the European region bounded by latitudes 40°,
-60°N and longitudes -10°,-30°E, extracting complete monthly records for the period spanning
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Figure 3.16: 1 step ahead average monthly wind forecast for selected time points: truth (left panel) and predicted
(right panel)

the window from December 2002 to December 2014, which is the latest available data point
with full variable coverage. This makes the total number of time points 𝑇 = 144, from which
we exclude the last ℎ = 14 for predictive evaluation, while leaving the first 120 months as
the learning set. From this spatiotemporal domain, we extracted data at 𝑛 = 600 regularly
distributed locations (100 withheld for spatial interpolation), aggregated for the 𝑞 = 4 outcomes.
This led to 60, 000 total number of multivariate space-time points in the dataset, which also
corresponds to 240, 000 univariate spatiotemporal observations jointly modeled. The maximum
inter-site distance among fixed sites is approximately 6, 320 kilometers. Our statistical modeling
approach incorporated a spatiotemporal regression structure that included an intercept term
and sinusoidally projected spatial coordinates (an equal-area projection), corresponding to 𝑝 =

3, to capture broad-scale geographic gradients and boundary effects. For the spatial covariance
function at any month, we choose to use an exponential kernel, which reflects the spatial process
smoothness typically observed over large-scale domains. The temporal structure via monthly
indexing enables the model to learn seasonal and interannual dynamics; this setup facilitates
both interpolation and prediction tasks within a coherent statistical framework. We implement
a fully automated procedure, depicted in Section A.5, to set the grid of values for {𝛼, 𝜙} by
using spatiotemporal variograms. The process ends by providing 𝐽 = 4 candidate models: the
variograms automatically estimate the absence of nugget for the outcomes, then we fix 𝛼 = 0.99,
while letting vary the range parameter as 𝜙 ∈ {0.03, 0.05, 0.15, 0.16}. Prior distribution was set
following non-informative choices, typically implemented when working with matrix-variate
models in spatial analysis (see e.g., Zhang and Banerjee, 2022; Presicce and Banerjee, 2024).
We give on Θ,Σ a matrix-normal inverse Wishart prior, where parameters where fixed as:
𝑚0 = 0(𝑝+𝑛)×𝑞 , 𝐶0 =

[
I𝑝 0𝑝×𝑛

0𝑛×𝑝 ℛ0(𝒮 ,𝒮;𝜙=1)

]
, opting for an exponential spatial correlation function,

and 𝜈0 = 𝑞,Ψ0 = I𝑞 .

We train the model over the entire observed multivariate time series and then conduct one-



3.4. APPLICATION TO COPERNICUS DATA 83

Figure 3.17: 1 step ahead average monthly evaporation forecast for selected time points: truth (left panel) and
predicted (right panel)

step-ahead forecasting for the full temporal sequence, including both observed and unobserved
time points. The model demonstrated excellent predictive performance, with forecast values
nearly indistinguishable from the held-out observations. Forecast performance was evaluated
over the full time series for each of the four variables, demonstrating highly accurate predictive
behavior with forecast trajectories closely matching ground-truth values. This is illustrated
in the included forecast plots, one for each variable: (i) Figure 3.14 for air temperature; (ii)
Figure 3.15 for rain precipitation; (iii) Figure 3.16 for wind speed; and (iv) Figure 3.17. The
results from these Figures are clear: dynbps achieved striking forecast performances, exactly
mimicking the observed multivariate spatiotemporal process. In addition to temporal forecast-
ing, we performed spatial interpolation at 100 out-of-sample withheld locations. We conducted
spatial prediction at observed time points (in-sample) and at future unobserved times (out-of-
sample), providing a robust assessment of the model’s ability to generalize spatial interpolation
beyond its learning set. Multivariate interpolated maps exhibited smooth gradients and high
alignment with known climatological patterns, suggesting that the model accurately captures
both temporal variability and spatial structure. Figure 3.18 presents interpolated surfaces for a
selected observed time slice (September 2007) for all four variables (right panel), in comparison
to observed interpolated fields (left panel). Similarly, Figure 3.19 reports spatial predicted maps
for a selected out-of-sample month (September 2013) against observed spatial surfaces (right
to left).

Both sets of interpolated fields prove the excellent spatial prediction achieved by dynamic
Bayesian predictive stacking. In addition, as we on purpose selected the same month for
in-sample and out-of-sample interpolation, i.e., September, we can compare Figure 3.18 with
Figure 3.19. Actually, they show extreme similarities, implying how the model can learn spa-
tial patterns without losing seasonal coherence. Together, these results validate the pattern
identified by c3s Atlas dataset for large-scale spatiotemporal analyses in climate research and
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Figure 3.18: Spatial surface interpolation at observed time: truth (left panel) and predicted (right panel)

Figure 3.19: Spatial surface interpolation at unobserved time: truth (left panel) and predicted (right panel)
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demonstrate the scalability of dynbps for joint multivariate forecasting and interpolation tasks
across entire Europe. Dynamic bps bring the feasibility of combining physically interpretable
multidimensional factors with data-driven spatiotemporal modeling to a newer level, sup-
porting climate monitoring and decision-making within GeoAI systems. Indeed, the entire
Bayesian estimation framework only takes nearly 12 minutes to provide posterior and poste-
rior predictive sampling, along with uncertainty quantification. This happens on a standard
laptop, with very limited resources as explained in Section 3.2.1, allowing almost-automated
multivariate spatiotemporal Bayesian modeling for large-scale settings to constrained GeoAI
systems.





Chapter 4

Conclusions

This thesis develops distribution-theoretic and predictive stacking-based Bayesian transfer
learning frameworks for scalable, large-scale spatial and spatiotemporal analysis. The overar-
ching goal is to alleviate key limitations that restrict the practical use of Bayesian methods in
geospatial statistics and GeoAI, most notably the scalability of Gaussian-process-based geosta-
tistical models to massive, high-dimensional datasets indexed over tens of thousands to millions
of locations, the computational burden of posterior inference and predictive analysis, and the
need for substantial manual intervention to devise and monitor analyses in such settings.
The proposed contributions combine analytically tractable multivariate and matrix-variate dis-
tributions with Bayesian predictive stacking, including dynamic extensions, to deliver rapid
inference and uncertainty quantification without reliance on computationally intensive itera-
tive procedures that often require extensive human tuning. These ideas culminate in geospatial
inference systems based on double Bayesian predictive stacking and Dynamic Bayesian predic-
tive stacking, which are designed to process large-scale and streaming spatial data efficiently
on both limited and high-performance cpu architectures. The resulting framework supports
flexible Bayesian transfer learning across spatial and spatiotemporal domains.

The main contributions unfold in two complementary directions. The first focuses on
Bayesian transfer learning for spatial data, where in Chapter 2 we introduce a framework
for partitioned inference in massive spatial datasets. Each data partition is modeled using
a conjugate matrix-variate Gaussian distribution, leading to analytically tractable posterior
updates that circumvent the computational demands of simulation-based inference. A novel
double Bayesian predictive stacking (dbps) procedure is then developed, in which predictive
distributions are first synthesized within partitions and subsequently across partitions. This
double-stacking mechanism yields a coherent global predictive distribution that successfully
transfers information across the spatial domain, while preserving the local heterogeneity of
different subregions. The approach thus enables posterior inference and predictive uncer-
tainty quantification at a scale and efficiency that cannot be achieved with traditional Gaussian
process modeling. Beyond computational efficiency, dbps offers a principled mechanism for
addressing variability across spatial domains, ensuring robustness when data sources are un-
evenly distributed or when local spatial dynamics differ. This line of contribution positions
Bayesian transfer learning as a central statistical component for intelligent geospatial systems
capable of operating under massive data regimes.
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The second direction embeds Bayesian predictive stacking in spatiotemporal geospatial ai,
parallel along two paths. We provide variational approximations of non-conjugate stacked
posterior distributions, ensuring forward pushing of temporal information. Then, we extend
predictive stacking to dynamical settings, resulting in a methodology for dynamic Bayesian
predictive stacking in spatiotemporal models. Dynamic linear models offer a convenient frame-
work, analytically tractable, but still sufficiently flexible to model complex dependencies among
space-time for multivariate latent stochastic processes. Chapter 3 focuses on developing a
mechanism for sequentially combining predictive distributions across time, with weights that
evolve adaptively to structural changes in the data. At each time step, posterior inference re-
mains analytically tractable with closed-form posterior distributions through the combination
of conjugate matrix-variate families and Bayesian transfer learning techniques. This is obtained
without renouncing full probabilistic coherence, also enabling scalable sequential forecasting,
interpolation, and uncertainty quantification across both spatial and temporal domains.

Establishing the rigor of Bayesian analysis within ai geospatial systems means being able
to coherently assimilate the foundations of probability theory, along with modern and scalable
techniques. In this thesis, we have taken charge of this task. We propose one of the possible
paths, reconciling the Bayesian distribution theory with the computational and operational
demands of modern GeoAI. We advance the development of reliable tools by grounding mul-
tivariate inference in matrix-variate distribution theory, minimizing dependence on iterative
algorithms. While the methodological contributions of the thesis have been made explicit in
earlier sections, hereafter, we reflect on broader implications, potential extensions, and avenues
for future work.

Additional remarks are warranted regarding the versatility and future directions of this
work, and several directions naturally emerge. Although the exposition has focused on ana-
lytically tractable hierarchical matrix-variate spatial processes, the proposed dbps framework
generalizes naturally to settings where full conjugacy does not hold. The development of
fully automated GeoAI systems demands not only scalable inference but also robustness to
model misspecification, missing data, and misaligned spatial supports. For instance, in cases
of spatially misaligned multivariate data, where missing entries in 𝑌 complicate modeling, the
distributional theory remains applicable and can be adapted to deliver closed-form posterior
summaries (Zhang and Banerjee, 2022).

Likewise, for more complex models with unknown hyperparameters or alternate covariance
structures, local inference can be performed via mcmc, variational Bayes, or Laplace approxi-
mations, with predictive stacking then synthesizing results across data partitions. Even in such
cases, the scaling benefits of predictive stacking are preserved, offering substantial efficiency
gains compared with other divide-and-conquer approaches, such as geometric median-based
posterior aggregation (used in meta-kriging developed by Guhaniyogi and Banerjee, 2018). The
geometric median (gm) generalizes the classical median to a functional space (Minsker et al.,
2017). The gm represents the “median” distribution, while bps seeks the distribution within the
convex span of predictive distributions from competitive models that minimizes divergence,
induced by the related proper rule score, from the true unknown predictive distributions. As
shown in this dissertation, our designed geospatial ai systems require minimal computational
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resources (no greater than a standard laptop), making them accessible without the need for
extensive computing infrastructure.

A preliminary examination of Chapter 2 and Chapter 3 reveals that posterior inference is
conceptualized as a “mixture of mixtures”, or mixture in general. This is somehow expected
when working with Bayesian predictive stacking. Following the Discussion in Yao et al. (2018),
we prefer stacking to fitting a mixture model because the former is numerically robust and
requires almost no human tuning, notwithstanding the easier implementation. Moreover, the
structure of the mixture-of-mixtures conceptually resembles the “Mixture of Experts” (MoE)
that are adopted by ai platforms such as gpt-4 and Mistral. There are broader opportunities
to connect predictive stacking with the “mixture of experts” paradigm that underlies many
modern artificial intelligence systems. Developing this connection further could allow Bayesian
transfer learning procedures to inform and be informed by scalable ai architectures, providing
a statistical foundation for systems that integrate geospatial online data streams with large
language models.

To this end, future directions will also explore the perceived potential of dbps, and dynbps
as feeders for emerging amortized inference methods (Ganguly et al., 2023; Zammit-Mangion
et al., 2024; Sainsbury-Dale et al., 2024) to achieve Bayesian inference. Rapid delivery of poste-
rior estimates of the entire spatial process from Bayesian transfer learning approaches devised
in Chapters 2 and 3 will amount to more training data for amortized neural learners that can
result in accelerated tuning for subsequent Bayesian inference. We already provide some pre-
view of the potential integration between the double bps procedure and artificial intelligence.
In Section 2.4.3, we offer an example integrating the computational scalability achieved by
the double Bayesian predictive stacking and a deep neural network, where we use the output
from the former to train the latter. Dynamic Bayesian predictive stacking also holds promise
as a feeder mechanism for amortized inference methods currently emerging in Bayesian com-
putation. By rapidly delivering posterior summaries in massive spatiotemporal datasets, the
framework can generate training data for neural amortization techniques, thereby accelerating
the calibration of neural Bayesian estimators. The reasoning could be extended to complex con-
volutional or recurrent deep neural networks, which are particularly data “voracious” models.
In this way, we do not view predictive stacking as a competitor to neural amortized inference,
but rather as a complementary tool that can provide fast, distributionally principled inputs to
machine learning systems. The integration of predictive stacking with emerging computational
paradigms in Bayesian inference represents an important opportunity. Amortized inference
methods based on neural networks, such as Bayesian deep learning with variational autoen-
coders or neural posterior estimators, require large volumes of simulated training data. This
opens the possibility of hybrid architectures where classical distribution theory provides the
data backbone for machine-learned Bayesian engines, combining interpretability with compu-
tational acceleration. Such developments will be pursued as future research. We also seek to
expand integration of formally defined statistical models with artificial intelligence black-boxes
to further expedite and improve geospatial ai systems.

