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Abstract
In this paper we review some analytic results on the dynamics of the FPU system. In the first
part of the paper, having in mind that the FPU Hamiltonian and the Toda Hamiltonian are
close to each other, we present some results on the action angle variables of the Toda system
and deduce some stability properties for the dynamics of the FPU system. We first focus on
the case of finitely many particles and then we study the limit N → ∞. We also present
some results on the continuous limit of the Toda chain showing that it is well described by a
couple of KdV equations. Then we study directly the dynamics of the function interpolating
the FPU system and show that the dynamics is Hamiltonian and that the Hamiltonian is very
close to a function of the first three Hamiltonians of the KdV hierarchy. In the second part
of the paper we present some results valid in the thermodynamic limit, according to which
the time auto correlation functions of some suitably constructed observables decay slowly
implying lower bounds on the thermalization times of the system.

Keywords Metastability in FPU · Toda lattice · KdV hierarchy · Decay of correlations

1 Introduction

In this paper we review some recent results on the dynamics of the Fermi Pasta Ulam (FPU)
model. There is a huge number of papers studying the dynamics of the FPU model mostly
with the aim of understanding in a heuristic or rigorous way the result of the computer
simulation by Fermi Pasta Ulam with the collaboration of Tsingou [18] according to which
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a chain of coupled particles attains a long lived meta stable state and only over a different
time scale possibly attains thermalization. The computer simulation in [18] was done with
64 particles, but of course the main problem is that of the persistence of the phenomenon in
the thermodynamic limit in which the number of particles N tends to infinity and at the same
time the total energy of the system diverges proportionally to N .

Up to now there are no rigorous results which persist in the thermodynamic limit and
explain the FPU simulations, but some phenomena have been understood mathematically
and several dynamical results are known. In the present paper we will present two kinds of
results: the first dealing with the dynamics of the FPU at finite small energy, and the second
dealing with the problem of the fluctuations and the decay of correlations at equilibrium.

The first group of results is mainly related to the approximation of the FPU system with
the Toda system and with the Korteweg de Vries equation (KdV).

Wewill first work at fixed number of particles N and present some results on the existence
of action angle variables for the Toda system. Using such variables one can apply KAM and
Nekhoroshev theory considering FPU as a perturbation of Toda. We will give a precise
statement of the Nekhoroshev’s theorem one deduces for the FPU system.

Then we will discuss the behavior of these results when the number of particles tends to
infinity. In particular we will present a result on the behavior of the action angle coordinates
for the Toda system when N → ∞. It turns out that they develop a singularity at a distance
of order N−3/2 from the origin. We will also deduce some results for the FPU dynamics.

Then we will study the related problem of the continuous interpolation. We will first
consider the interpolation of the Toda lattice and present some results showing that the
actions and the frequencies of the Toda system converge in the continuum limit to the actions
and the frequencies of a couple of KdV equations. These results hold in the regime where
the total energy of the system is of order N−3.

Then we will study the continuous limit directly on the FPU system and present some
recent results according to which the FPU dynamics is accurately approximate up to order
six in a suitable small parameter by a combination of the first three equations of the KdV
hierarchy.

Finally we present some non rigorous results on the Fourier spectrum of the FPU system
which have been recently obtained exploiting the fact that in some limit the FPU is described
by the Burgers equation and some recent results on the deduction of the wave kinetic equation
for the β FPU system.

The second group of results contains a set of results on the stability for long times of
the orbits of the FPU system and related models in a statistical sense, and is presented in
Sect. 6. The focus is set on time auto correlation of a dynamical variable at thermodynamic
equilibrium, and the failure of the auto correlation of some physically relevant variables
to decay to zero in a given macroscopic time is seen as an indicator that, up to that time,
thermalization cannot be attained.

We will discuss the results obtained so far on the slow decay of correlations for the energy
of suitable “packets” of modes for the FPU system and for the FPU system with alternating
masses, for which the times are much longer if the ratio of the heavy and the light mass is
large. Besides these results, valid for long, but finite times, we present a related analytical
method which allows to control also the asymptotic decay of correlations, and has been used
to study numerically such a decay in the FPU system.
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2 Chains of Particles with Nearest–Neighbor Interaction

Consider the Hamiltonian of the FPU chain of N particles with periodic boundary conditions,
namely

H(p, q) :=
N∑

j=1

p2j
2

+
N∑

j=1

V (q j+1 − q j ) , (2.1)

where q j+N = q j , p j+N = p j and V is a potential. Then the Hamilton equations are

q̈ j = V ′(q j+1 − q j ) − V ′(q j − q j−1) , j = 1, ..., N . (2.2)

In the case of the FPU α-β model one has (after a simple rescaling)

V (δ) = VFPU (δ) := δ2

2
− δ3

6
+ β

δ4

4! . (2.3)

In this case we will write H = HFPU . We decompose the FPU Hamiltonian as follows

HFPU = H0 + H1 + H2 (2.4)

where

H0 :=
N∑

j=1

(
p2j
2

+
(
q j+1 − q j

)2

2

)

H1 := − 1

3!
N∑

j=1

(
q j+1 − q j

)3

H2 := β

4!
N∑

j=1

(
q j+1 − q j

)4
.

