
F

V
p
S
M
a

b

c

d

A

K
G
H
S
G
P
C
S
P
M
C
H
S

1

t
a
p
h
c
a
C
s

d
m
f
e
m

h
R

Astronomy and Computing 55 (2026) 101089 

A
2

 

Contents lists available at ScienceDirect

Astronomy and Computing

journal homepage: www.elsevier.com/locate/ascom  

ull length paper

alidation of COSMICA code for massive stochastic simulation of cosmic rays 
ropagation in the heliosphereI

tefano Della Torre a,c , Leone Bacciu b, Matteo Grazioso b,a, Giovanni Cavallotto a,c, 
assimo Gervasi a,d, Giuseppe La Vacca a,d, Sabina Rossi b, Marco S. Nobile b ,∗

National Institute for Nuclear Physics (INFN), Division of Milano-Bicocca, Piazza della Scienza, 3, Milano (MI), 20126, Italy
Ca’ Foscari University of Venice, Department of Environmental Sciences, Informatics and Statistics, Via Torino 155, Venezia Mestre, 30172, Italy
ICSC - Centro Nazionale di Ricerca in HPC, Big Data and Quantum Computing, Via Magnanelli, 2, Casalecchio di Reno, (BO) 40033, Italy
University of Milano-Bicocca, Department of Physics ‘‘Giuseppe Occhialini’’, Piazza della Scienza, 3, Milano, 20126, Italy

 R T I C L E  I N F O

eywords:
alactic Cosmic Rays
eliosphere
DE
PU
arallel computing
uda
olar modulation
arker Transport Equation
ulti-GPU scalability
UDA/C++
igh-performance computing (HPC)
pace radiation environment

 A B S T R A C T

The propagation of Galactic Cosmic Rays (GCRs) within the heliosphere is governed by the Parker Transport 
Equation (PTE), which can be efficiently solved using a Stochastic Differential Equation (SDE)–Monte 
Carlo formulation. Building upon the first part of this work, where the GPU-based COSMICA code was 
introduced and optimized for high-performance computing, we here present its validation against a benchmark 
heliospheric model. COSMICA implements a three-dimensional SDE solver in CUDA/C++ optimized for multi-
GPU execution, enabling the simulation of billions of quasi-particle trajectories with unprecedented efficiency. 
Benchmarking against the closed-source HelMod-4/CUDA model demonstrates that COSMICA achieves runtime 
reductions exceeding an order of magnitude while maintaining full consistency with reference fluxes. Statistical 
tests confirm that the distributions of output spectra from COSMICA and HelMod-4/CUDA are indistinguishable 
within numerical uncertainties. Furthermore, COSMICA enables the analysis of stochastic path properties – 
such as exit-point distributions, propagation times, and residence times – thereby providing new insights 
into the modulation process across varying solar activity scenarios. These results establish COSMICA as 
both computationally superior and scientifically reliable, making it a powerful open-source framework for 
heliospheric transport studies and a versatile platform for future extensions to more complex physical models.
. Introduction

From a historical perspective, charged particles coming from outside 
he Earth (i.e., cosmic rays) represent an invaluable source of discovery 
nd one of the biggest threats in human exploration of space. These 
articles are mainly composed of protons and helium nuclei, while 
eavier nuclei contribute only as a minor component. Cosmic rays 
an be classified by many categories, following energy, composition, 
nd origin, but for the intent of this article, we focus on the Galactic 
osmic Rays (GCR), i.e., those produced outside the Solar System, with 
upernova remnants regarded as their main sources.
From an applied perspective, GCRs represent a non-negligible ra-

iation hazard for human spaceflight and for spacecraft electronics, 
aking accurate modeling of the space radiation environment essential 
or planning and risk mitigation (see, e.g., Golge et al., 2015; Samwel 
t al., 2019; Peter et al., 2022; Rahmanian et al., 2023). From a 
ore fundamental standpoint, precise measurements and theoretical 

I This article is part of a Special issue entitled: ‘HPC in Cosmology and Astrophysics’ published in Astronomy and Computing.
∗ Corresponding author.
E-mail addresses: stefano.dellatorre@mib.infn.it (S. Della Torre), marco.nobile@unive.it (M.S. Nobile).

descriptions of GCR spectra are invaluable tools in astroparticle physics: 
unexpected spectral features may signal the presence of new astrophys-
ical sources (see, e.g., Chang et al., 2008; Abdo et al., 2009; Adriani 
et al., 2009; Cernuda, 2011; Mertsch and Sarkar, 2011; Della Torre 
et al., 2015; Rozza et al., 2015; Boschini et al., 2021, 2022b) or reveal 
physics beyond the standard astrophysical scenario (see, e.g., Bottino 
et al., 1998; Cirelli and Cline, 2010; Ibarra et al., 2010; Salati, 2011; 
Weniger, 2011; Alvey et al., 2023).

The solar environment plays a crucial role in GCR propagation from 
the galaxy toward the Earth: the heliosphere – namely, the vast region 
shaped by solar activity and enclosing the solar system – acts as a 
shield that modifies the incoming flux. Once inside this region, GCRs 
encounter the outward flow of magnetized plasma carried by the solar 
wind (SW), which results in a time dependent suppression of their 
intensity compared with the GCR intensity outside the heliosphere (re-
ferred in the text as Local Interstellar Spectra – LIS) which is supposed 
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to be isotropic and constant in time. This phenomenon, referred to 
as solar modulation, reflects the variability of solar activity, ranging 
from short-term fluctuations of days to the quasi-periodic 11-year cycle 
(22 years when considering the change of Sun magnetic polarity). As 
a consequence, both the magnitude and the spectral distribution of the 
cosmic-ray flux observed near Earth are continuously altered by the 
evolving solar wind and the heliospheric magnetic field (for a review 
see, e.g., Rankin et al., 2022).

The theoretical framework for describing cosmic-ray propagation in-
side the heliosphere is provided by the Parker Transport Equation (PTE, 
Section 2): a Fokker-Plank-like equation that cannot be completely 
solved without applying numerical methods. Over the last decades, 
Monte Carlo approaches based on equivalent formulations in terms 
of stochastic differential equations (SDEs) have become increasingly 
popular (see, e.g., Florinski and Pogorelov, 2009; Effenberger et al., 
2012; Kopp et al., 2012; Zhao et al., 2014; Boschini et al., 2019; Moloto 
et al., 2019; Vogt et al., 2020). Using this approach, the problem is 
reduced to finding a solution of the stochastic integral of a set of ordi-
nary differential equations instead of the integral of a partial derivative 
differential equation. The use of an SDE-based numerical scheme leads 
to numerous advantages regarding other numerical methods. As clearly 
pointed out by Strauss and Effenberger (2017) these can be summarized 
as (i) unconditional stability, although this does not necessarily imply 
numerical accuracy, (ii) the method can handle large gradients, (iii) it 
allows to save computational memory, and, finally, (iv) every stochastic 
trajectory is independent of the others, which makes the problem 
ideally suited for parallel computation (see Strauss and Effenberger, 
2017, for a complete overview of the use of SDE in particle transport 
problem in heliosphere). This last feature has fostered the adoption of 
graphics processing units (GPUs), whose parallel architecture allows 
the integration of large ensembles of trajectories simultaneously, thus 
drastically reducing computing time and achieving performance levels 
unattainable with traditional CPU-based approaches (see, e.g., Dunzlaff 
et al., 2015; Vogt et al., 2020; Solanik et al., 2022; Solanik et al., 2023).

