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Abstract

We consider wetting models in 1+1 dimensions with a general pinning function on a shrinking strip.
We show that under a diffusive scaling, the interface converges in law to the reflected Brownian motion,
whenever the strip size is o(N —1/2) and the pinning function is close enough to the critical value of the
so-called §-pinning model of Deuschel-Giacomin—Zambotti [10]. As a corollary, the same result holds
for the constant pinning strip wetting model at criticality with order o(N —l/2y shrinking strip.
© 2019 Elsevier B.V. Allrights reserved.
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1. Introduction
1.1. The standard wetting model

Let (Sk)k=0.1.... be a random walk with increments Sy — Sy_;, K > 1, which are i.i.d with
law P. We assume that [P has a continuous probability density of the form p(x) = %e’v(x), S0

that « is a normalizing constant, V is symmetric and strictly convex (in the sense that V in C?
and V" (x) € [1/c, c] for some ¢ > 1). As a result

p(+) is symmetric and monotonically decreasing on the positive half line. 1)
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Symmetry then implies that E[S;] = 0. We assume further that E[Slz] = 1. Denote by P, the
law of S, starting at x € R, and let E, be the corresponding expectation function. For ease of
notation we let P = Py and E = E,.

As a convention, throughout the paper expressions of the form P,[A,Sy = y] =
E,[141,(Sn)], are to be read as the density of Sy at y with respect to the measure [P, on the
event A. More explicitly, for a random variable Y,

o1
B[V Ly ($3)] = lim B[V Ly pser(Sn)]. @)

The standard wetting model, also called the §-pinning model, was introduced in [10]. It is
a measure on Rﬁ where two possible boundary conditions are considered, free and constraint.
The constraint case is defined by
N-1

exp ( Z Vi —xi o) [ (dxiTo.00/(xi) + € 80(dx:)) . 3)

i=1

Pg y(dx) =
Zg N

where xg = xy = 0. Analogously, the free case is defined by

N(dx) exXp < Z Vi —xi- l)) 1_[ (dxi]l[O,oo)(xi) + eﬁso(dxi)) s 4)
;S N

where xo = 0. Here dx; is the Lebesgue measure on R, and the partition functions Zg, y and

Zéf, w are normalizing constants so that Pg \ and Pﬂ{ v are probability measures on RY.

A remarkable localization transition was proved in [10] using a renewal structure naturally
corresponding to the model. On the heuristic level, conditioning on the contact set, the
excursions from zeros are independent and their law is independent of the pinning parameter.
Hence one expects to see that under the conditioning, the (appropriately rescaled) excursions
converge to the Brownian excursions. To analyze the full path one therefore needs to understand
the contact set distribution. Whenever N is large, the contact set looks like a renewal process
with inter-arrival distribution expressed in terms of the Green function of the walk.

In particular, making the above intuition accurate and quantitative, in [10] (and tailored for
renewal theory techniques in [5]) the authors proved that there exists some B, € R, explicitly
defined in (5) below, so that under the standard diffusive scaling and interpolation to continuous
paths on [0, 1] the following limit in distribution holds, with the following laws:

e For B8 < B., the Brownian meander (free case) or the Brownian excursion (constrained
case).

e For B > B., a mass-one measure on the constant zero function.

e For 8 = B, the reflecting Brownian motion (free case) or the reflecting Brownian bridge
(constrained case).

Moreover, . is explicit in terms of the random walk density p. In particular,

e P =3 fu )

n=1
where f,, .= Py[C,, S, = 0] is the density of S, at zero on the event C,, = {S; >0, ..., S, > 0}
(remember (2)). We remark already at this stage that

fo = J%n” o) ©)
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and moreover, in the Gaussian case V(x) = %xz, the error term is identically zero [10, Lemma

1] (see also (11) and a few lines below it) and in particular 8. = log (\/#27 Yo nd 2).

1.2. The strip wetting model with general pinning function

The strip wetting model is the analogous family of measures on R) which we now define.
Fix a one-parameter family of functions {¢,, a € (0, ap]}, so that ¢, : Ry — R and foa e¥a™Mdx
is finite for 0 < a < agy, where dx is the Lebesgue measure on R. Let Cy be the event
{S1 = 0,..., Sy > 0}. We shall define now Pga,zv for ¢ € {c, f}. Whenever we would like
to emphasize the pinning functions we also call them the ¢,-wetting model. The case of free
boundary conditions is defined by the Radon—Nikodym derivative

P/ ! 3 1 Ty dP
dy, v(8) = —7—exp > 0a(S)L0.a1(S) | Tey dP(S), )
@a,N n=1
while the constraint case is defined by the Radon—Nikodym derivative
N
. 1
dP, ()= 2o P <Z %(Sn)]l[o,a](sn)) Lj0,1(Sn) 1, dP(S). )
@a N n=1

The normalizing constants Z(L’ y and Z  are called the partition functions. When we
want to specify the initial and ending points, we also define the density at y € R, by

N
Zo, v, y) =Ey |:CXP (Z ‘Pa(Sn)]l[o,a](Sn)> ]l{y}(SN)]lcN:| ,xeR,, N>1, 9)

n=1

so that

a
Z,0 N =/0 Z,, ~0, y)dy.
1.3. Main results

As mentioned in the introduction this paper deals with strip models approximating the
critical standard wetting model in a regularizing way. The regularization is due to the fact
that we allow the pinning functions ¢, to be smooth. The approximation is due to the fact the
strip size a goes to zero with the model size N.

As we shall see in Section 1.6, as an application we prove that the strip wetting model
with constant pinning B.(ay) has the same asymptotic behavior as the critical standard wetting
model, whenever the strip size ay is decaying asymptotically faster than %

We start with some notations. For a path (S;);>0, let 7§ = 0, rj‘f = inf{n > t]f’_l 1 S €
[0, al}, €5, = sup{k < N : S; € [0, a]}. Let A% = TN] 1 j < €5} C 10, 1] be the zero-set up to
time N. Define now for A = {t;,..., {4}, 0=t <--- <f4 <N,

BY N(AY = A/N) =2 | (tf = 1,0 <€), (10)

and Egm o @ € {c, f}, the corresponding expectation. We shall use f);a‘ y(A) and f);a, AL =
A/N) with no distinction. Note that by definition f);‘h n(A) = 0 whenever £§,(A) < N.
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Definition 1.1. We say that (¢, )o<a<q, Satisfies Condition (A) if there is some C > 0 so that
|10g/ e‘ﬂa(X)fﬂcdﬂ < Ca
0
for all 0 < a < ag, where B, was defined in (5).

Remark 1.2. Note that Condition (A) guarantees that for N fixed, the ¢,-wetting model
converges weakly to the critical standard wetting model as a tends to 0.

The content of the next theorem is a scaling limit of the contact sets. For that we shall use
the Matheron topology on closed real sets [17]. The basic notions can be found in [14, page
209], [10, Chapter 7], and [5, Appendix B].

Definition 1.3. Let B be a standard one-dimensional Brownian motion (resp. bridge from
0 to 1). We call the random set {r € [0, 1] : B, = 0} the Brownian motion (resp. bridge)
zero-set.

Theorem 1.4. Fix some sequence ay = o(N ~'/?). Assume that ¢, satisfies Condition (A) from
Definition 1.1. Then under f)gaN’ ~» Seen as a probability measure on the Matheron topological

space of closed sets of [0, 1], the set Ay is converging in distribution to the Brownian motion
zero-set for o = f, and to the Brownian bridge zero-set for a = c.

We also have a full path scaling limit.

1 1
N
X,( )= WXLNU + W(Nf — [Nt DX | nej41 — X ve))-

Theorem 1.5. If ay = o(N~'/?) then the process (X\),c(0.1) under ]P’:’;aN‘ N converges weakly

in C[0, 1] fo the reflected Brownian motion on [0, 1] for « = f and to the reflected Brownian
bridge on [0, 1] for a = c.

Remark 1.6. As it will become clear from the proof of Theorems 1.4 and 1.5, they hold if we
weaken Condition (A) from Definition 1.1 so that the constant C is a function of a, C = C(a),
as long as a + aC(a) — 0 as a — 0 faster than N~!/2. For example if C(a) = a~¢ for some
0 < € < 1, then the theorems hold whenever the faster shrinking rate ay = o(N —1/201=e)y
holds.

