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ABSTRACT

This work considers the problem of a trader who must manage
the Credit Valuation Adjustment (CVA) of a derivative, defined as
the risk-neutral expectation of losses incurred if the counterparty
of the derivative defaults. CVA can be regarded as a hybrid prod-
uct, one of the most complex actively managed by a trading desk.
Standard delta hedging based on sensitivities is not completely
satisfactory for this product, because it ignores trading costs and
jump-to-default risk while introducing unavoidable simplifications
in the pricing model. In this paper we use risk-averse Reinforce-
ment Learning to learn a superior hedging strategy compared to
the standard delta hedging approach. Specifically, we generalize
risk-averse Reinforcement Learning to stochastic horizons, to be
compatible with counterparty defaults, and we introduce a realistic
framework for the mechanics of the hedger’s portfolio in which
the data generating process of the underlying risk drivers can be
inconsistent with the risk-neutral laws used to price the CVA and
the hedging instruments. The potential of the proposed approach
is investigated empirically by numerical examples on hedging the
CVA of a forex forward.

CCS CONCEPTS

+ Theory of computation — Sequential decision making; .
Computing methodologies — Artificial intelligence.

KEYWORDS
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uation Adjustment, Foreign Exchange, Transaction Costs, Model
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1 INTRODUCTION

Given a financial derivative product IT in place between two parties
I and C, the Credit Valuation Adjustment (CVA) experienced by I
is a measure of the average loss incurred by I due to the fact that
C may default when the value of IT is in favour of I. A financial
institution is due to adjust IT’s book value by the CVA, which enters
I’s balance sheet, and, since its value depends on the market condi-
tions, contributes to its volatility and has to be actively managed.
In this sense, the CVA can be seen as another derivative, built on

Unpublished working draft. Not for distribution.
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I1, but it is typically more complex, since its value depends both on
the value of IT (which, as a derivative, depends on one or more risk
drivers), and on the default probability of C.

CVA risks are usually managed by buying and selling both the
underlying risk drivers and Credit Default Swaps (CDS) on the
counterparty. The CVA risk can be measured and monitored using
its first (and eventually higher) order derivatives with respect to
the risk drivers, but this standard practitioner “delta hedge” may
be highly suboptimal for a number of misalignments between the
risk-neutral CVA pricing setup and reality, including trading costs
and model misspecification. Moreover, sensitivity-based hedging
addresses by definition only continuous movements of the risk
factors, while CVA jumps at C’s default time.

In this work we propose to use risk-averse Reinforcement Learn-
ing (RL) to learn the CVA hedging strategy and to overcome the
mentioned issues.

The theoretical benefits of our approach are manifold:

(1) We describe the hedger’s portfolio in a general and realis-
tic way including market frictions, time-discretization and
practical details of the market instruments. This is because
RL algorithms are data driven and the realism can simply be
modelled in the environment.

(2) We decouple the generating process of the underlying risk
drivers from the risk-neutral laws used to price the CVA and
the hedging instruments, which may even change along the
life of the deal (e.g., because of recalibration). This enhances
our description of the actual profit-and-loss (PnL), which
in practice is calculated according to rules which are not
under the control of the trader. Such flexibility enables for
instance a numerical investigation of the quality of the RL-
optimized hedging strategy in presence of hedging costs and
correlations even when the book value of CVA ignores them.

(3) We use a realistic objective function. Indeed, the adopted
Trust Region Volatility Optimization (TRVO) [4] algorithm
is tailored to the way in which the performance of traders
is typically monitored; in particular, it optimizes a trade-off
of return and risk in which the latter is defined by reward
volatility: a pathwise measure of PnL variability, instead of
a theoretical variance or risk-measure abstractly defined in
population sense at an arbitrarily fixed time horizon, as in
standard risk-averse control or RL.

(4) We explicitly address the stochasticity of the optimization
horizon by an appropriate modification of the TRVO algo-
rithm.

Finally, the potential of our approach is investigated empirically
by numerical examples with the objective of hedging the CVA of a
forex (FX) forward contract.

