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Master-field simulations offer an approach to lattice QCD in which calculations are performed
on a small number of large-volume gauge-field configurations. The latter is advantageous for
simulations in which the global topological charge is frozen due to a very fine lattice spacing,
as the effect of this on observables is suppressed by the spacetime volume. Here we make use
of the recently developed Stabilised Wilson Fermions to investigate a variation of this approach
in which only the temporal direction ()) is taken larger than in traditional calculations. As
compared to a hyper-cubic lattice geometry, this has the advantage that finite-! effects can be
useful, e.g. for multi-hadron observables, while compared to open boundary conditions, time-
translation invariance is not lost.

In this proof-of-concept contribution, we study the idea of using very cold (i.e. long-)) lattices
to topologically "defrost" observables at fine lattice spacing. We identify the scalar-scalar meson
two-point correlation function as a useful probe and present first results from # 5 = 3 ensembles
with time extents up to ) = 2304 and a lattice spacing of 0 = 0.055 fm.
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1. Introduction and formalism

LatticeQCD is entering a precision era and the results are impacting someof themost interesting
areas of particle physics. With many observables demonstrating good control over finite-volume
and quark-mass effects, discretisation effects are becoming more central as dominant sources of
systematic uncertainty, see e.g. [1, 2]. Future progress will rely on increased control over the
continuum limit, and expanding current parameter ranges towards finer lattice spacings is becoming
an important goal.

With current algorithms, as the lattice spacing is decreased, the tunnelling probability between
topological sectors drops. Consequently, the autocorrelation time between independent configu-
rations increases without bound and topology freezes. A simulation with frozen topology, i.e. at
fixed topological charge &, does not truly sample QCD; rather, it can be interpreted as inserting an
unwanted power series in& into QCD correlation functions. Of course ensuring that the expectation
value of & vanishes is, by itself, not sufficient to guarantee that freezing effects are under control.

The work presented here is based on the observation that the effects of frozen topology
are suppressed by at least one power of 1/+ , where + = !3) is the spacetime volume of the
simulation [3, 4]. In this proof-of-concept contribution, we explore the idea of using lattices with a
very large + , induced by a very long time direction, to mitigate these contaminations.

1.1 Open boundary conditions

The problem of the freezing of global topology can, in principle, be elegantly solved via open
boundary conditions, see [5, 6]. By replacing the usual (anti-)periodic boundary conditions in the
time direction with Neumann conditions, it becomes possible for topological objects to diffuse in
and out of the lattice through the boundaries. Topology continues to evolve in Monte Carlo (MC)
time, also at fine lattice spacings.

However, the open boundaries entail the loss of translational invariance in the time direction.
The consequences of this must be considered on an observable-specific basis. For example, for
spectral quantities such as particle masses, the boundaries are less important since the energies in
the spectral decomposition will be unaffected and the only consequence of operators approaching
the boundary is a modification to the overlap factors. With other observables the effect is of direct
relevance. For example for the hadronic-vacuum-polarization contribution to the muon’s magnetic
moment, defined via a vector-vector correlator, both vector insertions must be sufficiently far from
the boundary to ensure one is estimating a vacuum expectation value. In the following we show an
example of an observable that shows visible contamination due to this effect.

1.2 An alternative concept: The long-) approach

Among other ideas to address the topology freezing problem at acceptable computational cost,
one new path is to note that, in QCD, spatially distant regions largely fluctuate independently of
each other. In ref. [7] it was shown how this can change our perspective of building expectation
values ⟨...⟩ via averages over MC time histories ( ¯...), into one in which we understand the same
process as a translational averaging over locally decorrelated spacetime regions, denoted ⟪...⟫:

⟪O(G)⟫ =
1
+
∑
I

O(G + I), ⟨O(G)⟩ = ⟪O(G)⟫ +$(+−1/2
) . (1)
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Label 0[fm], <c[MeV] !/0 )/0 #cfg BC’s &̄ +rel g& g�

P(96) 0.055, 418 48 96 488 P 1.3 1 11(4) 5(2)
P(384) 384 101 P 3.0 4 3(1) 4(2)
P(1152) 1152 94 P -8 12 4(2) 3(1)
P(2304)1 2304 38 P -50 24 2(1) 2(1)
P(2304)2 2304 36 P -12 24 2(1) 3(1)
O(96) 96 495 O -1.0* 1 7(3)* 3(1)

Table 1: Ensemble parameters. We define +rel = +/+96; g& and g� denote integrated autocorrelation times
of & and � . "*"= with open boundary conditions &̄ and g& are not well defined, see text.