Nowadays it is possible to find several codes that apply this ap-
proach to solving the PTE but just a few of them implement GPU 
in their algorithms: HelMod-4/CUDA (Boschini et al., 2024) a closed 
source GPU implementation of HelMod-4 model (Boschini et al., 2019), 
Geliosphere (Solanik et al., 2023) an open source fork of SOLARPROP
(Kappl, 2016) code, SDEMMA (Qin and Shen, 2017) a closed source 
code solving a time-dependent 3D solution of the PTE, and some ad-hoc 
unnamed models (see, e.g., Strauss et al., 2011b; Dunzlaff et al., 2015; 
Moloto et al., 2019). All these codes were developed with the intention 
of exploring and expanding the physical model. In this paper, we 
change the point of view and study how to optimize the performance 
of such an approach, reaching as close as possible to the technical 
limits of present GPU hardware. In fact, despite the good performances 
of the previously mentioned codes, heavy-computational parameter 
searches still require a considerable effort that can be supported by 
only national HPC centers (see, e.g., discussion in Section 3.2 in Della 
Torre et al., 2025). COSMICA code, presented in Bacciu et al. (2026), 
is an open source code solving the 3D-PTE using SDE-Monte Carlo 
approach on (multi-)GPUs. The code is written in CUDA/C++ in order 
to implement the fastest GPU framework to date. This work follows the 
one presented in Bacciu et al. (2026), validating the code with respect 
to a benchmark model. In order to have a benchmark, the physical 
model implemented in this work is based on HelMod-4/CUDA (Boschini 
et al., 2024), which demonstrated to reproduce experimental data both 
at Earth orbit, outside ecliptic plane, and at several solar distances; 
moreover, along with SDEMMA, in one of the only models that, to 
date, can reproduce high Z cosmic ions up to 𝑍 = 28 (Shen et al., 
2019).  In addition, the code performance was benchmarked against 
Geliosphere (Solanik et al., 2023), which shows a simplified model 
with respect HelMod-4/CUDA and with a numerical implementation 
designed to run both on CPU and GPU.
2 
This Paper is organized as follows: Section 2 outlines the theoretical 
framework of the Parker Transport Equation and the SDE Monte-
Carlo approach; Section 3 describes the COSMICA model utilized for 
validation; Section 4 details the results of the code’s validation and 
benchmark against the reference models; Section 5 elucidate the pos-
sibility to study the distribution of the stochastic paths; and finally 
Section 6 summarizes the conclusions and discusses future work.

2. Parker transport equation

The transport equation for cosmic rays in the heliosphere was 
initially derived by Parker (1965) who demonstrated that – in the 
framework of statistical physics – the random walk of the cosmic 
ray particles is a Markov process, describable by a Fokker–Planck 
equation (see, e.g., Potgieter, 1998; Leroy and Rancoita, 2011, and 
references therein)

The PTE was originally described in terms of the particle density 
(𝑈) for unit space and energy (Bobik et al., 2012, 2016), which high-
lights the physical dependence of solar modulation by kinetic energy 
(hereafter labeled as 𝑇 ). On the other hand, particle propagation in 
the heliosphere is related to magnetic interaction between the charged 
particle and the magnetized plasma of the interplanetary medium, thus, 
particle rigidity (𝑅 = 𝑝𝑐

𝑍𝑒  where 𝑝 is particle momentum, 𝑐 is light 
speed and 𝑍𝑒 is the particle charge) represents a more natural unit in 
which to explore process description. For this reason, several authors 
prefer to describe the modulation of cosmic rays by means of the so-
called omnidirectional distribution function 𝑓 (see, e.g., Strauss and 
Effenberger, 2017; Engelbrecht et al., 2022): 
𝜕𝑓
𝜕𝑡

= ∇ ⋅
(

𝐊𝐒 ⋅ ∇𝑓
)

−
(

𝐯𝐝 + 𝐯𝐬𝐰
)

⋅ ∇𝑓 + 𝑅
3
∇ ⋅ 𝐯𝐬𝐰

𝜕𝑓
𝜕𝑅

− 𝐿𝑓 + 𝑆 (1)

where 𝑓 is the average over all directions of the number of particles 
in the infinitesimal space volume element at time 𝑡 and per unit of 
momentum; 𝐊 is the diffusion matrix, which describes the permeability 
of the heliospheric medium regarding CR particles diffusion, and is 
usually divided in a symmetric term (𝐊𝐒) describing the GCR diffusion 
– through the term ∇ ⋅

(

𝐊𝐒 ⋅ ∇𝑓
) –, and an antisymmetric term (𝐊𝐀) 

describing particle drifts (described in Eq. (1) as 𝐯𝐝 ⋅ ∇𝑓 ); 𝐯𝐝 = ∇ ⋅
𝐊𝐀 is the magnetic drift velocity, which includes cosmic ray drift 
along the Heliospheric Current sheet (HCS), and drift due to gradients 
and curvature in the 3D heliospheric magnetic field; 𝐯𝐬𝐰 denotes the 
outward solar wind speed, which is included in the PTE as a convective 
contribution to the particle transport (𝐯𝐬𝐰 ⋅∇𝑓 ) and describes the GCR 
adiabatic rigidity changes (𝑅3 ∇ ⋅ 𝐯𝐬𝐰

𝜕𝑓
𝜕𝑅 ); finally, in this more extended 

formulation, 𝑆  represents any particle source that may be present in 
the domain where PTE is solved,1 and 𝐿 are the catastrophic losses, 
like particle decays or absorptions (see, e.g., example in Strauss and 
Effenberger, 2017, and reference there in). 𝑈 and 𝑓 are related to each 
other by means of the differential intensity 𝐽 (see, e.g. Bobik et al., 
2016): 

𝐽 =
𝛽𝑐𝑈
4𝜋

= 𝑝2𝑓 (2)

This quantity, expressed in [𝑚2 𝑠 𝑠𝑟𝐺𝑉 ]−1, is also the physical quantity 
that can measured by space spectrometers, i.e., AMS–02 (Aguilar et al., 
2021, and reference there in) and PAMELA (Martucci et al., 2018, 
and reference there in). Hereafter, we refer to 𝐽 as modulated GCR 
spectra, while the LIS is labeled as 𝐽𝐿𝐼𝑆 . It is important to remark 
that space spectrometers can measure 𝐽 per unit of particle rigidity, 
while other space detector technologies (like, e.g., calorimeter-based 
detectors) measure 𝐽 per unit of kinetic energy per nucleon (expressed 
in [𝑚2 𝑠 𝑠𝑟𝐺𝑒𝑉 ∕𝑛]−1). In this paper, 𝐽 (𝑅) refers to  the spectra computed 

1 For example, Jovian magnetosphere is known to be a source of low energy 
electron, thus it could be included into the PTE as a point like source of CR 
as described in, e.g., Nndanganeni and Potgieter (2018) and Vogt et al. (2018, 
2020, 2022) and references therein.
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per unit of rigidity, while with 𝐽 (𝑇 ) we refer to the spectra computed 
per unit of kinetic energy per nucleon.2

2.1. The benchmark model

For the purpose of this project, which is focused on studying the 
computational implementation of the SDE solver, leaving for succes-
sive papers a deeper focus on exploring the features of the physical 
model, we based our code on the HelMod-4/CUDA model described 
in Boschini et al. (2018b, 2019) that in the last years was specialized to 
(successfully) reproduce the long-term solar modulation (Bobik et al., 
2012; Della Torre et al., 2012; Boschini et al., 2018b, 2019; Bartocci 
et al., 2020; Rankin et al., 2022), with an accuracy level compara-
ble to the actual experimental uncertainties (i.e., a few percent for 
AMS-02 time-integrated spectra). The code, used in combination with 
GALPROP (Boschini et al., 2017), has been used to infer the LIS for 
particles with the atomic number up to 𝑍 = 28 (Boschini et al., 2018a,c, 
2020b,a), allowing to highlight fine structures in GCR observed spec-
tra (Boschini et al., 2021, 2022a,b). Finally, it was demonstrated that 
the model is also suitable for assessing the potential radiation risk 
in the space environment (see, e.g., Boschini et al., 2022c; Liu et al., 
2024). Here we recall only the general structure of the model, while 
a detailed description can be found in Boschini et al. (2018b, 2019, 
2024, and references therein). 𝐾𝑆 is defined in the reference frame 
of the magnetic field line where the tensor is simplified to a diagonal 
matrix with non-zero values on the diagonal, which are referred to 
as the diffusion coefficient parallel to the HMF (𝐾∥), and to the two 
diffusion coefficients perpendicular to the HMF line (𝐾⟂,𝜃 and 𝐾⟂,𝜙); 
𝐾∥ is defined by the linear rigidity dependence (Boschini et al., 2017): 

