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Abstract
Acknowledging spin–orbit coupling (SOC) as a pivotal microscopic ingredient in
quantummaterials, this paper provides a comprehensive overview of spin–orbit-driven
phenomena and effects in magnetic, non-magnetic and multiferroic materials. As for
magnets, the review discusses SOC-induced magnetic anisotropy, exotic spin–spin
interactions, and their implications on the emergence of complex spin textures. It also
explores band-splitting effects in non-magnetic solids, with a focus on Rashba effects
and spin-valley coupling. Additionally, the emergence of ferroelectric polarization
from non-collinear spin textures in multiferroics is examined. The paper analyzes
methods for estimating SOC-related quantities from first principles within the den-
sity functional theory, particularly exchange coupling tensors and magnetoelectric
coupling tensors. Finally, it presents case studies on two-dimensional magnetic mate-
rials, including the characterization of peculiar Kitaev-like exchange coupling and the
investigation of multiferroicity in NiI2 monolayers. Overall, the paper delves into the
microscopic mechanisms related to SOC, by offering insights into the diverse effects
and manifestations of SOC in the quantum materials world.

Keywords Spin–orbit coupling · Magnetism · Spin · Density functional theory

1 Introduction

Since its dawn, research in solid-state magnetism has traditionally focused on the
elemental solids constituted by the first row of transition metals (i.e. with partially
filled 3d shell, particularly on iron, cobalt, and nickel) and their alloys. These mate-
rials are renowned for their ferromagnetic properties and characterized mostly by
itinerant magnetism [1]. The wealth of technological applications that this research
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led to, undoubtedly made magnetism one of the areas of condensed matter physics,
where ideas and discoveries most quickly turned into groundbreaking technologies
[2, 3]. Indeed, in nowadays information technology, very often the spin of the elec-
tron is used for storage and manipulation of data. In the last couple of decades of
the twentieth century, attention has partially shifted and has also been largely devoted
to systems characterized by localized spins, mainly correlated insulators (or at most
“weak" metals), such as 3d transition metal oxides, with their fascinating and rich
physics, various mechanisms for magnetic orders (such as superexchange, double
exchange, etc.), coupled to other phenomena, such as Jahn-Teller interactions, inter-
twined charge/orbital/spin orders, unusual magneto-transport, etc. During the first 2
decades of the twenty first century, the focus of research in solid-state magnetism has
increasingly turned towards the intriguing and much less explored realm of “spin–
orbit-related magnetism". Materials containing heavy ions with partially-filled d and
f electronic shells exhibit a variety of unconventional quantum states, including
skyrmions and other topological phases, exotic band-splitting phenomena, and possi-
bly multipolar orders, quantum spin liquids, etc. The significant spin–orbit interaction
arising from the heavy nuclei of both magnetic ions and non–magnetic ligands affects
the coupling of corresponding on-site moments and leads to the emergence of spin–
orbital-entangled ground states, sometimes challenging our traditional understanding
of spin and orbital degrees of freedom [4, 5]. Moreover, the interaction of the latter
with lattice degrees of freedom, applied fields and other external perturbations (strain,
pressure, heat, etc) has sparked intense research activity in SOC-related magnetism.

While the field is in continuous evolution and SOC is crucial for an incredibly large
number of effects and phenomena in condensed matter physics (superconductivity,
Mott-transitions, etc), in this Review, we will concentrate on some selected aspects of
the rich physics and emergent phenomena that SOC gives rise to. While the modelling
of this complex field is not straightforward and several different approaches exist
to tackle SOC-related phenomena, we will focus on density functional theory as an
efficient theoretical tool and discuss how to estimate from first-principles the relevant
properties of interest for a realistic modelling of SOC-related effects. In the final part,
we will show some specific examples and results of SOC-induced phenomena related
to ferroic materials, with special emphasis on 2D magnets.

2 Spin–orbit coupling in solids

2.1 From atoms to solids

Before moving to solids, let us start by SOC in atoms. The spin–orbit interaction,
along with the spin as an attribute of the electron, naturally emerges from the Dirac
equation, within a relativistic single particle theory [6]. The so-called Pauli equation
(an approximate expression of the Dirac equation for the large component only of the
wave-function) can be expressed as:

[E + eV (r) − 1

2m
(p(r) + e

c
A(r))2 + 1

2mc2
(E + eV (r))2
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+i
e�

(2mc)2
E(r) · p − e�

(2mc)2
σ · (E(r) × p) − e�

2mc
σ · B(r)]ψ = 0 (1)

where V (r) and A(r) represent the scalar and vector potential, respectively, σ is
the vector of the Pauli spin matrices, whereas E(r) and B(r) denote electric and
magnetic fields, respectively. In the non-relativistic limit, the first three terms give
rise to the ordinary Schroedinger equation. The fourth term is generally labelled as
“mass-velocity" term, as it describes the relativistic correction due to the change of
mass with velocity, whereas the E(r) · p is denoted as “Darwin" term, having no
classical analogue. The last two terms are related to the interaction of the electron spin
with magnetic fields, the latter being described as a Zeeman energy, μBσ · B (having
introduced the Bohr magneton, μB = e�

2mc ). The second-last term—from which the
spin–orbit coupling originates—will be discussed at length in what follows.

Let us start with a cartoon: in Fig. 1a (see the upper central ellipse, highlighted
in red), a scheme of an electron moving close to the nucleus in an electric field E
(i.e. a potential gradient) is reported. The electric field is seen by the electron—via
a Lorentz transformation—as a magnetic field B, which the electron spin couples to
in the form similar to a Zeeman-like interaction. As such, this term describes the
interaction between an electron spin and the magnetic field seen by the electron in its
local frame as arising from its own motion in an electric field. The relativistic term
describes the coupling between σ and the electron orbital motion and is, therefore,
called the spin–orbit coupling. We note that the heuristic argument of a Zeeman-like
field actually leads to a spin–orbit interaction which is wrong by a factor of two with
respect to its value within special relativity, the factor 1

2 usually referred to as Thomas
factor [7, 8]. The expression of relativistic SOC in terms of the interaction between
the spin and the orbital moment becomes clearer by the following argument. When
moving close to the atomic nucleus, one can assume a spherically symmetric potential
V (r) and, going back to Eq. 1, the SOC can be written as proportional to:

σ · (E(r) × p) = σ · (∇(r) × p) = 1

r

dV (r)

dr
σ · (∇V (r) × p) = 1

r

dV (r)

dr
σ · l = ξ σ · l

(2)

where p labels themomentum, l the orbital moment and ξ is generally referred to as the
SOC constant. Here, we have implicitly assumed the Russell-Sanders or LS-coupling
scheme to be valid [9]. However, in the case of stronger SOC, the spin and orbital
momenta will first couple to form the angular momentum j, so that the jj-coupling
scheme is likely to be more adequate. In this review, we will mostly discuss systems
based on 3d “light" magnetic ions, where the Russell-Saunders scheme is expected to
be valid; however, for 5d or rare-earth elements, the reader should be aware of possible
breaking of the assumptions made so far.

It should be further noted about Eq. 1 that the Pauli spin-matrices σ couple the
spin-up and spin-down parts of the large wave-function component. Consequently, in
the absence of a vector potential, the absence of the σ term in both the mass-velocity
andDarwin termswarrants their classification as “scalar-relativistic" corrections, indi-
cating a lack of coupling between spin-components of the wave-function.
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When moving to crystals, this picture can be still considered as valid. In particular,
since the potential radial derivative in a crystal will be maximum close to the nucleus,
the largest contribution to SOC will emerge from this region. In addition, close to
the nucleus the potential will be Coulomb-like V (r) ∼ − Z

r , its derivative being also
proportional to the atomic number Z . One therefore expects SOC-driven effects to be
large (small) for crystals containing heavy (light) atoms. We further stress that SOC
links the real-space and the spin-space; in otherwords, when neglecting SOC, the coor-
dinate system where the spins move is completely decoupled from the lattice/atomic
coordinate space.

A note about orbital moment is useful in this context: Within a high-symmetry bulk
crystal, such as face-centered cubic ( f cc) or body-centered cubic (bcc) structures,
the majority of valence electron orbitals are directed toward nearest or next-nearest
neighbors. As such, the electron motion is confined to directional bonds, thereby
reducing orbital mobility (the so-called “quenching" of orbital moment). Spin–orbit
coupling acts against this confinement, and in certain anisotropic crystals and for
specific electronic filling of different orbitals, SOC may induce significant orbital
moments, counteracting the otherwise suppressed orbital motion imposed by the crys-
tal structure (see for example Ref. [10] for a recent review on orbital physics).

When compared to other energy scales at play in the electronic structure of solids
(i.e. hybridization, Coulomb repulsion, crystal field effects, etc.), the SOC term is usu-
ally much smaller, at least in materials of technological interest, composed by atoms
with atomic number Z <∼ 50 (i.e. leaving aside very heavy atoms, such as actinides).
However, despite being a “small" interaction, SOC gives rise to an outstandingly rich
variety of physical phenomena, as pictorially shown in Fig. 1. In this review, we will
discuss the different effects - and how to model them—in three classes of materi-
als: magnetic materials (Sect. 2.2), non-magnetic materials (Sect. 2.3), multiferroic
materials (Sect. 2.4).

In this context, it is worth mentioning that, from an applied perspective, SOC has
led to the emergence of “spin–orbitronics," a branch of spintronics (i.e. electronics
based on the electron spin) that exploits the manipulation of non-equilibrium material
properties using SOC. Spin–orbitronics constitutes a very active branch nowadays,
aiming at developing low-power spin-based devices, and we refer the reader interested
in spin–orbitronics to other reviews [11, 12]. Here, we note that exciting spin-transport
and/or spin-to-charge conversion phenomena (such as Spin-Hall effect, [13, 14], spin–
orbit torque, [15, 16] Rashba–Edelstein effect, [17] etc) are not going to be covered
in this review, which is rather focused on equilibrium (i.e. static) properties.

2.2 Spin–orbit coupling inmagnetic materials

The main effects driven by SOC in magnetic solids are listed below. Let us note that in
this review, the focus will mostly be on insulators (or semiconductors), characterized
by localized classical spins, i.e. each atomic site i is distinguished by a relatively
robust magnetic moment Si given by a vector quantity, dominantly interacting with
other spins in a pairwise fashion, through bonds and/or ligands.
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Fig. 1 Pictorial illustration of spin–orbit coupling in both magnetic and non-magnetic solids. a SOC in
an atomic-like central potential: the yellow sphere represents the nucleus, the red sphere represents the
electron in an orbit, with the spin represented by the grey arrow. b Main effects of SOC in non-magnetic
solids. SOC is at the basis of d non-trivial topology (as prototypically represented by a Dirac cone), e spin-
valley coupling, f Rashba–Dresselhaus effects. c Main effects of SOC in magnetic solids. SOC is at the
basis of g magnetic anisotropy (as pictorially represented by ferromagnets having in-plane or out-of-plane
magnetization), h DM interactions, giving rise to skyrmions, j symmetric anisotropic exchange

2.2.1 Magnetic anisotropy

In a long-range magnetically ordered material below the Curie temperature, magnetic
anisotropy refers to the energy difference between spins oriented along different direc-
tions (taking as reference the crystal axes); as a consequence, each material shows a
preferred direction of its spins either along an easy axis or lying in an easy-plane.

