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Can a dynamically robust (also known as stable) Q-ball reproduce the rotation curve of a disk galaxy? In
an astrophysical environment, Q-balls are nontopological solitons that are transparent and only perceived
by their gravitational effects. Traditionally, scalar Q-balls are modeled with a polynomial potential, but
axionlike periodic potentials are also expected to support such solitonic configurations. In the presence of
angular momentum, Q-balls acquire a toroidal structure with a central density void, qualitatively
resembling the axially symmetric structure of disk galaxies. Motivated by this similarity, we explore
whether rotating scalar Q-balls can reproduce the observed rotation curves of disk galaxies. In this work,
we use a recently developed hybrid numerical framework that combines a high-accuracy pseudospectral
method with a physics-informed neural network approach to construct both static and rotating Q-ball
solutions. We assess the ability of this simplified Q-ball model to mimic the dark matter halos in galaxies
by fitting the observed rotation curves of a sample of disk galaxies from the SPARC catalog. While Q-ball
configurations are built considering a negligible self-gravity, we show their use as dark matter halos to be
valid for the field parameters and halo masses relevant to disk galaxies. Our simplified model provides an
overall good agreement with observational data when imposing physically motivated priors on the
halo total mass, and a reasonable fit when compared to standard dark matter profiles such as the
Navarro-Frenk-White; we have further found an average preferred range of the scalar field particle’s mass

mgy ~ 1077 eV, in agreement with similar galactic-scale soliton solutions.

DOI: 10.1103/tz41-5qcp

I. INTRODUCTION

The study of galaxy rotation curves (RCs) has long
provided compelling evidence for the existence of extended
nonluminous mass components in spiral and disk galaxies
(e.g., [1,2]). Such measurements show that the orbital
velocities of gas and stars remain roughly constant at large
radii, rather than falling off as expected from the luminous
matter distribution alone (e.g., [3])—this is known as the
rotation curve problem. Such goes against the standard
Newtonian laws and the expected Keplerian decline.
Assuming that gravity is described by standard general
relativity (GR), the flattening of rotation curves can be
explained through the inclusion of an additional matter
contribution that must account for ~80% of the total mass
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contribution. This became known as dark matter (DM),
with galaxies’ rotation curves being some of the first and
most reliable arguments in favor of a nonbaryonic DM.
Due to the complex physics involved in galaxy formation
and evolution, RCs exhibit a quite wide variety of behaviors
(e.g., [4])." Recent works highlight that nonequilibrium gas
motions and systematics can bias RC inferences, partly
explaining the observed diversity [6], while high-redshift data
show steeper outer declines than in local spirals [7].
Cosmological hydrodynamics reproduce systematic RC
trends with mass and morphology [8], but open questions
remain. Proposed solutions span (i) baryonic feedback that
reshapes inner halos, (ii) particle physics alternatives such as
self-interacting DM [9], and (iii) modified gravity frame-
works (e.g., MOND [10]; refracted gravity [11]); those,
however, still struggle to fit observations at larger scales (e.g.,
[12,13])—forareview of small-scale challenges, see also [ 14].
Recently, models considering ultralight bosonic DM
(“fuzzy” DM) have been gaining traction in both astro-
physical and cosmological scenarios [15-17]. In this

'Dwarf-galaxy RCs often point toward more cored inner DM
profiles, challenging the cuspy halos of cold DM-only simula-
tions [5].
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context, DM is described by a fundamental field with a
distinctive tiny mass m; ~ 1072~107%" eV, much lighter
than standard cold-DM candidates (few GeV-100 TeV).
Such a tiny mass corresponds to a de Broglie wavelength on
galactic scales, producing a quantum-pressure that counter-
acts gravitational self-attraction and leads to a self-gravi-
tating Bose-Einstein condensatelike soliton known as a
boson star [18-22] (see [23] for a review).

When self-interactions of the field dominate over gravity,
nontopological solitons known as Q-balls arise [24-28]
localized, self-reinforcing configurations stabilized by a
conserved Noether charge and held together by attractive
self-interactions rather than gravity. These Q-ball solutions,
which share many properties with boson stars in the
Newtonian limit, are the focus of the present project.

In a recent series of works [29,30] the authors inves-
tigated the possibility of boson stars to describe the
observed rotation curve of spiral galaxies. In their study,
they observed that a combination of scalar and vector field
boson stars is able to reproduce the observed rotation curve
of several spiral galaxies.

In this paper, we explore whether the RC of disk galaxies
can be described by a single, rotating, scalar field Q-ball
that natively reproduces the axial symmetry of the galactic
systems. In this case, the fact that solutions are governed by
self-interactions—rather than self-gravitation—allows a
wider range of stable rotating solitonic solutions that do
not exist in the single nonself-interacting spinning scalar
boson star case. Note that, while neglecting the gravita-
tional backreaction may constitute a quite strong simpli-
fication, at galactic scales the self-interaction dominates
over gravity in the stable configuration of the Q-balls, as we
qualitatively show in the analysis performed in Appendix.

The standard construction of scalar Q-balls relies on a
sextic self-interaction polynomial potential. Recently, an
axionlike potential has been gathering interest in the con-
struction of scalar boson stars [31-33] whose properties
mimic the standard model at high frequencies while sig-
nificantly deviating as one progresses in the domain of
existence. One of the emerging properties is the existence of
an additional stable branch [34] which was not previously
present and gives the possibility of further astrophysically
relevant boson star configurations to exist. Such an axionlike
potential is also expected to yield Q-ball solutions. The self-
interaction potential expands as a sextic self-interaction
polynomial potential for small field amplitudes, while once
again deviating as the field magnitude increases. With this
behavior, we expect axionlike Q-balls to possess different
properties than their simple polynomial counterpart. In this
work, we will build such axionlike Q-ball configurations,
analyze their properties, and compare the RC signature they
yield against the standard polynomial Q-ball.

For both potential types, we will fit the obtained Q-ball
RCs to data from a set of high-precision RCs of nearby
galaxies within the Spitzer photometry and accurate

rotation curves (SPARC) catalog [3], and we infer the
scalar field’ particle mass. We further compare the fitted
curves to those obtained by assuming the well-established
Navarro-Frenk-White (NFW) model as DM halo profile.

To numerically construct the solutions, we introduce a
newly in-house developed solver that hybridises the pseu-
dospectral method (PSM) with the physics-informed neural
network (PINN) framework. In this approach, the PSM
basis functions are embedded as neural activation func-
tions, preserving spectral accuracy while incorporating the
flexibility of machine learning. We refer to this hybrid
solver as SPECTRALPINN. Although this type of hybridiza-
tion remains unexplored, both PSM and PINNs are well-
established techniques individually. Notably, both methods
ultimately reduce to a weight-optimization problem, mak-
ing them naturally compatible.

The loss function enforces the Q-ball’s equations of
motion and required boundary conditions by minimizing
their residual, ensuring that the obtained solutions remain
physically consistent. This framework leverages the com-
plementary strengths of both approaches, combining the
spectral precision of PSM with the adaptability of PINNS,
while mitigating the black-box nature of standard neural
architectures. In practice, SPECTRALPINN learns the coeffi-
cients (amplitudes) of the spectral basis functions directly
through a PINN, solving the governing system of PDEs
under the imposed boundary conditions. The resulting model
yields a compact, storage-efficient, closed-form analytical
representation of the fields—in the form of the PSM basis
amplitudes—rather than opaque network outputs.

Unless otherwise stated, throughout the text we
define the physical units as: ¢ = 63241 AU-yr7!,
G~39.748 AU?- Mg -yr=2, Mp ~1.094 x 10-¥M. For
the numerical construction of the Q-balls, we consider
geometrized units with 4zG = 1 = 4ze,. The signature of
the spacetime is (—, +, +, +). After their first introduc-
tion, functional dependencies are omitted for notational
simplicity.

The paper is organized as follows. Section II introduces
the Q-ball model, deriving the corresponding field equa-
tions, boundary conditions, and relevant physical quan-
tities. Section III presents the SPECTRALPINN method,
which is applied in Sec. IV to obtain and analyze the
(Q-ball solutions and their domain of existence. Section V
describes the conversion from geometrized to physical
units and the computation of the RCs, while Sec. VI
introduces the SPARC dataset. Comparison between the
galaxy dataset and expected RC is done in Sec. VII. Finally,
Sec. VIII summarizes the main conclusions.