𝐾∥ =
𝛽
3
𝐾0

( 𝑅
1 GV + 𝑔low

)(

𝑟𝑐 +
𝑟

1 AU
)

(3)

where 𝐾0, called the diffusion parameter, is an important parameter 
for the model since it allows setting the absolute scale of the solar 
modulation intensity; it is evaluated with the procedure described 
in Boschini et al. (2018b, and reference therein). 𝑔low and 𝑟𝑐 , in-
stead, are data-tuned time-dependent free parameters allowing the 
detailed modeling of specific features of the modulated spectra and 
radial gradient measured by Voyager probes (Boschini et al., 2018b, 
2019). 𝐾⟂,𝜃 and 𝐾⟂,𝜙 are supposed to be proportional to 𝐾∥ through 
a proportional parameter tuned on the latitudinal gradient measured 
outside the ecliptic plane (Bobik et al., 2013; Boschini et al., 2018b, 
2019). When included in Eq. (1), a change of reference system to the 
heliocentric inertial system is applied to 𝐾𝑆 as described in Burger 
et al. (2008). The drift model implemented includes cosmic ray drift 
along the Heliospheric Current Sheet (HCS) and drift due to gradients 
and curvature in the 3D heliospheric magnetic field (Jokipii et al., 
1977; Jokipii and Thomas, 1981; Hattingh and Burger, 1995). The code 
includes the description originally developed by Potgieter and Moraal 
(1985); it was refined using Parker’s magnetic field (Jokipii and Kóta, 
1989) with polar corrections as reported in Bobik et al. (2013) (see also 
Raath et al., 2016, for a discussion about modified Parker’s magnetic 
field). Finally, drift velocity suppression factors were introduced to 
reduce the global effect of CR drift in the heliosphere due to the 
presence of turbulence in the interplanetary medium (see discussion 
in Ferreira and Potgieter, 2004; Bobik et al., 2013; Engelbrecht et al., 
2017; Boschini et al., 2019). Although the HelMod-4/CUDA model 
relies on several free parameters, a procedure of iterative tuning 
involving the code GALPROP for LIS estimation and the most recent 
proton measurements of AMS–02 and PAMELA allowed the HelMod-
4/CUDA developers to constrain most of the free parameters and to 

2 To convert from one formulation to the other we apply the conversion 
formula 𝐽 (𝑇 ) = 𝐽 (𝑅) 𝑑𝑇

𝑑𝑅
= 𝐽 (𝑅)

𝛽
 where 𝛽 is the velocity of the particle in units 

of light speed, a quantity that can be easily computed once known the kinetic 
energy per nucleon. Please note that Eq. (2) is valid only with 𝐽 (𝑇 ).
3 
find correlations with observational quantities for those parameters 
that evolve with time (Bobik et al., 2012; Boschini et al., 2017, 2019, 
2024, and reference therein). In particular, the physical parameters that 
must be provided with the simulation are (a) the values of Smoothed 
Sunspot Numbers (SSN, Royal Observatory of Belgium, 2025), (b) the 
Neutron monitor counting rates (NMCR, database, 2025), (c) the solar 
wind speed (𝑉𝑠𝑤,⊕), (d) the magnetic field amplitude (𝐵⊕), (e) the tilt 
angle (𝛼𝑡) of HCS (the ‘‘line-of-sight’’ model Hoeksema, 1995) (f) the 
magnetic field polarity, and, finally, (g) the position of the TS and 
HP computed with the formulas in Boschini et al. (2019). 𝑉𝑠𝑤,⊕ and 
𝐵⊕ are evaluated at Earth’s orbit and provided by NASA/GSFC’s Space 
Physics Data Facility’s OMNIWeb service (King and Papitashvili, 2020). 
𝛼𝑡 and the magnetic field polarity are provided from the Wilcox Solar 
Observatory Polar Field Observations (Observatory, 1995).

The geometrical shape of the heliosphere is modeled with two 
concentric quasi-spheres, the inner heliosphere and the heliosheath
(Langner and Potgieter, 2004). The inner heliosphere and the he-
liosheath are divided by the termination shock (TS) while the he-
liopause (HP) marks the external boundary of the heliosphere. An 
asymmetry in the direction of the interstellar medium (ISM) flow is 
introduced to account for the latitudinal variation of the ISM ram 
pressure component of the total pressure on the HP surface (Boschini 
et al., 2019). Since the solar disturbances travel across the heliosphere 
within the solar wind, it is reasonable to suppose that GCR, while 
traveling through the heliosphere, experienced different solar activity-
induced disturbances. For this reason, the inner heliosphere is divided 
into 15 effective shells, each one with its own observational quantities, 
numbered from the heliosphere center (𝑛 = 0) to the external boundary 
(𝑛 = 14), and where the 𝑛-shell refers to a time shift equal to 𝑛 Carring-
ton rotations3 regarding the simulated time at Earth orbit (Bobik et al., 
2012). The heliosheath, instead, is treated as a single separated region 
where the propagation is one-dimensional (Boschini et al., 2019).

For comparison purpose, in Section 4, we also present the execution 
time performance with the code Geliosphere (the complete description 
of the code can be found in Solanik et al., 2023). The out-of-the-box
model of Geosphere implemented by Solanik et al. is simpler with 
respect to the one described in this section, since it does not include 
propagation in the heliosheat as well as native support for separate 
isotope contribution to solar modulation. Geliosphere demonstrated 
its capability to reproduce latitudinal gradients observed by Ulysses 
mission, while, as stated by authors, shows no satisfactory agreement with 
AMS-02 (see section 2.3 in Solanik et al., 2023).

2.2. SDE Monte-Carlo approach

Fokker–Planck-type equations (sometimes referred to as
Kolmogorov equations) have the interesting property that they can be 
rewritten in a fully equivalent set of stochastic differential equations 
(SDE) in the form (Øksendal, 2010; Freidlin, 1985): 
𝑑𝑦𝑖(𝑠) = 𝐴𝑖(𝑦, 𝑠)𝑑𝑠 +

∑

𝑗
𝐵𝑖,𝑗 (𝑦, 𝑠)𝑑𝑊𝑗 (𝑠) (4)

in the SDE formalism, 𝑑𝑠 represent the backward in time step; 𝐴𝑖(𝑦, 𝑠)
is the advective term that contains all deterministic processes like 
convection and particle drift; ∑𝑗 𝐵𝑖,𝑗 (𝑦, 𝑠)𝑑𝑊𝑗 (𝑠) is the diffusive term 
that describes all stochastic processes like particle diffusion and shock 
re-acceleration, in this term 𝑑𝑊  indicates the increment due to a
standard Wiener process (see, e.g., Appendix A of Zhang, 1999 and 
Section 2 of Higham, 2001), a time stationary stochastic Lévy process 
where the time increments have a Normal distribution with a mean of 
zero (i.e. a Gaussian distribution) and a variance of 𝑑𝑡 (see introduction 
of Gardiner, 2009). The procedure to convert PTE into SDE is described 