Magnetic anisotropy arises due to different microscopicmechanisms, amongwhich
the main contributors are: the single ion anisotropy (SIA), the two-ion anisotropy
(whose discussion is deferred to the following paragraph) and the dipole–dipole inter-
action.

The SIA is a form of uniform magneto-crystalline anisotropy, arising from the
coupling between the spin and the lattice via relativistic SOC:

HSI A
1 = ξL1 · S1 = S1 · A11 · S1 (3)

This equation suggests that, besides the standard coupling between orbital and
spin moments, one can express SIA via a tensor (see rightside equality), taking into
account all the possible orientations of the S1 spin in space. The detailed form of
the A11 matrix in insulators/semiconductors depends on the symmetry properties, in
particular dictated by the arrangement of ligand ions around the magnetic site. In
particular, for highly symmetric (i.e. cubic) lattice environments of 3d-based systems,
the SIA term ranges in a very small energy scale (i.e. μeV), whereas it can increase to
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the meV scale for low-symmetry environments and in cases with unquenched orbital
moment.

The dipole–dipole interaction is another source of anisotropy, which is often
neglected though it can become important in finite-size nanoscale systems, where it is
generally dubbed as “shape–anisotropy".While both the dipole–dipole interaction and
the SIA can be derived from the relativistic Breit equation (an approximation of Dirac
equation), for the dipole–dipole interaction Ed the quantum-mechanical expression is
seldom used [18]. Rather, for a crystal with lattice vectorsR and atoms i characterized
by localized magnetic moments Si at positions τi (located in the unit cell), Ed is very
often approximated via a classical expression:

Ed = μ2
B

2

∑

R,i, j

Si · S j

|R + τi − τj|3 − 3
[(R + τi − τj) · Si ][(R + τi − τj) · S j ]

|R + τi − τj|5 (4)

We remark that many applications of magnetism are based on magnetic anisotropy,
constituting ground for hard-disk-drive technology and related multi-billion market.
Although the energy involved to rotate a single spin due to magnetic anisotropy is in
general a small quantity (especially for 3d bulkmetallicmaterials), the energy required
to simultaneously rotate all the spins—strongly coupled by exchange interactions—in
amacroscopicmagnetic samplewill be rather large. Correspondingly, one can evaluate
the magnetic field needed to rotate the spins from easy to hard axis, which is of the
order of a fraction of a Tesla in iron samples and can increase to a few Tesla for
4 f -based systems.

2.2.2 Spin-canting and exotic interactions among spins

When modelling the exchange interactions with a (pair-wise) spin-Hamiltonian, the
main interaction between two spins is the well-known Heisenberg coupling, where
two spins are coupled via a scalar term. However, perturbations often occur on top of
the Heisenberg-like description.

Following the notation in Ref. Gatteschi et al. [19], by expressing in the most
general way a pair-wise exchange interaction, the bilinear spin–spin Hamiltonian can
be written as:

H12 = S1 · J12 · S2 = J12 S1 · S2 + S1 · K12 · S2 + d12 · (S1 × S2) (5)

where S1 and S2 are spin operators for atom 1 and 2, respectively, J12 denotes a 3×3
matrix describing the interaction (see first equality). The second equality stems from
the fact that it is always possible to rewrite a matrix-like interaction in an equivalent
way, breaking it into three terms: scalar, tensor and vector product of two vector
operators (see second equality). The effects of the different termsofEq. 5 are pictorially
illustrated in Fig. 2, as discussed below.
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Denoting α, β, γ the Cartesian coordinates, one obtains, for the scalar, tensor and
vector contributions:

J12 = 1

3
Tr(J12)

K αβ
12 = 1

2
(Jαβ

12 + Jβα
12 ) − δαβ

1

3
Tr(J12)

dα
12 = 1

2
(Jβγ

12 − J γβ
12 ), dβ

12 = 1

2
(J γα

12 − Jαγ
12 ), dγ

12 = 1

2
(Jαβ

12 − Jβα
12 )

The scalar term represents the Heisenberg-like contribution, which is invariant
under rotations in spin space: it is isotropic, i.e. it does not depend on the direction of
spins, but only on their relative orientation. The Heisenberg contribution favors either
parallel or antiparallel spins, depending on the sign of J12.With the convention defined
in Eq. 5, a negative J12 defines a ferromagnetic (FM) coupling, while a positive J12
defines an antiferromagnetic (AFM) coupling.

The vector part is related to the antisymmetric Dzyaloshinskii–Moriya (DM) inter-
action (d12 denoting the DMvector), aiming at orienting the two spins perpendicularly
and, in general, promoting non-collinearity. Depending on the direction of d12, the
DM term tends to cant the spins in a well-defined clockwise or counterclockwise
sense; for this reason, it is generally described as a “chiral" interaction. It was orig-
inally proposed by Dzyaloshinsky [20] to explain the spin-canting in α-Fe2O3, i.e.
the deviation of the spins from a collinear AFM ordering, so as to give a small net
magnetization in the direction perpendicular to the main AFM order parameter. Later
on, Moriya contributed to the microscopic understanding of what is now known as
Dzyaloshinskii-Moriya interaction (see below) [21].

The tensor termK12 (sometimes referred to as related to the Kitaev exchange [22])
represents the symmetric anisotropic exchange contribution, which favors the spins to
be oriented along a specific direction (this is why this term is sometimes referred to
as “two-site anisotropy").

Equivalently, upon defining I as a 3×3 identity matrix, a DM matrix as D12 =
1
2 (J12 − JT12) and a Kitaev–like matrix as K12 = 1

2 (J12 + JT12) − J12I, where the
superscript T denotes the transpose, one can express: J12 = J12I + D12 + K12. The
antisymmetric DM matrix has only three independent components, which are the
components of the DM vector defined above: dx12 = Dyz

12 , d
y
12 = Dzx

12 and d
z
12 = Dxy

12 .
For solid systems, one can trivially extend the atomistic two-site spin-Hamiltonian

of Eq. 5 by summing over all the lattice sites (upon taking due care of avoiding double-
counting of spin-spin interactions). We also remark that an equivalent expression
of the different terms can be formulated in a continuum model or micromagnetic
model [23] (i.e. an approach through which magnetic materials are treated as having
a continuous distribution of magnetic moments—a magnetization M(r)—allowing
for a macroscopic description of the properties without considering individual atomic
spins or interactions).

We stress that:
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Fig. 2 Effects of different terms in the spin-Hamiltonian to minimize the energy. a Heisenberg term: in
case of FM exchange coupling, the spins will tend to align parallel rather than antiparallel (obviously, the
opposite is true for an opposite sign of the exchange coupling). On the right side (right of the vertical dashed
blue separation line), we show the Heisenberg energy term being invariant upon a rotation of the spin pair,
represented by blue-curved arrows (in other words, the Heisenberg term is isotropic). b DM interaction:
the spins tend to cant, so as to optimize the energy deriving from the scalar product between the DM vector
and the vector product of the two spins. Obviously, there is no DM-related energy for parallel spins (central
row). c Anisotropic symmetric exchange: the spin pair tries to align along a preferred axis (in other words,
the symmetric anisotropic exchange is a form of “two–site anisotropy")

• the Heisenberg term is usually much larger than the other two terms (DM and
Kitaev-like); the latter, in fact, can be considered in many cases as small perturba-
tions on top of the main scalar coupling;

• as Moriya showed, [21] the functional form of DM- and Kitaev-like terms can be
obtained via a second-order perturbative approach of the SOC term between two
sites within an Anderson superexchange formalism. Both the DM and symmetric-
anisotropic interaction terms are therefore rooted within SOC; in closer detail,
DM is first-order in the SOC constant ξ and the symmetric anisotropic exchange
is quadratic in ξ ;

• the detailed form of the DM and symmetric-anisotropic exchange depends on the
crystal symmetries. For example, DM is zero if there is an inversion center in the
local atomic environment describing the spin-pair and the ligands; other so-called
“Moriya rules" [24] are very often used to infer from symmetry i) whether DM is
at all allowed; ii) the direction of the DM vector;

• the spin-Hamiltonian in Eq. 5 is the simplest expression possible, as it only con-
tains bilinear terms in the spin coordinates. Although this is generally a good
approximation, higher order terms (such as biquadratic [25] or fourth-order four-
spin interactions [26]) are sometimes needed to carefully describe the exchange
interactions of complex systems.

As mentioned, the DM antisymmetric exchange gives rise to spin non-collinearity
(i.e. canted antiferromagnets, spin-spirals), non-coplanarity and other unusual spin-
configurations. We, therefore, take here the opportunity to review the more common
non-collinear spin-textures that occur in complexmagnets (see Fig. 3). Spin-spirals are
periodically modulated spin configurations, where the spins of neighboring magnetic
moments rotate uniformly around a particular direction as a function of position.
They can be characterized by a propagation vector q and by the plane in which the
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spins rotate. Spin spirals can be divided into two classes: (i) spin cycloids, where the
spins rotate in a plane containing q; (ii) spin helices (or proper–screw), where the spins
rotate in a plane perpendicular to q. Furthermore, as DM is the driving force behind the
formation of skyrmions, [27, 28]wemention that the latter are smallmagnetic vortices,
in which the orientation of magnetic spins twists around a central core (cfr Fig. 3b)
for a skyrmion lattice). These structures are characterized by a non-zero topological
charge, which makes them topologically protected and extremely stable; moreover,
they can move through the hosting magnetic material with low energy consumption.
These complex spin-textures attracted in the last couple of decades hectic interest [29,
30] from (i) the fundamental point of view, in terms of, for example, topologically non-
trivial spin-textures (not only skyrmions, but also merons—cfr Fig. 3c) for a merons
lattice -, antiskyrmions, etc); (ii) the applicative point of view, in terms of, for example,
skyrmion race track memory and low-power spintronic devices.

2.3 Spin–orbit coupling in non-magnetic materials

Even in solids that do not show long-range magnetic order, the spin degree of freedom
can become “active" and SOC can there drivemany interesting phenomena, as detailed
below:

2.3.1 Peculiar effects in materials band structures

SOC often produces band splittings at (or close to) high-symmetry points in the Bril-
louin zone. For example, in standard elemental semiconductors, such as Si or Ge, the
valence bandmaximum,mainly formed by p orbitals and located at the Zone center
,
is three-fold degenerate, when neglecting relativistic SOC. Upon including the latter,
there occurs a level splitting into a two-fold degenerate level, characterized by two
different curvatures away from 
 (dubbed as “heavy-hole" and “light-hole" bands,
referring to the relation between effective mass and bands curvature) and a singly
degenerate level (labeled as “split-off" band). The splitting magnitude between singlet
and doublet increases with the atomic number of the atom whose p orbitals form the
valence band maximum (for example, one observes a larger splitting in Ge than in Si).

