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Comparing population-synthesis models to the results of hierarchical Bayesian inference in gravita-
tional-wave astronomy requires a careful understanding of the domain of validity of the models fitted to
data. This comparison is usually done using the inferred astrophysical distribution: from the data that were
collected, one deconvolves selection effects to reconstruct the generating population distribution. In this
paper, we demonstrate the benefits of instead comparing observable populations directly. In this approach,
the domain of validity of the models is trivially respected, such that only the relevant parameter space
regions as predicted by the astrophysical models of interest contribute to the comparison. With this in mind,
it can be useful to fit the observed population directly, rather than effectively deconvolving the selection
effects only to fold them back in when reconstructing the observable population. We clarify that unbiased
inference of the observable compact-binary population is indeed possible. Crucially, this approach still
requires incorporating selection effects, but in a manner that differs from the standard implementation. We
apply our observable-space reconstruction to LIGO-Virgo-KAGRA data from their third observing run and
illustrate its potential by comparing the results to the predictions of a fiducial population-synthesis model.

DOI: 10.1103/8xkp-zpj1

I. INTRODUCTION

The growing number of gravitational-wave (GW) detec-
tions by LIGO, Virgo, and KAGRA (LVK) [1–3] now
enables detailed studies of the source population. The third
Gravitational-Wave Transient Catalog [4] allowed us to
infer the binary black hole (BBH) mass distribution,

measure merger rates out to redshift z ∼ 1, and begin
probing parameter correlations [5], offering key insights
into their formation [6,7]. Comparing population inferences
with population-synthesis predictions is essential to iden-
tify formation channels and place stellar-mass black holes
in their broader astrophysical context.
GW population inference is carried out using a hierar-

chical Bayesian framework [8,9]. Given a model for the
source population that depends on a set of parameters—
commonly referred to as hyperparameters—this formalism
enables their inference while properly accounting for both
measurement uncertainties and selection effects.
Astrophysically informed population models directly

constrain the physical processes driving binary formation
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(e.g., Refs. [10–17]). However, they require efficient
interpolation techniques to evaluate the merger rate across
source parameters and hyperparameters during hierarchical
inference (but see Refs. [18,19] for alternative simulation-
based approaches). Moreover, such models allow for
limited flexibility in representing the properties of the
source population and make it harder for unpredicted
features to emerge from observations.
For these reasons, parametric (e.g., [20–29]) and non-

parametric (e.g., [30–39]) approaches have been commonly
adopted for modeling the astrophysical population.
Parametric models offer simplicity but can extrapolate
poorly beyond the region constrained by data, potentially
leading to erroneous reconstruction of the population
outside the informative portion of parameter space, which
can in turn produce misleading conclusions when compar-
ing to predictions from astrophysical simulations, as we
illustrate in this paper. Nonparametric models are more
flexible but often rely heavily on built-in priors where data
are sparse, raising questions about inference in regions
where detector sensitivity is limited.
One could instead compare GW population fits and

astrophysical models directly in the observable space. To
obtain the observable distribution, the current approach is
to first infer the astrophysical distribution using the
standard formalism [8,9] and then apply selection effects
to it, effectively deconvolving selection effects only to fold
them back in. Can one instead compute the observable
population directly? Reference [40] showed that account-
ing for selection effects only after inference, which might
appear to be the natural procedure, actually leads to biased
results, but did not propose an approach for direct inference
in observable space.
In this work, we show that it is possible to perform

unbiased inference on the observable population without
reconstructing the astrophysical distribution first, provided
that selection effects are consistently incorporated during
inference. We apply this method to the events observed
during the LVK’s third observing run (O3) and, using the
population-synthesis model of Ref. [41] as an example, we
demonstrate concretely how performing the comparison
directly in observable space can serve as a valuable
alternative approach for astrophysical interpretation.

II. FORMALISM

We first recall the standard formalism for inferring the
astrophysical distribution, define the observable population
based on it, and then show how the standard formalism can
be modified to infer the observable population directly.

A. From astrophysical to observable populations

We denote by θ the set of parameters characterizing an
astrophysical event and by dNA

dθ ðΛÞ the differential astro-
physical number of events, which depends on a set of

hyperparameters Λ that we aim to infer. The astrophysical
population prior is defined through dNA

dθ ðΛÞ ¼ NApAðθjΛÞ,
where NA is the expected astrophysical number of events.
The most common formalism for population inference in
GWastronomy is to constrain the hyperparameters Λ using
only detected events [8,9] (but approaches using informa-
tion from marginal triggers [42,43] and the stochastic
background produced by quiet BBHs [44–49] have also
been proposed). The population likelihood for observing
NE events fdg ¼ fd1;…; dNE

g is given by [8,9]

pðfdgjΛÞ ∝ e−NApðdet jΛÞ
YNE

i¼1

Z
dθi pðdijθiÞ

dNA

dθi
ðΛÞ:

