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1 Introduction

The coming decades will see a vast increase in the experimental precision of collider data,
as the LHC experiments move into the high-luminosity era. At the same time, the com-
plexity of the observables being probed in hadronic collisions is likely to increase as well, as
more detailed information becomes available about multi-particle final states. This future
evolution on the experimental side poses a significant challenge for the theory community,
which is called upon to provide increasingly precise predictions for ever more intricate ob-
servables. As a result, a number of innovative theoretical tools for perturbative calculations
have been developed over the last two decades, and continue to be refined and extended
(for a recent review, see ref. [1]). Predictions at the next-to-next-to-leading order (NNLO)
in the strong coupling are rapidly becoming standard, even for relatively complex final
states (see, for example, refs. [2–5]), while the frontier has moved to the third perturbative
order in the strong coupling (N3LO) for relatively simple processes [6, 7].

A necessary ingredient for the calculation of differential distributions to the required
accuracy is an efficient and automatic treatment of infrared singularities, which must cancel
between virtual corrections and the phase-space integrals of unresolved final-state radia-
tion, or must be factorised in a universal manner in the case of collisions involving hadrons
in the initial state. The theoretical foundations of this treatment are well understood (for a
recent review, see [8]): the cancellation (or factorisation) is guaranteed by general theorems
valid to all orders in perturbation theory [9–13], and hinges upon the factorisation prop-
erties of virtual corrections to scattering amplitudes [14–25] and of real-radiation matrix
elements [26–28]. The anomalous dimensions required for the infrared factorisation of vir-
tual corrections are fully known up to three loops [29, 30], while the real-radiation splitting
kernels have been computed at order α2

s [26–28, 31–33], with near-complete information
available also at α3

s [34–47].
Notwithstanding this extensive body of knowledge, the construction of general and effi-

cient algorithms for infrared subtraction beyond NLO has proved to be a very difficult task.
At NLO, the task of handling infrared singularities was first approached with phase-space
slicing methods [48, 49], by isolating the phase-space regions where real radiation is singu-
lar, introducing for those regions approximate expressions of the relevant matrix elements,
and integrating analytically up to the slicing parameter. To avoid residual dependence
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on the slicing parameter, subtraction methods [50–53], see also [54], were later introduced,
which work by defining local counterterms in all regions of phase space affected by singular-
ities, subtracting them from the full real-radiation matrix elements, and then adding back
their exact integrals. Some of these methods have been developed in full generality, and
versions of the corresponding algorithms are implemented in a number of multi-purpose
NLO event generators [55–63], providing a solution of the problem at this accuracy.

Beyond NLO, the handling of infrared singularities becomes significantly more difficult,
both conceptually and practically, due to the rapid increase in the number of overlapping
singular regions, to the need for considering strongly-ordered infrared limits, and to the
mixing between virtual poles and phase-space singularities. As a consequence, efforts to
reach the same degree of universality and efficiency as was achieved at NLO already span
almost two decades. Many different approaches have been proposed and pursued [64–85],
as recently reviewed in ref. [86]. Some of the methods proposed belong to the slicing family,
or define non-local subtractions, as is the case for ref. [75], while others adopt the local-
subtraction viewpoint (for example [67, 70]); they also range from predominantly numerical
methods, as in [85], to predominantly analytical ones, as for example [73]; finally, they have
reached varying degrees of practical implementation, culminating with the first differential
NNLO calculations for 2→ 3 collider processes with at least two QCD particles in the final
state at Born level, in refs. [2–5, 87, 88].

All approaches to infrared subtraction beyond NLO are affected by considerable com-
putational complexity, either at the level of the analytic integration of counterterms, or at
the level of numerical implementation. Even if the underlying physical mechanism for the
cancellation is essentially simple and well understood, concrete technical implementations
are intricate, and it is clear that there is room for improvement in the universality, versa-
tility and efficiency of existing algorithms. With these goals in mind, we have developed an
approach to infrared subtraction, which we call Local Analytic Sector Subtraction [83, 89].
We attempt to optimise the structure of the calculation at all stages, while maintaining
full locality of the counterterms and complete universality for all hadronic final states, as
well as providing completely analytic expressions for all required counterterms and their
phase-space integrals, including finite contributions. We believe that the completion of
this programme will provide an extremely versatile tool: once fully analytic expressions
are available, the method can in principle be implemented within any existing numeri-
cal framework, and applications to multi-particle final states will be limited only by the
available computing power and multi-loop matrix elements (see for instance ref. [90]). In
parallel, we are studying more formal aspects of subtraction, from the point of view of
factorisation [84], with the hope of further optimising the structure of local counterterms,
taking full advantage of the highly non-trivial structure of infrared factorisation and ex-
ponentiation. In that context, we provided a set of definitions for soft and collinear local
counterterms which apply to all orders in perturbation theory, and we are currently study-
ing the necessary organisation of strongly-ordered infrared configurations [91].

In the present paper, we complete our subtraction programme for the case of generic
massless coloured final states. All relevant integrals were computed analytically in [92],
requiring only standard techniques. In order to achieve this simplicity, we exploited as
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much as possible the existing freedom in the definition of local infrared counterterms.
Specifically, a crucial element of our approach is the smooth partition of phase space in
sectors, each of which contains only a minimal set of soft and collinear singularities, along
the lines of ref. [50]. The next important ingredient is a flexible family of phase-space
parametrisations, which can be applied sector by sector, and in fact can be varied for each
contribution to the local counterterms. This ultimately leads to a minimal and simple
set of phase-space integrals to be performed. Our final result is a completely analytic
subtraction formula, which gives the NNLO contribution to the differential distribution for
any infrared-safe observable built out of massless coloured final states (as well as with an
arbitrary set of massive or massless colourless final-state particles), and requires as input
only the relevant matrix elements: the double-virtual correction to the Born-level process,
the one-loop correction to the single-radiation process, and the tree-level expression for the
double-real-emission contribution.

We present the architecture of our method in section 2, beginning with a quick review
of our approach at NLO, for massless final states, to introduce the relevant notations in
a simple context.1 The following sections give the details for the construction of all the
ingredients entering the subtracted formula. Section 3 discusses the subtracted double-real
contribution, which is integrable over the entire radiative phase space. Explicit expressions
for all required counterterms are included, as well as a detailed analysis of phase-space
mappings. Section 4 organises the integration procedure for all counterterms associated
with double-real radiation, expressing the required integrals in terms of a small set of
basic integrals, which were discussed in ref. [92] and are collected here in appendix E.
Section 5 presents the subtracted real-virtual correction, providing an explicit expression
for the real-virtual counterterm. By combining together the real-virtual correction with
its local counterterm, and the integrals of the single-unresolved and the strongly-ordered
counterterms, we build an expression that is both free of infrared poles and integrable in
the radiative phase space. The integration of the real-virtual counterterm is discussed in
section 6, and again can be organised in terms of simple integrals. Section 7 gives the
subtracted double-virtual contribution, which is free of infrared poles. Finally, section 8
provides an explicit example of cancellation of phase-space singularities and section 9 sum-
marises our results, putting them in perspective. Several appendices collect useful formulas
and some technical details of the formalism.