II. 0-BALLS MODEL

In its simplest form, a Q-ball is constructed in a
field theory of a complex scalar field, ®, in which the
Lagrangian is invariant under a global U(1) symmetry and
is given by
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L = 0,00'd" - U(|o|). (2.1)
The global symmetry of the Lagrangian under an U(1)
transformation of the complex field, ® — ®e®, gives rise
to a conserved Noether current

Ju = i(®0,® — ©3, "), (2.2)

and the associated conserved charge,

0= / Bxj0 =i / Bx(®* 0,0 — D3, D*),  (2.3)

which corresponds to the conserved particle number. The
fundamental Q-ball solutions are minima of the energy for
a given Q. Since ® should depend on time for Q to be
nonvanishing [35], following the literature, we assume an
ansatz that contains both a harmonic time and azimuthal
dependence
O(t,7,0,0) = ¢(r,0)e! =), (2.4)
where ¢(r,6) is a real function that describes the scalar
field’s spatial amplitude; w is the scalar field frequency—
which measures the fundamental energy state of the
bosonic particles—and m is the azimuthal harmonic index.
Since gravity is negligible compared to the field’s self-
interaction, we consider an asymptotically flat Minkowski
spacetime described by the line element,
ds* = —df* + dr* + r*(d0* + sin® d¢p?).  (2.5)
Due to the choice of the harmonic time dependent ansatz
(2.4), neither the self-interaction potential, U(|®|) = U(¢),
nor the energy-momentum tensor
T, = 0,99, + 9,99,0" — g, L, (2.6)
depend explicitly on time. The energy distribution is
therefore stationary, and the total energy is

+oo
E = /d3xT,, = 27:/ drr*
0

X /ﬂ do Sin€|:a)2¢2 4 (ar¢)2 + (06?)2
0 r
m2¢2
Zsin?0 U(¢)} ’ (2.7)

while the Noether charge is,

0 = 2w / Pdx = dnw / " drr? / " d0sin6g?.  (2.8)
0 0

Since we are considering rotating solutions, another quan-
tity of interest is the Q-ball’s angular momentum, J, which

can be shown to be quantized and related to the Noether
charge as

J= /d3xT,¢ =mQ. (2.9)

A. Axionlike potential

For the existence of a self-sustaining soliton (following
Coleman [24]), the model must possess a well-defined
ground state, given by the existence of a global minimum of
the non-negative self-interacting potential U at ® = 0, with
U(0) =0 and U'(0) =0, and a positive mass for small
fluctuations p> = U”(0) > 0, where prime denotes deriva-
tive with respect to the scalar field. Additionally, there must
exist a range of @ values for which solutions exist, with the
maximum frequency given by

, _1dU

2 —
w <6()+=—— R
24d¢? |,

(2.10)
while the requirement of a region with an attractive self-
interaction potential yields the minimum value of the
frequency

. 22U
0)2 >w%Emln¢F,

with @, > w_. Finally, in order to possess a localized/finite
energy soliton, U must grow faster than ¢? for large ¢,
ensuring the energy is bounded from below.

As already mentioned in Sec. I, the standard Q-ball
potential is a simple sextic-order potential in ¢, namely

Up(p) = 12* + pop* + Ag°,

which, although not renormalizable, satisfies the necessary
conditions. A standard choice for the potential parameters
is u=10,=-18,1=1.0. Let us now focus on the
massive axionlike potential first introduced in [31]

UA(q’)):zﬂzaQ 1—\/1—4Bsin2<2¢> . (2.13)

B a

(2.11)

(2.12)

where B = (HZ—)Z ~0.22 and z = m,,/m,; ~ 0.48 is the mass

ratio of the up and down quarks, while the second term in the
U, potential is the standard QCD axion potential, to which
was added the first constant term to ensure U, (0) = 0 and
hence asymptotically flat solutions. The axionlike potential,
just like its polynomial counterpart, is nonrenormalizable.”

’In 3 4+ 1 dimensions, power-counting renormalizability re-
quires that the Lagrangian contain only a finite set of operators
with canonical mass dimension < 4 (e.g., qbz, ¢4 for a real scalar).
Expanding U, around ¢ = 0 generates an infinite tower of
higher-dimension interactions (2.14), so that, in the Dyson sense,
an infinite number of counter-terms would be required and hence
the theory is nonrenormalizable.
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Expanding the U, potential around the minimum ¢ = 0,
we obtain

3B-1
Ua@) miee + O D gy

15B(3B—1)
360a*

1oy
(2.14)

which possesses the same functional form as the standard
U p. For the sake of comparison between the two potentials,
one must impose u = 1 for both cases. This sets the
particle’s mass with which the Q-ball’s quantities are
scaled with respect to. Concerning the two other possible
parameters, as already mentioned, B is fixed by the
ratio between the up and down quark, B = 0.22, which
is compatible with a bounded @-ball solution
(0 < B < 0.25). This leaves a single free parameter that
will allow the potential to obey the required conditions and
reproduce the quartic term of Up. From the second
quadratic term in the expansion,

(3B - )u¢*

= a = £0.1255.
a

=5 = (2.15)

Since the potential is only sensitive to ¢/a, we choose
a > 0, which will also make ¢ > 0. Observe that imposing
a=0.1255 gives a sextic order expansion term
% 2 = —(0.3422, which is negative and does not
obey Coleman’s conditions; the potential is not stabilizing.
However, this is merely an expansion of a sinusoidal
potential and does not provide the final conclusion. The
full U, potential is safe and provides a nonempty @
existence window.

From the Coleman’s potential conditions, the existence
of a maximum frequency })rovided by (2.10) gives w, =
1 =1 for both potentials.” For the minimum scalar field
frequency, (2.11) gives w_ = 0.6164 for Up and w_ =0
for Uy, both obeying the nonempty @w-window condition.
Observe that, in the spherically symmetric case, m = 0,
while the polynomial potential gives solutions that are
always complex w > 0, the axionlike potential seems to
allow the existence of real solutions by having @ =0,
however, this is a limiting degenerate solution that our
soliton will not be able to reach since the Q-ball requires a
nonzero Noether charge to exist and hence, by (2.8), a
Nonzero .

B. Equations of motion

The model’s Lagrangian (2.1) with the scalar field ansatz
(2.4) yields a single second-order PDE

3As it will be discussed in Sec. 1V, as the solution gets closer to
the maximum frequency @ — @, the maximum value of the
scalar field amplitude decreases, ¢ — 0, and the leading con-
tribution to the potential comes from the mass term, which is
common for both potentials.

2

sin? 9

r202p + 2ro.p + 05 + cot 00y¢p —

+ r2<w2¢+%¢> =0.

¢

(2.16)

Regularity of the spinning solution at the poles requires
¢(r,0 =0) = ¢(r,0 = m) = 0. Near the origin, the field
behaves as

B(r.0) = " sin” 0 + O(r2), (2.17)

while at infinity, » — 4o0, energy finiteness of the sol-
utions requires ¢(r - o0,0) =0, and the field can be
approximated by

$(r.0) ~ 0n(0)

. (2.18)
with Q,,(0) « Q,sin™ @, and Q, and ¢; two integration
constants. Observe that, while our numerical procedure
does not demand the field’s asymptotic expansions, these
help us build and analyze the behavior of the Q-ball
solutions.

At last, in this work, we shall solely focus on solutions
that are symmetric with respect to a reflection along the
equatorial plane, @ = z/2. These are even parity solutions.
Typically, this is the case for fundamental solutions, but
there can be odd-parity excited states. This choice means
that one only has to consider the range 0 < 0 < z/2.

To test our numerics, besides the numerical stability tests
included during the computation, one can also use the virial
relation obtained through Derrick’s scaling argument [35].
Following the strategy developed in [36-39], the virial
identity of a spinning Q-balls solution under a non-negative
self-interaction potential U(¢) is given by

+o0 z
/ drr? /2 dfsin 0 {rz sin0(0,¢)?
0 0

2
+ sin0(0p0)* + S’i"Tequ +325in0(U — 0?¢?) | = 0,

(2.19)

where the dispersiveness of the scalar field, w, is necessary
to counterbalance the non-negative self-interaction poten-
tial, U.

In what follows, for the computation of the numerical
solutions we will assume a unit mass term for the field,
1 = 1; this is a standard procedure (e.g., [29]), equivalent
of rescaling the equation of motion in units of y, which will
be referred as “code” units. We will then reintegrate the full
physical units in Sec. V for the computation of the RC.
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FIG. 1.

Schematic representation of the SPECTRALPINN network architecture, where each neuron corresponds to a basis function, with

each layer associated with a coordinate dependence. Scheme inspired by [41].

III. SPECTRALPINN

To numerically solve the single PDE (2.16) that
describes the scalar Q-ball, we will resort to an in-house
developed solver, SPECTRALPINN, that merges the PSM
(based on [40]) with the PINN strategy (based on [41]). To
perform the computation, the method expands the unknown
function ¢(r, ) into the pseudospectral basis

Br0) = > ayTix()PIO0). (1)

where T; are the Chebyshev polynomials of the first kind
and P7" are the associated Legendre functions and N, L are
the maximum basis order in our expansion of the
Chebyshev and Legendre basis, respectively. Since the
Chebyshev (Legendre) polynomials are only defined in the
region [—1,1], for unbounded radial (bounded angular)
domains, we compactify itto x € [-1, 1] (y € [-1, 1]) witha
map r = r(x) (8 =06(y)) given by (3.3). The expansion
(3.1) effectively transforms the differential equation into
algebraic relations among the amplitudes ;;. In a standard
PSM, aq;; follows from solving a (non)linear algebraic
system obtained by enforcing the PDE (2.16) on a
collocation grid; accuracy increases exponentially with
the number of modes for smooth solutions.

