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ABSTRACT. We study invariance principles in the rough path topology for sta-
tionary discrete and continuous time processes. Simple second moment com-
putations give explicit Green-Kubo-type formulas for both the covariance and
the linear correction, called the area anomaly, of the iterated integral of the
limiting Brownian motion. A key observation is that the area anomaly admits
a structural description: it is the antisymmetric part of the relevant Green—
Kubo expression. This provides a unified explanation of area corrections that
appear in several different frameworks, including Markovian, regenerative, and
deterministic fast-slow models, and highlights a common mechanism underly-
ing results that previously arose from model-specific arguments.

1. Introduction. Random walks are stochastic processes in which a particle un-
dergoes successive, independent, and identically distributed steps in various di-
rections. When these steps are small and frequent, the cumulative effect over time
resembles the continuous and erratic motion observed in Brownian motion in rather
general settings. The (weak) convergence of random walks whose jumps have finite
variance and vanishing mean, to Brownian motion, also known as the functional
central limit theorem, is formalized by Donsker’s invariance principle. This princi-
ple is well understood, and, in particular, the conclusion remains valid even when
the assumption of independent steps is relaxed to suitable mixing conditions that
quantify correlation. Classical references include Hall-Heyde [16] and Theorem 1 in
Doukhan et al. [6].
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From Donsker’s perspective, no matter if the random walk (rescaled) is a piece-
wise constant process or a piecewise linear process, the resulting (weak) limit and
Brownian motion remain identical. However, if employed as a driving noise of a
dynamical system, this is no longer the case, and hence, from a modeling point of
view, it requires (or permits) a choice: The first one, common in financial mathemat-
ics, leads to stochastic recursions that converge weakly to Ito stochastic differential
equations (ISDEs).! The second one, commonly used by physicists and geometers,
leads to random ODEs with weak “Wong-Zakai” limits described by Stratonovich
stochastic differential equations (SSDEs).

Related work on limit SDEs. Classical stochastic analysis treatises such as
Tkeda-Watanabe [17] consider SSDEs as drift-perturbed ISDEs; a geometric “Wong-
Zakai” approach is advocated by Stroock [27]. The latter has been given a profound
understanding through Lyons’ theory of rough paths which reduces the Wong-Zakai
results to establishing convergence of piecewise linear approximations at the level
of process and Lévy area; an application to support theory was discussed in [12].

Interestingly, other approximations, like those induced by considering charged
Brownian particles in a magnetic field [9] lead to limit SDEs which are in general
of neither It6 nor Stratonovich type. In the (somewhat restricted) case of exact
coefficient fields (think additive noise or diffeomorphic transformations thereof),
the same structure appears for an intriguing class of fast processes that play the
role of our rescaled random walks. This was explicitly pointed out by Melbourne
and Stuart [23].

In a celebrated series of works, starting with [18] and [19], exactness was removed,
thanks to rough path theory. In a later joint work with one of the authors [4], we
obtained validity of these results under optimal moment assumptions. We also draw
attention to the recent work by Gottwald and Melbourne [15], where the role of Lévy
area and possible corrections are discussed, fully aligned with the rough path view
taken in this work.

We would also like to point to more results, in the Markovian setting, by Deuschel-
Orenshtein-Perkowski [5] and the one in the regenerative/i.i.d.-like setting, by Oren-
shtein [25] where the focus is on the relevant rough paths results; for the non-
Markovian situation and almost-sure results see Friz-Kifer [11].

All these cited works yield, in different settings and with explicit formulae, that
the limiting dynamics are, in general, of neither It6 nor Stratonovich type. This
can be understood through the fact that a recurring feature in these works is the
appearance of a linear correction in the second level of the limiting rough path, often
referred to as the area anomaly. Although this phenomenon has been identified in
several concrete settings, including dynamical systems, Markovian models, and re-
generative structures, it typically appears through model-dependent and technically
involved arguments. One of the main observations of this work is that the diverse
instances of this phenomenon can all be traced back to the same structural mecha-
nism: the area anomaly is represented by the antisymmetric Green-Kubo expression
reflecting the correlations of the underlying stationary process. In this sense, the
“anomaly” is not anomalous at all, but the natural antisymmetric contribution that
arises in the Brownian rough-path limit.

