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Abstract. We propose an early warning system for financial crisis pre-
diction tailored to longitudinal data with missing values and time-varying
covariates. The proposed system is based on a hidden Markov model,
which includes selected time-varying economic drivers and the lagged
response variable, thus relaxing the local independence assumption. Par-
tially missing outcomes at a given time are considered under the missing-
at-random assumption, and partially missing values on the covariates
are accounted for by dummy indicators. We study in-sample and out-of-
sample model performance in terms of forecasting, considering an appli-
cation related to country-level financial crises.

Keywords: discrete latent variable models, financial crises, maximum
likelihood estimation, missing values

This version of the contribution has been accepted for publication, after peer
review but is not the Version of Record and does not reflect post-acceptance
improvements, or any corrections. The Version of Record is available online
at: https://doi.org/10.1007/978-3-031-64350-7. Use of this Accepted Version
is subject to the publisher’s Accepted Manuscript terms of use https://www.
springernature.com/gp/open-research/policies/accepted-manuscript-terms.



2 Luca Brusa et al.

1 Early warning systems

Early warning systems are nowadays relevant in many research areas. These
systems are aimed at timely classifying units that are at risk of certain types of
failure. Since the pioneering work of [6], hidden Markov (HM) models [2] have
been proposed to predict future observations. Considering heterogeneous dynam-
ics between subjects, these models provide learning, decoding, and prediction.
Motivated by macroeconomic data referred to countries that experienced finan-
cial crises as rare events, we illustrate an HM model to study the influence of key
indicators in the measurement (sub-)model and the lagged response variables.
We also account for missing indicators through dummies to avoid changes in the
forecast horizon. We explore the capability of the HM model to interpret signals
of crises, to identify important predictors of crises, and to produce in-sample
and out-of-sample forecasts.

The remainder of this paper is structured as follows. Section 2 describes the
model and outlines the forecasting methodology. Section 3 shows the results
of the model applied to the financial crises dataset, mainly focusing on the
predictive performance evaluation. Section 4 reports main conclusions.

2 Hidden Markov model with covariates and lagged
dependence

Dealing with longitudinal data, let Yi = (Y
(1)
i , . . . , Y

(T )
i ) denote the univariate

binary response variables, where Y
(t)
i = 1 if the event of interest is observed at

time t for unit i and Y
(t)
i = 0 otherwise. Additionally, let xi = (x

(1)
i , . . . ,x

(T )
i ),

with x
(t)
i representing the vector of individual covariates at time t. The HM

model is based on a hidden process Ui = (U
(1)
i , . . . , U

(T )
i ) that follows a first-

order Markov chain with state-space {1, . . . , k}. The response variables are gen-
erally assumed to be conditionally independent given Ui.

The model is characterized by (i) the measurement model pYi|Ui,Xi
(y|u,x),

representing the distribution of the response vector Yi given the latent process
Ui, and (ii) the latent model pUi

(u). As clear from the two formulas above,
covariates are here assumed to affect solely the measurement model, while the
same latent model holds for all units, so as to account for unobserved hetero-
geneity between these units. In such a way, we postulate that there may be an
effect of unobservable covariates, which may follow a specific dynamic over time.
Considering data where the binary response variable indicate if a country had
a financial crisis, through this model formulation we study possible effects of
unobservable drivers on the crises. Moreover, we include in each vector of co-

variates x
(t)
i the lagged response variable, so as to allow for serial dependence

between observed responses over time. The model parameters are:

1. the initial and transition probabilities, denoted as πu and πu|ū, ū, u =
1, . . . , k, respectively;



Prediction of early warning crises by a hidden Markov model with covariates 3

2. the conditional response probabilities, given the latent state and the covari-

ate configuration, denoted as ϕ
(t)
ux.

Following [1], a logistic parameterization is employed for the measurement
model:

log
P(Y (t)

i = 1|U (t)
i = u,X

(t)
i = x)

P(Y (t)
i = 0|U (t)

i = u,X
(t)
i = x)

= log
ϕ
(t)
ux

1− ϕ
(t)
ux

= µ+ αu + x′β, (1)

for t = 1, . . . , T and u = 1, . . . , k. In this way the model extends the dynamic
logit model proposed in [4], since µ is the intercept, α1, . . . , αk are specific sup-
port points corresponding to the latent states, and β is the vector of regression
parameters for the covariates.