Introduce the discrete Fourier transform defined by

q̂k = 1√
N

N−1∑

j=0

q j e
2iπ jk/N , k ∈ Z , (2.5)

and consider p̂k defined analogously. One has p̂k = p̂k+N , q̂k = q̂k+N , ∀k ∈ Z, so we
restrict to { p̂k, q̂k}N−1

k=0 . Corresponding to real sequences (p j , q j ) one has q̂k = q̂N−k and

p̂k = p̂N−k .
Introduce the real Fourier variables

Xk = p̂k + p̂N−k − iωk(q̂k − q̂N−k)√
2ωk

, Yk = p̂k − p̂N−k + iωk(q̂k + q̂N−k)

i
√
2ωk

, (2.6)

k = 1, ..., N − 1 ,

where ωk ≡ ω
( k
N

) := 2 sin(kπ/N ); using such coordinates, which are symplectic, the
quadratic part

H0 :=
N∑

j=1

p2j + (q j+1 − q j )
2

2
(2.7)
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of the Hamiltonian takes the form

H0 =
N−1∑

k=1

ωk
X2
k + Y 2

k

2
+ p̂20

2
. (2.8)

We remark that due to translation invariance the quantity

N∑

j=1

p j = P = p̂0
√
N (2.9)

is an integral of motion and as a consequence the “center of mass”

N∑

j=1

q j = Q = q̂0
√
N , (2.10)

moves uniformly. Without loss of generality we restrict here to the surface P = 0, so that
also Q = 0 is invariant. After this restriction the Hamiltonian (2.8) takes the form

H0 =
N−1∑

k=1

ωk
X2
k + Y 2

k

2
=

N−1∑

k=1

Ek , (2.11)

where

Ek := ωk
X2
k + Y 2

k

2

3 FPU and Toda

In the case where the potential in (2.1) is exponential, namely

V (δ) = VToda(δ) := e−δ (3.1)

one gets the Toda lattice, which is well known to be integrable. In this case we shall denote
the Hamiltonian by HToda .

The trivial remark that

|VToda(δ) − (1 − δ + VFPU (δ))| ≤ |1 − β|δ4 + O(δ5) (3.2)

gives the connection with the FPU system and allows to use results on Toda in order to deduce
results on the FPU system. We remark that the term 1 in (3.2) changes the Hamiltonian by a
constant, while the term δ gives a correction to H given by

∑
j (q j+1 − q j ) ≡ 0, so they are

both irrelevant. Actually in the following we always concentrate on the case where β 
= 1.
When β = 1 FPU and Toda are close up to terms of order 5 and in this particular case the
result can be improved in an obvious way.

3.1 Finite Number of Particles N

The first idea is to use the KAM and the Nekhoroshev theory considering FPU as a pertur-
bation of the linear system. This has been done starting from Chirikov [31] and has been
discussed in several papers mainly with the aim of understanding if such theorems can be
applied to infinite chains and to states with finite (small) specific energy (see [12, 16, 19]).
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Here we take a different point of view, which is more natural once one realizes that (3.2)
holds, namely we consider FPU as a perturbation of Toda. To this end one has to know that
the Toda Hamiltonian, when written in action angle variables, fulfills the non degeneracy
properties required for the application of the KAM or the Nekhoroshev theorems. A proof
of the fact that FPU fulfills the KAM non degeneracy property was done by Rink [41, 42]
exploiting the symmetries of the FPU system, while a detailed study of the action angle
variables for Toda, as well as a proof that they are globally defined was done by Henrici and
Kappeler. We state here the result that was proved in [26].

Theorem 3.1 (Theorem 1.1 of [26]). For any integer N ≥ 2 there exists a global real analytic
symplectic diffeomorphism �N : RN−1 × R

N−1 → R
N−1 × R

N−1, (X , Y ) = �N (x, y)
with the following properties:

(i) The Hamiltonian
H̃Toda := HToda ◦ �N

is a function of the actions I Todak := x2k+y2k
2 only.

(ii) The differential of �N at the origin is the identity.

Actually Henrici and Kappeler also computed explicitly the quadratic term of the Taylor
expansion of H̃(I T oda) at the origin. Such an expression is different in the case of an even
number of particle [29] and in the case of an odd number of particles [27], but in both
cases the authors succeeded to prove that such a Hamiltonian is convex as a function of
the action variables [28] (see Theorem 1.2). In particular one can thus apply both KAM
and Nekhoroshev theorem, still restricting to the manifold Q = P = 0. We state just the
corresponding Nekhoroshev theorem. The result is due to Henrici Kappeler [28] and the
stability exponent that we give are computed applying the version of Nekhoroshev theorem
due to Lochak and Neishtadt [34] (see also [25]).

Theorem 3.2 Consider the Cauchy problem for the FPU system (2.1) with β 
= 1, then there
exist positive constants ε∗, C, such that for any initial datum (p0, q0) fulfilling P = Q = 0
and also

ε := ∥∥(p0, q0)
∥∥ < ε∗ , (3.3)

one has ∣∣∣I T odaj (t) − I T odaj (0)
∣∣∣ ≤ Cε2+b , ∀|t | ≤ exp

(ε∗
ε

)a
(3.4)

with I Todaj the actions of the Toda system and

a = 1

2(N − 1)
= b. (3.5)

In general the constant ε∗ depends very strongly on the dimension N . In the case of chains
of rotators ε∗ has been explicitly estimated and it tends to zero as N−N (See Theorem 3.1 of
[3]).

We remark that a slightly better exponent a was obtained in [47] at the expenses of
worsening b. In any case one always has that, as N → ∞,

a ∼ 1

2N
. (3.6)

Now, the main interest when studying the FPU chain pertains the limit N → ∞, and the
question is whether the above results, namely Theorems 3.1 and 3.2, persist when N → ∞.
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It is very easy to see that Theorem 3.2 becomes empty when N → ∞, indeed both
exponents a and b tend to zero and thus both the control of the actions (which are of order
ε2) and the time of control, become empty.

However the problem is even harder, indeed also Theorem 3.1 gives a result for the case
of a fixed number of particles, so it is not at all clear if it remains valid in the limit N → ∞.

3.2 Limit N → ∞

The behavior of the transformation introducing Birkhoff coordinates for the Toda system in
the limit N → ∞ has been studied in [6]. It was proved that, on the one hand it develops a
singularity at a distance of order N−2 from the origin, but on the other hand it is well defined
in a ball of such an order of magnitude, even in a very strong topology and this allows to
deduce a result on FPU, which, up to now is the best available concerning the times over
which the dynamics is controlled. To state such results in a slightly simplified, but precise
way, for any σ ≥ 0, we introduce in C

N−1 × C
N−1 the discrete Sobolev-analytic norm

∥∥( p̂, q̂)
∥∥2
hσ :=

∑

k 
=0

[k]2N e2σ [k]N ωk
|Xk |2 + |Yk |2

2
(3.7)

where
[k]N := min {k, N − k} .