I'Within stochastic analysis, the so-called UT/UCV theory will cover this situation nicely.
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Main insights and the structure of the paper. The purpose of this short
paper, deliberately non-technical, at least in comparison to most of the aforemen-
tioned works, is to point out rather easy second moment computations that, for
all of the aforementioned situations, lead to the correct formula of Green-Kubo
type; such formulas are familiar to people with knowledge in homogenization of
stochastic processes, as discussed for instance in the book by Pavliotis and Stuart
[26], which provides a uniform way to write down the limiting Brownian rough-path
characteristics in all these settings.

Although covariance and area-correction formulas are known in the individual
settings we consider, their derivations in the literature rely on arguments that are
specific to each model. The present work highlights that elementary second moment
computations recover all these expressions in a unified way. This conceptual unifi-
cation does not seem to be stated explicitly in the existing literature, and clarifies
the structural origin of the area anomaly across the various discrete and continuous
time frameworks treated below.

To avoid misunderstandings, we do not offer to newly (re-)prove results in [5,
9, 11, 14, 18, 19, 25], and in particular shall not give a general proof of weak
convergence, nor focus on comparing particular conditions in various settings in the
literature. Our intention is to point out that, across a range of settings where a
sufficiently nice convergence is known, the same structure of the limiting Brownian
rough paths appears.

In the following, after introducing the appropriate general set-up in which our re-
sults will be formulated, we discuss iterated invariance principles for processes with
stationary increments in different situations; each section contains a main theorem
followed by various relevant examples. Section 2.1 deals with the discrete time case,
with results on problems of It type in Section 2.1.1 and those of Wong-Zakai type
in Section 2.1.2. Continuous time iterated invariance principles are discussed in
Section 2.2: we deal with stationary continuous time processes in Section 2.2.1, and
discuss continuous time suspension flows, which are built from discrete settings, in
Section 2.2.2.

Finally, we remark that some of the examples in the literature are non-stationary
(to be understood in the appropriate sense). Hence, a recurring feature of our paper
is the adjustment of the various models to the stationary settings. This requires
an additional argument which may be of interest beyond the problem of iterated
invariance principles; see, for instance, Theorem 2.15 and Example 2.8.

2. Iterated invariance principles in different settings. Let us present the
terminology that shall be used throughout the paper. A random process ¢t +—>
(S(t),S(t)) on R? x (R9)®? is any random element of C([0,T],R% x (R%)®2) or
D([0,T]),R? x (R%)®2) for some T > 0, where C([0,T],R¢ x (R?)®?) (respectively
D([0,T],R% x (R%)®2)) is the space of continuous (respectively cadlag) functions
[0, 7] — R? x (RY)®2 with the uniform (respectively Skorohod) topology. A d-
dimensional continuous-time process Z = Z(t) is a random element of the space
C([0,T),R%) or D([0,T],R?) for some T > 0.

With a mild abuse of notation, we also write 2 = Z(t) = E(t;w) (and corre-
spondingly to E = E(k) = Z(k;w)), referring to the states w from the appropriate
probability space, so that for any fixed ¢ € [0,7] (and correspondingly for any
k € N), Z(t) = Z(t;-) (and correspondingly, Z(k) = Z(k;-)) is a R?-valued random
variable.
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We shall consistently use the notation P and E for the corresponding probability
measure and expectation, respectively.