The treatment of heterogeneity across spatial and temporal partitions remains a fertile area
for development. However, the versatility of Bayesian predictive stacking also descends from
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independence assumptions. While computationally advantageous, it may underrepresent de-
pendencies between neighboring spatial regions or across consecutive time windows. Looking
forward, further extensions of Bayesian predictive stacking to explicitly model dependence
structures across spatial partitions, or to incorporate graphical Markovian dependence across
temporal subsets, represent promising directions for accelerating inference and improving
predictive calibration. Indeed, incorporating graphical or Markovian structures into the stack-
ing framework, letting predictive distributions to share information across spatial or temporal
boundaries, offers a promising way to balance scalability with statistical fidelity. More broadly,
by aligning distribution theory with predictive stacking, the thesis sets the stage for the design
of automated, scalable, and robust Bayesian engines that can serve as the statistical backbone
of next-generation geospatial artificial intelligence systems. Notwithstanding the introduction
of the dynbps, which account for Markovian temporal dependence, much can still be done. For
example, it could be generalized to further temporal dependency structures, without limiting
to Markovian models, again accounting for either spatial or spatiotemporal dependence. We
are working on extending our contribution to overcome possible issues and accounting for
spatial and temporal dependence within predictive stacking, following the arguments in Ca-
bel et al. (2025). Currently, we still recommend choosing either dbps or dynbps when facing
large-scale spatial or spatiotemporal problems, despite the non-i.i.d. nature of the data, as they
are capable of delivering approximate Bayesian inference at an unprecedented scale even with
scarce computational resources.

Moreover, there is space to broaden the distributional foundations beyond the conjugate
matrix-normal inverse-Wishart families emphasized here, particularly by relaxing the implicit
separability assumption between row and column covariance structures that underlies matrix-
variate formulations. While separability is crucial for analytical tractability and scalability,
it represents a substantial modeling restriction that may be inadequate for capturing com-
plex cross-variable and spatial dependence patterns in many applications, and thus deserves
further methodological attention. Although these models provide the analytical tractability
necessary for scalable inference, many applications call for richer dependence structures, non-
stationary processes, or non-Gaussian data distributions. Extending Bayesian transfer learning
approaches based on Bayesian predictive stacking to frameworks such as matrix-variate skew-𝑡
distributions, spatial copula models, or hierarchical spatial point processes would consider-
ably boost the applicability of the methods. These directions would require relaxing some
of the conjugacy assumptions, working on distribution theory for such complex probabilistic
distributions, and structuring computationally scalable algorithms, while retaining the spirit
of predictive stacking as an analytic synthesis engine.

In summary, while this thesis has established novel methods as a foundation for scal-
able Bayesian geospatial inference, it also opens several paths for future research. This thesis
demonstrates that carefully crafted distribution-theoretic frameworks, combined with Bayesian
predictive stacking principles, can reconcile the trade-off between theoretical rigor and compu-
tational scalability that has long challenged Bayesian geostatistics. Moving beyond Gaussian
assumptions, incorporating richer dependence structures, interfacing with amortized and neu-
ral Bayesian inference, and linking predictive stacking to modern ai architectures represent
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promising directions for advancing both the statistical and computational frontiers of GeoAI.
Pursuing these directions will help consolidate the methodological contributions of this thesis
and support the development of a new generation of Bayesian tools suited to modern geospatial
data environments characterized by scale, dynamics, and heterogeneity. Beyond the specific
models and algorithms introduced here, this work contributes a general framework for prin-
cipled Bayesian learning and prediction in large spatial and spatiotemporal settings. Ongoing
dissemination through open-source software, currently under development in R, is expected to
significantly boost the adoption of these methods and promote further research at the interface
of Bayesian statistics and GeoAI.
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Appendix A

Chapter 2 appendix

A.1 Distribution theory

A.1.1 Posterior and predictive matrix-variate 𝑡 distributions

The joint posterior predictive for 𝑌𝒰 and the unobserved latent process Ω𝒰 , can be recast by
integrating out {𝛾,Σ} from the joint conditional posterior predictive, that is

𝑝 (𝑌𝒰 ,Ω𝒰 | 𝒟) =
∫

MN𝑛′,𝑞
(
𝑌𝒰 | 𝑋𝒰 𝛽 +Ω𝒰 ,

(
𝛼−1 − 1

)
I𝑛′ ,Σ

)
× MN𝑛′,𝑞

(
Ω𝒰 | 𝑀𝒰Ω, 𝑉Ω𝒰 ,Σ

)
× MNIW

(
𝛾,Σ | 𝜇★

𝛾 , 𝑉
★
𝛾 ,Ψ

★, 𝜈★
)
𝑑𝛾𝑑Σ,

where 𝑀𝒰 = 𝜌𝜙(𝒰 ,𝒮)𝜌−1
𝜙 (𝒮 ,𝒮) and 𝑉Ω𝒰 = 𝜌𝜙(𝒰 ,𝒰) − 𝜌𝜙(𝒰 ,𝒮)𝜌−1

𝜙 (𝒮 ,𝒮)𝜌𝜙(𝒮 ,𝒰). We
derive 𝑝(Ω𝒰 , 𝑌𝒰 | Σ,𝒟) by avoiding direct integration with respect to 𝛾 using the following
augmented linear system[

Ω𝒰
𝑌𝒰

]
︸︷︷︸

Υ

=

[
0𝑛′×𝑞 𝑀𝒰
𝑋𝒰 𝑀𝒰

]
︸           ︷︷           ︸

𝑀

[
𝛽

Ω

]
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𝛾

+
[
𝐸𝑌𝑢

𝐸Ω𝑢

]
︸ ︷︷ ︸

𝐸

, 𝐸 ∼ MN2𝑛′,𝑞
(
02𝑛′×𝑞 , 𝑉𝐸 ,Σ

)
, (A.1)

where 𝑉𝐸 =

[
𝑉Ω𝒰 𝑉Ω𝒰
𝑉Ω𝒰 (𝛼−1−1)I𝑛′+𝑉Ω𝒰

]
. We write the posterior distribution 𝑝(𝛾 | 𝒟) in Equation (2.4)

as a linear equation, 𝛾 = 𝜇★
𝛾+𝐸𝛾, with 𝐸𝛾 ∼ MN𝑛′,𝑞(𝑂,𝑉★

𝛾 ,Σ), where 𝐸 and 𝐸𝛾 are independent
of each other. Then,

Υ = 𝑀𝜇★
𝛾 +𝑀𝐸𝛾 + 𝐸 ∼ MN2𝑛′,𝑞

(
𝑀𝜇★

𝛾 , 𝑉
★,Σ

)
, (A.2)

where𝑉★ = 𝑀𝑉★
𝛾𝑀

⊤ +𝑉𝐸. This yields 𝑝(Υ | Σ,𝒟) = 𝑝(Ω𝒰 , 𝑌𝒰 | Σ,𝒟) as the closed-form joint
predictive distribution by integrating out Σ from 𝑝(Ω𝒰 , 𝑌𝒰 | Σ,𝒟)𝑝(Σ | 𝒟) to get∫

MNIW(Ω𝒰 , 𝑌𝒰 ,Σ | 𝑀𝜇★
𝛾 , 𝑉

★,Ψ★, 𝜈★) 𝑑Σ = T2𝑛′,𝑞(𝜈★, 𝑀𝜇★
𝛾 , 𝑉

★,Ψ★)
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which is a matrix-variate Student’s t random variable. Defining Υ = [ΩT
𝒰 , 𝑌

T
𝒰 ]T, as a matrix of

dimension 𝑚 × 𝑞, where 𝑚 = 2𝑛′, the predictive distribution is

𝑝(Υ | 𝑌) =
∫

𝑃(Υ,Σ | 𝑌)𝑑Σ . (A.3)

This matrix-variate integral can be avoided by simply writing

𝑝(Υ | 𝑌) = 𝑝(Υ,Σ | 𝑌)
𝑝(Σ | Υ, 𝑌) . (A.4)

The density 𝑝(Υ,Σ | 𝑌) comes from Equation (A.2), while the denominator is obtained as

𝑝(Σ | Υ, 𝑌) = 𝑝(Σ | 𝑌)𝑝(Υ | Σ, 𝑌)
𝑝(Υ | 𝑌)

∝
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2
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2
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2 Γ𝑞
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2

) exp
{
−1

2 tr
[
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(
Ψ★ + (Υ − 𝜇★)T𝑉★−1
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)]}

∝ |Σ|−
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2 exp
{
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2 tr
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(
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𝛾 (Υ − 𝜇★)
)]}

,

where 𝜇★ = 𝑀𝜇★
𝛾. Hence, Σ | Υ, 𝑌 ∼ IW(Ψ̂, 𝜈̂) with Ψ̂ =

(
Ψ★ + (Υ − 𝜇★)T𝑉★−1

𝛾 (Υ − 𝜇★)
)
, and

𝜈̂ = 𝜈★ + 𝑚. The joint posterior predictive density by the follows from Equation (A.4)

𝑝(Υ | 𝑌) =
MNIW(Υ,Σ | 𝜇★, 𝑉★
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,

where 𝐾(Υ) = Γ𝑞( 𝜈̂2 )|Ψ★|
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2
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2
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2
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𝛾 |−
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(
𝜈★
2

)
(𝜋)

𝑚𝑞
2

, since 𝜈̂ = 𝜈★ + 𝑚.

This is a matrix-variate T density, which we denote as Υ | 𝑌 ∼ T𝑚,𝑞(𝜈★, 𝜇★, 𝑉★,Ψ★). We
recover exactly the same result, without needing to integrate out Σ (Iranmanesh et al., 2010;
Gupta and Nagar, 2000), but only using Bayes theorem and related distribution theory. Finally,
the marginal predictive distributions Ω𝒰 | 𝒟, and 𝑌𝒰 | 𝒟, are also available in analytic form
as matrix T distributions for any set of predictive points 𝒰 .

A.2 Asymptotic behaviors

The double bps extends the Bayesian predictive stacking to a transfer learning framework, as
detailed in Section 2.2. Now, we assess the asymptotic behaviour of its approximation in terms
of predictive distributions. Specifically, we investigate how the double bps approximations of
posterior predictive distributions behave when the number of competitive models (𝐽) and the
number of partitions (𝐾) grow towards infinity. We focus on the reversed Kullback-Leibler
divergence between the double bps posterior predictive in (2.11) and the true one 𝑝𝑡( · | 𝒟),
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defined in Equation (2.5) where {𝛼, 𝜙} are those from the data-generating process.

By applying Jensen’s inequality, we derive an upper bound for the reverse kl divergence;
further details, including derivations and implementations, are supplied in Section A.2.1 and
A.2.2. The resulting upper bound is as follows:

𝐷𝐾𝐿

(
𝑃̂

����𝑃𝑡 ) ≤ log
𝐾∏
𝑘=1

{
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 E𝑝̂𝑘,𝑗

[∑𝐽

𝑗=1 𝑝̂(𝑦 | 𝒟𝑘 ,ℳ𝑗)
𝑝𝑡(𝑦 | 𝒟)

]}𝑤̂𝑘
, (A.5)

where 𝑃̂ and 𝑃𝑡 denote probability measures with probability density 𝑝̂( · ;𝒟), and 𝑝𝑡( · | 𝒟),
respectively, and 𝑝̂𝑘,𝑗 = 𝑝̂( · | 𝒟𝑘 ,ℳ𝑗).

The upper bound in (A.5) can be analyzed both analytically and empirically. In Section A.2.2,
we provide a Monte Carlo study that approximates the expected value and explore how the
bound varies with the number of subsets (𝐾) and the number of candidate models (𝐽).

A.2.1 Kullback-Leibler divergence from true posterior predictive

The true predictive distribution is defined as: 𝑝𝑡(𝑦 | 𝒟) = 𝑝(𝑦 | 𝒟, 𝛼𝑡 , 𝜙𝑡) = T(𝜈𝑡 , 𝑀𝑡 , 𝑉𝑡 ,Ψ𝑡),
while the double bps approximation is:

𝑝̂(𝑦 ;𝒟) =
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 𝑝(𝑦 | 𝒟𝑘 , 𝛼 𝑗 , 𝜙 𝑗) =
𝐾∑
𝑘=1

𝑤̂𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗 T(𝑦 | 𝜈𝑘,𝑗 , 𝑀𝑘,𝑗 , 𝑉𝑘,𝑗 ,Ψ𝑘,𝑗).

Let 𝑃̂ and 𝑃𝑡 be the probability distributions corresponding to the double bps approximate
and the true predictive probability distributions, respectively. The reverse kl divergences is
given by:

𝐷kl( 𝑃̂ ∥ 𝑃𝑡 ) =
∫
𝑦

log
𝑃̂(d𝑦)
𝑃𝑡(d𝑦) 𝑃̂(d𝑦) =

∫
𝑦∈R𝑛×𝑞

𝐾∑
𝑘=1

𝑤̂𝑘 𝑝̂𝑘(𝑦 | 𝒟𝑘) log
∑𝐾
𝑘=1 𝑤̂𝑘 𝑝̂𝑘(𝑦 | 𝒟𝑘)
𝑝𝑡(𝑦 | 𝒟) d𝑦,

where 𝑝̂𝑘(𝑦 ;𝒟𝑘) =
∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 T(𝑦 | 𝜈𝑘,𝑗 , 𝑀𝑘,𝑗 , 𝑉𝑘,𝑗 ,Ψ𝑘,𝑗). We can reformulate this Equation as
the difference of two expectations:

𝐾∑
𝑘=1

𝑤̂𝑘E𝑝̂𝑘
[
log

𝐾∑
𝑘=1

𝑤̂𝑘 𝑝̂𝑘(𝑦 ;𝒟𝑘)
]
−

𝐾∑
𝑘=1

𝑤̂𝑘E𝑝̂𝑘
[
log 𝑝𝑡(𝑦 | 𝒟)

]
=

𝐾∑
𝑘=1

𝑤̂𝑘E𝑝̂𝑘

[
log

∑𝐾
𝑘=1 𝑤̂𝑘 𝑝̂𝑘(𝑦 ;𝒟𝑘)
𝑝𝑡(𝑦 | 𝒟)

]
≤

𝐾∑
𝑘=1

𝑤̂𝑘 logE𝑝̂𝑘

[∑𝐾
𝑘=1 𝑤̂𝑘 𝑝̂𝑘(𝑦 ;𝒟𝑘)
𝑝𝑡(𝑦 | 𝒟)

]
,

where the inequality follows from Jensen’s inequality. Expanding algebraically, this term, we
get the more convenient formulation in Equation (A.5).
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Algorithm 7 Approximating upper bound for Kullback-Liebler divergence
Input: 𝑌 outcomes matrix; 𝑋 predictors matrix; 𝑤̂ = {𝑤̂𝑘 : 𝑘 = 1, . . . , 𝐾}: Stacking weights
between subsets; 𝑧̂ = {𝑧̂𝑘 = {𝑧̂𝑘,𝑗} : 𝑘 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within sub-
sets; 𝑝̂𝑘,𝑗( · ), 𝑝𝑡( · ) approximated and true predictive distributions ∀𝑗 = 1, . . . , 𝐽 , 𝑘 = 1, . . . , 𝐾; 𝐾:
Number of subsets; 𝐽: number of competitive models in each subset; 𝑛: number of locations;
𝐿: number of Monte Carlo samples.
Output: 𝑢𝑏(𝑛, 𝐾, 𝐽): approximated value for the upper bound, for a given set {𝑛, 𝐾, 𝐽}.