Remark 1 This norm differs from the norm used in [6] by a factor N−1/2. Indeed the present
norm is of order 1 in a space containing states with finite energy and with only low modes
excited, while the norm in [6] was of order 1 for states with finite specific energy and
concentrated on small modes. We made this choice in order to have a norm more adapted to
the developments of Sect. 4.

The space CN−1 × C
N−1 endowed with such a norm will be denoted by hσ . We denote by

Bσ (R) the ball of radius R and center 0 in the topology defined by the norm ‖.‖hσ .
From now on we will denote

μ := 1

N
, (3.8)

which will play the role of a small parameter.

Theorem 3.3 (Theorem 1.3 of [6]). For any σ ≥ 0 there exist strictly positive constants
R∗, C, such that for any N ≥ 2, the map �N of Theorem 3.1 is analytic as a map from
Bσ (R∗μ3/2) to hσ and fulfills

sup
‖(x,y)‖hσ ≤Rμ3/2

‖�N (x, y) − (x, y)‖hσ ≤ CR2μ3/2 , ∀R < R∗. (3.9)

The same estimate is fulfilled by the inverse map �−1
N .

Thus the Birkhoff coordinates of the Toda system are well defined, at least in a ball of
radius of order μ3/2. We remark that, in such a ball, the energy is of order N−3.

One would like to apply also Nekhoroshev’s theorem, but here one has to face the problem
that the best known threshold for the applicability of such a theorem decrease more than
exponentially with the number of degrees of freedom.
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What one can easily prove is a result which exploits the fact that FPU is a perturbation of
Toda lattice with a perturbation of fourth order. The following theorem has been proved in
[6] as a corollary of Theorem 3.3.

Theorem 3.4 (Theorem 1.16 of [6]). Fix σ ≥ 0 and consider the Cauchy problem for the
FPU system with an initial datum (p0, q0) and let R be s.t.

∥∥(p0, q0)
∥∥
hσ = Rμ3/2. There

exists R∗ > 0, T > 0 such that, if R < R∗, then

‖(p(t), q(t))‖hσ ≤ 2R∗μ3/2, ∀ |t | ≤ T

R2μ4 . (3.10)

We remark that since the norm has an exponential weight, it follows that the energy in
the k-th mode decreases exponentially with |k| for the times (3.10). This is the phenomenon
usually referred to as existence of a metastable packet of modes. Actually the times of order
μ−4 obtained by this theorem represent the longest lower estimate that has been rigorously
proven for the time of existence of the FPU meta stable packet.

3.3 Toda and KdV

It has long been known that the KdV equation is obtained in some formal continuous limit
from FPU and also from Toda. Since both Toda and KdV are integrable, it is natural to
investigate the possible convergence of the integrable structure of Toda to the integrable
structure of KdV. This was done in [4, 5, 8]. In such papers it was shown that in the continuous
limit both the actions and the frequencies of the Toda system converge to the actions and the
frequencies of a couple of KdV equations. We are now going to state this result.

First of all we interpolate the state of the Toda chain. It is convenient to proceed as follows:
given two sequences q j , p j , we consider two functions u(x) and w(x) periodic of period 1
in x with the property that

δ j := q j+1 − q j = μ2u(μ j) , p j = μ2w(μ j) , (3.11)

and define the functions
r = u + w√

2
, s = u − w√

2
, (3.12)

then, as μ ≡ N−1 → 0 it turns out that r and s converge to solutions of the KdV equations,
one controlling right traveling waves, the other controlling left traveling waves.

To state the corresponding result we denote again by I T odaj the action variables of the
Toda system and we remark that associated to a system of action angle coordinates one
has an important dynamical object which is the set of the frequencies, which are just the
derivatives of the Hamiltonian with respect to the actions and that control the evolution of
the corresponding angles. We denote by ωToda

j = ωToda
j (I T oda) the j th frequency of the

Toda system.
One has corresponding objects in the KdV hierarchy. Namely given a periodic function

u one can represent it in action angle variables, which are common to all the equations of
the KdV hierarchy. Denoting by I KdV

j = I KdV
j (u) the j th action of a function u = u(x)

according to the KdV hierarchy, we have the following theorem

Theorem 3.5 (Theorem 1.2 of [4]). Assume that u and w are of class C2(T), then, provided
N is large enough one has the following asymptotic

I T odaj = 1

2N 2

[
I kdVj (s) + O

(
1

N 1/16

)]
, 0 < j < N 1/16 , (3.13)
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I T odaN− j = 1

2N 2

[
I kdVj (r) + O

(
1

N 1/16

)]
, 0 < j < N 1/16 , (3.14)

I T odaj = O
(

1

N 36/16

)
, N 1/16 ≤ j ≤ N − N 1/16. (3.15)

Such a theorem shows that the actions with small index behave in the limit as the actions of
a corresponding KdV equation. The remaining actions tend to zero in the limit faster than
N−2.

Actually this theorem is a rescaling of Theorem 1.2 of [4]. Indeed the potentials q± of [4]
are periodic of period 1/2 while the functions r , s are periodic of period 1. Furthermore we
made here a choice of the scaling different from that of [4, 5] in order to produce a result
directly comparable with the results obtained by normal form methods. The connection is
q−(x) = 4

√
2s(2x) and similarly for the other potential. In order to produce the present

version of the main result of [4] one has to study the behavior of the eigenvalues and the
discriminant of the Sturm–Liouville problem under such a scaling, and then use the formula
by Flaschka and McLaughlin for the actions of the KdV equation (see the formula at p. 64
of [32]). Such formulae can be scaled, too, and a long, straightforward and uninteresting
computation produces the previous statement.