ð2:1Þ

The selection function is defined as

pðdet jΛÞ ¼
Z

dθ pðdet jθÞpAðθjΛÞ; ð2:2Þ

where

pðdet jθÞ ¼
Z
d>threshold

dd pðdjθÞ ð2:3Þ

is the single-parameter detection probability and pðdjθÞ is
the usual GW likelihood. Detection is determined by
applying a threshold to a ranking statistic—such as the
false-alarm rate—evaluated on noisy data d. This statistic
is a deterministic function of a given signal-plus-noise
realization. As a result, the detectability of a hypothetical
signal with parameters θ without considering a specific data
realization is inherently a probabilistic quantity.
The observable population is defined as the astrophysical

population conditioned on detection,

pOðθjΛÞ ≔ pAðθj det;ΛÞ ¼
pðdet jθÞpAðθjΛÞ

pðdet jΛÞ : ð2:4Þ

Similarly, the observable differential number of events is
given by

dNO

dθ
ðΛÞ ¼ pðdet jθÞ dNA

dθ
ðΛÞ ¼ NOpOðθjΛÞ; ð2:5Þ

and the expected number of observable events
is NO ¼ pðdet jΛÞNA.
In practice, pðdet jθÞ can be estimated via Monte Carlo

integration of Eq. (2.3) by injecting signals with parameters θ
into simulated (or real) detector noise and averaging the
detection statistic over noise realizations. As shown in
Refs. [50–52], emulators can accelerate this process by
efficiently predicting pðdet jθÞ across parameter space. Due
to the high dimensionality, analytically computing the observ-
able population from the astrophysical one is impractical.
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Instead, we sample from the astrophysical distribution, evalu-
ate pðdet jθÞ for each sample, and reweight accordingly—an
approach we use to obtain the LVK and model predictions
in observable space; see Fig. 2. We now discuss how the
observable population can be directly inferred, without
resorting to the two-step procedure in which selection effects
are first deconvolved and then folded back in.

B. Direct inference on the observable population

Using the definition of the observable differential num-
ber of events from Eq. (2.5), one can rewrite Eq. (2.1) as

pðfdgjΛÞ ∝ e−NO

YNE

i

Z
dθi

pðdijθiÞ
pðdet jθiÞ

dNO

dθi
ðΛÞ: ð2:6Þ

This expression allows inferring the observable population
directly, without reconstructing the astrophysical one first.
Our approach differs from the “inferring the detected

distribution” formalism of Ref. [40], which discussed a
flawed method that had been used within the GW commu-
nity to infer the observable population in order to demon-
strate that this method led to biased results. There are two
key differences:
(1) Our approach correctly treats detection as dependent

directly only on observed data d (regardless of
whether that dependence is deterministic or not,
though it is taken here to be so, in line with the usual
approach), not on source properties θ [see Eq. (2.3)].

(2) The single-event likelihood appears divided by the
detection probability, the pðdijθiÞ=pðdet jθiÞ terms,
which effectively acts as a renormalization of the
single-event likelihood over the space of observ-
able data.1

It is important to note that our likelihood expressed in terms
of the observable population, Eq. (2.6), is obtained through a
simple rearrangement of terms in the standard likelihood,
Eq. (2.1), and is therefore equally valid.
We emphasize that even in this framework, selection

effects must be incorporated into the hierarchical inference
via the detection probability pðdet jθÞ. They cannot be
neglected during inference and are applied only later, e.g.,
through Eq. (2.5), to recover the astrophysical population.
A potential drawback is that small values of pðdet jθÞ in the
denominator may cause numerical instabilities. We discuss
how we mitigate this in practice in the next subsection. On
the other hand, pðdet jθÞ needs to be evaluated only for
the finite set of posterior samples of the individual events.

In practice, the population likelihood is computed via
Monte Carlo integration by replacing the individual-event
likelihoods with their posteriors using Bayes’s theorem. For
example, Eq. (2.6) becomes

pðfdgjΛÞ ∝ e−NO

YNE

i¼1

1

Ns;i

X
θi;j∼pðθijdiÞ

dNO=dθi;jðΛÞ
pðdet jθi;jÞπPEðθi;jÞ

;

ð2:7Þ

where πPEðθÞ is the prior used in parameter estimation and
Ns;i is the number of posterior samples for event i. The
detection probabilities pðdet jθi;jÞ can thus be precomputed
and stored.
In Appendixes A and B, we describe how to marginalize

over the number of events and over a subset of parameters.
In Appendix C, we illustrate that our approach correctly
infers the observable population, contrasting with the
previous approach pointed out to be flawed in Ref. [40],
using the same toy model as in that work.

C. Application to O3 events

The parameters that we model are θ ¼ ðm1; q; z; χ1 ;
χ2; cos θ1; cos θ2Þ, where m1 is the primary source-frame
mass, q ¼ m2=m1 ≤ 1 is the binary mass ratio, χ1;2 are the
dimensionless spin magnitudes, and θ1;2 are the angles
between the spins and the orbital angular momentum. We
model the observable differential number of events as

dNO

dθ
ðΛÞ ¼ dNO

dm1dz
ðΛÞpOðqjm1;ΛÞ

× pOðχ1jΛÞpðχ2jΛÞpOðcos θ1; cos θ2jΛÞ:
ð2:8Þ

For the mass ratio, the spin magnitudes, and the tilt angles,
we assume the same functional forms as in the default
model of Ref. [54], since those parameters play a smaller
role in the detectability of a source than the primary mass
and the redshift. Finally, we assume

dNO

dm1dz
ðΛÞ ¼

8><
>:

Pnc
i¼1 λiGðm1jμi; σiÞΓðzjαi; θiÞ

if mmin ≤ m1 ≤ 100M⊙;

0 otherwise

; ð2:9Þ

where Gðm1jμ; σÞ is a Gaussian distribution on m1, with
mean μ and standard deviation σ, Γðzjα; θÞ is a gamma
distribution on z with shape and scale parameters α and θ,
and λi are the weights of the components in the sum. The
above expression is normalized to NO, so the weights do not
sum to unity. This model differs from the Power Lawþ Peak
model used by the LVK: it includes neither a power law nor a
smoothing function, and the number of Gaussians nc is
allowed to vary and is inferred using the reversible-jump