2 Subtraction for massless final states: a framework

We consider a generic process where an electroweak initial state with total momentum q,
q2 ≡ s, produces n massless final-state coloured particles at Born level, and we denote with
An(ki), i = 1, . . . , n, the relevant scattering amplitude.2 The perturbative expansion of

1Our method provides a complete subtraction formalism at NLO, including the case of initial state
hadrons, as discussed in details in ref. [89].

2The subtraction presented in the following applies with no modifications to the case of an arbitrary
number of colourless particles accompanying the n coloured ones in the final state, so that in general∑

i
ki 6= q. Just for the sake of notational simplicity, we will assume n to coincide with the total number of

final-state particles and the total momentum to be q.
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the amplitude reads

An(ki) = A(0)
n (ki) + A(1)

n (ki) + A(2)
n (ki) + . . . , (2.1)

where A(k)
n is the k-loop correction, and includes the appropriate power of the strong

coupling constant. For such a process, we consider a generic infrared-safe observable X,
and we write the corresponding differential distribution as

dσ

dX
= dσLO

dX
+ dσNLO

dX
+ dσNNLO

dX
+ . . . . (2.2)

Our task is to express such differential distributions in a manifestly finite form, which is free
of infrared poles, and integrable over the appropriate phase spaces. In order to introduce
our method and notations, we begin with a brief review of the NLO calculation for massless
final states.

2.1 Local analytic sector subtraction at NLO

The standard expression for the NLO term in the distribution in eq. (2.2) requires combin-
ing virtual corrections to the Born term, which contain IR poles in ε ≡ (4−d)/2, where d is
the number of space-time dimensions, and the phase-space integral of unresolved radiation,
which is also singular in d = 4. One must then compute the combination

dσNLO

dX
= lim

d→4

[∫
dΦn V δn(X) +

∫
dΦn+1Rδn+1(X)

]
. (2.3)

Here δm(X) ≡ δ(X − Xm) fixes Xm, the expression for the observable X, computed for
an m-particle configuration, to its prescribed value, dΦm denotes the Lorentz-invariant
phase-space measure for m massless final-state particles, and

R =
∣∣∣A(0)

n+1

∣∣∣2 , V = 2 Re
[
A(0)†
n A(1)

n

]
, (2.4)

are the real and the (MS-renormalised) virtual contributions, respectively. To rewrite
eq. (2.3) in terms of finite quantities we need a sequence of steps. First, we must define
a local counterterm, denoted here by K, which is required to reproduce the singular IR
behaviour of the real-radiation matrix element R locally in phase space. At the same
time, it is expected to be simple enough to be analytically integrated in the phase space
of the unresolved radiation. In order to perform this integration, we need to introduce a
parametrisation of the radiative phase space dΦn+1, which must factorise as

dΦn+1 = ςn+1
ςn

dΦn dΦrad , (2.5)

where, as before, dΦn is the phase space for n massless particles, while dΦrad is the measure
of integration for the degrees of freedom of the unresolved radiation, and we explicitly
extracted the ratio of the relevant symmetry factors ςn+1 and ςn. The factorisation theorems
for real radiation guarantee that the function K will be a combination of products of Born-
level squared amplitudes (to be integrated over dΦn) and infrared kernels, to be integrated
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in dΦrad. Once a parametrisation yielding eq. (2.5) is in place, one can compute the
integrated counterterm

I =
∫
dΦradK . (2.6)

Eq. (2.6) will reproduce, by construction, the infrared poles arising from the integration of
the real-radiation squared matrix element. It is now possible to rewrite eq. (2.3) identically
as a combination of virtual corrections and real contributions that are separately finite,
and therefore phase-space integrals can be performed numerically when needed. Using∫
dΦn+1K =

∫
dΦn I, we obtain

dσNLO

dX
=
∫
dΦnV sub(X) +

∫
dΦn+1R sub(X) , (2.7)

with

V sub(X) =
(
V + I

)
δn(X) , R sub(X) = R δn+1(X)−K δn(X) . (2.8)

The subtracted real matrix element R sub(X) is free of phase-space singularities by con-
struction, while V sub(X) is finite as ε→ 0 as a consequence of the KLN theorem, and both
contributions are now suitable for a numerical implementation in four space-time dimen-
sions. Notice that the IR safety of the observable X is necessary for the cancellation, which
requires that δn+1(X) turns smoothly into δn(X) in all unresolved limits.

Eqs. (2.3)–(2.7) provide just an outline of NLO subtraction task: the actual definition
of the required local counterterm is in fact not unique, and characterises the subtraction
scheme. Furthermore, it is necessary to include a prescription to perform the phase-space
mapping implied by eq. (2.5). Within the context of Local Analytic Sector Subtraction at
NLO, we proceed as follows.

• We define projection operators Si and Cij that extract from the real-radiation squared
matrix element R its singular behaviour in soft and collinear limits. In practice, one
must pick specific phase-space variables in order to perform the projection: one could
for example choose a Lorentz frame and define the soft limit in terms of the energy
of particle i in that frame, and the collinear limit in terms of the angle between i and
j, as was done in ref. [50]. We prefer to use Lorentz-invariant quantities, as discussed
in detail in refs. [83] and [89]. Concretely, we introduce the variables

ei ≡
sqi
s
, wij ≡

ssij
sqisqj

, (2.9)

where sq` = 2q · k`. We then define Si as extracting the leading power in ei, and
Cij = Cji as extracting the leading power in wij . It is not difficult to verify that,
with this definition, the two operators commute when acting on the squared matrix
element, Si Cij R = Cij SiR.

• We then partition the radiative phase space into sectors, defined by introducing a set
of sector functions, Wij , along the lines of ref. [50], which constitute a partition of
unity, namely a set of kinematical weights smoothly dampening all radiative singu-
larities but those due to particle i becoming soft, or becoming collinear to a second
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particle j. Our sector functions are constructed in terms of Lorentz invariants. We
indeed define

σij ≡
1

eiwij
, Wij ≡

σij∑
k 6=l σkl

, (2.10)

satisfying ∑i 6=jWij = 1. These sector functions have the further defining property
that their soft and collinear limits still form a partition of unity. Indeed, one easily
verifies that

Si
∑
k 6=i
Wik = 1 , Cij

[
Wij +Wji

]
= 1 . (2.11)

Eq. (2.11) guarantees that, upon summing over sectors, the full soft and collinear
singularities will be recovered, and sector functions will not explicitly appear in coun-
terterms to be integrated.