1.1 Related literature

Hedging of derivative products has been tackled without machine
learning in countless studies. Particularly relevant to our setting
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are those considering transaction costs or correlation among risk
drivers.

As for transaction costs, some authors just postulate the rules to
build and dynamically adjust the hedging portfolio, and then con-
centrate on quantifying the impact on pricing: the earliest attempt in
this direction was probably Leland [26], followed by Dewynne et al.
[17] and many others up to the recent Burnett [7]. Other authors
try to optimize the hedging strategy by stochastic control tools,
getting either numerical or asymptotic solutions: e.g. Davis et al.
[16], Hodges and Neuberger [21], Whalley and Wilmott [41], Za-
kamouline [42] just to mention a few. The objective is usually utility
maximization, often defined on terminal wealth, although some
authors try definitions based on the local PnL [e.g. 24] which are
closer in spirit to our approach.

As for the impact of correlation, the greatest attention was drawn
by the specific “shadow-delta” case of co-movements of an asset
and its volatility [1-3, 13, 22, 38]. A generalization to a generic
set of factors with any cardinality was described in Daluiso and
Morini [14], which is unusually close to our research in the choice
of the numerical example: indeed, the case study is CVA hedging,
although for an interest rate swap.

Turning to machine learning, hedging has been constantly men-
tioned since the earliest applications to finance [23, 27], but it was
not until recently that Reinforcement Learning was attempted with
hedging as the primary focus. There is a major distinction between
those optimizing a risk measure defined on final performance, and
those which use a pricing model to define a daily performance.
The first family includes the “deep hedging” series: Buehler et al.
[6], Mikkila and Kanniainen [29], Murray et al. [31]. The present
work belongs to the second family and is particularly aligned with
the point of view of Vittori et al. [40] and Mandelli et al. [28]. It
has also a relevant aspect in common with Cao et al. [9, 10] in that
they discuss the possibility to price with a model and simulate with
a different one. Further papers which work on the the daily PnL
include Cannelli et al. [8], Du et al. [18], Halperin [19, 20], Kolm
and Ritter [25], Vittori et al. [39].

2 REINFORCEMENT LEARNING AND ITS
APPLICATION TO HEDGING

Reinforcement Learning [35] is a machine learning framework
for sequential decision-making processes, and as such we deem it
suitable for our CVA hedging problem.

The basic building block to apply RL algorithms to a problem
is a description of the latter as a Markov Decision Process (MDP)
[33].

Definition 2.1 (Markov Decision Process). A discrete-time MDP is
defined as a tuple (S, A, P, R, y, 1), where S is the state space, A the
action space, P (-|s, a) is a Markovian transition model that assigns to
each state-action pair (s, a) the probability of reaching the next state
s’, R(s,a) is a bounded reward function, y € [0, 1) is the discount
factor, and 1 is the distribution of the initial state. The policy of an
agent is characterized by 7 (-|s), which defines for each state s an
action with a probability distribution over the action space.

We consider finite horizon problems in which future rewards
are exponentially discounted with y. Let us define a trajectory as a

Anonymous Authors

sequence of states, actions, and rewards, up toa stopping time ¢:
(50, @0, 71,51, @1, 72, rr Se—1, Be—1, Te).

Remark 2.1 (Termination time). The episode termination timestep
& can be modelled without loss of generality as the first time at which
the state s; would enter an absorbing termination region 7 C S, so
that its law is included in the definition of P. We suppose that ¢ > 0;
moreover, ify = 1, we require that ¢ is almost surely finite for every
choice of .1

We then define the discounted sum of the rewards of a trajectory:

£
G=>yn
i=1

The objective in risk-neutral RL is the maximization of the ex-
pected return, given an initial state distribution:
Jr = Ex [G].
So~H
We also introduce its normalized version as:
£

r= Zyiil.

i=1

Jr = Ex [I7'G],
So~H

Remark 2.2 (Differences from infinite horizon). The normaliza-
tion factor T is chosen so that the weighting (yi_lf_l)izl’_wg isa
probability measure on the set of time steps {1, ..., e}. The original
definition was written for an infinite horizon problem, hence it re-
quiredy < 1 and used T = (1 —y)~'; the above is adapted to a finite
random horizon, allowing fory < 1 and giving

1—y*
1-y

T =

ify <1, I'=cify=1.