1Some previous works (e.g., Ref. [53]) neglected the pðdet jθiÞ
term. This approximation holds only in the regime in which the
likelihood pðdijθiÞ changes more rapidly than the selection
function. In that case, pðdet jθÞ can be factorized out of the
integrals, and acts as a normalization constant independent of Λ.
This approximation is, however, not expected to hold for current
data, due to large measurement errors.
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Markov chain Monte Carlo (RJMCMC) implementation of
the Eryn sampler [55]. Our model allows for correlations
between m1 and z, since each Gaussian component in m1 is
associated with its own gamma distribution in z. Such a
correlation is naturally expected to arise in the observable
space, because the detectability of a signal depends strongly
on both the primary mass and the redshift. In full generality,
correlations involving the remaining parameters, q, χ1;2, and
cos θ1;2, are expected to arise already in the astrophysical
space, as a consequence of the different formation channels
of compact binaries. Since the detectability of a signal
depends more weakly on these parameters than onm1 and z,
such correlations are not expected to be significantly
enhanced in the observable space. We therefore retain a
separable form for q, χ1;2, and cos θ1;2, in line with the
fiducial model of Ref. [54].
We use the emulator specific to the third LVK O3 from

Ref. [52] to compute pðdet jθÞ on the public posterior
samples for the 59 O3 events.2 We plot in Fig. 1 the values
of pðdet jθÞ estimated on all the posterior samples used in
the analysis. A transition in the distribution appears around
10−5, indicated by the red vertical line, a limitation of the
numerical accuracy of the emulator used for the interpo-
lation. Values below 10−5 are dominated by numerical
noise and should therefore be considered unreliable. Thus,
we remove from our analysis all the posterior samples
whose estimated pðdet jθÞ is below 10−5, in order to avoid
numerical instabilities in the Monte Carlo integrals. This
can be interpreted as enforcing dNO=dθ to vanish wher-
ever pðdet jθÞ < 10−5.

As a rule of thumb, the accuracy required on pðdet jθÞ can
be estimated through the requirement

R
V dθpðdet jθÞdNA=

dθ ≤ 1, which means requiring that the differential astro-
physical number of events and the detection probability are
such that we expect to have detected less than one event with
parameters in the volume V during the observation time. We
can get a lower limit on the required accuracy by estimating
the astrophysical number of events within the observable
region of parameter space,

NA;obs ¼
Z

dθ
1

pðdet jθÞ
dNO

dθ
: ð2:10Þ

Treating the observed events as fair draws from the observ-
able differential rate, we get

NA;obs ¼
XNE

i¼1

1

pðdet jθiÞ
: ð2:11Þ

Finally, we estimate pðdet jθiÞ as the mean of pðdet jθÞ over
the posterior samples of each event. The resulting accuracy
limit on pðdet jθÞ is therefore ∼1=NA;obs. For the 59 events
used in this analysis, this gives pðdet jθÞ ≥ 2 × 10−3.
Therefore, this back-of-the-envelope estimate suggests that
cutting samples with detection probability below 10−5

should not significantly affect the results. For future
analyses, pushing the numerical accuracy of such selec-
tion-effect emulators is a key area for improvement. As a
test, we verified that the results we present here remain
unchanged if instead we cut samples with detection
probability below 10−3.
We emphasize that the emulator used to compute

pðdet jθÞ was trained over the injections used to estimate
the selection function. This multidimensional parameter
space is likely broader than the region spanned by the
posterior samples, and in this sense, the training is not
optimal. Since detection probabilities only need to be
evaluated at the locations of the posterior samples, the
training dataset could instead be tailored to focus on this
region. Such targeted training would allow the emulator to
learn the detection probabilities more accurately where it
matters the most.

III. COMPARING DATA AND MODELS

We now illustrate the advantages of comparing popula-
tion-synthesis models directly in the observable space rather
than in the astrophysical space. In Fig. 2, we compare the
predictions of the population-synthesis model of Ref. [41],
described in Appendix D, with both the inferred astrophysi-
cal population (top row) and the inferred observable dis-
tribution (bottom row) from O3. The model used for the
observable population is described in Sec. II C. For the
astrophysical population, we use the fiducial LVK model
[56]. We emphasize that our goal here is to highlight the

FIG. 1. Distribution of detection probabilities estimates on the
posterior samples of the 59 events included in the analysis. The
red dashed line at 10−5 marks a transition in the distribution,
interpreted as the point below which the estimates are dominated
by numerical noise.

2We use the same samples as the LVK for their O3-only
analysis with the Power Lawþ Peak model [56].
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benefits of this approach, and our discussion is not tied to the
specific population-synthesis model used for illustration.
First, we show the inferred estimate of the volumetric

rate in the top-left panel of Fig. 2, together with redshift
posteriors of the individual events. The LVK analysis
assumes that the astrophysical volumetric rate of BBH
mergers is given by [54,57]

RðzÞ ¼ R0ð1þ zÞκ: ð3:1Þ

We also present the results obtained using a more flexible
(nonparametric) model for RðzÞ. More specifically, we
model log10RðzÞ as a series of step functions, where both
the values of the function and the number and positions of
the knots are allowed to vary freely, which is achieved via
RJMCMC. The flexible reconstruction reveals significantly
larger uncertainties at z≳ 1, reflecting the limited number

of observed events in this region. As a result, any inference
beyond z ∼ 1 with the fiducial LVK model in Eq. (3.1)
relies on extrapolation. The prediction from our fiducial
population-synthesis model is within the central 90%
uncertainties of both reconstruction methods in the consid-
ered redshift range, indicating there is no evidence to rule out
that prediction based on this dataset. We stress that the lower
bound of our nonparametric reconstruction is set by the prior
on log10 RðzÞ. Modeling the logarithm of the volumetric rate
allows us to capture variations across several orders of
magnitude, but it also prevents RðzÞ from reaching zero. In
regions where the data are uninformative, the reconstruction
is therefore governed by the interplay between the imposed
prior and the selection function.
Next, we turn to the astrophysical distribution of BBH

masses. The fiducial LVK analysis [54] assumes that the
primary-mass distribution is described by the sum of a