3 A Carrington rotation, ∼27.27days, corresponds to a Sun rotation on its 
axis at 26◦ of solar latitude as seen by an observer on the Earth.
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by many authors (Gardiner, 1985; Zhang, 1999; Strauss et al., 2011a; 
Kopp et al., 2012; Bobik et al., 2016; Strauss and Effenberger, 2017; 
Boschini et al., 2018b) and can be summarized as rewriting Eq. (1) in 
the form: 
𝜕𝑓
𝜕𝑠

=
∑

𝑖
𝐴𝑖(𝑠, 𝑦)

𝜕𝑓
𝜕𝑦𝑖

+ 1
2
∑

𝑖,𝑗
𝐷𝑖,𝑗 (𝑠, 𝑦)

𝜕2𝑓
𝜕𝑦𝑖𝜕𝑦𝑗

− 𝐿𝑓 + 𝑆 (5)

𝐃 = 𝐁𝐁𝐓 where 𝐀 and 𝐁 are the same as Eq. (4) and can be found in 
Appendix A of Boschini et al. (2018b).  One may notice the 𝐿 and 𝑆
terms are not present in Eq. (4), this is due to the fact that, indeed, the 
presence or absence of these terms does not affect the stochastic path 
directly but are accounted as a probabilistic weight carried out by the
quasi-particle event. As we see in the following paragraph, quasi-particle
events have a statistical weight that may increase or decrease along 
the stochastic path according to the presence of processes like the ones 
described by 𝐿 and 𝑆 terms.

The Monte Carlo method of assessing the modulated spectra consists 
of evolving a collection of points in the phase space (𝐱, 𝑅, 𝑠), backward 
in time4 and according to the discrete version of Eq. (4) using the 
Euler-Maruyana scheme (see, e.g., Ref. Kroese et al. (2011), Section 
5.6.1), from the evaluation point (i.e., the point 𝐱0, 𝑅0, 𝑠0 where the 
modulated flux should be evaluated) up to the external boundary of the 
heliosphere. These evolving elements are hereafter referred to as quasi-
particle objects since their evolution mimics the paths that GCR particles 
may cover, but their paths are not real trajectories; in fact, as pointed 
out in Strauss and Effenberger (2017) and by Boschini et al. (2024), 
integrating Eq. (4) for a single quasi-particle bears no significance: each 
computed trajectory is a probabilistic flight that contributes to defining 
a quasi-Green function representing the probability that a particle, ob-
served at a given detection point and characterized by a certain particle 
rigidity 𝑅0, entered the heliosphere (i.e., before the modulation process 
starts) with initial particle rigidity 𝑅. To consider losses and sources 
the quasi-particle object may encounter during its passage through the 
physical domain, we have to introduce two additional quantities: the 
path weight, 𝛼, with initial value 𝛼0 = 1, and the path amplitude, 𝑊 , 
with initial value 𝑊 = 0. The path weight changes at each 𝑗𝑡ℎ step 
during the propagation (from generation 𝑗 = 0 to registration 𝑗 = 𝑓 ) by 
a factor exp (−𝐿𝛥𝑠) leading to (see, Equation 22 in Kopp et al., 2012): 

𝛼𝑗 = 𝛼𝑗−1 ⋅ 𝑒
−𝐿𝑗𝛥𝑠 = exp

(

−
𝑗
∑

𝑘=0
𝐿𝑘 ⋅ 𝛥𝑠

)

, (6)

where the index 𝑗−1 refers to the previous time step. If the quasi-particle
object encounters a source defined by the term 𝑆, the path amplitude 
is enhanced by the source strength (𝑆𝑗) weighted with the current path 
weight (𝛼𝑗) (see, Equation 23 in Kopp et al., 2012): 

𝑊𝑗 = 𝑊𝑗−1 + 𝑆𝑗 ⋅ 𝛼𝑗 (7)

When the boundary of the simulation is reached, the time integration 
stops (path weight and path amplitude computed up to this step are 
now marked with a subscript 𝑓 ). The total path amplitude associate 
with the quasi-particle object is the summation of the integrated value 
of (𝑊𝑓  i.e., the amplitude due to source encountered during the propa-
gation), and the final path weight multiplied by the boundary weight,
e.g., the LIS (see, Equation 24 in Kopp et al., 2012): 
𝑊𝑓 = 𝑊𝑓 + 𝑓0 ⋅ 𝛼𝑓 (8)

where 𝑓0, in this paper, is the value of 𝑓 (defined in Eq. (2)) at the exit 
value of Rigidity. The modulated spectrum, computed with 𝑁 Monte 

4 It is worth mentioning that there also exists an equivalent forward-in-
time approach, described in Bobik et al. (2016), which is not considered here 
since, in the framework of reproducing measured point like observation in 
the heliosphere, it shows lower performance in terms of computational time 
required to compute the solution.
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Carlo trajectories, is then evaluated as,

𝑓 (𝐱0, 𝑅0, 𝑠0) =
1
𝑁

𝑁
∑

𝑝=0
𝑊𝑓 (9)

This represent the most general expression for evaluating the Monte 
Carlo solution with SDE method while including point-like CR source 
term or secondary CR production process in the interplanetary medium. 
In the physical model solved in this paper, we do not account for any 
source or loss term; thus, the corresponding 𝐿 and 𝑆 terms in Eq. (5) 
are set to zero,5 which reduces 𝑊𝑓 = 𝑓0 = 𝐽𝐿𝐼𝑆

𝑝2
= 𝐽𝐿𝐼𝑆

𝑅2

(

𝑐
𝑍𝑒

)2
 when 

applyng Eq. (2). The modulated spectra are then obtained by applying 
the following formula: 

𝐽 (𝐱0, 𝑅0, 𝑠0) =
𝛽0 𝑅0
𝑁

𝑁
∑

𝑝=0

𝐽𝐿𝐼𝑆 (𝑇𝑝)

𝑅2
𝑝

(10)

where 𝑝 is the index identifying each quasi-particle object, 𝑅𝑝 and 𝑇𝑝
are the values of the quasi-particle object rigidity and kinetic energy 
per nucleon at the end of the stochastic trajectory, 𝐽𝐿𝐼𝑆 (𝑇𝑝) is the LIS 
spectra evaluated at 𝑇𝑝, and 𝛽0 is the conversion factor from 𝐽 (𝑇0) to 
𝐽 (𝑅0) as discussed in Section 2.

It is interesting to note that Eq. (10) can be approximated by 
evaluating the distribution function of 𝑅𝑝, i.e. 𝐺(𝑅0|𝑅) which describes 
the normalized probability that a quasi-particle object generated with 
initial rigidity 𝑅0, when reaching the external boundary, has rigidity 
𝑅 (Zhang, 1999).

𝐽 (𝐱0, 𝑅0, 𝑠0) ≈ 𝛽0 𝑅0 ∫

∞

𝑅0

𝐽𝐿𝐼𝑆 (𝑅)
𝛽(𝑅)𝑅2

⋅ 𝐺(𝑅0|𝑅)𝑑𝑅 (11)

≈ 𝛽0 𝑅0
∑

𝑖

𝐽𝐿𝐼𝑆 (𝑅𝑖)
𝛽(𝑅𝑖)𝑅2

𝑖

⋅ 𝐺𝑅0
(𝑅𝑖)𝛥𝑅𝑖 (12)

where 𝐺𝑅0
 is the histogram with bin amplitude 𝛥𝑅𝑖 and bin center 

𝑅𝑖 mapping the function 𝐺(𝑅0|𝑅). This approach has the advantage of 
restricting the amount of information that must be stored in memory 
during the computation, since, instead of recording all particles, it 
records the histogram of the distribution function. Moreover, 𝐽𝐿𝐼𝑆 can 
be applied in a post-simulation phase, and any modification to the 
LIS prediction (for example, while studying specific features of the 
spectra) can be applied in post-processing without rerunning the whole 
simulation.