2.1 Risk-aversion in RL

A number of modified risk-aware objectives have been studied, for
example introducing a trade-off with the minimization of variance
of the returns, in a mean-variance [32, 37] or Sharpe ratio [30] fash-
ion. Others, such as Tamar et al. [36], have studied the minimization
of CVaR or more generally of a coherent risk measure.
Nevertheless, all these approaches consider only the minimiza-
tion of the long-term risk, while in financial trading interim results
are also fundamental, and keeping a low-varying intermediate PnL
becomes crucial. Moreover, the analytical intractability of these
formulations does not allow the related algorithms to perform (in
terms of learning improvements) as the state-of-the-art algorithms
in the risk-neutral RL framework, such as Trust Region Policy Opti-
mization (TRPO) [34]. For these reasons, Bisi et al. [4] introduced a
new risk measure, which takes into account the variance of the re-
ward at each time-step with respect to state visitation probabilities:

Definition 2.2 (Unnormalized reward volatility). The unnormal-

ized reward volatility a.k.a. unnormalized reward variance is ex-

pressed as:

£

A
So~H

i-1 2
Yy (ri—Jx) ]
i=1
!For y < 1 one can be easily weaken the requirement thanks to the exponential decay

of yN, but this is irrelevant for our purposes.
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Remark 2.3 (Differences from infinite horizon). A factorT'™! inside
the expected value would make V2 a true variance across population
and time, giving the (normalized) reward volatility v2 defined in
the original infinite-horizon formulation. Here we remove that factor
because we believe that with stochastic episode lengths, an under-
weighting of returns belonging to longer episodes would be financially
inappropriate. Note that when T is deterministic as in the original
paper, putting or removing a multiplier in the definition of V2 is just
a matter of notation, since it can be absorbed in the risk-aversion
coefficient  defined here below.

In most trading and even hedging applications, achieving a profit
is at least as relevant as being risk-averse thus, we decide to consider
an objective that handles the risk-return trade-off through a risk-
aversion coeflicient, the parameter . The objective related to the
policy 7 can be defined as:

fr = jﬂ' - ﬁlA/]Z[’

called mean-volatility hereafter, where f > 0 allows to trade-off
expected return maximization with risk minimization. Once more,
the original normalized goal 1, = J; — fvZ [4] is just a multiple
of ours in deterministic horizon settings. On the other hand, the
standard mean-variance objective is J; — Bo2, where o, is the
return variance as defined in Tamar and Mannor [37]:

o= By [(g_j,,)z].

So~H

It is possible to generalize the TRVO algorithm and proofs to
finite and stochastic horizons. We have used the generalized version
for the experiments in this paper, but have not included the theory
in the interest of space.

3 FINANCIAL ENVIRONMENT
3.1 Mathematical setting

The financial universe is described by the following objects:

o J: the set of assets that can appear in the trading book; in
general, it includes the CVA that must be hedged and a finite
collection of hedging and funding instruments.

e &: the set of currencies which appear in the book, where ¢
is the main currency used to measure the performance of
the trader.

e {: optimization horizon.

The book dynamics are fully specified by any model for the
following processes:

e ¢;1°: fair price in currency c; of a unit of currency c; for
any c1,¢c2 € 6.

. X[h: book valuation (price) of asset h at time ¢, expressed in
an asset specific currency cp,.

. Yth’cz cumulative cash flows of asset h in currency ¢ which
are paid up to time ¢ inclusive.

. Nth: units of asset h held at time ¢.

o T;(N): cumulative costs of trading strategy N up to time ¢
exclusive, expressed in the evaluation currency ¢.