• The purpose of introducing sector functions is to minimise the number of singular
limits of RWij , so that we can easily identify a combination which is by construction
integrable in the radiative phase space. Indeed, in sector (ij)

(1− Si) (1−Cij) RWij = RWij − L(1)
ij RWij → integrable , (2.12)

where we introduced L(1)
ij ≡ Si + Cij − Si Cij . We stress here that the operators

Si and Cij are defined to act on all elements that lie to their right: therefore, if L
denotes a generic singular limit, the relation LRWij ≡ (LR) (LWij) is understood.
Summing over sectors we get the expression∑

i

∑
j 6=i

L (1)
ij RWij ≡

∑
i

∑
j 6=i

[
Si + Cij

(
1− Si

)]
RWij , (2.13)

which satisfies the requirement of reproducing the singular behaviour of R in all soft
and collinear regions. Eq. (2.13), however, cannot yet be used directly in eq. (2.7),
since it does not properly factorise a Born-level squared matrix element involving n
on-shell particles.

• For this purpose, we must introduce a set of mappings of the (n+ 1)-particle momenta
{k} onto the n-particle momenta {k̄}, which must not affect soft and collinear limits
at leading power. We adopt the Catani-Seymour mappings [51]

k̄
(abc)
i = ki , i 6= a, b, c ; k̄

(abc)
b = ka + kb −

sab
sac + sbc

kc ; k̄(abc)
c = sabc

sac + sbc
kc ,

(2.14)
where i runs from 1 to n+1. The mappings above satisfy the on-shell and momentum-
conservation conditions

(
k̄

(abc)
j

)2 = 0 , j = 1, . . . , n ;
n∑
j=1

k̄
(abc)
j =

n+1∑
i=1

ki . (2.15)

One easily verifies the two sets of momenta coincide when ka becomes soft, and when
ka becomes collinear to kb.
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• Finally, we can turn eq. (2.13) into a local counterterm, by using the factorised ex-
pressions for soft and collinear limits of R, and evaluating the Born-level squared
matrix elements with the mapped momenta defined eq. (2.14), sector by sector in
the radiative phase space. We do this by introducing improved projection operators
Si and Cij , which are defined at NLO to project on leading-power soft and collinear
limits, and at the same time apply the selected phase-space mappings. For NLO
massless final states their action is defined by

SiR ≡ −N1
∑
c 6=i

∑
d 6=i,c
E(i)
cd B̄

(icd)
cd ,

Cij R ≡ N1
Pµνij(r)
sij

B̄(ijr)
µν ,

Si Cij R ≡ 2N1Cfj E
(i)
jr B̄

(ijr) , r = rij . (2.16)

The quantities entering eq. (2.16) are defined as follows. We denote by B the Born
matrix element squared, B = |A(0)

n |2, while Bµν is its spin-correlated counterpart,
defined by removing the gluon polarisation vectors from the matrix element and
from its complex conjugate.3 Similarly, Bcd is the colour-correlated Born, defined in
eq. (A.5). These three objects are evaluated in eq. (2.16) with mapped momenta, and
are therefore denoted with a bar and with a label identifying the specific mapping to
be employed. Thus, for example, B̄(ilm) ≡ B({k̄}(ilm)) is the Born squared matrix
element with mapped momenta {k̄}(ilm). Furthermore, Cfj is the Casimir eigenvalue
of the colour representation of parton j, while the eikonal kernel E(i)

cd and the DGLAP
kernels Pµνij(r) are presented in eq. (B.3) and eq. (B.7) respectively.4 The overall
normalisation is given by

N1 = 8παs
(
µ2eγE

4π

)ε
. (2.17)

Importantly, the improved operators must preserve the correct soft and collinear
limits of R to ensure the locality of the subtraction procedure: in this case, one must
verify that

Si SiR = SiR , Cij Cij R = Cij R , (2.18)

as well as
Si Si Cij R = Si Cij R , Cij Si Cij R = Cij SiR . (2.19)

These consistency conditions are indeed verified by eq. (2.16). We also stress that
r = rij is any particle different from i, j, chosen according to the rule defined in
eq. (A.14) (in this case it means that the same r must be chosen for the pair ij and
for the pair ji). In what follows, we will describe the action of the improved operators
as realising improved limits. Notice that, at this stage, we have a residual freedom

3If the parent parton in the collinear ij splitting is not a gluon, the corresponding kernel is diagonal in
spin space by helicity conservation, and Bµν reduces to B.

4We note that, as seen in appendix B, these and all other kernels are written in terms of Lorentz
invariants and in a manifestly flavour-symmetric notation.
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in the definition of improved limits of sector functions, subject to the preservation of
the constraints in eq. (2.11) and in eq. (2.12).

• The definition of the improved operators given above contains a subtlety [89], which
must be analysed with care. The DGLAP kernels Pµνij(r) reported in appendix B are
written in terms of the invariants

xi = sir
sir + sjr

, xj = sjr
sir + sjr

, (2.20)

as opposed to the energy fractions ei/(ei + ej), ej/(ei + ej). This is a useful choice in
view of analytical integration, and a legitimate one since xi and xj reduce to ei and ej
in the collinear limit Cij . This choice, however, introduces spurious singularities in
the collinear limits Cir and Cjr in the sectors Wij and Wji, so that the combination
(1−Si)(1−Cij)RWij is not integrable in the limits Cir and Cjr. This problem can
be solved by using our freedom to define the action of the improved operators Si and
Cij on sector functions Wij (r = rij):

SiWij ≡ SiWij =
1
wij∑

l 6=i

1
wil

, CijWij ≡
ejwjr

eiwir+ejwjr
, SiCijWij ≡ 1 . (2.21)

The presence of the angular factors wir and wjr, vanishing in the Cir and Cjr limits
respectively, allows to verify the following auxiliary consistency conditions

Cir

{
1 , Si , Cij

(
1− Si

)}
RWij → integrable ,

Cjr

{
1 , Si , Cij , Si Cij

}
RWij → integrable , (2.22)

on top of the standard ones, corresponding to eqs. (2.18) and (2.19), which now need
to be written explicitly including the sector functions, as

Si
{(

1− Si
)
, Cij

(
1− Si

)}
RWij → integrable ,

Cij

{(
1−Cij

)
, Si

(
1−Cij

)}
RWij → integrable . (2.23)

Recall that in eq. (2.22) the index r labels the reference vector used to define the
collinear kernel Pµνij(r): in fact, all collinear projection operators should properly be
labelled with the index r, which in general we omit for brevity. Notice also that our
definition of improved limits of sector functions, eq. (2.21), is not symmetric under
i↔ j. As a consequence, the two lines of eq. (2.22) are not identical: in the first line,
only the combination Cij(1 − Si) gives an integrable result in the ir collinear limit,
when acting on RWij (which is sufficient for our purposes), while in the second line
Cij and Si Cij give separately integrable contributions in the jr collinear limit.

