BLOW-UP AND INSTABILITY OF STANDING WAVES
FOR THE NLS WITH A POINT INTERACTION IN DIMENSION TWO
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ABSTRACT. In the present note we study the focusing NLS equation in dimension two with a point
interaction and in the supercritical regime, showing two results. After obtaining the (nonstandard)

virial formula, we exhibit a set of initial data that blow-up. Moreover we show that the standing
waves ¢!y, corresponding to ground states ¢, of the Action functional are strongly unstable, at

least for sufficiently high w.
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1. INTRODUCTION

In the present paper, we study the blow-up of solutions of a focusing Nonlinear Schrodinger
equation (NLS) with a power nonlinearity in two dimensions and in the L? supercritical regime,
perturbed by a point defect. The point defect is represented as a point interaction, sometimes
improperly called delta potential. Namely, we consider the model

{w(t) = Hat(t) — [P
@D(O) =1y

where H, is defined as a self-adjoint extension of the symmetric operator —A starting from the
domain C*°(R?\ {0}), and « is a parameter classifying the self-adjoint extension. A typical feature

(1.1)

1

of the point interactions H,, is that its operator domain D, or its energy domain D& (see Section 2.1
for details) are larger than the corresponding domains for the Laplacian, respectively, the Sobolev
spaces H? and H'. This is the reason why they have to be considered as singular perturbations of
the Laplacian operator (see Section 2.1 for details or the treatise [4]). The operator H,, that can
be defined only in dimension n < 3, describes a zero range interaction, meaning that the interaction
is concentrated at a point. In Quantum Mechanics, this fact is exploited to describe situations in
which the details of the interactions are irrelevant, and the effective behavior of the system is well
described by the Hamiltonian H,, where a single physical parameter characterizes the behavior of
the system. This occurs for example, in a system of non-relativistic particles at low temperature,
where the thermal wavelength is much larger than the range of the two body interactions so that the
only effective parameter is the scattering length, directly related to « (see [4] for extensive treatment
and bibliography). In the case of Nonlinear Schrédinger equation in which a nonlinear continuous
medium is considered, for example, a Kerr medium in fiber optics or also a Bose-Einstein condensate,
both described in suitable approximation by the NLS equation, the singular perturbation of the
Laplacian given by H,, is typically interpreted as the presence in the medium of a defect perturbing
the wave propagation. This model has been studied extensively in one dimension, where a wealth of
results have been obtained as regards well posedness, blow-up, existence of standing waves, and their
orbital and asymptotic stability, with several variations on the theme (see [14], 12, 15l 19, 8 13|, 16]
and references therein for a sample of the literature).

The model in dimensions two and three has been tackled only recently. The well posedness of the two
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dimensional model has been given first in the strong setting, i.e., for solutions in the operator domain
D, in [6] (where also the three dimensional case is treated). Then the problem as been settled in the

1
energy space, i.e. for solutions in DZ in [9] (see Section 2.2.1 below for the state-of-the-art of well-
posedness results). The critical nonlinearity power in dimension two, namely the power nonlinearity
above which global well posedness is not anymore granted, as in the unperturbed model, is p = 3
(notice in this respect the rather different behavior of the model studied in [3]). In this paper, we
want to give information about the blow-up of solutions for p > 3. We will firstly show that for
definite and large classes of initial data 1)y, one has a finite existence time T*(¢)g). Then we will show
strong instability behavior around ground states of the action, i.e. existence of blowing-up states in
any neighborhood of such ground states. The starting point is the formula for the second derivative
of the variance, or virial identity, obtained in Section 3 (see Lemma . Such a formula contains
an anomalous term with respect to the standard unperturbed model, which is positive definite and
not conserved by the evolution, and that prevents a simple identification of an invariant set of initial
data that blow-up. To overcome the issue, we adopt a strategy originally developed in the classical
paper [5] for the unperturbed model (see for more details Section 8.2 in [7]). However, one has to
suitably modify the analysis, exploiting the variational properties of the action functional S, on the
Nehari manifold (see Section 2.2.2 for definitions and further details). Existence and properties of
the ground state @, of the action have been studied in [2] and [9]. In particular, ¢, exists for any
a and for any w > —F, where —F, is the always existing eigenvalue of H,. Our first main result
gives a class of initial data (containing an open set in the phase space) that undergoes blow-up. In
the statement below, F is the total energy , @ is the functional defined in (3.4))) and ¥, is the
1

subset of finite energy states D2 with [|x¢|]2 < oo (see formula (2.8)).

Theorem 1.1. Let p > 3 and ¢y € X,. Suppose that S(1y) < Su(dw) , E(t) =0, and Q1) <0 .
Then T* (1) < 400 .