2024-07-23 08:08. Page 3 of 1-8.
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Indeed, given the above definitions, one can define the cumula-
tive gains of the book as

t t
=Y / Nhaxte S / NETE - T(N) (1)
0 0

he# he#

———

capital gains cash flow gains trans. costs

where we introduced the conversion of Xth and (Yth “)ceg into the
main evaluation currency ¢:

oh ._ 1CnCy-h
Xt T Yt Xt’

DY /0 Cparhe= Y /0 t( LAY+ d[g, Y ).

cEC ceEB

3.1.1 Constrained and free variables. The set of admissible alloca-
tions N is subject to a set of financial constraints listed below:

(1) no CVA transfer: the CVA remains in the book for the whole
optimization horizon. This translates into the constraint
NCVA =1

PR

(2) Self financing: no cash is injected or withdrawn. In particular
the variations in the bank account A in currency ¢ equal the
gains or losses deriving from the other assets.

We conclude that the free variables for optimization are the quantity
of the hedging instruments to be held:

N7 = (NMjeg, where F =9\ {CVAh}.

3.2 Financial instruments: price and dividend
processes

This section specifies the book value processes X h the dividend
processes Yh’c, and the cost process T = T(N).

3.2.1 Credit Valuation Adjustment. We identify by h = CVA the
book item representing the CVA to be hedged.

The Qprice process XA is the risk-neutral t-conditional expecta-
tion E;** of the loss LGD; < 0 recorded at the counterparty default
time 7 [11]:

XEVA = 1,5, B¥ [D(t, 1)LGD,]

computed with some pricing model Q; and discount factor D(t, 7);
note that XtCVA is by convention a non positive quantity. We allow
the model Q; to depend on time inconsistently with the real-world
dynamics of LGD, e.g. because of periodic model recalibration,
since pricing rules for a complex object like CVA typically give up
maximum realism due to model risk and computational feasibility
concerns.

The dividend process should be a jump process with a
single random negative jump at default time 7 equal to the loss
given default LGD;.

In Section 5, we consider the CVA of an uncollateralized portfolio
consisting of a single FX forward, namely an agreement to receive
at a future time ¢/ > t an amount N°! in a currency ¢; paying an
amount N° in currency ¢. We suppose that the loss at default LGD,
is a fixed fraction (1 — Rec) of the positive value max(Ez, 0), of the
contract, where E; = ¢;'“P{* (t')N1 — P¢(+')N€ for suitable deter-
ministic interest rate curves P!, P€. The pricing rule Q; assumes
an instantaneous default probability process A, independent of ¢€1€.

YCVA
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3.2.2  Credit Default Swaps. We suppose that # can include Credit
Default Swaps (CDS) on the derivative counterparty. By convention,
we decide that N, th > 0 for such instruments indicates that the agent
has a long position with respect to the risk (he sold protection).
The price process Xth is the upfront price. Denoting by 7 the default
time of the counterparty, the dividend process is a step function
with positive jumps equal to the quarterly coupons C on a schedule
Tih contingent to counterparty survival, and a negative jump equal
to the protection flow (1 — Rec) at default 7.

3.2.3 Cash accounts. We call “cash account” any element beX
such that X}’ = 1 yielding a continuous flow dY =7y bdt We sup-
pose that % includes a funding account f(c) € ?f for each currency
¢ € €. Recall that the home funding f(¢) was already introduced
in section 3.1.1 with the notation A.

3.24 Rebalancing costs. To model transaction costs, we suppose
that the following market operations are used to rebalance the
portfolio:
e non-cash assets (h # f(c) for all ¢ € €) can be exchanged
for cash in the asset currency cy,, paying a unit cost ygl. The
cumulated ¢-converted cost of such operations is:

= [ gart = [ goeymant

e Foreign funding accounts f(c) for ¢ # ¢ can be converted
to domestic cash h with spot operations on the foreign ex-
change market, paying a unit cost yf . The cumulated notional
F{ in ¢ currency of such operations up to time ¢ excluded
must be computed net of all other ¢ denominated cash flows,

so it satisfies by definition
t_
ARy ey / NEayEe,
heZ\{f(c)} heg V0
cp=cC

and generates a cost

t
1/ < [ yorarsl

Finally, we can compute the total transaction costs as

T;(N) = Z i

hex

4 IMPLEMENTATION

This section describes a set of modelling choices we made to test
numerically the above approach.

