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The Lorentzian type IIB matrix model is a promising candidate for a non-perturbative formulation
of superstring theory. In previous studies, Monte Carlo calculations provided interesting results
indicating the spontaneous breaking of SO(9) to SO(3) and the emergence of (3+1)-dimensional
space-time. However, an approximation was used to avoid the sign problem, which seemed to
make the space-time structure singular. In this talk, we report our results obtained by using the
complex Langevin method to overcome the sign problem instead of using this approximation.
In particular, we discuss the emergence of continuous space-time in a new phase, which we
discovered recently.
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1. Introduction

Superstring theory is the most promising candidate for a unified theory of all interactions,
including gravity. The theory is consistently defined in ten-dimensional space-time, and the extra six
dimensions need to be small enough to be consistent with current observations. One mechanism that
leads to phenomenologically acceptable scenarios is the compactification of the extra dimensions
into small compact internal spaces. These scenarios have been investigated perturbatively on D-
brane backgrounds and result in a vast number of vacua, leading to the so-called string landscape. It
is therefore interesting to see what happens when one includes nonperturbative effects and whether
these play an essential role in determining the true vacuum of the theory.

In 1996, the type IIB, or IKKT, matrix model was proposed as a nonperturbative formulation
of superstring theory [1]. The model is obtained by dimensionally reducing the action of the
ten-dimensional N = 1 Super Yang-Mills (SYM) to zero dimensions. The resulting matrix model
has maximal N = 2 supersymmetry (SUSY) and the translations of the SUSY algebra is realized
by the shifts 𝐴` → 𝐴` + 𝛼`1, ` = 0, . . . , 9. The eigenvalues of the bosonic matrices 𝐴` are
considered to define space-time; therefore, although space-time does not exist a priori in the model,
it emerges from the dynamics of the theory. The model has the potential to provide a nonperturbative
mechanism for dynamical compactification of the extra dimensions in superstring theory. Such a
scenario has been shown to be realized in the model’s Euclidean version. In this case, dynamical
compactification is realized by the Spontaneous Symmetry Breaking (SSB) of the SO(10) rotational
symmetry down to SO(3), resulting in a three-dimensional macroscopic universe. This was shown
by applying the Gaussian Expansion Method (GEM) [2–5], which is a systematic expansion yielding
nonperturbative information, and by Monte Carlo calculations [6–9].

Those results provide a strong motivation to study the model in its original, Lorentzian version.
A straightforward Monte Carlo calculation is not possible because the model has a strong complex
action problem. This led the authors in [10] to use an approximation that completely removes the
complex action problem. They found that the model features a dynamically emerging continuous
time, and that space is expanding from Planck scale to a macroscopic three dimensional universe.
This happens by SSB the SO(9) rotational symmetry of space down to SO(3). Following works
showed that this expansion has the potential to be phenomenologically viable, being exponential at
short times and power like at late times [11–14]. At late times, the dominant configurations can be
approximated by classical solutions representing an expanding space that contain phenomenologi-
cally consistent matter content at low energies [15–27].

Recent work shows that the expansion is driven by singular configurations associated with
the Pauli matrices, in which only two eigenvalues are large [28]. This behavior is due to the
approximation used to avoid the complex action problem; therefore it becomes necessary to perform
calculations in the full Lorentzian model. In that case, the partition function is not well defined, and
in [29] it was proposed to perform two independent world-sheet and target space Wick rotations,
parameterized by two parameters 𝑠 and 𝑘 , respectively, and then take an appropriate 𝑠, 𝑘 → 0 limit.
Even after this deformation, the model suffers from a severe complex action problem, which the
authors overcame by using the Complex Langevin Method (CLM) [30, 31]. The CLM has been
known to yield wrong results in many interesting cases, but by applying new techniques, and correct
convergence criteria [32–38], it is possible to use the method successfully. Recently, the CLM has
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been applied to the Euclidean IIB matrix model, yielding results that are in agreement with GEM
calculations [8, 9].

This work applies the CLM to a simplified version of the IIB matrix model, where the fermionic
degrees of freedom are quenched (bosonic IIB). The model is deformed by the Wick rotations
mentioned above, and we are able to study (𝑠, 𝑘) deformations for 𝑘 = 0, −1 ≤ 𝑠 ≤ 0. The 𝑠 = −1
model is the one studied in [10] and the 𝑠 = 0 model is the bosonic Lorentzian IIB matrix model. The
simulations are successful, and we observe a transition from the singular “Pauli Matrix” dominated
phase to a new, continuous phase. We observe that the dominant configurations are continuous,
non-expanding space-times. As in the case of the Euclidean model, we expect that SUSY plays an
essential role in the SSB of the rotational symmetry of space. We expect to report results in this
direction in future work.