We notice that analogous results with a similar strategy have already been obtained in different
models, including the already mentioned one dimensional delta interaction (see in particular [10} [18]);
in this case, however the delta term is a form perturbation of the Laplacian, and in this sense it can
be considered a standard potential, allowing for an easier treatment in comparison to the present
model. Notice also that the virial identity (see (3.3))) needs a somewhat different treatment than
the standard formula; in particular, we analyze the transformation properties of the mass preserving
map T given by dilatations (see Proposition . The second result concerns the strong instability
of the standing waves, i.e. the fact that in the vicinity of any standing waves, there are solutions
that blow-up (see Definition [2.3). This fact, again following the ideas contained in [5] and in the
cited papers related to more standard potential perturbation of the Laplacian, is contained in the
second main result.

Theorem 1.2. Let p > 3, w > |E,| and ¢, a ground state of the action S,, with E(p,) > 0 . Then
the standing wave ey, is strongly unstable.

It is well known that in the unperturbed NLS equation, the ground states with p > 3 have positive
energy, while in the present case one expects positive energy only for sufficiently big w in analogy
with the known case of the presence of external potentials (See Remark [3.10)).

In the last Section we consider a different condition for the strong instability of standing waves,
replacing the positivity of the total energy with the more general condition ddTQQSw(T”gowﬂU:l < 0.
It is known that this requirement is sufficient to guarantee strong instability in the case of NLS
with a delta potential in one dimension and with the generalized Coulomb potential with arbitrary
dimension (see [10, 18]). We show first that an invariant set of blowing-up initial data exist (see
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Theorem , and then that the Action ground states with %Sw (T7¢,)|o=1 < 0 belong to the norm
closure of this set and so they are strongly unstable (see Theorem [4.4]).

We end the introduction noticing that the above results and their proofs actually do not depend on
the a parameter. For this reason and to ease formulae and reading we will omit the subscript a from
Section 3 and Section 4 in which proof of the main results are given.

2. PRELIMINARIES

2.1. Point interaction in 2d. In the following we shall denote with boldface, points in R2. Let us
recall, see for example, chapter 11.4 of [4], that for n = 2 the operator H, has the domain:

D(H.) = {v € L*R")| ¢ = ¢* +qG*, ¢* € H*(R?), q=(I3) ¢*0)}

with G* fundamental solution of the laplacian and I'), a certain fixed constant. Explicitly (indicating
from now on by the symbol .# the Fourier transform)

A e by 1 1
(2.1) G' = (=A+ )N = —QWL? Lkl? )\1 = —27TK0(\/X‘X|)
A 1 1 +
I .—a+27rfy+27rln(\/X/2) a € RU{+00}.

Here K; is the MacDonald function of order zero and v is the Euler-Mascheroni constant. The
constant « is real (nontrivial interaction) or +00 (¢ = 0, corresponding to the standard Laplacian).
It enters in the relation ¢*(0) = I'} ¢, playing the role of a boundary condition at the singularity, and
more concretely, it is related to the s-wave scattering length ag through the relation ay = (—27a)™!.
The number A can be any number in Rt \ {—FE, }, where E,, is the negative eigenvalue of H,,, always
existing when « € R (see later). The action of the operator is given by

(Hoa + N0 = (A +X0)¢" (= Hot = —A¢" —NGY) Vo € D(H,)

It is easily seen and well known that while the decomposition in regular part ¢* and singular part
qG* of any element ¢ € D(H,,) depends on the choice of A, the definition of H, does not. We often
use the short notation D, := D(H,) . One has 0.(Has) = 0ac(Ha) = [0,00); H, has a simple negative
eigenvalue {E,} for any a € R and 1, is the corresponding eigenvector. Explicitly

1
Ea _ _4672(27ra+'y) ¢a<x) _ 2—K0(2 67(27ra+’y)1.)
T

’

Let us also introduce the quadratic form F, on L*(R™) with domain and action
D(Fa)={y € L*(R*) | Jg € C, ¢* € H'(R?*): ¢ =¢" +¢G"}
Fa(w) = FA@) + Tolal* and F(@) = [V + Al — [[41)

It does not depend on A, it is symmetric, closed and bounded from below. The map ¢ — F,(¢) +
Al[1||? is positive for every A > —F, and it coincides with (¢, (Ha + A\)0) Voo € D(H,). This allows
to interpret the form domain D(F,) as the domain of the square root of the positive self-adjoint
operator H, + A, so that we make use of the notation

D(Fa) = D((Ha+ N3) = D2 . A>—E, .

Notice that algebraically and topologically, one has D(F,) = H'(R?)®C and the form domain is in
a natural way a Hilbert space. By functional calculus, we can introduce the scale of Hilbert spaces

D) :=D((Ha+A)?°), seR, X>-E,.
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D;, is equipped with the norm ||9||ps = ||(Ha + A)*¢||, equivalent to the graph norm of the operator
(Ho + A)®. In particular, the spaces D2 and D, * are in duality and

D: — L*(R?) — D.*
is a Hilbert triplet. We denote the duality product by (-, ) _s s . In the following, we will only consider

the case s = 3 and we stress that ||¢||D% = ||p|| g1 +]g|. Finally, we recall that the fundamental solution

G, is positive, radial, strictly decreasi?lg, and moreover it has the following asymptotic behavior (see
[1], formulae 9.6.12 and 9.6.13 for the first asymptotic and 9.7.2 for the second)

(2.2)
LA i} L VA

GA:——IH(—|X|)——+O(1) x—0 , GAN
2 /8|

2
2.2.1. Well posedness. We are interested in solutions of the Cauchy problem for the NLS equation
{zatw) = Hatp(t) + f(P)(2)

X — 00 .

