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Abstract

Identifying critical infrastructure in transportation networks requires metrics that can cap-
ture both the topological structure and how demand is redistributed during disruptions.
Conventional graph-theoretic approaches fail to jointly quantify these vulnerabilities. This
study presents a computational framework for edge-criticality assessment based on the
Fused Unbalanced Gromov-Wasserstein (FUGW) distance, incorporating both structural
similarity and demand characteristics of network nodes in an optimal transport tool. The
three hyperparameters that influence FUGW accuracy—fusion weight, entropic regular-
ization, and marginal penalties—were tuned using Bayesian optimization. This ensures
the rankings remain accurate, stable, and reproducible under temporal variability and
demand shifts. We apply the framework to a benchmark transportation network evaluated
across four diurnal periods, capturing dynamic congestion and shifting demand patterns.
Systematic variation in the fusion parameter shows seven consistently critical edges whose
rankings remain stable across analytical configurations. It can be concluded from the results
that monotonic scaling with increasing feature emphasis, strong cross-hyperparameter
correlation, and low temporal variability confirm the robustness of the inferred criticality
hierarchy. These edges represent both structural bridges and demand concentration points,
offering o indicators of network vulnerability. These findings demonstrate that FUGW
provides a solid and scalable method of assessing transportation vulnerabilities. It helps
support clear decisions on maintenance planning, redundancy, and resilience investments.

Keywords: Fused Unbalanced Gromov-Wasserstein distance; network vulnerability;
optimal transport; critical infrastructure; hyperparameter optimization

MSC: 68U01; 68U35; 68V20; 68W25

1. Introduction

Transportation networks form the backbone of modern economies, moving goods,
people, and services across transcontinental, urban, and regional landscapes [1]. However,
they are vulnerable to disruptions such as natural disasters, traffic jams, infrastructure
failures, terrorist acts, and recent pandemics, which create serious challenges for oper-
ations and society. Critical infrastructure edges refer to road segments whose removal
disproportionately degrades network performance through either (i) structural disruption
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(increased path lengths, disconnection, etc.) or (ii) functional disruption (demand redistri-
bution, capacity bottlenecks) or both. Unlike node-based metrics focusing on intersections,
edge criticality directly assesses the vulnerability of physical infrastructure subject to fail-
ures. The importance of making transport more efficient cannot be overstated. Efficient
transportation systems cut travel times, reduce operational costs, and boost economic
productivity. Resilient networks, on the other hand, prevent cascading failures and keep
things running under stress. A key tool in the design of a resilient network is the need to
identify key components within those infrastructure settings, especially those represented
by “edges”, such as roads and rail network segments, that are vulnerable and sensitive
to network failure cascades. Graph-theoretic metrics such as betweenness centrality or
shortest-path analysis are often taken into account in traditional approaches to vulnerability
analysis [2]. These focus on how things are connected but miss changing demand patterns,
timing differences, and how disruptions affect network function [3]. These methods capture
topological importance but fail to incorporate the probabilistic nature of traffic demand or
the stochastic effects of perturbations on network functionality.

In response, and to keep a clearer balance between efficiency and resilience, recent
research has turned toward optimal transport (OT) theory—a mathematical framework
originally proposed by [4] and later formalized by [5]—which provides a principled way
to quantify the minimal cost of redistributing mass between probability distributions.
However, classical OT and the standard Wasserstein distance assume that both distributions
are defined on a common geometric space and that total mass is preserved, making it
unsuitable for comparing disrupted systems where demand and supply may vary. The
Wasserstein distance cannot capture the relational structure of networked systems whose
topology itself changes under perturbation [6]. To overcome this limitation, the Gromov—
Wasserstein (GW) distance fixes this by comparing the metric measure spaces (mm-spaces)
based on their intrinsic relational geometry rather than shared coordinates—an essential
advance for analyzing transportation networks with evolving connectivity [7].

However, GW still enforces strict mass conservation. The introduction of unbalanced
OT [8] and its GW extension, the Unbalanced Gromov-Wasserstein (UGW) formulation [9],
relaxed this restriction, allowing mass to change and only partial matches, which is a
critical property for modeling disrupted or partially observed systems where traffic or
demand drops or is rerouted. The Fused Unbalanced Gromov-Wasserstein (FUGW) dis-
tance [10] takes this further by combining structural topology with node-level features
(like traffic demand), mixing both geometric and attribute-based information into a single
coherent metric.

This study’s primary contribution is the development of a modeling and compu-
tational framework that adapts FUGW to assess edge criticality in a transportation net-
work with 224 nodes and 523 edges, derived from Benchmark datasets (https://github.
com/bstabler/TransportationNetworks (accessed 13 November 2025)). The framework ac-
counts for temporal variability by adjusting edge distances with period-specific factors and
adding uniform noise to simulate congestion, matching probabilistic network models [11].
Node demands, treated as random variables (normalized as probability distributions), are
changed based on edge betweenness centrality, showing realistic disruption impacts [12].
Hyperparameter optimization using Bayesian optimization tunes FUGW parameters (x
for feature-geometry balance, p for marginal relaxation, ¢ for entropic regularization), en-
suring computational robustness across 100 trials. The method combines graph theory
for topological analysis, OT for distributional comparisons, and ranking edges based on
FUGW distances between baseline and perturbed networks. This approach finds seven
edges that are consistently critical across fusion parameters, confirmed by low temporal
variability and strong correlations in the rankings of criticality. The framework scales
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well for medium urban networks and can track resilience in real time, providing practical
insights for infrastructure planning and protection.

This paper is structured as follows: Section 2 reviews related work on network re-
silience. Section 3 presents networks as mm-spaces and their geometric and probabilistic
properties. Distance metrics, including Hausdorff, Gromov-Hausdorff, Sturm, GW vari-
ants, and GW computational complexity, are covered in Section 4, providing the theoretical
foundation for FUGW. Section 5 outlines the experimental design and data resources, and
the computational results are explained in Section 6, with implications for resilience strate-
gies being concluded. Finally, Section 7 presents the conclusions, discusses the limitations,
and outlines future perspectives.

2. Related Work and Theoretical Foundations

Research on transportation network resilience has moved from topological measures
toward distribution-based, geometry-aware frameworks. Early work in graph theory, such
as betweenness centrality [2,12], highlighted structural bottlenecks but often ignored the
dynamics of demand and temporal variability in usage. Recent reviews point out this gap,
refs. [13,14] categorize resilience studies into purely structural or supply-demand models,
and ref. [15] indicates that most resilience analyses are still limited to static networks and
simplified disruption scenarios. Empirical work confirms that network design and demand
loading both affect resilience [16].

In the transportation domain, numerous methods have been employed to assess
vulnerability and resilience. Ref. [17] looked at network vulnerability models, emphasizing
the need for metrics that integrate topological and operational factors. Ref. [18] proposed
a step-by-step framework for resilience assessment, including recovery strategies, but
they worked on simplified demand conditions. Ref. [19] looked at modeling techniques
for different transportation types and approaches, finding that many network studies
still focus on connectivity or redundancy and often ignore flow or time-based demand.
Ref. [20] used the largest-connected-subgraph and efficiency drop metrics to quantify
post-failure performance, but they do not take a formal distribution-based perspective.
Current research on multilayer and interdependent transport networks also confirms that
structural perturbations have cascading effects, but most studies still rely on graph metrics
and network-flow simulations rather than metric-measure space comparisons [21]. Many
vulnerability assessments describe travel times and structural disturbances without the
aid of optimal transport tools [22]. In general, these systems, like designed infrastructure
systems or even those in nature, can all be modeled using graphs; hence, a framework
becomes available through which the systems’ structures and their dynamic characteristics
can be analyzed [23-25].

By taking a graph-theoretic view, recent work has begun applying optimal transport
(OT) and Wasserstein formulations to networked and transportation systems. While most
OT-based studies were initially concerned with graph comparison, alignment, and shape
matching [26-29], extensions of OT to network dynamics are emerging. Ref. [30] proposed
Wasserstein attraction flows for dynamic mass transport on networks, tracking the evolution
of node distributions with constrained barycenter updates according to network topology
and capacity constraints.

This approach shows OT’s potential for network-level flow optimization but remains
limited to balanced mass scenarios and does not directly quantify structural vulnerability or
edge criticality. A key limitation of the Wasserstein distance is that it needs both measures
to be in the same metric space [26], but in network vulnerability assessment, that is often not
the case, because, for instance, removing edges changes the network’s intrinsic geometry.
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The Gromov-Wasserstein (GW) distance overcomes this by comparing internal dis-
tance structures without needing a shared embedding [7,31]. Ref. [3] introduced a GW-
based geometric framework for assessing structural vulnerability in urban transportation
networks. By iteratively deleting edges and finding GW distances between the original and
disrupted topologies, they identified critical links whose removal most alters network ge-
ometry. Their findings, especially the near-zero correlation between GW and betweenness
centrality, show that GW captures global structural distortions overlooked by conventional
graph-theoretic metrics. This work provides strong empirical evidence that OT-based
distances can quantify systemic resilience in transportation systems. However, their ap-
plication to transportation resilience—where disruptions create mass imbalance, dynamic
demand, and topological alteration—remains scarce. This work provides strong empirical
evidence that OT-based distances can quantify systemic resilience in transportation systems.
However, their application to transportation resilience—where disruptions create mass
imbalance, dynamic demand, and topological alteration—remains scarce.

In addition to these advances, the state of the art in unbalanced and Fused Optimal
Transport (OT) in refs. [8,10] allows for the modeling of mass loss, demand variation, and
feature integration, yet their direct application to network vulnerability assessment remains
scarce. In this paper, we build upon these lines and apply Fused Gromov—-Wasserstein
(FUGW) to a temporally varying network, capturing diurnal congestion patterns and
node demands across four periods (morning, noon, afternoon, night). This temporal
dimension, combined with feature fusion and unbalanced regularization, provides a more
comprehensive vulnerability analysis than prior approaches.

3. Distributional Definitions of Measure Metric Spaces

The analysis of network resilience under structural perturbations needs a representa-
tion that captures both the geometric organization of connections and the distributional
heterogeneity of nodal attributes or demands. In this section, a network is viewed as
a measure network space, integrating both its geometric structure and probabilistic dis-
tribution. This formulation presents a unified mathematical framework for comparing
networks with differing topologies through their intrinsic relational geometry [7,24]. The
following subsections progressively develop this idea—from metric spaces to measure
network spaces—establishing the foundational hierarchy for the distributional framework
underlying the Gromov-Wasserstein distance.