Alternatively, (3.1) can be viewed as an optimization
problem: the amplitudes (weights), a;;, are those that
minimize the residual of the field equation (2.16) while
obeying boundary/regularity conditions and, when useful,
the physical constraints (2.19). PINNs are well-suited to such
residual minimization, typically representing the solution
with fully connected feed-forward neural networks.

Our SPECTRALPINN is a hybrid: it retains the PINN
training loop (stochastic/gradient-based residual minimiza-
tion) but replaces generic activations functions with spec-
tral activations functions that encode the problem’s
symmetry. Concretely, the network’s “layers” correspond
to the two separable coordinates and use the basis functions
themselves as activations; the learnable parameters are
precisely the spectral amplitudes, a;; (see Fig. 1 for a
schematic representation of the method). While this

sacrifices PINNs’ flexibility, it gains efficiency and induc-
tive bias for solutions compatible with the chosen
symmetry.

Following PSM practice, the basis is evaluated on grids
matched to their orthogonality measures. We use a Gauss-
Lobatto grid4 for the Chebyshev part (radial/compactified
coordinate x) and a uniform grid for y = cos8 (Legendre

part):
k
xk:cos(ﬂ>, k=0,....,N,,
N,
2
yq=—1+N—q, q=0,...N,, (3.2)

¥
with N, > N and N, > L, the number of collocation points
for the Chebyshev and associated Legendre polynomials,

respectively. The radial and angular coordinates are com-
pactified as

-1
x:I+r, y = cosé. (3.3)
The resulting compactified equation on ¢ =

$(x(r),y(0)) comes as’

4plm*(x = 1) + (x + 1)*(y* = De?] + (y* = 1)

x {<x+ (0= 1+ 255)

+2(x — 1)4ax¢] —4(x =12 = 1)%¢

—8(x — 1)2y0y¢} =0. (3.4)

where (3.4) was rearranged to avoid any divergence term.
Namely, we can rewrite the field equation as a function of
the parametrizing functions A;(x,y)

“These are the extrema of the Chebyshev polynomial Ty (x),
and include the end points —1 and 1.

’In the compactified coordinates the boundary conditions
become p(x = 1,y) = ¢p(x,y = +1) =0.
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PAg + 0, PA, + 0y PA, + 02pA,, + 05pA,, + UAy =0, (3.5)
with
Ay =2(x+1)2(y*-1), Ag =4[m*(x = 1)> + (x + 1)2(y* = )?],
Ax = 2()6 - 1)4()6 + 1>(y2 - 1)? Axx = (X - 1)4()(7 + 1)2()’2 - 1)’
Ay =—-8(x—1)2y(y* - 1), Ay =—4(x—1)2(y* - 1)% (3.6)

|
Since the evaluation points are defined a priori, and both  using the Eq. (3.4). The resulting residual is then used as
the basis functions depend solely on the coordinate points,  the primary quantity we want to optimise, and hence serves
we can precompute: (i) Chebyshev values, T, and differ-  as the main loss function component, Lppg. Additionally,
entiation matrices 7', T, (first/second x-derivatives on x;); since we want to guarantee that the boundary conditions are
(ii) the values of the associated Legendre functions P7'(y,)  also obeyed, these are included in the final loss function.
and their y-derivatives Py, P, on y,; iii) coordinate-
dependent terms that emerge in the compactified field
equation, A;. Observe that, due to the nature of the basis
functions and their recurrence relations, all the derivatives
are known and computed analytically and do not require ~ with f the parameter that normalizes the importance of the
any additional differentiation approximation routine, fur-  boundary conditions’ loss to the respective percentage of
ther simplifying the computation and increasing the accu-  points associated with it, in order to avoid an overim-
racy. These precomputations enable us to avoid redundant  portance of the boundary conditions with respect to the
computations at each training cycle, thereby significantly =~ main bulk PDE evaluation. At last, it is important to point
accelerating the training process. Ultimately, each training  out that due to the inherited divergence at the boundaries
cycle reduces to the reconstruction of the function and its (y = £1), coming from the associated Legendre functions,
derivatives by the neural network, along with the respective  instead of using the direct relation for the derivatives, we
evaluation of the weights (which we want to optimize)  use the following relations:

L = Lppg + fLpc, (3.7)

Rp0) = 0= ) L = iy ) - (P ),
ry) = (- l)z% =2y(y*— 1) dpgy(y) — [+ 1)(y* = 1) = m?|PP(y). (3.8)

Where the PDE’s parametrizing y-derivative function’s are ~ relevant and the expansion reduces to solely an expansion
adapted to absorb the (y* — 1) dependence, into the Chebyshev basis.

Ultimately, the problem reduces to optimizing a neural
network, where each neuron serves as a basis function in
our expansion, with the amplitude of this basis being the
weight we aim to determine, ensuring it satisfies the PDE
Finally, the associated Legendre functions and respective ~ and boundary conditions. On the neural network and
derivatives have a well-defined parity with respect to a  aining procedure technical details, the SPECTRALPINN
reflection in the y = 0 (6 = x/2) plane. Since we are only solver uses a mean-square error loss function MSE =
interested in the even parity Q-ball solutions, all the odd 77" Y} (k; — k;)*, where k; is the expected result, which
parity associated Legendre functions do not contribute to  in the (2.16) case, k; is always zero. To minimize the loss
the expansion. This implies that, in the construction of the  function, the code resorts to the adaptive moment estima-
network, only the even parity basis terms need to be  tion with weight decay (AdamW) optimizer with a

A, = —8(x = 1)2y, Ay =—4(x—-1)2 (3.9

considered, thereby reducing noise, improving precision, = ReduceLROnPlateau learning rate scheduler that
and accelerating convergence. Observe that in the absence  decreases the learning rate by 10% whenever the loss
of rotation (also known as spherical symmetry, m = 0),  function is not improved for a “patient” of 100 epochs. The

only the monopolar associated Legendre function is  training process is stopped whenever the loss function
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reaches a value smaller than 10~%, which corresponds to a
relative global error and virial identity of 10~!! and 107°,
respectively.

To cross-check our solutions, we also solved the spheri-
cally symmetric configuration (m = 0)—a single second-
order ODE—through an in-house developed, parallelized,
adaptive step 5(6)th order Runge-Kutta algorithm with a
secant shooting strategy to implement the proper boundary
conditions [42]. The method yields a local error of 10713
and a shooting tolerance of 107°, virial identity 1076, The
solution for the m = 1 axially symmetric configuration is
obtained through a professional program package, the
CADSOL/FIDISOL, which uses a finite difference method
for integration and a Newton-Raphson strategy to imple-
ment the proper boundary conditions. The local error
obtained by the method is of the order of 1073 and the
virial identity 107,

IV. O-BALLS SOLUTIONS

With the model and numerical procedure established, we
compute the numerical solutions for both spherical and
spinning Q-balls. Observe that, while the polynomial
potential Q-balls are a well known and established result

Polynomial

[19,24,25,27,43,44], solutions in the axionlike potential
(U,) are less explored; accordingly, we focus on U, and
use Up as a baseline for comparison.

In Fig. 2, we plot the radial profiles of the field (¢, solid
blue), potential (U, dot-dashed yellow), scaled Noether
charge density (Q’/ Q. dotted red) and normalized energy
density (p/py, dashed green) for a representative frequency
w/u = 0.90, for both spherical and spinning configurations
of polynomial (left) and axionlike (right) Q-balls. In the
spinning case, we show the equatorial slice § = z/2, where
¢ reaches its maximum. The field ¢ radial profile (solid
blue) peaks differently in the spherical (top) and spinning
(bottom) case. While in the spherical configuration, the
maximum value is at the coordinate origin, in the spinning
configuration, the regularity condition (2.17) forces ¢ to be
null at the centre and have its maximum at a finite nonzero
radius. The energy density, p/p,, follows the same pattern,
giving rise to the toroidal shape.