Concerning the dynamics, we consider the frequencies of the Toda lattice. They will be
approximated by the frequencies of a linear combination of the first two equations of the
KdV hierarchy, precisely by the combination

K KdV := 2

N
K1 − 1

12N 3 K2 , (3.16)

where K1 and K2 in our scaling, are given by

K1(u) = 1

2

∫ 1

0
u2dx , (3.17)

K2(u) =
∫ 1

0

(
1

2
u2x + √

2u3
)
dx , (3.18)

The frequencies corresponding to thisHamiltonian, computed for a given periodic function
u will be denoted by ωKdV (u) (even if they depend only on the action variables pertaining
to u). Notice that, since the KdV Hamiltonian are scaled by a factor proportional to N , the
frequencies are of order μ. Concerning the frequencies we have the following result

Theorem 3.6 (Theorem 1.1 of [4]). There exists a value c2 s.t., if u and w are C2(T), then
the frequencies of the Toda system have the following asymptotic.

ωToda
j = ωKdV

j (s) + O
(

1

N 193/64

)
, 0 < j < N 1/64 , (3.19)

ωToda
N− j = ωKdV

j (r) + O
(

1

N 193/64

)
, 0 < j < N 1/64 , (3.20)

ωToda
j = 2π j

N
+ O

(
j3

N 3

)
, N 1/64 < j < N 1/8 , (3.21)

ωToda
N− j = 2π j

N
+ O

(
j3

N 3

)
, N 1/64 < j < N 1/8 , (3.22)

ωToda
j = 2 sin

(
π j

N

)(
1 + O

(
log N

N 1/4

))
, N 1/8 < j < N − N 1/8. (3.23)
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We remark that the choice of the powers 1/16 or analogous quantities has been done here
in order to simplify the statements: in the original statement one has quite a lot of freedom
to make different choices.

Remark 2 We remark that states of the form (3.11), (3.12) have total energy of order N−3,
while the first actions are of order N−2. The two facts are compatible since the harmonic
energy is

∑
j ω j I j and for small values of j the frequencies are of order j/N .

4 Continuous Limit and KdV

The results of the previous section show that in some precise sense Toda converges to KdV
in the continuum limit and thus the same is true for the FPU. In this section we analyze how
the equations of the KdV hierarchy can be obtained directly working on the FPU system.
Quite surprisingly it turns out that the order of approximation can be pushed further.

4.1 Interpolation

First we rewrite the FPU equations in terms of the variables

δ j := q j+1 − q j , (4.1)

namely
δ̈ = 
1V

′(δ) , (4.2)

with 
1 the operator of finite difference, namely

(
1δ) j := δ j+1 + δ j−1 − 2δ j .

Then we interpolate and scale amplitude and time: let u(τ, x) be a smooth periodic function
of period 1 in x with the property that

δ j (t) = εu(μt, μ j) , (4.3)

where μ := N−1, while ε is a “small” parameter in principle independent of μ (but see
below). In order to get that δ fulfills the correct equations we assume that u fulfills the
equations

uττ = 
μ

V ′(εu(x))

ε
, (4.4)

where 
μ is the finite discretization of the second derivative, namely

(
μu)(x) := u(x + μ) − 2u(x) + u(x − μ)

μ2 .

It is easy to see that this equation is Hamiltonian with Hamiltonian function

H(u, v) :=
∫ 1

0

{
v(x)[−
μv(x)]

2
+ V (εu(x))

ε2

}
dx , (4.5)

where v is the variable conjugated to u.
Notice that if ε = μ2 then one has w = vx +O(μ), where w is the function interpolating

the sequence p j . Expanding in power of ε and μ we get

H(u, v) = H0(u, v) + εH1(u, v) + ε2H2(u, v) + higher order terms , (4.6)
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with

H0(u, v) =
∫

v2x + u2

2
dx , (4.7)

H1(u, v) = −1

6

∫ (
μ2

4ε
v2xx + u3

)
dx , (4.8)

H2(u, v) =
∫ (

μ4

ε2

v2xxx

720
+ β

24
u4

)
dx . (4.9)

Following [9, 13], it is very useful to make the non canonical change of variables

r := u + vx√
2

, s := u − vx√
2

. (4.10)

Notice that these quantities do not coincide with the quantities (r , s) introduced in
SubSect. 3.3, but differ by terms of order O(μ).

In the variables (r , s) the Poisson tensor transforms in such a way that the Hamilton
equations of a Hamiltonian H become

dr

dτ
= −∂x∇r H ,

ds

dτ
= ∂x∇s H , (4.11)

where ∇r is the L2 gradient with respect to the variable r and similarly ∇s . The first three
terms (4.7)–(4.9) of the power expansion of the Hamiltonian, take the form

H0 =
∫ 1

0

r2 + s2

2
dx (4.12)

H1 = − 1

48

∫ 1

0

[
μ2

ε
r2x + 2

√
2r3

]
dx− 1

48

∫ 1

0

[
μ2

ε
s2x + 2

√
2s3

]
dx (4.13)

−
∫ 1

0

[
1

4
√
2
(r2s + s2r) − 1

24

μ2

ε
rx sx

]
dx (4.14)

H2 =
∫ 1

0

[
μ4

ε2

(rxx − sxx )2

1440
+ β

(r + s)4

96

]
dx . (4.15)

We write explicitly the equation of r (the one for s is obtained by exchanging s with r and
add a minus sign):

rτ = −rx−ε

(
μ2

ε24
rxxx − 1

2
√
2
rrx

)
− ε2

(
μ4

ε2

∂5x r

720
+ β

24
∂xr

3

)
(4.16)

+ μ2

24
sxxx + ε

2
√
2
(rsx + srx + ssx ) + μ4

720
∂5x s − ε2β

24
∂x (3r

2s + 3rs2 + s3). (4.17)

First we remark that if we neglect the coupling (4.17), then one gets an equation for r alone,
and, furthermore, such an equation is a perturbation of order ε2 of aKdV equation in amoving
frame.A naive idea to analyze the dynamics (butwhich in any case leads to interesting results)
consists in assuming that s and its derivatives remain negligible for all times of interest. Then,
passing to a moving frame, namely defining y = x − τ , one is led to Eq.