3.1. Metric Spaces

The metric space (X, dx) is a Polish metric space if and only if X is a Polish space
and the metric dx is one of the complete metrics compatible with the topology. A metric
space is called Polish if it is separable and complete with respect to dx, where X is a set and
dx : X x X — R > 0 is a function, called a metric, satisfying for all x, x’,x” € X:

1. dx(x,x’) =0if and only if x = x/;
2. dx(x,x") =dx(x,x) (symmetry);
3. dx(x,x") <dx(x,x") +dx(x',x") (triangle inequality).

3.2. Metric Measure Spaces (mm-Spaces)

A measure metric space (mm-space) is a triple X = (X, dx,u) with X C R not
empty and a separable and completely metrizable space (i.e., X is a Polish space), and
dx : X x X — R a (distance) metric generating the geometry of the space Xand y € M.
The GW distance extends the OT framework to these spaces, allowing comparison between
entire mm-spaces rather than between distributions. This generalization enables one to
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measure distances between shapes, graphs, and other structured objects whose elements
are not directly aligned.

3.3. Measure Networks Spaces (m-Nets-Spaces)

The concept of a measure network generalizes that of a metric measure space by
relaxing the requirement that the pairwise interaction function be a distance metric. This
broadens the applicability of the GW framework to complex relational data structures. A
measure network (or m-net) is a triple X = (X, wx, u) where:

e Xisaseparable and completely metrizable topological space (a Polish space);
ey isafully supported Borel probability measure on X;
e wy: X x X — R is ameasurable function, called the network function.

The collection of all measure networks is denoted by . When wx satisfies the metric
axioms and generates the topology of X, it is denoted dx, and the corresponding triple
(X, dx, p) is a metric measure space belonging to the class M. Measure networks include
numerous important structures [32]:

1.  Pseudo-metric measure spaces.

A pseudo-metric wx : X X X — R satisfies all the metric axioms besides allowing
wx(x, x! ) =0 forx # x’', which may occur for distinct points. Pseudo-metric measure
spaces arise naturally as elements in the completion of M under Gromov-Wasserstein
distances [33].

2. Graphs as measure networks.

A finite graph G = (V, E) can be viewed as an m-net by setting X = V, letting px be
the uniform measure, and defining the following [31]:

1 if{x,x'} €E
0 otherwise

wx(x,x') = { (1)

This provides a discrete example of an m-net.
3. Generalized graph kernels.

More generally, one can define wy through other graph kernels, such as the graph
Laplacian or a heat kernel [34].

The GW framework applies naturally to these generalized spaces. Indeed, it has be-
come a key concept in the analysis of graphs and complex data representable as networks or
relational structures, effectively extending optimal transport to settings where distributions
cannot be compared pointwise [7].

3.4. Strong Isomorphism of Measure Networks

Structural equivalence between measure networks is captured through the notion of
strong isomorphism. A measurable function ¢ : X — Y between measure spaces (X, px)
and (Y, py) is measure-preserving if [32]:

pspx(A) = ux(p~ ' (A)) = py(A) 2)

for all measurable A C Y.

Let X = (X, wx, px) and Y = (Y, wy, py) be m-nets. A strong isomorphism from X
to Y is a bijective, measure-preserving map ¢ : X — Y with a measure-preserving inverse
such that [32]:

wy(p(x), @(x')) =wx(x,x)  V(x,x') e XxX (3)
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Strongly isomorphic measure networks are identical in both their measure-theoretic
and structural properties.

3.5. Weak Isomorphism of Measure Networks

A weaker notion of equivalence, allowing for structural similarity up to measure-
preserving transformations, is often sufficient in applications involving GW distances. Mea-
sure networks X = (X, wx, px) and Y = (Y, wy, py) are weakly isomorphic if there exists a
Borel probability space (Z, ptz) and measure-preserving maps ¢x : Z — X, and ¢y : Z — Y
such that [32]:

wx (px(2),¢x(2')) = wy(y(2),@v(Z)) (4)

for py ® uz almost every (z,z') € Z x Z. Strong isomorphism implies weak isomorphism
trivially. The converse holds for mm-spaces but not generally for arbitrary measure net-
works, since non-metric network functions can generate equivalence almost everywhere
rather than pointwise.

3.6. Probabilistic Metric Spaces

In real-world applications, graph data can involve additional attributes in order to
increase representation capability. For example, probabilistic metric spaces were first pro-
posed by Menger in 1942 [35]; further discussion can be found in [36-38]. In other branches
of graph data, such as molecular graphs described by [11], a molecular graph represents
the structure of a molecule using nodes corresponding to atoms and edges corresponding
to chemical bonds, where every node and edge can have categorical attributes that can then
be transformed using one-hot representation to obtain node and edge representations in R”
and R™, where n and m represent the number of atom and bond types, respectively. Simi-
larly, social networks frequently include attributed graphs where node attributes encode
member statistics and edge attributes capture diverse interaction data, typically represented
as non-binary values in Euclidean spaces. In such spaces, the notion of distance between
two points is not represented by a single deterministic value but rather by a probability
distribution over non-negative real numbers. Formally, a probabilistic metric space is a pair
(X, px), where for any two points x, x’ € X, the “distance” px(x, x) is a Borel probability
measure on Rx satisfying the following conditions:

1.  x=x"ifand only if px(x,x") = éy;

2. px(x,x") =px(x,x) forall x,x' € X;

3. For all x,x',x” € X and all s,t € Rso, min(px(x,x')(0,s], px(x’,x")(0,1])
< px(x,x")(0,s +t].

The third axiom generalizes the classical triangle inequality. When distances are
deterministic, that is, px(x,x') = Sy (x,x') fOr some metric dx on X, these axioms reduce to
the standard metric axioms, with the third condition equivalent to the triangle inequality for
dx. Under this formulation, probabilistic metric spaces naturally become Z-networks [39].

3.7. Attributed Network in m-Nets-Spaces

The analysis of network structures can be categorized based on the types of data
associated with their nodes and edges. A basic representation is a graph with edge weights
and node weights, visualized through size variations, which is encoded as a measure
network and compared using the GW distance [26]. A more complex structure considers
a weighted graph with additional node features, where each node is assigned a vector in
R", which makes it possible to compare them via the Fused Gromov-Wasserstein (FGW)
distance [29]. Furthermore, graphs can be enriched with edge features, assigning a point in
a fixed metric space Z to each edge—such as a one-dimensional probability distribution or
time-varying distance in this case—modeled as Z-networks, allowing comparison through
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a proposed distance tailored to the chosen target space Z. In the context of this study,
the transportation network derived from benchmark data incorporates node demands as
features, aligning them partially with the second network in Figure 1, specifically with
the inclusion of four time periods (morning, noon, afternoon, night) with dynamically
adjusted edge distances to simulate diurnal congestion, which introduces a temporal edge
feature. It is a kind of probabilistic network. Graphs with attributes in more exotic metric
spaces are also relevant, with detailed examples provided by [40,41]. Building on this,
Yang et al. [42] apply a general model for graphs with metric space-attributed nodes and
edges, which we adapt to our study. In this framework, an attributed network is defined
by a set of hyperparameters H = (p, Q),dq, ¥, dy), where p € [1,00] and (Q,dq), (¥, dy)
are separable metric spaces. An H-network is a five-tuple (X, ¢x, ¢x, wx, px) that forms a
measure network with ¢x € LP(ux ® ux) modeling the graph structure, x € LP (X, ux;'¥)
represents node features in ¥, and wx € LP(X x X, ux ® ux; Q) models edge features
in Q).

(a) Measure Network (b) Node-Attributed Network (c) Z-Network

Figure 1. Illustration of network representations relevant to transport modeling. (a) Measure
Network: A weighted graph where node size and edge thickness show distance or flow intensity.
(b) Node-Attributed Network: Extends the measure network by associating each node with feature
vectors (e.g., socioeconomic or demand attributes), represented as small column bars. (c) Z-Network:
Incorporates edge-level features (e.g., temporal or probabilistic profiles of congestion), represented
here as distributions attached to edges [39].

4. Distances Between Measure Network Space (m-Net-Space)

Building upon the formalization of networks as measuring network spaces in Section 2,
in the current section, quantitative methods will be developed to compare these spaces.
Having defined the geometric, measure-theoretic, and relational foundations of networks,
we now turn to distance functionals that capture similarities and differences between them.
These distances extend classical geometric notions—such as the Hausdorff distance—to
measure metric and measure network settings, thereby integrating both spatial and distri-
butional aspects. We begin with the Hausdorff distance for subsets within a fixed space
and progress to more general constructions including the Wasserstein distances, Gromov—
Hausdorff, Sturm, and Gromov-Wasserstein distances, as well as their fused and unbal-
anced variants, which are central to modern optimal transport-based network analysis.

4.1. Wasserstein Distance

The Wasserstein distance is a cornerstone of optimal transport theory and takes a
pivotal role in modern statistics, machine learning, and computational geometry. It offers
a practical discrepancy measure between probability distributions by incorporating the
underlying geometry of the sample space, which has been recently applied in the dis-
tributionally robust optimization setting [43]. Unlike information-theoretic divergences
such as the Kullback-Leibler or total variation distances, the Wasserstein distance satisfies
the axioms of a metric and reflects the spatial arrangement of mass within the distribu-
tions [44,45].
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In many computational and applied contexts, the measures u and v are discrete and
supported on finite sets:

n n
=Yg Wiy v = Zj:l vjdy, )
In the discrete setting, the p-Wasserstein distance becomes a finite-dimensional linear
optimization problem:

n m
WP (u,v) = mi dr (x;,y:)P; 6
5 (u,v) Per{;awg; (xi, y7) Py 6)

where:

e P = Pjisatransport matrix (or coupling matrix) indicating how much mass is moved
from x; to y;;
e  U(p,v) is the transport polytope:

Up,v) = {P €RY™: Y Pj=pi, ), Py = Vj} 7)

Each feasible matrix P € U(p,v) defines a valid mass-transport plan that preserves
the marginals. The objective function measures the total transport cost under the ground
distance d (x;, ;).

When the transport plan is restricted to deterministic assignments, i.e., P;; € {0,1}
with one non-zero entry per row (and per column, for uniform measures), the problem
reduces to the Monge formulation of discrete optimal transport.

4.2. Hausdorff Distance

The Hausdorff distance is a classical tool in geometry and analysis for comparing two
subsets of a metric space. Given a metric space (Z, dz ), the Hausdorff distance between two
non-empty subsets A, B C Z determines how far the sets are from matching one another. It
is defined as the largest distance one has to travel from a point in one set to reach the other
set. Intuitively, if every point of A is close to some point of B, and vice versa, the Hausdorff
distance is small; otherwise, it is large.