2.2. The NLS equation with a point interaction.

(2.3) 1
¥(0) =y € D, or Dg

where f(1)) = gll"', and g = +1.

The following theorem collects the known results about well posedness in the energy domain (mild
solution) and operator domain (strong solution) for the equation (2.3) (see [6] where a detailed
analysis of the well posedness of strong solutions is given, also for the three dimensional case, and
[9] where treatment of the solutions in the energy domain is given).

1 1
Theorem 2.1 (Well-Posedness in D& and D,). Assume p > 1 and 1y € D&. Then the following
properties hold true.
1 _1
1) There exists T > 0 and a unique weak solution of ([2.3) in C([0,T];D2) N C*([0,T]; Da?).
2) The following blow-up alternative holds. Let the maximal existence time be defined as
1 _1
T* = sup {¢ € C([0,T],D2)) N CY[0,T], Da?) solves mildly 1} ;
>0
then
T 9]y <00 = T =oco

8) L?- mass is conserved along the evolution: ||¢(t)]|* = ||vo||* Vt € [0,T*) .
4) Energy is conserved along the evolution: E(¢(t)) = E(¢y) YVt € [0,T)
where

1 g 1 1
2.4 E() ==F, —— || ||PE Vi € D2.
(2.4) (W) = 57 (¢)+p+1l|¢l|p+1 Y€
5) Let 1y € D,. Then there exists T > 0 and a unique strong solution 1 of (2.3) in C([0,T];Dy) N
CL([0,T]; L*(R?)).
6) Let 1y € D, and the mazimal existence time be defined as

T* = sup {¢ € C([0,T],D(H,)) N C*([0,T],L*) solves strongly [2-3)} ;

T>0

then  tim_g. [0(t)lp, <00 = T = o0

7) T* =T* .

8) T*=+4occ ifg=+landp>1orifg=—1landl <p<3.
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In the following, we will denote as T™*(¢y) the maximal existence time of the solution of .
When T™*(1)y) < 400 we say that the solution ¢ (¢) corresponding to the initial datum v blows-up
in a finite time (in the future; analogous definition holds for blow-up in the past). We will omit the
dependence of T™ on 1)y when it is clear from the contest.

2.2.2. Standing waves. Recall that a standing wave of (2.3)) is a solution of the form (t) = ™'y .
The profile ¢ is a solution of the stationary equation

(2.5) Hap +two+ flp) =

equivalent to S/ (¢) = 0, where the action functional S, is defined as
w 1
(2.6) Su(p) = Ep) + 5llel* Ve eDi.
The set of ground states of the action S, is defined as
(2.7) g = {(pw € D s.t. S,(pu) < Su(p) Vo € D satisfying S! () = O}

Recently in [9] and [2] existence and properties of ground states of the action S, for the case of
attractive nonlinearity (i.e.g = —1) in have been proved by variational methods. In particular,
a ground state exists for every w > —F, and if ¢, € G is a ground state, then it coincides with the
infimum of the action constrained on the Nehari manifold:

1
d(w) = inf { () s:t. 9 € D, 9 #0, Nulp) =0} = Su()
where N, is the Nehari functional
No(#) = Fal) + wliel® = lellbty -

The following fact is an immediate consequence of the results in [9] and [2] and it will be useful later
(see also the analogous Lemma in [10]).

Proposition 2.2. Let ¢, € G a ground state of the action S, and 1 € Dé s.t. ||@/)||§ﬂ = ||<pw||£ﬁ .
Then

a) Ny(y) >0

b) Su(¥) = Su(Puw)-

Proof. From Lemma 3.3 in [9] and d(w) = inf{%ﬂwﬂiﬂ, Y € N} = 2(p+1)]|<pw|p+1 = S, (p0)

pt1
property a) follows Taking into account a) one has S, (p,) = 2&;;1)||90w||7;ﬁ = 2(p Y H‘Pw”iﬁ

3Nu(00) < shm Ul + 5 Nu(¥) = Su(v) - o

Finally, we recall the definition of strong instability of a standing wave.

Definition 2.3. The standing wave ¥ (t) = ey, is said to be strongly unstable if for every e > 0
1
there exist 1y € D& such that ||1pg — SOwHD% < & with T*(1hg) < +00 .

As a last preliminary definition, we adapt a classic tool needed in the treatment of the virial
functional to the point interaction framework. We put

(2.8) S, = [ € DE(R?) | x¢b € LA(R?)}.