6

ε
rτ = −μ2

4ε
ryyy + 3√

2
rry , (4.18)
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which, after rescaling again time by τ1 := ετ , becomes the standard KdV equation. This
equation describes states with N = μ−1 particles, whose Fourier components are concen-
trated on modes with very small wave number k � μ and amplitude ε. Thus, if one is
interested in studying the limit N → ∞ without sending to zero the amplitude, one has to
study the KdV equation in the zero dispersion limit. This is a quite complicated problem to
which we will come back in Sect. 5.1.

4.2 KdV3: A Good Approximation

In the case ε = μ2 the limiting equation is no more a singular KdV equation. Furthermore
it has been shown in a series of papers that one can actually get rid of the coupling terms
between r and s by a procedure of Birkhoff normal form. Such a procedure can be carried out
until the order μ4, while in order to eliminate the coupling between r and s at order μ6 there
are some obstructions. Furthermore one can use Kodama theory [30] in order to show that,
after a change of coordinates, the FPU equations are very well approximated by a function of
the first three equations of the KdV hierarchy. In order to state precisely the corresponding
result, we start by recalling that the first three Hamiltonians of the KdV hierarchy are (3.17),
(3.18) and

K3(u) =
∫ 1

0

(
1

40
u2xx + √

2u2xu + u4
)
dx , (4.19)

and the corresponding equations are obtained by using Gardner Hamiltonian structure,
namely they are given by

uτ = ∂x∇Kn , n = 1, 2, 3. (4.20)

One recognizes that for n = 1 one gets the transport equation, while for n = 2 one gets the
standard KdV equation and for n = 3 one gets the second equation of the KdV hierarchy.
We recall that these equations are commuting, in the sense that the function Kn is an integral
of motion for each one of the equations of the hierarchy and also for the dynamics of any
function of the Hamiltonians of the KdV hierarchy.

The Hamiltonian that approximates the FPU is constructed as follows: given constants
c2, c3, c4, c5 define

K (r) := K1(r) + μ2c2K2(r) + μ4 (
c3K3(r) + c4[K2(r)]2

)
(4.21)

and then consider
K (r) + K (s) + c5μ

4[K2(r)][K2(s)]. (4.22)

In order to state the main theorem we use the Sobolev norms H 
 which are defined in
the standard way. We will denote by B
(R) the ball of radius R centered at the origin with
respect to the H 
 norm. The following theorem is essentially due to Gallone, Ponno, Rink
[22, 23].

Theorem 4.1 There exists 
′ and a map Tμ : B
+
′(R) × B
+
′(R) → B
(R) × B
(R), with
the following properties

(i) sup(r ,s)∈B
+
′ (1) ‖Tμ(r , s) − (r , s)‖H
 ≤ Cμ2,
(ii) There exist constants c2, ..., c5 with the following property: let I be a possibly infinite

interval of rescaled time containing the origin and z(.) = (r(.), s(.)) ∈ C1(I ; B
+
′(1))
be a solution of the Hamiltonian system (4.22). Define

za ≡ (ra, sa) := Tμ(r , s). (4.23)
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Then there exists R ∈ C1(I , H 
 × H 
) s.t. one has

ża(τ ) = J∇HFPU (za(τ )) + μ6R(τ ) , ∀τ ∈ I , (4.24)

where HFPU is the Hamiltonian (4.12)–(4.15) of the FPU system rewritten in the
variables (r , s).

Actually the above theorem is the result of a combination of several different arguments: the
first is Proposition 10 of [22] which allows to transform (up to order μ6) the Hamiltonian
(4.6) (with ε = μ2) in the Hamiltonian of two decoupled systems, the first only involving the
function r and the second only involving the variable s. Then one can use Kodama theory as
developed in [23] in order to transform each one of these Hamiltonians in combinations of
the first three Hamiltonian of the KdV hierarchy (see Eq. (1.1) of [23] which is written in a
more explicit way in Eq. (4.79) of [20]). Finally one has to use the theory developed in [7]
(See Corollary 4.12, which however has to be adapted to the simpler present case of r and s
which are periodic functions). Notice that a similar result for the water wave problem on R

was proved in [7].
Then, following the proof of the main result of [9] one can probably deduce a corollary

showing that the solution of the FPU system remainsO(μ3) close, to the solutions constructed
with the Hamiltonian (4.22), for a time of order μ−3 (although the approximation is of order
μ6). However, on such a time scale, the effects of the KdV3 are at most of order μ, so they
are not yet visible on a macroscopic scale. This is a limitation that the theory shares with all
the known results relative to the study of the modulation equations.

A further, more serious limitation is that the result is valid only in a regime of energy E
such that EN 3 � 1.

5 Turbulent Behavior and Approach to Equilibrium

5.1 Continuous Limit and Approach to Equilibrium

As shown in [21] the continuous limit can be used also to deduce some interesting results
on the route to thermalization of the FPU model. To present their result consider again Eq.
(4.18): by rescaling the time to τ̃ := ετ/6 and the amplitudes, one is led to the rescaled form

rτ̃ = μ2

ε
rxxx − rrx . (5.1)

The idea of [21] is that the formal zero dispersion limit μ = 0, i.e. the Burgers equation,
should describe well the solution of the FPU as far as the solution has a bounded third
derivative. It is well known that a solution of the Burgers equation develops a singularity
after a finite time and, at such time, the approximation fails for sure. However the authors
take advantage of the fact that the evolution of the Fourier coefficients of the solution of the
Burgers equation can be explicitly found: such evolution does not show any singularity. Thus
one can analyze the behavior of the Fourier coefficients also when the solution in physical
space is no more defined. In [21] the authors compute explicitly the Fourier spectrum of the
solution at the time when the singularity in physical space first appear and they find the very
surprising result that the energy of the kthmode decreases as |k|−8/3, namely the spectrumhas
a power law decay, as predicted by Kolmogorov theory of turbulence for the Navier–Stokes
equation. They also compare the result with the numerical simulations finding that they are
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in a quite good agreement with the theoretical predictions. The numerical simulations also
give more results, but we will not discuss them here.

