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Abstract. We introduce a novel approach for online learning in spa-
tiotemporal models, leveraging variational propagation for exact infer-
ence. We integrate dynamic linear models with Bayesian predictive stack-
ing to model spatiotemporal dependencies while maintaining scalability.
The matrix-variate Gaussian distribution formulation enables efficient
representation of spatial dependencies, while Bayesian predictive stack-
ing addresses challenges associated with weakly identifiable parameters,
improving both estimation and predictive accuracy by assimilating mul-
tiple models. Our methodology ensures posterior-to-prior updates by uti-
lizing matrix-normal inverse-Wishart conjugacy and variational approx-
imations. Through simulations, we demonstrate the efficacy and adapt-
ability of our approach. Our findings highlight the potential of variational
propagation in achieving exact, scalable inference for complex, data-
rich environments. This work advances online learning in spatiotemporal
modeling, offering a rapid framework for dynamic data analysis.
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1 Introduction

Spatiotemporal modeling poses challenges in handling dependencies across space
and time, especially when dimensionality increases, leading to prohibitive com-
putational complexity. Examples include environmental and climate monitoring,
biomedical signal analysis, and healthcare analytics, where the high dimension-
ality and rising availability of such data call for scalable spatiotemporal models.
Although dynamic linear models (DLMs) offer a convenient framework [8, 4],
along with the forward filtering backward sampling [3] algorithm (FFBS), full
inference typically happens by iterative algorithms, becoming rapidly infeasible.
Indeed, non-conjugate parameters within the spatiotemporal covariance struc-
ture require computationally intensive sampling approaches, such as MCMC.
Most contributions face this problem, focusing on empirical Bayes [13], stochas-
tic differential equations [7], or other iterative strategies as INLA [11]. Nonethe-
less, these approaches demand highly accurate information and often involve
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significant computational burdens. To address these challenges, we integrate the
matrix-variate Gaussian distribution with dynamic linear models, following ap-
proaches such as [10, 2], and incorporate Bayesian predictive stacking (Bps) [14],
constructing a scalable framework that dynamically shares information across
time-specific data shards.

We capitalize on BPS to handle non-conjugate parameters, which are poorly
identifiable [15] and pose major challenges for DLMs. Integrating BPS within the
FFBS algorithm necessitates variational approximations to guarantee consistent
posterior-to-prior updates across time. Figure 1 illustrates this evolving interde-
pendent framework.

2 Variational propagation for spatiotemporal models

Hereafter, we consider spatiotemporal outcomes {Y} ={Yij::i=1,...,n, j=
1,...,q } : t€ T} as a (n X ¢) matrix time series observed at discrete time
points t € T C N. Row indexes i € {1,...,n}, corresponds to a set of n fixed
location § = {si1,...,s,}, where outcomes Y; are observed. We formulate a
matrix-variate spatiotemporal DLM, similarly to [6], as

1/t :Ft9t+Tt7 Tt NMN(O,W(O&),E) (1)

Oy = G611 + Zy, Zt ~ MN(0, Wi(¢), ).
Where Oy | X' ~ MN(myg, Cp, X), and X' ~ IW (v, ¥), represents the prior in-
formation on state matrix, and common column covariance matrix, with mg, C,
Vg, and ¥y known quantities. The definition of state matrix becomes crucial for
our scopes: Oy = [B/ : ] of dimension (p +n) x ¢, with B; (p x q) matrix
of dynamic regression coefficients associated to p predictors, and 2; (n X q) a
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latent multivariate spatial process. We set Gy = [ Ip Ofﬁ:"} and Fy = [X; : [,,].

0n><p

Predictors may be fixed over time, i.e., X; = X, leading to F; = F' Vt. Finally,

WP Opxn
the row covariance matrices Vi(a) = (1a”‘) n, and Wi(¢) = [Onip Re(8 8 8)

complete the model specification. Where W depict the fixed effect B; covari-
ance matrix, while R (-, - ; ¢) is a spatial correlation function, indexed by a set of
parameters ¢, and « represents the proportion of spatial variability, introducing
a discontinuity [1]. For any fixed parameter couple {a, ¢}, this model specifica-
tion yields a fully conjugate model [1,16,9], which can be efficiently estimated
using FFBS [3], without accessing simulation-based methods. Further details on
inference for DLMs and the FFBS algorithm can be found in [12], as providing a
full review is beyond the scope of this work.

Bayesian predictive stacking [14] assimilates models using weighted distribu-
tion in the convex hull of individual posteriors, maximizing a score rule between
the true predictive distribution and the weighted posterior [5, 14]. Some applica-
tions already manage spatial data analysis ([16, 9]). We aim to assimilate models
for different couples {a, ¢} using predictive stacking, to retain the full conjugacy
of the model in Equation (1) at any time point. We specify a set of J competitive
models .#; for j = 1,...,J, characterized by couples {a;, ¢;}. For each t € T,
we compute the stacking weights w; as

n

wtz(wt,h...,wt,J)T—argmax ZlongmmeYu L), (2)
’wtey i=1 j=1

where Y; ; is the i-th row of Y3, ( | Y141, #; ) is the one-step ahead predictive
distribution given on .#;, and .#;’ is the sunplex of dimension J. The marginal
predictive density is available in closed form as a matrix t distribution, which
makes the computation efficient. The derivation follows contents outlined in [9],
starting from p( - | Yi.4—1, %, #;), available as a matrix-variate distribution
from the forward filtering procedure [3,12], integrating out p(X | Y1.4—1,.4;),
also accessible through FFBS. Once we derive the set of dynamic weights w;, pos-
terior inference at any t € T follow straightforwardly using the stacked posterior
distributions:

<

(| Yie) = Z Wy P(- | Y1, Aj). (3)

Unluckily, stacked posteriors in Equation (3) do not allow conjugate posterior-
to-prior update, breaking online learning machinery. We propose a variational
approach: choose a new tractable posterior that minimizes the Kullback-Leibler
(KL) divergence w.r.t. the stacked posterior. Here, intractable posterior distri-
butions are finite mixtures of matrix-normal inverse-Wishart densities, while
matrix-normal inverse-Wishart act as tractable counterparts.