1: for 𝑘 = 1, . . . , 𝐾 do
2: for 𝑗 = 1, . . . , 𝐽 do
3: Draw 𝐿 samples {𝑦𝑙 : 𝑙 = 1, . . . , 𝐿} from 𝑝̂( · | 𝒟𝑘 ,ℳ𝑗)
4: for 𝑙 = 1, . . . , 𝐿 do
5: for 𝑗 = 1, . . . , 𝐽 do
6: Evaluate 𝑝𝑘,𝑗,𝑙 = 𝑝̂( 𝑦𝑙 | 𝒟𝑘 ,ℳ𝑗)
7: end for
8: Evaluate 𝑝𝑡 ,𝑙 = 𝑝(𝑦𝑙 | 𝒟)

9: Compute 𝑟𝑙 =
∑𝐽

𝑗=1 𝑧𝑘,𝑗 𝑝𝑘,𝑗,𝑙

𝑝𝑡 ,𝑙

10: end for
11: Compute 𝑒𝑘,𝑗 = 1

𝐿

∑𝐿
𝑙=1 𝑟𝑙

12: end for
13: end for
14: Compute 𝑐𝑘 =

∑𝐾
𝑘=1 𝑤̂𝑘

∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 𝑒𝑘,𝑗

15: return 𝑢𝑏(𝑛, 𝐾, 𝐽) = log
∏𝐾

𝑘=1 𝑐
𝑤̂𝑘
𝑘

A.2.2 Monte Carlo approximation for upper bound simulations

We perform empirical investigations of the upper bound presented in Section A.2, and detailed
in Section A.2.1, for different values of 𝐾, and 𝐽 ceteris paribus.

We approach the problem of approximating the expectation in Equation (A.5) with a Monte
Carlo integration. The approximation takes the form

E𝑝̂𝑘,𝑗

[∑𝐽

𝑗=1 𝑝̂(𝑦 | 𝒟𝑘 ,ℳ𝑗)
𝑝𝑡(𝑦 | 𝒟)

]
≈ 1

𝐿

𝐿∑
𝑙=1

[∑𝐽

𝑗=1 𝑝̂(𝑦𝑙 | 𝒟𝑘 ,ℳ𝑗)
𝑝𝑡(𝑦𝑙 | 𝒟)

]
,

where 𝑦𝑙 ∼ 𝑝̂(𝑦𝑙 | 𝒟𝑘 ,ℳ𝑗) for 𝑙 = 1, . . . , 𝐿. We then devise the Algorithm 7 to approximate the
upper bound for the kl divergence between the double bps posterior predictive and the true
one.

To provide a meaningful interpolation, we consider 20 points for each parameter regulating
𝑢𝑏(𝑛, 𝐾, 𝐽). We let vary 𝐾 ∈ {5, 100}, 𝐽 ∈ {2, 40}, while 𝑛 = 1000 was fixed. Then, we remove
data dependency by considering 𝑀 = 10 replications for each evaluation setting. We perform
different simulations for any of {𝐾, 𝐽} ceteris paribus, for the other. The panels in Figure A.1
shows how 𝐷𝐾𝐿(𝑃̂ ∥ 𝑃𝑡) vary with 𝐾, and 𝐽, respectively.
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Figure A.1: Upper bound behave for growing values of 𝐾, and 𝐽

A.3 Accelerated learning for univariate spatial random fields

In Section 2.2, we propose a method to accelerate Bayesian learning for multivariate spatial
random fields. While the primary focus is on multivariate geostatistical modeling, we also
adapt this approach for simpler frameworks, specifically univariate random fields.

Let 𝒮 = {𝑠1 , . . . , 𝑠𝑛} ⊂ 𝒟 denote a set of 𝑛 locations yielding observations on an outcome
𝑦(𝑠) for each 𝑠 ∈ 𝒮. We collect these measurements into the vector 𝑦 = (𝑦(𝑠𝑖))T, where
𝑖 = 1, . . . , 𝑛. Let 𝑋 = [𝑥(𝑠𝑖)T] represent an 𝑛 × 𝑝 matrix, with each row vector 𝑥(𝑠𝑖)T consisting
of recorded measurements on 𝑝 < 𝑛 explanatory variables at the location 𝑠𝑖 ∈ 𝒮. It is assumed
that 𝑋 has full column rank 𝑝. Such data can be modeled spatially using a customary Bayesian
hierarchical model.

𝑦 = 𝑋𝛽 + 𝜔 + 𝑒𝑦 , 𝑒𝑦 ∼ N(0, 𝛿2𝜎2I𝑛) , 𝜔 | 𝜎2 ∼ N
(
0, 𝜎2𝜌𝜙(𝒮 ,𝒮)

)
;

𝛽 = 𝑀0𝑚0 + 𝑒𝛽 , 𝑒𝛽 ∼ N(0, 𝜎2𝑀0) ; 𝜎2 ∼ IG(𝑎𝜎 , 𝑏𝜎) ,
(A.6)

where 𝑦 is 𝑛 × 1, 𝑋 is an 𝑛 × 𝑝 matrix of explanatory variables, 𝛽 is the 𝑝 × 1 vector of slopes
measuring the trend, 𝜔 = (𝜔 (𝑠1) , . . . , 𝜔 (𝑠𝑛))T the finite-dimensional realization of the zero-
centered spatial Gaussian process on R𝑑, and let 𝜌𝜙(𝒮 ,𝒮) be the 𝑛×𝑛 spatial correlation matrix
constructed from the correlation function with spatial correlation function 𝜌𝜙( · , · ) depending
on spatial range parameter 𝜙, and 𝜎2 is a scale (spatial variance) parameter, and 𝑒𝑦 is the zero-
centered random vector of errors, with 𝜏2I being the covariance matrix. Actually, Equation (A.6)
is parametrized with the noise-to-spatial variance ratio 𝛿2 := 𝜏2/𝜎2, instead of 𝜏2. We further
model 𝛽 | Σ ∼ N(𝑀0𝑚0 , 𝜎2𝑀0) and 𝜎2 ∼ IG(𝑎𝜎 , 𝑏𝜎), where all the hyperparameters, including
the spatial correlation parameters 𝜙, and the noise-to-spatial variance ratio 𝛿2 are considered
fixed. Fixing the parameters 𝜙 and 𝛿2 ensures closed-form conjugate marginal posterior and
posterior predictive distributions for this hierarchical specification (Finley et al., 2019; Banerjee,
2020). The joint density of 𝛽 and 𝜎2 is denoted by NIG(𝑀0𝑚0 , 𝑀0 , 𝑎𝜎 , 𝑏𝜎). Harnessing familiar
results from conjugate Bayesian linear regression, we cast the spatial model in Equation (A.6)
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into the following augmented linear system:
𝑦

𝑀0𝑚0

0

︸   ︷︷   ︸
𝑦★

=


𝑋 I𝑛
I𝑝 0
0 I𝑛

︸   ︷︷   ︸
𝑋★

[
𝛽

𝜔

]
︸︷︷︸

𝛾

+

𝜂1

𝜂2

𝜂3

︸︷︷︸
𝜂

, 𝜂 ∼ N(0, 𝜎2𝑉★) ,

where 𝑉★ =

[
𝛿2I𝑛 0 0

0 𝑀0 0
0 0 𝜌𝜙(𝒮 ,𝒮)

]
. For the new linear-system formulation of the hierarchical

model presented in Equation (A.6), we derive a conjugate Bayesian model by considering
the joint prior on the parameters {𝛾, 𝜎2}. This prior is denoted as 𝑝

(
𝛾, 𝜎2 | 𝑀0𝑚0 , 𝑀0 , 𝑎𝜎 , 𝑏𝜎

)
∝

IG
(
𝜎2 | 𝑎𝜎 , 𝑏𝜎

)
. Given that we have conjugacy for any fixed values of {𝜙, 𝛿2} and hyperparam-

eters in the prior density, we can then obtain the posterior density.

𝑝
(
𝛾, 𝜎2 | 𝒟

)
= 𝑝

(
𝜎2 | 𝒟

)
𝑝
(
𝛾 | 𝜎2 ,𝒟

)
= IG

(
𝜎2 | 𝑎★𝜎 , 𝑏★𝜎

)
N

(
𝛾 | 𝛾̂, 𝜎2𝑀★

)
, (A.7)

where 𝑎★𝜎 = 𝑎𝜎 + 𝑛/2, 𝑏★𝜎 = 𝑏𝜎 + 1/2
(
𝑦★ − 𝑋★𝛾̂

)T
𝑉−1
★

(
𝑦★ − 𝑋★𝛾̂

)
, 𝑀−1

★ = 𝑋T
★𝑉

−1
★ 𝑋★, and 𝛾̂ =

𝑀★𝑋
T
★𝑉

−1
★ 𝑦★. The marginal posterior distribution 𝑝(𝛾 | 𝒟) is a multivariate Student’s 𝑡 with

degrees of freedom 2𝑎★𝜎 , location 𝛾̂ and scale matrix (𝑏★𝜎/𝑎★𝜎)𝑀★. We refer the reader to Zhang
et al. (2024b, Lemma 1) for further details regarding this result.

Let 𝒰 = {𝑢1 , . . . , 𝑢𝑛′} ∈ 𝒟 denote a set of 𝑛′ unknown points. We define 𝜔𝒰 and 𝑦𝒰 as
the 𝑛′ × 1 vectors with elements 𝜔 (𝑢𝑖) and 𝑦 (𝑢𝑖) for 𝑖 = 1, 2, . . . , 𝑛′. The matrix of predictors
is given by 𝑋𝒰 = (𝑥 (𝑢1) : . . . : 𝑥 (𝑢𝑛′))T which is an 𝑛′ × 𝑝 matrix. Additionally, we denote the
spatial correlation matrix at 𝒰 as 𝜌𝜙(𝒰 ,𝒰). Then, spatial predictive inference follows from
the posterior distribution

𝑝(𝜔𝒰 , 𝑦𝒰 | 𝒟) =
∫

𝑝
(
𝑦𝒰 | 𝜔𝒰 , 𝛽, 𝜎

2) 𝑝 (
𝜔𝒰 | 𝜔, 𝜎2) 𝑝 (

𝛾, 𝜎2 | 𝒟
)
𝑑𝛾𝑑𝜎2 , (A.8)

which is again a multivariate 𝑡 distribution with degrees of freedom 2𝑎★𝜎 , location 𝜇̃ and
scale matrix (𝑏★𝜎/𝑎★𝜎) 𝑀̃ where 𝜇̃ = 𝑊 𝛾̂, and 𝑀̃ = 𝑊𝑀★𝑊

T + 𝑉𝑒 . With 𝑉𝜔 = 𝜌𝜙(𝒰 ,𝒰) −
𝜌𝜙(𝒰 ,𝒮)𝜌−1

𝜙 (𝒮 ,𝒮)𝜌T
𝜙(𝒰 ,𝒮), and 𝑀𝜔 = 𝜌𝜙(𝒰 ,𝒮)𝜌−1

𝜙 (𝒮 ,𝒮), we can express𝑊 , and 𝑉𝑒 , as

𝑊 =

[
0 𝑀𝜔

𝑋𝒰 𝑀𝜔

]
, 𝑉𝑒 =

[
𝑉𝜔 𝑉𝜔

𝑉𝜔 𝑉𝜔 + 𝛿2I𝑛′

]
. (A.9)

The predictive distributions 𝑝 (𝜔 (𝑢) | 𝒟) and 𝑝
(
𝑦 (𝑢) | 𝒟

)
are also available in analytic form

as non-central 𝑡 distributions for any single point 𝑢 ∈ 𝒟. Bayesian inference can proceed
from exact posterior samples obtained from Equation (A.7) as follows. We first draw values of
𝜎2 | 𝒟 ∼ IG (𝑎★𝜎 , 𝑏★𝜎) followed by a single draw of 𝛾 | 𝒟 ∼ N

(
𝛾̂, 𝜎2𝑀★

)
for each drawn value of

𝜎2. This yields samples
{
𝛾, 𝜎2} from Equation (A.7). Predictive inference for the latent process

𝜔 (𝑢) and the outcome 𝑦 (𝑢) is obtained by sampling from Equation (A.8) by drawing a value of
𝜔𝒰 | 𝛾, 𝜎2 ∼ 𝑁

(
𝜇𝜔(𝛾), 𝜎2𝑉𝜔

)
with 𝜇𝜔(𝛾) := 𝑀𝜔𝜔, for each value of

{
𝛾, 𝜎2} drawn above (see

Section 3.4 in Banerjee (2020)), then drawing a value of 𝑦𝒰 | 𝜔𝒰 , 𝛾, 𝜎2 ∼𝑁
(
𝑋𝒰 𝛽 + 𝜔𝒰 , 𝜎2𝛿2I𝑛′

)
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for each drawn value of 𝛽 (extracted from 𝛾 ), 𝜎2 and 𝜔𝒰 .