In the following, we refer to the manifest distribution of the response variables
given the covariates as

pYi|Xi
(y|x) =

∑
u

pYi|Ui,Xi
(y|u,x)pUi(u),

and to the posterior distribution of the latent variables given the responses and
the covariates as

qUi|Xi,Yi
(u|x,y) =

pYi|Ui,Xi
(y|u,x)pUi

(u)

pYi|Xi
(y|x)

.

Maximum likelihood estimation of the model parameters, collected in the
vector θ, is performed through the expectation-maximization (EM) algorithm
[3] that relies on the complete-data log-likelihood function

ℓ∗(θ) = log pYi,Ui|Xi
(y,u|x) = log pYi|Ui,Xi

(y|u,x) + log pUi(u).

After a proper initialization of the model parameters, the EM algorithm al-
ternates the following two steps until convergence: (i) expectation step, which
computes the conditional expected value of ℓ∗(θ) given the observed data and
the estimates of the parameters at the previous step, and (ii) maximization
step, which maximizes the expectation of ℓ∗(θ) and so updates the value of the
parameters. The expectation step, which is based on the posterior distribution
pUi|Yi

(u|y), is computationally unfeasible and requires suitable recursions; see
[8] for more details.

2.1 Forecasting

Given the estimated model, and relying on the parameterization expressed in

Equation (1), the estimated conditional response probabilities ϕ
(t)
ux are computed

as

ϕ̂(t)
ux =

exp(µ̂+ α̂u + x′β̂)

1 + exp(µ̂+ α̂u + x′β̂)
,

for time t = 1, . . . , T , latent state u = 1, . . . , k, and any possible covariate
configuration x.
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In-sample forecasting To perform in-sample prediction, we estimate the HM
model using all the available data and subsequently forecast the occurrence of
the event of interest for every unit i = 1, . . . , n and time t = 1, . . . , T . To

this aim, the probability p
(t)
i of a crisis is estimated as a weighted average of

the conditional probabilities ϕ̂
(t)
ux with weights equal to the estimated posterior

distribution q̂(u|xi,yi) of the latent variable U
(t)
i given the responses yi and the

covariates xi of subject i:

p̂
(t)
i =

k∑
u=1

q̂(t)(u|xi,yi) ϕ̂
(t)
ux.

The choice of a suitable threshold c ∈ [0, 1) to forecast the crisis is often based
on the receiver operating characteristics (ROC) curve, through the Yuoden’s J
statistics, or on the precision-recall (PR) curve, through the so called F1 score.

We recall that a crisis is predicted if p̂
(t)
i > c.

Out-of-sample forecasting To perform out-of-sample forecasts, data are re-
stricted to a temporal period spanning from t = 1 to t = t∗, with t∗ < T . We
estimate the proposed model on this restricted dataset and forecast the occur-

rence of a crisis for each unit at time t∗ + 1. In this case, the probability p
(t∗+1)
i

is estimated, similarly to the previous case, as

p̂
(t∗+1)
i =

k∑
u=1

q̂(t
∗+1)(u|xi,yi) ϕ̂

(t∗+1)
ux ,

once c is chosen according to the measures illustrated above. Here, we have that

q̂(t
∗+1)(u|xi,yi) =

k∑
ū=1

π̂u|ū q̂(t
∗)(ū|xi,yi).

3 Application to country-level data on financial crises

Data motiving the applicative example are analyzed in [7] and refer to annual
macroeconomic (real GDP growth rate, logarithm of the per-capita GDP, in-
flation and real interest rate), monetary (broad money over foreign exchange
reserves, and growth of private credit), and financial (growth rate of net foreign
assets to GDP) measurements for 129 developed countries between 1983 and
2017. For each country-year observation, data contain a binary variable indicat-
ing whether or not the country suffered from a financial crisis in a particular
year. Overall, in the dataset we observe 230 crises over 4,415 records. See [5] for
more details on the definition of the type of financial crisis.