2. The Model

The Lorentzian type IIB matrix model is given by

𝑍 =

∫
D𝐴DΨ𝑒−𝑆 (𝐴,Ψ) , (1)

𝑆(𝐴,Ψ) = 𝑖𝑁𝛽

{
1
4

Tr
[
𝐴`, 𝐴a

]2 + 1
2

Tr
(
Ψ𝛼 (CΓ`)𝛼𝛽

[
𝐴`,Ψ𝛽

] )}
, (2)

where 𝐴` and Ψ𝛼 are 𝑁 × 𝑁 Hermitian matrices. Γ` and C are 10–dimensional gamma matrices
and the charge conjugation matrix, respectively, which are obtained after the Weyl projection. The
index ` runs from 0 to 9, and 𝛼 runs from 1 to 16. This model has an SO(9,1) Lorentz symmetry,
under which 𝐴` and Ψ𝛼 transform as a 10-dimensional Lorentz vector and a Majorana-Weyl spinor,
respectively. Since the numerical cost for the evaluation of the fermionic part is very high, we
neglect the fermionic contribution hereafter. Namely, we omit the second term of eq. (2).

We consider the world-sheet and target space Wick rotations proposed in [29], parameterized
by the real parameters (𝑠, 𝑘)

𝑍 =

∫
D𝐴𝑒−�̄�b (𝐴) , (3)

𝑆b(𝐴) = −𝑖𝑁𝛽𝑒𝑖𝑠 𝜋/2
{

1
2
𝑒−𝑖𝑘 𝜋Tr [𝐴0, 𝐴𝑖]2 − 1

4
Tr

[
𝐴𝑖 , 𝐴 𝑗

]2
}
. (4)

The values of (𝑠, 𝑘) must be such that the real part of 𝑆b(𝐴) is positive. When (𝑠, 𝑘) = (0, 0)
we have the Lorentzian bosonic version of the IIB matrix model, whereas when (𝑠, 𝑘) = (1, 1) we
obtain the Euclidean bosonic version of the IIB matrix model1. For simplicity, we refer to those
models as the “Lorentzian” and the “Euclidean” models. The case (𝑠, 𝑘) = (−1, 0) corresponds
to the model first studied in [10]. Therefore, the model defined in (4) interpolates continuously
between these three cases.

We also introduce the IR constraints

1
𝑁

Tr (𝐴0)2 = ^ ,
1
𝑁

Tr (𝐴𝑖)2 = 1 , (5)

1In [39], we discuss the relation between the Euclidean and Lorentzian versions of type IIB matrix model.
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in order to reduce the fluctuations of the zero modes in eq. (3).
One of the non-trivial features of the model is the emergence of continuous time from its

dynamics. If we choose the SU(𝑁) basis which diagonalizes the 𝐴0 such that

𝐴0 = diag (𝛼1, 𝛼2, ..., 𝛼𝑁 ) , 𝛼1 ≤ 𝛼2 ≤ · · · ≤ 𝛼𝑁 , (6)

then, in the model studied in [10], the spatial matrices exhibit a band-diagonal structure, where
| (𝐴𝑖)a+𝑝,a+𝑞 | ≪ 1 for 𝑝2 + 𝑞2 < 𝑛2. We call 𝑛 the band width, and we define the 𝑛 × 𝑛 block
matrices (

�̄�𝑖

)
𝑎𝑏

(𝑡) = (𝐴𝑖)a+𝑎,a+𝑏 , (7)

where 𝑡 is defined by

𝑡 =

𝑛∑︁
𝑎=1

(𝐴0)a+𝑎,a+𝑎 =

𝑛∑︁
𝑎=1

𝛼a+𝑎 . (8)

It is natural to consider that the matrices �̄�𝑖 (𝑡) represent (fuzzy) space at time 𝑡.

3. The Complex Langevin Method

The complex Langevin method (CLM) was introduced by Klauder and Parisi independently
as one of the methods to overcome the notorious sign problem [30, 31]. The idea of the CLM is
complexifying the dynamical variable to evaluate the complex Boltzmann weight correctly. In this
section, we briefly explain the CLM.