• With these definitions, our first expressions for the NLO local counterterm is

K =
∑
i,j 6=i

Kij , Kij =
(
Si + Cij − Si Cij

)
RWij , (2.24)
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so that the subtracted squared matrix element is given by

R sub(X) =
∑
i,j 6=i

R sub
ij (X) , R sub

ij (X) = RWij δn+1(X)−Kij δn(X) . (2.25)

The counterterm defined in eq. (2.24) is sufficient to construct a fully functional sub-
traction algorithm at NLO. There is however some room for optimisation: for exam-
ple, we note that the sector functionsWij are useful to identify the improved limits to
be defined, and the consistency relations they must satisfy, but the stability of numer-
ical integrations will improve when sectors involving the same parametrisations are
combined. To pursue this idea, we introduce symmetrised sector functions defined by

Zij =Wij +Wji . (2.26)

The corresponding improved limits read

SiZij = SiWij =
1
wij∑

l 6=i

1
wil

, CijZij = 1 , SiCijZij = SiCijWij = 1 . (2.27)

This symmetrisation of the sector functions reduces the number of sectors and, to
some extent, simplifies the scheme in view of an efficient numerical performance. In
fact, the counterterm K, with symmetrised sector functions, can be written as

K =
∑
i,j>i

K{ij} , K{ij} =
(
Si + Sj + HCij

)
RZij , (2.28)

where we have introduced the hard-collinear improved limit

HCij R ≡ Cij

(
1− Si − Sj

)
R = N1

P hc,µν
ij(r)
sij

B̄(ijr)
µν , (2.29)

with the hard-collinear splitting kernel P hc,µν
ij(r) defined in appendix B. The subtracted

squared matrix element is now given by

R sub(X) =
∑
i,j>i

R sub
{ij}(X) , R sub

{ij}(X) = RZij δn+1(X)−K{ij} δn(X) . (2.30)

A third expression for the NLO counterterm, important for analytic integration, is
obtained by summing over all sectors. Using eq. (2.11), one can then write

R sub(X) = R δn+1(X)−K δn(X) , K =
∑
i

SiR+
∑
i,j>i

HCij R . (2.31)

This expression for R sub(X), though very compact, is not the most suited for
numerical implementation: the expression in eq. (2.30), with symmetrised sector
functions, is to be preferred, since it allows to parallelise the contribution of different
sectors, and to independently optimise their numerical evaluation.

As discussed in detail in [83, 89, 92], these definitions enable a straightforward integration of
local counterterms, and yield an implementation of NLO subtraction that can be extended
to initial-state radiation as well. We now turn to the case of NNLO massless final states.
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2.2 Local analytic sector subtraction at NNLO

The NNLO contribution to the differential cross section in eq. (2.2) can be written as

dσNNLO

dX
= lim
d→4

[∫
dΦnV V δn(X)+

∫
dΦn+1RV δn+1(X)+

∫
dΦn+2RRδn+2(X)

]
, (2.32)

where

RR =
∣∣∣A(0)

n+2

∣∣∣2 , RV = 2Re
[
A(0)†
n+1A

(1)
n+1

]
, V V =

∣∣∣A(1)
n

∣∣∣2 +2Re
[
A(0)†
n+1A

(2)
n+1

]
. (2.33)

In this case, the MS-renormalised double-virtual contribution V V displays IR poles up
to ε−4, the double-real RR contains up to four phase-space singularities, and the MS-
renormalised real-virtual term RV has poles up to ε−2 and up to two phase-space singu-
larities. In order to rewrite eq. (2.32) as a sum of finite contributions, we will define four
local counterterms, which we label K (1), K (2), K (12) and K(RV). The counterterm K (1)

is designed to reproduce all phase-space singularities of RR due to a single particle becom-
ing unresolved, while K (2) takes care of situations where two particles become unresolved
at the same rate. The two sets of singularities overlap, and K (12) is responsible for sub-
tracting the double-counted overlap region. Finally, K(RV) will subtract the phase-space
singularities arising from the single-real radiation in RV .

In order to integrate these counterterms, we will need to introduce phase-space
parametrisations factorising single and double radiation, in analogy with eq. (2.5). In
this case we will need the factorisations

dΦn+2 = ςn+2
ςn+1

dΦn+1 dΦrad , dΦn+2 = ςn+2
ςn

dΦn dΦrad,2 , dΦn+1 = ςn+1
ςn

dΦn dΦrad .

(2.34)
Once a parametrisation yielding eq. (2.34) is in place, one can define integrated countert-
erms as

I (1) ≡
∫
dΦradK

(1) , I (2) ≡
∫
dΦrad,2K

(2) ,

I (12) ≡
∫
dΦradK

(12) , I(RV) ≡
∫
dΦradK

(RV) . (2.35)

We are now ready to write down the master formula for our subtraction at NNLO: in the rest
of the paper we will precisely define and construct all the necessary ingredients, generalising
the discussion summarised in section 2.1. We aim to construct an expression of the form

dσNNLO

dX
=
∫
dΦn V V sub(X) +

∫
dΦn+1RV sub(X) +

∫
dΦn+2RR sub(X) , (2.36)

where each one of the three contributions is finite in ε and is free of phase-space singularities.
Using the local counterterms introduced above, and their integrals over the radiative

degrees of freedom, the subtracted matrix elements V V sub, RV sub and RR sub are given by

V V sub(X) ≡
(
V V + I (2) + I(RV)

)
δn(X) , (2.37)

RV sub(X) ≡
(
RV + I (1)

)
δn+1(X) −

(
K(RV) + I (12)

)
δn(X) , (2.38)

RR sub(X) ≡ RRδn+2(X)−K (1) δn+1(X)−
(
K (2) −K (12)

)
δn(X) . (2.39)

– 10 –



J
H
E
P
0
7
(
2
0
2
3
)
1
4
0

Once again, eqs. (2.36) and (2.37)–(2.39) provide an identical rewriting of eq. (2.32), and
their logic is as follows:

• in eq. (2.39), RR sub(X) must be integrated in the full phase space Φn+2, and it
is built out of tree-level quantities,5 therefore has no explicit IR poles. It has no
phase-space singularities either, since single-unresolved contributions are subtracted
by K (1), double-unresolved contributions are subtracted by K (2), and their double-
counted overlap is reinstated by adding back K (12).

• in eq. (2.38), RV must be integrated in Φn+1, and is affected by both explicit IR
poles and phase-space singularities. The IR poles arising from the loop integration
in RV are cancelled by the integral I (1), by virtue of general cancellation theorems;
the first parenthesis is thus finite, but both terms are singular in the phase space
of the radiated particle. By construction, the phase-space singularities of I (1) are
cancelled by I (12), and K(RV) is designed to cancel the phase-space singularities of
RV . This however does not guarantee that explicit IR poles will cancel in the second
parenthesis. Anyway, one can fine-tune the definition of K(RV), by including explicit
IR poles not associated with the phase-space singularities of RV , in order to make the
second parenthesis finite as well. At this point, eq. (2.38) is both finite and integrable.