FIG. 2. Comparison between the inferred population and the population-synthesis model of Ref. [41]. The top row shows results in the
astrophysical space, whereas the bottom row shows the comparison in the observable space. In all plots, shaded areas show the
90% credible region and solid lines inside show the medians. Top left: Evolution of the volumetric rate with redshift using a power-law
model (blue) and a nonparametric reconstruction (yellow). The gray curves at the bottom of the plot are the marginalized redshift
posterior distributions of the O3 events (the heights of these curves are arbitrary). Top right: Astrophysical mass distribution inferred by
the LVK compared to the predictions of the population-synthesis model with all mergers (orange) and only up to z ≤ 1 (red). Bottom
left: Rate of observable mergers as a function of redshift from our direct inference (green), from the LVK results reweighted by the
detection probability (blue), and from the population-synthesis model similarly reweighted (red). Bottom right: Direct inference of the
observable mass distribution (green) is compared to the LVK inference on the astrophysical distribution reweighted by the detection
probability (blue), and to the population-synthesis model to which we apply this same procedure (red). In the observable space, the
population-synthesis model shows even better agreement with the inference on O3 events than when the astrophysical population is
restricted to z ≤ 1, except for the high-mass end.
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power-law component and a Gaussian component, modu-
lated by a tapering function that ensures a smooth falloff at
low masses, referred to as the PowerLaw + Peak model [20].
Crucially, the mass distribution is assumed to be the same
across all redshifts. However, as discussed previously in the
context of the merger rate, the range of validity of the
current results appears to extend up to z ∼ 1, beyond which
observational constraints weaken due to the scarcity of
detected events.
In the top-right panel of Fig. 2, we illustrate the

importance of taking this into account when comparing
astrophysical models to the inferred distributions. We show
the probability density function of BBH as a function of the
primary mass (m1) inferred with the Power Lawþ Peak
model, together with the predictions of the population-
synthesis model. When including all the mergers in the
simulation, the prominence of the first peak is under-
estimated, while the second peak and the high-mass end of
the distribution are overestimated. On the other hand,
when restricting to mergers at z ≤ 1, the predictions of the
model are in better agreement with the LVK analysis,
although some discrepancy remains. This suggests that
comparing conditional rather than overall astrophysical
distributions is more robust [36], but requires knowing
which regions of parameter space are suitable for com-
parison in the first place.
Let us now turn to the comparison in the observable

space. Using the methods outlined below, we infer direc-
tly the observable population. The bottom-left panel of
Fig. 2 compares the predicted observational rate as a
function of redshift from our inference, the LVK result,
and the population-synthesis model. All three are in good
agreement.
The bottom-right panel of Fig. 2 shows the inferred

distribution of observable events as a function of primary
mass, compared with the LVK inference from O3 [54]
and the population-synthesis model, both weighted by the
detection probability. The LVK result is broadly consistent
with our inference. The population-synthesis model also
more closely matches the data once selection effects are
accounted for, up to ∼80;M⊙, beyond which it appears to
overpredict the abundance of massive systems. These results
are consistent with our manual restriction of the comparison
to the region where the data are informative, achieved by
selecting mergers at z ≤ 1, as shown in Fig. 2. While a naive
comparison between the population-synthesis model and
the inferred astrophysical distributions would suggest the
former overpredicts the number of mergers around ∼25M⊙
and ∼40M⊙ and underpredicts the number at ∼10M⊙, the
comparison in the observable space reveals this is not
the case.
This confirms the value of performing comparisons

directly on the observable populations, as the domain of
validity of the models used in the inference is naturally
taken into account. Performing such a comparison in a

statistically robust manner, without resorting to the two-
step procedure of deconvolving selection effects only to
fold them back in, is precisely what is enabled by the
approach we proposed in Sec. II B. We stress that inferring
the joint m1–z distribution would mitigate part of the
problem, but it would not solve the issues of extrapolation
and the limited range of validity that arise when using
parametric models. A more complex model for the redshift
distribution could account for this, for example by allowing
a transition with different power-law exponents on each
side, and obtaining an uninformative posterior on the high-
redshift exponent. However, this would purposefully intro-
duce parameters that are meant to remain unconstrained.

IV. CONCLUSIONS

Comparing populations inferred using parametric or non-
parametric methods to astrophysical models requires a
careful understanding of the domain over which the infer-
ences are valid. Parametric models extrapolate constraints
based on their assumed functional forms beyond the region
of parameter space where observational data lie and the
model is effectively constrained. Increasing the complexity
of the models might cure this behavior, but at the cost of
introducing additional parameters that are expected to be
poorly constrained. Ultimately, nonparametric models can
indicate where information is actually present by exhibiting
increasingly large uncertainties in regions with little or no
data. However, their behavior in such regions is heavily
influenced by the choice of prior, which can complicate both
the inference and the interpretation of the results—especially
in multidimensional reconstructions. As the number of GW
observations increases, we require more accurate inference
and means of comparison in order to make population
analyses a precision science and maximize the ability of data
to inform us on the formation of compact binaries.
A natural solution to this issue is to perform the