Things become much more intriguing when considering the action of SOC in the
band structure of systems where inversion symmetry is broken. Indeed, if we apply
space inversion symmetry (SIS), an electronmoving with linear momentum k changes
into -k, with the spin unchanged; on the other hand, if we apply time reversal symmetry
(TRS), a particle moving with linear momentum k changes into one moving with -
k; reversing time will also invert the precessional motion of the electron, so by this
classical analogy, one can infer that its spin is reversed in sign. The following relations
on the band structure eigenvalues for the up- and down-spin channels (labelled by ↑
and ↓, respectively) are then imposed by symmetry, when SIS and TRS are preserved:

SI S → εk,↑ = ε−k,↑ (6)

T RS → εk,↑ = ε−k,↓ (7)
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Fig. 3 Some of the most
common non-collinear and
non-coplanar spin textures: a
spin helix; b skyrmion lattice; c
meron-antimeron lattice. The
colors of the arrows denote
different in-plane spin
projections. Adapted from Ref.
Göbel et al. [30]

Let us now discuss, on the basis of these relations, what happens to the (spin-
resolved) band structures, when we remove either SIS or TRS. For simplicity, we
start with a free-electron parabolic band structure. In the presence of both TRS and
SIS (Fig. 4a), both Eqs. 6 and 7 hold, so there is no spin-splitting at any k point; in
other words, the band structure is double-degenerate for spins at all k-points. In the
presence of SIS, but by breaking TRS (Fig. 4b), Eq. 6 holds but Eq. 7 does not hold,
so there is a spin-splitting at all k points; this is what usually happens if an external
magnetic field is applied or if thematerial shows long-range ferromagnetic order.More
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Fig. 4 Schematic spin-resolved band structure plot: horizontal axes denote the kx and ky directions in
the BZ, the vertical axis denotes energy E . a Upon preserving both TRS and SIS, the band structure
is double-degenerate with respect to the spin degree of freedom, i.e. no spin-splitting is present. This
follows from the symmetry-imposed relation: εk,↑ = ε−k,↑ = ε−k,↓ b Upon preserving SIS but breaking
TRS, the band structure shows a Zeeman-like spin-splitting. This follows from the symmetry-imposed
relation: εk,↑ = ε−k,↑ �= εk,↓. c Upon preserving TRS but not SIS, the band structure shows a k-
dependent spin-splitting according to the Rashba effect. This follows from the symmetry-imposed relation:
εk,↑ = ε−k,↓ �= εk,↓. Gray arrows represent the spin-expectation values; the vertical green arrow and blue
arrow in panels b and c, respectively, label the magnetic and electric field, respectively

unconventionally, a spin splitting is allowed to occur, at least by symmetry, even in
the case when TRS is preserved (i.e. no magnetic order, no applied magnetic field),
but SIS is broken (Fig. 4c); in this case, Eq. 7 holds but Eq. 6 does not hold, so a
k-dependent spin-splitting is symmetry–allowed.

We remark that SOC by itself is unaffected by breaking TRS (as both l and s change
sign upon time-reversal, but their scalar product does not) or SIS (neither l nor s change
sign for SIS breaking, so that their scalar product also does not). However, when SOC
is combined with some of the above–mentioned symmetry restrictions, the following
SOC-driven effects emerge:

• RashbaandDresselhaus effects. In the absence of inversion symmetry, spin–orbit
coupling can give rise to an effective magnetic field, Be f f (Lorentz transformation
of an electric field E), even in non-magnetic materials, and therefore, to a k-
dependent spin-splitting in the electronic structure, in proximity to high-symmetry
points of theBrillouinZone. The effect is usually expressed in terms of theRashba–
Bychov Hamiltonian [31]:

HR = αR σ · (k × E) (8)

It induces the so-called Rashba effect (RE), [32, 33] αR being the Rashba coeffi-
cient. The effect is schematically illustrated in Fig. 5, where - similarly to Fig. 4c
- a free-electron-like parabolic band structure is taken as unperturbed situation, on
top of which acts the Rashba Hamiltonian, giving rise to a linear-in-k shift of the
bands. In addition to the bands, in Fig. 5a the spin-texture (i.e. the spin-expectation
value calculated over eachwavefunction) is also shown: one observes the so-called
“spin-momentum locking", with the spin perpendicular to linear momentum and

123



S. Picozzi

Fig. 5 a Rashba effect: parabolic band structure linearly shifted in momentum with respect to the high-
symmetry point, in the presence of an electric field E0 (directed along the vertical z-axis) and of SOC.
Green and gray arrows denote spin textures. Lower panel: band dispersion along a specific direction in
the BZ. Highlighted are kR (shift of parabolas in momentum space) and ER (difference in energy of the
minimum of the band with respect to the point where the two linearly shifted parabolas cross. b Different
spin-textures for Rashba effect (upper panel, polar space groups) and Dresselhaus effect (lower panel, non-
centrosymmetric non-polar space groups). c FERSC concept: Rashba effect in a ferroelectric material in
the presence of SOC. The FE polarization P (shown by an orange arrow) is directed along the vertical axis.
Upper and lower panels show states with opposite ferroelectric polarization. When switching the direction
of polarization (via an electric field), the spin texture switches (see oppositely directed orange arrows)

to the electric field. As for the Dresselhaus effect, [34] we note that is not unam-
biguously defined in the past literature. Originally, it was interpreted as an effect
occurring in bulk materials when Bulk Inversion Asymmetry (BIA) is present, at
variance with the Rashba effect occurring at surfaces/interfaces, where Surface
Inversion Asymmetry is present. The Dresselhaus term is derived to induce a spin
splitting proportional to k3 (at variance with the linear-in-k dependence of the
Rashba effect); as such, the Dresselhaus splitting is rather small in the relevant
region around 
. However, it was then realized that the Rashba effect can occur, in
addition to surfaces, also in bulk polar materials: a pioneering paper [35] by Tokura
and collaborators unambiguously showed, both theoretically and experimentally,
that bulk BiTeI is characterized by a bulk Rashba effect (i.e. without the presence
of a surface). More recently, according to Zunger et al. [36] the Dresselhaus effect
was defined as occurring in non-centrosymmetric, but non-polar structures, such
as zincblende GaAs, InSb, etc. It produces a band dispersion very similar to that
driven by the Rashba effect, but with a different spin-texture (cfr Fig. 5b). In fact,
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the Dresselhaus effect can lead to radial spin textures along some specific sym-
metry directions in k-space (i.e. the spin expectation value for a certain state at a
momentum k is directed parallel to k), at variance with the Rashba effect where
the spin-texture is always tangential (i.e. the spin expectation value for a certain
state at a momentum k is directed perpendicular to k).

• Rashba effect in ferroelectrics. Ferroelectrics [37] are a class of materials show-
ing a permanent electric polarizationP (i.e. dipole per unit volume) below a critical
Curie temperature; in other words, ferroelectrics undergo a phase transition, for
which polarization is the order parameter. Bistability is a characteristic of ferro-
electrics: not only the presence of an electric dipole is necessary, but the electric
polarization has to be switchable by the application of an opposite electric field.
More generally, the electric polarization shows an hysteresis cycle in the P-E
space, much in the same way as a magnetization in ferromagnets shows an hys-
teresis cycle in the M-H space. We here recall our discovery made in 2013 of
a new class of functional materials, called Ferroelectric Rashba Semiconductors
(FERSC) [38, 39]. As already noted, the Rashba effect can occur in polar bulk
materials. Later on, the first example of bulk RE in a FE material, GeTe, was pro-
posed by our group [38]. In fact, SIS breaking is a condition intrinsically satisfied in
ferroelectrics, which by definition show a polar axis. In GeTe, we showed that the
Rashba splitting is as large as 270 meV. More importantly, we predicted the spin-
texture to switch by switching P, as shown in Fig. 5c), where opposite directions of
FE polarization lead to opposite spin-expectation values. This is a consequence of
the changing sign in the Rashba interaction when reversing the electric field (that
switches polarization), thereby allowing the non-volatile control of the spin texture
by means of the electric field. Our predictions gave rise to subsequent experimen-
tal confirmations by means of Angle Resolved Photoemission Spectroscopy, [40]
to the related room-temperature spin-to-charge conversion process (of interest for
spin–orbitronics) [41] and to the flourishing of a “FERSC-focused subfield”.

• Spin-Valley Coupling. Let us start with the definition of “pseudospin”. Although
the spin represents the quantized intrinsic angular momentum of a particle, sev-
eral other physical attributes can mimic a spin-1/2 behavior and they are generally
labeled as “pseudospins". Examples include the layer index in van derWaals bilay-
ers, [42] the two hyperfine split states in cold-atoms, [43] Nambu pseudospins
in superconductors, etc. which are all identified as good quantum numbers to
explain specific physics phenomena. A pseudospin can be described as a super-
position of two quantum states and in terms of Pauli spin matrices for spin-1/2,
σ = (σx , σy, σz). In materials with hexagonal/honeycomb lattices (cfr Fig. 6a),
lacking inversion symmetry and containing heavy elements (such as semiconduct-
ing monolayers of 4d or 5d transition metal dichalcogenides), Xu et al. [44] one
can introduce the so called “valley pseudospin”, referring to band edges located at
specific high symmetry points different from 
 (for example at the corners of the
hexagonal Brillouin zone, K and K’, see Fig. 6b), generally labelled as “valleys”.
In these systems, there can be a spin–valley coupling leading to a spin–orbit-
induced Zeeman-like spin-splitting for band edges located at K and K ′; in fact,
the latter are non-Time- Reversal Invariant Momenta, where the Kramers theorem
does not hold and spin degeneracy is allowed to be broken. In this case, the dis-
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Fig. 6 a Honeycomb lattice, with two different atomic sites (empty and filled circles). b Brillouin zone
of the hexagonal lattice, with opposite corners, K and K ′ (or −K ), highlighted by circles. c Typical band
dispersion (valence band maximum and conduction band minimum) of transition-metal dichalcogenides
around the K and −K valleys, presence of band-gap and Zeeman-like spin–orbit induced splitting at the
valence band top

persion for spin-split bands around K looks like a Zeeman Spin-Splitting (ZSS):
E±(k) = (�k2/2m∗) ± α�Z As shown in Fig. 6c, the spin-expectation value
of the valence band maximum at K (say, up-spin) is opposite to that at K ′ (say,
down-spin). This kind of pseudospin can be, therefore, used to store information
and is at the heart of the so-called “valleytronics”, of great promise due to the
reduced back–scattering (as mentioned, K and K ′ showing different spin-related
properties).

2.3.2 Topological condensedmatter

Let us first note that it is not the aim of this review to cover the broad and active field
of topological insulators (TIs), Weyl semimetals, topological superconductivity, etc
and we rather refer the reader interested in these topics to specific reviews [45–49]. At
the same time, SOC is so crucial in this area that one cannot overlook its relevance in
a SOC-devoted review. For the sake of brevity and in the spirit of the review, we will
only focus on the role played by SOC, which is clear already from the main concepts
underlying the Quantum Spin Hall effect and topological Insulators, i.e. among the
first basic concepts introduced in the field of topological matter.