Concerning the Q-ball potentials, for a spinning axion-
like solution (bottom right), one can observes a region
where U, becomes negative (repulsive) near the core, a
feature not found in any other of the presented solutions,
showing a clear behavioral difference between the poly-
nomial and axionlike potentials even for a configuration

Axion
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Q/Qtot

Polynomial
1.0 SIS — ¢
SN == p/py
0.8 [N Up
I ‘.“ \\ ..... Q'/Qtot
0.6 B Y
7 A
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FIG. 2. Radial profiles for w/u = 0.90 in code units (u = 1) of the scalar field ¢(r) (solid blue), the normalized energy density
p(r)/po (dashed green), the differential charge density Q’(r)/ Q. (dotted red), and the potential left: Up; right: U, (dot-dashed yellow).
Top: spherical (m = 0) solutions. Bottom: spinning (m = 1) solutions evaluated at the equator (§ = x/2). Here p, denotes the maximum

of the energy density p(r).
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FIG. 3.

relatively close to the ¢p — 0 regime— — p, where the
Taylor expansion of U, locally approximates Up, (2.14).
Additionally, in the case of a spherical configuration, while
the energy density of the polynomial potential is mono-
tonically decreasing, the solution with the axionlike poten-
tial possesses a region outside the origin where the energy
density reaches a second maximum. This, while for o =
0.9 is a local maximum, passes to a global maximum for
o =~ (0.78, creating an energy distribution that is no longer
peaked at the center and may possess some observational
interesting signatures that we will leave for a future work.

Figure 3 further shows the two-dimensional density
maps p(r,6) of a spinning Q-ball for a polynomial (left)
and axionlike potential (right), at w/u = 0.90, normalized
by pg so that the color scale spans from O (blue) to 1
(yellow/white). Both maps show a single global maximum
p =1 and a smooth decline with increasing r. In both Up
and U, we clearly see the toroidal morphology: vanishing
energy density on the symmetry axis and a peak at a finite
radius.

A. Domain of existence

Figure 4 summarizes the domain of existence in terms of
the energy, E(w), and Noether charge, Q(w), for the four
configurations (spherical/spinning xUp/U,). Consistent
with the model discussion, the admissible frequency
windows are w/u €[0.62, 1] for the spherical polynomial
potential and w/u€(0,1] for the axionlike potential.
Observe that in the case of the spinning polynomial
potential the frequency window follows the same behavior
as in the spherical case, demonstrating that the Q-balls
frequency window is only mildly sensitive to changing
m =0 to m = 1. Near the upper edge @ — u, the two
models coincide: for spherical solutions E, Q — 0 (small-
amplitude limit), whereas for spinning solutions E, Q —
—+o0 due to the centrifugal barrier and the growth of the ring
radius.

Axion

1.0
3.0
2.5 0.8
2.0 0.6 »
©
1.5 QE.
: ~
0.4 <
1.0
0.5 0.2
0.0

25 50 75 100125150175200

2D density profiles p(r, ) for w/u = 0.90 and m = 1, in code units (u = 1). Left: Up. Right: U,.

Before analysing the other extreme, w — w_, it is
important to point out that Q-balls stability is typically
assessed on three levels [45]: (i) Classical (linear) stability,
along a solution branch parametrized by the frequency w,
conﬁgurations are linearly stable if dQ < 0—turning points

where ¢ d = 0 signal the onset (or loss) of one unstable
mode; (ii) absolute (quantum) stability against decay into
free quanta—the state is absolutely stable if its energy per
charge satisfies E/Q < u, if E/Q > u the Q-ball is at best
metastable to particle emission; (iii) fission (fragmenta-
tion) stability: stability against splitting into smaller
Q-balls is ensured when the energy is subadditive, i.e.,
E(Q, + 0,) < E(Q,) + E(Q,) for all decompositions—a
practical diagnostic is that E/Q decreases with Q along
the branch (so larger-Q states do not lower energy by
fission). These criteria are model-independent and apply
equally to polynomial and axionlike potentials; the size of
the w-window in which they are met can differ across
models.

The behavior as @ — w_ separates the two potentials.
For Up (both m =0 and m = 1), E and Q grow without
bound as @ — w_, producing a single, monotonic branch
for m = 0 and a two branch structure (first decay and then
increase) for m = 1, see Fig. 4 left. For U4, our numerics
show a qualitatively different pattern in both spherical and
spinning cases: starting from w ~ y, E(w) and Q(w) first
increase—after an initial sharp decrease for m = 1 where a
shallow minimum exists—then reach a local maximum at
@ = 0.56 for the spherical and w =~ 0.42 for the spinning
configuration; beyond that point Q decreases toward zero
while E rises again. This creates a high-energy, low-
charge continuation where E/Q > u, i.e., an absolutely
unstable secondary branch. The location of the local
extremum also partitions classical stability: the segment

with % <0 (from =~ u down to the Q-maximum) is
linearly stable, whereas the postmaximum segment with
% > 0 is linearly unstable.
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FIG. 4. Domain of existence in terms of the energy, E(w) (solid blue), and Noether charge, Q(w) (dashed red), for top: spherical
(m = 0); Bottom: spinning m = 1 Q-ball solutions. Left: polynomial potential, U p; Right: axionlike potential, U 4. All the quantities are

in code units.

For absolute stability, the relevant band is where the
curve E/Q dips below u. On the axionlike branch this band
is bounded by two crossings: spherical at wg, ~ 0.44 and
wdy ~0.998, and spinning at wg, ~0.18 and wy ~ 0.78;
inside this interval £/Q < u and the configurations are
absolutely stable. The remaining branches show a narrower
band or none at all (see Fig. 4, where the E/Q = u = 1);
fission stability tracks the same trend since E/Q decreases
with O over the stable segments.

Of interest for our analysis is then the region of
absolute stability for both the polynomial and axionlike
Q-ball solutions. Which we summarize to be wgy,, €
[0.62,0.82] for the polynomial, while for the axionlike
is Wy, €[0.42,0.78].

Let us briefly comment on their spatial distribution. As in
the spherically symmetric case, spinning Q-balls become
larger as @ tends to the limits of the allowed interval. For
@ — w_, they can be viewed as squashed spheroids,
homogeneously filled inside. ¢ increases as we move away
from the central axis, reaching a maximum at the surface of
the spheroid, after which it rapidly goes to zero. Solutions
with @ - w,, also tend to large spheroids. This time,
however, they are hollow and possess the maximum of the

energy density at the surface (which increases in radius as
o — w,—being close to zero everywhere else).

At last, we should also point out that, by (2.9), the
existence of a minimum value of Q at w,,;, ~ 0.92 for the
m = 1 polynomial solution creates a restriction on the total
angular momentum, J. Polynomial Q-balls are not allowed
to rotate arbitrarily slowly; there is a discrete spectrum of
spinning excitations. On the other hand, for an axionlike
potential, while the local minimum value of Q, still exists,
there is a branch which connects directly with the Q =0
solution and hence no minimum value of angular momen-
tum exists for this solutions.

V. BUILDING ROTATION CURVES OF A
GALAXY-SIZE O-BALL

In order to derive the expected rotation curve generated
by a Q-ball configuration, we will consider its physical
energy density, €, as a source of a gravitational potential,
y(r, @), in the Newtonian limit. Although the density of a
Q-ball configuration is derived under the assumption that
gravitational effects are negligible compared to the field’s
self-interaction, the total mass of the configuration can,
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nonetheless, produce a gravitational potential comparable
to that of a realistic galaxy-sized DM halo, influencing the
motion of visible matter. From (2.7), we have

p(r,0)=¢e(r,0) = w2¢2 + (0 r¢) ( €¢)
% U(g). (5.1)

In natural units (A = ¢ = 1), the energy density &(R, z) and
the mass density p(R, z) coincide.

When converting to astrophysical units, one simply
reinstates the appropriate factor of ¢? through p = ¢/c?.
When studying Q-balls as disk galaxies’ DM halos, we are
mainly focused on quantities defined at the equatorial plane
—where observational data are obtained. As such, it is
convenient to switch from spherical coordinates (r, 0, ¢),
where (Q-balls are numerically computed, to cylindrical
coordinates (R, z, ¢). This transformation enables a direct
analysis of galactic RCs based on the gravitational potential
and velocity profiles in the z =0 plane. In cylindrical
coordinates (R, z, ¢), the field ansatz becomes

®(R,z,¢.1) = p(R, 7)e'mo=1), 7 = rcosé, (5.2)
and the energy density reads
m2
e(R.2) = @@ + (0rg)* + (9:4)" + 270" + U(9).
(5.3)

So far, we have expressed the equations in dimensionless,
“code,” units (4 = 1). By reintroducing all the physical
constants, the code units are connected to the physical ones
via the radial mass scale u = m/(hc), with m,, the particle
mass expressed in electron-volts (eV):

>

=uR, Z=uz,

+(0xh)?