1.4. Examples

1.4.1. Constant pinning

We call the model the strip wetting model with constant pinning whenever the pinning
function is constant on the strip, i.e., for some 8 = B(a) € R ¢,(x) = B, x € [0, a].

This model was suggested in Giacomin’s monograph [14, Equation (2.57)] as an open
problem, and a major progress was done by Sohier [20,21]. Applications of our results in
this case are presented in Section 1.6.
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1.4.2. Smooth approximation of the critical standard model
We construct functions ¢, € C*°(R) supported on [0, a] so that they satisfy Condition (A)
from Definition 1.1. Let

- x>0

0 x <0.

e

fx) =

It is easy to verify that the derivatives of f at O vanish and hence it is C*°(R). Choose some
€(a) - 0 as a — 0 with the rate of decay to be specified later on and let g = g, be defined
by

() = el@) + - A
x)=¢€(a)+ — - .
¢ a fI— 0+ f+ 53

It is easy to check that €(a) < g(x) < 1/a + €(a), g(x) = 1/a + €(a) if x < a — €(a), and
g(x) = €(a) if x > a. Therefore (1/a+¢€(a))(a—e(a)) < foa g(x)dx < (1/a+¢€(a))a. Therefore,
choosing €(a) < a? then there is some constant C > 0 so that for all @ small enough

e < 1+ ae(a) — e(a)/a + €(a)* < /a ga(x)dx < 1+ ae(a) < e““.
0

We remark that exp(B:) = +27/ )", n /> ~ 0.961849. Set @,(x) = (B + log ga(x)) Ig,
(x), x € R, where €(a) = a’. See Fig. 1 for a graphical presentation. Then ¢, € C*([0, a])
and satisfies Condition (A) from Definition 1.1.

exp(¢14(X))

exp(p12(x))

. . . I . . . I . . . I . . . I . . . I x
0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1. The graph of exp(g,(x)), 0 <x <1, for a = 1/4 and a = 1/2.

1.5. The critical wetting dynamics problem

Our main motivation for the question discussed in this paper comes from the notorious
problem of constructing and studying a continuous dynamics which is reversible with respect
to the reflected Brownian motion/bridge. The well-known Nualart—Pardoux type SPDE [18]
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is a scaling limit of the infinite-dimensional Ornstein—Uhlenbeck process with reflection at
zero [13], and is reversible under the Brownian excursion [23]. As mentioned in the introduction
the latter is the scaling limit of a subcritical standard wetting model [10].

Therefore a natural candidate for a solution to the problem is the critical wetting dynamics.
This process should arise as a scaling limit of the finite volume dynamics which is reversible
with respect to the critical wetting measure. However, a canonical dynamics associated with the
standard wetting measure is non-trivial due to the presence of an atom in zero. A construction
of the dynamics for a given finite size is possible using Dirichlet form techniques [12] (see
also Funaki’s lecture notes [7, Chapter 15.2]). Taking a limit using this approach seems out
of reach. Nevertheless, an integration by parts formula for the reflected Brownian bridge was
achieved in [16], where it was formulated in terms of Hida distribution and also a relevant
SPDE was conjectured.

Using the result of this paper we can present a straightforward approach based on Skorokhod
type equation. More precisely, take ¢, € C? supported on [0, a], 0 < a < 1, which satisfies
Condition (A) from Definition 1.1 (e.g., the one constructed in Section 1.4.2). Similarly to [13],
we can construct a dynamics X,(x), t > 0, x € Iy = {0, 1, ..., N}, for which the measure
Py, v defined in (8) is a reversible equilibrium. Indeed, consider the Skorokhod type equation

X.() = —/ 0y Hy(X(s))ds + £;(x) + «/zWr(x), xely,t>0,
0

with boundary conditions
Xo(1) = Xn(@) =0, 1 =0,

initial law
(X Oeery ~ P, v

so that the local time process ¢, satisfies
de,(t) >0, t >0,x € Iy,

and
o0
/ X (0)de () = 0, x € Iy,
0

W(x), x € Iy, are independent standard Wiener measures, the Hamiltonian

N 1 N

Hy(X) 1= 3 0a(X) + 5 3 (X = Xeo,
x=0 x=1

and

0HN(X)

8XHN(X) = ax

= ¢, (X)) + A(X),
where
Ay(X)=2X, — X1 — Xyxy1 Whenever 1 <x < N

is the discrete Laplacian. Let XV () be the diffusively rescaled and linearly interpolated path
given by

1 1
X0 = S X (0 + 25Ny = INYDX g1 () = Xy (0), £ 20,y € 0, 10.
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Theorem 1.5 states that if @ = ay = o(N~'/?), then
(XY (0)yero.n) = (By)yeoay (%)

where (By)yep0,17 is the reflected Brownian bridge.

The goal is to get a limiting dynamics as the volume size tends to infinity and simultaneously
the strip size tends to zero and then identify the corresponding SPDE which should be the
natural reversible dynamics associated with the reflected Brownian bridge.

In a collaboration with Henri Elad Altman we recently proved that

{X;Y(th), y € [0, 1], f > O} yen is a tight sequence

in H~1(0, 1) [9], thus showing existence of the limit. The reader is invited to consult that last
reference for more details on the construction of the dynamics.

Attacking the problem from yet a different angle, a major progress on it was made recently
by Elad Altman and Zambotti [11] where they consider a local time mollification of a
continuous model to construct the dynamics. They also conjecture the formal (singular) SPDE
the dynamics should solve. Showing that any of these models is a solution to the proposed
SPDE, in some reasonable sense, is still an open problem.

1.6. Applications to strip wetting with constant pinning at criticality

In order to achieve progress in the open problem of constructing the wetting dynamics which
was described in Section 1.5, a natural question would be to choose ¢, to be a constant function
on the strip, ¢, = B1l|o.,). However, in this case the drift term in the dynamics has no derivative
at a and therefore an approximating ¢, as in Section 1.4.2 should be taken into account. On
the other hand, one might be still interested to understand the constant strip wetting scaling
limit per se. In order to use our theorem, condition (A) has to be satisfied. It is easy to see that
B independent of a will not work.

Sohier [21] considered the strip wetting model with constant pinning and proved that there
is some fB.(a) € R so that off-criticality, the same path scaling limit results as in the standard
wetting model hold true. Namely, in this case the limiting object is

e Brownian meander (free case) or the Brownian excursion (constrained case), whenever

B < Bc(a), and

e a unit mass on the constant zero function, whenever 8 > B.(a).

In particular, he proved also a corresponding statement on the off-critical contact set scaling
limits. Moreover, f.(a) is represented in terms of an eigenvalue of a natural Hilbert—Schmidt
integral operator, see [21], and Section 5.1.

In [20] the critical contact set with free boundary conditions was considered, for a fixed size
a of the strip. That paper states that the rescaled contact set converges to a random set with
a distribution which is absolutely continuous but not equal to the Brownian motion zero-set.
Moreover the Radon—Nikodym derivative is claimed there to be independent of a, which would
suggest that the limit as a — 0 is discontinuous.We strongly believe that there is mistake in
the argument in Lemma 3.3 of that paper which is the key for proving Theorem 1.5 there.
Specifically, the decomposition in lines (70) and (86) is false. E.g., instead of the probability
appearing in the second line of (86) one has a probability which is not bounded away from
zero (except for the location on the strip, it depends also on the size N —1; of the last excursion
before time N, and vanishes in the limit as N —#; — 0). Therefore, one cannot use that paper’s
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main result dealing with Markov renewal processes for the sum in (86) in order to bound all
of it from below by order N 172 1n any case, [20] does not contradict our results, since it deals
with a constant strip size a.

The next theorem deals with the critical value f.(a) of the constant pinning model for a
small. It states that the critical value S, of the standard wetting model is well-approximated by

Be(a).

Theorem 1.7. There are constants C, D > 0 so that
Da* <loga + Be(a) — B < Ca

for all a > 0 small enough. In particular, the constant function ¢, = B.(a) satisfies Condition
(A) from Definition 1.1, and moreover aePe? — efc as a — 0.

