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A B S T R A C T

We investigated the photonic properties of topological lattices specifically designed to open a terahertz
photonic bandgap in a germanium matrix. An extensive analysis based on three-dimensional finite element
method enabled the identification of the requirements in terms of vertical height and lateral dimensions of
the Ge motifs to suitably vary the bulk gap between 41 and 65 THz. Furthermore, by interfacing topologically
distinct domains, we were able to observe the emergence of non-trivial edge modes that remain stable at a
constant frequency despite the varying geometry of the unit cells. These findings provide valuable insights
for designing resilient and effective photonic devices based on topological photonic crystals, and open new
avenues for the realization of advanced quantum technologies in the THz regime.
. Introduction

Recent years have seen a huge increase in interest in topological
hotonic crystals (TPCs) because they provide a convenient photonic
nalogue that mimic the behavior of electrons in condensed matter.
his is because TPCs allow for the reproduction of exotic physics
bserved in topological insulators, with a high degree of customization
nd control over the various degrees of freedom that characterize a
ystem [1,2]. TPCs have exceptional characteristics, such as chiral and
nidirectional light propagation [3], resistance to abrupt bends [4],
nd mathematical protection against defect-induced scattering. These
roperties open the door for the construction of efficient photonic
ircuits [5,6] based on topological components such as filters [7], res-
nators [8], waveguides [3,9,10], and lasers [9,11,12]. Yet, there have
een challenges in TPC advancement, particularly with regard to the
peration in the terahertz (THz) spectral range. This frequency region
s strategic because it offers large bandwidth for high-frequency data
ransmission, an essential component for improving communication
etworks beyond current limitations [13,14]. Other crucial applica-
ions of THz waves include security, biological sensing, non-destructive
maging, and quantum information [13–15]. TPCs based on Ge hold
he promise to spark the development of efficient THz photonic com-
onents and devices [16]. 3D Ge lattices, such as those schematically
hown in Fig. 1a can be easily obtained through top-down fabrication
f well-established Ge-on-Si heterostructures or through direct epitaxial
elf-assembly [17–19]. Photonic crystals based on the Ge-on-insulator
ariant are also available. Such lattices of Ge blocks are suitable candi-
ates for the investigation of unique photonic and topological features
s they bear in-plane resemblance to typical square TPCs studied in
ther materials and frequency range [11,20–24].
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In this work we examined the electromagnetic wave confinement
in a 3-dimensional environment by taking advantage of finite element
analysis. By addressing realistic designs we were able to introduce
robust and effective photonic devices based on THz TPCs. The simple
extension of the topological lattices in the third dimension, while
maintaining the ease of fabrication, introduces an additional degree of
freedom for controlling the magnitude of the photonic bandgap (PBG)
and its frequency range and is also needed for establishing a Ge crystal
critical height above which the topological modes disappear.

2. Calculation details

In this work, FEM calculations were based on the unit cell present-
ing a Ge block in its center, surrounded by vacuum. To provide data
that may be experimentally accessible, the shape of the Ge micropil-
lars was chosen in agreement with already established manufacturing
processes of such heteroepitaxial microstructures [18], with a pseudo-
octagonal shape presenting both {100} and {111} facets. The unit cell
is depicted in Fig. 1b, with a defined lattice parameter of 𝑎 = 2 μm
and the Ge micropillar in the center with a lateral size parameter 𝑑
and the size of the {111} facet of 0.1𝑑. The real part of the refractive
index is 𝑛 = 4 for Ge [25] that is assumed to be constant in the
spectral range of tens of THz, and 𝑛 = 1 for vacuum, while the
extinction coefficient is zero. The 3D simulation was performed by
changing the parameter ℎ that indicates the size of the micropillar
along the growth axis, 𝑖.𝑒. in the z direction (see Fig. 1a). Since
dedicated calculations (not shown) demonstrated that the insertion of
the underlying Si pillars do not affect the results, in the following we
will simplify the lattice geometry by considering only the Ge crystals.
Furthermore, since the Si pillar has sub-wavelength dimensions, we
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Fig. 1. (a) Graphical representation of the photonic crystal based on a Ge (orange) on Si (gray) heterostructure (not to scale). (b) PC’s fundamental unit structure model with
lattice parameter 𝑎 = 2 μm and height ℎ = 1.4 μm, composed of a central Ge pillar with refractive index 𝑛 = 4 and 0.1𝑑 chamfers at the four corners, surrounded by vacuum with
refractive index 𝑛 = 1. (c) Dispersion diagram for the unit cell with 𝑑∕𝑎 = 0.3 obtained by finite element analysis. (d) PBG calculated in the 𝑋 point of the bandstructure (red area)
and gap/midgap ratio (black dots) as a function of the aspect ratio 𝑑∕𝑎. (e) Evaluation of the PBG size at the 𝑋 point (red area) and gap/midgap ratio (black dots), in relation
to the size of the Ge pillar.
did not account for potential significant substrate losses. Nonetheless, a
more in-depth analysis of losses associated with the specific production
technology chosen is required. Later in the text, certain strategies to
tolerate losses already available in the literature are mentioned. The
computational analysis of the system eigenfrequencies was performed
with Comsol Multiphysics [26], using periodic Floquet boundary con-
ditions to evaluate the photonic bandstructure when the system had an
in-plane 2D periodicity. The Floquet boundary conditions are helpful
in FEM simulations because of the restrictions on the electromagnetic
field at the unit cell’s boundaries, making the latter reflectionless while
guaranteeing momentum and energy conservation. This, in turn, allows
the study of periodic structures at a lower computational cost.