As we reflect on several pivotal observations in the field of topological condensed
matter, it becomes apparent that SOC serves as a “built-in magnetic field" within
non-magnetic materials. Indeed, SOC acts analogously to the applied magnetic field
in the quantum Hall effect (QHE), as discovered by Thouless et al. [50] where one
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observes quantized Hall conductance plateaus and the conductivity at the edge of a
two-dimensional electron gas is characterized by the topological Chern number. For
example, the topological quantum Hall state occurs for electrons confined within a
two-dimensional interface between two semiconductors in a strongmagnetic field. The
analogy between applied field and SOC is, however, valid when considering just one
typeof spin; in fact, for particles havingopposite spin, SOCacts as amagnetic fieldwith
opposite direction. In heavy atoms, the spin–orbit field is strong because the electrons
move at relativistic speeds and they feel an intense spin- and momentum-dependent
force. Indeed, the effects on opposite electron spins do not cancel one with the other,
but rather give origin to a new phenomenon, the quantum spin-Hall (QSH) effect [51,
52] in TIs. As shown in Fig. 7a, all the electrons of one spin direction circulate in one
way, while all the electrons with opposite spin circulate in the opposite way, resulting
in a total orbital current. In the bulk of the material, this current is difficult to detect,
however, on the boundary it results in quantized spin conductivity. In QSH insulators,
there occurs the so-called “band inversion", i.e. the valence sub-band maximum lies
energetically above the conduction sub-bandminimum; due to the interaction between
valence and conduction sub-bands, a gap opens. As such, in QSH materials, the bulk
remains insulating, but the bulk band gap closes at the edge, where two 1D conducting
channels occur, with SOC granting an odd number of helical pairs at each edge. In the
end, the two conducting channels counter-propagate and carry opposite spin, so as to
form a helical spin-pair wrapping around the edges. In addition, we note that: (i) at
variance with the QHE, no applied magnetic field is needed in QSH insulators; (ii) the
presence of edge modes is protected by time-reversal symmetry (preserved by SOC);
(iii) the backscattering is strongly suppressed, as scattering in a state with opposite
momentum requires jumping on the opposite edge upon preserving the spin direction.
This results in what is commonly referred to as “dissipationless" transport through the
edge states: electrons travel without scattering, thereby avoiding energy loss as heat.

The 3D topological insulators (of which Bi2Te3, [53] BixSb1−x [54] are prototyp-
ical materials) are an extension of this 2D QSH situation (see Fig. 7b). Rather than
conducting 1D channels, as in the QSHE, there are metallic Dirac-like massless sur-
face states, characterized by spin-momentum locking (i.e. the spin is perpendicular to
the corresponding k vector). As for 2D QSH insulators, SOC plays here the role of a
spin- and momentum-dependent magnetic field.

2.4 Spin–orbit coupling inmultiferroic materials

Multiferroics are materials showing at the same time one or more of the following
ferroic long-range orders: magnetic (spontaneous order of spins), ferroelectric (spon-
taneous order of electric dipoles) and ferroelastic (spontaneous deformation). In closer
detail, multiferroic (MF) materials showing both a spin and dipolar electric order have
been under the spotlight in the last two or three decades [56–59]. SOC is a particularly
important ingredient when it comes to the so–called “type-II" multiferroics, [60] i.e.
those materials where the breaking of inversion symmetry and the emergence of a
polar axis is brought about by the occurrence of a magnetic phase transitions. In other
words, the FE polarization is a secondary order parameter of the phase transition,
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Fig. 7 aQuantum Spin Hall effect, showing edge modes as helical spin pairs. Down-spin electrons (in blue)
propagate clockwise, upspin electrons (in red) propagate counterclockwise bMassless Dirac-like dispersion
of the surface states with spin-momentum locking in a topological insulator. Red (purple) cones denote the
conduction (valence) band, showing linear dispersion and giving rise to surface/edge states. Adapted from
Ref. Wang et al. [55]

induced by the leading primary order parameter, which is of magnetic origin. To clar-
ify the concept, let us consider, for example, a paramagnetic to AFM transition below
a certain critical temperature. If the spin-order pattern lacks inversion symmetry (as
for example in the case of a spin cycloid or a spin helix), the magnetic transition paves
the way to the emergence of ferroelectric polarization, occurring simultaneously at the
magnetic transition temperature. This was clearly observed in TbMnO3 in a landmark
paper for “type-II multiferroics" [61].

Since orthorhombic manganites have been the prototypical class of materials with
SOC-driven spin-induced FE polarization, we will discuss this phenomenon in the
specific case of RMnO3 (where R is usually a rare-earth ion or Y or Bi). As shown
in Fig. 8a, RMnO3 show a distorted perovskite crystal structure: at variance with the
pristine (i.e. undistorted) ABO3 cubic perovskite, with A sites on the corners of a
cube and B-sites octahedrally coordinated by oxygen anions, in ortho-manganites the
usually small size of the R ionic radius leads to the so-called “GdFeO3-type" distor-
tions, which tilts the oxygen octahedra, reduces the B-O-B angle with respect to the
ideal value of 180◦ and leads to orthorhombicity. In the absence of magnetic order,
the Dzyaloshinskii-Moriya vectors are staggered between nearest neighbors, i.e. they
alternate in sign so that D12 = −D23 (cfr Fig. 8c), according to Moriya rules [24].
Here, the equal size is due to the same Mn-O-Mn angle in the high-temperature non-
magnetic phase. However, the spin cycloid magnetic order (cfr Fig. 8b) that sets in
below the ordering temperature TN ∼ 30 K, gains energy for the same orientation
(i.e. not-staggered) of the DM vectors. Since the size of the DM vector is proportional
to the Mn-O-Mn bond angle, this energy lowering mechanism leads to unidirectional
displacements (cfr Fig. 8c), where small vertical arrows on top of oxygens show the
spiral-induced polar displacement) of the anions, leading to a net polarization. By
changing the helicity of the cycloid (i.e. for the spins rotating clockwise or counter-
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Fig. 8 a Distorted perovskite structure of RMnO3 (R denotes a rare-earth ion), showing GdFeO3–like dis-
tortion (all the nearest–neighbors Mn-O-Mn angles are bent, i.e. reduced from 180◦). The ideal undistorted
perovskite is shown in the inset on the upper right of the panel (all the nearest neighbors Mn-O-Mn angles
are straight, i.e. equal to 180◦). b Spin-cycloid order of Mn magnetic moments, with spins propagating
along the b axis and rotating in the b − c crystallographic plane (see arrows located on Mn ions). Spins
on the rare-earth (R = Tb,Dy) are also shown for completeness. c Distortion of the oxygen upon “inverse
DM-mechanism". M1, M2 and M3 denote three neighboring Mn atoms, with superimposed arrows repre-
senting cycloidally modulated spins. D12 and D23 represent the staggered direction of DM vectors between
neighboring spins (lying perpendicular to the Mn-O-Mn bonds). The solid lines represent the bonds con-
nectingMn and O at high temperature; when the cycloidal spin–order sets in, all the Omove along the same
direction (in this case, they move "down", as shown by the dotted lines denoting the distorted Mn-O bonds),
thereby inducing a vertical ferroelectric polarization (see arrow on the rightside). Adapted from Ref. Dong
et al. [62]

clockwise, as the spiral propagates along neighboring Mn sites), the polarization can
be accordingly switched. This mechanism is often referred to as “inverse DM". In fact,
in the presence of a spin spiral, following Sergienko and Dagotto [63], one can use
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the following Hamiltonian:

H = (ζei j × do) · (Si × S j ) + 2κ

d2o
(9)

where ζ is a coefficient, ei j is the unit vector pointing from site i to site j , do is the
displacement of oxygen with respect to the middle point of sites i and j . In Eq. 9, the
second term represents the elastic energy, with κ labelling the stiffness. The energy
is minimized for do = − ζ

κ
ei j × (Si × S j ). As such, in the presence of a spin spiral,

all the oxygens move in the same direction (which reverses upon switching the spiral
helicity).

In parallel to this “displacive"mechanism, there exist also a purely electronicmech-
anism. In fact, SOC canmodify the electron cloud aroundmagnetic ions, when dealing
with non-collinear spin pairs, resulting in a purely electronic charge dipole. This phe-
nomenon was discussed in terms of spin-currents by Katsura, Nagaosa, and Balatsky
and it is, therefore, known as the “KNB theory" [64]. The authors employed quan-
tum perturbation theory on the Hubbard model incorporating spin–orbit coupling.
According to the KNB model, the induced charge dipole is directly proportional to
P ∼ ei j × (Si × S j ). A similar derivation can be carried out via a phenomenological
model based on the Landau free energy [65]. Both the KNBmodel and the Sergienko-
Dagotto model were largely used in the context of type–II multiferroics, as they can
be considered as equivalently valid, occurring at the same time, both induced by non-
collinear spin-textures, the first involving a purely electronic mechanism and the latter
involving ion displacements.

A final word on the following question: why this SOC-induced mechanism is often
called “inverse DM"? A kind of hand-waving argument is the following: one can
think that “direct" DM occurs when inversion symmetry is broken and it produces
spin–canting, When “inverse" DM occurs, one starts from canted spins and, as a
result, inversion symmetry is broken (and FE polarization emerges).

3 Additional recurring concepts in the physics of complexmaterials

Before moving to the discussion of selected first-principles results showing the rele-
vance of spin–orbit coupling in complex materials, let us report a few concepts that
are not strictly or uniquely related to SOC, but they are of relevance to understand the
results that will be presented later on.

3.1 Exchange frustration

Frustration in exchange-coupled systems with classical spins often leads to uncon-
ventional spin textures, emergent phenomena (such as unconventional spin-transport)
and complex phase diagrams, therefore, attracting huge interests of the community
working in complex magnetism.We refer the reader interested in the field of frustrated
magnets to a few specialized references, Lacroix et al. [66] and Normand [67] while
here we only recall some very general concepts.
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The term “frustration" was first introduced for spin-glasses and refers to a system in
which it is impossible to satisfy at the same time all the exchange interactions at play.
In other words, there is no simple spin pattern that minimizes the energy: competing
exchange interactions result in frustrating a uniform magnetic order. A paradigmatic
example of exchange frustration is an equilateral triangle with AFM exchange. When
placing two spins in an AFM configuration, the third spin in the triangle cannot be
arranged in a collinear way without making “unhappy" one of the bonds (that would
both like to be AFM-coupled). Indeed, the classical ground state of this textbook-case
shows non-collinear spins oriented at 120◦ one relative to the other. One interesting
consequence of this simple example is that, to have frustration one needs at least one
interaction to be AFM. In fact, if all the interactions are FM, clearly the ground state
is the one where all the spins are parallel. However, even when all the interactions are
AFM, not necessarily one observes geometrical frustration. Indeed, for any bipartite
lattices (i.e. where the lattice can be separated into two interpenetrating sublattices,
such as square or honeycomb lattice) in which each spin of one sublattice is AFM-
coupled to the neighboring spins of the other sublattice, the simple “unfrustrated" Néel
state is the ground state: one sublattice shows spin–up and the other sublattice shows
spin–down. A necessary but not sufficient condition to have geometrical frustration is
to have AFM exchange interactions in loops of odd size (triangle, pentagons, etc). One
observation that has already emerged so far is that frustration is strongly linked to the
underlying lattice. Itwould, therefore, bemore appropriate to speak about “geometrical
frustration", happening in certain kind of lattices (such as triangular or kagomé in two-
dimensions and pyrochlore in three-dimensions). We finally remark that frustration
markedly differ in classical spins with respect to quantum spins. At zero temperature,
classical spins have no further available degrees of freedom for optimizing the potential
energy (in addition to the classical pair-wise spin Hamiltonian); as such, the physics
of frustrated systems results in either compromise spin-textures (canted spins, spin
spirals, etc) or highly degenerate manifolds of equally frustrated states. In contrast,
quantum spins have alternative ways to optimize the energy, related to their intrinsic
zero-point fluctuations (which could be therefore regarded as “kinetic" in origin). For
the sake of simplicity, we will deal only with examples, involving triangles or spin-
chains where the classical ground state is complex (i.e. non-collinear or non-coplanar),
but neglecting any quantum fluctuation.