A Brownian rough path over R? with characteristics (X,T') € (R?)®? x (R%)®?2
is any process defined by t — B(t) = (B(¢),B(t)), where B is a d-dimensional
Brownian motion with covariance

2 =E(B(1)® B(1)) € (R)**

and B is of the form
B(t) = /Ot B®dB+1T € (RM)®?,
that is,
B0 = [ BB+, =1

The integral above is in the sense of It6, and E(X) is defined component-wise,
whenever X is a random vector or a random matrix. In particular, I' = E(B(1)). We
recall some well-known strong limit theorems. The Ité6 Brownian rough path (T' = 0)
arises from considering lifted (cadlag) piecewise constant approximations, which is
tantamount to taking left-point Riemann-Stieltjes approximations of [ B ® dB.
The Stratonovich Brownian rough path (I' = 1X) arises, e.g., from piecewise
approximations, corresponding with mid-point Riemann-Stieltjes approximations
of [ B®dB. All mentioned approximations are pointwise, i.e., for fixed ¢, and in P-
probability, but can be upgraded to convergence in appropriate rough path metrics
and L~ (P). Below we will be interested in weak, a.k.a. in law, limit theorems.
We shall consider the following definition.

Definition 2.1. Let ¢t = (Sy(t),Sn(t)) be a random process on R? x (R%)®2, We
say that the iterated invariance principle holds for (Sy,Sy) with a Brownian rough
path limit (B,B) over R? if the following two conditions hold.

1. For all ¢, the R? x (R%)®2-valued sequence (Sy(t),Sy(t)) converges in law to

(B(t), B(t)).
2. E(Sn(1) ® Sy(1)) converges to E(B(1) ® B(1)) and E(Sy(1)) converges to
E(B(1)).

We refer to Ekisheva-Houdré [7] (and the references therein), which contains var-
ious conditions to the central limit theorem together with convergence of moments.

2.1. Discrete iterated invariance principles.

2.1.1. Ito-type iterated invariance principles. Consider a d-dimensional discrete-
time process & = £(k;w) which is strictly stationary in the variable k and with
rescaled partial sums

1
Sn(t) = Wo«%m]f(k). (2.1)

Assume E£(0) = 0, and consider Sy with the canonical enhancement of iterated
sums Sy defined by

Sn(t) == Y. (Ek) @) (2.2)

0<k<t<[Nt]
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Theorem 2.2. Let £ = £(k;w) be a discrete random process which is strictly sta-
tionary in the variable k, with finite second moments and summable correlations,
that 1is,

A(0)  and ZA(n) are finite,
n=1

where A(n) = E(£(0) ® £(n)) for n = 0,1,.... Consider the rescaled piecewise
constant approximations Sy (2.1) with the iterated sum process Sy (2.2). If the
iterated invariance principle holds for (Sny,Sy), then the Brownian rough path limit
(B,B) is necessarily with characteristics

Y=A0)+2Sym(I") and T = i A(n),

where Sym(T') denotes the symmetric part of the matriz T.

The expression for the covariance matrix 3 is sometimes called the Green-Kubo
formula.
Proof. Let 0, := >, _, A(k). Using stationarity, we see that
N

Y OEEmeLn) = > Al-k= > (N-kAK) =Y o

0<k<t<N 0<k<t<N 1<k<N n=1

The summability of the correlations A(n) implies that

N 0
A, 2o = Jim ow =2 AK)
Hence,
1 o0
Jim < Y EE(R) @6(0) =) Ak)
0<k<t<N k=1
and, analogously,
1 - T
Jim = Y B0 ®@€R) =D AR
0<k<t<N k=1

where A(n)T = E(£(n) ® £(0)). Therefore,

S~ ESy (1) ®Sy(1) = % > E((k) @4(0)

0<k <N—-1
~ E(£(0) ©£(0)) + ) E(£(0) ® £(n) +£(n) ® £(0)),
n=1

where here and hereafter we use the notation ay ~ by if ay — by — 0 as N tends
to infinity.