• The complete cancellation of real and virtual singularities in eq. (2.38) and eq. (2.39)
guarantees then, as a consequence of the KLN theorem, that eq. (2.37), to be
integrated in the Born-level phase space Φn, will be free of IR poles.

In the next sections we will construct explicit expressions for all counterterms, compute
their integrals analytically, and finally obtain RR sub(X), RV sub(X) and V V sub(X). As was
the case at NLO, this will require identifying the relevant single- and double-unresolved lim-
its, introducing an appropriate set of NNLO sector functions, and defining flexible and con-
sistent phase-space mappings. Needless to say, the multiplicity of singular configurations
and of their overlaps will lead to long and intricate expressions: therefore, detailed formulas
for NNLO soft and collinear kernels, for the relevant mapped limits, and for the required
integrals, as well as a number of notational shortcuts, will be presented in the appendices.

3 The subtracted double-real contribution RR sub

In this section we provide a detailed construction of the subtracted squared matrix element
for double-real radiation, RR sub. As noted in eq. (2.39), this will require the definition of
three separate local counterterms. From a combinatorial viewpoint, this task represents
the most intricate part of the NNLO-subtraction programme, due to the large number of
overlapping singular limits affecting double-real radiation. In analogy to section 2.1, we
will proceed as follows: first, in section 3.1, we will list and briefly discuss the relevant
singular limits, which can be single- or double-unresolved; next, in section 3.2, we will

5We have implicitly understood the underlying Born reaction to be associated with tree-level diagrams;
however, in case of loop-induced processes, all arguments and techniques presented in this article carry over.
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introduce a set of sector functions, smoothly partitioning the (n+ 2)-particle phase space
so as to minimise the number of singular configurations to be considered in any given sector.
These sectors will naturally be grouped into three different topologies, corresponding to the
structure of the limits relevant to each sector. Next, in section 3.3, we will identify specific
combinations of limits that yield integrable contributions in each topology, in the spirit
of eq. (2.12); we will then construct, in section 3.4, a family of phase-space mappings in
order to properly factorise the double-radiative phase space in all relevant configurations.
Finally, in section 3.5, we will introduce improved limits appropriate for each topology,
discuss the required consistency conditions, and then use the improved limits to compose
an expression for the subtracted double-real contribution RR sub. As was the case at NLO
for single-real radiation, it is possible to improve upon the resulting expression for RR sub
by introducing symmetrised sector functions in order to optimise the subsequent numerical
integration. This construction is discussed in section 3.6. We note that the construction
presented in this paper differs slightly in some technical choices from the one given in
ref. [83]: we will note the differences as we go along.

3.1 Singular limits for double-real radiation

Double-real radiation matrix elements are characterised by a variety of overlapping
singular limits. It is important, from the outset, to pick a complete set of limits, in
order to then study (and subtract) their overlaps, to avoid double counting. Clearly,
single-unresolved soft and collinear limits are relevant also for double radiation, so our
list must include the limits Si and Cij introduced in section 2.1. Next, we need to
collect all possible double-unresolved limits. Importantly, when two particles become
unresolved, one needs to distinguish uniform limits, where the rate at which the two
particles become unresolved is the same, and strongly-ordered limits, where one particle
becomes unresolved at a higher rate with respect to the second one. Obviously, this
distinction becomes relevant starting at NNLO. Our set of fundamental uniform limits
consists of four independent configurations. First, two particles i and j can become soft
at the same rate, a limit which we denote by Sij ; second, a single hard particle can branch
into three collinear ones, i, j and k, a limit which we denote by Cijk; third, two hard
partons can independently branch into two collinear pairs, which we denote by Cijkl, with
(i, j) and (k, l) labelling the two independent pairs; finally, a particle i can become soft
while another pair of particles, j and k, become collinear at the same rate,6 which we
denote by SCijk. In these four limits, the double-real-radiation squared matrix element
factorises, with the relevant kernels derived and presented in ref. [27]. Given these uniform
limits, the strongly-ordered ones can be reached by acting iteratively: for example, the
strongly-ordered double-soft limit, with particle i becoming soft faster than particle j,
can be reached by computing Si Sij ,while the strongly-ordered double-collinear limit, with
particles i and j becoming collinear faster than the third particle k, will be given by the
combination Cij Cijk. All singular configurations can be reached in this way.

6In ref. [83], two strongly-ordered soft-collinear limits were considered, instead of the uniform one chosen
here.
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Si ei → 0 (soft configuration of parton i)

Cij wij → 0 (collinear configuration of partons (i, j))

Sij ei, ej → 0 and ei/ej → constant

(uniform double-soft configuration of partons (i, j))

Cijk wij , wik, wjk → 0 and wij/wik, wij/wjk, wik/wjk → constant

(uniform double-collinear configuration of partons (i, j, k))

Cijkl wij , wkl → 0 and wij/wkl → constant
(uniform double-collinear configuration of partons (i, j) and (k, l))

SCijk ei, wjk → 0 and ei/wjk → constant
(uniform soft and collinear configuration for partons i and (j, k))

Table 1. Definitions of the single-unresolved singular limits Si, Cij and of our set of basic inde-
pendent double-unresolved singular limits Sij , Cijk, Cijkl, SCijk.

In order to proceed, we need to characterise the limits more precisely, in terms of
phase-space variables. As was the case at NLO, we choose to define the limits in terms
of Mandelstam invariants, and we pay attention to the fact that all limits must commute
when acting on the double-real radiation squared matrix element. Using the variables
ei and wij given in eq. (2.9), the definitions of the independent limits, both single- and
double-unresolved, are specified in table 1. Importantly, our choice of independent limits
is related to our choice of sector functions, which will be tuned so that only a minimal
pre-defined set of the chosen limits will contribute in each sector.

3.2 Sector functions and topologies for double-real radiation

We now introduce a smooth unitary partition of the double-real-radiation phase space, in
the spirit of ref. [50]. Since at most four particles can be involved in singular infrared limits
at NNLO, we label the sector functions with four indices, and denote them by Wijkl. We
pick the first two indices to label the single-unresolved configurations assigned to the chosen
sector. In particular, we will design the sector (ijkl) to contain the limits Si and Cij (thus
we take j 6= i). We then need to distinguish sectors involving only three distinct particles
from sectors involving four distinct particles. In sectors where only three particles are
involved, the double-unresolved limit Cijk will be relevant; furthermore, a second particle
(besides i) may become soft, and it can be particle j or particle k. Correspondingly, we will
have distinct sector functions Wijjk and Wijkj , where we take the third index to indicate
the second particle that can become soft. Similarly, if all four indices are distinct, we
take Wijkl to select the sector where particles i and k can become soft, while the possible
collinear pairs are (i, j) and (k, l). Notice that in all cases the last three indices j, k and
l are distinct from i, and k 6= l. We will refer to the three allowed combinations of sector
indices, (ijjk), (ijkj) and (ijkl) as topologies, and we will denote them collectively by
τ ≡ abcd ∈ {ijjk, ijkj, ijkl}.
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We now need to introduce a precise definition of NNLO sector functions, which will
enable us to list all the fundamental limits contributing to each topology. As was done at
NLO (see eq. (2.10)), we will define NNLO sector functions as ratios of the type

Wabcd = σabcd
σ

, σ =
∑
a,b 6=a

∑
c 6=a
d 6=a,c

σabcd , (3.1)

so that ∑
a,b 6=a

∑
c 6=a
d 6=a,c

Wabcd = 1 . (3.2)

Such a partition allows us to rewrite the double-real squared matrix element RR as

RR =
∑
i, j 6=i

∑
k 6=i

∑
l 6=i,k

RRWijkl =
∑
i, j 6=i

∑
k 6=i,j

[
RRWijjk +RRWijkj +

∑
l 6=i,j,k

RRWijkl

]
.