3. BLOW-UP AND STRONG INSTABILITY.

In the following the value cmd sign of a will be wrrelevant, so we will omit the corresponding pedices
in the symbol Hy, Fo, Da D2 and Y, with the sole exception of Remar/f



6

3.1. Virial identity.

Lemma 3.1. Let 1 € ¥ and ¢ € C([0,T%):D2(R2)) the corresponding weak mazimal solution of
(2.3). Then v € C([0,T*);X). Moreover for any fized ¢ € D%(R2) the variance

1) = [ I [0t dx
R2
defines a C*([0,T*);R) function and

(3.1) dil(t) =41Im V(t,x)x - Vaab(t, x) dx.
t -

Proof. We firstly show that t — xu(t,x) € C°([0,T*); L*(R?)). Let x. € S(R?) , x.(z) = e~
and define a regularized variance

I(t) :== /RQ|XXE@/)(t,X)|2 dx.

Let 1y € ¥ and ¢ € C([0,T%),D2) N CH([0,T%) ; D2 (R?)) the weak solution of the (2.3). One has
xx:1 € C([0,T%),Dz) and for any ¢ € [0,T*) we have

d
p / Ixx:(t,x)|* dx = 2 Re (|x]*\20, O)
]RQ

= 2Re (|x*X2¢, —iHat) — igl [P~ ')
= 2Tm (H(|x[*X2¢), ) _1,
— 2TIm (—A(Jx[*x %), )

— 2Im [ vV V(XD de
R2

11
272

_11
272

[ D=

1
2

= —92Im / AVAR [X?(’XPVE—F 2x1) — 25X|X|2E)} dx .
RQ

2

2 (R?) and after suppressing a real term in

Now we can integrate by parts noticing that xVy € L
the integrand we obtain

d _
< / et x)? dx = 4Tm / (1 - elx2)T x - Vb dx
R2

and integrating in time

(3.2) I.(t) = 1.(0) + 4Im /Ot/xz(l —e|x|*) x - Vb dx ds

Notice now that x - Vi) = x - V¢* + ¢gx - VG* and taking into account that |[V¢?| < cllvll Lz

|x-qVGA| < cllill 53 one gets

2

1) < 10)+ etm) [ 10y ds+e [ ool ds

where ¢(m) is a constant depending on the mass. From Gronwall inequality it follows that there
exists a constant ¢ independent on € such that

L) <c teo,T]



From Fatou’s lemma one finally concludes that

I(t) = /hmmfx Ix|?[2h(t, x)|? dx < hmmf/X?\xﬂzﬂ(t,xﬂ2 dx <c te|0,17]

which gives I(t) € L™ Vt € [0,7%] , the map t — ||| - |u(t,-)|| is bounded on any (0,7") with
T < T and consequently weakly continuous as a map (0,7%) — L*(R?%). From (3.2)), the fact that
Yx - Vi) € CyL! and the dominated convergence theorem, we also obtain

t
](t):I(O)+4Im//EX-V¢dXdS vVt € (0,77
0
which gives at once that the ¢ € C°([0,7%);%) and validity of (3.1]). O
The crucial information is contained in the following lemma

Lemma 3.2. [Virial identity] Let 1y € % and ¢ € C([0,T%);D2) the corresponding mazimal weak
solution of (2.3). Then the function

e 1) = [P 0t ) dx
R2
is in C*([0,T*);R) and the following identity holds

d? ( (r=3)

2
T3l (1) =16E(v) +8g=——[[v() 71 + ;IQI2

dt?
33) = 87() + Sg<p+ 1) ol + 2l = sQw)
where
(3.4) Q) = 7o) + g LIt + ol

Proof. Let us show the result first assuming that ¢y € ¥ N D and considering the corresponding
strong solution ¢ € C([0,T*);D)NC([0,T*); L*(R?)). We need to derive in time the r.h.s. of (3.1)).
We regularize it writing

(3.5) he(t) :==Im [ e % x. Vi dx .
R2
Admitting that ¢ € C*([0,T%), D%) one can safely derive in time (3.5]), obtaining
hs(t) = Im eelxl? E x -V dx +Im eelxl? ¥ x- Vi dx .
R2 R2

Both addenda are well defined, and more precisely the map ¢ — e~** x. V4 is in C*([0, T*), L*(R?))
because

le™ x - V|| = [le™"x - Vo + e g(t)x - VG| < e (IV] + la(8)]) < [[¥]py -

Now, integrating by part the second addendum one has
(3.6)  ho(t):=Tm { / o (Yx VY - x - Vi) dx -2 / o (4 — el |0 ) dx }
R2

and the r.h.s. is well defined and continuous in time only assuming v € C*([0,7*), Dz). By density
of C1([0,T%),Dz) in C([0,T%),D2) N C([0,T%), L?) (which is proven as in the case of standard
Sobolev case), formula (3.6)) still holds in these hypotheses. Now we perform a second regularization
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considering v € C°([0,7*),D) N C'([0,T*), L?), so that we can apply the equation in strong form.
From (3.6)), by using Im z = —Im Z and then the equation in ({2.3)) one obtains

he(t) = 2Im e_s""QE (x-VY+1)dx +2Im 5/ e~ 1x |70 dx

R2 R2

=2Im [ =i (Hy+ F(§)) (x- Vo + ) dx +2¢ Im (i) / e P[P0 (o + f()) dx
R2 R2
=2R —elxl® dx —2:R — x| %) d
o [ (AT TW) v dx—2:Re [ R (o + W) dx +