Data are unbalanced, with the number of available observations considerably
varying across years. Missing values of the key indicators are set equal to 0 and
are handled by dummy variables serving as missing indicators; in this way, we
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avoid excluding observations and we can evaluate the informativeness of the
covariates with missing observations.

Due to space constraints, in this article only the results of the evaluation of
the model in forecasting terms are given below.

3.1 In-sample forecasting

We estimated the HM model on the whole data considering a number of latent
components k ranging from 1 to 4. To mitigate the risk of convergence to local
maxima, we repeated 25 times the estimation of each model, employing both
deterministic and random initialization methods. Inference is subsequently based
on the solution corresponding to the highest likelihood value at convergence.

Table 1. Model selection in terms of Akaike and Bayesian information criteria of
the HM models for k ranging from 1 to 4. Crisis prediction and false alarms for the
threshold based on the Youden’s J statistics and the F1 score

k = 1 k = 2 k = 3 k = 4

AIC 1060.77 1059.69 1045.64 1041.06

BIC 1095.09 1102.59 1102.83 1118.28

ROC curve

Threshold (c) 0.03 0.06 0.08 0.38

Youden’s J 0.65 0.98 0.99 1.00

Predicted crises 170 227 227 227

False alarms 403 76 35 0

PR curve

Threshold (c) 0.21 0.17 0.19 0.38

F1 score 0.66 0.91 0.95 1.00

Predicted crises 150 203 208 227

False alarms 81 14 2 0

Table 1 reports values of the Akaike and Bayesian information criteria for
the models estimated with each value of k, as well as the thresholds computed
according to both Youden’s J statistic and F1 score, and the obtained results in
terms of in-sample crisis prediction and false alarms for both thresholds.

Looking at Table 1, we first observe that the best performance in terms of
forecast is obtained with k = 4, which is also the model suggested by the Akaike
information criterion. In this case, the two approaches based on the ROC and PR
curves provide the same threshold c = 0.38. The corresponding model correctly
forecasts all banking crises, and no false alarms are provided.
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3.2 Out-of-sample forecast

Following the approach proposed in [7], the dataset is first restricted to the period
from 1983 to 2006 and used for in-sample model selection and estimation, with
k ranging from 1 to 4; the estimated parameters are then used to forecast the
probability of crises for the year 2007. Subsequently, the data are augmented
with the observations from 2007, the model is estimated on the resulting data,
and the estimates are used to forecast the crisis probabilities one year ahead.
The whole procedure is repeated for each subsequent year up to 2017.

Table 2. Number of correctly predicted crises and false alarms obtained with the
out-of-sample forecast procedure for the years from 2007 to 2017

Year Total crises Predicted (%) False alarms

2007 2 0 (0.00) 0
2008 7 2 (28.57) 0
2009 8 7 (87.50) 0
2010 6 6 (100.00) 2
2011 5 5 (100.00) 1
2012 3 3 (100.00) 2
2013 0 0 (-) 3
2014 3 0 (0.00) 0
2015 3 3 (100.00) 0
2016 3 3 (100.00) 0
2017 3 3 (100.00) 0

Total 43 32 (74.42) 8

Table 2 reports the yearly number of correctly predicted crises and false
alarms. The proposed approach demonstrates a high level of accuracy. It forecasts
approximately three-quarters of banking crises between 2007 and 2017 (32 out of
43). The number of false alarms is exceedingly low. In particular, the proposed
approach achieves a perfect prediction rate for crises already present in the
previous time period, while it is less precise in forecasting first-ever crisis events.

4 Conclusions

The proposed HM model may constitute a simple and interpretable alternative
for early warning systems to the most common machine learning methods, which
generally guarantee higher predictive performance but their results are often
difficult to interpret. The analysis of country-level data on financial crises reveals
that the HM model with covariates and k = 4 latent components yields the most
accurate in-sample forecasts, effectively predicting all banking crises, with no
false alarms. Furthermore, out-of-sample forecasting also provides a high level
of accuracy, correctly predicting approximately three-quarters of banking crises
occurring between 2007 and 2017, with minimal false alarms. Additional research
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will explore possible non-linearities and interactions among key indicators and
penalized likelihood methods which can allow gains in predictive accuracy.
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