In terms of A(n), this becomes ¥ = A(0) + 2> 7, Sym(A(n)). On the other
hand, E(Sy(1)) =~ E(B(1)) =TI'. The computation above gives

I~ % S EEk @)~y Am).
n=1

0<k<t<N
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Example 2.3. Kelly-Melbourne [18, 19] and (8) and (19) in Chevyrev et al. [3]:
Considering maps T : M — M on a compact manifold M with invariant and ergodic
measure g on a hyperbolic invariant set A C M, Theorem 2.2 applies with

A(n) == E((0) ® £(n)) = / (0® (0o T™)dp,

for a p-centered Holder observable v : A — RY, where the assumption of Theo-
rem 2.2 corresponds with summable decay of correlations, i.e. sufficiently fast mix-
ing. The probability space in this case is thus (A, ), and the stationary process
is {(n;w) = (voT™)(w). Notable examples are uniformly expanding maps T' and
non-uniformly expanding maps T with appropriate Young towers.

Example 2.4. Kurtz-Protter [20]. The & are taken i.i.d., centred with finite second
moments. Then, I' = 0, and one gets the expected It6 limit. (The Sy are mar-
tingales, and satisfy the UCV condition.) This already implies tightness in rough
paths metrics, cf. [2], and also in cadlag rough path spaces [13].

Example 2.5. Theorem 2.2 in Friz-Kifer [11]. Direct mixing conditions are given.
With

A(n) :=E((0) ® £(n))
an almost-sure iterated invariance principle is shown, with ¥,I" as described by
Theorem 2.10.

2.1.2. Wong-Zakai type iterated invariance principles. We maintain the discrete
setup, but do not work with the piecewise constant partial sums Sy, but instead, a
la Wong-Zakai, with their piecewise-linear counterpart Sy. Write (S’ N, S ~) for the
canonical (geometric) rough path lift. More explicitly,

t
Sn(t) = / Sn(s) ® dSn(s), (2.3)
0
where the integration is in the Riemann—Stieltjes sense.

Theorem 2.6. In the assumptions of Theorem 2.2, if the iterated invariance princi-
ple holds for (Sny,Sn) (defined above, see (2.3)), then the (Stratonovich) Brownian
rough path limit (B,B) has characteristics (X,T),

5 — A(0) +2Sym (i A(n)) R . %A(O) + i A(n).

n=1

As a consequence,

B(1) = /1 B ® odB + Anti (i A(n)> ,

0 n=1
where we used the notation Anti(T) for the antisymmetric part of the matriz T, and
the last integration is in the sense of Stratonovich.

Proof. The covariance ¥ is not affected by the problem modification, as before. We
have a discrete It6-Stratonovich correction of the form

Sw() =Sx() + 5 O k) @ &)
0<k<N

and, hence,

B(S(1)) = B~ (1) + 5A0).



NONLINEAR EFFECTS IN INVARIANCE PRINCIPLES 7

The argument in the proof of Theorem 2.2 gives

= BB1)) = BBQ)) + %A(O) —T4 %A(O).
Note that . L
B(1) :/ B®dB+1T = (/ B®odB—;Z) +T
0 0

and compute, using the previously obtained expression for I' and X,

L1 -
r— 52 = Anti (7; A(n)) .

This finishes the proof. O

Example 2.7. Breuillard-Friz-Huesmann [1]. The ¢ are taken i.i.d., so that I' = 0,
and one gets the classical Wong-Zakai/Stratonovich limit.

Example 2.8. Orenshtein [25], Theorem 1.5 (see also the main results of [21] and
[22]): Hereinafter, for a process X and a pair of time indices s < ¢, we denote by
Xt = X — X, its increments. Here, {(n) = X,,_1,, for n € N, where X,, is a
delayed regenerative process on R? with respect to the random regeneration times
0=79 <7 <7y <..<ooa.s. That is, the sequence of epochs

gk = (Tk+17 (XTk,Tk+Z)£:0,1,...,Tk+17)

where Ty = 0 and Tk41 = Tr+1 — Tk, is independent and identically distributed for
k > 1 and independent of the delay epoch &.