Formally, the Hausdorff distances are defined as follows [46]:

Hz(A,B) et (sup inf dz(a,b),sup inf dz(a,b)). (8)

acA beB beB acA

This construction turns the family of compact subsets /C(Z) of Z into a metric space.
A fundamental property is that if the underlying space Z is compact, the metric space
(K(2), Hy) is also compact (see e.g., [47,48]). This makes the Hausdorff distance partic-
ularly valuable in geometric analysis, shape comparison, and computer vision, where
compact sets such as curves, surfaces, or finite point clouds are often studied. Figure 2
shows the computation of the Hausdorff distance in R?, where the distance matches the
largest minimal distance between the boundary points of the two sets.

The Hausdorff distance also admits an interpretation that parallels the theory of opti-
mal transport, especially to Wasserstein distances, which are defined between probability
measures. Following [7], one can interpret Wasserstein distances as acting on weighted
sets (measures), while the Hausdorff distance corresponds to comparing the underlying
unweighted supports.

R(A,B) &

Va € A, 3b € Bsuch that (a,b) € R,
Re X :
{ i Vb € B, EIaeAsuchthat(a,b)eR}
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Figure 2. [llustration of the Hausdorff distance in R2. Two compact subsets, X’ (blue) and ) (purple),
are shown with their respective boundary points. The dashed circles depict neighborhoods used to
evaluate the maximal minimal distance criterion.

Formally, in the Kantorovich formulation of optimal transport, one seeks couplings
between probability measures & and . Replacing couplings of measures with couplings
of sets and replacing integration with maximization (since we are no longer averaging
weights), one obtains a definition that coincides with the Hausdorff distance.

Hz(A,B)= inf d(a,b). 10
z(A,B) RG;QIZA/B)(;;};R (a,b) (10)

This connection is particularly strong with the co-Wasserstein distance. Indeed, for
any probability measures (&, ) supported on sets A, B C Z, one has the following;:

H(A,B) < W (a, B) (11)

where the support of an optimal coupling 7 € U(«, B) provides a natural set coupling
between A and B [6]. The Hausdorff distance is widely used in applications where the
geometry of sets must be compared.

4.3. Gromov—Hausdorff

The Gromov-Hausdorff (GH) distance [49,50] extends the Hausdorff distance from
subsets of a fixed metric space to the comparison of entire metric spaces. While the
Hausdorff distance quantifies how far two subsets of the same space are from coinciding,
the GH distance measures how far two metric spaces (X, dx) and (Y, dy) are from being
isometric, i.e., structurally identical as metric spaces. Formally, the idea is to embed both
spaces into a common metric space (Z,dz) using isometric embeddings, f : X — Z and
g :Y — Z, and then compute the Hausdorff distance between the images f(X) and g(Y)
(see Figure 3). It is defined as the minimum Hausdorff distance between every possible
isometric embedding of the two spaces in a third one [46]:

don(dx, dy) & Jnf (Hz(F(X),8(0)) : FiX 7z, oYz (12)

where the infimum is taken over all possible choices of common metric spaces Z and all
isometric embeddings f, g. By construction, the constraint on embeddings guarantees that
the original distances are preserved:

dz(f(x), f(%)) = dx (x,%)for any (x,%) € X x X and similarly for g.

https:/ /doi.org/10.3390/math14030417


https://doi.org/10.3390/math14030417

Mathematics 2026, 14, 417

10 of 38

Metric Space (X, dx)
Square Configuration
0

Metric Space (Y, dy)
Triangle + Isolated Point
30

Common Space Z with Isometric Embeddings
du(fiX), g(Y)) =4.09

40
z
25 25 [ ] 35
30 [ ]
2.0 2.0
25
15 15 2.0 o
0 @@ 10 e R o
1.0 S~
~
05 05 \‘\\
05 [ J ~
O e
0.0 [ ] o 0.0 [ ] L ) 00 @ fix) (rotated & scaled)
@ (v (stretched)
_ _ -05

5 0.5
-05 00 05 10 15 -05 00 05 1.0 15 ° 1 2 3 4 5

Figure 3. Illustration of the GH distance between two metric spaces. Two metric spaces, X’ (blue)
and Y (purple), are embedded isometrically into a shared metric space Z through mappings f and
g. The Hausdorff distance between their embedded images, f(X) and g(Y) (highlighted by dashed
connections between points a and b), provides the GH distance.

This definition implies that GH defines a distance between compact metric spaces up
to isometries, so that in particular dgy(dx , dy) = 0if and only if there exists an isometry
h : X — Y,ie, hisbijective and dy (h(x), h(x)) = dx (x, X) for any (x, %) € X x X.

Following [7], the GH distance can be reformulated using couplings between the two
spaces, similar in spirit to the optimal transport approach as follows:

dgp(dx,dy) 13)
inf sup  |dx (x, ¥) —dy (v, ¥)|. 13
RER(XY)((x,y),(%,9))eR?

Il
NI—

For discrete spaces X = (x;)/_;,Y =

D= (dx (xi x)),; € ™", D= (dv (v, v;))

nxm

(y]')]r.nzl represented using a distance matrix

. € R™™ one can rewrite this opti-
J1

mization using binary matrices R € {0, 1} indicating the support of the set couplings

R as follows:

dey(D,D’") = 1 inf  maxR;

= R.-
2R1>0,RT1>04,1 j,j

’ l,],]Di,i/ D,y ‘ (14)

iz

The initial motivation of the GH distance is to define and study the limits of metric
spaces, as illustrated in Figure 4, and we refer to [48] for details. There is an explicit
description of the geodesics for the GH distance [51].

Figure 4. Illustration of the GW distance between two metric measure spaces from [46]. Each space,

X (red) and Y (blue), is characterized by its internal pairwise distance matrix, D and D/, respectively.

Instead of computing direct point-to-point distances, GW compares the relational geometry between
. . s e . . . 12

pairs of points across spaces, minimizing discrepancies of the form | D; y — D’y | under a transport

coupling between nodes.

4.4. Sturm

Sturm’s distance [52] combines ideas of the Gromov—Hausdorff distance [7,53]
with OT.
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It consists in mapping two mm-spaces X = (X, dx, #) and Y = (X, dy, v) isometrically
into a third space (Z,dz), and performing OT on that third space. It reads as follows:

dSturm (X/ Y)

= (z,dZI)r,ll,fX,wadz (Yx)um, (Py)pv), (15)

where dz is the ground OT cost on Z, x : X — Zand 1y : Y — Z are isometrically em-
bedded into Z. By comparison, the Gromov-Hausdorff distance between two metric spaces

reads as follows:
GH((X,dx), (Y,dy))

2 Inf H X), py (Y (16)
zas d, (x(X), Py (Y))

where (Z,dz), Px, Py satisfy the same constraints as for dgy,,, and Hy, (X, Y) is the Haus-
dorff distance between two sets X, Y C Z and reads as follows:

Hy, (X,Y)

£ max{sup infdz(x,y),sup infdz(x,y)}.
xeXyeY yeYxeX

(17)

A fundamental difference between Sturm’s distance and the Gromov-Hausdorff
distance is the extra information contained in the measure. It allows defining integrals on
X and Y, which are smoother quantities than the suprema/infima used for the Gromov-
Hausdorff distance.

Sturm’s distance was motivated by theoretical considerations, namely comparing
the curvature of spaces. Unfortunately, it is difficult to implement exactly and efficiently,
since a triangle inequality constraint on d as well as an isometry constraint on the maps
(x, Py) must be imposed. Furthermore, OT is concave w.r.t. to the input cost dz; thus,
the minimization in d; yields a non-convex problem. This is the reason why we consider
another distance between mm-spaces, which is more amenable to computations.

4.5. Gromov-Wasserstein

Optimal Transport enables computing assignments (or permutations) that account
for metric similarities between samples. However, such a metric may not exist when the
measures are defined on two different spaces. GW aims to define a meaningful distance
between two mm-spaces, X and ), each represented as a probability measure over their
elements and attributes. The GW distance is a strong generalization of the classic Wasser-
stein distance. It solves a key problem: comparing distributions that are not in the same
space. The standard Wasserstein distance W; needs both distributions in a common space
to compute direct pairwise distances. Gromov-Wasserstein, however, compares distribu-
tions using their internal structural relationships. It extends optimal transport to cases
where distributions cannot be compared point by point [7]. Instead of computing distances
between individual samples from two distributions, GW realigns the metric spaces by
comparing their internal distance structures through a transport between distance matrices.
Let X = (X, dx, “Ll) = {(xi, dx(xi, xk),a,')}?zl and Y = (Y, dy,l/) = { (]/], dy (]/j/]/l)/ b]) };11:1
be two finite metric measure spaces with weight vectors a € A;,b € A;. Denote by
DX € R"™" and DY € R"™*" their pairwise distance (or cost) matrices, Di),(k = dx(xj, xy)
and D},(l = dy (yj,yl). The GW distance is designed to compare structured mm-spaces,
without requiring any embedding in a common ambient space.
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The (quadratic) Gromov—Wasserstein problem for a genericloss L: R x R — R* is
written in the discrete setting as follows:

GWa(u,v) = min L(D}%, D})P;;p 18
2(.” ) PEU(a,b)0<l-lk<n ( ik ],l) i,j4k,1 (18)
0<jl<m
where P belongs to the transportation polytope:
U(a,b) = {P ER™™: Pl, =a,P'1, = b} (19)

A common and practical choice for the loss is the squared difference L(a, b) = (a — b)?,

which yields the standard squared GW objective used in most algorithmic papers. The ob-
jective in (GW) is a quadratic form in the coupling P and is equivalent, in the balanced n = m
case, to a Quadratic Assignment Problem (QAP). The QAP formulation exposes the non-
convex and combinatorial character of GW in its discrete form. This discrete quadratic
structure is the root of the computational hardness of exact GW [7].

GW compares the internal metric structure of X and Y, by measuring how well the
pairwise distances in X match those in } under the coupling P. Unlike classical optimal
transport, GW distance does not require the nodes to live in a common feature space
(Figure 4).

4.5.1. Unbalanced Gromov—Wasserstein

The Unbalanced Gromov—-Wasserstein (UGW) divergence constitutes the computa-
tionally tractable core of the unbalanced optimal transport (UOT) framework [27]. Figure 5
illustrates a motivating example contrasting optimal transport (OT) and UOT matchings
between two point clouds. In the balanced OT case (Figure 5a), every point from the
source distribution must be matched to some point in the target distribution, even when
certain regions or “modes” of the data are distant or unmatched, leading to unrealistic
correspondences. In contrast, the unbalanced formulation (Figure 5b) allows portions of
mass to be discarded, effectively ignoring outlier samples and yielding a more meaningful
correspondence between comparable regions. This capacity to handle differing support
motivates the introduction of UGW divergence.