]R2
2Re / e~ HY (x - Vip) dx + 2Re / e T (x - V) dx =1+ 11+ 111+ 1V
R2 R2

Thanks to the dominated convergence theorem the term I converges to

2 ((Hp, ) + gl|o|EY) =4E() — 4 / F() dx +2(p+ 1) / F($) dx

R2 R2
(3.7) —aB )+ 20— 1) [ F(0) dx
RQ
where we have denoted
_ 9 et
F(w) = o

The term I is vanishing and now let us consider I/] and IV. To treat IV we make use of the
identity

2Re e P F) x -V = V- (2xe PP F@)) + de|x|?e X F(y) — 4¢P F(4)
and it follows by the divergence theorem and dominated convergence that
(3.8)
2 Re /R T Vo dx = /R 2 <4g\x12e*€‘xi2F(¢) . 4e*€‘xl2F(1p)> dx — —4 / F(v) dx

R2

For 111 we preliminarily decompose the domain element in regular and singular part, obtaining
2Re / e’dx‘??{_w x- Vi dx =
R2

2 Re / e eIxP? (—Aw x - Vo = X gG*x - Vot — A x - VG* = A|g*G'x - va*) dx =
R2
I, + 11, + 111, + 111
Now we treat the various addenda separately. Integrating by parts 11/, one has
IT1, =2Re / (—AP) e Px . Ve dx =2Re [ V* - V(e x. V) dx =
R2 R2

2 Re Vot - V(x - V(;SA)e_‘E|x|2 dx — 4 Re / e_a‘x|2|x - Vor? dx

R2 R2

The second term vanishes by dominated convergence and the first term vanishes as well exploiting
the following identity, which holds true in the two dimensional case,

2Re ¢ PPV . V(x- Vo) = 2e|x e |V 2 + V - (xe X |V |?) |



and then integrating and applying the divergence theorem and dominated convergence again.
To proceed, let us note preliminarily the following identities easily obtained by Fourier transform
(where formula (2.1)) is used and it is essential the dimension 2 in the first):

Kk 12
Z . A :__ - @ N
(3.9) F(x-VG) = V- T~ " TR
1 1 1 2k
1 Z(V -xGN=— —k-V—0 [ il I
(3.10) TV X == K Vi a = 2 (kP -0y

In particular one sees that x - VG* € H?(R?) and xG* € H*(R?), and we can integrate by parts in

II1,+ 11, =2 Re / e—elxl? (—)\ 7Gx -V — AP x - ve*) dx
R2
=2 Re / <>\G>\q¢/\x . VG—EMQ o qq—bkx . vG)\(Ae—s\xP) B 2qa)\v(x ) VG)\) ) Ve_e‘xP) dx
RQ

+2Re / e (NG V - (xG) — ¢8 A(x - VGY)) dx
R2

The last integral identically vanishes and from anyone of the terms in the first integral can be
extracted a factor €; one concludes that I11, + I11. —> 0 by dominated convergence.

It remains to consider the limit for 8 —> 0 of 111, which can be computed explicitly thanks to the
Plancherel theorem and identities and (| .

II1; =2Re /

RQ

2X2q* [ r 1
3.11 _AE T g g
(3.11) T /0 (r24X)3 " 27r|Q|

Finally, collecting (3.7)),(3.8)), (3.11) and taking into account that the other terms involved vanish,
we obtain

el (—)\\qPGAxVG*) dx —» —2)\\q\2Re/ G*x - VG dx
R2

J(t) =4tim . (1) = 16B () + (8p — 24) / F(0) dx+ P

~165(0) + 8¢5 / Ul dx+ 2lgP

=8F(¢) + 8g< l

1
DI + ZlaP
Having proved the identity (3.3)) for strong solutions, the same identity follows for weak solutions

exploiting continuous dependence and density, and this ends the proof of the Lemma. 0

3.2. Mass preserving scaling and its properties. From now on, we will only consider the at-
tractive nonlinearity, i.e. the case g = —1.