comparison in the observable space. In this paper, we have
demonstrated how to perform unbiased inference directly in
the observable space and highlighted the value of this
approach by comparing the results of a fiducial population-
synthesis model in both the astrophysical and observable
spaces. We used the population-synthesis model of
Refs. [41,58–60] to illustrate the questions addressed in
this work; however, the central findings are not dependent
on this specific model.
Our inference on the observable population is in remark-

able agreement with the LVK results after reweighing the
latter by the selection function. When comparing with
the population-synthesis model, we find that performing
the comparison in the observable space confirms the
intuition acquired by restricting the astrophysical popula-
tion to mergers, which are well within the detector horizon.
An important aspect of inferring the observable distri-

bution is that selection effects still need to be properly
accounted for. Unlike inference on the astrophysical
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population—where the likelihood involves integrating the
detection probability over the population—here the like-
lihood depends directly on the detection probability for
individual signals, marginalized over possible data realiza-
tions. As a result, all necessary values can be precomputed
from the posterior samples and reused during the population
inference. However, since these values enter the denominator
of the likelihood, numerical inaccuracies can compromise
the inference. To mitigate this, it is essential to assess both
the accuracy of the method used to estimate these quantities
and the level of precision required.
In this work, we used the emulator developed in

Ref. [52] to compute detection probabilities and verified
that its current accuracy is sufficient for our purposes. It is
important to note that the set of search injections on which
the emulator was trained was originally designed for
inferring the astrophysical population. Further improve-
ments could be achieved by training the emulator on an
injection set specifically optimized for inference on the
observable population. Otherwise, the use of physically
motivated approximants [61–63] may mitigate this issue.
Understanding the impact of Monte Carlo estimator accu-
racy and how it scales with the number of events in the
direct inference of the observable population—analogous
to the investigations in Refs. [64–67] for the standard
approach—will be important. We leave a detailed inves-
tigation of this to future work.
In principle, the astrophysical distribution can be recov-

ered from the observable one by dividing by the detection
probability. However, we find this approach to be prone to
numerical instabilities in regions where the detection
probability is low. These are the same regions in which
constraints from both parametric and nonparametric mod-
els fit in the astrophysical space are not to be trusted
anyway. This does not invalidate the inference of the
observable population, as the observed events lie precisely
in the portion of parameter space where the detection
probability is high (within the accuracy of the emulator, as
discussed above).
In this work, we limited ourselves to the O3 dataset, as

the tools required for our analysis, most importantly an
estimator of pðdet jθÞ, were available only for these data.
We are currently computing the corresponding ingredients
for the newly released data from the first part of the fourth
LVK observing run [68], which will allow us to extend our
study and to more robustly quantify the agreement between
the observations and population-synthesis predictions. For
instance, a fully nonparametric reconstruction could be
carried out directly on the observable population. Because
the observable distribution vanishes outside a well-defined
region of parameter space, inference in this domain is
intrinsically easier: unlike for the astrophysical population,
nonparametric methods do not need to recover the prior in
regions where the data are uninformative. Approaches such
as those described in Refs. [69–71] could then be used to

map these reconstructions onto parametric or astrophysi-
cally motivated models, enabling a principled assessment
of their goodness of fit.
The main takeaway of this paper is that of Fig. 2: while

our fiducial population-synthesis model appears to be in
some disagreement with the inferred population in the
astrophysical space, it lies well within the statistical uncer-
tainties of our measurements over most of the mass spectrum
when compared in the observable space. A drawback of
performing the comparison in observable space is that the
resulting metrics, such as reconstructed correlations, can be
less straightforward to interpret directly in astrophysical
terms. However, a model agrees with data when it can well
predict observables; for this reason, confronting theoretical
models with measurements in observable space provides a
valuable alternative approach to assess their consistency with
the data.
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APPENDIX A: MARGINALIZATION OVER
THE RATE

Treating NA as an independent parameter, we have

pðfdgjΛ; NAÞ ∝ NNE
A e−NApðdet jΛÞ

×
YNE

i

Z
dθipðdijθiÞpAðθijΛÞ: ðA1Þ

Notice that the terms depending on NA are completely
independent of those depending on Λ. Therefore, if we
assume a separable prior, πðΛ; NAÞ ¼ πðΛÞπðNAÞ [40],
we have

pðfdgjΛÞ ∝ pðdet jΛÞ−NE

YNE

i

Z
dθipðdijθiÞpAðθijΛÞ:

ðA2Þ

We can follow a similar approach for the observable
population. Treating NO as an independent variable, we
can write

pðfdgjΛ; NOÞ ∝ NNE
O e−NO

YNE

i

Z
dθi

pðdijθiÞ
pðdet jθiÞ

pOðθijΛÞ:

ðA3Þ

Assuming a separable prior πðΛ; NOÞ ¼ πðΛÞπðNOÞ, mar-
ginalization over the observable number of events yields3

pðfdgjΛÞ ∝
YNE

i

Z
dθi

pðdijθiÞ
pðdet jθiÞ

pOðθijΛÞ: ðA4Þ

APPENDIX B: MARGINALIZATION OVER A
SUBSET OF PARAMETERS

In many situations we are interested in only a subset of
parameters, and want to marginalize over the remaining
ones. Let us split the set of parameters as θ ¼ ðϑ; ϑ̄Þ. ϑ
typically stands for the masses, spins and redshift, while
ϑ̄ stands for sky location, polarization, phase, and inclina-
tion. Using Bayes’s theorem, we can write Eq. (A1) as

pðfdgjΛ; NAÞ ∝ NNE
A e−NApðdet jΛÞ

×
YNE

i

Z
dϑidϑ̄i

pðϑi; ϑ̄ijdiÞ
πPE;iðϑi; ϑ̄iÞ

ÞpAðϑi; ϑ̄ijΛÞ:

ðB1Þ
Assuming that the population and the parameter estimation
priors are separable in ϑ and ϑ̄, that πPE;iðϑ̄Þ is the same for
all events, and that pAðϑ̄jΛÞ ¼ πPEðϑ̄Þ,4 we get

pðfdgjΛ; NAÞ ∝ NNE
A e−NApðdet jΛÞ

×
YNE

i

Z
dϑidϑ̄i

pðϑi; ϑ̄ijdiÞ
πPE;iðϑiÞ

ÞpðϑijΛÞ:

ðB2Þ

The marginalization over ϑ̄ can be readily performed to
obtain

pðfdgjΛ; NAÞ ∝ NNE
A e−NApðdet jΛÞ

×
YN
i

Z
dϑi

pðϑijdiÞ
πPE;iðϑiÞ

ÞpðϑijΛÞ: ðB3Þ

Next, we define the detection probability marginalized over
ϑ̄ as

pðdet jϑÞ ¼
Z

dϑ̄pAðdet jϑ; ϑ̄ÞπPEðϑ̄Þ: ðB4Þ

Performing the same trick that led to Eq. (2.6), but using
pðdet jϑÞ, we get

pðfdgjΛ; NOÞ ∝ NNE
O e−NO

YNE

i

Z
dϑi

pðdijϑiÞ
pðdet jϑiÞ

pOðϑijΛÞ:

ðB5Þ

This is similar to Eq. (A3), but with the probability of
detection being marginalized over ϑ̄.

APPENDIX C: GAUSSIAN TOY MODEL

To further illustrate that Eq. (2.6) provides an unbiased
inference, we rework the Gaussian toy model presented
in Ref. [40]. In this toy model, the hyperparameters are
λ ¼ ðμΛ; σΛÞ and one assumes

pAðθjΛÞ ¼ ð2πσ2ΛÞ−1=2 exp
�
−
ðθ − μΛÞ2

2σ2Λ

�
; ðC1Þ

pðdjθÞ ¼ ð2πσ2eÞ−1=2 exp
�
−
ðd − θÞ2
2σ2e

�
; ðC2Þ

3As pointed out in Ref. [40] only a prior ∝ N−1
O results in any

case in a separable prior also for the astrophysical rate, which is
then ∝ N−1

A . 4These assumptions are commonly made in LVK analyses.

ALEXANDRE TOUBIANA et al. PHYS. REV. D 113, 083006 (2026)

083006-8



pðdet jdÞ ¼ exp

�
−
ðd − μDÞ2

2σ2D

�
; ðC3Þ

such that

pðdjΛÞ ¼ ½2πðσ2Λ þ σ2eÞ�−1=2 exp
�
−

ðd − μΛÞ2
2ðσ2Λ þ σ2eÞ

�
; ðC4Þ

pðdet jΛÞ ¼
�

σ2D
σ2Λ þ σ2e þ σ2D

�
exp

�
−

ðμD − μΛÞ2
2ðσ2Λ þ σ2e þ σ2DÞ

�
:

ðC5Þ

Assuming a flat prior on Λ and using Eq. (A2) to obtain
the posterior returns [40]

pðΛjfdgÞ ∝
�
σ2Λ þ σ2e þ σ2D
2πσ2Dðσ2Λ þ σ2eÞ

�
NE=2

× exp

�
−
PNE

i ðdi − μΛÞ2
2ðσ2Λ þ σ2eÞ

þ NEðμD − μΛÞ2
2ðσ2Λ þ σ2e þ σ2DÞ

�
:

ðC6Þ

Reference [40] then defines point estimators by maxi-
mizing Eq. (C6) with respect to μΛ and σ2Λ,

μ̂Λ ¼ ðσ2Λ þ σ2e þ σ2DÞmd − ðσ2Λ þ σ2eÞμD
σ2D

; ðC7Þ

σ̂2Λ ¼ σ2Dðmd2 −m2
dÞ

σ2d − ðmd2 −m2
dÞ

− σ2e; ðC8Þ

where

md ¼
1

NE

XNE

i

di; ðC9Þ

md2 ¼
1

NE

XNE

i

d2i ; ðC10Þ

are the moments of the observed data. The event and data
distributions conditioned on detection are given by

pðθj det;ΛÞ ¼
�
σ2Λ þ σ2e þ σ2D
2πσ2Λðσ2e þ σ2DÞ

�
1=2

exp

�
−
σ2Λ þ σ2e þ σ2D
2σ2Λðσ2e þ σ2DÞ

×

�
θ −

σ2ΛμD þ ðσ2e þ σ2DÞμΛ
σ2Λ þ σ2e þ σ2D

�
2
�
; ðC11Þ

pðdj det;ΛÞ ¼
�
σ2Λ þ σ2e þ σ2D
2πðσ2Λ þ σ2eÞσ2D

�
1=2

exp

�
−
σ2Λ þ σ2e þ σ2D
2ðσ2Λ þ σ2eÞσ2D

×

�
d −

σ2DμΛ þ ðσ2Λ þ σ2eÞμD
σ2Λ þ σ2e þ σ2D

�
2
�
: ðC12Þ

With Eq. (C12) in hand, Ref. [40] shows that the moments
of the detected data will approach