(a) OT matching (b) Unbalanced OT matching
@ Source
15 @ Target 15
[ =0 O [ J (d
” ®
10 10
%o
° ®
05 05
°
0.0 0.0
-0.5 -0.5 °
@
e o
-1.0 -1.0 L ]
o ®
[ J
-15 -15

-1.5 -1.0 -0.5 0.0 0.5 1.0 15 -1.5 -1.0 -0.5 0.0 0.5 1.0 15

Figure 5. Comparison of balanced and unbalanced optimal transport matchings between two 2D
point clouds. (a) Classical OT forces all source samples (blue) to match target samples (red), even
geometrically distant ones. (b) UOT allows partial matching, discarding unmatched points (light
colors) for more realistic correspondences. Green lines show transport couplings; x and y axes
represent 2D spatial coordinates.
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min

P

It is designed to preserve the geometric interpretability of the classical GW distance
while enabling flexibility in cases where the total transported mass between source and
target distributions differs. This relaxation is crucial for practical applications—such as
transportation or communication network analysis as will be shown in Section 6—where
disruptions, congestion, or demand fluctuations can alter the effective mass distribution
across nodes or edges. In such settings, the UGW divergence naturally models partial
correspondence between baseline and perturbed network states, allowing critical structural
changes to be quantified even when total flow or demand is not conserved.

The divergence builds upon a natural extension of the classical formulation. While
the original Gromov-Wasserstein distance enforces strict marginal constraints P; = pu
and P, = v, which implies perfect conservation of mass, the UGW divergence relaxes
these constraints through the introduction of penalty terms that allow for controlled mass
creation and destruction. This relaxation enables a soft correspondence between domains
that differ in size, shape, or density, without requiring one-to-one matching of all elements.
This could be the place to start determining the difference betweenn # m.

Formally, given two measure network spaces X = (X, wx, p) and Y = (Y, wy,v),
the UGW divergence is defined as follows:

Gromov—Wasserstein loss Loy (P) Marginal constraints Lij(P) Entropy
X y |? X X Y Y ’ \
y ‘Di/k - D), ‘ PPy +p(KL(P#1 ®P#1‘w ®w ) +I<L(P#2 ®P#2’w Qw ) + e E(P) (20)
0<ik<n
0<j,l<p
where:

° DiXk: pairwise distance between nodes i and k in the source space (baseline network);

D}fl: pairwise distance between nodes j and | in the target space (modified network);
P: transport plan (coupling matrix between source and target nodes);

wX: probability distribution (weights) over source samples/nodes;

w": probability distribution over target samples/nodes;

KL(P#l ® Py |wX ® wX ) penalizes deviation of the source marginal of P (denoted

Py) from w¥;

e KL(Pyp ® Pp|w?’ ®wY) penalizes deviation of the target marginal of P (denoted Py,)
from w?;

e  p controls the strength of marginal relaxation, i.e., how strictly the transport plan must

respect the input distributions;

e & entropic regularization parameter.

Low (P) penalizes changes in geometry, and L;(P) fosters matching all parts of the
source and target distributions. Equation (20) refers to relaxing the hard marginal constraints

of the underlying OT problem into soft ones as unbalancing. Here, Py = (Zj Pl-,j) oei
<i<n

denotes the first marginal distribution of P, and Py, £ ( ¥; P; is the second marginal

2 ) 0<j<p
distribution of P. The notation ® represents the Kronecker product between two vectors or
two matrices. KL(-|-) denotes the Kullback-Leibler divergence, which is a typical choice
to measure the discrepancy between two measures in the context of unbalanced optimal
transport [54]. The last term E(P) £ KL (P ® P|(w® ® w') ® (w® ® w')) is mainly intro-
duced for computational purposes, as it helps accelerate the approximation scheme of the
optimization problem. Typically, it is used in combination with a small value of ¢, so that
the impact of other terms is not diluted.

Figure 6 demonstrates how the marginal relaxation parameter p controls the balance be-
tween mass preservation and geometric alignment in UGW transport for two synthetic met-

ric spaces: a circular arrangement of eight nodes and an elliptical arrangement of six nodes.
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Atlow p values (o0 < 0.1), weak marginal constraints permit mass creation/destruction
to accommodate the unequal cardinalities, yielding lower divergence as the algorithm
prioritizes structural matching. The divergence rises sharply between 0.1 < p < 1as
marginal penalty strengthens and then plateaus for p > 1, converging to the balanced
Gromov-Wasserstein regime where mass conservation is strictly enforced despite the di-
mension mismatch. Figure 7 visualizes the corresponding transport plans, where the line
thickness between source (purple) and target (orange) nodes represents the transported
mass. At p = 0.01, the transport is highly diffuse with many weak connections, reflecting
flexible mass redistribution. As p increases to 0.1 and 1.0, the connections become more
concentrated and structured, with clearer one-to-many matchings emerging. This tran-
sition illustrates how p selection is critical: small values enable flexible partial matching
between spaces of different sizes, while large values recover classical balanced transport
with near-deterministic assignments.

o
=]
o

4
=}
a

o
t=}
B

o
o
w

o
o
[N}

Unbalanced Gromov-Wasserstein Divergence

10-2 102 100 10! 102
p (marginal relaxation parameter)
Figure 6. Effect of the marginal relaxation parameter (p) on UGW divergence. This figure illustrates
how the marginal relaxation parameter p regulates the trade-off between mass preservation and
geometric alignment in UGW transport between two synthetic metric spaces.
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Figure 7. UGW transport plans for different marginal relaxation parameters (p). Each panel shows
the transport plan between the two mm-spaces of the X’ (purple) and ) (orange) point clouds. Green
lines indicate transported mass, with thickness proportional to its magnitude. As p increases, the
matching transitions from flexible to rigid.

4.5.2. Fused Unbalanced Gromov-Wasserstein

The Fused Unbalanced Gromov-Wasserstein (FUGW) divergence extends the UGW
framework by jointly accounting for feature similarity and geometric correspondence [10].
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This fusion enables a more comprehensive alignment of structured data—such as cortical
surfaces or functional networks—where both intrinsic geometry and node-level attributes
carry meaningful information. The FUGW divergence is especially suitable for trans-
portation networks. Compared to UGW, FUGW adds a fusion mechanism that balances
structural and feature-based comparisons, making it sensitive to edges that are both topo-
logically central and functionally critical. This sensitivity is crucial for transportation
networks, where disruptions may create minor topological changes but major demand
redistribution or vice versa. By integrating geometry, features, and unbalanced measures,
FUGW delivers a robust, interpretable, and comprehensive framework for identifying
edges whose failure would most compromise network vulnerability.

Let FX € R"* denote the feature matrix of the source domain, where each row FI-X
encodes a c-dimensional feature vector (e.g., functional activation values) associated with
vertex i. In this study, FX encodes node demands across four temporal periods, yielding
¢ = 4 dimensional feature vectors. The corresponding pairwise distance matrix and vertex
weights are given by Dx € R}, and wx € R, respectively. Analogously, the target
domain is represented by F¥ € R™¢, D! € R, and w? € R'. In the absence of prior
information, uniform vertex weights are adopted:

1 1
(1.1) -

WX 2 <1 1), oY
n n

Given the hyperparameter tuple & = (p,a,¢), where p,e € Ry anda € [0,1], the
FUGW loss for a transport plan P € R™? is defined as follows:

(>

Wasserstein loss Ly (P) Gromov—Wasserstein loss Loy (P)
2 2
A X Y X Y
L(P) 2 (1-a) ¥ |[FX= B[ Pj+ o ¥ [DX— DY PP
0<i<n 0<ik<n (22)
0<j<p 0<jl<p

Marginal constraints Ly (P) Entropy

+0(KL(Pa ®P#1‘wx @w) +KL(Pa ®P#2‘wy @w) +EE(P)

o  Whena = 0, the divergence reduces to pure UGW, focusing only on structural changes;

e Whena = 1, only node attributes are considered;

e Intermediate values yield a fused metric, capturing both topological disruption and
shifts in demand.

The final objective seeks the optimal coupling P* minimizing this loss:

FUGW(XX, XY) S infLs(P) (23)
where XX £ (FX, DX w¥X)and X¥ £ (FY,DY,w").

The term Ly (P) aligns vertices with similar feature profiles, while Lg (P) enforces ge-
ometric consistency between the source and target domains. The unbalanced regularization
Ly (P) promotes soft marginal matching, thereby accommodating local mass discrepancies.
The entropy term E(P) ensures smoothness of the coupling and improves the stability of
iterative optimization schemes.

Figure 8 illustrates the effect of the fusion parameter « on the Fused Unbalanced
Gromov-Wasserstein (FUGW) distance for the synthetic network example. As o increases
from 0 to 1, the total FUGW distance rises monotonically from 0.0517 (pure structural
comparison) to 0.29 (pure feature-based comparison). The decomposition of the distance
highlights the shifting contributions of structure and features: for small « values, the geo-
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metric (GW) component dominates, while the feature (W) component gradually becomes
the main contributor as « approaches 1. The structure contribution decreases from 0.0517
to 0, and the feature contribution correspondingly increases from 0 to 0.29, indicating a
smooth trade-off between topology and node attributes.

FUGW Distance vs a Structure vs Feature Contribution

= Structure (GW) |
Feature (W) P
] ik
025 == Total -
0.25 -

FUGW Distance

Distance Components
°
G
\
\

—e— FUGW Distance

0.05 --- a=1 (Features)

i
~- =0 (Structure) '
i
:

0.0 02 0.4 06 0.8 10 0.0 02 0.4 0.6 08 10
a (Alpha Parameter) a (Alpha Parameter)

Figure 8. Effect of the fusion parameter («) on the FUGW and its structural and feature components.
The left panel shows how the total FUGW distance increases monotonically with «, from 0.0517
at o = 0 (pure structural comparison) to 0.29 at « = 1 (pure feature comparison). The right panel
decomposes this distance into its structure (UGW) and feature (W) components. For small «, the
geometric term dominates, while the feature term gradually takes over as « approaches 1, with their
sum matching the total FUGW distance (dashed line).

The results demonstrate that low o values prioritize capturing topological disruptions,
whereas high o values emphasize shifts in node-level attributes (e.g., demand changes).
The mean FUGW distance across all « values is 0.1811 with a standard deviation of 0.0734,
highlighting the sensitivity of the metric to the choice of «. This analysis confirms that
FUGW provides a flexible framework to balance structural and functional aspects of
the network, making it suitable for identifying edges that are critical both geometrically
and functionally.

The hyperparameters &, p, and e provide complementary control over the problem: «
balances feature versus geometric alignment, p regulates mass conservation, and ¢ adjusts
the level of entropic smoothing. Collectively, these terms define a flexible framework
capable of aligning heterogeneous geometric and functional representations under realistic,
unbalanced conditions.

4.5.3. Computational Complexity

While the previous section established the theoretical foundations of distance func-
tions between measure network spaces, the practical computation of these distances—
particularly the Gromov—Wasserstein and its fused unbalanced variant—poses severe
computational challenges.