Definition 3.3. Let us introduce the mass preserving scaling map T° : L*(R?) — L*(R?),c e R o >
0

T($) = ¥7(x) = ov(ox) Vo € L(RY)
Remark 3.4. By using Gox) = £ Ko(Volz|) = L Ko(VAo?|z]) = G (x) == GV (x) one
obtains ,
V7 (x) = op(ox) + anA(UX) = 0¢(0x) + 0¢G* (x) = ¢7(x) + ¢"GY (x)
and the map ¢ — Y leaves invariant D> (with the same «). It also follows that ¢° = oq .
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Remark 3.5. One has G* — G*° € H** Ve > 0 and exploiting the first asymptotic relation in
2.2), one obtains (G " — G*)(0) = —%log o. From this one concludes that T does not preserve
D, . Instead, T? : D, — Da_%loga. In fact, from ¢ = ¢* + q G*, ¢*(0) = T'Aq, it follows

17 (x) = 0¢MN0x) 4+ 0q¢ GMNox) = 0¢* (%) + 0q(G" — GV (0%) + 7qG*(x)
= (6")7(x) +¢"G*(x)

and (¢*)7(0) = 0¢*(0) — 0q5-logo = oq(Ta — 3= logo) = ¢°T" , hence 1 € D

1 .
—ﬁlogo a—5-logo

Proposition 3.6. Let ¢ € D2. Then

F() = > F() + %02 log o

7|5} = o Hly|1Pi
d

o _ 1,
S F(W e = 2F(0) + 5]

d (o2
— v 1 omt = (p = DW]2T

d ” _d s _
%E(¢ )’021 = daS(w )‘0:1 = Q(w) :

Proof. From 47 = o¢(ox) + oqG*” and the identity [Ao° =T+ % log o one obtains immediately

F°) = o?||[Vo||? + o202 || + Aa2(||o]] = ||¢|?) = o F(¥) + %02 logo . The other identities
are obtained by direct computation without difficulty. 0

For fixed ¢, € G let us define the functions o — S, (¢%) and o — Q. (¢?) given by

2 o

2
(312> Sw(ﬁpw) = 7f<90w) + 5”9@0“2 + Eloga|qw|2 — p——|— 1O'p 1||(pw| zi}
o? p—1 o?
1 g = 2 _1 2 —_ pil p+1 . 2
(3.13) Q¢]) = 0" F(pu) + o 0g o |q.| D+ 1‘7 HSDpr—i-l + 47]_‘%0’

It is immediate that the functions o +— S, (¢%) and o — Q(¢7) belong to € C*(R™).
Let us now denote, again for fixed ¢, € G,

1 1 p—1
3.14 A=F(o,) + —l|al>, B=—|ql?>, C =——|¢u|Pt] .
( ) (90 )+ 47T|q | ) 27T|q | ) p+1||()0 Herl

Then we have
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Proposition 3.7. Let ¢, € G. Then the following identities hold:

(3.15) diSw(gofj) =Ao + Bologo — CoP™?
o
2
(3.16) %Sw(gog) =(A+ B)+ Blogo — C(p —2)o?™?
o
d? B
1 —_— o = — — J— 2 — p74
(3.18) diSw(gog)L,:l =0 or equivalently A =C
o
(3.19) Qpw) =0
g d ag
d 2
(321) _Q(Spw) _d S (ng) +0d 2S (SDZ)) :

Proof. The proof of (3.15)), (3.16]), (3.17))) is obtained by direct computation of the derivatives taking
into account (3.12) and (3.14). Property (3.18)) is obtained just exploiting ¢, € G i.e. S (vn) =0 .

Property (3.19) is a reformulation of (3.18). Properties ([3.20]) and (3.21)) are based on the previously
proven identities. For ,

d

1 (o2
Od—S (¢2) = > Flp,) + —10g0|q%|2 + —| Qo] — p+ " HgwllPt = Q) -

Identity (3.21)) is obtained by deriving (3 . O

Remark 3.8. In the previous proposition, properties (3.15)), (3.16), (3.17), (3.20), (3.21) do not
depend on ¢, being a stationary state and they hold for every ¢ € D: .

3.3. Blow-up and strong instability. The next result is crucial for the analysis.

Lemma 3.9. Let p >3, o € Dz , 0 £ 0, E(p) =20, Q(p) <0 and ¢, € G; then

Sul) < Sule) — 5QUe)
Proof. Let

1

1\ »=1

o (TeelE ™

_ A
el

Then ||¢”°|[p+1 = ||¢w|lp+1 and thanks to Lemma[2.2]it follows S,,(¢w) < Su(¢7°) . Now consider the
real function

0.2

o w 0'2 1 02 - p— 1
9(0) = Su(¢”) = F Q) = Fllell” + 1 logo — el = P11 ("p S T) el

Suppose that g(og) < ¢(1); then, from the variational characterization of v, and Q(p) < 0 it
follows

Sulipa) < Sule™) < S.6™) — Q) < Sule) — Q)

which is the thesis. So it is enough to show that g(oy) < g(1) . Actually, we will show that o =1 is
the unique point of absolute maximum of g. One has

¢ (c) = Bologo — Ao(o?™% — 1) .
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It is immediate that o = 1 is a root. An elementary analysis shows that a second root o* exists in
(0,1]. It is an easy check that in ¢ = 1 there is a maximum, and in ¢* € (0, 1) there is a minimum,
whatever are A and B. Moreover, being Q(¢) < 0 and E(g) > 0, one has that

1 w
9(1) = Su(p) = 5Q%) 2 Sul) 2 Sll#ll* = 9(07) -
Finally, thanks to p > 3 one has lim,_,;+ g(0) = —oco and this ends the proof. O
Proof of Theorem[1.1] Let us set