Corollary 1.8. Theorems 1.4 and 1.5 hold true also for the critical constant pinning models,
i.e. whenever ¢,(x) = B.(a), x € [0, al.

In other words, in the case where a = ay = o(N~'/?) the rescaled path of the strip wetting
with critical constant pinning B.(a) converges to reflected Brownian motion. Remark 5.2 for a
partial result on the case a = ay = O(N~'/?)

Remark 1.9. As discussed in Section 1.5, in this work we are only interested in a wetting
model on the strip so that a scaling limit as in Theorem 1.5 is achieved with a smooth pinning
function. In particular, the condition on the rate of which the strip size shrinks is not relevant
from the SPDE point of view. On the other hand, our results seem to be far from optimal. In
particular one can ask what is the optimal rate for which a — 0 as N — oo for which we still
see the reflected Brownian bridge/motion at criticality, for the constant pinning at criticality
B = B.(a)? We believe that the result stays true even with a constant strip size a.

1.7. Organization of the paper

The main argument in the paper is to compare the ¢,-strip wetting model with the critical
standard wetting model through a mediator, the near-critical standard wetting model. We first
approximate the ¢,-strip wetting model in terms of a near-critical standard wetting. This is the
content of Section 2. In Section 3 near-critical standard wetting model is shown to approximate
the critical standard wetting models. This is done by the connection of standard wetting models
to pinning models on renewal processes and Sohier’s result [19] on the latter. Here the o(N ~!/?)
condition appears. In Section 4 we use Condition (A) with the two approximations to prove
Theorems 1.4 and 1.5. To conclude, Section 5 deals with the constant pinning case and contains
the proof of Theorem 1.7. Appendices A, B, and C contain the proof of some technical Lemmas.

2. Comparing ¢,-wetting model to near-critical wetting model

2.1. Comparing excursion kernels

Define the excursion kernel density

i, y) =P[Si >a,..., S >a, S, =yl (11)
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forn > 2, x,y € R, where f{(x,y) =P[S; = y] (remember the notation from (2)). Let
I = 10.0),

and we omit the upper-case a whenever a = 0, that is
f=1.

The first observation is that the f;’ approximate the corresponding f,.

Lemma 2.1. The following hold:

o f(-, ) is symmetric: f'(x,y) = fi(y,x) forall x,y € [0,a], n > 1.
o fi(x,y) is monotonously increasing in x € [0, a] (and in y € [0, a]).

L4 frfl(as Cl) = fn~
In particular,
S WY

f"‘l - fn

forall x,y € [0,a] and n > 1. Moreover, ;—f decreases in a and tends to 1 as a — 0, for all
n.

12)

Proof. For the first two properties, one uses the assumptions (1) on the following explicit
expression for the densities

oo oo
f,f+1(X,y)=/ / ,O(Sl _x)p(SZ_Sl)"'p(sn_Sn—l)p(y_sn)dsl"'dsm
The last property follows, e.g., by the change of variables s; — s; +a,i =1,...,n. O

The main goal of this section is to estimate f; in terms of f, and a. The next lemma
actually supplies upper and lower bounds, but for the results of the paper we shall only use
the lower bound.

The next lemma is crucial for the argument. Its proof is rather technical and differed to
Appendix A.

Lemma 2.2. There are constants Cy, C; and 0 < ay so that for all 0 <a < ayp and n > 1
exp(—Coa) < f7/fn < exp(=Ca). 13)

2.2. Comparing the partition functions

Lemma 2.3. Fix ¢, and assume Condition (A) from Definition 1.1 with the constant C. Then,

there is a constant C' and a positive decreasing function C'(a) so that C'(a) — 1 as a — 0,
and for all N > 1 we have

Zy—cran = Zgun = Zgcran (14)
and
f f f
C@DZy_crun = Zpn = Zgicran- (15)



J.-D. Deuschel and T. Orenshtein / Stochastic Processes and their Applications 130 (2020) 2778-2807 2787

Proof. We start with the constraint case.

N—-1 a a k
ZNO=Y > [0 /0 [Tr0 Gimr y0e 0 £ G y)

k=0 O=tg<t; <--<txy<N i=1
x e Wdy; =: (%).

Using (12) and Condition (A) we have the following upper bounds.

N-1 a a k
(%) < Z Z / / Fny 1_[ fop_ €900y,
0 0

k=0 0=tg<t) <---<ty <N i=1
N-1 a k
) z k
_ ot Z(/ P dy) ) .
k=0 v0 O=tg<t] <<ty <N i=1
N—-1 k
< e¢a(y) e(ﬂ¢'+ca)ka . l_[ﬁ ‘
= § : —l § : i—li—1*
k=0 O=ty<t; <---<tp<N i=1
Hence,
a a N-1 k
+Ca)k
Zyn = f Z;, n(0, )y < f eOdy y etk N T vy [T e
0 0 k=0 O=tg<t] <<ty <N i=1
N—-1 k
+Ca)(k+1
< § elbe Yk+1) 2 Fva 1_[ ficti
k=0 0:{0<t1<~-<tk<N i=1

N k
_ Ze(ﬂc-‘rCa)k Z 1—[ foci,
k=1

O=tg<ty<--<tx=N i=1
— c
- Z/Sc+can'

Similarly for the lower bound, using (13) and Condition (A), we get

N-1 k
—Ca—Cpa)k
(%) > e § p(Be—Ca—Coa) fyu Z l_[ffi*fi—l
k=0 O=ty<t; <---<tp<N i=1
Hence,
a a N-1
¢ c ) —Ca—Cpa)k
Z(pa,N :/ Z(ﬂa,N(O’ y)dy > / e‘/’a(})dy E e(ﬁc 0a)
0 0 k=0
k
X Z fN—Ik l—[ ff,'—f,',l
O=tg<t) <---<txy <N i=1
N k
-—Ca—Coya)k
> dy 2 :e(ﬁ(, 0a) 2 l_lfli_fi—l
k=1 O=tg<ty <--<tx=N i=I

__ e
- Zﬁ¢-—(C+Co)a,N'

Since Z;a,zv = f(;l Z;,,,N(O’ y)dy, setting C’ = C + Cy we conclude the two bounds.
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The free case is done in a similar manner. Indeed summing over the last contact before time
N, we have

N a
zZl =Y /0 Z¢ (0, PN — k)dy =t (%)
k=0

Using (35), the line before it, Condition (A), and the constraint case we have the following
upper bound.

N a
=Y PV -B / 28 (0, y)dy
k=0 0

IA

N
Z P(N — k)ZEmLCa,k
k=0

_ 7f
- Zﬁﬁ-Cu.N‘

Similarly for the lower bound, using (35), the line before it, (13) and Condition (A), we get
() = C* e “"Z} _ s cpan-

Setting C'(a) := C*(0)e~¢“, we are done. [
2.3. Derivative of ¢,-strip wetting with respect to near-critical standard wetting

In this section we shall discuss the contact set distribution, and show that the ¢,-strip wetting
is approximated by a near-critical standard wetting model. By near-criticality we mean a linear
perturbation by a constant multiple of the strip-size of the critical pinning strength.

Remember the definition in (10) with the notations above it. We introduce the analog for
the standard wetting model.

PN Ay = A/N) =Py (T =1, i < L), (16)

and Ej , « € {c, f}, the corresponding expectation. Here as well, with a slight abuse of
notation we use pjy y(A) and py v(Ay = A/N) with no distinction. Note again that by
definition p;,’N(A) = 0 whenever £y(A) < N.

Lemma 2.4. Assume ¢, satisfies Condition (A) from Definition 1.1 with the constant C.
Remember the definitions from (10). There are some constants c¢;,i = 1,...,6, so that for

a € f{c, f}
df)?;avN < ch+clavN
dp%z:+€3a,N B Ca(a)ch—cza,N

and

o o
dp(/’an > Zﬁc_CMl,N

o — o :
dpﬂcha,N Zﬂc+05a,N

Here C°(a) = 1 and C/(a) = C'(a) is from (15).
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Proof. Assume that A = {tp,...,#;} sothat 0 =1y < --- <ty = N. We have

e 1
pzpa,N(AN = A/N) = Zc

¢ e, yi)e? O dy; =: ().