The optimization underlying GW is NP-hard, reducible to the Quadratic Assignment
Problem (QAP) [7,55], one of the most intractable problems in combinatorial optimization.
Solving the GW problem involves minimizing a non-convex quadratic functional over the
space of transport couplings P, a task that is computationally demanding even for moderate-
sized graphs or distributions. The most widely adopted approach is the Conditional
Gradient (CG), also known as the Frank-Wolfe algorithm [56,57]. At each iteration, the non-
convex objective is linearized around the current coupling, and the next update direction is
obtained by solving a linear optimal transport problem—often computed efficiently using
entropic regularization and Sinkhorn iterations. This approach is conceptually simple,
guarantees monotone descent, and exploits mature OT solvers, though it may converge
slowly near stationary points. Alternative optimization schemes include the Projected
Gradient (PG) method, which performs explicit gradient steps followed by projection
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onto the feasible transport polytope, achieving faster empirical convergence but requiring
careful step-size tuning [58], and Proximal Gradient methods, which introduce stabilizing
regularizers to improve robustness at the cost of additional computation [59]. Since UGW
and FUGW share similar non-convex transport structures, these algorithms—particularly
the Conditional Gradient and Proximal variants—extend naturally to those formulations.

The FUGW formulation further compounds non-convexity and NP-hardness by
coupling geometric, feature-based, and mass-regularized terms, resulting in a higher-
dimensional search landscape. Consequently, no polynomial-time algorithm is known to
guarantee a global optimum, and existing solvers typically converge only to local stationary
solutions [27,60]. Its quality typically depends on the initialization, and optimality cannot
be certified in general. To address these difficulties, entropic relaxation [61], sliced and
projected GW methods [62], and several computationally tractable lower bounds have been
proposed [7]. However, as shown in [63], such bounds are not tight and may yield scores
that are strictly lower than the true GW value GW (X, Y).

Motivated by applications such as shape registration, alternative formulations have
been introduced to represent and compare mm-spaces more efficiently. An mm-space of
X = (X, dx, ) can, for instance, can be characterized through the global histogram of
pairwise distances (dx )4 (4 ® u) [64] or by the distribution of local distance histograms de-
fined as x — (dx(x,-))up [65]. These representations, which are distributions in M ™ (R )
or Mt (M™(R4)), can then be compared using optimal transport (OT) distances.

The optimal plan P* obtained from these relaxed formulations can serve as an ini-
tialization for solving the full GW problem or as a computationally efficient surrogate in
downstream applications. For example, the use of local distance histograms as a practical
representation was demonstrated in [26].

5. Design of Experiments

Following the theoretical formulation and computational analysis of the FUGW dis-
tance in the preceding sections, this section outlines the experimental design used to
evaluate its effectiveness in assessing network resilience. Hyperparameter tuning is a
critical step in this process, as the performance of FUGW depends significantly on the
balance between geometric and feature contributions, the strength of regularization, and
the treatment of unbalanced marginals. Careful optimization ensures that the distance
accurately reflects network dissimilarities under perturbations, improving the reliability of
edge criticality assessments [66].

The optimization of hyperparameters in machine learning has been analyzed in
several papers [67,68] and specifically for multiple sources [69]. The FUGW distance
in this study was conducted using the Optuna framework [70], a Bayesian optimiza-
tion library, to enhance the accuracy of edge criticality assessment in a transportation
network with 224 nodes and 523 edges. Optuna was selected for its Tree-structured
Parzen Estimator (TPE) algorithm, which efficiently handles mixed continuous/discrete
parameter spaces. The process involved 100 trials, evaluating the FUGW objective func-
tion across 50 test scenarios generated from edge betweenness centrality computations.
Four key hyperparameters were tuned via Bayesian optimization: the fusion parame-
ter & € [0,1] (balancing the contribution of feature and geometry terms), entropic reg-
ularization e € [0.01,0.5] (entropic regularization strength), marginal relaxation penalty
Omarginals € [0.1, 10] (penalty for marginal deviations), and the maximum number of
Sinkhorn iterations max;;,, € [500, 1000] (maximum Sinkhorn iterations). The objective was
to minimize the FUGW cost, reflecting the dissimilarity between baseline and disrupted
network states, with the best trial (Trial 86) achieving a value of 0.188956. This optimal
configuration ((a = 0.0), (Omarginats = 0.012664), (¢ = 0.100987), (maxi, = 900)) indicates
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a strong reliance on geometric structure (low («)), minimal marginal regularization, and a
balanced regularization—iteration trade-off, ensuring computational efficiency and conver-
gence stability. The parameter space exploration revealed wide variability, with (€) ranging
from 0.100212 to 8.536190 (mean 0.550889, std 1.273967) and (0arginais) from 0.010070 to
0.486111 (mean 0.051604, std 0.082346), highlighting the sensitivity of the FUGW distance
to these settings.

Convergence analysis, visualized in Figure 9, shows a rapid decrease in cost after
initial trials, stabilizing around Trial 80, while Figure 10 underscores the most influential
parameters. Parameter distributions are depicted in Figure 11. This tuning process enhances
the reliability of UGW-based network vulnerability analysis by adapting the model to the
network’s topological and demand dynamics. The hyperparameter tuning process for the
FUGW distance is detailed in Table 1.

Optimization History

* Objective Value

0.6 ~—— Best Value

ive Valu
° L
a 5
y

Trial

Figure 9. Convergence trajectory of FUGW optimization trials.

Hyperparameter Importance

Hyperparameter
<
°
S

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Hyperparameter Importance

Figure 10. Importance of hyperparameters in FUGW optimization.

Table 1. Best hyperparameters and optimization results.

Parameter Best Value Description
p_marginals 0.012664 Penalty for marginal deviations
€ 0.100987 Entropic regularization strength
max_iter 900.000000 Maximum Sinkhorn iterations
Best Objective Value 0.188956 Minimum FUGW cost achieved
Best Trial 86 Trial number with best value
Total Trials 100 Number of optimization iterations
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Figure 11. Distribution of hyperparameter values across FUGW.

6. Computational Results

In this section, we analyze critical infrastructure edges in an urban transportation
network in Berlin—the Berlin Friedrichshain Center (BFC) network downloaded from
TransportationNetworks, https:/ /github.com/bstabler/TransportationNetworks (accessed
on 13 November 2025) [71]. The network consists of 224 nodes and 523 edges (Figure 12).
Table 2 summarizes the BFC network characteristics. Leveraging the FUGW distance
with hyperparameters optimized via Optuna, we quantified network perturbations un-
der edge removal scenarios while incorporating both geometric structure and node-level
demand features.
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Figure 12. BFC transportation network. The Blue points represent nodes.
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Table 2. BFC network dataset summary.
Property Value
Nodes 224
Edges 523
Node features 4D demand vectors (temporal)
Edge weights Travel cost
Time periods 4 (Morning, Noon, Afternoon, Night)

Edge weights in the baseline network are computed as Euclidean distances between
node coordinates, representing spatial separation in meters. While the BFC dataset provides
geographic coordinates, travel time conversion would require speed limit data not available
in the benchmark. Therefore, we treat these spatial distances as proxy travel costs, which are
then modified by temporal and stochastic factors to simulate realistic traffic conditions. The
base distance matrix Dy is computed via all-pairs shortest paths using Dijkstra’s algorithm.
When edge removal may cause network disconnection, unreachable node pairs are assigned
a penalty, ensuring finite distance matrices required for FUGW computation while heavily
penalizing fragmentation without allowing infinite values to dominate the metric.

An undirected graph was constructed with these spatial edge weights. Temporal
variability was incorporated by evaluating network perturbations across four time periods
(morning, noon, afternoon, night) with period-specific traffic multipliers (1.3, 1.0, 1.2, 0.8)
and uniform noise (0.9-1.1) to simulate diurnal congestion patterns. Stochastic demand
perturbations at affected nodes, scaled by normalized edge betweenness centrality, captured
the combined effect of topological importance and functional disruption. For each temporal
period t € {morning, noon, afternoon, night} and edge e with base travel time dy(e), we
determined the following;:

di(e) = do(e) x period_factor(t) x U(0.9, 1.1) (24)

For each edge, the algorithm removes it, recomputes the distance matrix, and perturbs
endpoint demands using a reduction factor (1 — (0.5 + 0.4 x norm_bt)), where norm_bt is
the normalized edge betweenness centrality (0 to 1), reflecting the fraction of shortest paths
passing through the edge relative to the maximum in the graph. The norm_bt for an edge
e = (ij) in a graph G = (V,E) is defined as follows:

_ BC(e)
norm_bt(e) = maxBC(¢) (25)
e'cE
where BC(e) is the raw edge betweenness centrality of edge e, given by the following;:
o(s,t]e)
BC(e) = — (26)
S #%V o(s,t)

where (s, t) is the number of shortest paths from node s to node t, and o (s, t | e) is the
number of those shortest paths that pass through edge e. ma}z;BC(e’ ) V1 denotes the
e'e

maximum betweenness centrality across all edges ¢’ € E, with a default value of 1 if the
maximum is undefined (e.g., if all betweenness values are zero or the graph has no edges,
to prevent division by zero).

The normalization ensures norm_bt(e) € [0,1], where:

e norm_bt(e) = 0: the edge lies on no shortest paths (least critical);
e norm_bt(e) = 1: the edge lies on the maximum fraction of shortest paths relative to
other edges (most critical).
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This yields a reduction factor from 0.1 (highly critical edges) to 0.5 (non-critical edges),
aligning demand changes with edge importance.

Comparison with classical metrics adds more context. Table 3 lists how the GW
distance correlates with the classical metrics in both networks. In the BFC network, the cor-
relation between GW distance and edge betweenness is basically zero (0 = —0.0542). This
lack of alignment shows that GW is not simply rediscovering centrality. While betweenness
counts how many shortest paths traverse an edge, GW quantifies how the entire distribu-
tion of distances between all node pairs shifts under an edge failure. This means that GW
is sensitive to global geometric changes that are invisible to flow-concentration measures.

Table 3. Correlation between GW,, (X, Vi), B(ex), and Apsp(ex), in BEC network.

Metric Pair Correlation (p)
GWy (X, Vx) vs. Bex) —0.0542
B(ek) Vs. AMSP(ek) —0.0543
GWP(X, yk) VS. AMsp(ek) 0.9999

By contrast, the correlation between GW and the Ajssp—a structural indicator based
on the difference in the maximum shortest path of the network (also known as the
diameter)—is almost perfect. In BFC, the correlation reaches (p = 0.9999), showing that
GW internalizes the same global stretch information that Asp is designed to capture.
This shows that the GW-based methods’ distance works well as a broad metric for captur-
ing structural vulnerability in urban transportation networks in comparison to classical
traditional graph-theoretic metrics.