(3.3)
Our choice for the functions σabcd7 is given by

σabcd = 1
(eawab)α

1
(ec + δbc ea)wcd

, α > 1 . (3.4)

Given eq. (3.4), we can list which of the fundamental limits discussed in section 3.1 will
affect each topology. One finds that the combination RRWτ will be singular in the limits
listed below.

RRWijjk : Si , Cij , Sij , Cijk , SCijk ;
RRWijkj : Si , Cij , Sik , Cijk , SCijk , SCkij ; (3.5)
RRWijkl : Si , Cij , Sik , Cijkl , SCikl , SCkij .

In analogy with the NLO sum-rule requirements in eq. (2.11), also NNLO sector functions
which share a given singular configuration must form a unitary partition. This is a crucial
feature in order to minimise the complexity of the counterterm structure in view of analytic
integration. The choice of the functions σabcd in eq. (3.4) guarantees that the required par-
tial sums reduce to unity. For example, we report the sum rules for the double-unresolved
limits in table 1, which read

Sik

∑
b 6=i

∑
d 6=i,k

Wibkd +
∑
b 6=k

∑
d 6=k,i

Wkbid

 = 1 , (3.6)

Cijk

∑
abc∈π(ijk)

(
Wabbc +Wabcb

)
= 1 , Cijkl

∑
ab∈π(ij)
cd∈π(kl)

(
Wabcd +Wcdab

)
= 1 , (3.7)

SCijk

( ∑
d 6=i

ab∈π(jk)

Widab +
∑
d 6=i,a

ab∈π(jk)

Wabid

)
= 1 , (3.8)

7This choice corresponds to setting α = β in the NNLO sector functions introduced in ref. [83].
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where by π(ij) and π(ijk) we denote respectively the sets {ij, ji} and
{ijk, ikj, jik, jki, kij, kji}.

In order for the double-real contribution to properly combine with the real-virtual cor-
rection, we require NNLO sector functions to factorise into NLO-like sector functions under
the action of single-unresolved limits. As discussed in ref. [83], and below in section 5, this
ensures the local cancellation of integrated phase-space singularities with the poles of the
real-virtual correction, sector by sector in the single-radiative phase space: indeed RV needs
to be partitioned with NLO-like sector functions, since it involves a single-real radiation.
As an example, one may verify that the sector functions for the topology (ijjk) satisfy

SiWijjk =Wjk SiW(α)
ij , CijWijjk =W[ij]k CijW(α)

ij , Si CijWijjk =Wjk Si CijW(α)
ij ,

(3.9)
where W[ij]k is the NLO sector function defined in the (n+ 1)-particle phase space in-
cluding the parent parton [ij] of the collinear pair (i, j), and we introduced the NLO-like,
α-dependent sector functions

W(α)
ij ≡

σ
(α)
ij∑

k 6=l σ
(α)
kl

, σ
(α)
ij ≡

1
(eiwij)α

, α > 1 , (3.10)

so that ordinary NLO sector functions are given by Wij = W(1)
ij . Similar relations hold

for the other two topologies.

3.3 Combining singular limits of topologies

As listed in eq. (3.5), a limited number of products of IR projectors is sufficient to collect all
singular configurations of the double-real squared matrix element in each topology. Since
the action of the relevant limits on both RR and on the sector functions does not depend
on the order they are applied, the following combinations are by construction integrable in
the whole phase space

(1−Si)(1−Cij)(1−Sij)(1−Cijk)(1−SCijk)RRWijjk → integrable ,
(1−Si)(1−Cij)(1−Sik)(1−Cijk)(1−SCijk)(1−SCkij)RRWijkj → integrable , (3.11)
(1−Si)(1−Cij)(1−Sik)(1−Cijkl)(1−SCikl)(1−SCkij)RRWijkl → integrable .

Note that, in analogy to the definition used for NLO projection operators, if we take L to
be any one of the singular limits in table 1, the action LRRWabcd ≡ (LRR) (LWabcd) is
understood for all topologies.

Applying directly eq. (3.11) would be quite cumbersome, as the three lines generate a
total of 160 terms. Fortunately, the resulting combinations of limits are not all independent,
and several non-trivial relations can be obtained exploiting the symmetries of the limits
under exchanges of indices, as well as the definitions of the various limits involved as
projection operators on singular terms of RR. Consider for example, in four-particle sector
Wijkl, the projection (1− Sik)RRWijkl. This will contain only terms in RR that are not
singular in sector (ijkl) when the uniform soft limit is taken for particles i and k. As a
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consequence, if further projections involving both the i and k soft limits are taken, the
result will be integrable. We conclude, for example, that

SCikl SCkij(1− Sik)RRWijkl → integrable . (3.12)

Working in this way, topology by topology, we can write a set of finite relations, which
help us remove redundant configurations contributing to eq. (3.11). They read

Cij SCijk(1− Si)(1− Sij)(1−Cijk)RRWijjk → integrable ,
Si SCkij(1− Sik)(1−Cijk)RRWijkj → integrable ,

Cij SCijk(1− Si)(1− Sik)(1−Cijk)RRWijkj → integrable ,
Cij Sik(1− Si)(1− SCkij)(1−Cijk)RRWijkj → integrable ,

SCijk SCkij(1− Sik)RRWijkj → integrable ,
Si SCkij(1− Sik)(1−Cijkl)RRWijkl → integrable ,
Si Cijkl(1− Sik)(1− SCikl)RRWijkl → integrable , (3.13)

Cij SCikl(1− Si)(1− Sik)(1−Cijkl)RRWijkl → integrable ,
Cij Sik(1− Si)(1− SCkij)(1−Cijkl)RRWijkl → integrable ,

SCikl SCkij(1− Sik)RRWijkl → integrable ,
Cijkl Sik(1− SCikl)RRWijkl → integrable ,
Cijkl Sik(1− SCkij)RRWijkl → integrable .