Just as one can estimate the error from MC samples, taking into account autocorrelations, it is
also possible to estimate the error from translated samples, accounting for spatial correlations.
This implies that in the extreme regime of very large volumes, i.e. where the four-volume is
significantly larger than in typical present-day calculations, it is sufficient to have just a single gauge
field configuration to estimate both the central value and the uncertainty of any observable. This
"master-field" (MF) approach makes effective use of the stochastic locality property of QCD.1

Aside from a new way of statistically evaluating observables and their uncertainties, this also
suggests away to side-step the topology freezing problem. As alreadymentioned in the introduction,
the effect of freezing scales as 1/+ as for sufficiently large + . Statistical uncertainties, by contrast,
are only suppressed by 1/

√
+ for a fixed number of gauge fields, and are thus guaranteed to dominate

over freezing effects, making the latter irrelevant, as the spacetime volume increases.

From the point of view of topological suppression, the MF regime is reached through any
increase in the spacetime volume. The focus of this work is to take only one direction large. To state
the idea compactly; if !trad and )trad denote traditional spatial and temporal extents, respectively,
we take

! = !trad, ) ≫ )trad Ð→ long-) approach . (2)

An advantage of this version of the MF in the context of hadron spectroscopy is that the
spectrum set by the spatial volume remains sparse. This implies, e.g., that the established and
advanced methods of the finite-volume formalism can be applied as usual.2 The smaller spatial
volume is also useful for methods based on identifying the low modes of a three-dimensional
operator, such as distillation. Furthermore, the approach keeps translational invariance, which
allows one to exploit the volume more fully. Starting to explore the long-) approach, our goals here
are to generate the first long-) lattices in the regime of slowed topological sampling and to identify
sensitive probes to establish their benefits.

1Progress in generating master-fields has been reported recently, also at this conference [8, 9].
2In contrast, infinite-volume based methods, including those that make use of position-space correlators, are attractive

in the MF approach and being explored in refs. [10, 11].
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Figure 1: Topological charge MC histories for all ensembles. The values for & with open boundaries are
given here for reference only. Note the distinct topological sectors for the two separate )/0 = 2304 strings.

2. Numerical setup

To test this new approach the first aim is to generate dynamical configurations in a regime
where topology freezing is a problem. To this end, a setup with # 5 = 2 + 1 dynamical fermion
flavors at the single lattice spacing of 0 = 0.055 fm is chosen. It is set via the gradient flow scale
and converted to physical units via

√
8C0 = 0.414(5)fm [12]. Furthermore, the stabilised Wilson

fermion framework (SWF) [13] is used as it cures a large volume pathology of more common
Wilson-Clover actions. The exponentiated Clover coefficient is non-perturbatively set according to
[13, 14]; see also [15] for more details on the setup. Previous studies (for the SWF case see for
instance [15]) show that at this lattice spacing topological sampling slows down to a point where a
switch to open boundaries becomes beneficial. The masses of the three quark flavors are set equal
and are fixed to <c = < = 418 MeV.3

Throughout the spatial volume is fixed to !/0 = 48, corresponding to <c! = 5.6, while the
time extent is increased from 96 to 2304 points. At )/0 = 96 two different ensembles are generated,
one with periodic and one with open boundary conditions. For all long-) ensembles the boundary
conditions are periodic. An up-folding strategy is used where the smaller time extent configurations
seed the larger ones. The expected slow evolution of topology in these simulations offers a novel
way to test the volume suppression effect: We choose to generate two separate strings at)/0 = 2304
seeded from smaller volume configurations in distinctly different topological sectors. Moving away
from these sectors only very slowly in theMC evolution, a situation is engineered where observables
carry different contamination and the volume suppression can be tested explicitly.

The ensemble parameters are gathered in Tab. 1, in particular note the inclusion of the relative
volume factor+rel = +/+96. The reference lattice volume, !/0 = 48, )/0 = 96, was chosen to reflect
a common, traditional lattice setup.

3Note, this is slightly away from the so-called flavor symmetric point where <c = < = 412 MeV[16].
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Figure 2: Quantity @(G) of the )/0 = 2304 lattice with &̄ = −12 ∼ ∑ @(G) in space-time slice G, C where
H = I = !/2. From left to right and top to bottom the panels show the configurations = = 1, 6, 12, 18, 24, 30.

3. Observations during generation and thermalisation

In the preceding discussion the topological charge is identified as a key observable. Here, we
follow the gradient flow based definition [17], evaluated at positive flow time Cflow = 1.3C0 = 9.6 02:

& = ∑
G∈+

@(G) , @(G) = −
1

32c2 n`adfTr[�`a(G)�df(G)] . (3)

The MC averages &̄ and MC histories of this observable are given in Tab.1 and Fig. 1 for all six
ensembles, respectively. Note, that the topological charge is not cleanly defined for open boundary
conditions; for reference purposes we show here the measurement of &̄ computed on a volume that
allows instantons to flow in and out. As such, it is not quantized (integer) in the continuum limit.