3. The COSMICA numerical solver

We developed COSMICA as a numerical solver for Eqs. (4) in the 
case of the model presented in Section 2.1. COSMICA is implemented in 
CUDA (version ⩾ 12.4) and C++20 for NVIDIA GPU architectures. The 
code is designed to make the simulation process highly parallelizable 
and efficient on modern High Performance Computing (HPC) systems. 
Each trajectory is assigned to a dedicated GPU thread, and particle-
specific data and constants are carefully allocated across different GPU 
memory types according to their access patterns, maximizing compu-
tational throughput and resource efficiency. During propagation, each 
trajectory is advanced step by step using SDE integration until the 
stochastic path exits the simulation domain, i.e. quasi-particles reaches 
the HP. Results are stored in block-level histograms, reconstructing 
𝐺𝑅0

 in Eq. (12), with atomic operations to avoid conflicts and later 
transferred to the host. In multi-GPU setups, COSMICA automatically 
partitions the workload, allowing independent execution across devices 
without explicit synchronization. The host then merges the outputs 
into global histograms. COSMICA was designed to maximize the GPU 

5 This is true because in this case the PTE is solved against rigidity; when 
solved against kinetic energy, the rewriting of PTE in the form of Eq. (5) leads 
to a non zero 𝐿 term  not directly connected to a real physical production/loss 
process that must be accounted for when evaluating the path weight.
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Table 1
Simulated time intervals along with the corresponding solar activity and HMF 
polarity.
 CR number Start–End date Solar activity HMF polarity 
 2117 Nov. 16–Dec. 13, 2011 Solar minimum Negative  
 2155 Sep. 17–Oct. 15, 2014 Solar maximum Undefined  
 2168 Sep. 7–Oct. 4, 2015 Medium descendant Positive  
 2181 Aug. 27–Sep. 23, 2016 Medium descendant Positive  
 2192 Jun. 23–Jul. 20, 2017 Medium descendant Positive  
 2209 Sep. 29–Oct. 26, 2018 Solar minimum Positive  

occupancy and, thus, push the computational effort to its limits, reduc-
ing at most any computational inefficiencies. More details on how the 
numerical solver is implemented were presented in Bacciu et al. (2026). 
The code has been released as open source under the GPLv3 license and 
is accessible through the project repository (Bacciu et al., 2025).

4. Computational performance assessment

Performances of COSMICA were evaluated both independently and 
compared to the benchmark model presented in Section 2.1. We per-
formed principally two kinds of benchmark studies: during the bench-
mark test (A), we varied the number of quasi-particles realizations 
within the set {2𝑛 ∣ 9 ⩽ 𝑛 ⩽ 16} for a set of defined heliospheric param-
eters; during benchmark test (B), with a fixed number of quasi-particles
realizations, we varied the values of a specific dynamic parameter (see 
description in Bacciu et al., 2026) within the set {2𝑛 ∣ 0 ⩽ 𝑛 ⩽ 7}. 
Heliospheric parameters are taken to be representative of a single Car-
rington rotation, spanning 23 bins from 1 to 11 GV mapping the ones 
used for the latest proton measurements provided by AMS–02 (Aguilar 
et al., 2021), and evaluating the differential intensity of proton plus 
deuteron (i.e. hydrogen nuclei GCR usually referred to as simply proton 
GCR) measurements. Since performance increases with increasing the 
particle rigidity, higher bins were not considered in this work.

The simulated heliospheric parameter sets cover 6 different solar 
activity scenarios, as detailed in Table  1. We repeat all simulation tests 
6 times with independent random seeds; this is to ensure statistical 
robustness. Multi-GPU systems configured with 2, 3, and 4 NVIDIA 
A100 GPUs were also tested. The legacy HelMod-4/CUDA simulator 
was used for benchmarking our results following the same protocol as 
described above.

4.1. Comparison with previous version

A primary objective of COSMICA is to enable the rapid execu-
tion of large-scale simulations. The majority of development decisions 
described Bacciu et al. (2026) were driven by this goal. Fig.  1a-b 
illustrates the speedup achieved by COSMICA compared to HelMod-
4/CUDA when executed on a single NVIDIA A100 GPU.

As shown on the left side of the figure, COSMICA achieves a speedup 
exceeding 100× for smaller workloads. This substantial improvement 
is primarily attributed to enhanced particle ordering and dispatch 
strategies, which allow the GPU to reach saturation more rapidly and 
thereby maximize performance at an earlier stage. As the number of
quasi-particles increases, the speedup stabilizes at approximately 12×, 
corresponding to conditions in which both COSMICA and HelMod-
4/CUDA fully exploit the available computational resources. In fact, 
the onset of computational saturation is even more apparent in Fig. 
1a, on the left panel. This transition is marked by the point at which 
the growth of execution time shifts from sub-linear to linear with 
respect to the number of quasi-particles. For HelMod-4/CUDA, this 
occurs at approximately 32 768 quasi-particles, whereas for COSMICA
the transition is observed much earlier, at around 4096 quasi-particles.

Fig.  1c–d describes the actual runtimes  (execution times) corre-
sponding to the speedup results discussed above. A single simulation 
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involving 4096 particles – which yields an error of approximately 1% 
– requires only about 10 s with COSMICA, in contrast to nearly 100 s 
with HelMod-4/CUDA.

The right panels of Fig.  1 illustrate both the speedup (1b) and 
execution time (1d) as functions of the number of  tested dynamic 
parameters. It is evident that the speedup rapidly reaches a plateau 
exceeding 100×. This remarkable improvement is primarily attributable 
to the scheduling strategy adopted in COSMICA, wherein multiple 
parametrizations are executed concurrently within a single run. In 
contrast, the legacy HelMod-4/CUDA required separate sequential sim-
ulations for each parameterization, resulting in significantly increased 
computational time.

As an exhaustive example, a simulation involving numerous
parametrizations that would previously have required approximately 
one month to complete using HelMod-4/CUDA code can now be 
executed in just over 7 h using COSMICA.

We also compared the performance improvement achieved with 
multi-GPU setups.

Panel (a) of Fig.  2 shows that the speedup is maximal when utilizing 
a single GPU. This phenomenon is analogous to the one described 
previously, and occurs because a single GPU reaches saturation with 
fewer particles, thereby achieving its peak performance more rapidly. 
As the particle count increases, all GPUs eventually become saturated 
– specifically beyond 32 768 quasi-particles– at which point the speedup 
plateaus.

In panel (b), a similar trend is observed for smaller numbers of pa-
rameter values. However, beginning with eight parameter values, there 
is a noticeable inversion in the trend: even four GPUs reach saturation, 
allowing the advantages of improved scheduling to become apparent. In 
this regime, the speedup continues to increase with the number of GPUs 
employed, reaching as high as 120× with four GPUs.  Finally, panels 
(c)–(d) show the raw runtimes from which the speedups are computed. 
Together, they show that, once saturation is reached, COSMICA exhibits 
linear strong scaling – duplicating the number GPUs halves the runtime 
– and constant weak scaling, where doubling both the number of GPUs 
and the number of particles results in an unchanged runtime.