These finite relations allow us to simplify considerably eq. (3.11), leading to the integrable
expression

RRWτ −
(
L(1)
ij + L(2)

τ − L(12)
τ

)
RRWτ → integrable , (3.14)

which is the NNLO equivalent of eq. (2.12) for double-real radiation.8 In eq. (3.14) we
distinguished, for each topology τ , the single-unresolved limit L(1)

ij , the uniform double-
unresolved limit L(2)

τ , and the strongly-ordered double-unresolved limit L(12)
τ . Their ex-

plicit expressions for each topology, in terms of the projectors discussed in section 3.1,
are

L(1)
ij = Si + Cij (1− Si) ,

L(2)
ijjk = Sij + SCijk (1− Sij) + Cijk (1− Sij) (1− SCijk) ,

L(2)
ijkj = Sik + (SCijk + SCkij) (1− Sik) + Cijk (1− Sik) (1− SCijk − SCkij) ,

L(2)
ijkl = Sik + (SCikl + SCkij) (1− Sik) + Cijkl (1 + Sik − SCikl − SCkij) ,

L(12)
ijjk = Si

[
Sij + SCijk (1− Sij) + Cijk (1− Sij) (1− SCijk)

]
(3.15)

+ Cij (1− Si)
[
Sij + Cijk (1− Sij)

]
,

8Note that there is no ambiguity in the notation: we denote by (ij) the first two indices of the sector,
which are common to all three topologies.
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L(12)
ijkj = Si

[
Sik + SCijk (1− Sik) + Cijk (1− Sik) (1− SCijk)

]
+ Cij (1− Si)

[
SCkij + Cijk (1− SCkij)

]
,

L(12)
ijkl = Si

[
Sik + SCikl (1− Sik)

]
+ Cij (1− Si)

[
SCkij + Cijkl (1− SCkij)

]
.

The projection operators appearing in eq. (3.15) are organised so as to display, in order, the
soft (S), the uniform soft and collinear (SC) and the collinear (C) singular contributions.
Upon summing over sectors, eq. (3.14) and eq. (3.15) build up the equivalent at NNLO of
eq. (2.12) and eq. (2.13), for double-real radiation: indeed, applying the limits defined in
eq. (3.15) on RR and on the sector functions gives the starting point to determine the form
of the counterterms for each sector, since the limits contain all phase-space singularities
of RR in a given sector, without double counting. In order to promote them to actual
counterterms, it is now necessary to introduce phase-space mappings, allowing to properly
factorise the (n+ 2)-body phase space into an (n+ 1)-body phase space times a single-
radiation phase space for L(1) and L(12), and into an n-body phase space times a double-
radiation phase space for L(2), as shown in eq. (2.34). We now turn to the discussion of
these mappings.

3.4 Phase-space mappings for double-real radiation

There is considerable freedom to define phase-space mappings for double-real radiation (see
for example [93]). We have chosen to use nested Catani-Seymour final-state mappings,
which involve a minimal set of the (n+ 2) momenta, and are built in terms of Mandelstam
invariants, simplifying both the factorised expression for the (n+ 2)-body phase space and
the dependence of the counterterms on the integration variables of the radiative phase
spaces. In this framework, the mappings to factorise the (n+ 2)-body phase space into
an (n+ 1)-body phase space times a single-radiation phase space, necessary for L(1) and
L(12), can be constructed with the same procedure followed at NLO, and one is lead to
eq. (2.14) and eq. (2.15), with i running from 1 to n+ 2, and j running from 1 to n+ 1.

For the construction of an on-shell, momentum conserving n-tuple of massless momenta
in the (n+ 2)-particle phase space, necessary for L(2), we distinguish the following three
possibilities.

• We choose six final-state massless momenta ka, kb, kc, kd, ke, kf (all different) and
construct the n-tuple (without ka and kb)

{k̄}(acd,bef) =
{
{k}/a/b/c/d/e6f , k̄

(acd,bef)
c , k̄

(acd,bef)
d , k̄(acd,bef)

e , k̄
(acd,bef)
f

}
, (3.16)

with

k̄(acd,bef)
c = ka + kc −

sac
s[ac]d

kd , k̄
(acd,bef)
d = sacd

s[ac]d
kd ,

k̄(acd,bef)
e = kb + ke −

sbe
s[be]f

kf , k̄
(acd,bef)
f = sbef

s[be]f
kf , (3.17)

while all other momenta are left unchanged (k̄(acd,bef)
n = kn , n 6= a, b, c, d, e, f). Here

and in the following s[ab]c = sac + sbc.
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• We choose five final-state massless momenta ka, kb, kc, kd, ke (all different) and
construct the n-tuple (without ka and kb)

{k̄}(acd,bed) =
{
{k}/a/b/c/d/e, k̄

(acd,bed)
c , k̄

(acd,bed)
d , k̄(acd,bed)

e

}
, (3.18)

with

k̄(acd,bed)
c = ka + kc −

sac
s[ac]d

kd , k̄
(acd,bed)
d =

(
1 + sac

s[ac]d
+ sbe
s[be]d

)
kd ,

k̄(acd,bed)
e = kb + ke −

sbe
s[be]d

kd , (3.19)

while all other momenta are left unchanged (k̄(acd,bed)
n = kn , n 6= a, b, c, d, e).

• We choose four final-state massless momenta ka, kb, kc, kd (all different) and construct
the n-tuple (without ka and kb)

{k̄}(acd,bcd) = {k̄}(abc,bcd) = {k̄}(abcd) =
{
{k}/a/b/c/d, k̄

(abcd)
c , k̄

(abcd)
d

}
, (3.20)

with

k̄(abcd)
c = ka+kb+kc−

sabc
sad + sbd + scd

kd , k̄
(abcd)
d = sabcd

sad + sbd + scd
kd , (3.21)

while all other momenta are left unchanged (k̄(abcd)
n = kn , n 6= a, b, c, d).

With these tools, we are now ready to construct improved infrared projectors, with a proper
factorised structure, and we can use them to define our counterterms.

3.5 Building RR sub with improved singular limits

To write explicitly the counterterms we introduce improved versions of the limits in table 1

Sa, Cab, Sab, Cabc, Cabcd, SCabc .

They are to be interpreted as operators which, on top of extracting the corresponding
singular limit on the objects they act on, convey a specific mapping of momenta, to be
defined case by case, and may be further refined (for example by tuning their action
on sector functions) in order to ensure the local cancellation of singularities after the
implementation of phase-space mappings.