4.1 Financial setting

In this subsection we specify the financial environment with the
general notation of Section 3.

4.1.1 Assets and currencies. The hedged CVA is due to a single
EURUSD FX forward. The set of currencies which appear in the
book are € = {EUR, USD} and EUR is considered to be the main
evaluation currency, i.e. ¢ = EUR.

We suppose that # includes a CDS on the CVA counterparty
with a fixed maturity date, which we identify with the notation

Anonymous Authors

h = CDS.? The set of assets is therefore
9 = {CVA,CDS, f(EUR), f(USD)}.

Under these assumptions the free setis # = {CDS, f(USD)}, which
we call informally “hedging assets”. We also assume that interest
rates are zero for all cash accounts, and so are their dividend pro-
cesses.

4.1.2  Data generation. The risk drivers used to generate the dataset
are the FX rate ¢; := qﬁtU SDEUR and the default intensity A;.
We simulate the FX rate via a Geometric Brownian Motion (GBM)

4t _ oo aw?, @)
o
with null drift, volatility cr¢, and Wiener process W;ﬁ.

We simulate the default intensity via the Cox Ingersoll Ross (CIR)
model [12]

dle = kA0 = ) dt + oM dWH, 3)

where k” is the mean reversion speed, 0% is the long term intensity,
o the volatility, and W’.‘L another Wlener process.

An instantaneous Correlatlon pt . between the stochastic terms
th¢ and th" can be naturally introduced, which affects only
mildly the level of the FX rate at the default time, but is sufficient
to generate a correlation between the dynamics of the FX rate and
the credit spread, whose effects on the hedging problem are among
the main topics of this paper.

The CVA pricing model Q; assumes the same dynamics (2)-(3),
but allows for a dlfferent correlation p? 4 between the Brownian
motions, e.g. p% =0+ p

FX trading costs are mogelled by a constant y,
ogously, once A; is simulated, we generate bid and ask default inten-
sities A* by applying a semi-spread y?, i.e. AF=Ml+ y?. Eventually,
standard pr1c1n formulas [e.g. 5] map the smlulated A¥ to bid and
ask prices X ; we take their midpoint for the book value X; CDS
and their half dlfference for the infinitesimal transaction cost yCDS

USD _ USD_ Apal-

4.2 RL setting

In this subsection we specify the MDP with the general notation of
Section 2.

4.2.1 State. The state vector includes:

(1) Time ¢ to CVA maturity, in days.

(2) Value of the risk drivers A; and ¢;.

(3) Current allocation in the hedging assets, expressed without
loss of generality by the first order sensitivity of the hedging
book to A; and ¢;.

(4) First order sensitivities of the CVA w.r.t. A; and ¢y;

(5) First order sensitivity of the CDS w.r.t. A;.

Remark 4.1 (Sensitivities). Items 4 and 5 are functions of (t, A¢, Pr)
which the algorithm may learn by itself, but every modern front office
system already calculates first order derivatives of all book items,
so there is no reason not to give them to the RL agent as useful pre-
engineered features. A similar consideration applies to item 3: one
may naively put into the state the notionals NP5 and NSWUSD) by
2For long trading horizons, one may want to consider a synthetic rolling instrument, to

use always the most liquid on-the-run maturity for hedging. In such case, the dividend
process should be carefully defined to include the roll costs.
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decades of market expertise tell us that a sensitivity-based representa-
tion is more convenient for trading, so we let the Al trader start from
information in this form.

4.2.2  Action. The action vector A;; should describe the allocations
in the interval (#;, tj+1]. For the same reasons as in Remark 4.1, we
express them as the sensitivity of the allocation to A; and to ¢;.