PP UG, 654)

P(R.2) =@’ +(0:4)°
where now we have used X to explicitly highlight a
quantity written in code units. For a given frequency,
/ u, the corresponding physical mass density, acting as the
source term of the Newtonian gravitational potential, is
recovered through

P(R,z3 1, po) = pop(uR, pz), (5.5)
where p, carries the units of mass density. The gravitational
potential, w(R, z), is then obtained from the mass density
through the Poisson equation

V2w (R, z; pt, po) = 42Gp(R, 234t pg).  (5.6)

At the equatorial plane (z =0), the circular velocity
associated with the Q-ball energy distribution is given by

RY (ROpy).  (57)

2 R:
UQ( SH,Po) = oR

The quantities (u,py) are determined by matching the
dimensionless solution to the observational data (see
Sec. VII). Specifically, u sets the radial scale, while p,
is proportional to the total halo (Q-ball) mass. From the
solution of (5.6), the gravitational potential in the equatorial
plane generated by an axially symmetric mass distribution
is given by [46]

Rlp(RI’Z/)
(R—I—R/)z +Z/2
2V RR'
x K
(R+Rl)2 +Z12

w(R.0) = —4G / TR |z
0 -0

(5.8)

where K (k) is the complete elliptic integral of the first kind
and p(R’,7) is the physical mass density. Substituting the
correct scaling (5.4) from physical to code units for a Q-
ball, into the integral (5.8), one obtains the dimensional
factorization

4Gpy ., ~
w(R, 04, p9) = — ﬂzow(R),
7(R) x / dR'dZ’RR'p(R'.2)).... (5.9)

and therefore the circular velocity separates into a dimen-
sional prefactor times a dimensionless, model-dependent
curve

4Gp0 A N N
UZQ(R;ﬂ’pO) = ”—Zyczzode(R>’ Uczzode(R) =-R
(5.10)

with R = uR. The mass density amplitude, po, can be
further rewritten in terms of the total halo mass. Defining
the dimensionless mass (energy) integral

—27[/ dR/ dzRp(R. 2

the physical halo mass M, and p, are related by
My, = poE/u?, hence py = Myu’/E. Replacing this into
(5.10) yields the simple form

(5.11)

4GMh,Ll
E U(Z:Ode (MR) ’

UZQ(R;,u,Mh,a)) = (5.12)

which depends only on measurable or computable quan-
tities: the halo mass M, the radial scale u (related to the
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particle mass), the dimensionless energy integral E (deter-
mined by the Q-ball profile, Sec. IV) and the dimensionless
rotation curve vcode(f?) computed from the field solution.
Equations (5.9)—(5.12) are the operational relations used to
fit O-ball models to observed rotation curves.

The shape of 1.4 (R) is set exclusively by the dimen-
sionless density profile 5(R, %), and therefore by the chosen
self-interaction potential, U. In the polynomial case, the
large ¢ growth of Up  ¢® strongly penalizes extended,
high-amplitude field configurations, producing more com-
pact, strongly localized Q-balls. By contrast, an axionlike
potential can support broader field profiles that explore
nonlinear plateaus of U ,. Consequently, when translated to
physical units via (5.12), polynomial Q-balls tend to give
rotation curves associated with relatively concentrated
halos for a given particle mass mg,, whereas axionlike
Q-balls can produce more extended halo contributions for
the same dimensionless solution family—a qualitative
distinction that must be confronted with data when fitting
observed rotation curves.

VI. DATA

In this work we use the SPARC database® [3], which
provides homogeneous 3.6 pum photometry and accurate
rotation curves for 175 nearby disk galaxies.

The sample spans a wide range of morphologies
(SO-Im), luminosities (107 < Lj3 /Lo < 10'?), and cir-
cular velocities (20-300 kms~!), encompassing the diver-
sity of spiral and irregular galaxies in the local Universe.

The rotation curves were derived from interferometric Hi
and optical Ha observations collected over the past three
decades with different facilities, the Westerbork Synthesis
Radio Telescope (WSRT), the Very Large Array (VLA), the
Australia Telescope Compact Array (ATCA), and the Giant
Metrewave Radio Telescope (GMRT). Tilted-ring model-
ing was applied to the velocity fields, with quality flags
(Q = 4 - 3) indicating the reliability of each curve; typical
velocity uncertainties are a few kms~!. Distances were
obtained from standard candles when available, from
cluster membership (e.g., Ursa Major at 18 4 0.9 Mpc),
or from Hubble-flow estimates corrected for Virgo-centric
infall, assuming Hy = 73 kms~! Mpc~!.

The 3.6 pm surface photometry was extracted from
Spitzer/IRAC imaging, primarily from the Spitzer
Survey for Stellar Structure in Galaxies, S*G [47], and
processed with the ARCHANGEL pipeline [48]. Exponential
fits to the outer profiles yield disk scale lengths, while bulge
components (for 7 < 4) are modeled as spherical. The
gaseous contribution, V,,, is computed from the HI sur-
face-density profiles following [49], accounting for the
contribution of helium. The total baryonic contribution to
the rotation curve is then

®https://astroweb.cwru.edu/SPARCY.

Viar(R; 1) = Vi = TaisVaisk| Vaisk
+ TbulVbu1|Vbul| + Vgas|Vgas

. (6.)

as in Eq. (2.2) of [3], where they included the absolute
values to reflect the fact that the gas contribution to Vi, can
sometimes be negative. Above, T4y =71, and Ty, =
1.47, are the stellar mass-to-light ratios for the disk and the
bulge, respectively. In [3] the mass-to-light ratios at 3.6 pm
are fixed to Y, =05My/Ly and Yy, =0.7My/Lg,
consistent with stellar population synthesis models using
standard initial mass functions (IMFs) [50,51]. These
values minimize the scatter in the baryonic Tully-Fisher
relation and yield realistic gas fractions and degrees of
baryonic maximality, while lower Y, values lead to
unphysically submaximal disks [3]. In the following, we
will account for the variation in Y, for each galaxy by
optimizing it within the fit, assuming an informative
Gaussian prior centred on 0.5, N'(0.5,6 = 0.1), we com-
puted the corresponding Yy,,; = 1.47,. Note that here, we
implement a simple proof-of-concept application of our Q-
ball solutions; refined analyses will be applied in a
subsequent paper for more sophisticated bosonic solitonic
models. Each SPARC entry provides the observed rotation
curve and the modeled contributions of gas, stellar disk,
and bulge, forming one of the most comprehensive datasets
for galaxy mass modeling and DM studies.

VII. RESULTS

Among the 175 galaxies in the SPARC catalog, in order
to minimize selection effects, we consider disk galaxies
with at least ten measured rotation-curve points, resulting in
a final sample of 116 objects spanning a wide range of
masses and morphologies. This choice allowed us to assess
the phenomenological signature of the Q-ball model across
a variety of disk galaxy population, rather than focusing on
a restricted subsample optimized for a specific halo profile.

The total rotation curve of a galaxy is then expressed by
including the contribution of the Q-ball:

Utot(R;/"’Mh’wv T*) = \/V%H(R;T*) + sz(R;,u,Mh,a)),
(7.1)

where v, is defined by (5.10), and Vy,, reflects the sum
of the baryonic components as given by (6.1). We fit
(7.1) against RC SPARC data, assuming flat priors
in we[0.383,0.999], logyo(m,/eV)e[-31,-23], and
log,o(My/Mg) €[6,13]. Note that, as mentioned above,
the stellar mass-to-light ratio Y, is also optimized within
the fit with an informative Gaussian prior centered on
T, = 0.5, with a standard deviation of 0.1.

"For the polynomial Q-ball, the interval is tighter, > 0.62.
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Example of fitted rotation curves for the galaxy NGC 4183 of the SPARC sample. The orange solid lines and the light blue

region indicate the best fit model from (7.1) and the 68% confidence region. Blue points with error bars are the observed rotation curves.
The green dashed lines represent the best-fit rotation curve contributions of the Q-ball (left and central plots) and of the NFW DM profile
(right), while the yellow lines refer to the combined contribution of the baryonic components. Left: axionlike potential, U 4. Central:

polynomial potential, Up. Right: standard NFW DM distribution.

We consider both the polynomial and the axionlike
potential models for the scalar field, sampling 50000 points
in the parameter space with a Markov chain Monte Carlo
(MCMC) method; we roughly compare the performances
of the two models by using the Bayesian information
criterion (BIC),

BIC = kln(n) — 2In(¢), (7.2)

where k is the number of free parameters, n the number
of data points and ¢ the likelihood of the fit. A model
A is significantly preferred over a model B if
ABIC = BICz — BIC, =z 6. Since the models have the
same number of free parameters, ABIC differs only by
the fit likelihood term; under Gaussian errors this is
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equivalent (up to a constant) to a Ay> comparison.