Analogous to the multivariate case discussed in Section 2.2, we use the double bps model
averaging procedure to achieve global inference. This method enables us to leverage conjugate
frameworks by integrating out two typically problematic hyperparameters: {𝜙, 𝛿2}. For further
details, see Banerjee (2020).

To implement Bayesian stacking of predictive densities within subsets, we first partition the
full data into 𝐾 subsets, represented as𝒟 = {𝒟1 , . . . ,𝒟𝐾}. Next, we select a range of reasonable
values for each hyperparameter. We then construct a grid that combines all possible pairs of
hyperparameter values, resulting in a set of 𝐽 competitive models: {ℳ𝑗}𝐽𝑗=1. For each model
configuration ℳ𝑗 , we follow the same scheme outlined in Section 2.2. The univariate setting
does not alter the dimensions of the working quantities appearing in Algorithms 1 and 2,
as the predictive densities are probability density functions, that always yield scalar values
greater than zero. We then need to evaluate the predictive distributions 𝑝

(
𝑦𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
for each of the 𝐽 candidate models, where 𝑖 ∉ [−𝑙] , 𝑘 = 1, . . . , 𝐾, and 𝑙 = 1, . . . , 𝐿, with
𝐿 representing the number of folds. Here 𝑦𝑘,𝑖 is the 𝑖-th element of 𝑦𝐾 ∈ 𝒟𝑘 , for 𝑖 ∈ [𝑙],
and 𝒟𝑘,[−𝑙] is the full dataset excluding the 𝑙-th fold of units. As in the multivariate setting
detailed in Section 2.2, closed-form conjugate posterior distributions are available. Considering
results of Equation (A.8), we have 𝑝

(
𝑦𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
= t2𝑎★[−𝑙],𝜎

(𝜇̃𝑖 , [𝑏★[−𝑙],𝜎/𝑎
★
[−𝑙],𝜎]𝑀̃𝑖). Where

𝜇̃𝑖 = 𝑊𝑦,𝑖 𝛾̂𝑘,−[𝑙], 𝑊𝑦,𝑖 =

[
𝑋𝑘,𝑖 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,[−𝑙])𝜌−1

𝜙 𝑗
(𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙])

]
and 𝑀̃𝑖 = 𝑊𝑦,𝑖𝑀[−𝑙],★𝑊

T
𝑦,𝑖

+
𝛿2
𝑗
+ 𝑉𝜔,𝑖 , 𝑉𝜔,𝑖 = 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,𝑖) − 𝜌𝜙 𝑗 (𝒮𝑘,𝑖 ,𝒮𝑘,[−𝑙])𝜌−1

𝜙 𝑗
(𝒮𝑘,[−𝑙] ,𝒮𝑘,[−𝑙])𝜌𝜙 𝑗 (𝒮𝑘,[−𝑙] ,𝒮𝑘,𝑖). 𝒮𝑘,[−𝑙] ,𝒮𝑘,𝑖

are the set of locations in 𝑘-th partition of data, but not in fold 𝑙-th, and the location of 𝑦𝑘,𝑖 ,
respectively.

When closed-form predictive distributions are unavailable, point-wise predictive densi-
ties can be obtained using a sampling scheme that recovers conditional posterior predictive
samples, followed by Monte Carlo (mc) averaging for the density. To this end, we can imple-
ment the following approximation: 𝑝(𝑦𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗) ≈ 1

𝑆

∑𝑆
𝑠=1 𝑝

(
𝑦𝑘,𝑖 | 𝛾(𝑠) , 𝜎2

(𝑠) ,ℳ𝑗

)
. Here,

𝑝
(
𝑦𝑘,𝑖 | 𝛾, 𝜎2 ,ℳ𝑗

)
∼ 𝑁

(
𝑋T
𝑘,𝑖
𝛽 + 𝜔𝑖 , 𝜎2𝛿2

𝑗

)
, since 𝛾 = [𝛽T 𝜔T]T. The samples 𝛾(𝑠) , 𝜎2

(𝑠) are drawn
from 𝑝

(
𝛾, 𝜎2 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
(see Equation (A.7)), for 𝑠 = 1, . . . , 𝑆 with 𝑆 the number of posterior

samples used for the mc density approximation. Even when closed-form results are available for
the predictive distributions in Equation (A.8), the mc density approximation can significantly
reduce computational burden. In fact, recovering the parameters for the marginal posterior
predictive distributions may involve heavy matrix computations, rendering such approaches
impractical in some contexts. Even when closed-form results are available for the predictive
distributions in Equation (A.8), often mc density approximation may result in a computational
advantage. Recovering the parameters for the marginal posterior predictive distributions may
involve heavy matrix computations, which makes their recovery worthless in some contexts.

We will now consider the same quantities discussed in Section 1.4.1, but adapted for the
univariate setting. The first step involves fitting the subset models, specifically performing
double bps within the subsets. The within-staking weight solve convex optimization problem
takes the form max

𝑧𝑘∈𝒮𝐽

1

1
𝑛𝑘

∑𝑛𝑘
𝑖=1 log

∑𝐽

𝑗=1 𝑧𝑘,𝑗𝑝
(
𝑦𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
. Accordingly, the between-
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stacking weights are derived from the solution to the following problem:

max
𝑤∈𝒮𝐾

1

1
𝑛

𝑛∑
𝑖=1

log
𝐾∑
𝑘=1

𝑤𝑘

𝐽∑
𝑗=1

𝑧̂𝑘,𝑗𝑝
(
𝑦𝑘,𝑖 | 𝒟𝑘,[−𝑙] ,ℳ𝑗

)
. (A.10)

We can now derive the desired inferences. Following the multivariate framework in Sec-
tion 2.2, we obtain the predictive and posterior distributions of 𝜃 = {𝛾, 𝜎2} for the com-
plete dataset through the convex combinations of local inferences from subsets, weighted
by double bps weights. Specifically 𝑝̂(𝑦𝒰 ;𝒟) =

∑𝐾
𝑘=1 𝑤̂𝑘

∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 𝑝
(
𝑦𝒰 | 𝒟𝑘 ,ℳ𝑗

)
, and

𝑝̂(𝜃 ;𝒟) =
∑𝐾
𝑘=1 𝑤̂𝑘 𝑝̂(𝜃 ;𝒟𝑘) =

∑𝐾
𝑘=1 𝑤̂𝑘

∑𝐽

𝑗=1 𝑧̂𝑘,𝑗 𝑝
(
𝜃 | 𝒟𝑘 ,ℳ𝑗

)
, for 𝑘 = 1, . . . , 𝐾, and

𝑗 = 1, . . . , 𝐽.
In conclusion, the main difference between univariate and multivariate settings lies in the

introduction of matrix-variate random variables. Although the Bayesian predictive stacking of
predictive densities necessitates adaptations to the computations due to the tensors formed by
these matrix random variables, the principles of the procedure remain consistent. A compre-
hensive understanding of the mechanisms within either framework is sufficient for effective
implementation.

A.4 Application to noaa data

One of the most discussed topics of the last decade is global warming and its critical conse-
quences (see Fisher (1958); Nicholls (1989); Friehe et al. (1991); O’Carroll et al. (2019)). The main
responsible of global warming are related to global temperature and atmospheric composition.
For this reason, nasa and noaa, developed a monitoring system based on Moderate Resolution
Imaging Spectroradiometer (modis), and Advanced Very High Resolution Radiometer (avhrr)
platforms. Thus, different satellite-based collections of global-extended data are available and
managed in accessible databases by national administration agencies. Sea surface temperature
(sst) is crucial for environmental and climate scientists. Since sst is a determinant of the ex-
changes of vapor, and heat, from ocean to atmosphere. Here, we present an application of the
double bps approach for univariate models, fully described in the Section A.3, indeed on sea sur-
face temperature data. The aforementioned development has the scope to enable researchers
to perform geostatistical analysis on massive spatial data sets, even with modest computational
and memory resources. Thanks to the conjugate framework, together with the double bps to
remove the dependence from nuisance hyperparameters 𝛿2 , 𝜙, Bayesian model-based inference
for geostatistical regression is hastened. This is achieved without compromising the inferences.
As an illustration, we analyze a data set composed of 1, 002, 500 georeferenced observations
of sst, collected within June 2022. To this end, we gather the dataset on the National Oceanic
and Atmospheric Administration (noaa) data server. We consider sst data that extend all over
the world, for all the oceans. Within this massive data set, we use 𝑛 = 1, 000, 000 observations
for model fitting while the rest for predictive assessment. As explanatory variables, in order
to gather the trend structure across the world, we consider the coordinates after a sinusoidal
projection (an equal-area projection) and scaled to 1, 000 kilometers units, plus an intercept,
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Figure A.2: from left to right: comparison between training (top left panel), test (top right panel), and predicted
surface (bottom right panel). In addition, the empirical coverage for the response (bottom left panel). Results for
𝐾 = 2, 000.

leading to 𝑝 = 3. For the spatial covariance function, we choose to use an exponential kernel.
Prior choices follow standard choices, as specified in (2.3), and as considered in Banerjee (2017);
Zhang and Banerjee (2022). As a matter of fact, we consider the NIG joint prior in Section A.3,
where we fix as follow its parameters: 𝑚0 = 0𝑝 , 𝑀0 = 10I𝑝 , 𝑎𝜎 = 2, and 𝑏𝜎 = 2. The set
of hyperparameter values was defined by considering explanatory spatial data analysis and
evaluating the empirical variogram to find insight about 𝜙 and 𝛿2, see Section A.5. Since the
variogram suggests the absence of a nugget, we assign a near-zero value to the noise-to-spatial
variance ratio, that is 𝛿2 = 10−6. While, again from eda, we opt to the following values for
range parameter 𝜙 ∈ {0.0163, 0.0244, 0.0326}. Regarding the partition strategy, considering
the result in Section 2.4.5, we take into account 𝐾 ∈ {2, 000 , 4, 000} as the number of subsets,
which correspond to the subset size of 𝑛𝑘 = {500, 250} units respectively. For both values of 𝐾,
the subsets were created by random samples of observations all over the global ocean surface,
avoiding block or clustering partition, as suggested in Guhaniyogi and Banerjee (2018). As in
Section 2.5, we expanded the analysis by including competitive algorithms: nonspatial Bayesian
conjugate linear model (blm), distributed random forest (drf), gradient boosting (gbm), deep
neural network (dnn), and a fully automatic machine learning algorithm (automl), in compari-
son to double bps (dbps). We implement and perform the analysis with ai models, using the h2o
R package (Fryda et al., 2024). These models are benchmarked in terms of predictive accuracy,
parameter inference where applicable, and computational efficiency.

Figure A.2 displays a set of interpolated maps for𝐾 = 2, 000. From the top left to the top right
corners, we find the interpolation maps of the training and test sst data respectively. In these
maps, as in the other, sst is represented in a shade of colors. Warmer colors correspond to higher
sea surface temperatures; conversely, colder colors are shown, indicating lower temperatures.
From the cartoon, the sst shows a clear spatial pattern. Indeed from the equator to the tropics,
one can find high surface temperatures on average, while a drop in temperatures happens by
moving toward the poles.

Besides the interpolations of training and test data, Figure A.2 also shows a third inter-
polation map: the bottom right corner of Figure A.2 shows the predicted posterior means
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Parameter Conjugate Linear model dbps (𝐾 = 4, 000) dbps (𝐾 = 2, 000)

𝛽0 34.495 (34.392, 34.601) 1.364 (-1.039, 3.907) 1.767 (-0.422, 3.917)
𝛽𝑙𝑜𝑛𝑔 -2.708 (-2.719, -2.697) 0.744 (0.478, 0.998) 0.707 (0.485, 0.939)
𝛽𝑙𝑎𝑡 -2.708 (-2.719, -2.697) 0.744 (0.478, 0.998) 0.707 (0.485, 0.939)
𝜎2 0.221 (0.220, 0.221) 0.182 (0.130, 0.257) 0.119 (0.099, 0.146)

Table A.1: Sea Surface Temperature data analysis parameter estimates for candidate models. Parameter posterior
summary 50 (2.5, 97.5) percentiles.

interpolation, obtained from the double bps model with 𝐾 = 2, 000, for the withheld test lo-
cations. From Figure A.2, we claim the capability of the model to recover the true response
surface. As commonly observed with meta-kriging approaches, a sort of over-smoothing is
still present. Even if it could be seen as a shortcoming, it is attributed to a better general-
ization ability, avoiding overfitting phenomena. double bps also produces good uncertainty
quantification results, despite the number of partitions. The bottom left corner of Figure A.2,
shows the ordered withheld locations, and the predictive 95% credible intervals (complete of
map estimates). Displaying a quite high coverage, corresponding to an empirical coverage of
99.4%. This disproves in this case the underestimation of the variability, often associated with
meta-learning approaches. Looking to the right column in Figure A.2, the fitted sea surface
temperature interpolated map over the test data, obtained from double bps, is almost indistin-
guishable from the true one. The performance achieved in the analysis is based on only 250
posterior predictive samples, since the conjugate framework. This was gained without using
huge computational resources, but just a laptop, as detailed in Section 2.3.

In Table A.1 we illustrate a comparison between the posterior sample for 𝛽, 𝜎2, obtained
by a Bayesian conjugate linear model, and double bps for 𝐾 ∈ {4, 000 , 2, 000}. The posterior
inferences vary consistently, passing from the non-spatial model to double bps. For the former,
we observe inflated distribution for intercept 𝛽0, and the variance 𝜎2, which show posterior
distributions located over high values with respect to the range of response variable. Bayesian
predictive stacking modeling provides more reasonable estimates. Moreover, for both values of
𝐾, the direction of association with the scaled longitude 𝛽𝑙𝑜𝑛𝑔 results in an inversion concerning
Bayesian conjugate modeling.