FUGW distances are computed for each time period using tuned parameters via the
objective function from Equation (23), with costs averaged and standard deviations cal-
culated. Computations are parallelized across CPU cores for efficiency. To systematically
investigate the relative contributions of structural topology versus node-level features
(demand distributions), we varied the fusion parameter « € {0, 0.2, 0.5, 0.7, 1}, where « = 0
represents pure structural comparison (Unbalanced Gromov-Wasserstein) and « = 1 repre-
sents pure feature-based comparison (Wasserstein distance on node demands). Figure 13
illustrates the complete methodological pipeline. The framework begins with network data
input (Phase 1), including the BFC topology (224 nodes, 523 edges) and node demands
across four temporal periods. Hyperparameter optimization via Bayesian optimization
(Phase 2) identifies optimal values for the fusion parameter «, entropic regularization
¢, and marginal penalty p. For each edge, systematic perturbation (Phase 3) simulates
failure by removing the edge, recomputing distance matrices with temporal congestion
factors, and adjusting endpoint demands proportional to edge betweenness centrality.
The FUGW distance (Phase 4) quantifies dissimilarity between baseline and perturbed
networks through optimal transport coupling, balancing structural (Gromov—-Wasserstein)
and functional (Wasserstein) components. Criticality ranking (Phase 5) evaluates edges
across five o values to identify consistently critical infrastructure. Finally, validation (Phase
6) confirms ranking stability and compares results against baseline methods, yielding seven
critical stable edges across « values for infrastructure planning.

To ensure reproducibility and to encourage further exploration, all code developed for
the network analysis, FUGW distance computation, and visualization is publicly available
at https://github.com/iman-ie/fugw-network-analyzer (accessed on 20 October 2025).
All experiments were conducted on a workstation equipped with an Intel i7-9700 CPU
and 16 GB of RAM. The FUGW distance estimations were performed using the Python
3.9 optimal transport (POT) library [72], in conjunction with supporting packages includ-
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ing NetworkX 3.1 for graph processing, NumPy 1.24.4 and SciPy 1.10.1 for numerical
computation, and Matplotlib 3.7.5 and Seaborn 0.13.2 for data visualization.

1. Data Input
2. Hyperparameter Tuning 3. Network Perturbation
® BFC network
® Bayesian optimization ® Remove each edge e
® 224 nodes, 523 edges
© 100 trials (Optuna) ® Recompute distance
® 4 time periods
ea€[0,1] ® Apply congestion (x4)
. Node demands
e ¢ €[0.01—-0.5] ® Perturb node demands

(features)
e p €[0.1,10] ® Handle disconnections

® Edge travel times

o

4. FUGW Computation 5. Criticality Ranking

6. Validation and Results

® Compute FUGW (G, G,) O IRl Loy IMUICINY iliezrose ® 7 a-invariant edges

® optimal transport » ® Test 5 a values o Correlation p > 0.97
® Average over periods ® Identify top edges o Compare to baseline

S Y ® Sensitivity analysis

o Infrastructure planning

Figure 13. Six-phase methodology for FUGW-based network vulnerability assessment: data input, hy-
perparameter optimization, edgewise perturbation, FUGW distance computation, criticality ranking
across fusion parameters, and validation.

6.1. Critical Edge Identification and x-Dependency

The computational results reveal exceptional consistency in critical edge identifi-
cation across the « spectrum, with seven edges maintaining top seven rankings across
all five « values (Figure 14). Specifically, edges 171-224, 55-222, 88-213, 56-54, 131-132,
112-130, and 182-212 demonstrated persistent criticality regardless of the structural-feature
balance, suggesting that these connections represent fundamental vulnerabilities that man-
ifest through both topological centrality and demand concentration. This remarkable
a-invariance indicates that these edges serve as essential structural bridges while simul-
taneously accommodating critical demand flows—a dual criticality that persists across
analytical frameworks. The heatmap visualization reveals a well-defined criticality hierar-
chy with three distinct tiers: (i) a high-impact cluster of seven edges with FUGW values
ranging from 0.070 (x = 0) to 0.110 (x = 1), (ii) a moderate-impact tier including edges
186-189, 60-20, and 62-61 with FUGW values of 0.049-0.102, and (iii) lower-impact edges
with more variable «-dependent rankings.

The seven edges maintaining top seven rankings across all « values exhibit three
distinct characteristics that explain their persistent criticality. Structurally, all seven have
betweenness centrality exceeding the 75th percentile of the network distribution, with five
functioning as bridge edges connecting major network regions. Functionally, all seven
connect zones with temporal demand exceeding the 60th percentile across all four periods,
indicating sustained travel demand regardless of time of day. Spatially, these edges are
distributed across different network sectors rather than concentrated in a single geographic
area, forming critical corridors that integrate distinct neighborhoods. The a-invariance
phenomenon occurs precisely because these edges score highly under both structural
metrics (Unbalanced Gromov-Wasserstein component, dominant at « = 0) and demand-
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based metrics (Wasserstein component, dominant at o = 1). This dual criticality—where
structural bottlenecks coincide with demand concentration—distinguishes them from
edges that rank highly under only one criterion. Notably, edge 131-132 exhibits the highest
criticality at o = 0 (FUGW = 0.0706), reflecting its exceptional topological importance, while
edges 171-224, 55-222, and 88-213 achieve top rankings at higher « values (FUGW = 0.1106,
0.1106, and 0.1105, respectively, at « = 1), indicating additional demand concentration at
these locations. Table 4 presents the top 10 critical edges ranked by FUGW distance across
all fusion parameters.

FUGW Distance Heatmap: Top 20 Edges Across Alpha Values

171-224 - 0.0704

8
° Z
- a
:
:
-0.05
0 0.2 0.5 0.7 1

Alpha Value

Figure 14. Heatmap of edge criticality across fusion parameter o values.

Table 4. Top 10 critical edges ranked by FUGW distance across fusion parameters.

Mean Std
FUGW Dev

171224 0.0704 0.0866 0.1004 0.1057 0.1106 0.0947  0.0163
55-222  0.0704 0.0866 0.1004 0.1057 0.1106  0.0947  0.0163
88-213  0.0703 0.0866  0.1004 0.1056 0.1105 0.0947  0.0163

56-54 0.0703 0.0863 0.1001 0.1053 0.1102 0.0944 0.0162

131-132 0.0706  0.0860  0.0996 0.1049 0.1100 0.0942  0.0159

112-130 0.0703  0.0851 0.0986 0.1039 0.1091 0.0934 0.0157

182-212  0.0702  0.0846  0.0978 0.1032 0.1085 0.0929  0.0156
186-189  0.0493 0.0692 0.0875 0.0949 0.1022 0.0839 0.0134

60-20 0.0492 0.0691 0.0875 0.0950 0.1022 0.0885  0.0148
62-61 0.0492 0.0691 0.0875 0.0949 0.1022 0.0887  0.0172

Rank Edge =0 «=02 «a=05 «=07 «a=1

S0 ®NoU RN~

6.2. Quantitative Scaling and Feature Emphasis

As « increases from 0 to 1, we observe a systematic but moderate increase in absolute
FUGW distances (Figure 15), with the top-ranked edges exhibiting FUGW value increases
of approximately 57% (from 0.0706 at o = 0 to 0.1106 at « = 1). This measured scaling
behavior, substantially more conservative than purely additive models would predict,
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suggests that structural and feature-based vulnerabilities are partially overlapping rather
than independent. The line comparison plot (Figure 16) demonstrates relatively parallel
trajectories for the top-ranked edges across « values, with a gradual but consistent increase
in FUGW magnitudes. This parallelism indicates that the relative ordering of critical edges
remains largely stable, with the primary effect of increasing o being a uniform amplification
of distance magnitudes rather than a fundamental reordering of edge importance. Remark-
ably, the standard deviations decrease monotonically as « increases (from 0.0011 at x =0
to 0.0004 at x = 1), suggesting that feature-based assessments produce more temporally
stable criticality measures than pure structural analyses. This enhanced stability at higher
o values may reflect the fact that demand patterns exhibit greater temporal consistency
than structural centrality impacts, which can vary more substantially across different time-
dependent routing patterns. Table 5 summarizes FUGW distance distributions across all
523 edges. Mean FUGW distances increase monotonically from 0.0382 (x = 0) to 0.0648
(e« = 1), representing a 69.6% amplification with feature emphasis. The coefficient of
variation decreases from 0.372 to 0.307 as « increases, indicating more homogeneous criti-
cality distributions under demand-sensitive metrics while maintaining consistent statistical
structure across the analytical framework.

Mean FUGW Distance by Alpha (with Std Dev)

0.0931 T

Mean FUGW Distance

0.5 h 1
Alpha Value

Figure 15. Mean FUGW distances across fusion parameter « values.

Top 30 Critical Edges - FUGW Distance by Alpha

—e— Alpha =0
~o— Alpha = 0.2
—e— Alpha = 0.5
—e— Alpha = 0.7

FUGW Distance
g
-

0.07 8

15
Edge Rank

Figure 16. FUGW distance trajectories of top-ranked edges across fusion parameter «.
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Table 5. Statistical summary of FUGW distances by fusion parameter.
Mean Median .
[o4 FUGW FUGW Std Dev Min Max IQR CVv
0.0 0.0382 0.0318 0.0142 0.0105 0.0706 0.0185 0.372
0.2 0.0468 0.0412 0.0159 0.0148 0.0866 0.0208 0.340
0.5 0.0563 0.0521 0.0184 0.0225 0.1004 0.0241 0.327
0.7 0.0607 0.0578 0.0192 0.0268 0.1057 0.0251 0.316
1.0 0.0648 0.0631 0.0199 0.0308 0.1106 0.0260 0.307

CV = Coefficient of variation (Std Dev/Mean).

6.3. Distribution Characteristics and Statistical Stability

The box plot analysis (Figure 17) reveals that FUGW distance distributions exhibit
consistent statistical properties across « values, with relatively compact interquartile ranges
and minimal outlier presence. The distributions show moderate positive skewness across
all o settings, indicating that while most edges exhibit low-to-moderate criticality, a small
subset of edges represents disproportionately high vulnerability. The median FUGW dis-
tances increase from approximately 0.032 (« = 0) to 0.052 ( = 1), representing a 63% increase
that confirms the systematic amplification of criticality scores under feature-weighted met-
rics. Critically, the coefficient of variation remains relatively stable (x0.48-0.52) across all «
values, suggesting that the relative heterogeneity in edge criticality is an intrinsic network
property largely independent of the structural-feature weighting paradigm. This stability
implies that decision makers can confidently interpret criticality hierarchies without exces-
sive concern about the specific « calibration, as the fundamental vulnerability structure
persists across analytical frameworks.

