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Abstract

Sequential resource allocation has long been a central problem in operations research, yet
ongoing technological developments, particularly in cloud and high-performance com-
puting and in multi-channel marketing, are giving rise to new structural constraints that
classical methods were not designed to handle. Semi-Bandit Feedback (SBF) has emerged
as the dominant framework for these modern settings. This paper introduces an alterna-
tive that recasts the allocation problem within the Bayesian Optimization (BO) paradigm.
All three proposed BO algorithms consistently outperform SBF, with BORAwse showing
a particularly clear advantage under time-varying budget settings, while CBO achieves
comparable rewards under constant budget conditions. The core methodological contri-
bution is a reformulation in which each candidate allocation is represented as a discrete
probability distribution over the available options, making the probability simplex the
natural search domain. Grounding the search in this space calls for a geometry that re-
spects the structure of distributions: we adopt the optimal transport (Wasserstein) dis-
tance, which allows both the Gaussian process surrogate and the acquisition function to
be extended as functionals over the simplex. A further practical advantage of the proposed
method is its applicability to problem instances where SBF cannot be used without mod-
ification. The approach is evaluated on two case studies: the benchmark computing-re-
source allocation scenario from the original SBF paper, and a budget allocation problem
across marketing channels.
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where f(x') is the immediate reward associated with the decision x* made at time t. In
some cases, the constraint in (1) is considered as an equality instead of an inequality (i.e.,
all the budget must be used), as done later in this paper. Optimal (sequential) resource
allocation is a well-known problem in operations research, with traditional examples such
as inventory management, portfolio allocation, etc. [1-4]. Some approaches are related to
stochastic optimization (e.g., multi-period and multi-stage stochastic optimization [5-7]),
but the most relevant literature for this paper is from the multi-armed bandit (MAB) [8,9],
specifically the semi-bandit feedback (SBF) [10-14]. SBF has recently gained renewed in-
terest, according to the technological advances and widespread usage of cloud and/or
high-performance computing facilities [15-19], where it is critical to optimally allocate
computational resources (i.e., the budget) to different jobs (i.e., options, arms) to maximize
the number of completed jobs over time. Analogously to MAB, SBF also requires that
every decision (x") has to be made by balancing between exploitation (i.e., making the
best decision according to the current knowledge about the problem) and exploration (i.e.,
making a decision with the aim to reduce uncertainty instead of settling for the currently
known best one). While MAB consists of selecting, at each step t, just one option (aka arm)
among the m possible, SBF allows for simultaneously choosing multiple arms, by allocat-
ing a different amount x{ = 0 of the available budget on each of them. The reward will
depend on the amount of budget allocated to all the arms altogether. Indeed, it is im-
portant to remark the difference with Combinatorial MAB (CMAB), where more than one
arm can be pulled at each time step (like in SBF), but decision variables, (x*), are binary
instead of numeric [18], as well as with best arm identification (BAI), where the goal is to
identify just a single arm providing the highest reward [20].

In the original formulation of SBF, proposed in [21] and successively improved in
[22], the options are computer processes (a.k.a. jobs), the budget is constant over time, and
rescaled to 1 so that the constraint becomes Y7, xf < 1 and, consequently, x* represents
the allocation, in percentage, of the resources to the m different computer processes at
time step t. Accordingly, the immediate reward is the number of completed processes,
whose individual probabilities of completion are given by Bernoulli distributions,
B(xf/v) := min {1,x}/v;}, with v; unknown cutoff parameters: the smaller v;, the easier
the completion of the associated job.

Thus, the immediate reward is f (x*) = ¥, B (xf/v;). Since values v,,...,Vv,, are
unknown, the immediate reward is a black box. It is also important to clarify that, at the
end of every time step, the resources are replenished, and all jobs are reset regardless of
whether or not they completed in the previous time step (i.e., there is no inter-temporality
between consecutive decisions). The aim is to learn, as fast as possible, the values
Vi,...,Vm, to choose (x%) maximizing EY1_; ¥, B (x{/v;), with /% xf < 1.

Bayesian Optimization (BO) offers a complementary learning-and-optimization per-
spective. It constructs a probabilistic surrogate of the objective and uses it to guide a se-
quence of queries toward the global optimum, making it particularly well-suited for func-
tions that are expensive to evaluate, non-convex, or corrupted by noise [23-26].

The GP-based formulation of BO (GP-BO) has established itself as the dominant par-
adigm for tackling black-box, computationally expensive optimization tasks, demonstrat-
ing broad applicability across engineering and machine learning domains. Despite this
success, GP-BO suffers from a well-known scalability bottleneck: its performance de-
grades substantially when the number of decision variables exceeds roughly 15-20 [25,27].
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One productive response to this limitation has been to recognize that many practical prob-
lems possess a lower effective dimensionality than their nominal parametrization sug-
gests, motivating methods that embed the search into a more compact representation.

The approach taken in this paper exploits a different geometric observation: since the
resource allocation problem is inherently about distributing a budget, the natural search
domain is not a box-bounded Euclidean space but the probability simplex, whose ele-
ments are discrete probability distributions. We therefore reformulate the optimization
entirely within the Wasserstein space—a nonlinear manifold metrized by the optimal
transport distance—so that both the GP surrogate and the acquisition function become
functionals defined over distributions rather than over points. Thus, the optimization of
the acquisition functional can be carried out via two alternative strategies: gradient-based
updates through automatic differentiation constrained over the probability simplex or a
proximal-point scheme driven by the Wasserstein gradient flow. As shown in our exper-
iments, this geometric reformulation yields consistent gains over standard BO, and those
gains widen as the number of arms —and hence the dimension of the allocation problem —
grows. Moreover, a simple gradient-based method constrained to the probability simplex
is sufficient to obtain better results than standard BO, without the need for implementing
a more computationally expensive Wasserstein gradient flow schema.

Like MAB, BO operates sequentially and must continually balance exploitation
against exploration; however, the two frameworks differ fundamentally in the nature of
their search spaces—at least in their classical formulations. In MAB, each decision
amounts to choosing a single arm from a finite, discrete set of m options, whereas in BO
each decision corresponds to selecting a point from a continuous, box-bounded domain.
To make this precise, consider the following global optimization problem:

max_ f (x) (2)

XENCR™M
At each step t, the gap between the true optimum f (x*) and the value obtained by
the current decision f (x*) defines the instantaneous regret r* = f (x*) — f (x%), and
its sum over the horizon, RT = YI_, rt, gives the cumulative regret. A fundamental the-
oretical result established in [28] is that, under appropriate regularity conditions, BO

achieves sub-linear cumulative regret, i.e., 11m T = 0, guaranteeing that the average per-

step loss vanishes as the number of 1terat10ns grows.