Similar analysis of the execution time was performed comparing
COSMICA with Geliosphere (Solanik et al., 2023). The latter model 
has few differences with respect to the physical model described in 
Section 2.1, which is implemented as default version of COSMICA
presented in this manuscript. For this reason, to ensure a fair compari-
son between the two, we tested three modifications to the COSMICA
implementation.  The first modification, No Heliosheat, removes the 
heliosheat from the model. In Geliosphere, particles exit the heliosphere 
when they arrive at the termination shock. With this modification, also 
in COSMICA the propagation is stopped once the termination shock is 
reached.  The second modification is Modified Physics. This is meant to 
mitigate the differences in the constant heliosphere and propagation 
characteristics between the two models. With this modification, we 
update COSMICA to use 𝐾⟂

𝐾∥
= 0.2, 𝛿𝑚 = 8.7 × 10−5, and no polar 

enhancement of 𝐾⟂, as in Geliosphere.  The third modification Fixed 
Timestep. In COSMICA, a dynamic timestep of 𝑑𝑡 ∈ [0.01, 50.0] s is used, 
but with this modification, COSMICA adopts the same fixed timestep as 
Geliosphere (𝑑𝑡 = 5.0 s).  We tested Geliosphere, the default COSMICA
version, and all combinations of the modifications described above over 
two Carrington rotations using the parameters from Table  2. In line 
with the Geliosphere implementation, for all COSMICA benchmarks in 
this comparison, the entire heliosphere was treated as a single zone 
with homogeneous parameters.

Fig.  3 shows the execution time comparison for different numbers 
of total simulated quasi-particles with AMS-02 rigidity binning. All 
benchmarks were ran on an NVIDIA A40 GPU. The Figure clearly shows 
that the presence of heliosheat impacts computational time, increasing 
it by a factor of approximately 2. The largest performance difference 
arises from using a dynamic time step instead of a fixed time step. We 
find that COSMICA outperforms Geliosphere in most of the comparisons 
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Fig. 1.  Scaling analysis of the COSMICA multi-GPU implementation versus HelMod-4/CUDA for proton + deuteron simulations (23 bins, 1–11 GV) across different 
GPU architectures and simulation periods.
(a) Speedup as a function of quasi-particle count for different periods.
(b) Speedup as a function of parameter count (𝐾0) for different periods.
(c) Runtime as a function of quasi-particle count for different periods.
(d) Runtime as a function of parameter count (𝐾0) for different periods.
All results are shown for different simulation periods, with shaded areas indicating the 95% percentile interval.
presented, losing in performance only when both heliosheat particle 
propagation and a fixed time step are included. The COSMICA model 
is more complex, as it performs 3D propagation instead of 2D, and 
is designed to support multiple zones, parametrizations, and isotopes 
within the same simulation. These design choices impact execution 
time, as supporting multiple configurations requires considerably more 
memory accesses and registers. Despite this, thanks to the accurate code 
design presented in Bacciu et al. (2026) – focused on ensuring best 
as possible GPU performances – in all our tests the default COSMICA
version achieves runtimes around an order of magnitude faster than 
Geliosphere. 

4.2. Consistency with previous version

To verify that the recent updates did not alter the underlying 
functionality of the code, we compared the output fluxes generated by 
both HelMod-4/CUDA and COSMICA using identical input configura-
tions. This comparison was conducted across all test cases previously 
employed to assess the impact of varying the number of quasi-particles. 
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Table 2
 Parameters used for the comparison benchmarks between COSMICA and 
Geliosphere.
 Parameter CR 2217 CR 2155  
 𝑉𝑠𝑤,𝐸𝑎𝑟𝑡ℎ 400 km/s 400 km/s  
 Termination shock Fixed at 100 AU Fixed at 100 AU  
 Heliosheat Absent Absent  
 𝐾0 4.12008 × 10−5 AU2/2 3.2568 × 10−5 AU2/2 
 Tilt angle 55.8◦ 65.5◦  

This leads to a test suite encompassing 6 Carrington rotations, 8 distinct 
values for the number of quasi-particles, 23 rigidity values, and 6 random 
seed initializations, leading to a total of 6 ⋅ 8 ⋅ 23 ⋅ 6 = 6624 tests per 
version. With this setup, we computed the relative difference between 
the output fluxes of HelMod-4/CUDA and COSMICA as follows 

𝑑 =
𝑥𝐻 − 𝑥𝐶
(

𝑥𝐻+𝑥𝐶
) = 2 ⋅

𝑥𝐻 − 𝑥𝐶
𝑥𝐻 + 𝑥𝐶

(13)

2
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Fig. 2.  Scaling analysis on multi-GPU configurations (1x, 2x, 3x, 4x A100s) for proton + deuteron simulations (23 bins, 1–11 GV) across different simulation 
periods.
(a) Speedup as a function of quasi-particle count for different number of GPUs.
(b) Speedup as a function of parameter count (𝐾0) for different number of GPUs.
(c) Runtime as a function of quasi-particle count for different number of GPUs.
(d) Runtime as a function of parameter count (𝐾0) for different number of GPUs.
All results are shown as aggregates over the 6 simulation periods from Table  1, with shaded areas indicating the 95% percentile interval.
where 𝑥𝐻  is the output of HelMod-4/CUDA and 𝑥𝐶 of COSMICA.
The difference 𝑑 was computed and then averaged over all rigidities, 

Carrington rotations, and random seeds. This approach is justified be-
cause relative differences are directly comparable to each other and do 
not depend on the magnitude of the initial rigidity, thereby facilitating 
straightforward aggregation.

Row 𝐷 in Table  3 reports the sample mean values of these relative 
differences, while row 𝑆2

𝐷 presents the corresponding sample variances. 
For example, considering 4096 quasi-particles, the observed distribution 
is −7.76 ⋅10−4±6.60 ⋅10−5, showing a mean value very close to zero and 
a small variance. This outcome suggests that the differences between 
the two simulations are centered around zero, as expected, but further 
justification for the magnitude of the variance is warranted.

Assuming that the outputs of both simulations are independent and 
drawn from the same normal distribution with fixed mean and small 
variance, 𝑋𝐻 , 𝑋𝐶

i.i.d.∼  (𝜇, 𝜎2), we can express: 

𝐷 = 2 ⋅
𝑋𝐻 −𝑋𝐶 (14)

𝑋𝐻 +𝑋𝐶

7 
In this context, 𝑥𝐻 , 𝑥𝐶 , and 𝑑 represent all the individual realizations 
of the respective random variables 𝑋𝐻 , 𝑋𝐶 , and 𝐷. From the collected 
data, we can compute the sample mean (𝑋𝐻 , 𝑋𝐶 , 𝐷) and sample 
variance (𝑆2

𝑋𝐻
, 𝑆2

𝑋𝐶
, 𝑆2

𝐷) for each quantity.
Given that Eq. (14) is a function of two random variables, we 

can derive its theoretical variance. To simplify this calculation, we 
introduce the practical assumption that 𝜇 ≫ 𝜎, i.e., the mean is much 
larger than the standard deviation. This allows us to approximate the 
denominator in Eq. (14) by 2𝜇, yielding the following expression for 
the variance of 𝐷: 

Var[𝐷] = 22
Var[𝑋𝐻 ] + Var[−𝑋𝐶 ]

(2𝜇)2
= 2 𝜎

2

𝜇2
(15)

Although the exact values of 𝜇 and 𝜎2 are unknown, we can estimate 
them from the data using the sample mean and sample variance. This 
enables us to construct a statistical estimator for the variance of 𝐷, 
which can then be compared to the sample variance of 𝐷 obtained 
from the simulations. If the estimated and observed variances are in 
close agreement, this supports the validity of our assumptions and 
provides strong evidence that the outputs of the two simulation codes 
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Fig. 3.  Execution time comparison for different number of total simulated quasi-particle with AMS-02 rigidity binning. Geliosphere is reported as blue line. 
COSMICA runtime is evaluated for default (see Section 2.1) model or with parameter described in Table  2, with or without (no HS) heliosheat propagation, and 
with dynamic or fixed time step.
Table 3
Comparison of flux means, variances, and relative difference statistics for varying particle counts. The table presents the sample 
mean and sample variance for the flux and the relative difference, as well as three different estimates of the relative difference 
variance. These quantities are computed from the flux measurements of two models, 𝑋𝐻 from HelMod-4/CUDA and 𝑋𝐶 from
COSMICA.
 quasi-particles 512 1024 2048 4096 8192 16384 32768 65536  
 𝑋𝐻 3.60e2 3.60e2 3.60e2 3.60e2 3.61e2 3.60e2 3.60e2 3.60e2  
 𝑋𝐶 3.61e2 3.60e2 3.61e2 3.61e2 3.60e2 3.61e2 3.61e2 3.61e2  
 𝑆2