A stationary version X of X is constructed by letting X ViVin = Xnm+n for all
n > 0, where V is distributed uniformly on {0, 1,...,7* — 1}, T* is an independent
size-biased version of T, = 79 — 71, and (Xn, n=0,1,....,7* — V) is an independent
copy of (Xp,,n =0,1,....,T7* = V), cf. [24, 28, 29]. In particular, we have that the
increments of the stationary process coincide with the ones of a delay-free version
of the original process after a time shift of U =T* — V.

In more detail, let T be the size-biased version of T, taken independently of X.
This is a positive integer-valued random variable whose mass function is

mP(Ty, = m)
E[T3]
Let U be uniformly distributed on {1, 2,..., T*}, and set V. =T* — U (note that it
is uniform on {0,1,...,7* — 1}). Let X be a copy of X independent of anything

else, and let 71, 7o, ... be the corresponding regeneration times. Finally, a stationary
version of X is defined by

Xn .= {X‘Fl-FV-‘rna ifne {0,1,..,U}7

P(T* = m) := ,meN.

X.,:1+T* + X‘rl,‘rl+n7U7 ifne {U, U+1, }
By construction, X = (Xj)x>o is a delayed regenerative process. Let
E(X)(m,n) =sup {| Xyl :m < k<L <n}.

Assume the process X satisfies the conditions of [25, Theorem 1.5], and assume
also the moment condition E[T$Z(X)(71,72)?] < co. Then, the iterated invariance
principle holds for X with the same characteristics as X. This is an immediate
application of [25, Theorem 1.5] to the process (Xj)x>0, after verifying the moment
assumption for the delay epoch of X.
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To obtain the formulae of [25], note that in this case £(n) = X,, ,41 and

A(n) :=E[£(0) ® £(n)].

For &, (n) = Xri4n,m+n+1, we have

i&(n) = lim E[£(0)® X1.n]
n=1

N —oc0

=E[£(0) ® X3,

Similarly, we find

Anti (; A(n)) = E[lTﬂE Anti > ik e

T1<k<t<T2

and

_ © _ 1
A +2Y sm(A0) = el 3 e
n=1 2 T1<k,{<T2 -
1
= 7]}3 XT T XT To |«
E[T2] [ 1,72 ® 1 2]
Remark 2.9. In [25], the moment condition for X is E[Ty1=(X)(7k, Tk11)*] < 00
for kK =0,1 and p = 0, 1. However, the moment condition for the delay (that is, for
the case k = 0) can be reduced to E[7{Z(X)(0, 71)%] < oo for some € > 0 without an
essential change in the proof. In particular, in the stationary version, the assumption
E[T$Z(X) (1, 72)?P] < oo for p € {0,1} can be reduced to E[T, (X)) (11, 72)%"] <
oo for some € > 0.

2.2. Continuous iterated invariance principles.

2.2.1. Invariance principles under continuous time assumptions. Consider a

d-dimensional continuous-time process = = E(t) = Z(t;w) with rescaled integrals
- 1 Nt
Sv(t) =517z | (o) (2.4)
N1/2 0

canonically enhanced with the iterated integrals (that is, the integration is taken in
the sense of Riemann-Stieltjes), denoted by Sy .

Theorem 2.10. Assume that = = E(t) = E(t;w) is strictly stationary in t and that
the iterated invariance principle holds for (Sy,Sn) (see (2.4)) with a Brownian
rough path limit (B, B) with characteristics (3,T). Assume that [ A(s)ds is well-
defined and finite, where A(s) := E(Z(0) ® Z(s)). Then, necessarily we have the

characteristics
¥ =2Sym (/ A(s)ds) ) = / A(s)ds.
0 0
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As a consequence, we have the area correction

B(1) = /01 B ® odB + Anti (/OOO A(s)ds) .