The structural parallels between BO and MAB have motivated a rich line of work
that transfers bandit policies into the BO setting. In the MAB problem [8,9], an agent facing
a fixed collection of arms must repeatedly choose which one to pull, receiving each time
a stochastic payoff sampled from a distribution that is specific to that arm and unknown
in advance. Since no arm’s reward distribution is revealed without pulling it, the agent
must decide at every round how to allocate its limited query budget—committing to arms
that appear rewarding based on past observations, or investing in arms whose behavior
remains uncertain. The overarching objective is to find a sequential selection strategy that
maximizes total accumulated reward across all rounds.

Since the payoff characteristics of each arm are initially hidden, they can only be in-
ferred through repeated interaction with the system. Gaining knowledge about any arm
requires actively querying it and recording what it returns. The agent is faced with an
exploration/exploitation dilemma: repeatedly forced to decide whether to select an arm
believed to have a high expected reward or to sample an uncertain arm to better under-
stand its reward distribution.

A useful bridge to continuous optimization is to treat the decision variable x as an
arm index in an uncountably infinite collection, where querying f at any point x yields a
noisy observation drawn from some local distribution.
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A key assumption underlying the classical MAB formulation is that the reward of
each arm is statistically independent of all others, given the chosen action. Under strict
independence, pulling one arm yields no insight whatsoever into the returns of any other
arm. Making the infinite arms bandit hopeless problem, instead, we must assume that
rewards, analogously to observations in BO, are correlated so that each observation can
potentially inform us about the rewards of every other arm.

At its core, MAB captures the fundamental challenge of sequential decision-making
under uncertainty in online learning settings. In this framework, each of the n available
options—indexed as M;, i = 1, ...,n—generates a random payoff r ~ P(r;,6;) governed
by an unknown parameter 6; specific to that option.

Given a finite budget of N interactions, the learner’s goal is to determine the mean
return 7; for each option M;, yet this can only be achieved by committing a query to M;
and recording its realized output ;.

MAB is often used to model the A/B testing problem and recommender systems, in
which we are running an online advertisement system, and we can choose, dynamically,
among different advertisements (e.g., banners) on the basis of their profitability.

Each query directed at a machine serves a dual purpose [23]:

e Increase one’s knowledge.
e Increase one’s reward.

Learning policies in MAB face the exploration versus exploitation dilemma, i.e., the
search for a balance between exploring the environment to find profitable actions, while
taking the empirically best action as often as possible [29].

At each round t, the learner selects an action a; € (1,...,n) corresponding to a par-
ticular machine; the resulting outcome r; € R has mean y. The accumulated interaction
record is then mapped to the next action through a decision rule:

i (1) (i1, Tem1) > Q¢ 3)

When the arm set is made continuous, this bandit perspective extends naturally to
global optimization: the role of the action is played by the query point x, the probabilistic
surrogate serves as the expected reward model, and each function evaluation f(x) consti-
tutes the observed payoff.

From this viewpoint, BO can equally be understood as an active learning procedure:
unlike standard supervised learning, where the training set is fixed a priori, the optimizer
itself determines, step by step, which input locations x are worth evaluating.

We are concerned with GP-based optimization in the MAB setting, where the reward
is sampled from a GP distribution. A desirable asymptotic property of an algorithm is to
be no-regret: %1_{21o % = 0. Note that neither r, nor Ry are ever revealed to the algorithm.

Quantitatively, controlling ? is equivalent to bounding the gap between the best

value found within T evaluations, max f(xy), and the true optimum f (x*), thereby estab-
X<

lishing convergence rates for GP-based BO.

Among acquisition functions, GP Upper Confidence Bound (GP-UCB) stands out as
the policy that achieves no-regret guarantees for the MAB, and does so by solving at each
step:

Xep1 = argmaxp(x) + §o(x) )

where p(x) and oy(x) are the mean and standard deviation of the GP at step t.
This means that, if we could remove the constraint in (1) and impose xt e QVEt =
{1,...,T}, then solving (2) via BO would lead to a solution for the unconstrained version

of the problem (1). Consequently, a simple idea would be to address the problem (1) via
Constrained BO (CBO) [30-32], with b' potentially changing at each time step t.
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Although possible, we are going to demonstrate that the CBO approach is not so efficient.
The key difficulty is that resource allocation vectors are not arbitrary points in a box-
bounded Euclidean space: they are constrained to lie on the probability simplex, a non-
Euclidean manifold whose geometry is fundamentally different from R™. Standard BO
operates in Euclidean spaces and imposes simplex constraints only as post hoc projec-
tions, losing the intrinsic geometric structure of the problem. To address this, we propose
anovel method that performs BO natively over the m — 1 dimensional probability simplex,
Apm—1, equipped with the Wasserstein distance as its metric. This allows the GP surrogate
and acquisition functional to be defined in a space that is geometrically consistent with
the allocation problem itself, rather than being an approximation of it.

The initial formulation of the optimal resource allocation problem [21,22] is extended
to the case of budget changing over time, that is Y;—ymx\” = b® . The first aspect is a
requirement emerging from real-life applications, where the budget bt cannot be directly
decided by the decision-maker, but it comes from other managing considerations.

In comparison with the previous conference paper [33], the experimental setting of
the manuscript submitted to BDCC has been largely extended with the aim of addressing
a deeper analysis of the performances with respect to different problem scales. Moreover,
discussions and conclusions have also been significantly extended and improved, report-
ing pros and cons which could not be properly investigated and detailed in a conference
paper. The deeper analysis we have provided in this manuscript will allow BDCC's read-
ers to fully understand and reuse our approach as well as our results.

The paper is organized as follows. Section 2 reviews the related literature, covering
prior work on resource allocation, semi-bandit feedback, Bayesian Optimization, and op-
timal transport. Section 3 provides the methodological background, introducing the opti-
mal resource allocation problem via SBF and the foundations of Gaussian process-based
Bayesian Optimization. Section 4 presents the Wasserstein distance and optimal transport
framework, including entropic regularization, the Wasserstein gradient flow and proxi-
mal algorithm, and the positive definiteness of kernels in the Wasserstein space. Section 5
describes the three BO algorithms proposed for optimal resource allocation: CBO, BO-
RAse, and BORAwsk. Section 6 reports the experimental results on two real-life case stud-
ies. Section 7 concludes the paper and outlines directions for future work.