Lastly, Table A.2 presents the predictive performance and computation time for all models.
The double bps with 𝐾 = 2, 000 achieves the best balance, with rmspe of 1.165 and computation
time of 63 minutes on a standard laptop. Notably, increasing the partition count to 𝐾 = 4, 000
reduces computation time to 16 minutes, with only minor degradation in accuracy (rmspe of
1.556). This supports the theoretical scalability of double bps, with computational cost growing
quadratically with subset size.

Among the machine learning models, the deep neural network (dnn) performs competi-
tively with double bps, achieving an rmspe of 1.112 in 18 minutes. Gradient boosting (gbm)
also performs well (rmspe of 1.304), while results for drf and automl are omitted due to
computational limitations/instabilities. By contrast, the non-spatial blm yields a substantially
higher rmspe of 9.855, confirming that spatial dependence cannot be effectively captured using
coordinates alone in a linear model.

Overall, double bps offers an appealing compromise: delivering strong predictive accuracy
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Model Time (min) RMSPE

dbps (𝐾 = 2, 000) 63 1.165
dbps (𝐾 = 4, 000) 16 1.556

Conjugate Linear Model <1 9.855
gbm <2 1.304
drf – –
dnn 18 1.112

automl – –

Table A.2: Sea Surface Temperature data analysis computing time in minutes, and rmspe for candidate models.

and reliable uncertainty quantification, while requiring modest computational resources. Its
ability to handle massive spatial datasets with limited hardware makes it a valuable tool for
practitioners seeking scalable, Bayesian spatial inference.

A.5 Exploratory data analysis

A.5.1 modis exploratory data analysis

As already mentioned, in this work we analyse the vegetation index data gathered from the
moderate-resolution imaging spectroradiometer (modis) data section. The National Aeronau-
tics and Space Administration developed a monitoring system based on modis platforms,
providing an extensive satellite-based collection of worldwide data. In Section 2.5, we already
discussed the criticality of investigating global warming data (see Fisher, 1958; Nicholls, 1989;
Friehe et al., 1991; O’Carroll et al., 2019) with the most advanced statistical and artificial in-
telligence tools assisting data-driven policies. We acquire global-extended data from modis’
product denominated “mod13c1.061 - Terra Vegetation Indices 16-Day L3 Global 0.05 Deg Cli-
mate Modeling Grid” (Didan, 2021). This product provides a per-pixel vegetation index. The
Normalized Difference Vegetation Index (ndvi) is one of the main vegetation layers available,
which maintains continuity with the ndvi derived from the National Oceanic and Atmospheric
Administration’s (noaa) Advanced Very High Definition Radiometer (avhrr). The climate
modeling grid consists of 3600 rows and 7200 columns of 5600-meter pixels, corresponding to
0.05-degree modeling grid. The global mod13c1 data are cloud-free spatial composites of the
16-day. mod13c1 also contains data fields for reflectance data and angular information. Then
we consider Red Reflectance (rr) as the second response variable, and solar zenith angle as a
common predictor for multivariate outcomes.

Both the ndvi and the red reflectance indices are mainly related to the ability of vegetation to
absorb solar radiation, throughout the photosynthetically active radiation, then used as energy
source thanks to photosynthesis. Their scientific relevance is foundational in several disciplines
as ecology, agriculture, remote sensing, and climate sciences (see Tucker, 1979; Sellers, 1985;
Justice et al., 1985; Haque et al., 2024). Solar zenith angle (sza) is the angle between the sun and
the point directly overhead, i.e., the zenith. As the sza affects how much sunlight reaches the
surface, it gives insight into the strength of solar irradiation, which turns out to be extremely
relevant for assessing biomass, e.g., vegetation indices.

The original dataset downloaded comprises georeferenced data for 1, 500, 000 locations
worldwide. However, we randomly selected 1, 002, 500 locations, where 2, 500 were held out
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Vegetation index Mean Std.Dev Min. Max. Histogram Boxplot

ndvi 8.593 0.517 6.909 9.469

Red Reflectance 8.563 0.447 8.007 9.472

Table A.3: Summary statistics and visual representation of response variables.

Σndvi Σrr 𝜚ndvi,rr

0.2208 (0.2202, 0.2215) 0.1549 (0.1545, 0.1553) -0.9049 (-0.9052, -0.9046)

Table A.4: Non-spatial association between response variables. 50 (2.5, 97.5) quantile estimates using Bayesian
multivariate linear regression.

for evaluating predictive performances. Our spatially dependent outcomes were transformed
on a logarithmic scale, such that we labeled log(ndvi + 1) as ndvi and log(rr + 1) as rr. All
the data, including sza, were collected over a 16-day window in May 2024 and then averaged.
Table A.3 reports summary statistics and distribution visual representation for the outcomes.
Among the observed locations, the maximum inter-site distance corresponds to approximately
42, 909 kilometers.

We investigate non-spatial association between ndvi and red reflectance fitting the Bayesian
multivariate regression model, defined by Equation (2.1). The model comprises two predictors:
an intercept and the solar zenith angle for the million locations in the training set. More
details on modeling and prior distribution are provided in Section 2.5, where a comparison
of predictive performances is presented. Table A.4 reports quantile estimates for marginal
variances, i.e., the diagonal elements of Σ, and the correlation between ndvi and rr. Strong
negative values for correlation are estimated, showing an intense inverse relationship between
the two spatially dependent outcomes.

Hereafter, we present results from the fully automated explanatory spatial data analyses
that complement Sections 2.5. Variograms are employed in both analyses to extract “guidelines”
on spatial parameters such as spatial variability proportion 𝛼, and spatial range 𝜙, which are
essential for setting up the double bps framework for GeoAI applications. Variogram fitting,
used to gather parameter values required for double bps, is fully automated and requires no
human intervention, except for specifying the grid width.

We firstly use independent sample variograms for ndvi and rr, based on 31, 875 randomly
sampled locations. For ndvi, the empirical variogram estimates the nugget 0.03, a sill of 0.27,
and a practical range of approximately 88 based upon automated weighted least squares. This
corresponds to significant spatial correlation up to about 10, 000 kilometers. The proportion of
spatial variability is computed as 𝛼 = 𝜎2/(𝜏2 + 𝜎2) = 0.27/(0.03 + 0.27) ≈ 0.9, resulting in 0.909
without rounding. Finally, the spatial range parameter is estimated as 𝜙 = 0.067 based upon
the distance beyond which the spatial correlation drops to less than 0.05; see the left panel of
Figure A.3.

For rr, the variogram parameters include a nugget effect of 0.04, a sill of 0.19, and a
practical range of approximately 120, which corresponds to around 13, 000 kilometers. The
slightly higher nugget effect for rr suggests greater measurement error or micro-scale variability
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Figure A.3: From left to right: sample variograms of ndvi, and Red Reflectance.

Figure A.4: Sample cross-variogram between ndvi, and Red Reflectance.

compared to ndvi. The proportion of spatial variability is estimated as 𝛼 = 0.19/(0.04+ 0.19) ≈
0.825. The practical range for rr is more extended than that of ndvi, indicating that rr values
remain spatially correlated over a greater distance. Concluding the exploratory spatial data
analysis, we select a spatial range of 𝜙 = 0.049 for rr.

The combined analysis of the variograms for ndvi and rr provides essential information
about the spatial variance proportion and range parameters, which are critical for informing ar-
tificially intelligent geospatial modeling systems. This analysis results in 𝛼 ∈ {0.825, 0.909} and
𝜙 ∈ {0.049, 0.067}. These findings help improve the accuracy of spatial predictions, enhanc-
ing ecological interpretations and increasing computational efficiency by avoiding excessive
misspecified model specifications.

The entire explanatory analysis workflow, designed to gather critical insights for improving
the double bps methodology, is fully automated. Human input is then minimized; the only
required user feed is the number of grid values for each spatial parameter.

Using the same subsample composed of 31, 875 locations, we also investigated the cross-
variogram; see Figure A.4. This will help us extrapolate insights on spatial cross-dependencies.

The empirical cross-variogram depicts negative values, providing an estimate for the sill
of −0.23, and a practical range of approximately 85 based upon automated weighted least
squares. Similarly to individual variogram analysis, this shows a significant (negative) spatial
correlation that withstands up to several thousand kilometers, suggesting a clear and well-
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Figure A.5: Sample variogram of sst data.

defined negative spatial correlation structure between ndvi and red reflectance. Negative
cross-variogram mirrors the negative correlation found using the non-spatial model (2.1). It is
not surprising that the presence of strong (negative) spatial correlation among these indices,
as their definition are strictly related, and both are based on spectral reflectance measurements
acquired in the visible and near-infrared regions. Intuitively, the negative correlation emerged
considering that healthy vegetation, which reflects high levels of biomass (ndvi), has strong
chlorophyll absorption abilities, then revealing low red reflectance. Conversely, an increase in
red reflectance corresponds to stressed (or low) vegetation, which results in low levels of the
normalized difference vegetation index. Then non-spatial, and spatial negative associations
occurred are totally coherent with the nature of these indices and, coherent with literature
(Tucker, 1979; Sellers, 1985).

A.5.2 noaa exploratory data analysis

In the second exploratory analysis, associated with Section A.4, we explore the spatial charac-
teristics of the sst data from noaa using a sample variogram. The variogram provides a deeper
understanding of spatial dependence in the sst measurements, crucial for defining a plausible
set of values for parameters such as the signal-to-noise ratio 𝛿2 and spatial range 𝜙.

The empirical variogram, depicted in Figure A.5, shows the semi-variance as a function of
distance, revealing key spatial statistics. For our sst data, based on 25, 000 randomly sampled
locations, the variogram indicates no nugget effect, 𝜏2 = 0, a sill of 115.98, and a practical
range of 𝜌0 = 105.64. This implies that sst measurements become almost spatially uncorrelated
beyond a distance of approximately 11, 500 kilometers. The practical range, 𝜌0, is the distance
within which data points exhibit substantial spatial correlation. The absence of a nugget effect
suggests no measurement error or micro-scale variability at distances approaching zero. In
Section A.4, after testing several values in the interval (10−8 , 10−1), we fix 𝛿2 = 10−6. The data
exhibit extremely strong spatial dependence, as confirmed by Figure A.5, reinforcing the choice
of this parameter. These findings provide a comprehensive view of the spatial structure, which
is critical for subsequent geostatistical modeling and spatial predictions.
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For the exponential spatial covariance parameter 𝜙, we take advantage of empirical vari-
ogram estimation. A crucial consideration here is the “over-smoothing” often observed with
double bps, which suggests that wider or doubled values of 𝜙 compared to variogram-based
estimates may be more appropriate. In Section A.4, we expand the initial point estimate of 𝜙
by one-third, considering the set 𝜙 ∈ {0.0163, 0.0244, 0.0326} for further analysis.

Again, the entire explanatory analysis workflow, designed to gather critical insights for
improving the double bps methodology, is fully automated. Human input is then minimized;
the only required user feed is the number of grid values for each spatial parameter, and potential
correction for “singular” values of the hyperparameter (as done for 𝛿2).
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Chapter 3 appendix

B.1 Distribution theory

B.1.1 Kullback-leibler divergence between a finite mixture of matrix normal and a
matrix normal

Let us consider 𝑃 to be a finite mixture of matrix-variate Gaussians, and 𝑄 to be a single
matrix-variate normal measure (representing the matrix normal distribution which borrows
information between time instants), such that

𝑃(𝑋) =
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)

𝑄(𝑋) = MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞). (B.1)

Later on, we will consider 𝑈 𝑗 , 𝑈𝑞 known for 𝑗 = 1, . . . , 𝐽. Then, we start to compute the
kl(𝑃 || 𝑄) by substituting the 𝑝(𝑥), 𝑞(𝑥) in Equation (3.3) with the density function of 𝑃, 𝑄.

kl(𝑃 || 𝑄) =
∫ ©­«

𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log ©­«
∑𝐽

𝑗=1 𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)
MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞)

ª®¬ 𝑑𝑋. (B.2)

Then, proceeding from Equation (B.2), we distribute the integral as

=

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ 𝑑𝑋−

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log
(
MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞)

)
𝑑𝑋

= ℐ1 − ℐ2. (B.3)
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Thus, we now consider separately these two integrals, renamed ℐ1 , ℐ2 respectively. Let us start
from ℐ1:

ℐ1 =

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ 𝑑𝑋
= E𝑋

[
log𝑃(𝑋)

]
with 𝑋 ∼

𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)

= −ℋ(𝑃), (B.4)

where ℋ(𝑃) represent the entropy associated to measure 𝑃. Then, we proceed to compute the
second integral:

ℐ2 =

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log
(
MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞)

)
𝑑𝑋

=

𝐽∑
𝑗=1

𝜋 𝑗

{
− 𝑛𝑚

2 log 2𝜋 − 𝑚

2 log | 𝑉𝑞 | −
𝑛

2 log | 𝑈𝑞 |

− 1
2

∫
MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗) tr[𝑈−1

𝑞 (𝑋 −𝑀𝑞)T𝑉−1
𝑞 (𝑋 −𝑀𝑞)]𝑑𝑋

}
= −𝑛𝑚2 log 2𝜋 − 𝑚

2 log | 𝑉𝑞 | −
𝑛

2 log | 𝑈𝑞 |

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗

∫
MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗) tr[𝑈−1

𝑞 (𝑋 −𝑀𝑞)T𝑉−1
𝑞 (𝑋 −𝑀𝑞)]𝑑𝑋

= −𝑛𝑚2 log 2𝜋 − 𝑚

2 log | 𝑉𝑞 | −
𝑛

2 log | 𝑈𝑞 | −
1
2

𝐽∑
𝑗=1

𝜋 𝑗E𝑋
[
tr[𝑈−1

𝑞 (𝑋 −𝑀𝑞)T𝑉−1
𝑞 (𝑋 −𝑀𝑞)]