We obtain prr (0, X | Y1) = MNIW(6;, X | Tht,ét,@t,ﬂt) as posterior
approximation, characterized by the parameters which minimizing the KL di-
vergence between p(@, X | Y1.4) and prr (O, X | Y1.¢). Thanks to MNIW family
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Fig. 2. Regression coefficients dynamics: true (solid line), MAP (dashed line), and 95%
credible interval (shade).

properties, and the conditional specification for ©, and X', we can ease calcu-
lations starting by characterize the matrix-variate Gaussian distribution, which
minimizes KL divergence with p(6; | Y1, X). Deriving that is the one charac-
terized by the following parameters:

J J
=Y gmf?  Co=3w; [0 + (m =) TE i )], ()
j=1 j=1

where the superscript (j) denoted parameters conditional upon .#;. Leading to
the approximated posterior distribution prr,(0; | Y1.¢, &) = MN(O; | 1, Cy, X).
Conversely, we choose the tractable posterior IW(X' | ot,¥t) for X. An exact

J
However, when passing to 7, no closed-form solutions are available due to mul-

tiple digamma functions involved. The parameter v, representing the degree of
freedom for Y, is constant across models, since its posterior update depends
exclusively on the number of points: the models .#; have no influence. Thus,
we define 7, as the weighted sum of the degrees of freedom across all models.
Considering the KL posterior distribution prr (X | Y1.:) = IW(X | Dh@), with
U= ij@jyt(j), and Vt(]) =01+ n/2forj=1,...,J.

~ - . 1—1
solution for ¥ is obtainable, conditionally on v, as ¥, = i [Z‘Ll v )Wt_l(J)] )

3 Simulations

We establish the effectiveness of our approach using synthetically generated data
from the model in (1), with & = 0.8 and ¢ = 4, under an exponential spatial
correlation function. We uniformly sample n = 300 fixed locations over a unit
square, for T' = 20 time instants, yielding 6000 observations. The response Y
consists of ¢ = 3 correlated spatial outcomes, while X includes p = 4 predic-
tors, simulated from a uniform distribution fixed over time. The matrices G}

and F; are also held constant over time, as specified in Section 2. We define
1 —0.306
Y= {—00(.;3 (1)3 0i4}7 while the true regression coefficients are initialized at ©y =
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Fig. 3. Temporal forecast for outcome 1 at selected time points: true (top row), and
predicted surfaces (bottom row).

O(p+n)xq- Then, data evolved following Model (1) dynamics. This setting reflects
real-case scenarios, such as environmental monitoring or epidemiology, where
multivariate data is collected regularly over space and time, and computational
efficiency is crucial for timely policy-making. For BPS procedure, we specify J = 9
models .#; letting ranging o € {0.65,0.8,0.95}, and ¢ € {2,4,6}, for all time
points. We conclude, putting on @, a matrix-normal inverse Wishart prior,
where parameters where fixed as: mo = 0(p1n)xq, Co = ojip RO(S(,)IZSX;Q: 1)]’
opting for an exponential spatial correlation function, and vy = ¢, % = I,. We
hold out 50 locations for each time point, comprising U/, to check spatial inter-
polation performances. Hereafter, we focus on two aspects: posterior inference
dynamics for regression coefficients in @y, i.e., B;; and temporal forecasts for
spatial surfaces 2. In Figure 2, we report the posterior inferences obtained at
every time point ¢, for By, which is the sub-matrix of @; composed by the first
p % q elements (denoted sub-panels’ titles in Figure 2). Along with the maximum
a posteriori (MAP), credible intervals at 95% are shown, displaying uncertainty
quantification along temporal dynamics. Figure 2 shows impressive inferences
for all the regression coefficients, providing a narrow average empirical coverage
of 95.28%. Performances achieved through temporal forecasting for spatial sur-
faces are exhibited in Figure 3. We display spatial interpolations for five time
points, spanning the period. After the first time, which incorporates only prior
information, the predictions become almost indistinguishable from the truths.

4 Conclusion

We propose a novel approach for handling spatial covariance parameters in spa-
tiotemporal modeling, which typically involves complex frameworks, iterative
algorithms, or strong prior assumptions. By combining BPS and variational in-
ference within DLMs, we manage spatial kernel parameters while preserving con-
jugate analysis. In this setup, the KL posterior approximation is used to prop-
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agate information across time, while stacked posteriors are used for inference.
This permits us to take advantage of the finite mixture formulation of stacked
posterior derived from BPS, enabling the fitting of more complex distributions for
prediction and uncertainty quantification. Further theoretical investigations are
needed to better understand the effect of variational approximation within the
forward filtering backward sampling algorithm. Whereas the true effectiveness
on data is yet to be fully demonstrated, ongoing results are forthcoming.
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