To evaluate the viability of the Q-balls, we further
compare both the polynomial and the axionlike models
with a fit obtained assuming standard NFW halo profile
[52] for the DM distribution. The latter’s associated circular
velocity at radius r reads

_ GMygw (751200 75)

viw (r) = - ’

(7.3)

where

ln<1 +r/rs) _(r/rs)/(l +r/rs)
In(1 4 ca09) = €200/ (1 + €200)

M(”§ 200> "s) = My

(7.4)
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FIG. 6. Distribution of ABIC = BICp,4 — BICxpw of the polynomial and axionlike models with respect to the NFW DM profile (a
ABIC > 0 favors NFW), as a function of the average (positive) circular velocity of the galaxy (vy,s) The dashed and red horizontal lines
represent the limits ABIC = +2 and 46, marking the regions above which the preference for a given model becomes mild and strong,

respectively. Left: polynomial-NFW. Right: axion-NFW.
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With r, and r,q are the two free parameters characterizing
the halO, Cro0 = r200/rs and M200 = (IOOHZ(Z)/G) X 7’%00.
Finally, H(z) is the Hubble parameter at redshift z.

In Fig. 5 we show, as an example, the best fit axionlike
and polynomial Q-ball rotation curves (green dashed lines
in the left and central plots), the baryonic contribution
(yellow curves) and the total contribution (baryonic + Q-
ball) along with its 68% confidence region (orange solid
lines and light blue shaded area) compared to the observed
curve (blue points with error bars) for the spiral galaxy
NGC 4183 in the Ursa Major cloud. For the chosen galaxy,

the Q-ball model fits reasonably well the observed rotation
curve, with a reduced 2 ; = 0.35, 0.26 for the polynomial
and axionlike case, respectively. The axionlike potential
performs slightly better (ABIC = 1.68) against the poly-
nomial potential, which is a common trend found on all the
galaxies in our sample. When compared against the
standard NFW profile, Fig. 5 (right), the axionlike Q-ball
is less preferable, with a difference of ABIC = 3.02
(r%, = 0.18) in favor of the NFW profile.

Overall, the NFW model provides the best description of
the majority of rotation curves in the sample. However, the

Polynomial

log10(my/10727) ev
(@]

Axion
3.
2.
>
Q
< 11 +
b
o
2 0
o
E
S -1
> N
2 4 o4+t
_.2<
=37 -4 g
—5 =4 =2 0 2 4 6
|0910(MQ/1012M0)
Axion
1 .
2 4
— =, il
> 4 ¥ = +
0 é =ttt 111 ’e
S IRNSIS s Ga e
N | = "
) 1—+
(@] + M
2 1 +
S >
£ .
o
> —2
3 = .
|
ToR— |
—31 + q
03 04 05 06 07 08 09 1.0

wiu

-1 | 1
LN
-2 - i
ﬁ "w:r
-3 ==
-6 -4 -2 0 2 4 6
Ioglo(MQ/].Oleo)
Polynomial
11 -
—— 1 b
= Alw
o O] e ot r—g
-  — ==
D -
o |
o -1 -
o
E
o
S >
o =2 3
—31

0.5 0.6 0.7 0.8 0.9

wiu

1.0

FIG. 7. Comparison of the best fit parameters with their 68% confidence interval for the axionlike (left) and polynomial (right) Q-ball
models. Top: log;o(My,/Mg) vs logo(my/eV). Bottom: @ vs logo(m,/eV). In all plots, the red points indicate a (y2,)* > 1.0, where
X = P, A for polynomial and axionlike, respectively.
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ABIC distribution, displayed in Fig. 6, shows that the Q-
ball models very often yield statistically comparable fits,
with ABIC values typically in the range 2-5, and outper-
forms NFW in a non-negligible subset of galaxies.

It is important to remark here that we are adopting an
illustrative, simplified model which neglects the gravita-
tional term in the scalar field action and does not account
for the complex physical mechanisms in the galactic
environment. While the first approximation is well justified
(see Appendix), the model comparison performed here
should be considered cautiously as a proof-of-concept for
future astrophysical applications. However, the toroidal
morphology characteristic of spinning Q-balls seems to
translate, in the equatorial plane, into a distinctive family of
circular-velocity profiles v(R) that can reproduce the dark
component of disk-galaxy rotation curves.

Figure 7 shows the estimated best fit log particle mass,
log halo mass and frequency @ parameters with their 68%
intervals. The red points and bars indicate fits with a ;(fed
larger than 1.0. For both polynomial and axionlike
potentials, we found that except for a couple of cases,
the particle mass is found to be between —-28 <
logo(m,/eV) < —=26.5, which is consistent with the
results presented in [29,30] and the expected maximum
mass for ultralight DM models [15,53].

From the top plots of Fig. 7 we can visually inspect how
the majority of galaxies where the Q-ball model fits worse
(i.e., higher y?) are localized close to the edge of the prior
on the halo mass log,o(M,/Mg) ~ 10'3, which, corre-
sponds to a physical size of the halo of several hundreds
kpc. This is not surprising as our simplified model is not
able to fully capture the wide variety of galaxy environ-
ments, morphologies and dynamics/evolutions.

The bounds on the free parameters accounting for the
scatter among the single galaxy estimates are given by

logo(My/Mg) = 12.35 4 0.04,

logo(my/eV) = =27.13 £ 0.03, o = 0.83 £0.01,
(7.5)

for the polynomial potential, and

loglo(Mh/Mo) — 1244 :l: 006,

logo(my/eV) = =27.20 £ 0.05, o =0.71 £0.02,
(7.6)

for the axionlike case. The latter sits inside the stability
region  wg,, €10.42,0.78]. The polynomial mean,
o =0.83£0.01, lies marginally above its window
O € [0.62,0.82]: still on the classically stable branch,
but metastable to particle emission rather than linearly
unstable.

VIII. CONCLUSIONS

In this paper, we examined whether dynamically robust,
rotating scalar Q-balls can reproduce the DM contribution
of disk-galaxy rotation curves. We presented a theoretical
and numerical framework for two classes of self-inter-
actions: the standard sextic polynomial potential, Up, and
an axionlike periodic potential, Uy, that reduces to the
polynomial form at small amplitudes (v — u), but departs
from it at high (nonlinear regime).

To compute these solutions efficiently and in an approxi-
mated closed form, we presented for the first time the
SPECTRALPINN, an in-house developed hybrid solver that
embeds pseudospectral basis functions directly inside
a PINN optimization loop. The result is a solver that
preserves the exponential accuracy of spectral approaches
while retaining the flexibility of neural networks residual
minimization and yields compact representations of both
spherically symmetric and spinning Q-balls for the two
potentials considered.

The computed solutions, and their domain of existence,
were analyzed for the first time in the axionlike case. For
the spinning and spherical configurations, both models
coincide at @ — u as expected from the low field approxi-
mation. On the other hand, toward @ — @_ the polynomial
Up is monotonically increasing (after reaching a minimum
for the spinning case) (E, Q — +o0), while the axionlike
solution reaches a local (global) maximum of E (Q) (once
again after reaching a minimum for the spinning case),
turns over and continues to a high-energy/low-Q branch
with E/Q > u. Absolute stability (E/Q < p) occurs only
in an intermediate band—narrow for U p, broader for U ,—
while classical stability tracks segments with dQ/dw < 0.

An empirical assessment on a quality-controlled subset
of 116 galaxies from the SPARC catalog [3] shows that
both potentials can fit observed rotation curves with
statistically acceptable quality in many systems, and can
be competitive with the standard NFW DM model in a
subset of galaxies. More in detail, the axionlike potential is
mildly preferred over the polynomial, delivering the lowest
BIC in 22 systems, while the polynomial is preferred only
for 10 galaxies. While the NFW provides the lowest BIC
for 84 systems, the preference is strong only for a
reasonably small (20%) fraction of the sample. For the
remaining galaxies, the spinning Q-ball proves a competi-
tive phenomenological description of the DM halo against
the standard NFW model. In most galaxies, the preferred
scalar-particle mass scale for the present Q-ball model
clusters around my ~ 107 eV, in line with expectations
for solitonic DM scenarios on galactic scales (e.g., [15,29]).

We emphasize that the present work is intentionally
proof-of-concept. By construction, we neglect the scalar
field self-gravity in the equations of motion (see Appendix)
and adopt a simplified description of the galactic environ-
ment, which does not account for all observational
systematics. These choices isolate the core question of
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phenomenological viability, but naturally limit the com-
pleteness of the inference and imply that we do not expect
to outperform empirical halo profiles such as NFW across
the full galaxy sample. Rotation curves provide a minimal
and controlled benchmark to identify the possible (effec-
tive) gravitational imprint of this specific scalar field
configuration at galactic scales. However, a realistic assess-
ment of the model requires extending the analysis to
additional observables.

A natural next step is to incorporate self-gravity directly in
the action and confront the model jointly with complementary
probes, including stellar and gas kinematics, gravitational
lensing, and the baryonic Tully-Fisher relation. Moreover,
extending the sample to include dwarf-galaxy rotation curves
may provide additional insight into the ultralight and fuzzy
DM regime, with several studies suggesting a larger particle
mass, m, > 1073 eV, (e.g., [54.55)).