2. Related Works

The broader landscape of Optimal Resource Allocation is mapped in [34], which, de-
spite its age, remains a useful reference for understanding the range of application do-
mains and the variety of solution approaches that have been proposed. Within the more
specific thread of SBF-based methods, a substantial body of recent work has accumulated
[11-14,18], with [22,35,36] being the most directly relevant to the sequential allocation set-
ting considered here. The BO literature most pertinent to this paper concerns its con-
strained variant (CBO), covered in [30-32]. On the bandit side, Zuo and Joe-Wong [37]
tackle sequential allocation through a combinatorial multi-armed bandit (CMAB) lens,
developing two distinct algorithms: CUCB-DRA, designed for settings where the budget
takes discrete values, and CUCB-CRA, which handles continuous budget spaces through
a fixed discretization scheme. CUCB-DRA achieves logarithmic regret under semi-bandit
feedback, while CUCB-CRA handles continuous action spaces via fixed discretization.
Kasy and Teytelboym [38] study adaptive matching of resources to participants under
uncertainty, proposing a Thompson sampling variant for combinatorial allocation prob-
lems with complex capacity constraints —including refugee resettlement and social hous-
ing. They provide finite-sample regret bounds that are independent of the exponentially
large number of possible allocations, demonstrating how bandit methods can scale to rich
combinatorial structure in resource assignment problems.
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Candelieri et al. [39] introduce a BO framework that maps the original optimization
problem into the space of discrete probability distributions endowed with a Wasserstein
metric. The GP surrogate and acquisition function are defined on this non-Euclidean man-
ifold, and the acquisition minimizer is mapped back to the original space via a neural
network. Computational results show that exploration in the Wasserstein space is signif-
icantly more effective than standard BO in the Euclidean space, with the advantage grow-
ing with problem dimensionality. Candelieri et al. [40], in another work, extend this
framework by fully embedding the optimization process in the probability simplex
equipped with the optimal transport distance. Both the GP surrogate and the acquisition
function are generalized to functionals over the simplex, optimized via either automatic
differentiation or a proximal-point gradient flow algorithm, yielding improved perfor-
mance over standard BO that increases with problem dimensionality. While these works
establish the Wasserstein simplex as a viable BO design space, they do not address the
sequential resource allocation problem specifically, nor do they consider the SBF setting,
time-varying budgets, or the multi-armed allocation structure that characterizes BORA’s
problem domain.

Xie and Chen [41] address BO in high-dimensional permutation spaces, introducing
the Merge Kernel —derived from the divide-and-conquer structure of merge sort—as a
scalable alternative to the Mallows kernel. The Merge Kernel achieves competitive perfor-
mance in low dimensions and substantially outperforms Mallows in both optimization
quality and computational efficiency as dimensionality grows, highlighting the im-
portance of kernel design matched to the geometry of the search space. Oliveira et al. [42]
propose Generative Bayesian Optimization (GBO), replacing the standard surrogate-plus-
acquisition-function paradigm with generative models trained directly on utility values.
Inspired by direct preference optimization, GBO scales naturally to large batches, non-
continuous design spaces, and high-dimensional combinatorial settings, extending BO be-
yond the classical GP surrogate framework.

Chok and Vasil [43] propose the Cauchy-Simplex, an iteration scheme for convex op-
timization over the probability simplex. The simplex is mapped to the positive quadrant
of the unit sphere, gradient descent is performed in latent space, and the result is projected
back in a way that depends only on simplex variables. The method admits rigorous con-
vergence guarantees expressed in terms of cross-entropy and KL divergence, and its per-
iteration simplicity makes it well-suited for high-dimensional problems. Lanzetti et al. [44]
develop a variational calculus framework in the Wasserstein space, combining ideas from
optimal transport, variational analysis, and Wasserstein gradient flows. They derive first-
order optimality conditions for optimization over probability measures that formally mir-
ror Euclidean analogues such as the KKT conditions. The framework yields closed-form
solutions in several cases and supports the design of computationally tractable algo-
rithms, with applications to machine learning, drug discovery, and distributionally robust
optimization. Floto et al. [45] propose performing diffusion on the probability simplex via
the softmax of an Ornstein—Uhlenbeck process, yielding a generative model over categor-
ical distributions through the logistic-normal distribution. The approach provides a con-
tinuous probabilistic framework over the simplex and is shown to extend naturally to dif-
fusion on the unit cube, with applications to bounded image generation.

The key contributions of this work can be outlined as follows:

1. The original formulation of the optimal resource allocation problem [21,22] is ex-
tended to accommodate (i) a time-varying budget, denoted as b¢, and (ii) an equality
constraint expressed as Yy, xf = bt

2. A new Bayesian Optimization framework for sequential optimal Resource Alloca-
tion—referred to as BORA —is introduced as a viable alternative to SBF, particularly
in practical scenarios where SBF proves inapplicable. The novelty does not lie in
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applying BO to resource allocation per se, but in the principled reformulation of the
problem over the probability simplex equipped with the Wasserstein distance. Prior
BO approaches, including CBO, operate in Euclidean spaces and cannot natively re-
spect the simplex structure without ad hoc projections that discard geometric infor-
mation. BORA is the first framework to define the GP surrogate and acquisition func-
tion directly and consistently within the Wasserstein geometry of the simplex. To
navigate the newly defined design space, a suitable measure of distance between dis-
tributions is required. The Wasserstein distance, also known as optimal transport dis-
tance, is adopted owing to its favorable mathematical properties and the efficient
computational methods it supports.

3. Both the Gaussian Process and the acquisition function are extended into an acquisi-
tion functional defined over the probability simplex. The acquisition function is op-
timized over the simplex via a constrained gradient-based strategy. The Wasserstein
gradient flow and proximal-point scheme are presented as a theoretical framework
for optimization in probability spaces and identified as a direction for future empiri-
cal investigation.

4.  Embedding the Bayesian Optimization framework within the probability simplex
yields an efficient algorithm whose performance gains over conventional Bayesian
optimization become more pronounced as problem dimensionality grows.

3. Background
3.1. Optimal Resource Allocation via SBF (Brief Overview)

The core challenge of the optimal resource allocation problem is clearly explained in
[21,46,47], and can be summarized as follows: allocating an excessive amount of resources
to a job i ensures its completion, but yields no insight into its level of difficulty (i.e., the
value of vi). Conversely, assigning insufficient resources may prevent the job from being
completed, yet it provides useful information about its difficulty while conserving re-
sources that can be used to explore other arms.