Consider the case of a complex-valued action 𝑆(𝑥) ∈ C with a set of real-valued dynamical
variables 𝑥 ∈ R𝑛. The partition function is given by

𝑍 =

∫
𝑑𝑥 𝑒−𝑆 (𝑥) . (9)

Since 𝑒−𝑆 (𝑥) is complex, in most interesting cases, the usual Monte Carlo methods are not applicable.
In the CLM, we complexify the dynamical variables as

𝑥 ∈ R𝑛 → 𝑧 ∈ C𝑛. (10)

Then the partition function is given by

𝑍 =

∫
𝑑𝑧 𝑒−𝑆 (𝑧) , (11)

and the complex Langevin equation is obtained as

𝑑𝑧𝑖

𝑑𝑡L
= − 𝜕𝑆

𝜕𝑧𝑖
+ [𝑖 (𝑡L), (12)

where 𝑡L is the (fictitious) Langevin time, the [𝑖 (𝑡L) can be chosen to be real Gaussian noise, which
satisfies 〈

[𝑖 (𝑡L)[ 𝑗 (𝑡 ′L)
〉
[
= 2𝛿𝑖, 𝑗𝛿𝑡L,𝑡′L , (13)

and 𝜕𝑆 (𝑧)
𝜕𝑧𝑖

is the drift term. The drift term 𝜕𝑆 (𝑧)
𝜕𝑧𝑖

is obtained from 𝜕𝑆 (𝑥)
𝜕𝑥𝑖

by analytic continuation.
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It is known that the CLM might yield wrong results. Fortunately, a criterion for the solutions
of (12) to give the expectation values of the model defined by the partition function (9) was
proposed quite recently [33, 37]. The criterion is that the distribution of the drift term values
should be suppressed exponentially or faster for a large magnitude of its values. The assumption of
holomorphicity is crucial for the correctness of the method.

The first step is to make a change of variables to realize the order of the eigenvalues of 𝐴0 [29].
We introduce new variables 𝜏𝑖 as

𝛼𝑎 =

𝑎−1∑︁
𝑖=1

𝑒𝜏𝑖 , (14)

and we treat the 𝜏𝑖 as the dynamical variables, which are complexified in the CLM. Then the order
(6) is automatically realized.

Next we apply the CLM to the model. The complex Langevin equation is the following:

𝑑𝜏𝑎

𝑑𝑡L
= −𝜕𝑆eff

𝜕𝜏𝑎
+ [𝑎 (𝑡L),

𝑑 (𝐴𝑖)𝑎𝑏
𝑑𝑡L

= − 𝜕𝑆eff
𝜕 (𝐴𝑖)𝑏𝑎

+ ([𝑖)𝑎𝑏 (𝑡L),
(15)

where 𝑡L is the Langevin time, and [ is the Gaussian noise. The matrices ([𝑖)𝑎𝑏 (𝑡L) are chosen to
be Hermitian. The effective action 𝑆eff is obtained from 𝑆b, by adding the appropriate gauge fixing
and change of variable terms, as well as terms that enforce the constraints (5). In the original model,
the drift terms 𝜕�̄�eff

𝜕𝜏𝑎
and 𝜕�̄�eff

𝜕(𝐴𝑖)𝑏𝑎 are defined for real variables 𝜏𝑎 and Hermitian matrices (𝐴𝑖)𝑏𝑎. In
the CLM, we perform an analytic continuation by taking complex 𝜏𝑎 and general complex matrices
(𝐴𝑖)𝑏𝑎.

4. Results

First we show the result for (𝑠, 𝑘) = (−1, 0) case, which corresponds to the approximation used
in [16, 28]. Then we try to approach (𝑠, 𝑘) = (0, 0), which corresponds to the Lorentzian model.

4.1 (𝑠, 𝑘) = (−1, 0) case

In order to study the SSB of the the SO(9) spatial symmetry, we define “the moment of inertia
tensor" as

𝑇𝑖 𝑗 (𝑡) ≡ tr
(
�̄�𝑖 (𝑡) �̄� 𝑗 (𝑡)

)
, (16)

where �̄�𝑖 (𝑡) is defined as

�̄�𝑖 (𝑡) =
1
2

(
�̄�𝑖 (𝑡) + �̄�

†
𝑖
(𝑡)

)
, (17)

and “tr" means the trace over the block matrices. When the space is SO(9) symmetric, the 9
eigenvalues have the same large–𝑁 limit. In Figure 1 (Left), we plot the eigenvalues of 𝑇𝑖 𝑗 (𝑡)
against time 𝑡. At early times, the 9 eigenvalues are almost the same. On the other hand, 3 out
of 9 eigenvalues start to grow at some time. This behavior indicates that SO(9) symmetry is
spontaneously broken at this time, and a macroscopic SO(3) symmetric space emerges.
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Figure 1: Results for the bosonic model with (𝑠, 𝑘) = (−1, 0), 𝑁 = 128, 𝛽 = 8.0, ^ = 0.04. (Left) The
eigenvalues of 𝑇𝑖 𝑗 (𝑡) against time 𝑡. We find that only 3 out of 9 eigenvalues grow as time increases. (Right)
The eigenvalues of 𝑄(𝑡) against time (𝑡). Only 2 eigenvalues grow as time increases.