]
,

(B.5)

with 𝑋 ∼ MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗) for 𝑗 = 1, . . . , 𝐽. Then, we can now rely on the duality be-
tween matrix-variate and multivariate distributions. Indeed, we have that MN𝑛,𝑚(𝑀,𝑉,𝑈) 𝑑

=

N𝑛𝑚(vec(𝑀), 𝑉 ⊗ 𝑈). Thus passing to a multivariate parametrization, we define N𝑛𝑚(𝜇𝑗 ,Σ𝑗),
where 𝜇𝑗 := vec(𝑀 𝑗), and Σ𝑗 := 𝑉𝑗 ⊗𝑈 𝑗 , for 𝑗 = 1, . . . , 𝐽 and 𝑞. Once substituted, ℐ2 evolves as

=

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 N(𝑥 | 𝜇𝑗 ,Σ𝑗)ª®¬ log
(
N(𝑥 | 𝜇𝑞 ,Σ𝑞)

)
𝑑𝑥

= −𝑛𝑚2 log 2𝜋 − 1
2 log | Σ𝑞 | −

1
2

𝐽∑
𝑗=1

𝜋 𝑗E𝑥
[
(𝑥 − 𝜇𝑞)TΣ−1

𝑞 (𝑥 − 𝜇𝑞)
]
. (B.6)

The expected value that appears in (B.6), must be considered with respect to 𝑥 ∼ N(𝜇𝑗 ,Σ𝑗)
now. Hence, we focus on this expectation:

E𝑥
[
(𝑥 − 𝜇𝑞)TΣ−1

𝑞 (𝑥 − 𝜇𝑞)
]
= E𝑥

[
(𝑥TΣ−1

𝑞 𝑥 + 𝜇T
𝑞Σ

−1
𝑞 𝜇𝑞 − 2𝜇T

𝑞Σ
−1
𝑞 𝑥

]
. (B.7)
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Exploiting the so-called “trace trick”, i.e. 𝜇T
𝑞Σ

−1
𝑞 𝜇𝑞 = tr(𝜇T

𝑞Σ
−1
𝑞 𝜇𝑞) = tr(Σ−1

𝑞 𝜇𝑞𝜇T
𝑞), and the

linearity of trace operator, such that E𝑥 [tr(𝐴)] = tr (E𝑥[𝐴]), the computations boils down to

= tr
(
Σ−1
𝑞 Σ𝑗 + Σ−1

𝑞 𝜇𝑗𝜇
T
𝑗

)
+ 𝜇T

𝑞Σ
−1
𝑞 𝜇𝑞 − 2𝜇T

𝑞Σ
−1
𝑞 𝜇𝑗

= tr
(
Σ−1
𝑞 Σ𝑗

)
+ 𝜇T

𝑗Σ
−1
𝑞 𝜇𝑗 + 𝜇T

𝑞Σ
−1
𝑞 𝜇𝑞 − 2𝜇T

𝑞Σ
−1
𝑞 𝜇𝑗

= tr
(
Σ−1
𝑞 Σ𝑗

)
+ (𝜇𝑗 − 𝜇𝑞)TΣ−1

𝑞 (𝜇𝑗 − 𝜇𝑞). (B.8)

At this point, by inserting in Equation (B.6) the analytic form for the expectation derived in
Equation (B.8), together with the definition of 𝜇𝑗 ,Σ𝑗 , 𝜇𝑞 ,Σ𝑞 , boils down to

ℐ2 = −𝑛𝑚2 log 2𝜋 − 1
2 log | Σ𝑞 | −

1
2

𝐽∑
𝑗=1

𝜋 𝑗E𝑥
[
(𝑥 − 𝜇𝑞)TΣ−1

𝑞 (𝑥 − 𝜇𝑞)
]

= −𝑛𝑚2 log 2𝜋 − 1
2 log | Σ𝑞 | −

1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
Σ−1
𝑞 Σ𝑗

)
+ (𝜇𝑗 − 𝜇𝑞)TΣ−1

𝑞 (𝜇𝑗 − 𝜇𝑞)
]

= −𝑛𝑚2 log 2𝜋 − 1
2 log | 𝑉𝑞 ⊗𝑈𝑞 |

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
[𝑉𝑞 ⊗𝑈𝑞]−1[𝑉𝑗 ⊗𝑈 𝑗]

)
+ (vec(𝑀)𝑗 − vec(𝑀)𝑞)T[𝑉𝑞 ⊗𝑈𝑞]−1(vec(𝑀)𝑗 − vec(𝑀)𝑞)

]
= −𝑛𝑚2 log 2𝜋 − 1

2 log | 𝑉𝑞 |𝑚| 𝑈𝑞 |𝑛

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
[𝑉−1

𝑞 ⊗𝑈−1
𝑞 ][𝑉𝑗 ⊗𝑈 𝑗]

)
+ (vec(𝑀)𝑗 − vec(𝑀)𝑞)T[𝑉−1

𝑞 ⊗𝑈−1
𝑞 ](vec(𝑀)𝑗 − vec(𝑀)𝑞)

]
= −𝑛𝑚2 log 2𝜋 − 1

2 log | 𝑉𝑞 |𝑚 −1
2 log | 𝑈𝑞 |𝑛

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗 ⊗𝑈−1

𝑞 𝑈 𝑗

)
+ vec(𝑀 𝑗 −𝑀𝑞)T vec(𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)𝑈−1
𝑞 )

]
= −𝑛𝑚2 log 2𝜋 − 𝑚

2 log | 𝑉𝑞 | −
𝑛

2 log | 𝑈𝑞 |

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
(𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)𝑈−1
𝑞

)]
= −𝑛𝑚2 log 2𝜋 − 𝑚

2 log | 𝑉𝑞 | −
𝑛

2 log | 𝑈𝑞 |

− 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)]
.

(B.9)

Wrapping up, we have that the kl divergence becomes

kl(𝑃 || 𝑄) =
∫ ©­«

𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)ª®¬ log ©­«
∑𝐽

𝑗=1 𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗)
MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞)

ª®¬ 𝑑𝑋
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= −ℋ(𝑃) + 𝑛𝑚

2 log 2𝜋 + 𝑚

2 log | 𝑉𝑞 | +
𝑛

2 log | 𝑈𝑞 |

+ 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)]
.

(B.10)

B.1.2 Closed-form optimal minimizer parameters for kl divergence between a finite
mixture of matrix normal and a matrix normal

Now consider minimizing the kl divergence in Equation (B.10) with regard to the parameter of
𝑄, i.e. 𝑀𝑞 , 𝑉𝑞 (since 𝑈𝑞 is known), looking to characterize the matrix-variate Gaussian distri-
bution which minimizes Kullback-Leibler divergence with 𝑃. Since it seeks into the Gaussian
family, it will suffice to minimize Equation B.10 with respect to the unknown parameters. We
are now looking for

arg min
𝑄∈Q

kl(𝑃 || 𝑄) = arg min
𝑀𝑞∈R𝑛×𝑚 ,𝑉𝑞∈R𝑛×𝑛

kl(
𝐽∑
𝑗=1

𝜋 𝑗 MN(𝑋 | 𝑀 𝑗 , 𝑉𝑗 , 𝑈𝑗) || MN(𝑋 | 𝑀𝑞 , 𝑉𝑞 , 𝑈𝑞)).

(B.11)
Let us start the minimization from𝑀𝑞 . First of all, we have to compute the partial derivative

𝜕

𝜕𝑀𝑞

{
−ℋ(𝑃) + 𝑛𝑚

2 log 2𝜋 + 𝑚

2 log | 𝑉𝑞 | +
𝑛

2 log | 𝑈𝑞 |

+ 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

=
1
2

𝐽∑
𝑗=1

𝜋 𝑗
𝜕

𝜕𝑀𝑞

{ [
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

=
1
2

𝐽∑
𝑗=1

𝜋 𝑗
𝜕

𝜕𝑀𝑞

{ [
tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

=
1
2

𝐽∑
𝑗=1

𝜋 𝑗
𝜕

𝜕𝑀𝑞

{ [
tr

(
𝑈−1
𝑞 𝑀T

𝑗𝑉
−1
𝑞 𝑀 𝑗 +𝑈−1

𝑞 𝑀T
𝑞𝑉

−1
𝑞 𝑀𝑞 − 2𝑈−1

𝑞 𝑀T
𝑗𝑉

−1
𝑞 𝑀𝑞

)] }
=

1
2

𝐽∑
𝑗=1

𝜋 𝑗
𝜕

𝜕𝑀𝑞

{ [
tr(𝑈−1

𝑞 𝑀T
𝑗𝑉

−1
𝑞 𝑀 𝑗) + tr(𝑈−1

𝑞 𝑀T
𝑞𝑉

−1
𝑞 𝑀𝑞) − 2 tr(𝑈−1

𝑞 𝑀T
𝑗𝑉

−1
𝑞 𝑀𝑞)

] }
=

1
2

𝐽∑
𝑗=1

𝜋 𝑗
𝜕

𝜕𝑀𝑞

{ [
tr(𝑈−1

𝑞 𝑀T
𝑞𝑉

−1
𝑞 𝑀𝑞) − 2 tr(𝑈−1

𝑞 𝑀T
𝑗𝑉

−1
𝑞 𝑀𝑞)

] }
=

1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
2𝑈−1

𝑞 𝑀T
𝑞𝑉

−1
𝑞 − 2𝑈−1

𝑞 𝑀T
𝑗𝑉

−1
𝑞

]
=

𝐽∑
𝑗=1

𝜋 𝑗
[
𝑈−1
𝑞 (𝑀𝑞 −𝑀 𝑗)T𝑉−1

𝑞

]
(B.12)
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Setting it equal to zero, and solving for 𝑀𝑞 , we obtain

𝐽∑
𝑗=1

𝜋 𝑗
[
𝑈−1
𝑞 (𝑀𝑞 −𝑀 𝑗)T𝑉−1

𝑞

]
= 0

𝑈−1
𝑞

©­«
𝐽∑
𝑗=1

𝜋 𝑗𝑀𝑞
ª®¬𝑉−1

𝑞 = 𝑈−1
𝑞

©­«
𝐽∑
𝑗=1

𝜋 𝑗𝑀 𝑗
ª®¬𝑉−1

𝑞

𝑀𝑞

𝐽∑
𝑗=1

𝜋 𝑗 =
𝐽∑
𝑗=1

𝜋 𝑗𝑀 𝑗

𝑀★
𝑞 =

𝐽∑
𝑗=1

𝜋 𝑗𝑀 𝑗 . (B.13)

Go forward for 𝑉𝑞 , as before, starting by computing the partial derivative with respect to 𝑉𝑞
indeed

𝜕

𝜕𝑉𝑞

{
−ℋ(𝑃) + 𝑛𝑚

2 log 2𝜋 + 𝑚

2 log | 𝑉𝑞 | +
𝑛

2 log | 𝑈𝑞 |

+ 1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

𝜕

𝜕𝑉𝑞

{
𝑚

2 log | 𝑉𝑞 | +
1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

.

(B.14)

Hereafter, we consider as known the common column covariance matrix Σ = 𝑈𝑞 = 𝑈 𝑗 for
𝑗 = 1, . . . , 𝐽. This also implies that tr(𝑈−1

𝑞 𝑈 𝑗) = tr(Σ−1Σ) = tr(I𝑚) = 𝑚.

𝜕

𝜕𝑉𝑞

{
𝑚

2 log | 𝑉𝑞 | +
1
2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
tr

(
𝑈−1
𝑞 𝑈 𝑗

)
+ tr

(
𝑈−1
𝑞 (𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

𝜕

𝜕𝑉𝑞

{
𝑚

2 log | 𝑉𝑞 | +
𝑚

2

𝐽∑
𝑗=1

𝜋 𝑗
[
tr

(
𝑉−1
𝑞 𝑉𝑗

)
+ tr

(
Σ−1(𝑀 𝑗 −𝑀𝑞)T𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)
)] }

𝑚

2 𝑉
−1
𝑞 + 𝑚

2

𝐽∑
𝑗=1

𝜋 𝑗
[
−𝑉−1

𝑞 𝑉𝑗𝑉
−1
𝑞 −𝑉−1

𝑞 (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)𝑉−1
𝑞

]
𝑚

2

𝑉−1
𝑞 −𝑉−1

𝑞


𝐽∑
𝑗=1

𝜋 𝑗
(
𝑉𝑗 + (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)

) 𝑉−1
𝑞

 . (B.15)

Setting it equal to zero, and solving for 𝑀𝑞 , we obtain

0 =
𝑚

2

𝑉−1
𝑞 −𝑉−1

𝑞


𝐽∑
𝑗=1

𝜋 𝑗
(
𝑉𝑗 + (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)

) 𝑉−1
𝑞


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𝑉−1
𝑞 = 𝑉−1

𝑞


𝐽∑
𝑗=1

𝜋 𝑗
(
𝑉𝑗 + (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)

) 𝑉−1
𝑞

𝑉★
𝑞 =

𝐽∑
𝑗=1

𝜋 𝑗
[
𝑉𝑗 + (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)

]
. (B.16)

Concluding, we obtain a closed-form solution for the optimization problem stated in Equa-
tion B.11. Hence, from results in Equations (B.13),(B.16), the matrix normal distribution which
minimizes the kl divergence from a finite mixture of matrix normal distributions is the one,
fully characterized, by the following optimal parameters:

𝑀★
𝑞 =

𝐽∑
𝑗=1

𝜋 𝑗𝑀 𝑗 , 𝑉★
𝑞 =

𝐽∑
𝑗=1

𝜋 𝑗
[
𝑉𝑗 + (𝑀 𝑗 −𝑀𝑞)TΣ−1(𝑀 𝑗 −𝑀𝑞)

]
, (B.17)

conditionally to a known common column covariance matrix Σ = 𝑈𝑞 = 𝑈 𝑗 , for 𝑗 = 1, . . . , 𝐽.