We remark that it is not clear how to deduce a theorem from the above method, but similar
ideas have been used by Kuksin in order to discuss the development of turbulence in NLS
[33]. In particular considering Eq. (5.1) as a perturbation of the Burgers’ equation one can
prove the following theorem

Theorem 5.1 Consider Eq. (5.1) with initial datum r0(x) = sin x, and assume μ′ := μ2/ε

small enough, then there exists a time t∗ such that the corresponding solution fulfills

max
k≤5

sup
x

|∂kx r(x, t∗)| ≥ 1

(μ′)1/4
. (5.2)

Such a theorem shows that, although in a very weak sense, one has a transfer of energy to
high frequency modes. The advantage is that the result holds in the thermodynamic limit.
Application of such result to the FPU model is in progress.

5.2 Wave Kinetic Equation

A very important result has been obtained quite recently, namely the proof of the validity of
the Boltzmann equation for a dilute gas of interacting particles [15]. The method of proof
is very robust, and it can be used to deduce the validity of the wave kinetic equation for the
dynamics in the NLS equation (see [14]) or to study the dynamics of the β-FPU model as
done more recently in [45].

The idea of the deduction of the wave kinetic equation is to use a variant of the Birkhoff
normal form to extract the relevant interactions from the non linearity and then to make
a random phase approximation in order to extract the contributions which are relevant for
almost all the values of the phases. Indeed, it is well known that corresponding to random
choices of the phases most of the interactions among different normal modes are negligible.
Moreover, the authors also take the large limit box, which, in the case of FPU, is the limit
N → ∞.

A detailed analysis of the FPU dynamics based on these ideas has been done in a series
of papers by Onorato et al. [35, 40] in which the authors have been able to put into evidence
the main interactions driving the thermalization process in the FPU dynamics. We refer to
the original papers for more details (see in particular the review [39]).

Up to now, not much is rigorously known on the validity of the wave kinetic equation and
the corresponding thermalization processes in the FPU model. In particular to deduce rigor-
ously the wave kinetic equation is necessary to prove that the random phase approximation
is preserved by the dynamics, and this is not easy. We just mention the result by Wu [45]
ensuring the validity of the wave kinetic equation in the β FPU model, provided β ∼ N−γ

with some positive γ . However this result is valid only up to a fraction of the kinetic time,
so that it does not guarantee that the predictions of the wave kinetic equation are rigorously
justified for the dynamics of the FPU model.

We also mention the recent paper [46] in which the authors study the normal form trans-
formation removing the non resonant interactions in the FPU system. They show that the
transformation is well defined for β ≤ N−(1+ε).
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6 Results at the Thermodynamic Limit

The results of the previous Sects. 3 and 4 imply that the dynamics of the system remains close
to integrable for long times. In particular, it was shown that the solutions to the equations of
motion are well approximated by the solutions of a suitable integrable system. The reported
results hold in the limit in which N → ∞ with a total energy E ∼ N−3. However if one
thinks of the original FPU numerical experiment, it is really important to study the system in
the thermodynamic limit, in which the specific energy ε = E/N is kept fixed as N → ∞.
The study of this limit is what matters for statistical mechanics, where, however, the object
of study are no longer the system’s trajectories but its ergodic properties.

In the ergodic context, the equilibrium state is characterized by an invariant measure μ,
and thermalization refers to the process by which, starting from an initial measure μ0, the
evolved one μt converges to the invariant measure μ. From this perspective, the numerical
experiment by Fermi Pasta Ulam shows that starting from a measure concentrated just on the
first few modes, as it evolves, it does not converge to the micro canonical measure, which, at
least for small specific energy, weights all normalmodes of the system approximately equally,
up to an extremely long time scale. In this sense, this experiment suggests the thermalization
time to be extremely long at low specific energies.

To obtain rigorous results, one exploits the property that the convergence of μt to μ is
equivalent to the vanishing of the time auto correlation for any square-integrable function.
Therefore, by showing that the auto correlation of a suitable dynamical variable remains close
to its initial value for long times, we obtain an estimate from below of the thermalization
time. The first subsection reports the rigorous estimates obtained using this approach for the
FPU system in the thermodynamic limit.

But the study of auto correlations has also a second aspect, inwhichwe report in the second
subsection. In fact, according to linear response theory, if a system starts from an equilibrium
condition, the response to an external force, or the way it adjusts to a new equilibrium
after a perturbation, are determined by the time correlations of suitable dynamical variables,
provided that the perturbation be sufficiently small. For example, the electrical susceptibility
of a crystal is determined by the Fourier transform of the auto correlations of the optical
normal modes1 q̂+

k with k = 0. In this way, the persistence of an integrable behavior of
the correlations over long times heavily influences the physically observable quantities. In
particular, the way in which the auto correlations vanish for t → ∞, whether they decay
exponentially, rather than as stretched exponentials, or even as a power law, is particularly
relevant. Notice that the study of the correlations decay is a very active field in experimental
physics, for what concerns for example, glasses, super cooled liquids and more in general
the field of soft matter (see for example the review [17]).

So, in the second subsection are reported some known analytical results on the decay of
time correlation, and in particular a criterion that ensures that the decay is not exponential.