Using (13), Condition (A), and Lemma 2.3 we have

1

(%) < —— Zc (ﬁL+Ca)k Hf Lt
i=1

ZLC Ca,N
= L can(Ay = A/N)
a,N

ZC
c+Ca,N
< PR L can(Ar = A/N).
Bc—C'a,N

The lower bound is analogous. For the free case, fix A = {fg,..., %} sothat 0 =7 < --- <
th < N.

P, n(AY = A/N) = ¢ e, y)e? OV P (N — i)dy; = (%).

Using (13), Condition (A), and Lemma 2.3 we have

k
1 a ,
(%) < f_e(ﬁz:+Ca)(k—1) Hffi*fi—l / ng(N _ tk)e(ﬂa(}k)dyk
ZguN i=1 0
1 k
S f_e(ﬂzr'i'ca)k 1_[ P(N _ tk)\fti_tiil
ZWa,N i=1
Zﬂf Ca,N
c+Ca,
= LDl rcan (A = A/N)
Z@an
Zf
A CaN ¢
- C’(a)ﬂZ = pﬂc-‘rCa,N(AN = A/N).

Be—C'a,N
Similarly for the lower bound, where we should omit the C’(a) in the analogous statement. [J

3. Near-critical standard wetting, scaling limit of the contact set

In this section we shall use a result by Julien Sohier on order N~'/? near-critical pinning

models defined by a renewal process with free boundary conditions [19] to deduce that for
o(N~'/%) near-critical standard wetting models, and also for pinning models defined by a
renewal process with constraint boundary conditions, the rescaled limiting contact set coincides
with the one which is corresponding to the critical pinning model. That is, very roughly
speaking, we shall show that in the standard wetting model, the rescaled contact set limit is
invariant under o(N ~'/?) linear perturbation of the critical pinning strength. We now make these
statements exact and formal.

First, let us formulate Sohier’s result. Let t be a renewal process on the positive integers
with inter-arrival mass function K. More precisely, let 7, = Zf:l l; where [; are i.i.d. random
variables with P(l; = n) = K(n), then t is the random subset t := {r; : i > 0} C N with
respect to P. Let E be the corresponding expectation.
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Assume that K(n) = f%, where L is slowly varying at infinity (i.e. L(cx)/L(x) — 1 as
x — oo for all ¢ > 0).

Let Pg v be a probability measure on subsets of {0, ..., N} and naturally, on subsets of N,
defined by

1
dPﬁ,N(‘L’) = dP,B,N(T N [O, N]) = 7

B.N

exp(Blr N[0, N]DdP(7)

so that the partition function is Zg y = E[exp(8|t N [0, N]|)]. Let Eg y be the corresponding
expectation. We also define BX) by the identity e >
that ) = 0 whenever > _, K(n) = 1.

As in Section 1.3, in this section weak convergence of closed random subsets of [0, 1] is
with respect to the Matheron topology on closed subsets.

For readability, we exclude some notations which are irrelevant to our argument and we
now formulate a special version of Sohier’s theorem. For elaborated discussion see Sohier
[19, Sections 1 and 3]. See also the monograph [14] for a comprehensive, rich, and approach-
able analysis of the renewal model.

a1 K (n) = 1. Obviously, one notes

Theorem 3.1 (Theorem 3.1.(1) and Part of the Proof of [19] in the Case a = % L ~Cg =
J%eﬂ“). Assume K(n) = gn) = %, where Ck is defined so that anl q(n) = 1. Let
b =2./7Ck and fix € € R. Then, under Pﬁs,N the rescaled contact set Ay = #m[o, N]:=

{% :i etN[0, NI} C [0, 1] is converging weakly to a random set By ,,. Moreover, the law of
B2 is absolutely continuous with respect to the law of Ay, the set of zeros in [0, 1] of the

standard Brownian motion, with Radon—Nikodym density %, where L is the local time

in 0 of the Brownian motion at time 1 endowed with probability measure P and expectation
E. In particular, for every continuous bounded function ® : F — R, where F is the space of
closed sets in [0, 1] with the Matheron topology, it holds that

N[0, N
pe LN10. N

E‘/b%’N[é(AN)]:E[GXp< Nidi

) ¢(AN)] — Elexp(eL1) P(Ai)], a7

and specifically

Iz N[0, N]|
Z, ,=E]e be——— | | — El[exp(eL)]. 18
Remark 3.2. Following Sohier’s notation in lines (3.4) and (3.7) in his paper, in the case
« = 3 and L(x) ~ Ck, we have a, ~ 4wC%n? and b, ~ Mn;ckﬁ We note again that

B =0 since Y °7  K(n) = 1.

Remark 3.3. We note that in the case K(n) = f, = \/%7,”_3/ % we have ) = B., the critical
wetting model pinning strength, and for K (n) = ef< f, we have BX) = 0.

Corollary 3.4. Fix a sequence €y so that ey — 0 as N — oo. Let K(-) = ¢q(), as in
Theorem 3.1. Then, under Pey  the rescaled contact set Ay is converging weakly to Ay,

IN
the set of zeros in [0, 1] of a standard Brownian motion.
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Sketch of proof. By considering the positive and negative parts of €y we may assume without
loss of generality that they all have the same sign. We consider the case where they are non-
negative. The complementary case is similar. First, note that for every € > 0 we have by (18)
that

1 < limsup Z ey N = lim Z% ~ = Elexp(eL1)].
’ N'

N—oo N N—o0

Hence,
1 <limsupZyy ., <liminfE[exp(eL)] =1
Nooco v €e~0
and so

llm ZheN
N—oo N’N

=1. (19)

Similarly, it holds that for any measurable bounded function ¢ : 7 — R,

N[0, N
Jlim E [exp (beNLW“) di(AN)} — BLO(A )], (20)

The statement of the corollary follows. [

Define P} , similarly to be the constrained version of Pg y:

dP/CS,N(r) = dP;,N(r N[0, N]) := exp(Blt N[0, N1 nerydP(T).

Zs

One can write

N
Zyy = ZPO,N(Tk = N)Zon = Eon(Liner))Zo N,
k=1

and so it holds

P () = Pon(N{N et}

=P ‘IN et
Pon(N € 0) o,nC| )

(compare with Giacomin [14, Remark 2.8]).
The next proposition is an analog of Corollary 3.4 in the corresponding constraint case, and
moreover for the near-critical standard wetting model.

Proposition 3.5. Let K(-) = q(-), as in Theorem 3.1. Fix a sequence €y so that ey — 0
as N — oo. The rescaled contact set Ay C [0, 1] distributed according to p;; Y is
(4 ﬁ:

converging weakly to A, ), the set of zeros in [0, 1] of a standard Brownian motion. Moreover,

when distributed according to either Py or p oy ., An is converging weakly to AS /2
ﬁ ﬂc+ﬁ,N
the set of zeros of the Brownian bridge in [0, 1]. Here Pci,zv is corresponding to K with the

N

N
same conditions as in Theorem 3.1, and, as before, all sets are considered in the Matheron
topology on closed subsets of the real line.