Proof. As in the proof of Theorem 2.2 for the discrete case (e.g., by considering
time integrals instead of s_urns)7 we use stationarity and integrable correlations and
the fact that E(Sy(1) ® Sy(1)) =~ E(B(1) ® B(1)) to obtain that

L =E(B()® B(1)) ~ e /0< o, E(Z(s) @ E(s'))dsds’

e}
~ / E(2(0) ® Z(s) + E(s) ® 2(0))ds.
0
Hence, in terms of the correlations, this becomes
o0
= 2/ Sym(A(s))ds,
0

the Green-Kubo formula. On the other hand, since I' = E(B(1)) ~ E(Sx(1)), where

. 1
sx= |
N 0<s<s’'<N
we have

[~ 1 E(E(s) @ E(s'))dsds’ ~ /OOO E(2(0) ® =(s))ds = /OOO A(s)ds.

N 0<s<s’'<N

[1]

(s) @ Z(s")dsds’,

Next, since
- 1 - 1 1. -
B(l)_/B®dB+F(/ B®odB2E)+F
0 0
and - -
r- %i = / (A(s) — Sym(A(s)))ds = / Anti(A(s))ds,
0 0

O

the proof is finished.

Example 2.11. Friz-Gassiat-Lyons [9], or Ch. 3 in Friz-Hairer [10]. Here, E =
E(t;w) is a multidimensional OU process (denoted Y in [10]) with dynamics
d= = —MZdt + dB:

a stationary solution exists under a spectral gap condition, and is explicitly given
by

2(s) = / ) e ME=MAB(r).

— 00

This allows one to compute A(s) := E(Z(0) ® Z(s)). By Ito isometry,
A(s) = /O e MO=) =M (s=1)qp = SoyeM'*
and, since oy is symmetri;,
(%) : /000 A(s)ds = Soy(M*) ™!

Recall that Sy () = 7 [
mass 1/N.

=(s)ds represents physical Brownian motion with
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By Theorem 2.10, the limit Brownian covariance equals

25y ([ A(9)as) = Sou(dr) ! + (1) o

while we have area correction given by

< 1
ati [ A(6)ds ) = J{Zou(34) - (41)Sou
0
which vanishes iff M=M?*.

Example 2.12. Deuschel-Orenshtein-Perkowski [5] considered
E(s) = F(X(s)),

for some Markov process X on some Polish space with generator £ on some space
M and a probability measure 7 which is invariant and ergodic for both £ and L£*,
see the precise formulation in [5, Chapter 3]. Assume that EF(X(0)) = 0 and that
there exists a solution in L? to the Poisson equation —L¢ = F, they first recall (cf.
p.7) the validity of the functional CLT, with “half-covariance” given by

1

52 = E(6(X(0) ® ((~£5)9)(X(0))

and then establish (p.6, Theorem 3.3) an area correction of the form
E(6(X(0)) ® (£L49)(X(0)).
Let us illustrate how this can be derived from Theorem 2.10. We start by computing
= / A(s)ds = / E(Z(0) ® E(s))ds

using the Markov structure at hand. With = ( ) = F(X(s)), we have

I = /O ( /M F® es‘:FdTr> ds ( ( sﬁFds> dw)
= /]v ) L71F)dr)
= /M (—Lo @ ¢)dn

The last two steps are justified when £ has a spectral gap, and —L¢ = F' is uniquely
solvable. Decomposing £ = Lg+ L4 = 5(L+ L*) 4+ 3(L — L*) into symmetric and
antisymmetric operators, we see

syn(0) =Sy [ (~Lowopn) = [ (Lssworn= [ 0o -Loopn
and

Anti(T) = Anti ( /M(—ﬁd) ® qﬁ)d7r> = /M(%Aqs ® ¢)dm = /M(qs ® Lag)dr

These expressions agree exactly with the half-covariance and area correction given
by Deuschel-Orenshtein-Perkowski [5]. The more general case, Theorem 3.3 of [5],
is a Kipnis-Varadhan type invariance principle, where the assumption of existence
of solution to the Poisson equation is weakened to a condition on the behavior of
the solution 7y to the resolvent equation (A — £)¢x = F' for small A\, known as the
H~* condition (for the precise formulation, see (3.1) of [5]). In those settings, I is
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obtained by the limit as A | 0 of the Laplace transform of the correlations. More
precisely,
L = I “ME(E(0) ® Z(s))d

im | € (2(0) ® E(s))ds

= lim ooe_/\s = =(s =z)dn(x)ds
o / /E< (0) ® 2(5)|X(0) = z)dm(x)d

L0

= [ F@) e ( /O T e NEB(F(X(5))[X(0) = a:)ds) dr(z)