4.2.3 Reward. Following the definition of the gain process in (1),
the signed increment G; — G represents the performance over the
time period [s, t) of the hedging strategy, usually referred to as PnL.
Traders aim at maximizing such increment and at controlling its
variability, not only in distributional sense as the possibility of a
large negative PnL over the full trading period [to, ), but also in
the time direction: e.g., they cannot accept recording a large loss
Gyjo < 0, even if it leads eventually to a positive gain Gy > 0 with
high probability. All of this suggests that a good description of the
trader’s objective should consider a set of increments over a time
gridty < t; <--- <ty =t Ry, = Gy, — Gy, to be maximized in
volatility-averse sense. The reward is thus defined as:

Rip= ) NP (XE = XP 4+ T =) = Ty (N) + T, (N).
hex

Remark 4.2 (Role of the pricing model). The return of an episode
G = Zf.fl Y'Ry, collapses telescopically to Gz if y = 1. Its maximiza-
tion is equivalent to the maximization of the eventual profit without
risk-aversion; moreover, if the optimization horizon t is the maturity
of the portfolio, then there is no dependence of the objective on the
pricing model Q;. The latter plays a role only when either y < 1
(encoding a preference in PnL timing, be it real or a bias introduced
for better algorithm convergence), or when the time distribution of
the PnL is part of the risk-aversion as in TRVO.

4.2.4  Episode termination time. ¢ corresponds to the earliest be-
tween the trading horizon f and default time 7 (discretized on the
time grid).

5 NUMERICAL RESULTS

We collect here empirical evidence on the behaviour of the algo-
rithm and of the optimized policy with different choices of model
parameters and algorithmic hyper-parameters.

5.1 Common parameters and assumptions

Unless otherwise specifically stated, we consider the same maturity
date for the FX forward and the CDS and we set it equal to 5 years.
Furthermore, we choose NYSP = 1.1, NEUR = 1, mid FX rate at the
pricing date equal to 1, o? = 10%. Concerning the CIR model, we
calibrate it to so to fit a flat credit curve with fixed spread equal
to 1% (100 bps) and an at-the-money payer credit swaption with 1-
year expiry and 5-year final maturity with a 50% implied volatility,
obtaining A, = 1.66%, k* = 0.3769, 6* = 1.87% and o* = 19.22%.
The time grid ¢y < t; < --- < tn spans 90 trading days and con-
siders a 2-hours spacing within each trading day, for a total of 5
timesteps per day; note that this realistically implies a non-uniform
spacing in calendar time, with larger steps (and market movements)

3These values are compatible with the market values observable between mid 2022
and mid 2023 for the EURUSD and for a generic investment-grade (IG) CDS curve.
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Evolution of the CDS action over time

Delta HDG - — - - f = 5e2
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Figure 1: The plot represents the CDS action for an out-of-
sample episode, expressed as the sensitivity to A of the hedg-
ing portfolio, chosen by the delta hedging strategy and by
agents trained at different values of the risk-aversion coeffi-
cient f, in an environment that includes transaction costs.
In this simulation y* = 1.66e—3 (i.e., bid-ask semi-spread of
about 10 bps), yYSP = 5e-5, and p%} =0.

across the nights, and even larger no-action gaps across weekends.
The actor and critic in the TRVO algorithm are represented by a
neural network with two hidden layers of 10 units each and hyper-
bolic tangent activation function, and trained with batches of 500
episodes.

Performance metrics are computed with y = 1 even thoughy < 1
is used in training to ease convergence.

5.2 Baseline

We consider as baseline an environment with null transaction costs
and null correlation between the two Brownian drivers: pE 6=

Py, =0.

A%Ve neglect the possibility of defaults, which should be very
unlikely for an IG CDS considering the episode length. Note that the
no-default assumption could in principle induce a bias, since selling
(buying) protection on CDS means experiencing a benefit (cost)
from the premium leg without a counterbalancing cost (benefit)
from the protection leg, thus, inducing an “aggressive” agent to
hold a long credit outright position. However, our results show that
this bias is essentially immaterial for an IG CDS curve.

With the above assumptions, any trading strategy in the hedging
instruments has zero expected value, because we are simulating
such assets in a risk-neutral model with null interest rates and
transaction costs. Therefore, for any positive level of risk-aversion
coefficient § and any value of the discount factor y, we expect the
optimal strategy to just minimize the reward volatility. Given the
high frequency of rebalancing, such optimum should be very close
to the classical hedge matching first order sensitivities of the CVA.