Taken together, our results identify rotating scalar Q-balls,
especially with axionlike self-interactions, as credible soli-
tonic candidates for the dark components of disk galaxies at
the level of their rotation curves, and they establish
SPECTRALPINN as a practical tool for generating accurate,
storage-light solutions amenable to astrophysical forward
modeling. With fuller dynamics and a broader data con-
frontation, this framework can sharpen both astrophysical
and particle-physics interpretations of DM at galaxy scales.
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APPENDIX: O-BALL SELF-GRAVITY
CONSISTENCY ANALYSIS

At the leading (weak-field) order, every term neglected
in (2.16) is O(|w|/c?) relative to a retained one, with, v, the
Newtonian potential already computed in our rotation-
curve analysis. The density-weighted average of this local
error parameter is the ratio between the total gravitational
energy and the total energy,

|Egrav| o l <|W|>p _ GMh/"

R = =
M2 2 ¢ c?

flo), (A1)

with Egy = 3 [ pwd®x the self-gravity energy, and f(w) a

dimensionless shape integral of the code-unit solution. The
shape integral factor f(w) = |I|/(2E?) requires the double

integral
/
1| = // PLPY)
o = x|

i.e., the potential y everywhere—which we evaluate by
computing y on the full domain from the stored spectral
coefficients. The code factor E is the dimensionless energy
density (in code units).

Evaluating R for the best-fit (final) configuration of all
the 116 galaxies (see Fig. 8), we find that the median
R ~ 107, with the band topping at R ~ 107°, well below
the R <« 1 regime.

(A2)

10—6 J

1077

1078

10—9 J

R(w)

)

10—10
10—11
10—12 J

10—13 J

04 05 06 07 08 09 1.0
w

FIG. 8. Self-gravity ratio R = |Egpy|/(M)c?) =
(GMpu/c?)f(w) as a function of the scalar-field frequency .
The dimensionless shape factor f(w) is computed once on a fine
grid; the spread arises from the different halo masses M), of the
116 SPARC galaxy best fits. The solid line shows the median
across the sample, and the shaded band spans the minimum-to-
maximum envelope. Throughout the entire parameter range,

R <« 1, confirming that the neglect of self-gravity is self-
consistent.

083020-15



POMBO, PIZZUTI, and DI GIACOMO

PHYS. REV. D 114, 083020 (2026)

[1] V.C. Rubin, J. W. Kent Ford, and N. Thonnard, Extended
rotation curves of high-luminosity spiral galaxies. IV.—
Systematic dynamical properties, Sa through Sc, Astrophys.
J. 225, 1107 (1978).

[2] A. Bosma, 21-cm line studies of spiral galaxies. II. The
distribution and kinematics of neutral hydrogen in spiral
galaxies of various morphological types, Astron. J. 86, 1825
(1981).

[3] F. Lelli, S. S. McGaugh, and J. M. Schombert, Sparc: Mass
models for 175 disk galaxies with spitzer photometry and
accurate rotation curves, Astron. J. 152, 157 (2016).

[4] K. A. Oman, J.FE. Navarro, A. Fattahi, C.S. Frenk, T.
Sawala, S.D.M. White er al., The unexpected diversity
of dwarf galaxy rotation curves, Mon. Not. R. Astron. Soc.
452, 3650 (2015).

[5] S.-H. Oh, D. A. Hunter, E. Brinks, B. G. Elmegreen, A.
Schruba, F. Walter et al., High-resolution mass models of
dwarf galaxies from LITTLE THINGS, Astrophys. J. 149,
180 (2015).

[6] 1. S. Sands, P. F. Hopkins, X. Shen, M. Boylan-Kolchin, J.
Bullock, C.-A. Fauch-er-Giguere et al., Confronting the
diversity problem: The limits of galaxy rotation curves as a
tool to understand dark matter profiles, Astrophys. J. 1000,
127 (2026).

[7] A.H. Nelson and P. R. Williams, Recent observations of the
rotation of distant galaxies and the implication for dark
matter, Astron. Astrophys. 687, A261 (2024).

[8] D. Jeong, H.S. Hwang, H. Chung, and Y. Yoon, Diverse
rotation curves of galaxies in a simulated universe: The
observed dependence on stellar mass and morphology
reproduced, Astrophys. J. 982, 11 (2025).

[9] S. Tulin and H.-B. Yu, Dark matter self-interactions and
small-scale structure, Phys. Rep. 730, 1 (2018).

[10] M. Milgrom, A modification of the newtonian dynamics as a
possible alternative to the hidden mass hypothesis, As-
trophys. J. 270, 365 (1983).

[11] T. Matsakos and A. Diaferio, Dynamics of galaxies and
clusters in refracted gravity, arXiv:1603.04943.

[12] L. Pizzuti, F. Fantoccoli, V. Broccolato, A. Biviano,
and A. Diaferio, Testing refracted gravity with the
kinematics of galaxy clusters, Astron. Astrophys. 698,
A83 (2025).

[13] B. Famaey, L. Pizzuti, and I. D. Saltas, Nature of the missing
mass of galaxy clusters in MOND: The view from gravi-
tational lensing, Phys. Rev. D 111, 123042 (2025).

[14] J.S. Bullock and M. Boylan-Kolchin, Small-scale chal-
lenges to the Acdm paradigm, Annu. Rev. Astron. As-
trophys. 55, 343 (2017).

[15] D.J.E. Marsh and S. Hoof, Astrophysical searches and
constraints, in The Search for Ultralight Bosonic Dark
Matter (Springer International Publishing, New York,
2022), p. 73-122.

[16] R. Della Monica and I. de Martino, Bounding the mass of
ultralight bosonic dark matter particles with the motion of
the S2 star around SgrA*, Phys. Rev. D 108, L101303
(2023).

[17] L. Salasnich and A. Yakimenko, Collective excitations of
self-gravitating ultralight dark matter cores, Phys. Dark
Universe 49, 101973 (2025).

[18] P. Jetzer, Boson stars, Phys. Rep. 220, 163 (1992).

[19] B. Kleihaus, J. Kunz, and M. List, Rotating boson stars and
Q-balls, Phys. Rev. D 72, 064002 (2005).

[20] C. A. Herdeiro, A. M. Pombo, and E. Radu, Asymptotically
flat scalar, dirac and proca stars: Discrete vs continuous
families of solutions, Phys. Lett. B 773, 654 (2017).

[21] A.M. Pombo, J. M. Oliveira, and N. M. Santos, Coupled
scalar-proca soliton stars, Phys. Rev. D 108, 044044 (2023).

[22] R. Brito, V. Cardoso, C. A. Herdeiro, and E. Radu, Proca
stars: Gravitating Bose—Einstein condensates of massive
spin 1 particles, Phys. Lett. B 752, 291 (2016).

[23] Y. Shnir, Boson stars, in Modified and Quantum Gravity:
From Theory to Experimental Searches on All Scales
(Springer, New York, 2023), pp. 347-362.

[24] S. Coleman, Q-balls, Nucl. Phys. B262, 263 (1985).

[25] M. S. Volkov and E. Wohnert, Spinning Q-balls, Phys. Rev.
D 66, 085003 (2002).

[26] K. Lee, J. A. Stein-Schabes, R. Watkins, and L. M. Widrow,
Gauged Q balls, Phys. Rev. D 39, 1665 (1989).

[27] V. Loiko, I. Perapechka, and Y. Shnir, Q-balls without a
potential, Phys. Rev. D 98, 045018 (2018).

[28] M. Axenides, S. Komineas, L. Perivolaropoulos, and M.
Floratos, Dynamics of nontopological solitons: Q balls,
Phys. Rev. D 61, 085006 (2000).

[29] J. C. Mourelle and C. Adam, Galactic halos and rotating
bosonic dark matter, Phys. Rev. D 110, 123001 (2024).

[30] J. C. Mourelle, N. Sanchis-Gual, and J. A. Font, Reproduc-
ing galactic rotation curves with a two-component bosonic
dark matter model, Phys. Rev. D 112, 063054 (2025).

[31] D. Guerra, C. F. Macedo, and P. Pani, Axion boson stars, J.
Cosmol. Astropart. Phys. 09 (2019) 061.

[32] J.F. Delgado, C. A. Herdeiro, and E. Radu, Rotating axion
boson stars, J. Cosmol. Astropart. Phys. 06 (2020) 037.

[33] A. M. Pombo and I. Saltas, A sun-like star orbiting a boson
star, Mon. Not. R. Astron. Soc. 524, 4083 (2023).

[34] C. A. Herdeiro, A. M. Pombo, E. Radu, P. V. Cunha, and N.
Sanchis-Gual, The imitation game: Proca stars that can
mimic the Schwarzschild shadow, J. Cosmol. Astropart.
Phys. 04 (2021) 051.

[35] G. Derrick, Comments on nonlinear wave equations as
models for elementary particles, J. Math. Phys. (N.Y.) 5,
1252 (1964).