2.1. Unit cell calculations

Within the irreducible Brillouin Zone (IBZ), we systematically swept
the wavevector 𝑘 along high-symmetry directions, as shown in the
inset of Fig. 1c. The magnitude of the PBG depends on the size of
the elements composing the unit cell [16]. Therefore, we calculated
the photonic bandstructure as a function of the micropillar lateral
size 𝑑, this allowed us to find the dimensions of the Ge micropillar
that maximize the magnitude of the PBG. An example of the photonic
bandstructure is reported in Fig. 1c, for 𝑑 = 0.3𝑎. The bandstructure
presents a full PBG centered at about 50 THz and ∼30 THz wide. The
eigenfrequency analysis allows us to evaluate the frequency position
and bandwidth of the PBG at 𝑋, as reported in Fig. 1d. The significance
of these evaluations at such high symmetry point is required for the
topological mode to emerge and will be discussed later. Since both the
frequency position and the extension of the PBG depend on the size of
the micropillar [27], we renormalized the extension of the bandgap to
its mid-gap frequency. Fig. 1d shows that the gap opens when initially
increasing the size of the micropillar, and then it rapidly shrinks in size,
2

almost closing for 𝑑 = 0.9𝑎. The maximum value of the PBG is achieved
when 𝑑 = 0.3𝑎. In the following, this value will be set as the fixed
micropillar lateral size.

After having defined the optimal lateral size to obtain the largest
PBG, we carried out a study as a function of the unit cell in the out-of-
plane direction, i.e., 𝑧, by varying the parameter ℎ, and evaluating the
frequency value and the width of the PBG at the 𝑋 point. The results are
summarized in Fig. 1e. Initially, the PBG is large and constant despite
the thickness of the micropillar is increased up to ℎ = 1.25𝑎. Above this
critical value the bandgap quickly collapses since the top-band rapidly
decreases in energy. It should be noted, however, that a PBG is still
observed for a thickness as large as ℎ = 4𝑎.

Having discussed the band structure of the Ge photonic crystal and
how it depends on the unit cell parameters, we now show how we
can leverage its topological properties. As illustrated in Fig. 2a, we
identify two lattices that can be viewed as the photonic analogues
of the 2D Su–Schrieffer–Heeger (SSH) model [20,28,29]. Highlighted
with the red dashed line is the unit cell of the structure described
before (compressed), and the second one, where a unit cell is made up
of four elements equally spaced from the cell’s center, is highlighted
with the blue solid line (expanded). We specifically studied the out-of-
plane electric field 𝐸𝑧 distribution, which is shown for such unit cells in
Fig. 2b. In this case, the compressed PC exhibits an odd distribution in
the high-energy band and an even 𝐸𝑧 distribution in the lower band.
In the expanded structure, the contrary holds true. The symmetry of
the eigenfunctions is different because they have opposite parity, but
the band structure of the two lattices is the same as in the SSH model,
where the band dispersion does not change with the inversion of the
intra- and inter-cellular distances between the elements composing the
unit cell [20,29]. As a result, the parity of the bands can be considered
as the topological invariant so that the compressed and expanded PCs
belong to different topological phases.
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Fig. 2. (a) Visualization of the compressed (red dashed line) and expanded (blue solid line) unit cells. (b) Distribution of the electric field for both compressed and expanded PCs
for 𝑑∕𝑎 = 0.3. The upper and lower band are points A and B in Fig. 1c, respectively. Out-of-plane electric field 𝐸𝑧 component at the 𝑋-point of the irreducible Brillouin zone. A
topological phase transition is suggested by the symmetry inversion between the compressed and expanded crystal shapes.
2.2. Supercell calculations