6.1 Finite Time Stability of Correlations

The most straightforward example is the study of the thermalization time of the system, that
is, the time in which the system reaches thermodynamic equilibrium after a displacement
from it. A lower bound on this time can be obtained by providing an estimate of the time
during which the time auto correlation of a dynamical variable remains far from zero. Recall

1 Optical normal modes are the normal modes corresponding to that branch of the dispersion relation that
does not vanish at k = 0. See below.
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that, given a dynamical variable f : F → R and denoting by �t : F → F , the flow induced
on the phase space F by the solutions of the equations of motion, the auto correlation C f (t)
is simply defined as

C f (t) = 〈
f (t) f (0)

〉 − 〈
f
〉2

,

where we have denoted f (t) := f ◦ �t , while the average
〈 · 〉

is taken with respect to a
flow-invariant μ measure. As often in statistical mechanics, the invariant measure we will
consider is the Gibbs measure. As it is well known, it is defined starting from the Hamiltonian
of the system H(q, p), using the formula

dμ = e−βT H

Z(βT )
dNqdN p ,

where the partition function Z(βT ) is the normalization factor of the measure (i.e.
Z = ∫

exp(−βT H)dNqdN p) and the parameter βT is usually identified with the inverse
temperature of the system.2

An interesting result was obtained in [36] concerning the FPU systems: the energy of
“packets” of normal mode (defined shortly) remains correlated for times of the order of βT ,
that is, the thermalization time increases at least with the inverse of the temperature as the
temperature decreases towards zero. The idea of considering a “packet” of normal modes as
a significant dynamic variable comes from the fact that in the limit N → ∞ the frequencies
of the normal modes become a continuum, and therefore, every measurement, due to the
physical limitations, will always concern a group of modes with approximately the same
frequency. Let us then define the observable

Jx =
N−1∑

k=1

g(k/N )Ek,

where g : [0, 1] → [0, 1] is a smooth function defined by the interval [0, 1] in itself, peaked
around a value x ∈ [0, 1], while Ek is the energy of the kth normal mode (see (2.11)). Jx
therefore represents the (mean) energy of the packet of oscillators of frequency ω(x).

For this observable, the following Theorem holds (Corollary 1 of the paper [36]):

Theorem 6.1 There exist constants β∗
T > 0, N∗ > 0, and C > 0 such that, for any βT > β∗

T
and for any N > N∗, one has

CJx (t) >
1

2
σ 2
Jx for all |t | ≤ CβT .

Therefore, according to this theorem, the correlation time goes to infinity as the temperature
tends to zero. This estimate is probably not optimal, because numerical work in paper [10]
seems to indicate a more than linear growth of the correlation times with βT .

A similar result has been obtained in [24] by exploiting the proximity between FPU and
Toda potentials and considering the time evolution of the integrals of motion for the Toda
chain under the flow induced by the closest FPU Hamiltonian. Denote by J (m) the trace of
the mth power of the Lax matrix associated to the Toda chain, divided by m (see (2.12) in
[24]). Such quantities are integral of motions for the Toda Hamiltonian flow and have a rather
simple analytic expression in terms of the canonical variables (q j , p j ). For them, an analog
of Theorem 6.1 holds, with J (m) replacing Jx (see Theorem 2.1 in [24]). Moreover, this

2 Recall (see Sect. 2) that we are always thinking of the motion as occurring on the invariant manifold where
the center of mass of the system is fixed, so that the measure is well defined for any fixed N .
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provides in turn an estimate involving some special packets of normal modes, since J (m) is
well approximated, for low specific energies, by a suitable combination of energies of normal
modes. This is expressed by the following Theorem (see Theorem 2.5 in [24]):

Theorem 6.2 Fix m ∈ N and let g = (g0, . . . , gN−1) be a vector such that g j = gN− j for
0 ≤ j ≤ m, g j = 0 otherwise and there exist K , K ′ > 0 for which K ′ <

∑
j |g j | < K.

Consider the Hartley transform

ĝk := 1√
m

m∑

j=−m

g j

(
cos

(
2π

jk

m

)
+ sin

(
2π

jk

m

))

of the vector g and define the function

� :=
N−1∑

k=0

ĝk Ek .

Then there exist constants β∗
T > 0, N∗ > 0, and C > 0 such that, for any βT > β∗

T and for
any N > N∗, one has

C�(t) >
1

2
σ 2

� for all |t | ≤ CβT .

The estimates of the previous theorems are obtained by exploiting just the vicinity of the
Toda and the FPU systems and this gives results valid up to 4-th order corrections. Better
estimates would be obtained by carrying out the construction of adiabatic invariants at higher
orders. As is known, this involves small denominators which up to now it is not know how
to control. Nevertheless numerical simulations seem to suggest that stability holds also at
slightly higher order.

One model in which the small divisors problem can be overcome is the FPU alternating-
mass model, a model which goes back to Born and Von Kármán [44] (see paper [19] for a
recent study) and studied in the thermodynamic limit in paper [37]. One considers a model
with two kind of particles with different masses, whose Hamiltonian is the following

H =
N∑

j=1

( p2j,1
2m1

+ p2j,2
2m2

)
+

N∑

j=1

V (q j,2 − q j,1) + V (q j+1,1 − q j,2),

with periodic boundary conditions, while the potential is assumed to be a quartic one, that
is, V (r) = r2/2 + Ar3/3 + Br4/4. Normal modes can be introduced to diagonalize the
quadratic part H0 of the Hamiltonian, which takes the form

H0 = 1

2

∑

k

(∣∣ p̂+
k

∣∣2 + ω2+(k)
∣∣q̂+

k

∣∣2
)

+ 1

2

∑

k

(∣∣ p̂−
k

∣∣2 + ω2−(k)
∣∣q̂−

k

∣∣2
)

,

where p̂±
k and q̂±

k , for k = �−N/2� + 1, . . . , �N/2�, are canonically conjugate complex
variables and the frequencies are given by

ω±(k) =

√√√√m1 + m2 ±
√
m2

1 + m2
2 + 2m1m2 cos(2πk/N )

m1m2

The branchesω−(k) andω+(k), called acoustic and optical respectively, are separate from
each other, as the former takes values between 0 and

√
2/m1, while the latter takes values

greater than
√
2/m2. Note that the distance increases with the difference in masses, and it
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can also be seen that when m1 � m2 the frequencies of the optical band assume a nearly
constant value.