3.2 Berry-phase approach to ferroelectric polarization

The evaluation of the electric dipole of a finite system is straightforward, using the
expression D = ∫

r ρ(r) dr, where ρ(r) is the charge density. On the other hand,
determining the electric polarization in crystalline solids poses challenges due to peri-
odic boundary conditions. This issue was addressed roughly three decades ago and
solved by the groups of King-Smith and Vanderbilt [68] and Resta [69] with the intro-
duction of the so–called “modern theory of polarization". This theory clarified that
the electric polarization in a crystalline solid manifests as a polarization lattice rather
than a vector. The total polarization for a given crystalline structure comprises ionic
and electronic contributions: P = Pion + Pel The ionic contribution originates from the
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nucleus and core electrons and is expressed as Pion= e
�

∑
i Ziri , where � is the vol-

ume of the unit cell, ri denotes the ionic position in the unit cell, and Zi is in modulus
equal to the number of valence electrons of each i-th ion. The electronic contribution
is then expressed as a Berry phase term:

Pel = − ie

2π3

occ∑

σ,n

∫

BZ
d3k

〈
uσ
n,k

∣∣∣∣
∂uσ

nk

∂k

〉
(10)

where uσ
nk is the periodic unit-cell part of the Bloch function. Upon evaluating Eq. 10,

one should check that the system is insulating and that it has the same number of
occupied bands for each k point, otherwise the Berry phase becomes ill-defined. We
anticipate that the implementation of Eq. 10 is now a routine feature implemented in
most DFT electronic structure codes, as discussed in the following Section.

4 How to estimate spin–orbit-related properties from density
functional theory

Density Functional Theory (DFT) [70, 71] is a computational quantum mechanical
method used to study the electronic structure and properties of atoms, molecules, and
solids. Based on the Hohenberg–Kohn theorems [70] and on the Kohn–Sham equa-
tions, [71] DFT provides a framework for describing the behavior of electrons within
a system by focusing on the electron density, rather than tackling the wave-functions
by solving the many-body Schrödinger equation directly. The central idea of DFT is to
express the total energy of a system as a functional of the electron density. Byminimiz-
ing this functional, one obtains the ground-state electron density, on the basis of which
various properties of the system can be predicted. DFT calculations typically involve
approximations, most notably the exchange-correlation functional, which accounts for
the complex exchange and correlation effects between electrons. Various approximate
functionals exist, each with its strengths and limitations; the Local Density Approxi-
mation (LDA) [71] is one of the simplest approximations for the exchange-correlation
energy, assuming that the exchange-correlation energy density at a point in space
depends only on the local electron density at that point. Despite its widespread use,
DFT has limitations, such as its inability to accurately describe strongly correlated sys-
tems and dispersion interactions. These limitations also affect the ab-initio modelling
of magnetic materials, where the magnetism is due to correlated 3d electrons (or to
4 f electrons, where correlations are even stronger). In the aim of improving the accu-
racy of DFT, researchers have developed ways (such as Hubbard-like DFT+U) [72]
to describe correlations in magnetic materials with localized spins. In any case, DFT
has undoubtedly become one of the most widely used tools in theoretical chemistry,
physics, and materials science, due to its balance between accuracy and computational
efficiency. It can predict properties such as electronic structure, molecular and crys-
talline geometries, reaction energetics, etc., thereby enabling researchers to explore
complex phenomena and design new materials with tailored properties.
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Traditionally, DFT codes neglect SOC due to its computational complexity and
only treat relativistic effects viaDarwin andmass-velocity terms.However, for systems
where SOC plays a crucial role (such as materials with heavy elements, transition met-
als, etc.), it becomes essential to include SOC in DFT calculations to obtain accurate
results. One common method is to incorporate SOC starting from a scalar relativistic
approximation within the framework of DFT. SOC is then treated as a perturbation,
implementing HSOC ∝ 1

r
dV (r)
dr σ · L, where L is the angular momentum operator,

σ = (σx , σy, σz) is the vector of the Pauli spin matrices and V (r) is the spherical
part of the potential. In many DFT codes, it is assumed that the predominant contri-
bution comes from the region close to the nuclei and the SOC contribution is only
evaluated within spheres centered on the nuclei, neglecting the interstitial contribu-
tion. For example, we refer to Steiner et al. [73] for the implementation of SOCwithin
the Vienna Ab-initio Simulation Package (VASP) [74–76] in a Projector-Augmented-
Wave (PAW) [77] formalism within the PAW spheres.

We finally mention that there exist DFT codes, mostly used in the chemistry com-
munity, where a fully relativistic treatment is explicitly taken into account by solving
the full four-component Dirac equation; clearly, these approaches must be adopted
whenever the approximation of treating SOC as a perturbation is not valid [78].

In the two subsections below, we present DFT-based methods to estimate SOC-
induced properties in the context of complex magnetic materials.

4.1 Total-energymapping analysis and four-states method for spin-Hamiltonian
parameters

In this section, we primarily discuss one technique for estimating spin interaction
parameters (such as those appearing in Eq. 5) using ab–initio calculations applied
to crystalline materials, with implicit assumptions of periodic boundary conditions,
mainly using an approach based on energy-mapping analyses. Before entering into
details, we would like to mention that there exist several alternative approaches, such
as: (i) the Green’s function method, relying on the magnetic-force linear response
theory; [79–81] (ii) approaches based on quantum-chemical wave-functions, often
used in the chemistry community for non-periodic systems [82, 83].

In an energy-mapping analysis, one performs multiple DFT calculations with vari-
ous spin arrangements to evaluate their respective total energies. Subsequently, based
on the assumed effective spin Hamiltonian, one expresses the total energies cor-
responding to these spin configurations via specific equations, in terms of several
spin-Hamiltonian parameters. By fitting the parameters appearing in the total energy
expressions derived from the effective spin Hamiltonian model so as to match the
numerical outcomes of the ab-initio simulations, one estimates the values of the spin-
Hamiltonian parameters. Often, one performsDFT simulations formany different spin
configurations, so as to obtain more equations than the number of parameters to fit. In
this case, a least-square fit is performed to estimate the model parameters.
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For the sake of clarity, let us consider a specific example with a simple pure-
Heisenberg Hamiltonian, written as:

H =
∑

<i, j>

J1 Si · Sj +
∑

�i, j

J2 Si · Sj +

∑

<�i, j
>

J3 Si · Sj (11)

taking into account first, second and third nearest neighbour exchange interactions
(with coupling constants J1, J2 and J3, respectively) between spins Si,Sj localized
at sites i, j of a hexagonal lattice (cfr Fig. 9). In Eq. 11, the different sums run over
different site pairs, denoting first, second, and third nearest neighbours as< i, j >,�
i, j 
 and <� i, j 
>, respectively. In the hexagonal framework, every site has
N1 = 3 nearest-neighbours, N2 = 6 s nearest-neighbours and N3 = 3 third nearest-
neighbours. With reference to the four different spin configurations shown in Fig. 9,
that are consistently calculated by DFT, one can express the different total energies
as:

EFM/Neel = E0 + (±3J1 + 6J2 ± 3J3)|S|2
EZigzag/Stripy = E0 + (±J1 − 2J2 ∓ 3J3)|S|2

where E0 denotes a “spin-independent" energy term. By solving this linear system
(with four total energies and one spin-independent parameter E0), the three exchange
coupling constants J1, J2 and J3 can be determined.

Before moving on, let us note that, in the energy-mapping analyses, a “rigid spin
rotation" approximation is employed: this approximation implies that the spin mag-
nitudes remain constant across various spin configurations. However, this assumption
does not always hold true; for instance, the magnitude of the spins may exhibit slight
(or, possibly, significant) variations between FM and AFM states. The approximation
of constant-spin-magnitude is generally valid in the case of systems with localized
magnetic moments (for example, insulators with large moments), whereas it can fail
when dealing with small moments in itinerant metallic magnets. In this review, our
focus is mostly on insulating magnets, so the approximation of considering constant-
magnitude spins (irrespective of their direction) is well justified.

Let us now move to the so-called “four-states" method, a specific kind of energy-
mappingmethod [84]. It is now assumed that the effective spin Hamiltonian comprises
solely second-order terms, including isotropic Heisenberg, DM interaction, Kitaev-
like anisotropic symmetric exchange, and SIA terms (see Eqs. 5 and 3). The
spin-Hamiltonian parameters can be determined via first-principles calculations for
four specific spin configurations (this is why the method is called “four-states"). For
instance, let us consider the exchange parameter Ji j,ab(a, b = x, y, z), i.e. the element
of the exchange tensor, which couples site i with spin along a and site j with spin
along b (see Fig. 10). The energy Ei j,ab,αβ (where α, β =↑,↓) denotes the configu-
ration where the spin i is either parallel or antiparallel to the a direction (if α =↑ or
↓, respectively), spin j is either parallel or antiparallel to the b direction (if β =↑ or
↓, respectively) and all spins except i and j remain unchanged in these four states,
forming a “reference configuration" or a “spin bath" (typically a low-energy collinear
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Fig. 9 Four different spin configurations on a hexagonal lattice: a FM, b AF-Néel, c AF-zigzag, d AF-
Stripy. Empty (Filled) circles denote spin-up (spin-down). In panel a, the exchange coupling paths J1 (red
curved line), J2 (blue curved line) and J3 (orange curved line) between first, second and third nearest
neighbours are also shown. The dashed green lines illustrate the unit cell used to simulate the four different
spin configurations

state perpendicular to the i − j plane). Consequently, Ji j,ab can be expressed as:

Ji j,ab = Ei j,ab,↑↑ + Ei j,ab,↓↓ − Ei j,ab,↑↓ − Ei j,ab,↓↑
4S2

(12)

(S denotes the magnitude of the spin moment on the sites).
In order to estimate the SIA-related parameters, for example Ai,ab (a, b = x, y, z

with a �= b), one needs to estimate Ei,ab,αβ(α, β =↑,↓), i.e. the energy of the

configuration where spin i is parallel to the direction whose a component is ±
√
2
2

(for α =↑ or ↓, respectively), the b component is ±
√
2
2 (for β =↑ or ↓, respectively)

and the other components are zero. Here, only one spin is aligned along one specific
direction, all the other spins in the bath being perpendicular to it.

Ai,ab = Ei,ab,↑↑ + Ei,ab,↓↓ − Ei,ab,↑↓ − Ei,ab,↓↑
4S2

(13)
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Fig. 10 Schematic representations of the four states used in the four-state method for computing the
exchange-constant (here, Ji j ,yy ). Spin orientations of the selected spin-couple are represented by orange
and light-blue spheres for spins pointing up and down, respectively. All atoms except for i and j are rep-
resented with grey spheres, with grey horizontal arrows representing spins (perpendicular to those in the
selected i, j couple). The total energies derived from DFT for these four states are labeled as a Ei j,↑↑, b
Ei j,↑↓, c Ei j,↓↑, d Ei j,↓↓. Here, we avoided to repeat the yy indices, since they are the same for all the
four-states used to evaluate the yy element of the exchange tensor

While the general methodology is the same, for other fine details on how to estimate
all the other parameters needed (including for example higher order coupling constants,
such as biquadratic exchange), we refer the reader to specific reviews [84–86]. Here,
it is important to remark why the four-states method is useful and accurate: it is
easy to verify that, with the specific choice of the couple of spins (or of the central
spin in the case of SIA), all the other second-order terms involving the interaction
between the two spins in the couple and the other spins in the “bath" are exactly
cancelled (which is usually not the case when imposing, for example, different AFM
patterns in total-energy mapping analyses). In other words, one accurately estimates
the exchange constant which couples exclusively two selected spins, without the risk
of artificially including other longer ranged exchange constants that can be “effectively
remapped" on the exchange constant of interest (this artifact can occur in several cases,
see discussion in Ref. [87]).