L0
:1m/F®mm
L0

- / (=L ® by)dr,

where the existence of the limits is justified as in [5], in particular the last equality
follows as the one in pp. 1463, second line in that paper.

Example 2.13. (Example 2.11 revisited) We can view Example 2.11 from a Markov
/Deuschel-Orenshtein-Perkowski [5] perspective by considering the generator

Lf(x)=—-Mx -Vf(zx)+ %Af(x)

for f € C?(R% RY), where the operator acts in the usual way in each component.
The Poisson equation
—Lp=xzcR?

is solved by ¢(z) = M~ 'z centred w.r.t. the invariant measure # = N (0, Loy).
Note that L is self-adjoint if and only if M is symmetric and

J(~Lp @ ¢)dr = /(x @M lz)dr = /(xx*)dﬂ'(M*)fl = Yoy(M*)™!

which is precisely (%) above, and in particular

Anti(T') = Anti </ (—Lop® qﬁ)dﬂ) = / (pQ Lad)dr
M M
vanishes if £ is self-adjoint, which holds if and only if M = M™.

2.2.2. Invariance principles for suspension flows under discrete time assumptions.
We consider the following setting (cf. [11]) as specification of the previous section,
allowing for weaker assumptions on the integrability of correlations A(t).
Take a complete probability space (€2, F,P) with P-preserving transformation
0 :Q — Q and a roof function T : Q — (0,00) which is bounded from below and
above, i.e.
L '<rt<L, forsomelL>D0.

We consider the probability space (2, F,P) with

Q={(w,t) : weN0<t<7(W), (W, T(w)) = (bw,0)},
where F is the restriction to Q of F x B([0,L]), and B([0,L]) denotes the Borel
o-algebra. Denoting 7 = [ 7dP, the measure P is given, for any A € F, by

P(4) = 1 / 14 (w, £)dP(w)dt.

T JQ
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Now we can introduce the d-dimensional continuous-time process = on  as
E(t; (w,s) =E(t+s; (w,0)) =Z(0; (w,t+s)) if0<t+s<T(w),
k
E(t; (w, 8)) = Z(0; (0*w,u)), if t + 5 =u+ ZT(@jw), 0 <u < 7(0Fw).
§j=0
Note that the suspension = with respect to the map 6 is a stationary process on
(Q, F,P), writing Z(t; w) for Z(¢; (w,0)).

We can now introduce £(0;w) = 7(w) Z(s;w)ds and &(k;w) = £(0; 0% (w)) for k >

0 2
0, and take the partial sums (Sy,Sy) for £ as in (2.1) and the partial sums (Sy,Sy)

for Z as in (2.4). We consider the following situation (which is, for example, satisfied
in [18, Theorem 6.1] or [11, Theorem 2.5]), again denoting A(n) = E(£(0) ® £(n)).

Assumption 2.14. (a) The iterated invariance principle holds for (Sy,Sy) with
Brownian rough path limit (B,B) and characteristics

¥ = A(0) + 2 Sym(I"), I'= i A(n)

according to Theorem 2.2, i.e. the summability assumption is satisfied.
(b) The iterated invariance principle holds for (Sx, Sx) with Brownian rough path
limit (B,B) such that

B=(r)"""B,
IB%(t):/OtB®dB+t(T)1F+t/_ </OUE(s;w)ds> & 2(0; w) dP.

Q

We can now state our final theorem.