For the proof we shall essentially imitate the way Proposition 5.2. of [5] was deduced from
Lemma 5.3 of that paper (which is partly based on [10]), while performing the necessary
changes. In light of Egs. (19) and (20) the free case is almost the same as in [5]. In the
constrained cases we will borrow an estimate from [8].
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Proof. First, for the free case, let A = {f;,...,fa} sothat 0 = fp < #; < --- < f4) < N.
Note that Zy y = 1 for all N (see [14, equation (2.17)]), so Py y(A) = P(A). Now

|A|

P(A) =[] a(t; — t;-)QN — 114

j=1
where Q(n) = K(n+1)=)_,_,,,q(1). Also

|A]
1
Phy(A) = ——e? PPN — 1) [ Tat; —1,-0).
ZﬂN j=1
where as before P(n) = P%(n) :=P[S; > 0, ..., S, > 0]. We then have for By = 8. + f

f
Ps, n(A)
where ¢y : [0, 1] — R, is defined by
1 PN —1)
7 ST

Therefore for every bounded measurable functional ¢ we have

EIJ;N,N[@(AN)] =E [CXP <%|AN|) ¢n(max A) gp(AN)i| ,

It was proved in [5, proof of Proposition 5.2.] that ¢ (¢) — 1 uniformly in ¢ € [0, v], for every
v € (0, 1). Since P-a.s. 0 ¢ A, ,, it follows from (20) (for general ey — 0) that

E |:exp (;—NNIAM) ¢n(max A)é(-AN)i| — E[®(Ai)2)],

and the free case is done. We will now show the constraint case. By definition, for every
A C{l,..., N} containing N we have
PonA  Zhipn
Peapn(A)  Zgn
That is, the ratio of these two probability measures is constant and so they coincide. We
shall work with P%, N As in the free case we follow the proof of [5, Proposition 5.2.], and

IN
accordingly we now consider Ay N [0, 1/2]. We have for By = B. + f

E; y[O(AyN1[0,1/2)] =E [exp (%MN no, 1 /2]|> o5 (max Ay N[0, 1/2])

x DAy N[O, 1/2])} ;

where

Y2 g(N(L—1) —n)

c — N
50 = — oy €012
I

We remind the reader that here Zj , is the partition function corresponding to P . Now,
since ¢, () is defined similarly to fy(¢) in the proof of [5, Proposition 5.2.], W1th the only
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difference being that all the Z<, , are replaced by the corresponding Zj ., and since that proof
uses only the asymptotic rates of Z , g(-) and Q(-), we are done once we show that

Z<

=

N

|4

— las N - oo. 21

N
S

,N

By a direct expansion, one finds that Z%, = =7 yEj [exp (j_NN [t N[0, N ]|>]. Therefore,

VN

Z

= [ (22 )] =l (3 )]
VU E exp (e no. N ) | = E exp (X rno. N ) N et
77 R W) AN

Assume without loss of generality that ey > 0 for all N and fix € > 0. Since for large
N the right most expression in last line is smaller than E [exp (fﬁlr N[0, N ]|> IN € r], by
[8, equation (A.12)] (cf. [22], and [15, Lemma A.2]), there is a constant C > 0 bounding
the expression. Using Lemma C.1 we deduce that the expression is in fact converging to 1 as
N — oo, and so we have (21). We therefore conclude the proof of the proposition. [J

4. Contact set and path scaling limit — proof of Theorems 1.4 and 1.5

Proof of Theorem 1.4. First, we note that for ay = o(N~!/?), and s, r € R, we have by (21)
that

Z¢

~+ray,N
—f‘ N 1.
ZﬁchsaN.N

Moreover, by (19) we have
ch,zv — 1 and Z;;CWN,N — lasa— 0.

Using Proposition 3.5 with rey instead of €y we have the desired corresponding scaling
limit under pg .., . Using Lemma 2.4 we can now conclude. Indeed, let ¢ : 7 — R be
a measurable bounded function. As before, considering separately the positive and negative
parts in the presentation ¢ = &, — &_ we can assume without loss of generality that & is
non-negative. We therefore have by Lemma 2.4

B, [BAN] < RYES . y[P(AW] — E[S(AS )]
and

B, y[D(AN] > LyES _ . y[D(An)] — E[D(AS)))],
where Ly, Ry are positive reals so that Ly, Ry — 1. 0

Next, once we have the contact set convergence, Theorem 1.4, to move to the path limit,
Theorem 1.5, is by now routine, following the guidelines of [10]. Let us first give a rough
sketch.

Tightness will be proved as in [10, Lemma 4] where we need a small linear modification
of the oscillation function, and instead of using Propositions 7 and 8 of that paper, we
shall use stronger results as follows. The first result is the weak convergence in CIO0, 1]
under pg y(xy, yy) the pinning-free process (i.e. ¢, = 0) conditioned on the starting and
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ending points xy, yv € [0, ay] to the Brownian bridge, which was proved by Caravenna—
Chaumont [4]. The second result is the analogous statement on the free case and the Brownian
meander which is available by Caravenna—Chaumont [3].

Once we have tightness, we need to prove the finite-dimensional distributions, for that we
follow [10, Chapter 8]. Since we know that our contact set converges to the zero-set of the
Brownian motion or bridge, then we know that the probability that a fixed finite number of
points in [0, 1] are the limiting zero-set is 0, and there is no change of that part of the argument.
The only difference in the proof is that we condition not only on the contact indices but also
on their location in the strip. But since the conditioned processes converge by the last two
aforementioned theorems, we can conclude using dominated convergence on the full path as
in [10].

Let AS(y) ={S1 >a,...,Sy—1 > a, S, = y}. We have the following densities comparison
bound.

Lemma 4.1. For every y > 0 and n € N, we have
Py ( max |S; — S;| >y, Aﬁ(y)) =< Po( max [S; —S;| >y —a, AS(O)) (22)
0<i,j<n 0<i,j<n

uniformly in x,y € [0, al. Moreover, the same holds whenever in both sides of the inequality
the index set satisfies in addition that |i — j| < m for some fixed m > 0.

Proof. Leta —x = Sy, 81,...,8 = a—ysothat §; > 0,i = 1,...,n — 1, and
[Siy — Sj,| = maxo<; j<x |S;i — S;|. Then, if 7o, jo ¢ {1, ...,n — 1}, without loss of generality
ip = 0, and so [S;, — Sj,| = [Sj, —(@—x)| < [Sj| +la—x| < [Sj, — 0| + a. In other
words, maxo<; j<n |S; — S;| < maxo<; j<u |S; — S}| +a where S; = §; fori =1,...,n—1 but

So = S, = 0. Therefore, by monotonicity of p(-)

P, ( max [S; —S;| >y, AZ()’))

0<i,j<n

1 o0 [o¢]
= K_"/ / ﬂmaxi,jgn\si—5j|>1/
a a

xp(s1 —x)p(s2 —81) -+ P(Su—1 — $z=2)P(Y — Sp—1)ds - - - ds,_

1 o0 o0
= K—,,/; /0 Linaxoi jn 15:=S;1=7

xp(s1 —x +a)o(sy —s1)- - p(Sp—1 — $p—2)p(y — Su—1 — a)dsy - - -ds,

‘l [o.¢] oo
= p/o /0 Linaxoi j<n 15:=S;1=v—a

xp(s)p(s2 —51) - - p(Sp—1 — Sp—2)P(Sp—1)ds1 - - - ds,_y
=P ( max |S§; — S| >y —a,AS(O)) .
0<i,j<n :
The ‘moreover’ part is similar, we omit its proof. [J

We shall now prove that whenever ¢ = (pSN, i.e. no pinning is present, the scaling limit is a
Brownian excursion, for any fixed endpoints xy, yy € [0, ay]. Shifting by ay, it is equivalent
to show that conditioning on starting and ending at Sy = xy — ay, Sy = yy —ay and S,
non-negative at times 1 < n < N — 1, the rescaled path converges weakly to the Brownian
excursion.
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The following is a formulation of Theorem 1.1 of Caravenna—Chaumont [4] which shows
the same for non-negative endpoints which are o(~/N) away from the zero line.
Let us first introduce a notation for the conditioning. Define

PrY = Pu([Cyo1, Sy = ¥),
forany x,y e R, N e N.
Theorem 4.2 (Caravenna—Chaumont [4]). Let (xy), (Yn) be sequences of non-negative real

numbers such that xy, yyn = o(v/N) as N — oo. Then under IP;’NNW (X;N)),E[ogl] converges
weakly in C[0, 1] to the Brownian excursion.

Theorem 4.2 implies the following theorem.
Theorem 4.3. Let (xy), (yn) be sequences of non-negative real numbers such that xy, yy <

ay = o(1) as N — oo. Then under P (X;N)),e[oﬁl] converges weakly in C[0, 1] to
the Brownian excursion.

XN aN,YN —an’

We note that the assumption xy, yy < ay = o(l) is only to make sure that xN, X{V — 0.
We will use the theorem under the stronger condition ay = o(ﬁ).