Therefore, we performed 1500 optimization steps with three
different values of f, and with y fixed to 0.99. The out-of-sample
statistics show that the optimized policies perform similar to the
delta hedge: the return average and standard deviation differ by max
2%, the reward standard deviation differs by max 1%. The actions
are in perfect overlap both in CDS and FX space.
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Figure 2: Each dot represents the average performance of an
agent over 2000 out-of-sample episodes in terms of return
and unnormalized reward volatility, depending on f (anno-
tated next to each dot) and y)‘. The CDS bid-ask semi-spread
is about 5 bps in the left plot and 30 bps in the right plot;
in each exercise yUSD = 5e-5, p§ 6= 0 and CVA at inception
equals -0.0712 Eur.

5.3 With transaction costs

In this section, we change the baseline setting of Section 5.2 by
including transaction costs.

In this situation the agent improves on delta hedging by trading
less frequently, to avoid frequent small movements of the allocation
in opposite directions, which would be costly without significant
risk reductions. This results in a smoothing of the hedging po-
sition, as shown in Figure 1, for a specific testing episode. The
smoothing is more pronounced if the risk-aversion is lower, while
at high risk-aversion the agent strategy and delta hedging coincide,
as previously shown by [40] in an equity environment. Similarly,
smoothing is more pronounced if transaction costs are higher; for
FX, where realistic costs are extremely low, the agent’s action over-
laps delta hedging, hence its plot is omitted. The economic effects of
the smoothing are summarized in Figure 2: at lower risk-aversions
the agent’s return is higher, while the reward volatility increases.
The obtained frontiers dominate delta hedging already at relatively
low costs (see the Lh.s. of Figure 2), at higher costs dominance
increases (plot on the r.h.s.).

5.4 With correlation (and costs)

In this section, we consider correlation between the Brownian
motions driving A; and ¢; in the evolution of the risk drivers but
not in the CVA pricing formula, as anticipated in Section 4.1.2.
Without transaction costs the first order sensitivities are still
close to optimal, so in the figures we represent only results with
costs. As we introduce transaction costs, the agent implements the
smoothing strategy observed in Section 5.3, but slightly modifies
the policy to exploit the expected co-movements of the risk drivers
and save on costly rebalances. This can be seen in Figure 3: the
figure on the left represents how the actions of the agent differ
from the delta hedge with no correlation between the risk drivers
and we can observe that there is no linear relationship, thus we
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Figure 3: Each dot represents the difference between agent
and delta hedging on a simulated market in terms of FX ac-
tion and CDS action, expressed respectively as the sensitivity
to ¢: and A; of the hedging portfolio, depending on § and
pﬁ . In each exercise y’1 = 8.3e—4 (i.e., bid-ask semi-spread
of about 5 bps), and yYSP = 5e-5.

obtain a symmetric shape with more dispersion in the CDS direc-
tion, which is caused by the fact that the smoothing on the credit
actions is more evident due to higher costs. If instead we look at
the figure on the right, where p§ = 0.5, we can clearly notice a
linear relationship, specifically when the agent is over-hedging
compared to the delta hedging strategy in terms of credit, then it is
under-hedging (w.r.t. delta hedge) on the FX side. This is because,
since the two risk drivers are correlated, it is possible to hedge some
of the credit risk using FX, and since it is less expensive to trade
FX, the agent exploits this correlation to save on trading costs. This
improvement is obtained when the CVA pricing is misspecified as
a zero-correlation pricer, this is a strong indication that a complete
coherence between P and Q dynamics is not strictly necessary for
the agent to learn an efficient policy.

Figure ?? shows the average results of two different policies
with different risk-aversion coefficients (similarly to Figure 2). The
environment in which we are testing considers a 50% correlation.
The red policy has been trained with no correlation, while the blue
policy has been trained with correlation. What we can see is that,
as expected, the red policy performs better. On the other hand, this
superior performance is only marginal, indicating how the agent is
robust to changes in the behavior of the environment and thus of
the risk drivers.