𝑋𝐻
1.26e2 6.18e1 3.17e1 1.61e1 8.94e0 4.32e0 1.95e0 9.92e−1  

 𝑆2
𝑋𝐶

2.11e2 4.87e1 1.82e1 1.81e1 4.60e0 2.47e0 2.07e0 9.44e−1  
 𝐷 −1.71e−4 1.35e−4 −1.85e−3 −7.76e−4 −3.40e−5 −4.06e−4 −4.05e−4 −3.71e−4 
 𝑆2

𝐷 5.30e−4 2.26e−4 1.09e−4 6.60e−5 3.10e−5 1.50e−5 7.00e−6 4.00e−6  
 V̂ar𝑋𝐻 ,𝑋𝐶

[𝐷] 5.66e−4 2.38e−4 1.07e−4 6.90e−5 3.00e−5 1.40e−5 8.00e−6 4.00e−6  
 V̂ar𝑋𝐻

[𝐷] 5.01e−4 2.54e−4 1.23e−4 6.60e−5 3.40e−5 1.60e−5 8.00e−6 4.00e−6  
 V̂ar𝑋𝐶

[𝐷] 6.30e−4 2.22e−4 9.00e−5 7.30e−5 2.50e−5 1.20e−5 8.00e−6 4.00e−6  
are identically distributed. The choice of an appropriate estimator for 
Var[𝐷] is not straightforward; therefore, we considered three options:

V̂ar𝑋𝐻
[𝐷] = 2

𝑆2
𝑋𝐻

𝑋𝐻
2

(16)

V̂ar𝑋𝐶
[𝐷] = 2

𝑆2
𝑋𝐶

𝑋𝐶
2

(17)

V̂ar𝑋𝐻 ,𝑋𝐶
[𝐷] = 1

2

(

V̂ar𝑋𝐻
[𝐷] + V̂ar𝑋𝐶

[𝐷]
)

(18)

Table  3 reports these estimated variances, averaged aggregated by 
the number of quasi-particles. It is evident that the estimated value 
is always very close to the measured one. This agreement indicates 
that the entire fluctuations in the distribution of the relative error are 
fully accounted for by the stochasticity inherent in the simulations, 
and not differences between HelMod-4/CUDA and COSMICA.  Further 
confirmation is provided by Figs.  4–5, which shows a representative 
example of the overlapping fluxes together with the corresponding rel-
ative errors . This further confirms the statistical consistency of the two 
simulation pipelines, without any detectable systematic differences. 
Accordingly, all comparisons with experimental data are referenced 
to Boschini et al. (2024).
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5. Analysis of the stochastic path

An interesting property of the SDE integration is the possibility to 
study the distribution of the stochastic paths. As already discussed, a 
single stochastic path is not informative, but the ensemble of many 
stochastic paths allows one to reconstruct the probabilistic properties 
of the particle transport through the medium. One example is the distri-
bution of last computed rigidity that appears in Eq. (12). In this section, 
we show three other classes of distributions that can be inferred from
COSMICA which provide additional information about the physical 
process: exit-point colatitude, propagation time, and resident time. The 
computed periods are reported in Table  1 which covers two periods 
of minimum solar activity with opposite HMF polarity, one period 
during solar maximum, and three intervals during the descending phase 
of solar activity during solar cycle 24. For the sake of clarity, we 
show only solar minimums and the solar maximum results, since the 
other periods show intermediate results with the same features as those 
presented.

5.1. Exit-point colatitude distribution

The stochastic path of quasi-particles objects ends when reaching 
the heliopause distance. The distribution of these exit points of the 
stochastic paths represents the probability that a particle entering the 
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Fig. 4.  Comparison between HelMod-4/CUDA and COSMICA over CR 2209 for proton + deuteron simulations (23 bins, 1–11 GV) with 8192 particles.
(Top) Output flux of the simulations, and LIS.
(Bottom) Relative difference between HelMod-4/CUDA and COSMICA with the average intensity including all realizations from both codes.
All results are shown as aggregates over 6 different random seeds, with shaded areas indicating the 95% percentile interval.
heliosphere from such a direction could reach the simulated initial 
position (the Earth in this work). In principle, since the boundary 
distribution of GCR is isotropic, one could expect a quasi-isotropic dis-
tribution of the exit points. As pointed out by many studies, the presence 
of magnetic drift in the PTE introduces a strong asymmetry (see, e.g., 
Strauss et al., 2012; Tomassetti et al., 2025), limiting the capabilities for 
GCR to penetrate the heliosphere outside certain preferred directions. 
When HMF has positive polarity, positively charged particles entering 
the heliosphere from its polar region are more likely to reach the most 
inner parts than those entering from the equatorial region, where the 
HCS drift sums the solar wind outward flow with a net effect of in-
creasing the advective outward transport (see, e.g., Figure 1 in Dunzlaff 
et al., 2008). During periods with negative HMF polarity, drift velocity 
directions are inverted, causing particles reaching the Earth to be more 
likely to come from the equatorial boundary of the heliosphere (see,
e.g., Potgieter and Ferreira, 2001; Valdés-Galicia, 2005; Dunzlaff et al., 
2008; Strauss et al., 2012; Moraal, 2014; Tomassetti et al., 2025). In 
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Fig.  6 we show the exit colatitude (𝜃) of backward propagated quasi-
particles with COSMICA. There, all the positive polarity periods exhibit 
two narrow peaks at the poles, with the same morphology. The only 
negative polarity period (CR2117) shows a distribution with a single 
peak in the equatorial region and a flattening in the polar region. This 
is a consequence of the preferential inward path along the neutral 
sheet and the outward drift at the poles (Dunzlaff et al., 2008). It 
is interesting to note that there is no difference when considering 
proton and deuteron GCRs, which have the same electric charge but 
double the mass. This is because the calculation was done for the same 
rigidity. Using these quantities, the difference in particle mass does not 
produce noticeable effects in the particle propagation. Thus, a similar 
distribution could be reasonably expected also for heavier ions and 
lighter charged particles.

As a final remark, the scenario described in this section should be 
inverted when considering negatively charged particles. This is because 
in determining the sign direction of the drift velocity component in the 
PTE, the relevant quantity is the sign product between HMF polarity 
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Fig. 5.  Relative difference between HelMod-4/CUDA and COSMICA with the average intensity including all realizations from both codes and evaluated over the 
6 simulation periods from Table  1, for proton + deuteron simulations (23 bins, 1–11 GV) with 8192 particles.
All results are shown as aggregates over 6 different random seeds, with shaded areas indicating the 95% percentile interval.
and particle charge. This asymmetry in the particle behavior is a 
well known effect that was observed in GCR and causes, for example, 
variation in the shape of positron fraction measured by PAMELA and 
AMS-02 (see, e.g., Della Torre et al., 2012), different latitudinal gradi-
ents observed by the Ulysses probe (see, e.g., Gieseler and Heber, 2016; 
Boschini et al., 2019, and reference there in), and different hysteresis 
figures when comparing particle and antiparticle flux (see, e.g., Figure 
3 in Aguilar et al., 2025).