Throughout we observe a slow evolution of the topological charge with MC time. Given the
short MC chain lengths we forgo quoting an error for the average charge given in Tab. 1 at this point.
We observe that the two )/0 = 2304 ensembles indeed remain in their distinct topological sectors,
one string exhibits an average topological charge of &̄ = −50 and the other one of &̄ = −12 with
similar chain lengths. In particular the chains stay apart from each other throughout their evolution
history. To visualise the evolution of local topological fluctuations, we show @(G) on the ensemble
P(2304)2 for the space-time slice G, C where H = I = !/2 for a number of points in MC time in Fig. 2.
This preliminary check shows significant evolution away from the initial, seed configuration. The
integrated autocorrelation times g& and g� , of the topological charge and the energy density at
C0, respectively, are given in Tab. 1. Keep in mind that these estimates are based from relatively
short MC chains. The autocorrelation times measured compare well with the distance in MC time
between two visually distinct @(G) fields.

Effective thermalisation is a key question in large volume or MF-type simulations. At this stage
we did not observe signs of thermalisation effects. However, we must leave a quantitative study for
the future.

4. Translational averages for the topological susceptibility

Next, we study whether translational averaging is already effective in the +rel reached here.
To this end we follow the procedure outlined in [7]. Summarising it here, note the topological
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Figure 3: Topological susceptibility. Left: Average values derived using a traditional error analysis on P(96)
and translational averages on all other ensembles. Right: MC history of the average value (config-by-config)
and the translational error on the two )/0 = 2304 ensembles. The results have been slightly horizontally
shifted relative to each other for legibility.

susceptibility is defined as:

jC ∶=
⟨&2⟩

+
=∑

H

⟨@(H)@(0)⟩ . (4)

The sum over H may be split into two parts on large lattices:

jC = ∑
∣H∣≤'

⟪@(H)@(0)⟫ + ∑
∣H∣>'

⟨@(H)@(0)⟩ + O(+−1/2
) , (5)

whereby the second term decays quickly at large ' and the translational average ⟪...⟫ requires the
addition of the +−1/2-term. In practice this formulation enables the determination of jC by reading
it off from the plateau value at large '. The preliminary results of applying this procedure to all
ensembles except for the smallest, )/0 = 96, are shown in Fig. 3 (left). For the latter an effective
translational averaging cannot be expected and the errors are estimated using a bootstrap analysis in
a more traditional analysis instead. Throughout we take care that all measurements have the same
statistics when assuming that the error follows the naive relations with the volume and number of
configurations. Comparing the results, for the ensembles P(384) and P(1152) we observe larger
relative errors and some deviation. For the two P(2304)1,2 ensembles, however, we observe similar
errors and furthermore the values from both strings agree. This is further illustrated in Fig. 3 (right)
where the MC histories for these two lattices are given. We obtain consistent results from analysing
each individual configuration. Recall translational averages are used here. Taken together we
conclude that the regime where translational averaging becomes effective is reached for the longest
lattices and the time extent is long enough to suppress the topological contamination below the level
of the error in these lattices.

5. Translating topological benefits and defrosting hadronic observables

One of the motivations of this work is to explore new ways for topologically safe simulations
for spectroscopy applications. Here, we focus on calculating zero-momentum meson correlation

6



P
o
S
(
L
A
T
T
I
C
E
2
0
2
2
)
3
6
8

Translating topological benefits in very cold lattice simulations Anthony Francis

functions:
�O1O2(C = C

′
− Csrc) =∑

G

⟨O2(G, C
′
)O1(Gsrc, Csrc)⟩ , (6)

where O = k̄Γ8k and Γ = W5,1. Only connected channels are considered in this study. The
correlators are denoted O1O2 =̂�O1O2(C) in the following.

On the ensembles with open boundary conditions *(1) noise wall sources are used. The
sources are either placed close to the boundary, Csrc = 1, )/0 − 1, or in the central region, Csrc/) =

(1/4), (3/4).
On the periodic ensembles a similar setup is used, however there are important modifications:

The immediate benefit of the long-) approach is that it preserves translation invariance. One by-
product of having a highly elongated time direction is that multiple sources can be safely put on a
single configuration simultaneously as a consequence of stochastic locality. The around-the-world
effects become negligible but are replaced with next-neighbour-wall effects4. As a consequence
we place #< = )/XC< of *(1) noise wall sources per configuration per inversion and spread them
with XC< = 960 starting from a randomly varied Csrc. While for P(96) this is very similar to the open
boundary case, for all other ensembles this leads to a new kind of source consisting of multiple noise
walls a distance XC< apart from each other. For example, on the )/0 = 2304 ensembles there are
24 walls that are solved for simultaneously in one inversion. The periodic images of the correlators
obtained from this inversion are summed as initial analysis step. As such this wall array (warray)
estimator of the correlator reads:

�
warray
O1O2

(C) =
#<−1
∑
==0

�(C + = ⋅ XC<). (7)

In principle different XC< can be chosen according to the needs of the spectral analysis and noise
properties of the correlator, e.g. one may choose to use XC< = 1920 or more for the pion as
one can follow the signal for long distances. In this contribution the aim is compare results on
the different ensembles and setups. For this reason we choose the same number of time slices
) = XC< = 960 and the number of sources, noises and configurations used is fixed such that based
on naive error and volume scaling we can expect the same level of statistical uncertainty for all
correlator measurements. Note, the wall sources introduce an additional relative factor (!/0)3.