Next, to study the structure of the space, we define 𝑄(𝑡) as

𝑄(𝑡) ≡
9∑︁
𝑖=1

(
�̄�𝑖 (𝑡)

)2
, (18)

whose eigenvalues describe how space spreads into the radial direction. If the space is smooth, the
spectrum of the eigenvalues is continuous. In Figure 1 (Right), we plot the eigenvalues of 𝑄(𝑡)
against time 𝑡. Only 2 eigenvalues start to grow at some point, which corresponds to when the SO(3)
symmetric space starts to expand. This behavior means that the expansion of space is realized by
only two isolated points at large distance. Therefore, space is not continuous [28].

4.2 approaching (𝑠, 𝑘) = (0, 0)

We try to approach (𝑠, 𝑘) = (0, 0) by using the CLM. We fix 𝑘 = 0 and do the simulations for
various values of 𝑠. In Figure 2, we plot results for 3 different values of 𝑠. The (Left), (Center), and
(Right) plots correspond to 𝑠 = −0.8, −0.6, and 0 respectively. The expansion behavior changes
as 𝑠 approaches 0. When 𝑠 ≈ −0.8, a bell-shaped expansion appears. If 𝑠 gets closer to 0, at
some point the expansion disappears (𝑠 ≈ −0.6), and finally a parabola-shaped expansion appears
at 𝑠 = 0. This parabola-shaped expansion is consistent with typical classical solutions [26].

In Figure 3, we plot the eigenvalues of 𝑇𝑖 𝑗 (𝑡) against time 𝑡 for the (𝑠, 𝑘) = (0, 0) case. We
observe that the 9 eigenvalues do not indicate an SSB pattern, even at late times. Therefore the SSB
of SO(9) does not occur in this case.

5. Summary and discussion

We applied the complex Langevin method (CLM) to the bosonic version of the type IIB matrix
model to overcome the sign problem. As in [29], we introduced the two parameters 𝑠 and 𝑘 , related
to the Wick rotation on the world sheet and target space-time, respectively. The CLM was applied
successfully, and we could simulate the model even at 𝑠 = 𝑘 = 0. In this work, we explored the
𝑘 = 0, −1 ≤ 𝑠 ≤ 0 line, and we found a new phase in which the continuous space emerges as 𝑠

approaches 0. In this phase, the expansion behavior changes and is consistent with the one found
for the classical solutions obtained in [26]. However, the SSB of the SO(9) rotational symmetry is
not observed.
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Figure 2: The eigenvalues of 𝑄(𝑡) are plotted against time 𝑡. (Left) The (𝑠, 𝑘) = (−0.8, 0) case. (Center)
The (𝑠, 𝑘) = (−0.6, 0) case. (Right) The (𝑠, 𝑘) = (0, 0) case. The other parameters are common, namely
𝑁 = 128, 𝛽 = 2.5, ^ = 0.8.
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Figure 3: Result for (𝑠, 𝑘) = (0, 0), 𝑁 = 128, 𝛽 = 2.5, and ^ = 0.8. The eigenvalues _𝑖 (𝑡) of 𝑇𝑖 𝑗 (𝑡) are
plotted against time 𝑡.

In [39], we discuss the relation between the Lorentzian (𝑠 = 𝑘 = 0) and the Euclidean (𝑠 = 𝑘 =

1) case. We have found that the behavior at the new phase is equivalent to the behavior obtained
in the Euclidean model. This paper also discusses possible scenarios for emergent Lorentzian
space-time at late times.

It is known that supersymmetry plays a central role in realizing the SSB of the SO(10) to SO(3)
rotational symmetry in the Euclidean model [9], and by neglecting the effects of the fermions,
the SSB does not occur. Therefore, we expect that supersymmetry will play an essential role in
realizing the SSB of the SO(9) symmetry, leading to an expanding space and a promising matrix
model cosmology.
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