5.2. Propagation and resident time

Another interesting quantity to be studied is the distribution of the 
duration of the propagation from the Earth to the external boundary. 
Since the rigidity loss (gain in backward-in-time) is modeled as a de-
terministic term in Eq. (4), the more the quasi-particle object resides in 
the heliosphere, the more rigidity it loses (gains in backward-in-time). 
In the actual model, the rigidity loss term is null in the heliosheath; 
thus, only the propagation time below the termination shock is rele-
vant for the computation of the modulation intensity. In this context, 
the propagation in the heliosheath serves to estimate the fraction of 
reentrant particles (see, e.g., Bobik et al., 2008) which contribute to 
increasing the propagation time below the termination shock and, 
thus, the intensity of the solar modulation. In Fig.  7 we report the 
10 
propagation time of both protons and deuterons quasi-particles, divided 
by the resident time before and beyond the termination shock (i.e., 
inside the inner heliosphere and in the heliosheath). In Table  4, the 
mean value, in days, of these distributions is reported for both protons 
and deuterons. From figure and table inspection, it is evident that the 
time spent in the heliosheath is greater, ranging from 2 to 5 times, than 
that spent in the inner heliosphere. This can be explained by the fact 
that the propagation in the heliosheath is performed with an almost 
pure diffusive 1D model where the other transport components are 
neglected or vastly reduced due to the absence of a definite HMF and a 
much slower solar wind speed (see discussion in Boschini et al., 2019). 
Moreover, in 2011, the modeled heliosheath had a larger depth com-
pared to 2014 and 2018 (See Figures 4 and 5 in Boschini et al., 2019), 
resulting in a longer stochastic trajectory to reach the heliopause. 
This results is strictly connected with the discussion in Section 4.1. 
Indeed, the presence of the heliosheat has also a clear impact on code 
performances, it is necessary to include the great modulation effect 
observed at low energy by voyager probes (see, e.g., Salvatore et al., 
2025, and reference therein), but there is not a direct relationship 
between these two aspects. As a perspective, COSMICA would help in 
performing studies focused to have a clearer understanding of modula-
tion process in the heliosheat.  If we consider the propagation times in 
the inner heliosphere  only, these are almost in agreement with those 
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Fig. 6. Distribution of the exiting colatitude 𝜃 of the backward propagation of the simulated quasi-particles. Blue and green lines are referred to CR 2117, i.e., 
solar minimum with negative heliospheric polarity. Orange and Red are referred to CR 2209, i.e., solar minimum with positive heliospheric polarity.
Table 4
Mean propagation time, in days, of quasi-particles in the inner heliosphere and 
in the heliosheath.
 CR Proton Deuteron

 Inner Heliosheath Inner Heliosheath 
 2117 88.87 438.71 77.52 409.44  
 2155 98.25 177.14 92.55 171.83  
 2209 51.27 174.19 39.97 140.17  

presented by Tomassetti et al. (2025), where for cosmic protons and 
antiprotons with a kinetic energy of 1 GeV (∼1.7 GV), they estimate 
a mean propagation time in the heliosphere of ∼31–54 days during 
solar minimum and ∼58–91 days during solar maxima. Our results 
are slightly greater, probably due to (a) the different rigidity of the 
calculation and (b) the effect of the contribution of reentrant particles 
from the heliosheath.  Indeed, the lower the rigidity, the longer the 
propagation time in the inner heliosphere. The effect of re-entrant 
particles can be more understood by looking the relative resident time 
in the different zones of the heliosphere. 

Fig.  8 reports the mean resident time in each sector in which we 
divide the heliosphere (see Section 2.1), for two solar minima and 
a solar maxima. As expected, solar maxima have, in general, higher 
resident time  which reflect the fact that solar modulation is stronger 
during such periods. Zones 1 and 2 (i.e., the space region between 
11 
about 6∼24 AU) show a higher resident time at solar maxima and HMF 
negative solar minima, while the resident time is more flat during HMF 
positive solar minima.  These different distribution causes different 
solar modulation intensities even with similar average resident times: 
in fact, the rigidity loss term in Eq. (1) is proportional to 1∕𝑟 (see 
Equation A.13 in Boschini et al., 2018b), thus, rigidity loss is more 
important closer to the sun regarding far distances. In all cases, an 
increase of resident time is observed in the last zone, where re-entrant 
events may occur.  Re-entrant events are those quasi-particle events 
that, after passing the termination shock and spending few time in 
the heliosheat, pass again the termination shock re-entering into the 
inner heliosphere (see, e.g., Bobik et al., 2008) increasing the total 
resident time computed in Fig.  7. This process adds further energy gain 
to the backward-in-time stochastic path which, in turn, increase the 
modulation effect and is more effective to lower rigidities.  Finally, it is 
interesting to note that, in the most internal zone, where Earth-orbiting 
detectors are located, the mean time is on the order of a few days. 
When considering the most probable value, since the time distribution 
is strongly asymmetric, quasi-particles reside in this zone for ∼7 days 
during solar maximum, ∼3 days during HMF negative minima, and less 
than 1 day during the whole HMF positive descending phase and solar 
minima.
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Fig. 7. top row and lower left panel: resident time distribution of quasi-particle below the termination shock (solid lines) and inside the heliosheat (dashed lines) 
for three different solar conditions: solar minimum with negative HMF polarity (CR 2117), solar maximum  (CR 2155), and solar minimum with positive HMF 
polarity (CR 2209). Results are displayed for proton and deuterium isotopes at ∼1 GV. Bottom right panel: corresponding modulated spectra.
6. Conclusions

In this second part of the COSMICA study, which follows after Bac-
ciu et al. (2026), we validated the GPU-accelerated Monte Carlo SDE 
solver against a well-established benchmark model of cosmic-ray modu-
lation. By adopting the physical framework of HelMod-4/CUDA, which 
has been extensively tested against experimental data from AMS-02, 
PAMELA, and Voyager, we demonstrated that COSMICA reproduces the 
expected fluxes with excellent accuracy across different solar activity 
phases and heliospheric configurations. Statistical comparisons confirm 
that discrepancies between COSMICA and HelMod-4/CUDA outputs are 
consistent with stochastic fluctuations, without evidence of systematic 
deviations.

The benchmarking campaign revealed several key findings. First,
COSMICA achieves speedups exceeding 100× for small workloads and 
stabilizes at ∼12× under large-scale saturation conditions, confirming 
the efficiency of its optimized scheduling and particle-ordering strate-
gies. When applied to multi-GPU systems, scalability remains close to 
ideal, with four A100 GPUs delivering up to ∼120× speedup. This per-
formance leap reduces month-long simulation campaigns to timescales 
of hours, enabling systematic parameter scans and real-time exploration 
of solar modulation scenarios.
12 
Beyond confirming numerical accuracy, COSMICA’s SDE formula-
tion allows access to physical observables not readily derived in de-
terministic approaches. We analyzed the distributions of quasi-particle 
exit points, propagation times, and residence times, observing clear 
signatures of charge-sign dependent drifts and solar polarity reversals. 
These results reproduce well-known features of GCR transport, such 
as the asymmetric access to the inner heliosphere and the enhanced 
residence times within the heliosheath. Such analyses highlight the 
added scientific value of the Monte Carlo approach, where the ensemble 
of stochastic trajectories encodes rich information about the underlying 
transport processes.

The validation presented here consolidates COSMICA as a robust 
and reliable platform for cosmic-ray modulation studies. Its open-
source availability, combined with its computational efficiency,  make 
it suitable to be executed even on commercial computer with per-
formances that previously were achieved only by using national su-
percomputing facilities. Looking ahead, COSMICA’s modular structure 
will facilitate the integration of alternative transport models, non-
standard heliospheric conditions, and additional physical effects such 
as local sources or energy losses. With this foundation, COSMICA is 
positioned to serve not only as a state-of-the-art numerical solver but 
also as a flexible research environment for addressing new challenges 
in space weather prediction, cosmic-ray astrophysics, and radiation 
hazard assessment for space missions.
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Fig. 8. Mean resident time (in days) in the different zones of the heliosphere for proton (top panel) and deuteron (bottom panel).
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