lim
NE→∞

md ¼
σ2DμΛ þ ðσ2Λ þ σ2eÞμD

σ2Λ þ σ2e þ σ2D
; ðC13Þ

lim
NE→∞

ðmd2 −m2
dÞ ¼

ðσ2Λ þ σ2eÞσ2D
σ2Λ þ σ2e þ σ2D

: ðC14Þ

Plugging Eqs. (C13) and (C14) into Eqs. (C7) and (C8)
yields

lim
NE→∞

μ̂Λ ¼ μΛ; ðC15Þ

lim
NE→∞

σ̂2Λ ¼ σ2Λ; ðC16Þ

which demonstrates that the inference is unbiased.
Next, Ref. [40] considers the approach of fitting the

observed distribution, using Eq. (A4), but without the
pðdet jθÞ term in the denominator. Because all the distri-
butions are Gaussian, they adopt a Gaussian ansatz for the
observable distribution,

pOðθjΛÞ ¼ ð2πσ2Þ−1=2 exp
�
−
ðθ − μÞ2
2σ2

�
: ðC17Þ

The posterior under this model is

pðΛjfdi; detig; NEÞ ∝ ½2πðσ2 þ σ2eÞ�−NE=2

× exp

�
−
PNE

i ðdi − μÞ2
2ðσ2 þ σ2eÞ

�
; ðC18Þ

and the associated estimators are

μ̂ ¼ md; ðC19Þ

σ̂2 ¼ ðmd2 −m2
dÞ − σ2e: ðC20Þ

Comparing Eqs. (C19) and (C20) with the expectation
value E and the variance V from Eq. (C11), they find

lim
NE→∞

½μ̂ − E½θ�pðθj det;ΛÞ� ¼
σ2e

σ2Λ þ σ2e þ σ2D
ðμD − μΛÞ;

ðC21Þ

lim
NE→∞

½σ̂2 − V½θ�pðθj det;ΛÞ� ¼ −
ð2σ2Λ þ σ2eÞσ2e
σ2Λ þ σ2e þ σ2D

< 0; ðC22Þ

and conclude that such an approach is biased.
Let us repeat the last steps, now using the proper

Eq. (A4) to obtain the posterior. The probability to detect
an event θ is
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pðdet jθÞ ¼
Z

pðdet jdÞpðdjθÞdθ

¼ σDffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2D þ σ2e

p exp

�
−

ðθ − μDÞ2
2ðσ2e þ σ2DÞ

�
: ðC23Þ

Renormalizing the likelihood with this single event detec-
tion probability, we get

pðΛjfdi; detig; NEÞ

∝ exp

8<
:−

P
N
i

h	
σ2eþσ2D
σ2D

di −
σ2e
σ2D
μD



− μ

i
2

2
h
σ2 þ σ2e

σ2D
ðσ2e þ σ2DÞ

i
9=
;: ðC24Þ

The estimators for μ and σ become

μ̂ ¼ σ2e þ σ2D
σ2D

md −
σ2e
σ2D

μD; ðC25Þ

σ̂ ¼
�
σ2e þ σ2D

σ2D

�
2

ðmd2 −m2
dÞ −

σ2e
σ2D

ðσ2e þ σ2DÞ; ðC26Þ

which, using Eqs. (C13) and (C14), in the limit where NE
goes to infinity, approach

μ̂ ¼ ðσ2e þ σ2DÞμΛ þ σ2ΛμD
σ2Λ þ σ2D þ σ2e

; σ̂ ¼ σ2Λðσ2e þ σ2DÞ
σ2Λ þ σ2e þ σ2D

: ðC27Þ

This is exactly the expectation value E½θ�pðθj det;ΛÞ and the
variance V½θ�pðθj det;ΛÞ for the detected θ when fitting the
intrinsic distribution, see Eq. (C11). This shows that,
with this corrected approach, inference on the observed
population is properly unbiased.

APPENDIX D: POPULATION-SYNTHESIS
MODEL

The astrophysical population of BBH mergers is con-
structed leveraging on an upgraded version of the B-POP
semi-analytic population synthesis tool [41,58–60]. B-POP
is a flexible tool that permits the user to simulate a
heterogeneous population of BBH mergers originating in
different environments, namely in galactic fields—forming
via isolated binary evolution—or in young, globular, and
nuclear star clusters, where they form via dynamical
interactions. We assume that BBHs from isolated binaries
and young clusters distribute across cosmic times following
the cosmic star-formation history as in Ref. [73] (see also
Refs. [41,74]). The same star-formation history is adopted
for nuclear star clusters, following the idea that these objects
form in the centers of their host galaxies and should share,
at least partly, their formation history [75]. For globular
clusters, we instead adopt a Gaussian distribution that
evolves with redshift, following [74]. Additionally, the
model assumes that the metallicity of the BBH progenitors
evolves with redshift following a log-normal distribution
peaked around a mean value inferred from cosmological
observations [73,74,76]. Natal kicks and masses of BBHs
are drawn from a stellar evolution catalog assembled with
the MOBSE population-synthesis code [41,77–79]. Spins are
assumed to be isotropically distributed in space for dynami-
cally formed BBHs, while for those formed in isolated
binaries we follow the prescription for mildly aligned spins
of Ref. [41]. To build the final catalog, we distribute BBH
mergers according to the merger rate density calculated for
each channel, assuming 1 year of events and a maximum
redshift z ¼ 20 [60].

[1] J. Aasi et al. (LIGO Scientific Collaboration), Classical
Quantum Gravity 32, 074001 (2015).

[2] F. Acernese et al. (Virgo Collaboration), Classical Quantum
Gravity 32, 024001 (2015).