We stress once more that the exchange-coupling tensor is forced to be diagonal and
equal to a constant times the identity matrix in the absence of SOC. In fact, in the latter
case, one would simply have a situation in which the Heisenberg model is valid, as
spins are isotropic. Any deviations from the Heisenberg model, any anisotropy in the
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exchange-coupling paths is therefore due to SOC, giving rise to non-diagonal terms
and different terms on the diagonal, microscopically ascribable to DM or Kitaev-like
interactions. Similarly, the SIA cannot be evaluated in the absence of SOC. Possible
exceptions occur in exotic curved geometries, [88] that go beyond the scope of the
present review. In conventional crystalline geometries, the spin degrees of freedom
are linked to the lattice (i.e. to the real space) only via SOC.

4.2 Magnetoelectric-coupling tensor

Following the discussion of spin-induced polarization in type–II multiferroics (see
Sect. 2.4), here we will introduce a DFT-based method that allows the estimate of the
electronic part of polarization, as arising from a non-collinear spin arrangement.

Let us examine a spin dimer, representing a pair of neighboring spin sites S1 and
S2, characterized by spatial inversion symmetry with respect to the midpoint. For
simplicity, we’ll assume the propagation vector from spin 1 to spin 2 to align with
the x-axis. Upon introducing a non-collinear spin configuration in the dimer, the
inversion symmetry is broken, consequently triggering the emergence of an intersite
spin-induced ferroelectric polarization in the non-collinear spin dimer. According to
the general theory of spin-induced polarization, as discussed in detail in Ref. Xiang
et al. [89], one can write:

P12 = M(S1 × S2) (14)

where one expresses the magnetoelectric-coupling tensor:

M =

⎡

⎢⎢⎣

(Pyz
12)x (Pzx

12)x (Pxy
12 )x

(Pyz
12)y (Pzx

12)y (Pxy
12 )y

(Pyz
12)z (Pzx

12)z (Pxy
12 )z

⎤

⎥⎥⎦ (15)

The original KNB model, as explained in Sect. 2.4 and generating an inter-site
polarization by means of an “electronic-only" mechanism (i.e. no ion displacement is
taken into account in the polarization emergence), features (Pzx

12)z = −(Pxy
12 )y = C

as the sole non-zero elements of M, with C being a constant. Therefore, the inter-
site polarization, as described in Eq. 14, can be understood as a “generalized KNB
(gKNB)" model, of which the KNB model is a particular case. Similar to the KNB
model, one cannot expect any polarization according to Eq. 15 in the absence of SOC.

The estimate of each element in the tensor of Eq. 15 can be performed by means of
DFT in a way which is very similar to the four-state method used for the estimate of
the exchange coupling tensor (see previous section): one first constructs a large unit
cell, then isolates one specific couple of spins that are set to be perpendicular (say, one
spin along x and one spin along y), with all the spins in the bath set to be perpendicular
to both spins in the couple. One then evaluates the polarization vector via the Berry
phase, as emerging from this spin couple via the gKNB mechanism. By repeating the
calculation for all the possible configurations for the two spins in the couple (i) along
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x and y, (ii) along x and z, (iii) along y and z, one can then evaluate all the elements
in the tensor for that specific couple of spins.

This method reveals as very powerful when dealing with a complex spin texture
developing on a spin lattice: the evaluation of the total polarization over all the spin
sites in the lattice can be obtained by summing all the contributions coming from each
(non-collinear) spin pair in the system, according to Eq. 14 (taking due care in avoiding
double-counting terms). Moreover, such an approach based on the magnetoelectric-
coupling tensor is extremely convenient when evaluating the polarization arising from
a complex spin texture, for which a full DFT (and related estimate via the Berry phase
approach) is too expensive from the computational point of view. For example, let us
consider the example of a spin spiral propagating along x with long wavelength (say, a
periodicity of 30 unit cells), which cannot be simulated within DFT due to the related
(too) large magnetic unit cell. To overcome this obstacle, one can describe the spin
spiral as composed by nearby spin-dimers, where the angle between two consecutive
spins is the same as in the long-wavelength spiral. One can then evaluate via DFT the
magnetoelectric-coupling tensor for the specific couple of nearest neighbors and use
the tensor to estimate the polarization of thewhole spin-spiral as a sumof contributions
of polarization coming from the spin-pairs, each spin–couple set to have the same angle
as in the spin-spiral of interest. Clearly, the procedure can be adopted in even more
complex spin-textures, such as nanometer-scale skyrmions, merons, antiskyrmions,
etc where the magnetic unit cell is too large for a full DFT estimate of polarization;
still, one can estimate the polarization as arising from the sum of contributions coming
from the magnetoelectric-coupling tensor of spin-couples making up the topological
spin-textures.

Let us finish this section with a clarification to the reader and a comment on ter-
minology. M was used here to label a magnetoelectric-coupling tensor and we have
discussed its intersite nature, as inducing polarization due to the non-collinear arrange-
ment of two neighboring spins. One should not confuse this magnetoelectric-coupling
tensor with the (much more studied) linear magnetoelectric tensor α (see Ref. [90, 91]
and citations therein). In the linear ME effect, which exists in every material where
SIS and TRS are broken, a magnetic field B induces a first-order electric polarization
P, and viceversa an electric fieldE induces a first-order magnetization M̃, as described
by:

αME
i j = ∂Pi

∂Bj
‖B=0 = ∂ M̃ j

∂Ei
‖E=0 (16)

where the indices i, j denote spatial directions. As such, the linear ME effect does not
describe a spontaneous effect (which is described by multiferroicity), but is related
to the emergence of magnetization (or polarization) when an external electric (or
magnetic) field is applied.
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Fig. 11 Variety of properties reported in the class of 2D magnets: a electrical properties, with metallic (left
panel in the box) and semiconducting/insulating behaviour (right panel in the box); b structural, with transi-
tion metal atoms arranged in different lattices, such as triangular, honeycomb,…c chemical/stroichiometric,
2D-magnets show different anions, such as chalcogenides, halides, etc. and d different composition, such
as binaries, ternaries, etc. The magnetic properties are also diverse, showing f magnetization in-plane or
out-of-plane and g different spin arrangement, ranging from collinear FM to collinear AFM (upper part of
the box), from coplanar to non-coplanar (lower part of the box)

5 Two-dimensional van derWaals magnets

With the boom of graphene, iconically started in 2004 with the first device demon-
stration, [92] materials science faced a disruptive change. Although archetypal and
undoubtedly the most popular, graphene represents just the first example of atomically
thin 2D materials, a class of compounds made by self-passivated layers interacting
via van der Waals (vdW) interlayer coupling. The weakness of the latter interactions
make the engineering of layered heterostructures truly possible, allowing for an easy
“LEGO-like” stacking of single sheets, avoiding major limitations imposed by lattice
matching or chemical compatibility, typical for conventional 3D systems. About a
decade later, the “2D-materials revolution” branched into magnetism: the exfoliation
of the first Ising-like compound FePS3 achieved in 2016 [93] and the report of long-
range (LR) magnetic order in atomically thin Cr2Ge2Te6 [94] and CrI3 [95] in 2017,
launched the field of vdW 2D magnets (2DM).

Phase transitions in 2DMshould not be regarded as a newfield [96]. Their dawngoes
back to 1944, when Onsager [97] first predicted LR magnetic order in an Ising-spin
monolayer (ML). This initial kick evolved in the ‘60 s with the active field of “quasi-
2D” magnets, i.e. bulk crystals characterized by a chemical network with a strong
3D-nature (e.g. KNi2F4 [98]), though showing anisotropic exchange interactions. In
such cases where “crystal-dimensionality” is decoupled from “spin-dimensionality”,
one observes LR order within specific crystalline planes, along with the absence of
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Fig. 12 aMonolayer structure of the triangular MX2 materials (in this paper, M = Ni). Relevant bonds, the
global crystallographic (abc) coordinate system and the local cubic (xyz) coordinate system are defined.
The bonds (highlighted in blue) labeled as Z1, Z2 and Z3, show the path along which the first, second and
third exchange interaction paths develop, respectively. The red X1 and green Y1 bonds label symmetry-
equivalent first-nearest-neighbour bonds. b SOC scale of the ligand: a darker blue color illustrates stronger
SOC. On the right-side: Crystal field splitting (CFS) occurring in octahedral Ni and related d8 electronic
filling. The five-fold degenerate free–ion levels are split into three t2g levels (dxy , dxz , dyz ) and two eg
levels (dx2−y2 , dz2 ). The t2g levels are filled for both majority and minority spin-channels, the eg are filled
only for the majority spin-channel. Adapted from Ref. Riedl et al. [107]

LR spin correlations in the perpendicular direction, due to weak interplanar exchange
interactions. The field of low-dimensional magnetism is still very active and continues
to address interesting and exotic phenomena, such as spin-Peierls states [99] or spin-
liquids, despite low magnetic ordering temperatures that hinder a broad technological
impact.

An introductory paragraph to 2D magnetism cannot overlook one of the corner-
stones of the field: theMermin-Wagner theorem [100]. The latter rigorously proves the
absence of LR magnetic order in 2D isotropic Heisenberg systems with short-range
interactions, due to the role of thermal fluctuations. Importantly, the theorem does not
apply as long as any source of anisotropy (i.e. SIA or “two-site anisotropy") or LR
interactions (i.e. dipole–dipole) are present. In this context, clearly the role of SOC
appears of paramount importance for spin ordering phenomena in 2D magnets.

Starting from the 1970’s, the continuous improvement of thin-film growth tech-
niques and ultra-high vacuum technologies led to 2DM made of “classic” transition
metal (TM) atoms, including the first observation of exchange splitting in one ML of
Co via ARPES [101]. The field of ultrathin-film metallic TM magnets is absolutely
crucial in current technology, boosted by the Nobel Prize in Physics awarded in 2007
to P. Gruenberg and A. Fert for the giant magnetoresistance discovery [3]. The field
is still very active and can nowadays lead to large-area ML magnets (e.g. Ref. [102]).
However, vdW 2DM offer unique opportunities, mainly thanks to their intrinsically
weak interactive nature, that allows for easy stacking, twisting, and heterostructure-
building with control down to the ML limit and virtual insensitivity to the substrate.
This motivated the ever-increasing attention on many fronts (see the recent reviews)
[103–106]. From the materials science point of view, 2DM offer a large and stimulat-
ing variety, as illustrated in Fig. 11. They are “chemically rich", ranging from binaries
to ternaries, from halides to chalcogenides, etc; they are “crystallographically rich", as
they offer different lattices (triangular, honeycomb, etc); they are “electrically rich", as
their electrical properties range frommetallic to semi-metallic to insulating behaviour.
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From the magnetic point of view, they show a wide variety in properties, ranging from
easy-plane to easy-axis magnets, from ferromagnets to compounds with peculiar and
complex (non-collinear or non-coplanar) spin textures. From the experimental point
of view, the characterization techniques are much less mature than “standard tools”
(i.e. neutron diffraction techniques, conventional SQUID, etc.) used to characterize
bulk magnets or even TM metallic thin-films, as the reduced dimensionality and the
typical micrometer-scale flake structure of 2DM call for local probes with enhanced
sensitivity and spatial resolution. From the point of view of applications, 2DM clearly
represent the cutting-edge of spintronics miniaturization and their extreme sensitiv-
ity to large electric fields applied across the layers may pave the way to long-sought
electrically-controlled spin-based deviceswith unprecedented performances. From the
technological point of view, integrating 2Dmaterials in crucial part of silicon comple-
mentary oxide semiconductor (CMOS) chips in the back-end or front-end of the line
may allow for beyond-CMOS applications in the so-called “MoreMoore”, “More than
Moore” and “CMOS+X” approaches, with an increased sustainability of information
technology provided by the drastic reduction of material usage in 2D electronics. As
already mentioned, this review is more focused on the basic physics point of view and
2D magnets offer a rich playground: fundamental questions are still unsolved, such
as the microscopic origin of 2D-magnetism, its dependence on external stimuli (such
as electric/magnetic fields, light, temperature, strain, etc.) or the nature of different
exchange mechanisms at play. This motivates our discussion on some of these topics,
as reported in the following sections. In the spirit of the review, the choice of topics,
effects and phenomena is made according to the role played by SOC, which in vdW
2DM appears to be particularly intriguing.