The practical motivation for studying optimal resource allocation through SBF origi-
nates from the cache allocation problem. In this setting, jobs correspond to computer pro-
cesses, and a job is considered completed at a given time step ¢ if no cache misses occur.
As noted in [21], similar formulations apply to other contexts, including load balancing in
networked systems and various computing scenarios where limited resources—such as
bandwidth, radio spectrum, or CPU capacity —must be distributed efficiently among pro-
cesses. Along with the introduction of the problem [21], and successively [22], propose an
optimistic SBF algorithm to solve the optimal resource allocation problem (introduced in
Section 6), with a constant budget over time rescaled to 1. Their algorithm was inspired
by the optimal policy, which can be applied in the case of known v;,...,V,,. This policy
consists of fully allocating resources to the job with the smallest v; and then allocating
the remaining resources to the next easiest job. Starting from that, in the proposed SBF
algorithm, at each time step t, the unknown v; is replaced

with a high-probability lower bound v{ < vi. This corresponds to the optimistic
strategy, which assumes that each job is as easy as reasonably possible. Naturally, learning
a reliable confidence interval about every v; is delicate. The immediate reward function
f (Y = ¥, B (xf/v;); it is non-differentiable at x{ = v;, and for x{ = v; the job will
always be completed, but providing little information about the job’s difficulty. This issue
is addressed by using the lower estimate of every v;. Furthermore, since x{ varies over
time, the observations of the successfully completed jobs are not identically distributed.
This means that a standard sample average estimator is weak. On the contrary, the SBF
algorithm estimates the lower and upper confidence bounds of each v;, denoted with v;
and v;, which are, respectively, non-decreasing and non-increasing.
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This is sufficient to guarantee that the SBF algorithm is numerically stable. The SBF
algorithm and its improved version are reported, in pseudo-code, in [21,22], respectively.

3.2. Gaussian Process-Based Bayesian Optimization (Brief Overview)

A Gaussian Process (GP) can be interpreted as a set of random variables for which
any finite subset follows a joint Gaussian distribution. It is fully specified by a mean func-
tion pu(x) and a covariance function k(x,X) , and is commonly denoted as
GP(u(x), k(x,%)) [48,49]. By conditioning these functions on observed data, a GP can be
employed as a probabilistic regression model to generate predictions at any input location
X.

More specifically, assume that t observations y** = {y®} _, have been collected
by evaluating the function f(x) at input locations X** = {x®} . The notation y® is
used to account for the possibility of noisy measurements, i.e, y® = fx® + &©, where
e® is assumed to be Gaussian noise with zero mean and variance o2, such that ¢® ~
N (0,62) forall i € {1,...,t}. Under these assumptions, the GP predictive mean and var-
iance, conditioned on the observed data, are given by:

(@) = k (6 X) [K + o21]"1y@o 5)

o?(x) = k(x,x) — k(XY [K + o217 k(XY x) (6)

Here, K denotes the covariance function of the GP, specified as a kernel function en-
coding structural assumptions about f, such as smoothness, and denotes a t X t matrix
with entries k;; = k (x®,x), while k (x,X**) represents a t-dimensional row vector
[k (x,x®),..., k (x,x®) ], and T indicates the transpose. The predictive uncertainty of the
GP is expressed as o(x) =./0(x)2.

Prior to conditioning on observations, two prior assumptions must be defined. Typ-
ically, the mean function is set to zero (without loss of generality, since the predictive
mean in (5) is not restricted to this value), while the covariance function is selected from
a class of kernel functions. These kernels encode structural assumptions about the func-
tion being modeled, particularly regarding smoothness [23,25,48,49]. In this work, the
Squared Exponential (SE) kernel is adopted:

—x|1?
k(x,x) = o5 o2 s @)

where o; € R and £ € R} are hyperparameters controlling, respectively, the signal var-

iance and the smoothness of the function. When all components satisfy ¢; = ¢, Vi €
{1,...,m}, the kernel is isotropic; otherwise, anisotropic behavior arises, allowing differ-
ent smoothness levels across dimensions.

Since a GP provides both predictions and their associated uncertainty, it is naturally
suited as a probabilistic regression framework. This characteristic is fundamental in ad-
dressing the exploration—exploitation trade-off in Bayesian Optimization (BO). At each
iteration, an acquisition function (also referred to as a utility or infill function) is optimized
to determine the next query point, balancing between exploiting current knowledge
(“trusting the prediction”) and exploring uncertain regions (“favoring uncertainty”). For-
mally, the following auxiliary optimization problem is solved:

x(t+1) = arg xé}}gﬁm ’u(x’ 'u(f) (X), O—(t) (x)) (8)
where U(x; 1 (x),5®(x)) denotes the acquisition function, explicitly dependent on the
current GP mean and uncertainty estimates. Various acquisition functions exist, offering
different trade-offs between exploration and exploitation [23-25]. In this study, the well-

known GP Upper Confidence Bound (GP-UCB) [28] is employed and will be described in
detail later.
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4. Wasserstein Distance and Optimal Transport

This section introduces the fundamental concepts underlying the Wasserstein (WST)
distance, along with models used to compute it. It also discusses regularization strategies
to address computational challenges, as well as methods for performing optimization
within the Wasserstein space and ensuring the validity of Gaussian kernels in this setting.

4.1. Wasserstein Distance

The Wasserstein distance between two continuous probability distributions, denoted
as PM and P®, is defined as:

| =

p
@ p@y = i @ ,,@)P @ @ 9
W, (PM, P®) <nen(}f<‘1f>,p<z>)f{rmd(y @) dr(y®,y )) ©)

Here, d(y™¥,y@®) represents the ground metric, while I1(P®W, P®) denotes the set
of all admissible joint distributions (transport plans) with marginals P and P®. The
parameter p > 1 determines the order of the distance.

In the special case of one-dimensional distributions, the Wasserstein distance admits
a closed-form expression. Let P and P® be the cumulative distribution functions as-
sociated with distributions P and P®, and let their inverses be the corresponding
quantile functions. Then:

0

For discrete probability measures of the form:

n v
- Zaiéyi,ﬁ = ijawj (11)
=

i=1

-

the optimal transport (OT) problem, following the Kantorovich formulation [50], is repre-
sented via a coupling matrix P € R]"", where each element P;; specifies the amount of
mass transported from the location y; to w;.

Given probability vectors a and b, the set of all feasible transport plans is:

U(a,b) ={P € RT*:P1,=a A P"1, = b} (12)

with:

P1, = ZP,-- € R"and P'1, = (ZP‘”) € R (13)

Jj t j
The set U(a, b) is convex and bounded, defined by 1 + v linear constraints. The dis-
crete OT problem can then be expressed as:

Wy(a,B) = Le(a,b) = Perg(i{)b)z Cij Py (14)

ij
where C;; denotes the cost of transporting one unit of mass from location i to location j.

For a comprehensive treatment of Wasserstein spaces and their properties (e.g., con-
vergence and completeness), see [51-53]. Additional analysis on optimal transport over
probability simplices defined on graphs is provided in [54].