B.1.3 Kullback-leibler divergence between a finite mixture of inverse Wishart and
an inverse Wishart

In Section B.1.1, we consider the case 𝑃 being a finite mixture of matrix-variate Gaussian
distributions. Now, we are going to study the case when 𝑃 is a finite mixture of inverse Wishart
distributions instead. Then, for parallelism 𝑄, a single inverse Wishart measure, such that

𝑃(𝑋) =
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)

𝑄(𝑋) = IW(𝑋 | 𝜈𝑞 ,Ψ𝑞). (B.18)

Later on, we will consider 𝑈 𝑗 , 𝑈𝑞 known for 𝑗 = 1, . . . , 𝐽. Then, we start to compute the
kl(𝑃 || 𝑄) by substituting the 𝑝(𝑥), 𝑞(𝑥) in Equation (3.3) with the density function of 𝑃, 𝑄.

kl(𝑃 || 𝑄) =
∫ ©­«

𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log ©­«
∑𝐽

𝑗=1 𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)
IW(𝑋 | 𝜈𝑞 ,Ψ𝑞)

ª®¬ 𝑑𝑋. (B.19)

Then, proceeding from Equation (B.19), we distribute the integral as

=

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ 𝑑𝑋−

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log
(
IW(𝑋 | 𝜈𝑞 ,Ψ𝑞)

)
𝑑𝑋

= ℐ1 − ℐ2. (B.20)
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Thus, we now consider separately these two integrals, renamed ℐ1 , ℐ2 respectively. Let us start
from ℐ1:

ℐ1 =

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ 𝑑𝑋
= E𝑋

[
log𝑃(𝑋)

]
with 𝑋 ∼

𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)

= −ℋ(𝑃), (B.21)

where ℋ(𝑃) represent the entropy associated to measure 𝑃. Then, we proceed to compute the
second integral:

ℐ2 =

∫ ©­«
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log
(
IW(𝑋 | 𝜈𝑞 ,Ψ𝑞)

)
𝑑𝑋

=

𝐽∑
𝑗=1

𝜋 𝑗

{ ∫
2−

𝜈𝑗𝑚

2 | Ψ𝑗 |
𝜈𝑞
2 Γ−1

𝑚 (
𝜈𝑗

2 ) | 𝑋 |−
𝜈𝑗+𝑚+1

2 exp
{
−1

2 tr(Ψ𝑗𝑋
−1)

}
log

(
2−

𝜈𝑞𝑚
2 | Ψ𝑞 |

𝑚
2 Γ−1

𝑚 (
𝜈𝑞

2 ) | 𝑋 |−
𝜈𝑞+𝑚+1

2 exp
{
−1

2 tr(Ψ𝑞𝑋
−1)

})
𝑑𝑋

}
=

𝐽∑
𝑗=1

𝜋 𝑗

{ ∫
2−

𝜈𝑗𝑚

2 | Ψ𝑗 |
𝜈𝑞
2 Γ−1

𝑚 (
𝜈𝑗

2 ) | 𝑋 |−
𝜈𝑗+𝑚+1

2 exp
{
−1

2 tr(Ψ𝑗𝑋
−1)

}
−

𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2 log | 𝑋 | −1
2 tr(Ψ𝑞𝑋

−1)𝑑𝑋
}

=

𝐽∑
𝑗=1

𝜋 𝑗

{
−

𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 )+

∫
2−

𝜈𝑗𝑚

2 | Ψ𝑗 |
𝜈𝑞
2 Γ−1

𝑚 (
𝜈𝑗

2 ) | 𝑋 |−
𝜈𝑗+𝑚+1

2 exp
{
−1

2 tr(Ψ𝑗𝑋
−1)

} [
−
𝜈𝑞 + 𝑚 + 1

2 log | 𝑋 | −1
2 tr(Ψ𝑞𝑋

−1)
]
𝑑𝑋

}
=

𝐽∑
𝑗=1

𝜋 𝑗

{
−

𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2 E𝑋
[
log | 𝑋 |

]
− 1

2E𝑋
[
tr(Ψ𝑞𝑋

−1)
] }

= −
𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗E𝑋
[
log | 𝑋 |

]
− 1

2

𝐽∑
𝑗=1

𝜋 𝑗E𝑋
[
tr(Ψ𝑞𝑋

−1)
]

= −
𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗E𝑋
[
log | 𝑋 |

]
− 1

2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
Ψ𝑞 E𝑋

[
𝑋−1] ) ,

(B.22)

with 𝑋 ∼ IW(𝑋 | 𝜈𝑗 ,Ψ𝑗) for 𝑗 = 1, . . . , 𝐽. In order to proceed, we have to find the value of
the two expectations in Equation (B.22). Since the existing relationship between the inverse
Wishart and the Wishart distributions: 𝑋 ∼ IW(𝜈𝑗 ,Ψ𝑗) ⇐⇒ 𝑋−1 ∼ W(𝜈𝑗 ,Ψ−1

𝑗
), we can derive
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the following expectation straightforwardly

E𝑋
[
𝑋−1] = E𝑋−1 [𝑋] = 𝜈𝑗Ψ

−1
𝑗 . (B.23)

By similar reasoning, we can derive the log expectation in Equation (B.22)

E𝑋
[
log | 𝑋 |

]
= E𝑋−1

[
log | 𝑋−1 |

]
= 𝑚 log 2 + log | Ψ𝑗 | +

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
. (B.24)

Alternatively, as in Granström and Orguner (2012), to recover the second expected value, we
have to recall that the logarithm of the multivariate Gamma function factorizes as logΓ𝑚(𝑎) =
𝑚(𝑚−1)

4 log𝜋+∑𝑚
𝑖=1 logΓ

(
𝑎 − (𝑖−1)

2

)
. Hence, consider now𝑌 = log | 𝑋 |with the related moment

generating function (mgf) defined as 𝜇𝑌(𝑠) = E𝑌
[
𝑒 𝑠𝑌

]
𝜇𝑌(𝑠) = E

[
𝑒 𝑠𝑌

]
= E

[
𝑒 𝑠 log|𝑋|]

= E [| 𝑋 |𝑠]

=

∫
| 𝑋 |𝑠 𝑃(𝑋)𝑑𝑋

=

∫
| 𝑋 |𝑠 | 𝑋 |−

(𝜈𝑗+𝑚+1)
2

2−
𝜈𝑗𝑚

2 | Ψ𝑗 |
𝜈𝑗
2

Γ𝑚

(
𝜈𝑗
2

) exp
{
−1

2 tr(Ψ𝑗𝑋
−1)

}
𝑑𝑋

=

∫
| 𝑋 |−

(𝜈𝑗−2𝑠+𝑚+1)
2

2−
𝜈𝑗𝑚

2 | Ψ𝑗 |
𝜈𝑗
2

Γ𝑚

(
𝜈𝑗
2

) exp
{
−1

2 tr(Ψ𝑗𝑋
−1)

}
𝑑𝑋

=

∫
IW(𝑋 | 𝜈𝑗 − 2𝑠,Ψ𝑗) 𝑑𝑋

Γ𝑚

(
𝜈𝑗−𝑠

2

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠

=

Γ𝑚

(
𝜈𝑗−𝑠

2

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
. (B.25)

Once obtained an analytical form for the mgf, we must take the first derivative and evaluate it
at 𝑠 = 0 to achieve the first moment of 𝑌 = log | 𝑋 |.

𝑑

𝑑𝑠

{
𝜇𝑌(𝑠)

} ��
𝑠=0

=
𝑑

𝑑𝑠


Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
�����
𝑠=0

=


𝑑

𝑑𝑠

Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
+

Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) 𝑑

𝑑𝑠

( | Ψ𝑗 |
2−𝑚

) 𝑠
�����
𝑠=0
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=


𝑑

𝑑𝑠
logΓ𝑚

( 𝜈𝑗
2 − 𝑠

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
+

Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
log

( | Ψ𝑗 |
2−𝑚

)
�����
𝑠=0

=


𝑑

𝑑𝑠

[
𝑚(𝑚 − 1)

4 log𝜋 +
𝑚∑
𝑖=1

logΓ

(
𝜈𝑗 − 𝑖 + 1

2 − 𝑠
)] ( | Ψ𝑗 |

2−𝑚

) 𝑠
+

Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
log

( | Ψ𝑗 |
2−𝑚

)
�����
𝑠=0

=


𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2 − 𝑠
) ( | Ψ𝑗 |

2−𝑚

) 𝑠
+

Γ𝑚

(
𝜈𝑗
2 − 𝑠

)
Γ𝑚

(
𝜈𝑗
2

) ( | Ψ𝑗 |
2−𝑚

) 𝑠
log

( | Ψ𝑗 |
2−𝑚

)
�����
𝑠=0

=

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
+ log

( | Ψ𝑗 |
2−𝑚

)
=

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
+ log | Ψ𝑗 | +𝑚 log 2 (B.26)

Once substituted, the analytical form of the two expectations, ℐ2 evolves as

−
𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗E𝑋
[
log | 𝑋 |

]
− 1

2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
Ψ𝑞 E𝑋

[
𝑋−1] )

= −
𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 )

−
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗

[
𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
+ log | Ψ𝑗 | +𝑚 log 2

]
− 1

2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
𝜈𝑗Ψ

−1
𝑗 Ψ𝑞

)
= −

𝜈𝑞𝑚

2 log 2 +
𝜈𝑞

2 log | Ψ𝑞 | − logΓ𝑚(
𝜈𝑞

2 ) −
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
−

𝜈𝑞 + 𝑚 + 1
2

𝐽∑
𝑗=1

𝜋 𝑗 log | Ψ𝑗 | −
𝜈𝑞 + 𝑚 + 1

2 𝑚 log 2 − 1
2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
𝜈𝑗Ψ

−1
𝑗 Ψ𝑞

)
(B.27)

Finally, coming back to Equation (B.19), it boils down to

kl(𝑃 || 𝑄) =
∫ ©­«

𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)ª®¬ log ©­«
∑𝐽

𝑗=1 𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗)
IW(𝑋 | 𝜈𝑞 ,Ψ𝑞)

ª®¬ 𝑑𝑋
= −ℋ(𝑃) +

𝜈𝑞𝑚

2 log 2 −
𝜈𝑞

2 log | Ψ𝑞 | + logΓ𝑚(
𝜈𝑞

2 ) +
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
+

𝜈𝑞 + 𝑚 + 1
2

𝐽∑
𝑗=1

𝜋 𝑗 log | Ψ𝑗 | +
𝜈𝑞 + 𝑚 + 1

2 𝑚 log 2 + 1
2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
𝜈𝑗Ψ

−1
𝑗 Ψ𝑞

)
.

(B.28)
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B.1.4 Partially closed-form optimal minimizer parameters for kl divergence be-
tween a finite mixture of inverse Wishart and an inverse Wishart

As made for matrix variate Gaussian distribution in Equation (B.11), let us now consider
minimizing the kl divergence in Equation (B.28) with regard to the parameter of 𝑄, i.e. 𝜈𝑞 ,Ψ𝑞 ,
looking to characterize the inverse Wishart distribution which minimizes Kullback-Leibler
divergence with 𝑃. We are now looking for

arg min
𝑄∈Q

kl(𝑃 || 𝑄) = arg min
𝜈𝑞∈R+ ,Ψ𝑞≻0∈R𝑚×𝑚

kl(
𝐽∑
𝑗=1

𝜋 𝑗 IW(𝑋 | 𝜈𝑗 ,Ψ𝑗) || IW(𝑋 | 𝜈𝑞 ,Ψ𝑞)). (B.29)

Starting from Ψ𝑞

𝜕

𝜕Ψ𝑞
{kl(𝑃 || 𝑄)}

=
𝜕

𝜕Ψ𝑞

{
−ℋ(𝑃) +

𝜈𝑞𝑚

2 log 2 −
𝜈𝑞

2 log | Ψ𝑞 | + logΓ𝑚(
𝜈𝑞

2 ) +
𝜈𝑞 + 𝑚 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
+

𝜈𝑞 + 𝑚 + 1
2

𝐽∑
𝑗=1

𝜋 𝑗 log | Ψ𝑗 | +
𝜈𝑞 + 𝑚 + 1

2 𝑚 log 2 + 1
2

𝐽∑
𝑗=1

𝜋 𝑗 tr
(
𝜈𝑗Ψ

−1
𝑗 Ψ𝑞

) }
= −

𝜈𝑞

2 Ψ−1
𝑞 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗𝜈𝑗Ψ
−1
𝑗 (B.30)

Setting the derivative equal to zero, we obtain a closed-form optimal parameter formulation

−
𝜈𝑞

2 Ψ−1
𝑞 + 1

2

𝐽∑
𝑗=1

𝜋 𝑗𝜈𝑗Ψ
−1
𝑗 = 0

𝜈𝑞

2 Ψ−1
𝑞 =

1
2

𝐽∑
𝑗=1

𝜋 𝑗𝜈𝑗Ψ
−1
𝑗

Ψ−1
𝑞 = 𝜈−1

𝑞

𝐽∑
𝑗=1

𝜋 𝑗𝜈𝑗Ψ
−1
𝑗

Ψ★
𝑞 =


𝐽∑
𝑗=1

𝜋 𝑗
𝜈𝑗

𝜈𝑞
Ψ−1
𝑗


−1

(B.31)

When passing to the parameter associated with the degrees of freedom, i.e., 𝜈𝑞 , no analytical
closed-form solutions are available. Mainly, this happens as the parameter 𝜈𝑞 appears as the
argument of multiple digamma functions, making a direct derivation of the optimal parameter
unavailable.