6 Selected example: the case of 2D transitionmetal dihalides

In this section, we focus on a selected class of 2D magnets: monolayers of transition
metal dihalides NiX2 (space group P − 3m1) [105]. There, the Ni ion plays the
role of the 2+ cation and the negatively-charged monovalent anion is X = Cl, Br, I.
Upon moving from Cl to Br to I, the atomic number increases, so that SOC-effects
are expected to become stronger when going down in the periodic table (i.e. from
Chlorine to Bromine to Iodine, as shown in Fig. 12b). In their bulk form, NiX2 are van
der Waals magnets characterized by weak interlayer interactions, therefore pointing
to the possibility of an easy exfoliation of mono-, bi- or few layers. Ni atoms are
octahedrally coordinated (i.e. each of them is surrounded by six halogen atoms) and
they are arranged in a triangular lattice, with a slight trigonal distortion, as illustrated
in Fig. 12a. Being divalent, the Ni electronic filling is d8, with magnetic moments
of S = 1 (or, equivalently, 2 μB). As shown in Fig. 12b, the octahedral crystal field
therefore suggests an insulating state, with a fully-filled majority and minority t2g
shells and half–filled majority eg shell.

In the following subsections, we present some ab-initio results obtained via a real-
istic DFT modelling of Ni-halides in monolayer form, where SOC plays a crucial
role.
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6.1 Spin-Hamiltonian andMonte Carlo simulations for NiX2

The spin Hamiltonian that will be used as reference includes single ion anisotropy
terms and pair-wise interactions in tensor form (as explained above in Sects. 2.2.1 and
2.2.2):

H = �lSl · Al · Sl + �lmSl · Jlm · Sm (17)

The SIA term, described in the coordinate system (ab∗c), where b∗ is the axis
perpendicular to both a and c hexagonal crystal axes (cfr. Fig. 12a), can be well
approximated by HSI A = Ac�l(Scl )

2. With respect to the NiX2 layer, a negative
(positive) Ac leads to an easy axis (plane). As such, we assume that the main source
of anisotropy for NiX2 (as well as in many 2D materials) manifests in the energy
difference between easy-plane and out-of-plane easy axis, neglecting therefore any
anisotropy when spins rotate in the plane of the 2D magnet, expected to lead to a
much smaller energy scale. As for the bond-dependent bilinear exchange parameters,
one can either keep the ab∗c reference system or resort to the cubic coordinate system
(xyz), where orthogonalized axes are oriented approximately along the Ni-X bonds
(cfr Fig. 12a). We in fact remark that, due to the slight trigonal distortion, the Ni-X
bonds are not exactly perpendicular.

Following the bond-dependent parametrization within the Heisenberg–Kitaev
model, [22] each bond is labeled according to the cubic axis orthogonal to it. For
example, for the nearest–neighbor Z1 bond, perpendicular to the z axis (cfr Fig. 12a),
one can write the exchange matrix as:

Jlm =

⎡

⎣
J 
 
′

 J 
′

′ 
′ J + K

⎤

⎦

We remark that the matrix shows a symmetric form, as the NiX2 monolayer
crystalline symmetries include SIS and, therefore, antisymmetric DM terms are not
allowed. As shown by the matrix above, there are four independent parameters: the
isotropic Heisenberg J , the Kitaev anisotropic exchange K and the off–diagonal terms

 and 
′. Alternatively, the interaction can be expressed in a different system taking
as reference the ab∗c axes, so that the matrix becomes:

Jlm =
⎡

⎣
Jaa 0 0
0 Jb∗b∗ Jb∗c
0′ Jb∗c Jcc

⎤

⎦

Both approaches are equivalent and can be transformed one into the other by means
of the following relations:

J = 1

6

(
3Jaa + Jb∗b∗ + 2Jcc + 2

√
2Jb∗c

)
(18)

K = 1

2

(
−Jaa + Jb∗b∗ − 2

√
2Jb∗c

)
(19)
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 = 1

6

(
−3Jaa + Jb∗b∗ + 2Jcc + 2

√
2Jb∗c

)
(20)


′ = 1

6

(
−2Jb∗b∗ + 2Jcc − √

2Jb∗c
)

(21)

In our modellization, we considered a pair-wise interaction for first (J1), second
(J2) and third (J3) nearest–neighbors, assuming longer ranged interactions to be neg-
ligible. Moreover, taking NiI2 as an example, we tested that the tensorial nature of the
exchange interaction is only relevant for first nearest neighbors, whereas for second
and third nearest neighbors, a simpler “scalar-only" Heisenberg-like coupling term is
appropriate. In what follows, therefore, we will report J1 including Heisenberg, and
off-diagonal terms, whereas we will only report the Heisenberg term for J2 and J3.

Starting from the spin-Hamiltonian in Eq. 17, we investigated the phase diagram
[108] ofNiI2 throughMonte Carlo (MC) simulations employing a standardMetropolis
algorithm. Hexagonal supercells with periodic boundary conditions, having a lateral
size of L × L , served as the simulation environment (in the NiI2 case, MC calcu-
lations were conducted for L = 24). Starting from elevated temperatures (T ), each
temperature point underwent thermalization over 105 MC steps, followed by statisti-
cal averaging over 5× 105 steps. As an important outcome, MC snapshots could then
be used to image the specific spin-texture at a specific temperature. Moreover, MC
simulations allowed the evaluation of the spin-structure factor:

S̃(q) = 1

N

∑

α=x,y,z

〈∣∣∣
∑

i

Si,αe
−iq·ri

∣∣∣
2〉

(22)

Here, ri represents the position of spin Si and N = L2 denotes the total number of
spins within the supercell used for Monte Carlo simulations. The bracket notation
stands for the statistical average over the MC configurations. The spin structure factor
S̃(q) offers direct insights into the direction and magnitude of the propagation vectors,
as it will be clear from the examples shown below.

To evaluate the topological properties of complex spin phases, the topological
charge Q (skyrmion number) of the lattice within each supercell can be estimated
as the average 〈Q〉 = 〈∑i �i 〉, where �i is determined for every triangular plaquette
formed by three spins S1, S2, S3 [109]:

tan
(1
2
�i

)
= S1 · S2 × S3

1 + S1 · S2 + S1 · S3 + S2 · S3 (23)

Based on the above relation, one can then evaluate the topological susceptibility
according to the following formula:

χQ = 〈Q2〉 − 〈Q〉2
kBT

(24)

kB being the Boltzmann constant.
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6.2 Magnetic properties for NiX2: Heisenberg exchange coupling and symmetric
anisotropic exchange

For the sake of brevity, we report in this section only the main results with emphasys
on the SOC-induced effects, in the spirit of the review. We, however, refer the reader
to Ref. Riedl et al. [107] and Amoroso et al. [108] for a much more detailed analysis
and broader discussion on the magnetic properties of transition metal dihalides.

We start our presentation by reporting in Table 1 the values of the spin-Hamiltonian
parameters (cfr Eq. 17), obtained bymeans of theViennaAb-initio Simulation Package
(VASP) along with the four-states method. In order to better model correlation effects,
the so-called “DFT+U" approach was adopted, mimicking Hubbard-like physics for
correlated electrons (Ni 3d in this case) starting from the bareDFT electronic structure.
To estimate via ab–initio techniques the effective Coulomb parameterU , as detailed in
Ref. Riedl et al. [107], we used the constrained random-phase approximation (cRPA)
method [110].Our findings reveal a decrease inU as a function of the atomic number of
the anion, likely attributed to an increased metal-ligand hybridization. Consequently,
the least sizable effective interaction U parameter was obtained for 2D magnets con-
taining anionic p-orbitals exhibiting the strongest hybridization, hence being more
delocalized (i.e. 5p of iodine).

The analysis of the results reported in Table 1 reveals several interesting observa-
tions: (i) the first nearest neighbor Heisenberg-like term J1 is FM and increases from
Cl to Br to I; (ii) the Kitaev term is basically absent in nickel-chloride, it is very small
in nickel-bromide, but it is definitely large in NiI2; (iii) off-diagonal 
1 and 
′

1 param-
eters are always negligible, except for the non-zero value in nickel-iodide; (iv) as for
longer ranged exchange parameters, the second-nearest neighbor coupling constant J2
is extremely small, whereas the third nearest neighbor J3 is quite large. Moreover, J3
increases upon increasing the atomic number of the anion, likely due to increasingly
delocalized nature in going from Cl 3p to Br 4p to I 5p states. The results reported
in Table 1 can be well interpreted in terms of Goodenough-Kanamori-Anderson rules
[111, 112] and different hopping paths (including SOC-induced spin-dependent hop-
ping), as thoroughly discussed in Ref. Riedl et al. [107]. For the sake of completeness,
we note that theU and JH values used in a different study [108] of ours (U = 1.8 eV,
JH = 0.8 eV) were different than those used in Table 1. However, the results obtained
for the spin–Hamiltonian parameters do not qualitatively change, the quantitative dif-
ferences being minor. As such, it can be safely concluded that any discussion reported
below is valid independently on the U and JH values, provided the Hubbard parame-
teres are varied within a physically sound range.

6.3 Complex spin-textures in NiI2: spin-helices and topological antiskyrmion
lattice

On the basis of what reported in the previous paragraph as for spin-Hamiltonian
parameters, we now concentrate on NiI2 and note that the magnetic characteristics of
the system are governed by: (i) intense magnetic frustration stemming from conflict-
ing nearest-neighbor (J1) ferromagnetic (FM) and third-nearest neighbor (J3) AFM
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Table 1 Calculated spin-Hamiltonian parameters for NiX2

U JH J1 K1 
1 
′
1 J2 J3 Ac

NiCl2 4.57 0.84 −2.9 0.0 0.0 0.0 −0.1 +0.8 0.0

NiBr2 3.90 0.79 −3.9 +0.2 0.0 0.0 −0.1 +1.8 0.0

NiI2 3.24 0.68 −6.2 +2.2 0.0 −0.1 −0.2 +4.2 +0.4

U and JH denote the two parameters (Hubbard-like and Hund-exchange, respectively), evaluated with
cRPA and used within the DFT+U approach (see first two columns, values in eV). J1, K1, 
1, 


′
1 (all

values in meV) denote the calculated parameters of the Heisenberg–Kitaev Hamiltonian. J2 and J3 denote
second and third nearest neighbor Heisenberg exchange coupling. Ac denote the SIA constant (in meV)

exchange interactions; (ii) minimal easy-plane single-ion anisotropy contrasted with
strong anisotropic symmetric exchange, both influenced by SOC.