A fingerprint of the occurrence of TPCs is the presence of localized
modes at the interface between domains characterized by different
topology. To verify this property, we simulated a ribbon composed of
the two PCs described in Fig. 2b that are placed in contact, in a config-
uration commonly referred to as a supercell, as seen in Fig. 3a. For the
simulation, we used Floquet periodic boundary conditions only along
the 𝑥 direction. This structure is a one-dimensional photonic crystal and
therefore its eigenfrequencies were calculated from 𝑘𝑥 = 0 to 𝑘𝑥 = 𝜋

𝑎 .
The calculated bandstructure of such supercell is shown in Fig. 3b, for
the Ge micropillar thickness ℎ = 0.75𝑎. It exhibits a wide range of bulk
modes with a PBG spanning from 41 to 65 THz, and one well-separated,
localized mode centered at about 42.5 THz, highlighting the topological
nature of the designed interface. This mode is not only well-defined in
energy, but the 𝐸𝑧 plot in Fig. 3a illustrates its spatial localization at the
interface between the two domains, providing evidence of the existence
of a topological transition in the designed supercell [9,30–33]. Fig. 3a
also represents the local Poynting vectors, which show the direction
of propagation of the electromagnetic wave. We then investigated the
evolution of the photonic bandstructure and of the topological mode
as a function of the micropillar thickness ℎ. As shown in Fig. 3c-d, we
evaluated the PBG at the critical points 𝑘𝑥 = 0 and 𝑘𝑥 = 𝜋∕𝑎, reporting
the frequency position of the topological mode and the extension of the
PBG. As already observed for the unit cell, it can be clearly seen that for
both values of 𝑘𝑥 the PBG is initially almost constant with increasing
ℎ, and then it rapidly shrinks due to a fast decrease of the high-energy
band. The value at which the PBG starts to shrink is different between
the two scenarios: it is ℎ = 𝑎 for the calculation performed in 𝑘𝑥 = 0
and ℎ = 1.25𝑎 for that performed in 𝑘𝑥 = 𝜋∕𝑎.

After having analyzed the size of the bandgap as a function of ℎ
we focus on the behavior of the topological mode. Fig. 3c-d show that
in both points of the bandstructure of the supercell, the topological
mode remains robust and at constant energy. When the high-energy
band crosses the energy at which the topological mode can be found,
the latter disappears into the bulk. This happens for ℎ = 1.5𝑎 in 𝑘𝑥 = 0
and for ℎ = 2𝑎 in 𝑘𝑥 = 𝜋∕𝑎. Therefore, to preserve the presence of the
topological mode at the interface between the two PC domains, future
fabrication efforts will require careful consideration of the aspect ratio
of the 3D crystal. In our case study we were able to set an upper value
for the Ge micropillars of ℎ = 1.5𝑎. Modern lithography achieves sub-
micrometer resolutions, while epitaxial Ge crystal self-assembly offers
control down to single monolayer levels. Spatial errors in height and
lattice parameters result in a manageable relative error for the h/a
ratio, as observed in Fig. 3c-d, without compromising the topologi-
cal state. In addition, by directly integrating these photonic crystal
3

structures onto 3D structured silicon-on-insulator (SOI) substrates, the
suggested fabrication methods can minimize substrate losses caused by
the large refractive index difference [34].

3. Conclusion

Our goal to extend our calculation to 3D was pivotal for under-
standing the complex behavior of Ge micropillars in the context of the
topological mode in the THz frequency range. To guarantee the pres-
ence of the topological mode, we specifically found that the maximum
height for micropillars is ℎ = 1.5𝑎. This offers insightful information
about the design parameters and opens the way to the fabrication of
Ge-based THz TPCs that are robust and efficient.
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Fig. 3. (a) Spatial distribution of the out-of-plane component of the electromagnetic field (𝐸𝑧) in a supercell configuration, consisting of a line interface between a compressed
and expanded PC. The Poynting vector’s direction and magnitude are indicated by black arrows. (ℎ = 0.75𝑎) (b) Calculated bandstructure of the supercell along the 𝑥 direction.
Bulk bands (gray) and a gap containing a localized topological mode (red curve) are visible in the bandstructure. The interface between the two PC zones is where the modes are
limited. (ℎ = 0.75𝑎) (c,d) PBG and topological mode frequency dependence in relation to the height of the unit cell, in 𝛤 (left) and in 𝑋 (right).
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