5.5 With default

In this section we go back to the zero-cost case and we face coun-
teparties with credit standing spreading between High Yield and
distressed. We considered credit curves with fixed spread equal
to 500 bps, 1000 bps, 1500 bps, and 3000 bps and we calibrate a
CIR model for each of them. These levels are incompatible with
a no-default framework, so we adopt the developments of [15] to
accommodate a stochastic termination, both in the RL framework
(see Section 4.2.4) and in the simulations.

As in Section 5.2, any hedging strategies with the above assump-
tions have zero expected value. Therefore, for any positive level of
risk-aversion coefficient f# we expect the optimal strategy to just
minimize the reward volatility. In this section we only consider
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Evolution of the CDS action over time
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Figure 4: The plots shows the CDS action chosen by the agent
and the benchmarks delta hedging and jump hedging, all
expressed as the sensitivity to A; of the hedging portfolio,
for an out-of-sample episode in a zero-cost environment.
The initial value for the credit process is A9 = 0.22412, which
corresponds to a CDS spread of about 1500 bps.

B = 10%, which obtained a good convergence in the training phase,
but other cases have also been tested with comparable results.

We consider an additional benchmark hedging strategy, defined
so that the notional of hedging CDS at a certain time is chosen
to perfectly offset the possible loss the FX forward could incur if
the counterparty defaults at that time. We call this strategy “jump
hedge”, since it aims at ensuring that, at default, the loss due to the
counterparty risk is perfectly balanced by the CDS protection.

We expect the agent to select a trade-off between the delta hedg-
ing and jump hedging strategies since it is only allowed to trade
one CDS expiry. In fact, neither of the two strategies is optimal:
the former allows for a going concern hedge (i.e., when 7 > ); the
latter gives a perfect hedge only at default time (i.e., if 7 < #). This
trade-off is indeed what the trained policy does in terms of CDS
actions, as can be observed in Figure 4 for a specific testing episode.
The plot of FX actions is instead omitted since it would have shown
a perfect overlap between agent’s and benchmarks’ actions.

Table 1 summarizes the performance of the agent and the bench-
marks. It shows that the agent achieves better results in terms of
reward volatility. Average return is also shown, even if it should be
statistically insignificant and hence irrelevant for the performance
measurement.

6 CONCLUSION

Reinforcement Learning is a promising tool to optimize hedging
strategies under a realistic financial description, without constraints
on analytical tractability and dimensionality typical of classical
control approaches. In this paper, we showed how RL can indeed be
used for hedging of a CVA, a hybrid product which can depend on
several risk factors, including the non-diffusive default indicator.

With this aim, we started by describing a concept of risk-aversion
that considers the interest of traders in reducing profit and loss
swings in the time direction.

Secondly, we introduced a flexible setup for the description of
the CVA hedging mechanics, with almost no assumptions on the
2024-07-23 08:08. Page 7 of 1-8.
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Policy CDS Spread Ir 2

TRVO B = 10* 500 317x107° | 2.78x107°
Delta hedge 500 3.49%x107° | 5.27x107°
Jump hedge 500 456 x 107> | 3.36x107°
TRVO f = 10% 1000 —0.59x 107> | 3.73x107°
Delta hedge 1000 -1.71x 107> | 5.79x107°
Jump hedge 1000 3.40x107° | 8.00x 107°
TRVO 8 = 10* 1500 -137x107° | 4.78x107°
Delta hedge 1500 ~1.77X107° | 6.90%x107°
Jump hedge 1500 0.50 X 107> | 10.24 X 107
TRVO B = 10* 3000 —049x107° | 1.40x107°
Delta hedge 3000 0.22x107° | 1.73x107°
Jump hedge 3000 2.14x107° | 2.05x107°

Table 1: Performance metrics of the trained agents, delta
hedging and jump hedging, in the setting of Section 5.5, com-
puted over 2000 out-of-sample episodes for different levels
of the flat CDS spread curve to which the CIR model is cali-
brated.

underlying stochastic processes. We used this flexibility to vary
the environment in the numerical experiments, and study how
different elements of realism affect the optimized policy. The tests
show that the algorithm converges to theoretical optima when
available, while it finds nontrivial improvements to the optima in
presence of transaction costs, correlation among the risk drivers,
or non negligible probabilities of counterparty default.
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