U = {o € DIRY) st Sule) < Sl Blo) 20, Qlp) <0}

We firstly show that the set U, is invariant for the flow of . Let 1y € U, and (t) be the
corresponding weak solution of . Thanks to the conservation law of mass and energy, one has
that S, (¢¥(t)) < Su(pw) and E(¥(t)) = 0Vt € (0,7*). It remains to show that Q((t)) < 0 .
Suppose, by absurd, that there exist a time ¢ € (0,7*) such that Q(¢(t)) = 0. Being necessarily

¥(t) # 0, applying Lemma one obtains

Su(p) < Su((0)) — QW) = S.(W(D)

against the hypotheses. So Q(¢(t)) < 0Vt € (0,7%) . Now let ¢y € U, N Y, it follows from Lemma
and the invariance of U, that the solution (t) € U, N3 Vvt € (0,7*) . From Lemma (3.2 and in
particular [3.3] exploiting conservation laws of mass and energy, it follows that

1 d? x
g@[d,(t) = Q(¢(t)) < 2(Sw(1/}(t>) - Sw(@w)) = 2(Sw(¢0) - Sw(gpw)) <0 Vte (OvT (¢0>>
and this implies T*(1y) < +o0o by the classical elementary concavity estimate. O

Proof of Theorem[1.3. By elliptic regularity, it follows that ¢, € ¥ . Now consider ¢%(x) = oy, (0x) €
> . Notice that from formula ([3.14) and formula ((3.18))
B

1 1 1
E(p., S(A-2) - — — > <2
(o) >0 <— 2( 2) p_lC>0<:> 27r|q| <

p—3
p+1
As already known, o = 1 is a stationary point of o — S, (¢7), Moreover, J‘%SM(@Z)L,:l = {4+
B)+ Blogo — A(p — 2)o?*}|,—1 = A(3 — p) + B so that
& (p =1 —-3)
do? p+1
This means that p > 3 and E(y,) > 0 imply that ¢ = 1 is a local maximum for o — S, (¢7) and

actually the absolute maximum, thanks to S(p,) > w|leul|* = S(¢%)|e+. Consequently S, (¢%) <
Su(pw) Yo > 1. Finally, from formula (3.20) and o > 1 one has

d
Qyg) = 0%5’&)(@2) <0.

To summarize, 7, € U, N X Vo > 1. Being [|¢f, — @ul|

lepullpis

p+1

o 1
Su(Pi)lo=1 <0 <= B<(p-3)A <= %MW‘Q < H@w‘pﬂ

1 — 0as 0 — 1 the proof is complete. 0

Remark 3.10. The condition E(p,,) > 0 is expected to be true for w > w* great enough. That this
1
should be true can be understood by means of the scaling ., (x) = ¢u(x) = w7 1p,(J5) - One has

(3.22) HaPo + Po = 1@ul’Hdu| =0
with the modified parameter & = « + ﬁlogw. Formally, & — 400 as w — oo and the operator

Ha — —A so that (3.22)) reduces to the standard NLS, for which it is well known that the ground
state has positive energy if p > 3 (see for example Corollary 8.1.3 in [7]). The previous formal
argument works rigorously for fairly general Schrédinger operators —A + 'V (see [11] ).
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2
4. STRONG INSTABILITY WITH -5 S,,(¢7)|,—1 < 0

It appears from the proof of the previous result that the condition E(p,) = 0 is, in general,
stronger than the condition dd 55w (©2)] o= 1 < 0. So is a natural generalization of the result given in

the previous section consists in assuming - L S(9%)]o—1 < 0 as the condition selecting the frequencies
of the ground waves the instability of which we want to prove. This more general condition has been
advocated by M. Ohta in several papers with various collaborators ([I1, [13], see also [18]).

Definition 4.1. Let ¢, € G and set
Vo= {p € DR st Sul(e) < Sulp), Q) <0, Il < Ilull, Illpsr > Ipullpsn } -

Lemma 4.2. Let p > 3, ¢, € G with w s.t. %Sw(cpw) <0, and let o € D2 such that ¢ # 0,
Qp) <0, llell < llewll; llellprr > l@wllpsr ; then

Swlw) < Sulp) — %Q(s&) :

Proof. Let
1
1IN\ 57
llewlpi |
o=\ oL
lelfpi
-1
Then o¢ € (0,1], [|[¢7]lp+1 = [|@ullpr1 = 05’“ lellp+1- Now consider the real function
o O W, g 02 1 9 o? s p—1 1
9(0) = Su(¢”) = 5 Q(p) = Sllell” +  ~(log o = S)lay|” — m(ap — )l

Suppose that g(og) < g¢(1) ; then, thanks to lemma it follows S, (p,) < S,(p?) and being
Q(¢) < 0 one has

Su(w) € Su(9™) < Su(p™) — —Q(p) < Sulw) — %Q(w)

which is the thesis. So it is enough to show that g(og) < g(1) . This inequality is equivalent to