Proof. First we prove tightness. For a path x € C[0, 1] define

I'@)(x) = sup |, — x5]. o3
{t,5€[0,1]:]r—s|<8}

Using the fact that fzS(XN —ay,yy —ay) = f;\i’v (xn, yn), the ‘moreover’ part of Lemma 4.1
implies that

+.N ay
Py ~ay.yn—ay 0<rf]fl<xzv 1Si = Sil > v | fv' (evs yn)
li—jl<én

<Py Ogl;ax IS; — S;| >y —an | f3(0,0)
li—jl<én

for every §, ¥y > 0 and n € N, uniformly in xy, yy € [0, ay]. Now, by (12) and (13) we get

N
P;_N —AaN,YN—Aan OEIJELXN |S _S | > V
li—jl<én
< exp(Coan )Py’ Jmax IS = 8jl >y —an | . (24)

|1 /|<(Sn

Theorem 4.2 implies in particular that (X )tE[O 1] is tight under ]P’O o »and so by (24), it is also
tight under IP’X v—ay.yy—ay - Indeed, the standard necessary and sufficient condition for tightness
on C[0, 1] is Prokhorov’s Theorem: for every y > 0 lims_.osupy IP’(J;’ON(F(S) > y) =0.To
get our tightness, fix y > 0. Choose Ny large enough so that y —ay > y/2 for all N > Nj.
Tightness will hold by considering only § < 1/Nj.
We shall now prove the convergence of the finite-dimensional distributions. Let 0 < 51 <
- < s, < 1. Fix N large enough so that /N < s; < s, < 1 — 1/N. Then (X(N)), I

.....
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have the same distribution under both conditional distributions IP’({ ’ON ISt =x,Sy-1 = y) and
le\’ljzuNny_uN(-lSl = x,Sy_1 = y), for all x,y > 0. Since f/_NN’ j/_NN — 0, the difference

,,,,,

N — oo. Using Theorem 4.2 again, we conclude by the convergence of the distributions of
(X™),_y..» under IF’(T’ON. O

The next lemma provides bounds on the oscillations of the ¢,-model conditioned on
the contact set and the contact locations in terms of the oscillations of the standard model

conditioned on the contact set. For ease of notation we write i ~y j whenever lﬁ ~x(V) ﬁ

Lemma 4.4. It holds that

P ma S;—S; Ay, ...,
¢aN (ijlsazv),(mvj' i = Sil>vlAn y|A>

i—jI<N i~y j

< exp(C0a|A|)IP’%C,N ( max [Si = Sjl >y — alA)
where A is the contact set, y; € [0, a] are the corresponding values in the strip.

Proof. Note that conditioning on A = {#{, ..., fj4)} the excursions are independent. Moreover,
conditioning on the endpoints the law of the excursions is the same as with respect to IP’;; fvl e
To conclude, we use the “moreover” part of Lemma 4.1 withm =§N andn =t —t; — 1 on

each excursion separately. [l

Proof of Theorem 1.5. First, we shall prove that ay = o(N~!/?) then the sequence
XM)co. P2, _N) is tight.

We modify the definition (23) as follows. For a path x € CJO, 1] define the modified
§-oscillation of strip size a by

@) = sup e — 2, (25)

{1.5€[0.1]:|r—s| <85~ 1}
where s ~, t if and only if x, > a for all u € (s, t) (see [6] for the case a = 0).
We naturally extend the definition of p¢  to include pairs (A, y) where y € [0, a]'"! the

vector of positions at the contact indices. Since I'(§)(x) < I (8)(x), it is enough to show that
szN(F“(S)(x) >y)—> 0as § - 0. By Lemma 4.4

a a
> / / P y() > YA, Yin L Va)
N} 0 0

AC(O, ..,
XPg, n(A, 10y yiapdyr - - dyja

< Y exp(CoanlADPY, y(T(3) > ¥ — an|A)pS, y(A).
AC{0,...,N}

P N(T8) > )

Now, from Lemma 2.4, using the fact that ay — 0, we have C}, — 1 so that

Py, v(A) < CAPG cyay v (A)
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The partition functions ratio between pinning perturbation of constant times ay is going to 1.
Hence we have

> exp(Coan| ADPY, y(I'(8) > ¥ — ay|A)PE, y(A)

.....

for some Cy — 1. To conclude, note that the conditioning allows us to change f., to get

Cv Y PhwT@) >y = avl P sy cppay v (A)
AC{0,...,N}
= CN P%c+(83+C0)aN,N(F(5) >V - aN|A)pgc+(63+C0)aN,N(A)
5 AC{0,...,N} B
= CNP?}C+(C3+CO)aN,N(F(8) >y —ay).

To sum up, tightness follows once we show tightness under IP’%C He3+Colay N- The latter is a
special case of [2, Theorem 3.5].

To prove the convergence of finite-dimensional distributions we follow closely
[10, Chapter 8], with the necessary modifications. Let us deal with the constraint case. Let
(Bi)reqo,17 be the Brownian bridge. Let 0 < sy < --- <5, < 1. Remember the law of A%, given
in (10), where ¢, satisfying Condition A.

To unify the notations denote by Z(x) the zero-set of the path x € C[0, 1]. Given a closed
set Z C [0,1] and ¢ € [0, 1] we let d;(Z) := infZ N [¢t, 1], g,(Z) := sup Z N [0, ¢], and
A(Z) =d; — g.

By Theorem 1.4 and the Skorokhod representation Theorem there is a sequence Zy with
laws A, converging a.s. to A /2> in the Matheron topology defined above.

We define random equivalence relations, with respect to Zy, on {si, ..., s,} by declaring
that s; ~ s; if and only if either dy, = ds‘/. or g, = &s;- In words, s; ~ s; if and only if (s;, s;)
is contained in an excursion of XV,

Notice that a.s. (B;;) # 0 for all 1 < i < n. Since the Matheron topology is also
homeomorphic to the Hausdorf metric space (see (29) and (30) in [10]) then g, (Zy) and
dy,(Zy) converge a.s. to strictly positive random variables, and AN k=1,...,I", the random

equivalent classes of {s;,...,s,} (here IV < n) are a.s. eventually constant with N (but still

. .. NN
random). Denote their eventual a.s. limit by A,k =1,..., 1. Let W, KL - 1,...,n,

. . . NOoN N .
yiN € [0,an] be a set of random variables with values in CI[0, 1], so that W Nimr i g

distributed as XV under PV | and is independent of 85 (Zy) and Ay, (Zy). Theorem 4.3

Yi—1Yi’
ACARRES! . .
tells us that Wy, ™ "1 converges weakly to the Brownian excursion (Erero.17- Set

N
NON N (i — 8a
N __ Yi—1°70 L k
Mx; - Z ]ls,-eA{(V AA,{Y ' Wsi A .
k=1 A

Then (M s’:’ )i=1....n 18 distributed at IP’;aN’ » conditioned on the excursions’ endpoints yi, ..., y;n.

Note that the measures P((| By, |)ica, € dx) and P(,/Ay, - (&l./AAk )iea, € dx) on R4% have the
same densities (see [10, Chapter 8]). Using dominated convergence and the Brownian scaling
of (& )iepo.1], the finite-dimensional distributions for the path conditioned on the endpoints yiN
have a limiting law |B|. But since the limit is independent of y¥, we conclude. The free case
follows analogously. [
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5. The strip wetting model with constant pinning

The goal in this chapter is to prove Theorem 1.7.

5.1. The associated Markov renewal process, integral operator, and free energy, and the
critical value

To fix notations and for sake of self containment, we shall elaborate on the analysis of the
strip wetting model, and follow closely Sohier [21]. We state here the argument mostly without
proofs, which can be found in [21]. We remind the reader that in our case ¢ = gof = BLli.q)-
Here @ > 0 and B € R are the corresponding parameters. Let us first introduce a notation for
the corresponding measures in this case.

N
- 1
dP! v (S) = —— exp (,3 > ]1[0#](5,()) Te, dPy(S), (26)
ZapN pa
| N
dIPg 5 v (S) = 7o CXp (/3 Z ]I[OA,a](Sk)) Li0,a1(Sn)Ley dPo(S), 27
a.p.N k=1

and the density

N
Z;,ﬁ,N(S)(x’ y) = Ex |:6Xp (ﬂ Z 1[0#](5]()) ]lCN]l{y}(SN):| . (28)

k=1
Remember the density

1
filx, y) = d—]Px[S] >d,...,S8_1>a,S, €dy]
y
with respect to the Lebesgue measure, where

fil(x,y) = px —y).