[36] A.M. Pombo and L. Pizzuti, Virial identities across the
spacetime, Phys. Rev. D 111, 084008 (2025).

[37] J.M. Oliveira and A. M. Pombo, A convenient gauge for
virial identities in axial symmetry, Phys. Lett. B 837,
137646 (2023).

[38] C. A. Herdeiro, J. M. Oliveira, A. M. Pombo, and E. Radu,
Deconstructing scaling virial identities in general relativity:
Spherical symmetry and beyond, Phys. Rev. D 106, 024054
(2022).

[39] C. A. Herdeiro, J. M. Oliveira, A. M. Pombo, and E. Radu,
Virial identities in relativistic gravity: 1D effective actions
and the role of boundary terms, Phys. Rev. D 104, 104051
(2021).

[40] J.L. Blazquez-Salcedo, F.S. Khoo, J. Kunz, and L. M.
Gonzalez-Romero, Quasinormal modes of Kerr black holes
using a spectral decomposition of the metric perturbations,
Phys. Rev. D 109, 064028 (2024).

[41] R. Luna, J. Calderén Bustillo, J.J. Seoane Martinez, A.
Torres-Forne, and J. A. Font, Solving the Teukolsky

083020-16


https://doi.org/10.1086/182804
https://doi.org/10.1086/182804
https://doi.org/10.1086/113063
https://doi.org/10.1086/113063
https://doi.org/10.3847/0004-6256/152/6/157
https://doi.org/10.1093/mnras/stv1504
https://doi.org/10.1093/mnras/stv1504
https://doi.org/10.1088/0004-6256/149/6/180
https://doi.org/10.1088/0004-6256/149/6/180
https://doi.org/10.3847/1538-4357/adfc5a
https://doi.org/10.3847/1538-4357/adfc5a
https://doi.org/10.1051/0004-6361/202348833
https://doi.org/10.3847/1538-4357/adb1be
https://doi.org/10.1016/j.physrep.2017.11.004
https://doi.org/10.1086/161130
https://doi.org/10.1086/161130
https://arXiv.org/abs/1603.04943
https://doi.org/10.1051/0004-6361/202452739
https://doi.org/10.1051/0004-6361/202452739
https://doi.org/10.1103/dccw-srks
https://doi.org/10.1146/annurev-astro-091916-055313
https://doi.org/10.1146/annurev-astro-091916-055313
https://doi.org/10.1103/PhysRevD.108.L101303
https://doi.org/10.1103/PhysRevD.108.L101303
https://doi.org/10.1016/j.dark.2025.101973
https://doi.org/10.1016/j.dark.2025.101973
https://doi.org/10.1016/0370-1573(92)90123-H
https://doi.org/10.1103/PhysRevD.72.064002
https://doi.org/10.1016/j.physletb.2017.09.036
https://doi.org/10.1103/PhysRevD.108.044044
https://doi.org/10.1016/j.physletb.2015.11.051
https://doi.org/10.1016/0550-3213(85)90286-X
https://doi.org/10.1103/PhysRevD.66.085003
https://doi.org/10.1103/PhysRevD.66.085003
https://doi.org/10.1103/PhysRevD.39.1665
https://doi.org/10.1103/PhysRevD.98.045018
https://doi.org/10.1103/PhysRevD.61.085006
https://doi.org/10.1103/PhysRevD.110.123001
https://doi.org/10.1103/13hw-msfg
https://doi.org/10.1088/1475-7516/2019/09/061
https://doi.org/10.1088/1475-7516/2019/09/061
https://doi.org/10.1088/1475-7516/2020/06/037
https://doi.org/10.1093/mnras/stad2151
https://doi.org/10.1088/1475-7516/2021/04/051
https://doi.org/10.1088/1475-7516/2021/04/051
https://doi.org/10.1063/1.1704233
https://doi.org/10.1063/1.1704233
https://doi.org/10.1103/PhysRevD.111.084008
https://doi.org/10.1016/j.physletb.2022.137646
https://doi.org/10.1016/j.physletb.2022.137646
https://doi.org/10.1103/PhysRevD.106.024054
https://doi.org/10.1103/PhysRevD.106.024054
https://doi.org/10.1103/PhysRevD.104.104051
https://doi.org/10.1103/PhysRevD.104.104051
https://doi.org/10.1103/PhysRevD.109.064028

0-BALLS, NEURAL NETWORKS, AND GALAXY ROTATION ...

PHYS. REV. D 114, 083020 (2026)

equation with physics-informed neural networks, Phys.
Rev. D 107, 064025 (2023).

[42] A.M. Pombo, Black holes and solitonic objects with
bosonic fields, arXiv:2503.20444.

[43] J. Heeck, A. Rajaraman, R. Riley, and C.B. Verhaaren,
Understanding Q-balls beyond the thin-wall limit, Phys.
Rev. D 103, 045008 (2021).

[44] M. 1. Tsumagari, E.J. Copeland, and P. M. Saffin, Some
stationary properties of a Q-ball in arbitrary space dimen-
sions, Phys. Rev. D 78, 065021 (2008).

[45] M. 1. Tsumagari, The physics of Q-balls, arXiv:0910.3845.

[46] J. Binney and S. Tremaine, Galactic Dynamics, 2nd ed.
(Princeton University Press, Princeton, NJ, 2008).

[47] K. Sheth, M. W. Regan, J. L. Hinz, A. Gil de Paz et al., The
spitzer survey of stellar structure in galaxies (s*g), Publ.
Astron. Soc. Pac. 122, 1397 (2010).

[48] J.M. Schombert, Archangel: A multi-purpose photometry
package, Astrophysics Source Code Library (2011)
ascl:1107.011.

[49] S. Casertano, Rotation curve of the edge-on spiral galaxy
NGC 5907: Mass distribution and the rotation of the outer
disk, Mon. Not. R. Astron. Soc. 203, 735 (1983).

[50] J. M. Schombert, S.S. McGaugh, and F. Lelli, The mass-
to-light ratio of spiral galaxies, Astron. J. 147, 34
(2014).

[51] S.S. McGaugh, J.M. Schombert, and F. Lelli, Stellar
population synthesis models and the mass-to-light ratio of
spiral galaxies, Astrophys. J. 788, 32 (2014).

[52] J.E. Navarro, C.S. Frenk, and S.D.M. White, The
structure of cold dark matter Halos, Astrophys. J. 462,
563 (1996).

[53] J. N. Lopez-Sanchez, E. Munive-Villa, C. Skordis, and F. R.
Urban, Scaling relations and tidal disruption in spin s
ultralight dark matter models, Mon. Not. R. Astron. Soc.
543, 4092 (2025).

[54] S.L. Zoutendijk, J. Brinchmann, N.F. Bouché, M. den
Brok, D. Krajnovi¢, K. Kuijken, M. V. Maseda, and J.
Schaye, The MUSE-Faint survey. II. The dark-matter
density profile of the ultrafaint dwarf galaxy Eridanus 2,
Astron. Astrophys. 651, A80 (2021).

[55] A. Bafares-Hernandez, A. Castillo, J. Martin Camalich, and
G. Iorio, Confronting fuzzy dark matter with the rotation
curves of nearby dwarf irregular galaxies, Astron. As-
trophys. 676, A63 (2023).

083020-17


https://doi.org/10.1103/PhysRevD.107.064025
https://doi.org/10.1103/PhysRevD.107.064025
https://arXiv.org/abs/2503.20444
https://doi.org/10.1103/PhysRevD.103.045008
https://doi.org/10.1103/PhysRevD.103.045008
https://doi.org/10.1103/PhysRevD.78.065021
https://arXiv.org/abs/0910.3845
https://doi.org/10.1086/657638
https://doi.org/10.1086/657638
https://doi.org/10.1093/mnras/203.3.735
https://doi.org/10.1088/0004-6256/147/2/34
https://doi.org/10.1088/0004-6256/147/2/34
https://doi.org/10.1088/0004-637X/788/1/32
https://doi.org/10.1086/177173
https://doi.org/10.1086/177173
https://doi.org/10.1093/mnras/staf1616
https://doi.org/10.1093/mnras/staf1616
https://doi.org/10.1051/0004-6361/202040239
https://doi.org/10.1051/0004-6361/202346686
https://doi.org/10.1051/0004-6361/202346686

	Q-balls, neural networks, and galaxy rotation curves
	I. INTRODUCTION
	II. Q-BALLS MODEL
	A. Axionlike potential
	B. Equations of motion

	III. spectralpinn
	IV. Q-BALLS SOLUTIONS
	A. Domain of existence

	V. BUILDING ROTATION CURVES OF A GALAXY-SIZE Q-BALL
	VI. DATA
	VII. RESULTS
	VIII. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: Q-BALL SELF-GRAVITY CONSISTENCY ANALYSIS
	References