A good hadronic probe should be sensitive to the topology. We identify meson correlators of
scalar (Γ = 1, denoted () and pseudoscalar (Γ = W5, denoted %) operators as ideal in this sense: The
(( correlator can be distorted by topological effects even though it is parity-even, similar in spirit
to the arguments of [4, 18]. One may expect the leading effect to be proportional to the difference
between &2/+ and jC . At the same time, the %( correlator is parity-odd and vanishes in QCD,
i.e. it should be zero (stochastically) in a simulation that correctly samples topology, while in the
case of topological contamination the %( obtains non-zero signal. The correlator then behaves as:

�%((C) ∼ �%( ⋅ exp[−<c C] and �%( ∼ &/+ . (8)

In the following this effect in the amplitude �%( will be checked explicitly. Furthermore, inserting
&2 into the (( correlator at long distance creates or annihilates a pion, as such one may expect it

4With a different noise setup, the next-neighbour-wall effects could be cancelled stochastically. This is not done here.
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Figure 4: Left: %( meson correlators on different lattice geometries. The shaded regions show single
exponential fits. Right: Results for �%( (filled symbols) and rescaled by +rel/& (open symbols).

to decay towards <c asymptotically. We leave this to a future study. In both cases the %% channel
gives a clean observable to test these predictions against. Note that these statements are independent
of the choice of boundary conditions.

The %( correlators for the ensembles P(96), P(2304)1, P(2304)2 as well as O(96) with central
and boundary placed sources are shown in Fig. 4 (left). Since the sign of this correlator varies
with &, we apply an ensemble-by-ensemble sign to render it positive in the figure. The errors are
computed using a binning procedure. We observe that compared to the boundary placed sources the
centrally placed results, and all periodic ensembles, show a larger amplitude by orders of magnitude.

Going further the correlators are fitted to a single exponential Ansatz, the results are shown as
dark shaded regions in the figure. The ratio of the extracted amplitudes over the centrally placed
O(96) results �%(/�%((96central

obc ) is shown in Fig. 4 (right) as filled symbols. For the periodic
boundaries ensembles, we see that the results on P(96) show the largest contamination. Relative to
the central O(96) results they are a factor 2 larger. Comparing the P(2304)1, P(2304)2 we see that,
while P(2304)1 is larger than the central O(96) by a factor 1.5, the P(2304)2 is smaller by a factor
2. As such, even at this preliminary stage, the )/0 = 2304 lattices can be competitive.

The ratio can be further modified by multiplying it with +rel/&̄ as a rough estimate aimed at
taking into account the naive expected scaling with&/+ . The corresponding results for the periodic
boundary ensembles are shown as open symbols in Fig. 4 (right). We observe that the P(2304)1 and
P(2304)2 results agree with good accuracy and the expected scaling is roughly confirmed, however,
we stress once more the preliminary nature of this study.

6. Discussion

In this proof-of-concept contributionwe introduced the idea of using very cold lattices, i.e. long-
) ensembles, as a means to reduce topological contaminations. In this context we motivated the
scalar-scalar and pseudoscalar-scalar meson correlators as sensitive probes. We demonstrated
that the %( correlator is visibly affected by topological effects, even when the problem of global
topological charge freezing has been addressed through open boundary conditions. Simultaneously
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the long-) approach is shown to suppress topological contamination as well and is seen to lead to
competitive results in comparison: the hadronic observables are "defrosted".

The long-) approach has a number of benefits: For example, the traditional spatial volume
enables the use of current spectroscopic methods with little change. Around-the-world effects
are de-facto eliminated and multiple time-separated sources can be inverted at the same time,
keeping the inversion cost per sample potentially as low as that of the (scaled) traditional volume.
Furthermore, the calculation of errors can benefit from a combination of traditional and translational
averaging methods, thereby making the best of all worlds. Here we observed that our ensembles
with +rel = 24 already exhibit a stable translational error.

At the current stage, we did not observe signs of thermalisation effects. In the future a
quantitative study is planned however. Furthermore we will analyse the (( correlator by studying
its spectrum and expected asymptotic behavior.
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