Define the resolvent kernel density on [0, a]
[o.¢]
i, y) =Y e )l (s y) (29)
n=1

for all A > 0. The following Lemma is an easy estimate, we defer its proof to Appendix B.

Lemma 5.1. b is a kernel density of a Hilbert—Schmidt integral operator, for all & > 0. In
other words, [;° [5° bS(x, y)?dxdy < oc.

Let 6,(1) be the eigenvalue corresponding to the integral operator defined by the kernel
density bj. We note that since b} is smooth, strictly positive, and point-wise decreasing
with A > 0, then §,(A) is also decreasing, continuous and moreover, its corresponding left
eigenfunction V;’(-) is continuous and strictly positive on [0, a]. In particular, §,(1) has an
inverse function which is also continuous, strictly positive and decreasing 8;1(~) : [0, 8,(0)) —
(0, 00).

Define the free energy by

FUB)=8,"(e")
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whenever 8 > B.(a) := —10g(6,(0)) and set F*(B) := 0 if B < B.(a). In the critical and super-
critical cases, 8 > B.(a), we denote the corresponding left eigenfunction by V, g(-) := Vga( ﬂ)(~)
Therefore we have

/-u Ze_Fa(ﬁ)n‘f’f(x, a ﬂ()’) ﬂd (30)
(U— aﬂ( )

for all x € [0, 1]. Note that by symmetry of f, the left eigenvalue equals the right eigenvalue

and moreover one can check that in this case the measure with density V> p 1s invariant for the
Va ﬁ()) ﬁ
Vopm©

Markov process on [0, a] with jump density [ Y o2, e 7@ fa(x, y)
In the critical case we omit the S.(a) from the notatlon and write

Va(-) == Vga(,gc)(') = Vy().

(Attention, V, as well as V, g should not be confused with the potential V' discussed in
introduction!). In particular,

/ D gix, yydy =1 31)
0 n=0

for all x € [0, al, where ¢%(x, y) = f%(x, y)V“(y)eﬁf(“)

Strip model in terms of Markov renewal

Let P# be measure of a Markov renewal process (t, J) on N x [0, a] with kernel density

) Va,ﬁ(y) eﬁ.
Va,ﬂ(x)

In particular, at criticality g% %< = g, We then have

a3’ (x, y) = 7O pi(x,

. . agyn Va,p(x)
ZS 5 @ )y = PPN € T, jo = x, jy € dy)e PN 2L

Va,ﬁ(y) '
And in particular
c . . Va(x)
Z5 poan @ )y = PPN € 7, jo = x, jy € dy) V.0

Therefore, under our initial measure the density of the zero-set A in [0, N] together with
the corresponding points J(A) C [0, a]'4l is

P55 v (A, J(A)) = PP((A, J(A)IN € 1),
and more generally

PS5 v, VA, J(A) = PP(A, J(A)IN € T, jo=x, jy = ).
5.2. Strip wetting with critical pinning satisfies Condition (a) - proof of Theorem 1.7

Choose an eigenfunction V,, so that foa V,(x)?dx = 1. Remember the eigenvalue equation

Vi) =4 [TF fr vy,

n>1
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x € [0, a]. Note that for a fixed a > 0, V, is continuous and strictly positive on [0, a] since so
is f(x,y). Also since f,'(:,-) is continuous and is dominated by a summable series (of the
form c(a)n’3/ 2), then so is V,, and moreover its derivatives, whenever defined, are given by

V) = @ / Y e V.
n>1

m > 1. Therefore, the simple estimate % fix,y) = (a —x) f(x, y) implies that also

iVa(X) > (a — x)Vu(x). (32)
dx

Integrating, we get

Vel®) e 4
Va(x)

whenever 0 < x < z < a. Using it for z = a, x = y, we have

_ﬁl(a) _/ Zfa(a y) a(y)

n>1

_1.2 1.2
5/0 S fota, ety

n>1

a
1.2 1.2
[ ettty 3y,
0

n>1

4 2
_ e—ﬂc[ a2 gy
0
¢ 10
= e_ﬁ"/ e 2V dy
0

—Dd® —
< ge PP,

(33)

IA

(Indeed, e~ = 1 — x + o(x), s0 [* e~ 3dy — aeP"" = —1a® + Da® + o(a*) and thus for
D < é the last expression is negative whenever a > 0 is small enough.) Therefore the lower
bound

2
aeﬂf(a)*ﬂc > eDa

is achieved. For the upper bound, note first that since V, is strictly positive (32) implies that it
is also (strictly) increasing on [0, a]. In particular, V,(y) > V,(0) for all y € [0, a], and, using
the lower bound (13), we get

a a a(y)
o= [ 2Oy g
/ Y i@, y)dy

n>1

z/ dy Y feCon

n>1
— ae*C()a ﬂc.
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Therefore, the upper bound

aeﬁc(“)_ﬁc < eCOa

is also achieved.

Remark 5.2. Following the line of the last proof one gets a stronger statement. Indeed, under

Eoi% Be % ). (or generally, under EZ Yy N A%, is tight and every limit set B% is absolutely
Nw C N ) _b_ >

IN
continuous with respect to Af /»- Moreover, denoting the Radon-Nikodym density by Dj, then
for every € > 0

(1 =€)t < D, < (14 e)eh

whenever b > 0 is small enough.
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Appendix A. Proof of Lemma 2.2
In this section we prove Lemma 2.2. First, let
Pl(n) =P,[S) >a,...,S, >al, and P(n) = P(?(n). (34)
Note that P{(n) is (continuously) increasing in x € [0, a]. In particular, Pj(n) < Pl(n) <

P¢(n) = P(n) for x € [0, a]. For the right part a classical result is

1
P(n) ~ ——n"2,

Var

The following is a weak version of Sohier [21, Lemma 2.2.].

Lemma A.1. There is a monotonously decreasing function C*(x) : [0,a] — R+ so that
C%a) =1 and
C(l

(X)n_]/z.

Var

Proof. If we set C%(x) := P[H; > a — x], the asymptotic equivalence in the line above is the
content of [21, Lemma 2.2.], where H, is the so called first ascending ladder point. The proof
is done by noticing that H; is defined to be a non-negative random variable. [J

P{(n) ~
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Putting the last statements together, we get that there is a monotonously decreasing function
C%x) : [0,a] — R+ so that C*(a) = 1 (and hence also C%(0) > 0) and

C*(0) ~ vV2xn'2P{(n) < V2rxn'?P4(n) < V27n'?P(n) ~ 1 (35)
for x € [0, a].
As a corollary we have
Corollary A.2. Assume that a = a, — 0. Then uniformly in x, € [0, a,]
VZnnl/zPX“:(n) — lasn— o0,

or equivalently P{"(-) ~ P(-).

Proof. Indeed,
1 = liminf C“(0) < liminf /2712 P (n) < limsupv27n'?P(n)y=1 0O
n—o00 n—00 n

n—0o0

Remember we assumed in the introduction that p(x) = %e’v("), where V e C? is symmetric
and V"(x) € [1/c, c] for some ¢ > 1. It follows that V' is antisymmetric so that V'(0) = 0,
and moreover,

V' is positive on the positive real half line and (strictly) increasing on the real line.
(36)

Proof of Lemma 2.2. We shall show the following sufficient condition: there are constants
0 < cp,Cp,c1,¢1 sothat forall0 <a <landn > 1

exp(—coa — Goa®) < fillfn < exp(—cia + & a®).