[3] T. Akutsu et al. (KAGRA Collaboration), Prog. Theor. Exp.
Phys. 2021, 05A101 (2021).

[4] R. Abbott et al. (KAGRA, Virgo, and LIGO Scientific
Collaborations), Phys. Rev. X 13, 041039 (2023).

[5] T. Callister, in Encyclopedia of Astrophysics (First Edition),
edited by I. Mandel (Elsevier, Oxford, 2026), first edition
ed., pp. 546–569.

[6] I. Mandel and A. Farmer, Phys. Rep. 955, 1 (2022).
[7] M. Mapelli, in Handbook of Gravitational Wave Astronomy

(Springer, Singapore, 2021).
[8] I. Mandel, W.M. Farr, and J. R. Gair, Mon. Not. R. Astron.

Soc. 486, 1086 (2019).

[9] S. Vitale, D. Gerosa, W. M. Farr, and S. R. Taylor, in
Handbook of Gravitational Wave Astronomy (Springer,
Singapore, 2022), p. 45.

[10] M. Zevin, S. S. Bavera, C. P. L. Berry, V. Kalogera, T.
Fragos, P. Marchant, C. L. Rodriguez, F. Antonini, D. E.
Holz, and C. Pankow, Astrophys. J. 910, 152 (2021).

[11] K.W. K. Wong, K. Breivik, K. Kremer, and T. Callister,
Phys. Rev. D 103, 083021 (2021).

[12] Y. Bouffanais, M. Mapelli, F. Santoliquido, N. Giacobbo, G.
Iorio, and G. Costa, Mon. Not. R. Astron. Soc. 505, 3873
(2021).

[13] G. Franciolini, V. Baibhav, V. De Luca, K. K. Y. Ng,
K.W. K. Wong, E. Berti, P. Pani, A. Riotto, and S.
Vitale, Phys. Rev. D 105, 083526 (2022).

[14] M. Mould, D. Gerosa, and S. R. Taylor, Phys. Rev. D 106,
103013 (2022).

ALEXANDRE TOUBIANA et al. PHYS. REV. D 113, 083006 (2026)

083006-10

https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1088/0264-9381/32/7/074001
https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.1088/0264-9381/32/2/024001
https://doi.org/10.1093/ptep/ptaa125
https://doi.org/10.1093/ptep/ptaa125
https://doi.org/10.1103/PhysRevX.13.041039
https://doi.org/10.1016/j.physrep.2022.01.003
https://doi.org/10.1093/mnras/stz896
https://doi.org/10.1093/mnras/stz896
https://doi.org/10.3847/1538-4357/abe40e
https://doi.org/10.1103/PhysRevD.103.083021
https://doi.org/10.1093/mnras/stab1589
https://doi.org/10.1093/mnras/stab1589
https://doi.org/10.1103/PhysRevD.105.083526
https://doi.org/10.1103/PhysRevD.106.103013
https://doi.org/10.1103/PhysRevD.106.103013


[15] A. Q. Cheng, M. Zevin, and S. Vitale, Astrophys. J. 955,
127 (2023).

[16] S. Colloms, C. P. L. Berry, J. Veitch, and M. Zevin, As-
trophys. J. 988, 189 (2025).

[17] C. Plunkett, M. Mould, and S. Vitale, Phys. Rev. D 112,
023039 (2025).

[18] K. Leyde, S. R. Green, A. Toubiana, and J. Gair, Phys. Rev.
D 109, 064056 (2024).

[19] J.-Q. Jiang, H.-L. Huang, J. He, Y.-T. Wang, and Y.-S. Piao,
arXiv:2505.15530.

[20] C. Talbot and E. Thrane, Astrophys. J. 856, 173 (2018).
[21] T. A. Callister, C.-J. Haster, K. K. Y. Ng, S. Vitale, and

W.M. Farr, Astrophys. J. Lett. 922, L5 (2021).
[22] C. Adamcewicz and E. Thrane, Mon. Not. R. Astron. Soc.

517, 3928 (2022).
[23] S. Biscoveanu, T. A. Callister, C.-J. Haster, K. K. Y. Ng, S.

Vitale, and W.M. Farr, Astrophys. J. Lett. 932, L19 (2022).
[24] G. Franciolini and P. Pani, Phys. Rev. D 105, 123024

(2022).
[25] Y.-Z. Wang, Y.-J. Li, J. S. Vink, Y.-Z. Fan, S.-P. Tang, Y.

Qin, and D.-M. Wei, Astrophys. J. Lett. 941, L39 (2022).
[26] Y.-J. Li, Y.-Z. Wang, S.-P. Tang, and Y.-Z. Fan, Phys. Rev.

Lett. 133, 051401 (2024).
[27] G. Pierra, S. Mastrogiovanni, and S. Perriès, Astron. As-

trophys. 692, A80 (2024).
[28] V. Gennari, S. Mastrogiovanni, N. Tamanini, S. Marsat, and

G. Pierra, Phys. Rev. D 111, 123046 (2025).
[29] A. Hussain, M. Isi, and A. Zimmerman, Astrophys. J. 996,

71 (2026).
[30] S. Rinaldi and W. Del Pozzo, Mon. Not. R. Astron. Soc.

509, 5454 (2021).
[31] V. Tiwari, Astrophys. J. 928, 155 (2022).
[32] J. Sadiq, T. Dent, and D. Wysocki, Phys. Rev. D 105,

123014 (2022).
[33] B. Edelman, B. Farr, and Z. Doctor, Astrophys. J. 946, 16

(2023).
[34] D. Ruhe, K. Wong, M. Cranmer, and P. Forré,
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