It is worth noting that computing the Wasserstein distance is generally computation-
ally intensive. However, certain cases—such as one-dimensional empirical distributions
or Gaussian distributions —admit simpler solutions [55].
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4.2. Entropic Regularization

Directly solving the OT problem in (14) can be computationally expensive. A com-
mon approach to mitigate this is to introduce an entropic regularization term based on the
entropy of the coupling matrix P, (i.e., H(P)), to the term W, (a,B), defined as:

H(P) = ZpijIOQ P;j (15)
ij

Incorporating this term leads to the regularized problem:

n n'
Wp(a,ﬁ) = min ’ZZ(PU C” + APUIOgP”)

X
PERT™

i=1 j=1
n' n (16)
StZPL = a; ZPU = b]‘, P,_] >0
j=1 i=1

This formulation, known as Sinkhorn regularization, provides an efficient approxi-
mation method [55]. The regularization parameter 4 must be chosen carefully: large val-
ues may overly smooth the solution, while small values can lead to numerical instability
and reduced scalability.

4.3. Wasserstein Gradient Flow and Proximal Algorithm

For a smooth function F(x): R? - R, classical gradient descent takes the form:
xUD = xO _ 1VF(x) 17)
. . oF oF
where 7 is the step size and VF(x) = (a, ,E).
When dealing with non-smooth functions, the proximal-point method [56] can be
used:
1 2
x*D = argmin= ||x —x® || + 1F (%) (18)
xeRd 2
This idea extends naturally to optimization over probability simplices by replacing

the Euclidean distance with the Wasserstein distance. For a function F(a) defined over
the simplex X, the update rule becomes:
al*th) = argmin%Wz (a a(l))2 + tF(a) (19)
aeZy
This formulation can be further generalized to measures:
a+D) = argmin1ﬂ?2 (o oc(’))2 + 7F () (20)
aeML(T) 2
where F(a) is a functional over probability measures (M (I')). This makes the proximal-
point method particularly suitable for optimizing acquisition functions in probability
spaces [57]. On the other hand, this schema can easily make the optimization of the acqui-
sition function computationally expensive and, subsequently, limit its adoption to prob-
lems whose objective function is largely more expensive.

We will empirically prove that embedding the Wasserstein distance into the GP’s
kernel and optimizing the acquisition function as usual—but constrained to the probabil-
ity simplex—allows us to obtain better results than standard BO without significantly af-
fecting the computational cost.

4.4. Positive Definiteness of Kernels in the Wasserstein Space

Two problems arise in designing a BO framework upon Wasserstein spaces: the ker-
nel of the Gaussian Process and the optimization of the acquisition function. In this sec-
tion, we shall deal with the kernel.
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When constructing a BO framework in Wasserstein spaces, two main challenges
arise: defining a valid kernel for the Gaussian Process and optimizing the acquisition func-

tion.
_WZZ (ww")
Focusing on the kernel, a common choice is k,, (w,w") = e~ 262 .However, unlike

Euclidean spaces, Wasserstein spaces are not Hilbert spaces. As a result, kernels based on
Wasserstein distances are not guaranteed to be positive definite in general. Ensuring pos-
itive definiteness requires additional conditions, which are only satisfied in specific cases.
A sufficient condition ensuring positive definiteness occurs when the considered histo-
grams are one-dimensional, which is the case for the optimization framework adopted in
this work. In particular, within the proposed setting, the histograms remain univariate
regardless of the dimensionality of the original search space X. An approximation result
in [58] shows that, as the kernel length-scale parameter £ approaches zero, the minimum
eigenvalue of the kernel matrix K(Wj.,, W.,) whose entries are defined as k;; =
k(wl-, W]-), converges to 1, thereby guaranteeing that the kernel is positive definite.

A different perspective arises in the statistical literature, where the data are directly
modeled as probability density functions. In this context, an isometric relationship is es-
tablished between the Wasserstein space and a closed convex subset of the space of
square-integrable functions [59].

Additionally, the geometry of the search space is explicitly taken into account when
optimizing the acquisition function. The algorithm proposed in this direction, namely Ge-
ometry-aware Bayesian Optimization (GaBO), leads to conclusions consistent with those
of Feragen, particularly regarding the evaluation of the probability that a kernel is positive
definite as a function of its length-scale parameter. The central idea when operating on
manifolds is that a Riemannian manifold locally behaves like a Euclidean space around
each point.

In the specific case of univariate probability measures, and for 0 < p < 2, the Was-
serstein distance W), (a, ) possesses a Hilbertian structure. In particular, when p = 2,
the Wasserstein-based Squared Exponential kernel is guaranteed to be positive definite
and is defined as:

1AW (ad)
kwsg(a,d) = op - e 2 ¢

(2D

where £ is the length-scale parameter and «, 8 € M} (R). This result implies that kysz(.,.)
can be safely adopted as a kernel function for Gaussian Processes defined over Mi(R). It
should be noted, however, that extending this construction to multivariate probability
distributions is feasible but considerably more involved and does not admit a straightfor-
ward formulation.

5. BO Algorithms for Optimal Resource Allocation

This section introduces three different BO-based methods designed to address the
optimal sequential resource allocation problem. The first approach is a variant of Con-
strained Bayesian Optimization (CBO), adapted to account for a budget constraint that
varies over time. The other two methods—referred to as BORAse and BORAwse—handle
the same constraint by reformulating the problem within the probability simplex. The key
distinction between these two variants lies in the kernel used within the GP: BORAsk relies
on a standard SE kernel, whereas BORAwse employs a Wasserstein-based SE kernel, which
is more appropriate when dealing with probability distributions.
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5.1. Constrained Bayesian Optimization

At iteration t, the algorithm has access to the dataset D;., = {X;.;,¥1.:}, where X;., =
{x (i)}i=1:t are the evaluated points and yy., = {y(i)}i=1:t are the corresponding observa-
tions. Additionally, a budget b(**? is available for the next allocation step.

The GP model is constructed using this dataset, with hyperparameters of the SE ker-
nel—namely the signal variance o € R, and the length-scale vector ¢ € R}* —esti-
mated via maximum likelihood. This yields predictive mean and variance functions u(x)
and of(x).

The next allocation x(*V is then obtained by solving the following constrained op-
timization problem:

xD = gqrg mnax O + OO (x)
e S x = @
i=1:m

where f is a parameter regulating the balance between pure exploitation (i.e,, § = 0)
and pure random search (i.e.,, f — o). Although [28] originally proposed a logarithmic
scheduling—along with a convergence proof, under a limited number of queries—more
recently [60] reported better performances by randomly sampling £ from a given distri-
bution, outperforming the original scheduling on a range of synthetic and real-world
problems.

Although the GP is defined on the entire search space (, the next promising alloca-
tion decision, x**1), is selected according to step 2 of the algorithm. In a simple case, with

(t+1) | _(t+1)
1 +x;

just 2 arms, this means that the amount x must match the available budget,

leading UCB to be maximized over a specific line.