Theorem 2.15. Under Assumption 2.1/, the Brownian rough path limit (B, B) has
the characteristics

Y= (7)"'y, ="' +/{2 </Ou E(s;w)ds) ® E(0;w) dP,

1
B(1) = / B ® odB + Anti (T) .
0

and the area correction

Proof. The expression for the covariance matrix follows directly from the assump-
tion. Concerning the area correction, as before, we need to compute I" — %E. We
have

It remains to show that

(7)~'A(0) = 2Sym (/Q (/Ou E(s;w)ds) ® 2(0; w) d@(w,u)) .
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We observe this as follows:

A(0) = E(£(0) ® £(0)) :/Q (/OT(W) E(u;w)du) ® (/OTM E(s;w)ds) dP
:/Q (/OT(W)E(u;w)du> ® (/Ou E(s;w)ds+[(w) E(s;w)ds) dP
:/Q/OT(W)E(u;w)@) </0u E(s;w)ds) dudP

+/Q/OT(W) </OSE(u;w)du> ® =(s;w) ds dP
:/Qg(o;w)@) </0uE(s;w)ds> dzm/g </OSE(u;w)du> % Z(0;w) dP.

This concludes the proof. O

Example 2.16. Again, we refer to Kelly-Melbourne [18, 19] and Chevyrev et al. [3].
Theorem 2.10 applies with

A(s) == E(Z(0) ® E(s)) = /(v ® (vo ¢s))dv,

for a flow ¢ on some compact manifold M with invariant and ergodic measure v on a
hyperbolic invariant set €2, and for a v-centered Holder observable v : Q — RY. The
probability space is thus (Q,v) and E(s;w) = (v o ¢,)(w). In particular, the covari-
ance and area corrections from Theorem 2.10 agree with those given in [18, Theorem
1.1 (b) and Corollary 8.3], whenever these integrals are finite. The key examples
are semi-flows which are suspensions of the uniformly and non-uniformly expanding
maps mentioned in Example 2.3, and flows that are suspensions of uniformly and
non-uniformly hyperbolic diffeomorphisms. This includes Axiom A flows, which
are typically mixing for v € C* [8], and by that satisfy the assumptions for Theo-
rem 2.10, and non-uniformly hyperbolic flows constructed as suspensions over Young
towers with exponential tails.

However, note that the formulas in Theorem 2.10 are only valid if the (semi-)
flows are (sufficiently fast) mixing themselves; otherwise, the covariance and area
correction can be given in terms of iterations of the associated Poincaré map T :
A — A, with ergodic, invariant measure g on A, precisely in terms of Theorem 2.15,
assuming that T is mixing such that Theorem 2.2 holds (see also [18, Corollary
8.1]); in more detalil,

Q={(w,t) :weA0<t<T(W), (w,T(w)) = (Tw,0)},

such that v = (7)7!(u x Lebesgue) is an ergodic invariant probability measure for
¢s(w,u) = (w,u +s), where 7 = [, 7dp. Then the summability condition applies
to

A(m) = B(E(0) 96() = [ (0 (00 T"))dp,

where

7(w) 7(w)
(w) = /0 v(w, s)ds = /0 (vo¢o)(w,s)ds = E(s;w)ds

0
and the stationary processes are {(n;w) = (00T")(w) and Z(s;w) = (vods)(w,0) =

(vogo)(w,s).



14 MAXIMILIAN ENGEL, PETER K. FRIZ AND TAL ORENSHTEIN

Example 2.17. Friz-Kifer 2021 [11]. Rescaling time via ¢ — 7¢, the process V¢
therein fulfills Assumption 2.14 according to [11, Theorem 2.5]; note that our nota-
tion & corresponds with their n and our notation = with their £&. Theorem 2.15 can
be applied to obtain the area correction. Note that in [11], the term

/Q ( /0 ' E(s;w)ds> ® Z(0;w) dP

as a summand in B(1), and thereby also in I, is expressed as

7(w) s
E / H(s;w)ds ® / E(u;w)du |,
0 0
i.e., in terms of the invariant measure P for the discrete time system.
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