Therefore, for each integer k, there are two normal modes. Two macroscopic dynamical
variables can be introduced: the harmonic energy E+ of the “optical" normal modes, defined
by E+ = 1/2

∑ ∣∣ p̂+
k

∣∣2 + ω2+(k)
∣∣q̂+

k

∣∣2 (i.e., the normal modes corresponding to the fre-
quencies of the optical band), and the harmonic energy E− of the “acoustic" normal modes,
defined by E− = 1/2

∑ ∣∣ p̂−
k

∣∣2 + ω2−(k)
∣∣q̂−

k

∣∣2 (i.e., the normal modes corresponding to the
frequencies of the acoustic band). If the frequencies are very different, the two subsystems
are weakly coupled, and therefore their energies change slowly over time. In this way, they
remain correlated for a long time. An estimate of this time is given in the following theorem
(Theorem 1 of the paper [37])

Theorem 6.3 There exist constants β∗
T > 0, N∗ > 0, M > 2, and C1,C2 > 0 such that, for

any βT > β∗
T , any N > N∗ and for any m1/m2 > M one has

∣∣∣CE±(t) − CE±(0)
∣∣∣ ≤ C1

(
1√
βT

+ m2

m1

)
σ 2
E± for |t | ≤ C2β

S/2
T ,

where S = �√m1/m2/2�.
We therefore see that for sufficiently low temperatures, for a sufficiently small mass ratio, the
auto correlations of the harmonic energies E± are close to their initial value (and therefore
different from zero), for times that increase as a power of βT : the exponent becomes larger as
the ratio between the two kind of masses increase. This is due to the fact that the perturbative
construction can be carried to higher orders, unlike the case of equal masses. In fact, in the
case of alternatingmasses, the small divisors appear at a perturbative order that is increasingly
higher the greater the distance between the acoustic and the optical band. And as already
mentioned, this distance depends on the mass ratio.

6.2 Asymptotic Decay of the Correlations

The results cited in the previous subsection, are based on the simple estimate introduced in
the paper [11]

C f (t) ≥ σ 2
f − t2

2

∥∥{ f ; H}∥∥2 , (6.1)

where {·; ·} denotes the Poisson bracket, while, at the variance with the notations used in the
previous Sections, now

∥∥ · ∥∥ denotes the norm L2 in the phase space F endowed with the
invariant measure μ. This estimate can be thought of as an estimate from below of the slope
of the curve C f (t). Although it allows us to estimate the thermalization time, this relation
does not allow us to control the asymptotic nature of the decay, that is, the actual decay over
long timescales. In a certain sense, it only controls the initial stage of the process of the
decaying of correlation. The study of the asymptotic nature of correlation decay, requires
a generalization of this relation. This generalization was given in the paper [38], where the
following theorem was proved. Defined by recurrence the kth order Lie derivative of f , for
k ≥ 1, namely f (k) := { f (k−1); H}, where f (0) := f , one has

Theorem 6.4 Let μ be a probability measure on the phase space F , invariant for the flow
generated by H, and let n > 0. Then, for any dynamical variable f ∈ L2(μ,F) such that
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f (k) ∈ L2(μ,F) for all k ≤ n, one has

C f (t) = σ 2
f +

n∑

k=1

(−1)k
∥∥ f (k)

∥∥2 t2k

(2k)!

+ (−1)n+1
∫ t

0
dt1 . . .

∫ t2n−1

0
dt2n

∥∥ f (n)
t2n − f (n)

∥∥2.

(6.2)

We therefore obtain an expansion with an integral remainder that has a definite sign,
negative for even n and positive for odd n. This allows to give bounds from above and below
to the decay of the correlations, once we know how to calculate (for instance, numerically)
the coefficients

c0 := σ 2
f , cn := ∥∥ f (n)

∥∥2 for n > 0. (6.3)

However, a more interesting theoretical use can be obtained from this development, to
establish the asymptotic character of the decay of the correlations over long timescales, in
particular, to decide whether the decay is exponential or not. To this end, it is useful to
consider the Laplace transform Ĉ f (p) of the correlations

Ĉ f (p) :=
∫ ∞

0
e−ptC f (t)dp ,

since a necessary and sufficient condition for the decay to be exponential is that the trans-
form Ĉ f (p) be analytic in a half-plane �p > γ with γ < 0. The connection between the
coefficients cn and the Laplace transform is established in the following theorem (Theorem 3
of the paper [38])

Theorem 6.5 Let C f (t) be analytic in t about the origin and continuous for any t ∈ R. Then
the following statements hold:

1. in the half-plane Re p > 0 the Laplace transform Ĉ f (p) is analytic and there exists a
positive Borel measure α(s) such that

Ĉ f (p) = p

π

∫ +∞

0

dα(s)

p2 + s2
, (6.4)

2. The positive Borel measure α(s)/π itself solves the symmetric Hamburger moment
problem with moments c′

2n = cn, c′
2n+1 = 0.

We recall that the Hamburger moment problem is the problem of reconstructing a probability
measure on the real line from the sequence of its momenta. The symmetric Hamburger
problem is the Hamburger problem in the particular case where the momenta of odd parity
vanish.

The analytic properties of the Laplace transform can then be immediately read from the
properties of the measure α, since the following corollary holds (Corollary 1 of the of the
paper [38])

Corollary 6.6 C f (t) decays exponentially fast as t goes to infinity if and only if the coefficients
cn are such that α′(s) exists and is analytic.

Such a result opens up the possibility to study the asymptotic decay of correlations through
the methods developed for the moment problem (see [1, 43]), a well–known topic of proba-
bility theory. In particular, necessary and sufficient conditions on the sequence of coefficients
cn (see a summary in Appendix A of [38]) have been found to determine whether the measure
α is regular, and therefore to determine whether the decay of the correlations are exponential
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or not. Since such conditions usually require knowing the entire sequence of coefficients
in sufficient detail, this method could not, however, be implemented yet to obtain rigorous
results.

In any case, as already mentioned, the sequence of the first coefficients can be calculated
numerically, and provide an approximation for the Laplace transform (6.4) from which some
indications of the character of the decay of correlations can be extracted. In the same paper
[38], an application is done to the FPU system, which suggests that at low temperatures the
measure α could be singular. Another application was in the paper [2], in which a quartic
FPU model was studied, with a choice of potential parameters such that the model simulates
a glassy solid.
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