5.2. BORAsE: BO over the Probability Simplex via SE Kernel

The information available to BORAsE coincides with that used in CBO. However, BO-
RAst introduces an additional dataset, denoted as A;.;, which corresponds to a transfor-
mation of X;., into elements of the probability simplex:

A= Ja € RT, Z a =1 (23)
j=1m
More specifically, each element of A;.; is obtained through the following normaliza-
tion:
a® = x®/p® (24)

Thus, each vector a® can be interpreted as the set of weights of a corresponding
univariate discrete probability measure a®, defined over the fixed support {1,...,m}.

Transforming the original data points from the domain Q into probability distribu-
tions within the simplex A,,_;, as described in (24), leads to several important observa-
tions:

e  The simplex A,,_; forms a linear subspace of dimension m — 1, i.e., it has one di-
mension less than the original search space.

e  Distinct points x(? and xU) in the original space may correspond to the same point
a in the simplex, depending on their associated budgets b(® and b"). For instance,
x@ =(5;3; 1) and x¥) = (10; 6; 2), with b® =9 and b =18, both yield a® =
a®) = (5/9; 1/3; 1/9). As a consequence, the observations y,., must be treated as
noisy, even in the case where the original function f(x) is noise-free.

The BORAse method determines the next evaluation point x*1 through the follow-
ing procedure:
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(i)
(if)

1. A GP model is trained using the dataset (4,.;, ¥1.), where the hyperparameters of
the SE kernel, namely o; € R, and ¢ € RY, are estimated via maximum likelihood.
The resulting GP is defined over the simplex A,,_;, meaning that in Equation (21),
the variables x,x € Q are replaced by a,d € A,,_;.

2. The next candidate point is obtained by maximizing the GP-UCB acquisition function
over the simplex:

a®D = grg max p®) + /ﬁ(t)o'(t)(a) (25)
a€lpm—1

3. The optimal a**V is then mapped back to the original domain through the availa-
ble budget, x(*V = pE+D gD Tt is important to emphasize that, unlike CBO, the
BORAsE algorithm operates directly within the probability simplex. Consequently,
the probability distributions a®, -+, a® are converted back into points x@, .-, x®
using their corresponding budgets bW, -, b®, as previously described.

5.3. BORAwse: BO over Probability Simplex via Wasserstein-SE Kernel

The third method, referred to as BORAwst, follows the same sequence of steps as
BORAst. The primary difference lies in the choice of kernel used within the GP model.
Since the optimization is performed over the simplex A,,_;, whose elements represent
univariate discrete probability distributions, it is natural to adopt a distance measure spe-
cifically suited for such objects.

In recent years, the Wasserstein distance [61], together with Optimal Transport the-
ory [55], has gained increasing attention due to its effectiveness in a wide range of appli-
cations, including imaging, signal processing, natural language processing, learning, and
optimization [62-65].

In essence, the Wasserstein distance quantifies the discrepancy between two
probability distributions a and &, regardless of whether their supports are discrete or
continuous. The main idea is to transform one distribution into the other by transporting
probability mass, with each movement incurring a cost determined by a ground metric
on the support. The Wasserstein distance corresponds to the minimum total cost required
to perform this transformation. It is typically denoted as W,(a,d), where 0 <p < o
determines the order of the metric.

In this work, the focus is on univariate discrete probability measures. Such a measure
a is defined by a fixed one-dimensional support {1,...,m} and an associated weight
vector a € 4,,_,. It is worth recalling that, in this framework, the weight vectors are
obtained from the original query points via Equation (24).

Consistent with this setting, we rely on the result in [55]. While the Wasserstein
distance is not Hilbertian in general, there exist particular cases where it admits a closed-
form expression and becomes Hilbertian. Specifically, we consider:

Univariate probability measures with fixed support {1,...,m}.
A binary ground metric, where transporting one unit of mass from index i to j incurs
a costof 1if j # i, and 0 otherwise.

Under these assumptions, the Wasserstein distance takes the following closed form:

1

Wp(e, @) = [;5 e — o} ] (26)
and is therefore Hilbertian. This property is crucial, since Hilbertian distances can be used
to construct radial basis function kernels. In particular, for any Hilbertian distance d, the

function e~/ defines a positive definite kernel for 0 < ¢ <2 and 1> 0.
Based on this result, the Wasserstein-based Squared Exponential kernel is defined in
(21). In summary, the BORAwse algorithm follows the same procedure as BORAse, with
the key difference being the use of kysz(a,a’) instead of the standard SE kernel
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ksg (x,x"). This change is particularly important because it influences how the immediate
reward is approximated.

It is important to recall that the immediate reward Y7, Bxi(t) /v; is not differentiable
at xi(t) = v;. This non-smooth behavior is better captured by the GP model when using the
Wasserstein-based kernel, as in BORAwsE.

Finally, BORAws: selects the next point x(*1 as follows:

e A GP is trained using (A;.,¥1.t), where the hyperparameters of the Wasserstein-SE
kernel, 1 € RT, are estimated via maximum likelihood. The GP is defined over the
simplex 4,,_; using the Wasserstein distance.

e  The GP-UCB acquisition function is maximized over the simplex:

a®™V = arg max p®) + ’B(f)a(f)(a)
a€lm—1
e  Theresulting a**V is mapped back to the original space using the available budget:

we+D = 5y

6. Experiments and Results
6.1. Case 1: Optimal Sequential Allocation of Computing Resources

This experimental scenario is motivated by prior studies presented in [21,22,59]. The
problem consists of distributing computational resources x® among m jobs (with i =
1,...,m)ateach timestep t = 1,...,T. The objective is to maximize the cumulative num-
ber of successfully completed jobs over time. The immediate reward function is defined
as:

f&©) =3 BE0m) 27)

where the parameters v; are unknown to the decision-maker.
Compared to the original formulation, two key differences are introduced:

—(t
(i) The total available budget is allowed to vary over time, denoted by b( ).
(if) An equality constraint is imposed instead of an inequality constraint.

These modifications are motivated by practical considerations commonly encoun-
tered in real-world applications. The resulting optimization problem can therefore be ex-
pressed as:

T
max E x®
x(t)E]])éT Zf( )
t=1
s.t

m
S0 =50 w
i=1

Following the setup in [21], we initially focus on the case where m = 2. The experi-
ments are divided into two distinct configurations:

(28)

e Case La: The budget b(® is randomly selected initially and then remains constant
across all time steps, i.e., b® = b forall t = 1,...,T. Under this assumption, the
values can be normalized such that b = 1. Consequently, the only distinction from
the original SBF framework lies in the use of an equality constraint.

e Case 1L.b: The budget b(t) varies over time, with each value independently drawn
from a uniform distribution over the interval [10, 100].
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In both configurations, the time horizon is set to [10, 100], with parameters v; = 25
and v, = 50. To reduce the influence of stochastic variability, each experiment is repeated
over 30 independent runs for every algorithm and test scenario.