Our Monte Carlo calculations, with parameters derived from DFT as reported in
Ref. Amoroso et al. [108], uncover that below a critical temperature of approximately
30 K, the NiI2 monolayer undergoes a spontaneous transition to one of the following
two spin configurations (which are isoenergetic, so equally likely to occur):

• a single-q spin-helix (i.e. proper-screw) propagating along the Cartesian x-axis,
i.e., along the Ni-Ni bond direction, with spins rotating in the perpendicular
yz-plane (see Fig. 13a) and a propagation vector about q/2 ∼ 1/8 in reduced
coordinates. The spin-helix is mostly determined by isotropic exchange frustra-
tion; in fact, when forming “Ni-chains" centered on a Ni site and developing along
each of the six-fold equivalent directions, one finds a FM J1 and an AFM J3
(which is the second-nearest-neighbor along the chain). This is a typical manifes-
tation of exchange frustration (in the sense of competing exchange interactions, as
discussed in Sect. 3.1), which leads to a non-collinear spin-spiral. The spin-texture
of the spin-helix is topologically trivial, i.e.when evaluating the topological charge
< Q >, one always finds a zero value.

• a so-called “triple-q" state, i.e. a kind of superposition between three combined
spin-helices, as illustrated in Fig. 13b). This state is characterized by a tri-
angular lattice hosting antibiskyrmions (denoted here as “A2Sk"), where each
antibiskyrmion possesses a topological charge |Q| = 2 and a vorticity ofm = −2
(cfr Fig. 13c). The peak in the susceptibility shows the transition temperature
and the topological charge can be taken as order parameter of the transition. The
lattice periodicity is defined by wavevectors q1 = (δ, δ), q2 = (δ,−2δ), and
q3 = (−2δ, δ), with δ = 0.125. The magnetic unit cell (m.u.c.) of this A2Sk lat-
tice, with a lateral size of approximately 8 crystal lattice constants, encompasses
three nanoscale antibiskyrmions; this is why in Fig. 13c the topological charge at
low temperatures saturates to a value of 6, each of the three antiskyrmions in the
magnetic unit cell having a |Q| = 2 topological charge. Each antibiskyrmion has
an approximate diameter of 1.6 nm and is surrounded by six vortices with a net
magnetization of zero. Notably, the spins at the center of the A2Sk have oppo-
site spin components compared to the vortices’ centers. In the specific scenario
depicted in Fig. 13b, the spins within the antibiskyrmion core and at the vortices’
centers point upward and downward, respectively.We conclude this section by not-
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ing the formation of the A2Sk lattice to be connected to the SOC-driven symmetric
anisotropic exchange, as carefully described in Ref. Amoroso et al. [108].

6.4 Multiferroicity in NiI2: spin-driven ferroelectricity persisting at themonolayer
level

In collaboration with the group of Prof. R. Comin and thanks to a joint experiments-
theory analysis, we reported for the first time an example of 2D “type II” multiferroic,
[113] with MF properties persisting even at the ultimate thickness-limit of a ML. NiI2
was known to show, in the bulk form, a proper-screw helimagnetic ground state below
59K,Kurumaji et al. [114] giving rise to electric polarization perpendicular to the helix
propagation vector. However, theMF behavior in extremely thin films was unexplored
and was therefore addressed by our teams by exfoliating bulk samples and creating
“few-layers-thick" samples, characterized both theoretically and experimentally. From
the experimental point of view, complementary non-linear optical techniques (optical
birefringence and second-harmonic generation, SHG) were used to probe the polar
andmagnetic orders, as a function of temperature and number of layers, N . The results
for NiI2 few-layer-samples (see Fig. 14a) showed a clear emergence of the non-linear
optics signal below a certain ordering temperature, for every number of layers N
between one ML and four layers. Therefore, they unambiguously reported the persis-
tence of an ordered phase, down to the ML limit, although with a reducing ordering
temperature upon decreasing the thickness. The symmetry-analysis performed on the
basis of the optical birefringence results showed, below the ordering temperature, a
breaking of the c-axis three-fold rotational symmetry (C3z) and a reduction to a single
in-plane two-fold symmetry operation (C2). These results were consistent with an
underlying single-q helical magnetic ground state. In addition, using SHG as a probe
of inversion symmetry breaking and combining with lowering of rotational symmetry
to C2 previously observed, experiments suggested the presence of a polar order down
to the single-layer limit.

From the theoretical point of view, a combined approach based on Monte
Carlo and density functional theory simulations was adopted. The presence of
anisotropic interactions and exchange frustration, as indicated by DFT, guaranteed
the presence of helimagnetic long-range order even in the ML limit. A magneto-
electric characterization was also theoretically performed by calculating via DFT the
magnetoelectric-coupling tensor M, connecting the FE polarization P to the cross-
productS1×S2, via the “generalized”Katsura-Nagaosa-Balatzky (g-KNB [89]model,
leading to the expression P =MS1× S2 (as explained in Sect. 4.2). The first-principles
estimate led to the following values (in units of 10−5 eÅ):

M =
⎡

⎢⎣
(Pyz

12)x (Pzx
12)x (Pxy

12 )x

(Pyz
12)y (Pzx

12)y (Pxy
12 )y

(Pyz
12)z (Pzx

12)z (Pxy
12 )z

⎤

⎥⎦ =
⎡

⎣
20 0 32
0 348 −520
0 25 0

⎤

⎦ (25)

The elements of the matrix were found to strongly deviate from those expected in a
“standard” KNB model, which would only show one independent non-zero element,
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Fig. 13 a Snapshot at T = 1 K from Monte-Carlo simulations of real-space spin configuration of the spin-
helix. The colormap (see right-side color-bar) indicates the out-of-plane Sz spin component. Black arrows
denote spin projections on the ML plane. A zoom of the related spin-texture is highlighted by the black
rectangle. The associated spin structure factor S̃(q) is shown by the blue hexagon on the left. b Snapshot at
T = 1 K fromMonte-Carlo simulations of real-space spin configuration of the A2Sk lattice. The colormap
indicates the out-of-plane Sz spin component. Black arrows denote spin projections on the ML plane. A
zoom of the related spin-texture is highlighted by the black rectangle. The associated spin structure factor
S̃(q) is shown by the red hexagon on the left. c Topological charge |Q| (blue closed circles) per magnetic
unit cell and corresponding topological susceptibility χQ (red closed squares) as a function of temperature,
pointing to a transition temperature Tc ∼ 28 K. Figure adapted from Ref. Amoroso et al. [108]
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such that M32 = −M23. When summing over all the Ni spin-couples, arranged on
a triangular lattice and assumed to interact via a magnetoelectric-coupling tensor as
reported in Eq. 25, we estimated a small polarization to develop in themonolayer plane
and to be directed along the spiral propagation vector, at variance with the “standard”
KNB model (where q and P are orthogonal). Moreover, we confirmed polarization to
be driven by the magnetic helix (cfr. Fig. 14e), as in every type-II multiferroic, whose
direction is fully consistent with that derived from the above-mentioned symmetry
analysis of non-linear optics experiments.

7 Conclusions and outlook

We presented an overview of spin–orbit-coupling-related phenomena in solids. Start-
ing from general arguments and recalling atomic-like SOC, we reviewed some of the
main effects that SOC gives rise to: (i) in magnetic solids, we discussed magnetic
anisotropy and exotic “beyond-Heisenberg" spin–spin interactions (Dzyaloshinskii-
Moriya, Kitaev-like, etc), aswell as their consequences on some complex spin-textures
(skyrmions, spin spirals, etc); (ii) in non-magnetic solids, we presented an overview
of peculiar band-splitting effects, such as spin-valley coupling or Rashba-effects
(including examples from the class of Ferroelectric Rashba semiconductors); (iii)
in multiferroics, we discussed the emergence of ferroelectric polarization as aris-
ing from non-collinear spin-textures. In the second part of the review, we analyzed
how to estimate SOC-related quantities fully from first-principles (in particular for
exchange coupling tensors and magnetoelectric-coupling tensors). Finally, we dis-
cussed a few selected examples, where the methodological approaches previously
presented were applied to the class of two-dimensional magnetic materials. In closer
detail, the first example concerned the first-principles characterization of magnetic
properties, focusing in particular on the emergence of a peculiar symmetric anisotropic
exchange coupling in Ni-halides. Starting fromDFT-derived parameters, we discussed
the ground-state spin configuration ofNiI2, which seems to bemost intriguingmaterial
in the class, as it shows a spin-helix or possibly a topologically non-trivial antiskyrmion
lattice. In the last example, we discussed multiferroicity in NiI2 mono-and few-layers,
by presenting a joint theory-experimental work, proposing spin-induced ferroelectric-
ity arising from SOC.

As for the outlook of SOC-related phenomena in the near future, one can anticipate
a few directions, as detailed below. While the effects considered in this review are
based on a “moderate" coupling between spin and orbital degrees of freedom, part
of the scientific community is currently shifting towards the fascinating field of 4d
and 5d based systems (such as iridates, osmates and other complex oxides), where
the spin–orbit entanglement becomes predominant. In addition to counteracting the
general argument that “SOC effects are weak", 4d and 5d-based materials might be
further explored as some complex though exciting quantum phenomena have been
proposed or found to emerge, such as multipolar orderings, quantum spin liquids,
excitonic magnetism, correlated topological insulators, topological superconductors
etc [5, 115]. One can, therefore, easily expect significant progresses in that area;
from the theory point of view, this will require not only advances in characteriza-
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Fig. 14 a Electric-dipole-SHG intensity, for one- (1 L) to four-layer (4 L) samples vs temperature T . Dashed
curves: temperature-derivative calculated from layer-dependent data. b Electric polarization components
|Pi | (closed squares) and specific heat (CV , triangles) vs temperature, relative to the proper-screw spiral
order (inset: spin texture,with black arrows and colourmap representing in-plane and out-of-plane spin com-
ponents, respectively: S̃(q): spin structure factor, corresponding to the single-q helical spin configuration.
Figure adapted from Ref. Song et al. [113]

tion and in microscopic understanding, but also methodological developments, since
the regimes of correlations and spin–orbit entanglement characteristic of 5d-based
oxides seem to impose going beyond DFT for a realistic modelling, for example by
combining DFT with Dynamical Mean Field Theory [116, 117]. Another interesting
avenue is the relation between curvature effects and spin–orbit coupling. In closer
detail, while flexomagnetism (i.e. the study of magnetic properties in the presence of
curved geometries) [88] is a fast developing direction in the whole magnetism area,
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the connection between SOC and DM interaction, Kitaev exchange, SIA or Rashba-
like coupling in cylindrical (or in general curved) geometries is gaining increasing
importance [118, 119] and promises interesting outcome in the near future. Last but
not least, we mention the booming field of “altermagnetism", Šmejkal et al. [120, 121]
its “smoking-gun" being a spin-splitting [122, 123] present in the electronic structure
of an antiferromagnet. One of the most interesting features about altermagnetism is
that the spin-splitting is not due to SOC and, as such, its energy scale can be much
larger than spin–splitting induced by relativistic effects. Still, the coexistence and the
interplay between altermagnetism and SOC seems a promising avenue for the near
future.

We hope these last examples, along with those previously presented in the review,
will furthermotivate the scientific community towards the exploration of SOC-induced
effects, strengthening the role of SOC as an endless source of interesting physics and
widening the already rich variety of SOC-driven phenomena.
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