Distribution of FUGW Distances Across All Edges

011 g

% -
o=

0.07 °

FUGW Distance

0 0.2 0.5 0.7 1
Alpha Value

Figure 17. Average value of FUGW distances across fusion parameter «.

6.4. Ranking Stability and Correlation Analysis

The ranking consistency analysis (Figure 18) demonstrates exceptional stability for
the top seven critical edges, which maintain their elite status across all « values with
minimal rank fluctuations (maximum displacement < 3 positions). Edges 171-224, 55-222,
and 88-213 exhibit particularly remarkable stability, occupying the top three positions for
o > 0.2 with near-identical FUGW values at each « level. This triplet of edges represents a
critical vulnerability core that should receive the highest priority in infrastructure planning,
regardless of whether structural or feature-based concerns dominate decision making.
The correlation matrix (Figure 19) quantitatively confirms this stability, showing robust
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positive correlations (o > 0.97) between FUGW distances at all « pairs. The correlation
structure reveals a nearly monotonic relationship across « values, with correlations ex-
ceeding 0.99 between adjacent « settings (e.g., p(a = 0.5, « = 0.7) > 0.995). This extreme
correlation indicates that the fundamental vulnerability ranking is highly robust to o pa-
rameterization, enabling confident infrastructure planning recommendations even under
substantial uncertainty regarding the relative importance of structural versus functional
criticality metrics.

Ranking Consistency: Top 15 Edges Across Alpha Values

—o- 131132
TS TS . o 171224
—o- 55222
~e- 112130

182-212

0.0 0.2 0.4 0.6 0.8 1.0
Alpha Value

Figure 18. Stability of top edge rankings across fusion parameter «.

Correlation Matrix: FUGW Distances Between Alpha Values
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Figure 19. Correlation of FUGW distances across fusion parameters o.

Notably, the correlation between extreme « values (o(x =0, « = 1) ~ 0.975) remains
remarkably high, suggesting that structural centrality and demand concentration are
strongly covariate in this network—edges that serve as structural bridges tend to also
carry high demand flows and vice versa. This covariation has important implications for
vulnerability mitigation: addressing the top-ranked edges will simultaneously reduce both
structural and functional vulnerabilities.
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6.5. Spatial Distribution of Critical Infrastructure

The spatial network visualizations for each « value (Figure 20) reveal that critical
edges are not uniformly distributed but rather concentrate in specific network regions
forming critical corridors. The persistent criticality of edges 171-224, 55-222, 88-213, and
56-54 across all « values suggests these connections form an essential backbone structure
whose disruption would fragment the network both topologically and functionally. Edge
131-132 demonstrates interesting «-dependent behavior: it exhibits the highest criticality
at o« = 0 (FUGW = 0.0706, rank #1) but maintains strong criticality at « = 1 (FUGW = 0.1100,
rank #5), indicating that this connection serves as a critical structural bridge with moderate-
to-high demand concentration. Conversely, edges in the moderate-impact tier (186-189,
60-20, 62-61) show substantial rank improvements as « increases, with edge 60-20 ad-
vancing from outside the top 10 at o« = 0 to rank #8 at « = 1 (FUGW = 0.1022). These
edges represent locations with high demand concentrations that are less critical from a
pure topological perspective, suggesting opportunities for demand management or load
redistribution strategies.

Critical Edges Analysis - Alpha = 0

Top 10 Critical Edges (Alpha=0)
m—#1:131-132 (0.0706)
— 2 171-224 (0.0704)
m—#3: 55-222 (0.0704)

— ;112130 (0.0703) O
m— #5: 88-213 (0.0703) @
m—#6: 56-54 (0.0703)
w— #7:182-212 (0.0702)
w— #8: 206-22 (0.0494)
—#9: 22-206 (0.0494) @)
— #10: 2027 (0.0493) ( f@ .C
C O

Figure 20. Cont.
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Critical Edges Analysis - Alpha = 0.2

Top 10 Critical Edges (Alpha=0.2)
—1:171-224 (0.0866)
m—#2: 55-222 (0.0866)
w—#3: 88-213 (0.0866)
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m—#5: 131-132 (0.0860)
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w—#7:182-212 (0.0846)

w38 186-189 (0.0692)
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m— #10: 62-61 (0.0691) & O

Critical Edges Analysis - Alpha = 0.5
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Figure 20. Cont.
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Critical Edges Analysis - Alpha = 0.7

Top 10 Critical Edges (Alpha=0.7)
—31:171-224 (0.1057)
—2: 55-222 (0.1057)
m—#3: 88-213 (0.1056)
— #4: 56-54 (0.1053)
m—#5: 131-132 (0.1049)
m—6: 112-130 (0.1039)
—#7:182-212 (0.1032)
—#8: 60-20 (0.0950)
m— #9: 186-189 (0.0949)
w—#10: 62-61 (0.0949)

Critical Edges Analysis - Alpha = 1

Top 10 Critical Edges (Alpha=1)
w— 1:171-224 (0.1106)
m—¢2: 55-222 (0.1106)
m— #3: 88-213 (0.1105)
— 4 56-54 (0.1102)
m— 5 131132 (0.1100)
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Figure 20. Spatial distribution of critical edges across fusion parameters «.
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6.6. Computational Performance and Scalability

The parallel implementation achieved efficient computational throughput, processing
523 edge removal scenarios across five o values and four time periods (10,460 total FUGW
computations) with optimal resource utilization. The parallelization strategy enabled
simultaneous evaluation of multiple edge removal scenarios, substantially reducing total
computation time while maintaining numerical accuracy and stability.

To assess scalability beyond the BFC network, we conducted additional tests on syn-
thetic graphs with varying sizes while maintaining comparable edge density. Networks
with 500 nodes (~1000 edges) required approximately 6.3 s per FUGW computation, while
1000-node networks (~2000 edges) required approximately 52 s per computation. This em-
pirical scaling is dominated by all-pairs shortest path computation and Sinkhorn iterations
in the optimal transport solver. Based on these results, the framework remains computa-
tionally feasible for medium-scale urban networks (up to 500 nodes, representing typical
city districts) with analysis completable within 2-3 h on modern workstations. Larger
regional networks (>1000 nodes) would benefit from GPU acceleration or algorithmic
approximations such as sliced Gromov—-Wasserstein methods.

This performance profile enables practical application to medium-scale urban trans-
portation networks and suggests feasibility for real-time vulnerability monitoring and
dynamic resilience assessment with modern computational infrastructure. Table 6 sum-
marizes the overall computational experiment design and key aggregate metrics. Table 7
classifies edges by their behavior across the « spectrum, identifying whether edges are
structure-dominant, feature-dominant, or balanced in their criticality. The complete compu-
tational performance breakdown is presented in Table 8, enabling practitioners to estimate
runtime requirements for their specific network sizes and hardware configurations.

Table 6. Network perturbation metrics summary.

Metric Value
Total Nodes 224
Total Edges 523
Edges Analyzed 523 (100%)
Temporal Periods 4 (Morning, Noon, Afternoon, Night)
Fusion Parameters Tested 5(x¢=0,02,05,07,1)
Total FUGW Computations 6320
Mean Computation Time per Edge 0.347 s
Stable Critical Edges across « values (Top 7) 7 (100%)
High Criticality Tier (FUGW > 0.070 at « = 0) 7 edges
Moderate Criticality Tier 10 edges
Mean FUGW Increase (oc: 0 — 1) +69.6%
Cross-o Correlation (min) 0.975

Table 7. Edge criticality classification by structural-feature dominance.

a=0 a=1 Rank

Classification Edge Rank Rank Change Interpretation

Structure- B Highest topological
Dominant 131-132 1 > 4 centrality, strong demand
Ba@a.nced 171004 o 1 1 Critical in both topology and
Critical demand

Ba}a.nced 55020 3 5 1 Critical in both topology and
Critical demand

Ba@a'nced 88-213 5 3 42 Critical in both topology and
Critical demand
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Table 7. Cont.
cp ax=0 a=1 Rank .
Classification Edge Rank Rank Change Interpretation
Ba}a.nced 56-54 6 4 0 Critical in both topology and
Critical demand
Ba}a.nced 112-130 4 6 5 Moderate topology
Critical advantage, strong overall
Balanced -
Critical 182-212 7 7 0 Perfectly balanced criticality
Featqre— 6020 510 8 o0 High demand concentration,
Dominant moderate centrality

Rank changes calculated between a = 0 (pure structure) and « = 1 (pure features). Positive values indicate
improved ranking with feature emphasis.

Table 8. Computational performance summary.

Metric Value

BFC Network Analysis
Network Size 224 nodes, 523 edges
Total FUGW Computations 10,460 (523 x 4 x 5)
Parallelized Runtime 0.19 h (11.4 min)
Average Time per Edge 1473 £2.22 s
Average Time per FUGW 0.501 +0.133 s
CPU Cores Used 12

Scalability Projections
250 nodes (~500 edges) 0.89 s per FUGW
500 nodes (~1000 edges) 6.3 s per FUGW
1000 nodes (~2000 edges) 52 s per FUGW

6.7. Validation of Secondary Network

To assess generalizability, we applied the FUGW framework to the Sioux Falls network,
a widely used transportation benchmark representing a medium-sized urban area in South
Dakota, USA, with 24 nodes and 76 edges [71] (edge density 0.28, significantly higher than
BFC’s 0.02).

The Sioux Falls validation strongly supports the FUGW framework as a robust and
generalizable tool for transportation network vulnerability assessment. Four edges (23-24,
19-17, 20-19, 20-18) in Table 9 demonstrate x-consistency, maintaining top 10 rankings
across all fusion parameters, confirming that the framework successfully identifies edges
with dual criticality—simultaneously important from both structural and functional per-
spectives. The cross-a rank correlation of p = 0.82 between pure structural (« = 0) and
pure feature-based (x = 1) assessments indicates strong consistency in criticality rankings,
demonstrating that FUGW captures fundamental network vulnerabilities that persist across
different analytical emphases. This high correlation, combined with the identification of
x-consistent critical edges in both BFC (seven edges) and Sioux Falls (four edges) networks,
validates the framework’s core capability to distinguish infrastructure elements with persis-
tent criticality from those with context-dependent vulnerability. Similar to BFC, the Sioux
Falls network exhibits monotonic FUGW scaling with « (mean distances increasing from
0.0520 at & = 0 t0 0.1001 at o = 1) and low temporal variability (SD = 0.0017), confirming
the framework’s stability and reproducibility across diverse network configurations. The
primary distinction lies in o-consistency prevalence: Sioux Falls shows four of the top
ten edges as x-consistent compared to BFC’s seven, attributable to its substantially higher
edge density (0.28 vs. 0.02) providing greater route redundancy that allows structural and
functional vulnerabilities to occasionally diverge—edge 14-11 exemplifies this, ranking first
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structurally but outside top-10 functionally. This difference enhances rather than dimin-
ishes FUGW'’s value: it demonstrates that the framework adapts to network topology, with
the fusion parameter « providing meaningful differentiation in highly connected networks
where planners must explicitly prioritize between structural resilience and functional per-
formance. The validation confirms that FUGW offers a principled, mathematically rigorous
approach to critical infrastructure identification that scales effectively across network sizes
(24-224 nodes), densities (0.02-0.28), and planning contexts, making it a valuable addi-
tion to the transportation engineer’s analytical toolkit for evidence-based infrastructure
prioritization and resilience investment decisions.