However, it is instead possible to achieve a numerical solution by implementing a numerical
optimizer or a root finder for the derivative, which exists and can be analytically computed In
particular, one can directly minimize Equation (B.28) with regard to 𝜈𝑞 , once Ψ𝑞 is substituted
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with its the analytic solution found in Equation (B.31), or find the zero of the following derivative
function:

𝜕

𝜕𝜈𝑞
{kl(𝑃 || 𝑄)}

=
𝜕

𝜕𝜈𝑞

{
−ℋ(𝑃) +

𝜈𝑞𝑚

2 log 2 −
𝜈𝑞

2 log | Ψ𝑞 | + logΓ𝑚(
𝜈𝑞

2 ) +
𝜈𝑞 + 𝑚 + 1
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𝜓
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2
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𝜓
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2 log
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𝜋 𝑗𝜈𝑗Ψ
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𝑗
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−1 ����� + 𝜕

𝜕𝜈𝑞
logΓ𝑚(

𝜈𝑞

2 ) + 1
2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
− 1

2 log | Ψ𝑗 |

= 𝑚 log 2 − 1
2 log 𝜈𝑞 −

1
2 log

����� 
𝐽∑
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𝜋 𝑗𝜈𝑗Ψ
−1
𝑗
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−1 ����� + 𝜕

𝜕𝜈𝑞

[
𝑚(𝑚 − 1) log𝜋

1
4 +

𝑚∑
𝑖=1

logΓ

(
𝜈𝑞 − 𝑖 + 1

2

)]
+ 1

2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
− 1

2 log | Ψ𝑗 |

= −1
2 log 𝜈𝑞 +

𝑚∑
𝑖=1

𝜓

(
𝜈𝑞 − 𝑖 + 1

2

)
+ 𝑚 log 2 − 1

2 log

����� 
𝐽∑
𝑗=1

𝜋 𝑗𝜈𝑗Ψ
−1
𝑗


−1 ����� + 1

2

𝐽∑
𝑗=1

𝜋 𝑗

𝑚∑
𝑖=1

𝜓

(
𝜈𝑗 − 𝑖 + 1

2

)
− 1

2 log | Ψ𝑗 |

= −1
2 log 𝜈𝑞 +

𝑚∑
𝑖=1

𝜓

(
𝜈𝑞 − 𝑖 + 1

2

)
+ 𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽), (B.32)

where 𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽) is a constant term. Worth noticing that 𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽) only
depends on known quantities. Indeed, its argument are 𝑚, and the set of different competitive
models inverse Wishart parameters {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽 . Therefore, we could formally obtain the
optimal degrees of freedom parameter 𝜈★𝑞 as the solution to the following equation:

0 = −1
2 log 𝜈𝑞 +

𝑚∑
𝑖=1

𝜓

(
𝜈𝑞 − 𝑖 + 1

2

)
+ 𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽)

1
2 log 𝜈𝑞 =

𝑚∑
𝑖=1

𝜓

(
𝜈𝑞 − 𝑖 + 1

2

)
+ 𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽)

𝜈𝑞 = exp
{
2

𝑚∑
𝑖=1

𝜓

(
𝜈𝑞 − 𝑖 + 1

2

)
+ 2𝐶(𝑚, {𝜈𝑗 ,Ψ𝑗}𝑗=1,...,𝐽)

}
. (B.33)
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B.2 Algorithms

Algorithm 8 bps - forward filter
Input: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗 : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard; 𝑛, 𝑚, 𝑞, 𝑝: Number
of observed rows, number of outcomes, and number of predictors; 𝐽: number of competitive
models in each subset, and number of predictive samples; {{𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1 , 𝜈

(𝑗)
𝑡−1 , 𝛼

(𝑗) , 𝜙(𝑗)} :
𝑗 = 1, . . . , 𝐽}: Set of parameters for antecedent time point, for 𝐽 models.
Output: {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 } : 𝑗 = 1, . . . , 𝐽}: Set of parameters for current time point; 𝑤̂𝑡 :

Stacking weights at current time.
1: for 𝑡 = 1, . . . , 𝑇 do
2: Extract data from previous time shard {{𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1 , 𝜈

(𝑗)
𝑡−1} : 𝑗 = 1, . . . , 𝐽}

3: Obtain {𝑚̃𝑡 , 𝐶̃𝑡 , 𝜈̃𝑡 , Ψ̃𝑡} using Algorithm 5
4: for 𝑗 = 1, . . . , 𝐽 do
5: Compute 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 using 𝑚̃𝑡−1 , 𝐶̃𝑡−1, and {𝛼(𝑗) , 𝜙(𝑗)}

6: Compute 𝑞(𝑗)𝑡 , 𝑄
(𝑗)
𝑡 using 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 , and {𝛼(𝑗) , 𝜙(𝑗)}

7: Compute 𝑚(𝑗)
𝑡 , 𝐶

(𝑗)
𝑡 using 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 , and {𝛼(𝑗) , 𝜙(𝑗)}

8: Compute 𝜈
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 using 𝑞(𝑗)𝑡 , 𝑄

(𝑗)
𝑡 , 𝜈̃𝑡−1 , Ψ̃𝑡−1, and {𝛼(𝑗) , 𝜙(𝑗)}

9: end for
10: Obtain 𝑤̂𝑡 = {𝑤̂𝑡 ,1 , . . . , 𝑤̂𝑡 ,𝐽} using Algorithm 6
11: end for
12: return {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 } : 𝑗 = 1, . . . , 𝐽}, and 𝑤̂𝑡

Algorithm 9 bps - parallel forward filter
Input: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗 : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard; 𝑛, 𝑚, 𝑞, 𝑝:
Number of observed rows, number of outcomes, and number of predictors; 𝐽:
number of competitive models in each subset, and number of predictive samples;
{{𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1 , 𝜈

(𝑗)
𝑡−1 , 𝛼

(𝑗) , 𝜙(𝑗)} : 𝑗 = 1, . . . , 𝐽}: Set of parameters for antecedent time
point, for 𝐽 models.
Output: {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 } : 𝑗 = 1, . . . , 𝐽}: Set of parameters for current time point; 𝑤̂(𝑡):

Stacking weights at the current time.

1: for 𝑡 = 1, . . . , 𝑇 do
2: Extract data from previous time shard {{𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1 , 𝜈

(𝑗)
𝑡−1} : 𝑗 = 1, . . . , 𝐽}

3: for 𝑗 = 1, . . . , 𝐽 do Parallel
4: Compute 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 using 𝑚(𝑗)

𝑡−1 , 𝐶
(𝑗)
𝑡−1, and {𝛼(𝑗) , 𝜙(𝑗)}

5: Compute 𝑞(𝑗)𝑡 , 𝑄
(𝑗)
𝑡 using 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 , and {𝛼(𝑗) , 𝜙(𝑗)}

6: Compute 𝑚(𝑗)
𝑡 , 𝐶

(𝑗)
𝑡 using 𝑎(𝑗)𝑡 , 𝑅

(𝑗)
𝑡 , and {𝛼(𝑗) , 𝜙(𝑗)}

7: Compute 𝜈
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 using 𝑞(𝑗)𝑡 , 𝑄

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡−1 ,Ψ

(𝑗)
𝑡−1, and {𝛼(𝑗) , 𝜙(𝑗)}

8: end Parallel for
9: Obtain 𝑤̂(𝑡) = {𝑤̂(𝑡)

1 , . . . , 𝑤̂
(𝑡)
𝐽
} using Algorithm 6

10: end for
11: return {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 } : 𝑗 = 1, . . . , 𝐽}, and 𝑤̂(𝑡)
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Algorithm 10 bps - weighted backward sampling
Input: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗} : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard; 𝑛, 𝑞, 𝑝: Number of
observed rows, number of prediction points, number of outcomes, and number of predictors;
𝐽 , 𝑅: number of competitive models in each subset, and number of posterior samples;
{{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)} : 𝑡 = 1, . . . , 𝑇; 𝑗 = 1, . . . , 𝐽}: Set of parameters for each time
point, and model.
Output: {Θ(𝑟)

0:𝑇 : 𝑟 = 1, . . . , 𝑅}: Smoothed posterior samples.

1: for 𝑟 = 1, . . . , 𝑅 do
2: Sample the model ℳ𝑗 from {1, . . . , 𝐽} with weights 𝑤̂𝑇
3: Draw Θ𝑇 from T2𝜈(𝑗)

𝑇

(𝑚(𝑗)
𝑇
, 𝐶

(𝑗)
𝑇
,Ψ

(𝑗)
𝑇
, 𝜈

(𝑗)
𝑇
)

4: for 𝑡 = 𝑇 − 1, . . . , 1 do
5: Sample the model ℳ𝑗 from {1, . . . , 𝐽} with weights 𝑤̂𝑡
6: Compute {ℎ𝑡 , 𝐻𝑡} using {𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)}
7: Draw Θ𝑡 from T2𝜈(𝑗)

𝑇

(𝑚(𝑗)
𝑇
, 𝐶

(𝑗)
𝑇
,Ψ

(𝑗)
𝑇
, 𝜈

(𝑗)
𝑇
)

8: end for
9: end for

10: return {Θ(𝑟)
0:𝑇 ∼ 𝑝̂(Θ0 , . . . ,Θ𝑇 | 𝒟𝑡) : 𝑟 = 1, . . . , 𝑅}

with 𝑝̂(Θ0 , . . . ,Θ𝑇 | 𝒟𝑇) = 𝑝̂(Θ0 | Θ1 , | 𝒟𝑇)𝑝̂(Θ1 | Θ2 , | 𝒟𝑇) · · · 𝑝̂(Θ𝑇−1 | Θ𝑇 , | 𝒟𝑇)𝑝̂(Θ𝑇 | 𝒟𝑇)
and each 𝑝̂(Θ𝑡 | Θ𝑡+1 , | 𝒟𝑇) =

∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝̂(Θ𝑡 | Θ𝑡+1 , | 𝒟𝑇 ,ℳ𝑗)

Algorithm 11 bps - temporal forecasting
Input: 𝑤̂𝑇 = {𝑤̂𝑇,𝑗} : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within last observed time shard 𝑇;
𝑛, 𝑞, 𝑝: Number of observed rows, number of outcomes, and number of predictors; 𝐽 , 𝑅, 𝐾:
Number of competitive models in each subset, number of predictive samples, and prediction
horizon; {{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)} : 𝑡 = 1, . . . , 𝑇; 𝑗 = 1, . . . , 𝐽}: Set of parameters for each
time point, and model.
Output: {{𝑌̃(𝑟)

𝑇+𝑘 , Ω̃
(𝑟)
𝑇+𝑘} : 𝑘 = 1, . . . , 𝐾; 𝑟 = 1, . . . , 𝑅}: Posterior predictive samples.

1: for 𝑟 = 1, . . . , 𝑅 do
2: Sample the model ℳ𝑗 from {1, . . . , 𝐽} with weights 𝑤̂𝑇
3: Compute {𝐴★(0), 𝑅★(0)} using {𝑚(𝑗)

𝑇
, 𝐶

(𝑗)
𝑇
}

4: for 𝑘 = 1, . . . , 𝐾 do
5: Compute {𝐴★(𝑘), 𝑅★(𝑘)} using {𝐴★(𝑘 − 1), 𝑅★(𝑘 − 1)}
6: Draw {Θ̃(𝑟)

𝑇+𝑘 , 𝑌̃
(𝑟)
𝑇+𝑘} from T2𝜈(𝑗)

𝑇

(𝐴★(𝑘), 𝑅★(𝑘),Ψ(𝑗)
𝑇
, 𝜈

(𝑗)
𝑇
)

7: Store {𝐴★(𝑘), 𝑅★(𝑘)} for the next iteration
8: end for
9: end for

10: return {{Θ̃(𝑟)
𝑇+𝑘 , 𝑌̃

(𝑟)
𝑇+𝑘} ∼ 𝑝̂(Θ̃𝑇+𝑘 , 𝑌̃𝑇+𝑘 | 𝒟𝑇) : 𝑘 = 1, . . . , 𝐾; 𝑟 = 1, . . . , 𝑅}

with 𝑝̂(Θ̃𝑇+𝑘 , 𝑌̃𝑇+𝑘 | 𝒟𝑇) =
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝(Θ̃𝑇+𝑘 , 𝑌̃𝑇+𝑘 | 𝒟𝑇 ,ℳ𝑗)
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Algorithm 12 bps - spatial prediction
Input: 𝑤̂𝑡 = {𝑤̂𝑡 , 𝑗} : 𝑗 ∈ {1, . . . , 𝐽}}: Stacking weights within time shard; 𝑛, 𝑚, 𝑞, 𝑝: Number of
observed rows, number of prediction points, number of outcomes, and number of predictors;
𝐽 , 𝑅: Number of competitive models in each subset, and number of predictive samples;
{{𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 ,Ψ

(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)} : 𝑡 = 1, . . . , 𝑇; 𝑗 = 1, . . . , 𝐽}: Set of parameters for each time
point, and model.
Output: {{𝑌̃(𝑟)

𝑡 , Ω̃
(𝑟)
𝑡 } : 𝑟 = 1, . . . , 𝑅}: Posterior predictive samples.

1: for 𝑟 = 1, . . . , 𝑅 do
2: Sample the model ℳ𝑗 from {1, . . . , 𝐽} with weights 𝑤̂𝑡
3: Compute 𝜇𝑡 , 𝐸𝑡 using {𝑚(𝑗)

𝑡 , 𝐶
(𝑗)
𝑡 , 𝛼

(𝑗) , 𝜙(𝑗)}
4: Draw {𝑌̃(𝑟)

𝑡 , Ω̃
(𝑟)
𝑡 } from T2𝜈(𝑗)𝑡

(𝜇𝑡 , 𝐸𝑡 ,Ψ(𝑗)
𝑡 , 𝜈

(𝑗)
𝑡 )

5: end for
6: return {{𝑌̃(𝑟)

𝑡 , Ω̃
(𝑟)
𝑡 } ∼ 𝑝̂(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡) : 𝑟 = 1, . . . , 𝑅}

with 𝑝̂(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡) =
∑𝐽

𝑗=1 𝑤̂𝑡 , 𝑗 𝑝(𝑌̃𝑡 , Ω̃𝑡 | 𝒟𝑡 ,ℳ𝑗)
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