Denote by A,(y) the event {S; > 0,..., 8,1 > 0,5, = y}, so that fno(x, y) = P [A, ()]
(with the convention in (2)). We first note that f¥ = £(0,0) = f,f’(—a, —a) =P_,[A,(—a)],
by stationarity. Taking a derivative from the right-most expression we get

0 , )
%f,,a = —E_[V'(Si + a)la,—a)] = E_alV'(Su—1 + )14, -]

On the event A,(—a) the random variables S; + a and S,_; + a have the same distribution
under P_, and therefore

0
gf,f = 2E_,[V'(S1 + @)1, (—a)-

In particular,

a /
%frfm:o = —2Eo[V'(SD14, 0]

A direct calculation for the second derivative yields
P fa 2 9 E_,[V'(S1 +a)l ]
a0 = o7 g a —a
9a?’" da ! Ant=a)

=2E [(V'(S1+a) = V'(Si+a)+ V' (Si + &)V (Su1 + ) a,a)
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A second order Taylor expansion yields

o 2aBoVI(SD1 4, )]
fn Po[An(0)]
N 2a°E_y[(V/(S1 +a'y* = V''(S1 +a) + V(S| + )V (Sy—1 + N, —ar)]

PolAn(0)]

where 0 < a’ < a (allowed to depend on n). Therefore, the proof is finished once we show
that both

co < Eo[V'(S)14,0)]1/PolA4(0)] < ¢ 37

and

~Go < E_y[(V'(S1+a ) =V"(S1+a)+V/'(Si4+a )WV (Su_1+a N a,—an]/Pol An(0)] < &

(3%)
hold for all 0 <a’ <a andn > 1.
To prove (38) it is enough to show that
E_o[(V/(S1 4+ a) + V'(Si +a)WV (St + aNla,ar)/Pol An(0)] < & (39
and
P_y[Au(=a)]/PolAn(O)] = f )/ f < o (40)

Let us first show (37). By reversibility of the walk (due to symmetry of V) P,[A,(y)] =
Py[A,(x)] for all x, y > 0. In particular,

k+1
Po[S1 >0,...,8,-1>0,8, € [k, k+ 1]] =/ Po[S1 >0,...,8,-1>0,8, =x]dx
k

k+1
_ / PL[A,(0)]dx.
k

The Ballot theorem [1, Theorem 1] (and the form we shall use [24, Theorem 2.12]) therefore
yields that for k < \/n

k+1 +1

k+1 k
G s /k B4 Ol < s (1)

where the upper bound holds for all k.
For the upper bound we get from (1), (36), and the right inequality of (41)

Eo[V'(S1)14,(0)] :/ V' (x)p(X)P[A,—1(0)]dx
0

e} k+1
-y / V' (0)p(0)P, [ An_1 (0)]dx
k=0 vk

A

o k+1

SV Do) [ Bl Ol

k=0 k

26‘3 ad ’

5 2V Dk + Dptk) =
k=0

IA

Cl
2mn32’
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For the lower bound we get from (1), (36), and the left inequality of (41) that

\

2
Eo[Si14,0)] _f V'(x)p(x)P[A,—1(0)]dx
1

V()22 il
max X X)t— = ——.
[1.2] P n3/2 2mn3/?

v

Using (6) and the fact that Py[A,(0)] = f,, (37) is now proved.
We shall now prove (39). We have

E_o[(V'(S1 +a)* + V'(S1 + a)V'(Sy—1 + a)La,—a)]
=Eol(V/(S1)* + V'(SOV'(Suc)) s, =a....5, 1 =a,50=0]
< Eol(V/($1)* + V/(SOV'(Su—i)Ls,~0....5,_;~0.5,=0]

by writing the terms in the explicit integral form. Now, as in the proof of (37)

o0 k+1
EolV/(S1)*15,50....5,_150.5=0] < Y _ V'(k + 1Y’ p(k) / P, [A,-1(0)]dx
k

k=0
<2 i(k + DV + 1)2p(k) = ————
= 32 — S 2rn3?

For the term Eo[V'(S)V'(Su—1)1s,>0.....5,_,>0,5,=0], note that

PolSi+y>0,....8-1+y>0,8+yelkk+1]]
=P,[$>0,...,8-1>0,8, €k, k+1]]

k+1
:/ Py[S;1>0,...,8-1>0,5, =x]dx
k

k+1
- / P, LA, ()]dx.
k

We shall use a general variation of The Ballot Theorem: for 0 <y <k +1 < ﬁ /2,

k+1 k 1 1 2
[ s = o S0 @)
k

(see [24, Corollary 2.13]). Now, by the symmetric roles of x and y in the integrand we have
o0 o0
EolV/(S)V/(Ss_ DT ayo)] = / [ Veonev s 4, a)ldxay
0 OOO o0
<2 [ V@pwVeemPA 0y
o Jynn

/2 p/ng2
+ / / V)0V (1)) Py [ Ay_2(3)]dxdy
0 0
— D+ D).

To bound (/) we note first that by the local limit theorem P, [A,—»(y)] < Pi[S,—2 = y] <
C/+/n for some constant C, uniformly on x,y € R and n > 1. In particular P,[S,_» = y] is
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uniformly bounded from above by C. Therefore,

) = ZC/ / V'x)p(x)V'(y)p(y)dxdy
o Jyan

/ V'(»)p(y) (— / V’(x)e‘””dx) dy
0 K Jynj2

2C o
= e VW / V/()p(y)dy
K 0

IA

2 1
_ € vl vo
K K
= 2C v
2
K
= o(n?),

here we used the symmetry of V to get [~ V'(y)p(y)dy = e~V ® =1 and we used the strict
convexity of V to conclude that e~V V"/? is decaying faster than any polynomial. To bound
(I1), we first have that

Wn/2) Lisl pktl
(1) = Z / / V'(xX)p()V' (V)P [Ay—2(y)]dxdy.
k1=0 V! k
By symmetry of P,[A,_»(y)] the right hand side equals

Lvn/2] k I+1  pk+1
2> > f / V'(x)p(x)V (1)p()P[A,-2(y)ldxdy,
! k

k=0 [=0

which is not larger than

Wn/2] k k+1 I+1
230 S vk Dptova+ e [ [ BilAa()ldxay.
k !

k=0 [=0

Using (42), if [ < k then

I+1  pk+1 I+1 (k + 1)( + 1)2 (k + 1)([ + 2)2
/ / P,[A, 2(»)]dxdy < / cSn3—/y2dy <o
l k 1

Vn/2] &k k+1  pl+1

230 SV DptoVa+ e [ [ BilAa()laxay
k=0 =0 k !

Vn/2 k
D22V + Do)k + DV'(k + Dp(k)

k=0 [=0

n

IA

c
< =2
= 32

oo
c
< o DU+ PV + 1 p(k)
n k=0
. C6
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Appendix B

Proof of Lemma 5.1. By Lemma 2.1

/0 /0 b (x. y)dxdy = /0 /O <Ze‘”f,f(x,y)> (Ze-*mm(x,y)>dxdy

n=0 m=0
a pa X
= [ [ X e g s yavay
0 0 n,m=0
o a a
= Y e [ g nasay
n,m=0 0 0
o a a
= 2 e mpg [ avay
n,m=0 0 0
00
< 22 Z ¢ M () =312
n,m=0

0o 2
= (ca Ze"\”n_yz) < 00,
n=0
forevery A > 0. O

Appendix C

Lemma C.1. Let (Ry)y>1 be a sequence of non-negative random variables. Assume that
there exist some €y > 0 and C < 0o so that E[e“’N] < C for all N. Then E[eNfN] — 1 for
every sequence €y — 0.

Proof. We first assume that ey > 0. Let § > 0. It is enough to show that E[e‘NfV] < 1 4§
for all N large enough. By Chebyshev’s Inequality P[Ry > r] < Ce™0" for all r. Take ry so
that Ce€0"0/2 < §/2. Tt holds that

E[eVRV] = E[eV AV g, o] + ELe Vg, o]
eENTO + ]E[eZENRN]I/Z]P)[RN > r0]1/2
1+8/2+ C'2C2ec0r0/2
146

INIATA

whenever N is so large so that both e¥V'0 < 1 4 §/2 and 2¢y < €y hold. Here we used
Cauchy—Schwarz in the first inequality and the fact that E[e€?¥] is increasing in € in the second
one. The proof for —ey is similar. Indeed,

Efe™ V"] > E[e™ N V1 gy <]
e N(1 =P[Ry > ro])
(1-91-2)
2 2
1-6

IV v

v

v
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whenever ry is chosen so that Ce™“"0 < §/2 and then N is so large so that e™*N0 < 1 — §/2.
For general ey’s, the lemma follows once we write them as ey = €5 — €y, the negative part
subtracted from the positive part, and use the above on each part separately. [
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