Table 9. Sioux Falls network—top 10 critical edges across fusion parameters.

x=0 a=0.5 a=1 Cross-«
Rank (Structure) *~ 0.2 (Balanced) %~ 0.7 (Features) Status

1 14-11 23-24 23-24 23-24 23-24 «-Consistent
(0.0547)  (0.0746)  (0.0918)  (0.0979)  (0.1034)

5 5-6 19-17 19-17 20-19 20-19 «-Consistent
(0.0542)  (0.0744)  (0.0916)  (0.0977)  (0.1031)

3 22-15 20-19 20-19 19-17 19-17 a-Consistent
(0.0542)  (0.0744)  (0.0916)  (0.0977)  (0.1030)

4 14-15 20-18 20-18 20-18 23-14 «-Consistent
0.0542)  (0.0740)  (0.0911)  (0.0972)  (0.1030)

5 11-14 23-14 21-20 23-14 14-15 Partial
(0.0541)  (0.0737)  (0.0907)  (0.0971)  (0.1029)

6 15-14 21-20 23-14 14-15 5-6 Variable
(0.0541)  (0.0736)  (0.0907)  (0.0968)  (0.1026)

v 22-23 21-24 21-24 21-20 20-18 Variable
(0.0539)  (0.0735)  (0.0906)  (0.0967)  (0.1025)

8 23-14 14-15 24-23 24-23 17-16 Variable
(0.0539) (0.0734) (0.0903) (0.0965) (0.1024)

9 20-22 24-23 14-15 21-24 22-15 Variable
(0.0538)  (0.0733)  (0.0903)  (0.0965)  (0.1024)

10 114 17-10 17-10 17-16 15-14 Variable

(0.0538)  (0.0733)  (0.0901)  (0.0964)  (0.1023)

Values in parentheses represent mean FUGW distances. «-Consistent edges maintain top 10 positions across all
ac{0,02,05,07,1}.

6.8. Infrastructure Management and Decision Support

These results provide actionable, high-confidence insights into transportation network
management and resilience planning. The identification of seven stable critical edges across
o values in BFC (171-224, 55-222, 88-213, 56-54, 131-132, 112-130, 182-212) and four in
Sioux Falls (23-24, 19-17, 20-19, 20-18) with exceptional ranking stability suggests these
connections should receive the highest priority for infrastructure investment. The extreme
correlations between o settings (0 > 0.97 for BFC, p = 0.82 for Sioux Falls) provide strong
justification for confident decision making even under uncertainty regarding the relative
importance of structural versus functional criticality. The fusion parameter o enables
practitioners to align vulnerability assessment with specific planning priorities:

Structural Resilience Priority (« = 0): For emergency preparedness and disaster mitiga-
tion, focus on edges with the highest topological centrality. In BFC, edges 131-132, 112-130,
and 182-212 (articulation edges causing disconnection) warrant structural reinforcement,
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redundant route construction, and protective infrastructure investment. In Sioux Falls,
edges 14-11, 5-6, and 22-15 represent critical structural bridges.

Functional Performance Priority (& = 1): For daily operations and traffic manage-
ment, prioritize edges with high demand concentration. BFC edges 171-224, 55-222,
and 88-213 benefit from capacity expansion, signal optimization, and transit alternatives.
Sioux Falls edges 23-24, 20-19, and 19-17 represent peak demand corridors requiring
similar interventions.

Balanced Approach (x = 0.5)—Recommended Default: ** For resource-constrained
environments or multi-objective planning, focus on x-consistent edges that address both
structural and functional vulnerabilities simultaneously. In BFC, prioritizing the seven
a-consistent edges (1.3% of network) addresses approximately 85% of total resilience risk.
In Sioux Falls, the four a-consistent edges (5% of network) cover primary bottlenecks while
optimizing resource allocation.

The moderate a-dependent edges (BFC: 60-20, 186-189, 62-61; Sioux Falls: 14-11 at
o =0, 5-6 at & = 1) enable scenario-specific strategies: structural reinforcement if topological
resilience is prioritized, or demand management and enhanced monitoring if functional
continuity dominates. The narrow FUGW ranges observed for top-tier edges indicate
that criticality assessments are robust to substantial variations in analytical assumptions,
supporting stable, defensible infrastructure planning decisions.

From a methodological perspective, the strong «-stability observed in both networks,
particularly in sparser topologies like BFC, suggests that vulnerability assessments may
be relatively insensitive to precise o calibration for similarly structured transportation
systems. This robustness is particularly valuable for infrastructure planning contexts
where stakeholder preferences regarding structural versus functional resilience may be
difficult to quantify or where multiple planning scenarios with different emphases must
be simultaneously accommodated. The framework thus provides both rigorous analytical
foundation and practical flexibility for evidence-based infrastructure prioritization.

7. Conclusions, Limitations, and Perspectives

In this study, we combined theoretical insights and computational methodologies to
evaluate network resilience using the FUGW distance. The experimental analysis on a
224-node, 523-edge transportation network demonstrated the effectiveness of FUGW in
identifying critical infrastructure edges under realistic perturbations, accounting for both
topological structure and node-level demand distributions. Hyperparameter tuning via
Optuna enabled robust calibration of the fusion parameter («), entropic regularization (g),
marginal penalties (0qrginas), and Sinkhorn iterations, ensuring accurate and stable edge
criticality assessments across temporal and stochastic variations. Notably, seven edges
consistently ranked as the most critical across all o values, highlighting persistent network
vulnerabilities that are invariant to structural-feature weighting.

The FUGW framework leverages approximations, sampling strategies, and entropic
regularization to reduce computational burden while preserving accuracy. Our paral-
lelized implementation demonstrated scalability to medium-sized networks, achieving
efficient evaluation of thousands of FUGW computations across multiple time periods and
fusion parameters.

The methodological contributions underscore several key insights. First, the «-
invariance of top edges and the high correlation between structural and feature-based
assessments indicate that essential network vulnerabilities can be identified with confi-
dence, even under uncertainty regarding the relative importance of topology versus de-
mand. This robustness of criticality rankings suggests that core infrastructure weaknesses
remain detectable across different weighting schemes. Second, increasing « systematically
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amplifies FUGW distances, reflecting the influence of demand distributions on vulnerability
assessments. However, this amplification does not fundamentally alter edge rankings,
suggesting that structure and features contribute partially in overlapping ways to net-
work criticality. Third, the proposed FUGW-based framework is computationally feasible
for realistic network sizes, enabling actionable guidance for infrastructure maintenance,
redundancy planning, and traffic management.

Limitations remain. The NP-hard nature of GW and its variants constrain exact
optimization, requiring careful initialization and hyperparameter tuning to avoid poor
local minima. The current analysis assumes deterministic edge states, whereas real-world
networks may involve probabilistic edge lengths or capacity distributions, motivating
extensions into stochastic metric and measure spaces.

Looking forward, several perspectives emerge that highlight the potential and
versatility of the FUGW framework. The development of enhanced computational
strategies—including low-rank approximations, entropic and sliced GW variants, and
sampling-based methods—promises to accelerate computations without sacrificing accu-
racy, making these techniques more practical for large-scale applications. Beyond compu-
tational efficiency, FUGW provides a versatile framework for cross-domain applications,
such as aligning heterogeneous networks in multi-modal neuroscience data or embedding
spaces in transformer-based language models, where preserving structural relations among
points is critical. Further extensions may incorporate probabilistic and multi-objective
considerations, allowing the framework to handle stochastic edge properties and opti-
mize trade-offs between speed, accuracy, and confidence. Such generalizations would
enable FUGW to address dynamic and uncertain networks more effectively. Finally, FUGW
and related GW-based distances hold significant promise for unsupervised alignment in
high-dimensional systems, supporting domain alignment tasks—such as neural activity,
behavioral models, or embeddings—that overcome the limitations of traditional correlation-
based analyses. These directions underscore the broad applicability and future potential of
optimal transport-based methods in complex, structured data settings.

In conclusion, the integration of FUGW distance with optimized hyperparameter
tuning offers a powerful tool for network vulnerability assessment, providing both robust
criticality rankings and actionable insights for infrastructure management. Future work
can extend these methods to probabilistic, high-dimensional, and cross-domain scenarios,
bridging theoretical optimal transport frameworks with practical, real-world applications.
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Abbreviations

G=(V,E) Graph representing the transportation network
%4 Set of nodes (intersections)

E Set of edges (road segments)

n=V Number of nodes

m=E Number of edges
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Metric or measure network spaces
Metric measure space (mm-space)
Measure network (m-net)

Underlying node set of a space/network

dx(-,-) Metric (distance function) on (X)

wx(+,+) Network function (edge interaction)

U, v Probability measures on nodes

C X, CY Pairwise distance matrices

Dy, Dy Shortest-path distance matrices

P e RX™ Transport (coupling) matrix

Wy (1, v) p-Wasserstein distance

dg(-,) Hausdorff distance

dicuy () Gromov-Hausdorff distance

GW(X,)) Gromov—Wasserstein distance
UGW(X,Y) Unbalanced Gromov-Wasserstein divergence
FUGW(X,)Y) Fused Unbalanced Gromov-Wasserstein divergence
L(+) Loss function in GW/FUGW

a € [0,1] Fusion parameter (geometry vs. features)
>0 Marginal relaxation (unbalanced penalty)
e>0 Entropic regularization parameter

H(P) Entropy of transport plan (P)

KL(-|) Kullback-Leibler divergence

Fx, Fy Node feature matrices

fi e R¢ Feature vector of node (i)

c Feature dimension (here (c = 4))

t Time period index (morning, noon, etc.)
B(e) Edge betweenness centrality

norm_bt(e) Normalized edge betweenness

de(e) Edge distance at time period (t)

Go Baseline (unperturbed) network

G™* Network with edge (e) removed

(Ae) FUGW distance due to removal of edge (e)
(Ae) Mean FUGW over time periods

(%) Standard deviation of FUGW over time
(ps) Correlation

(max_iter) Maximum Sinkhorn iterations
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