First, we summarize the overall results related to the cumulative reward provided
by the algorithms, over 30 independent runs, and for the two sub-settings considered.
According to the results in Table 1, SBF is always outperformed by all of the three BO
algorithms. On the other hand, BORAwst slightly underperforms against CBO and BO-
RAse in Casel.a (i.e., under constant budget). However, it results in the best approach in
Casel.b (i.e., budget changing over time), meaning that the GP using the Wasserstein SE
kernel is better able to deal with the uncertainty implied by the random modifications of
the budget over time.

Table 1. Final cumulative reward collected by the four algorithms over 30 independent runs. Results
are expressed as “median [1st quantile; 3rd quantile]” (the higher the better).

Budget Type m CBO BORASE BORAwse SBF
Constant 2 2.05[1.94;2.19] 2.04[1.94;,2.20] 1.93[1.88,2.00] 1.74[1.56;1.91]
Constant 10 2.91[2.87;2.96] 2.91[2.86;2.95] 2.85[2.83;2.88] 2.50[2.42;2.52]
Constant 15 3.00[2.92;3.10] 2.99 [2.89; 3.09] 2.94[2.90;2.96] 2.69 [2.66;2.70]
Constant 20 3.07[2.97;3.19] 3.06[2.94;3.17] 2.98[2.98;3.04] 2.81[2.78;2.83]
Changing 2 213[2.11;2.14] 2.10[2.07;2.11] 2.11[2.10;2.11] 1.95[1.84;2.04]
Changing 10 2.87[2.86;2.88] 2.90[2.88;2.91] 2.91[2.91;2.91] 2.54[248;2.55]
Changing 15 3.00[2.98;3.02] 2.99[2.97;3.00] 3.02[3.02;3.02] 2.63[2.62;2.67]
Changing 20 3.08[3.08;3.10] 3.07[3.06;3.08] 3.11[3.09;3.11] 2.81 [2.76; 2.88]

After these general considerations, we specifically analyze the behaviors of the four
algorithms by plotting the evolution of their cumulative rewards over time—as median
and range 1st-3rd quantile—along with a boxplot of their final cumulative rewards, vis-
ually more explanatory than results in the previous table. For readability, charts and dis-
cussion are divided with respect to the two sub-settings

Results for Case 1.a (constant budget over time). Figures 1-4 refer to the setting with
a constant budget over time for 2, 10, 15, and 20 arms, respectively. Overall, it is easy to
understand that BO algorithms outperform SBF over the entire time window, and not only
in terms of final cumulative reward. Moreover, as a general effect, increasing the number
of arms leads to a reduction in the variability of performances, more relevant for SBF and
BORAuwsE, especially in terms of final cumulative reward.

The “utopian’ curve is also reported, that is, the cumulative reward under complete
knowledge; the closer to the utopian curve, the better. As already discussed, CBO resulted
in the best option, even if the performances provided by BORAse and BORAwsE are not so
different.

2 arms - Constant budget Final Cumulative Reward: 2 arms constant budget

cBo BORAse

utopian

(log1o)

Cumulative Reward (Iog;c)

80RAze seF

Figure 1. Case 1.a (i.e., constant budget over time) with number of arms m = 2. On the left, cumula-
tive (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final cu-

mulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 2. Case 1.a (i.e., constant budget over time) with number of arms m = 10. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 3. Case 1.a (i.e., constant budget over time) with number of arms m = 15. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 4. Case 1.a (i.e., constant budget over time) with number of arms m = 20. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).

Results for Case 1.b (budget changing over time). Figures 5-8 refer to the setting with
a constant budget over time, for 2, 10, 15, and 20 arms, respectively. Again, BO algorithms
largely outperform SBF. The reduction in variability in the performances, with the number
of arms increasing, can be observed again. The three BO algorithms continue to offer
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similar performances, with BORAwse gaining a slight but consistent advantage over CBO
and BORAse as the budget varies over time.

2 arms - changing budget «~ _Final Cumulative Reward: 2 arms changing budget
o
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Figure 5. Case 1.b (i.e., budget changing over time) with number of arms m = 2. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 6. Case 1.b (i.e., budget changing over time) with number of arms m = 10. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 7. Case 1.b (i.e., budget changing over time) with number of arms m = 15. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 8. Case 1.b (i.e., budget changing over time) with number of arms m = 20. On the left, cuamu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).

It is important to underline that, on average, BORAwst shows an increase in cumula-
tive reward when moving from Case 1.a to Case 1.b (i.e., its curve is closer to the utopian
one under the same number of arms). This confirms that the Wasserstein-based kernel is
better suited to handle the uncertainty introduced by time-varying budgets, giving
BORAwsE a clear advantage over CBO and BORAse specifically in this setting.

6.2. Case 2: Multi-Channel Marketing

The second experimental scenario is motivated by a real-world problem involving
the allocation of a marketing budget across multiple channels. The formulation remains
consistent with (28); however, the immediate reward function is now expressed as:

m
f(x(t)) — Z ni(t)xi(t)
i=1

©
l
®_

channel i at time step t. As in the previous case study, these parameters—here 7;

where nft) denotes the (unknown) return generated by investing an amount x;~ in

are

not known to the learner. On the other hand, the available budget B(t) is revealed before
selecting the allocation x(® at each time step.

The experimental setup considers a time horizon T = 100 and m = 15 distinct market-
ing channels. The budgets and returns are generated according to the following distribu-
tions:

—(t)
b~ ~ N(50,10)

n{” max{0,~ N (uy,, 0,,)}

where the parameters y, and o, are themselves sampled as:
Uy, ~ U(0,1), oy, ~ U (0,0.2)

It is important to highlight several key differences compared to Case 1:

e  The immediate reward, while still unknown, is now a general linear function, rather
than a sum of binary outcomes (0-1 values).

e Due to this structural change, the SBF algorithm cannot be directly applied, as it relies
on the assumption that each term in the reward function is binary.

e In contrast, both CBO and BORA can be employed without requiring any modifica-
tion. These approaches are capable of modeling and optimizing the reward function
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regardless of its specific form, since they only require access to the observed reward
values rather than its individual components.

To reduce the impact of stochastic variability, 30 independent runs are conducted for
each algorithm. As in the previous case study, two configurations are analyzed: one with
a constant budget over time (Case 2.a) and another with a time-varying budget (Case 2.b).

Table 2 summarizes the overall results in terms of final cumulative rewards collected
by the three BO algorithms, as median and 1st-3rd quantile over 30 independent runs. It
is important to note that SBF cannot address this specific problem (at least in its original
formulation). On this real-life application, BORAwst resulted in the best algorithm, regard-
less of the number of arms.