0'2 1 0'2 -3 1 1 p_3 1
P togon - gla? = -7 (7 = B2 ) Wolgtt < ~glanl + gl
2 2
ojlogoy  of 5 1 4 (-1 , .
(T—g— )Iq@! \m(ag T Uo+— el

or also

|2 < 47 203_1 B (p - 1)03 + (p - 3) || ||:D+1

9 S 3T 2otlogoy oz r 1 1€l

The idea is to find an estimate of the type |q,|* < h(oo)||¢|b1; 1 by making use of the hypotheses on
©, and then verify that

dr 200 — (p— Dod + (p— 3)

h(op) <
() p+1 202logog — o + 1

Vo € (0,1)
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that would prove g(og) < (1)
Notice that from (3.16] - and (3.18]),

d? Y 3 p—1)(p—2
A Sl <0 = Flo) + ol < LDy o
1 (p—3)(p—1) +1
(4.1) %|Qw|2 —|| Pullpr

The following Pohozaev identity is obtained applying the computations done in Lemma to the
stationary equation (2.5)), or equivalently combining the constraints N, (¢,) = 0 and Q(p,) = 0:

H2 _ |qw|2 2 p+1

w||¢w . ?H pr+1

and making use of inequality (4.1)) one gets
w2 2 2 1(p—3 —4p+7
=l 2ozt < (24 3 Rt - E T T

w|l@w

4 p+1 p+1 2 p+1 e ( 1) ptl
Now, from [|¢]| < lull; 08 #llpr1 = llpwllp+1 one obtains
pP=Ap+T +1
4.2 P P+l
(42) ool < Z 2 Lo el

The condition N () > 0 which holds thanks to proposition is equivalent to

1
03 F () + 5o log oolag|* + wlel* — of e} >
and exploiting Q(y) < 0 one arrives to
1 g 1
~grotlogaulaal? < Pl - Telaf? + wlel? - of el
that combined with (4.2)) yields
1, p=1 pPP=Ap+T7T 1
- 1—2] 2 2 p o P+
b1 = 2loganla, P < (3h o + P T ol

or also

i 20 =)+ @ —4p+T)og P =20+ Dog ?)
p+1 2(1 — 2log o) lelp=1
so that the inequality that has to be checked is

2(p— 1) + (0 —4p+ Toy " —2(p+1of° _ 207 — (p— Dog + (p = 3)
2(1 — 2log gp) h 202logog —od +1 '

’qtp|2 <

The previous inequality is equivalent to f(og) = 0 where
f(o)=(p—3)*(o"" — 20" "logo) —4(p — 3)logg — 4 — (p* — 6p + 5)0"*

Notice that f(07) = 400, f(1) =0, so that to prove the inequality it is sufficient to prove that f
is decreasing. That this is indeed the case is a lengthy but elementary check based on the analysis
of the derivatives of the function f up to the third one. We omit the details. O

Theorem 4.3. Let g=—1, p >3 and vy € XNV, . Then T*(¢y) < +00 .
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Proof. 1t is already known that ¢(t) € ¥ and by the conservation laws that S, (1 (t)) < S.(¢w)

and [|1(t)]] < ||¢o|l- Thanks to Proposition and S, (¥(t)) < S.(pw) necessarily [[¢(t)],41 #
[oullpn ¥t € (0,T(%0)) ; being [Wplper > Tulpsns by continnity (@Ol > lpulper Vi €
(0,7*(¢o)) . Finally, Q(¢(¢)) < 0 is a consequence of Lemma [£.2 Now, from and the virial
identity [3.3] one gets

1 d?
g le () = Q1)) < 2(Su(¥(t)) = Sulww)) = 2(Su(¥o) = Sulpw)) <0 VE€ (0,17).
This gives the thesis by the classical concavity argument. 0

Now we will consider the standing waves, and we will show that they are strongly unstable.

Theorem 4.4. Let g = —1 and p > 3. Let w > —FE, and ¢, € G such that @ S%)L, 1 <0. Then
the standing wave p,e™" is strongly unstable.

Proof. One has ||gog|| = |lewll, 19541 = 05%||g0w||p+1 > ||pwllp+1 Yo > 1. Now consider the function
S(¢?) given in . We want to show that S, (¢?) < S, (¢w) Vo > 1. Thanks to (3.17)) in Proposition
we have - 3S (p2) < O ‘v’a > 1 from which we deduce that d—QS () is decreasing for o > 1.

o d2S(ed)
l.=1 < 0 we obtain —5r <0 Vo > 1 and consequently

decreasing. Being &fg’”g: = 0 we finally obtain that S, (¢?) < S, (¢w) Yo > 1 as claimed. Fmally,
using properties @ and of Proposition 3.7 we get £Q(¢2) = LS, (¢2) + 0-L,5,(¢7) < 0 by
using the monotonicity properties just proved. By one finally gets Q(¢?) < Q(p,) = 0. The
proof is completed thanks to lim,1 [|¢7, — ¢l 3 =0 . O

pr) S((pw)

Exploiting the hypothesis
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