Table 2. Final cumulative reward collected by the three BO algorithms over 30 independent runs.
Results are expressed as “median [1st quantile; 3rd quantile]” (the higher the better). Remarkably,
SBF cannot address this specific Case. Important: BORAwst has been evaluated on only 5 independ-
ent runs because GP fitting and optimization of the acquisition function resulted particularly com-

putationally expensive in this case study.

Budget Type m CBO BORASE BORAwse
Constant 5 3.37[3.09; 3.51] 3.31 [3.04; 3.48] 3.40[3.22; 3.61]
Constant 10 3.27 [3.01; 3.47] 3.30 [3.13; 3.50] 3.51[2.77; 3.55]
Constant 15 3.44 [3.05; 3.60] 3.49 [3.15; 3.59] 3.51 [3.33; 3.52]
Changing 5 3.33 [3.14; 3.53] 3.37 [3.13; 3.55] 3.53 [3.22; 3.57]
Changing 10 3.28[2.97; 3.49] 3.28 [2.97; 3.51] 3.60 [3.32; 3.62]
Changing 15 3.37 [3.14; 3.60] 3.41 [3.14; 3.60] 3.57 [3.45; 3.64]

As already done for the previous case study, now we analyze the behavior of the BO
algorithms over time, separately for the sub-settings constant and changing budget.

Results for Case 2.a (constant budget over time). Figures 9-11 refer to the setting with
a constant budget over time, for 5, 10, and 15 arms (i.e., reasonable numbers of marketing
channels to consider in a real-life application), respectively. BORAwst always outperforms
CBO and BORAs:e. However, it is important to note that, contrary to the other two BO
approaches, BORAwst has been evaluated on only 5 independent runs because GP fitting
and optimization of the acquisition function resulted particularly computationally expen-
sive in this case study.
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Figure 9. Case 2.a (i.e., constant budget over time) with number of arms m = 5. On the left, cumula-
tive (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final cu-

mulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 10. Case 2.a (i.e., constant budget over time) with number of arms m = 10. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 11. Case 2.a (i.e., constant budget over time) with number of arms m = 20. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).

Results for Case 2.b (budget changing over time). Figures 12-14 refer to the setting
with budget changing over time, for 5, 10, and 15 arms, respectively. Moving from con-
stant to changing budget just confirms previous results, with BORAwst always outper-
forming CBO and BORAse. However, this better performance entails an additional com-
putational cost for BORAwse, because the GP fitting procedure and the optimization of
UCB become more expensive for this case study.
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Figure 12. Case 2.b (i.e., budget changing over time) with number of arms m = 5. On the left, cumu-
lative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 13. Case 2.b (i.e., budget changing over time) with number of arms m = 10. On the left, cu-
mulative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final
cumulative (log10) rewards of the four analyzed algorithms (the higher the better).
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Figure 14. Case 2.b (i.e., budget changing over time) with number of arms m = 15. On the left, cu-
mulative (log10) reward over time (median, 1st and 3rd quantile); on the right, box-plot of the final

cumulative (log10) rewards of the four analyzed algorithms (the higher the better).

A final and important consideration concerns computational time. For a single run,
on average, BORAst requires a time lower than CBO (approximately one third). BOR Awse
is the most computationally expensive: it could require minutes instead of seconds, com-
pared against CBO and BORA, but it achieves competitive or superior performance, par-
ticularly under time-varying budget settings and in the multi-channel marketing applica-
tion, where the Wasserstein-based kernel better captures the distributional structure of
the problem. Finally, although SBF is the fastest algorithm, it cannot address the mixed
marketing application, namely Case 2, and provides a significantly lower cumulative re-
ward than all three BO algorithms.

7. Conclusions

This work investigates the optimal resource allocation problem initially introduced
in [21], extending it to two practical application domains. The first scenario builds upon
the original formulation used to motivate the SBF approach, while the second concerns
multi-channel marketing. In addition, the study considers a time-varying budget, repre-
senting a more general and realistic setting compared to the original SBF formulation.

The results show that the three proposed Bayesian Optimization-based approaches—
namely CBO, BORAsg, and BORAwse—achieve better performance than SBF. Further-
more, it is demonstrated that certain application domains, such as multi-channel
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marketing, cannot be effectively handled using SBF alone. This highlights that CBO and
BORA provide more flexible and powerful frameworks for combined learning and opti-
mization tasks.

Another key finding is that BORA offers a substantial computational advantage over
CBO. This improvement is mainly due to the fact that BORA operates within the proba-
bility simplex and leverages a Wasserstein-based Squared Exponential kernel.

A potential drawback of both CBO and BORA is that they may not be suitable for
scenarios where the time interval between consecutive decision steps is extremely short
(e.g., less than one second). However, for the types of applications considered in this
study, where sufficient time is available between steps t and t + 1, these methods can be
effectively employed in place of SBF. It should also be noted that BORAwse was evaluated
on only five independent runs due to its high computational cost, compared to 30 runs for
CBO and BORAst. The comparison between BORAwst and the other algorithms is there-
fore based on samples of unequal size, and a fully uniform experimental protocol would
be desirable in future work.

From a theoretical standpoint, deriving regret bounds for BORA remains an open
problem. While GP-UCB achieves sublinear regret in Euclidean spaces [28], extending
such guarantees to the probability simplex equipped with the Wasserstein distance is non-
trivial, due to the non-stationarity of the Wasserstein SE kernel and the non-Hilbertian
geometry of the search space [57]. Characterizing the maximum information gain for the
Wasserstein SE kernel, which is the key quantity controlling regret in the framework of
[28], constitutes an important direction for future theoretical work.

Several promising directions emerge from the results presented in this paper. A first
extension concerns replacing the GP surrogate with generative models trained directly on
observed utility values, as proposed by Oliveira et al. [42], thereby enabling large-batch
optimization over non-continuous and high-dimensional combinatorial spaces. A second
direction involves the automatic design of BO kernels via Large Language Models, as ex-
plored by Suwandi et al. [66], which could yield more expressive and problem-tailored
surrogates. Complementarily, Tang and Paulson [67] propose integrating LLMs with evo-
lutionary computation through crossover and mutation operators in the algorithmic
space, opening the way to cost-aware, multi-fidelity BO strategies, particularly relevant
when computational resources are limited. Diffusion-enabled optimal transport distances
for graph matching represent a further promising direction, where diffusion dynamics
enrich the Wasserstein geometry to capture relational structure, potentially extending the
framework to allocation problems defined over graphs. Finally, Beatty [68] extends opti-
mal transport distances to quantum structures, suggesting a longer-term research avenue
for resource allocation in quantum computing settings, with connections to functional in-
equalities, many-body physics, and quantum generative models.
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