Given the definitions of the improved limits (to be discussed below) we can construct
the expression for RR sub in the following way. First, we define the improved version of the
various L operators corresponding to the limits in eq. (3.15), for each topology, denoting
the improved operators by L. Next, we define our local counterterms, for each topology
τ = ijjk, ijkj, ijkl, as

K (1)
τ = L (1)

ij RRWτ , K (2)
τ = L (2)

τ RRWτ , K (12)
τ = L (12)

τ RRWτ . (3.22)
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The subtracted double-real squared matrix element for topology τ is then given by

RR sub
τ (X) = RRWτ δn+2(X)−K (1)

τ δn+1(X)−
(
K (2)
τ −K (12)

τ

)
δn(X) . (3.23)

This allows to build the complete RR sub(X) of eq. (2.36) by summing the contributions
from all sectors according to

RR sub(X) =
∑
i, j 6=i

∑
k 6=i,j

[
RR sub

ijjk(X) +RR sub
ijkj(X) +

∑
l 6=i,j,k

RR sub
ijkl(X)

]
. (3.24)

The structure of eq. (2.39) is then recovered by using eq. (3.3), and by defining

K (1) =
∑
i, j 6=i

∑
k 6=i,j

[
K

(1)
ijjk +K

(1)
ijkj +

∑
l 6=i,j,k

K
(1)
ijkl

]
,

K (2) =
∑
i, j 6=i

∑
k 6=i,j

[
K

(2)
ijjk +K

(2)
ijkj +

∑
l 6=i,j,k

K
(2)
ijkl

]
,

K (12) =
∑
i, j 6=i

∑
k 6=i,j

[
K

(12)
ijjk +K

(12)
ijkj +

∑
l 6=i,j,k

K
(12)
ijkl

]
. (3.25)

We emphasise that the definitions of the counterterms are actually complete only after spec-
ifying both the action LRR of improved limits on the double-real matrix element, as well as
the action LWτ on sector functions. All the improved limits are reported in appendix C,
and are written in terms of the soft and collinear kernels listed in appendix B, multi-
plying appropriate versions of the Born-level probabilities, expressed in terms of mapped
momenta.

In order to give the reader a feeling for the kind of expressions that emerge from this
procedure, we reproduce here two representative examples. First, the uniform double-
unresolved double-soft improved limit Sik (i 6= k) can be written as

Sik RR ≡
N 2

1
2

∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

∑
e 6=i,k,c,d

[ ∑
f 6=i,k,c,d,e

E(k)
ef B̄

(icd,kef)
cdef + 4 E(k)

ed B̄
(icd,ked)
cded

]

+ 2 E(i)
cd E

(k)
cd B̄

(icd,kcd)
cdcd + E(ik)

cd B̄
(ikcd)
cd

}
, (3.26)

where the NLO eikonal kernel E(i)
cd and the NNLO eikonal kernel E(ik)

cd are presented in
eqs. (B.3) and (B.4), and we employed six-, five- and four-particle mappings for the colour-
correlated Born terms, according to the numbers of particles involved. Note in particular
that all eikonal dipoles are mapped differently, which is essential for the analytic integration,
as discussed in ref. [92] and in section 4 below.
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For the strongly-ordered double-unresolved double-soft improved limit Si Sik (i 6= k),
on the other hand, we write

Si Sik RR ≡
N 2

1
2

∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

[ ∑
e 6=i,k,c,d

( ∑
f 6=i,k,c,d,e

Ē(k)(icd)
ef B̄

(icd,kef)
cdef + 2 Ē(k)(icd)

ed B̄
(icd,ked)
cded

)

+ 2
∑

e 6=i,k,c,d
Ē(k)(idc)
ed B̄

(idc,ked)
cded + 2 Ē(k)(icd)

cd

(
B̄

(icd,kcd)
cdcd + CA B̄

(icd,kcd)
cd

)]

− 2CA
[
E(i)
kc Ē

(k)(ick)
cd B̄

(ick,kcd)
cd + E(i)

kd Ē
(k)(ikd)
cd B̄

(ikd,kcd)
cd

]}
. (3.27)

As might be expected, the complexity of the kernels has diminished with respect to
eq. (3.26) (indeed the expression solely features NLO eikonal factors), but the combi-
natorics has become more intricate. Notice that we used mapped momenta also in the
eikonal kernels corresponding to the least-unresolved particle k.

It is important to stress that, while there appears to be considerable freedom in the
choice of the improved limits, there are also stringent constraints that must be satisfied.
In particular, the improved limits LRR must carry the same symmetries under index
exchange as the respective unimproved countertparts, so that the improved collections
L (1)

,L (2)
,L (12) are still consistent with eq. (3.15), whose content is based on the validity

of the integrable relations listed in eq. (3.13). Within the limitations of this requirement,
there is still a residual freedom to modify the action of the improved limits acting on both
RR and sector functions, with respect to the bare result extracted by their unimproved
version. However, we must make sure that this procedure does preserve the locality of the
cancellation of singularities, or, analogously, the finiteness of RR sub

ijjk, RR sub
ijkj and RR sub

ijkl,
defined in eq. (3.23). To this end, we checked the consistency of the improved limits
listed in appendix C by analytically verifying that, for any topology τ , the corresponding
RR sub

τ is in fact integrable in all singular limits of that tolopogy. Specifically, we verified
analytically that

{
Si, Cij , Sij , Cijk, SCijk

}
RR sub

ijjk → integrable ,{
Si, Cij , Sik, Cijk, SCijk, SCkij

}
RR sub

ijkj → integrable ,{
Si, Cij , Sik, Cijkl, SCikl, SCkij

}
RR sub

ijkl → integrable . (3.28)

Furthermore, since the collinear kernels of appendix B display spurious collinear singu-
larities involving the reference momentum kr, which are not always screened by the sector
functions, we verified explicitly that also the following relations hold

{
Cir, Cjr, Cijr

}
RR sub

ijjk → integrable ,{
Cir, Ckr, Cikr

}
RR sub

ijkj → integrable ,{
Cir, Ckr

}
RR sub

ijkl → integrable . (3.29)
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Having passed these tests,9 the improved limits listed in appendix C, when assembled
according to eqs. (3.22)–(3.24), provide a fully local subtraction of phase-space singularities
for the double-real-emission contribution to the cross section, and eq. (3.24) is indeed
integrable in the (n+ 2)-particle phase space. We now go on to illustrate a different
construction for RR sub based on symmetrised sector functions, similarly to what was done
in section 2.1 at NLO.

3.6 RR sub with symmetrised sector functions

The partition of the (n+ 2)-particle phase space by means of the sector functions Wabcd

that we introduced in section 3.2 is not the only possible way forward. Analogously to
what we did at NLO (see eqs. (2.29) and (2.31)), this sector structure can be adapted to
meet certain symmetry conditions that reduce the actual number of sectors: in particular,
sectors sharing the same double-collinear singularities would naturally be parametrised in
the same way in a numerical implementation, whence grouping such sectors in a single
contribution is expected to improve numerical stability. Exploiting the symmetries of the
improved limit Cijk, we thus sum up the 6 permutations of i, j, k in sectors Wijjk,Wijkj

introducing the symmetrised sector functions

Zijk = Wijjk +Wikkj +Wjiik +Wjkki +Wkiij +Wkjji

+Wijkj +Wikjk +Wjiki +Wjkik +Wkiji +Wkjij . (3.30)

Similarly, in the four-particle sectors Wijkl, we can exploit the symmetries of the improved
limit Cijkl to sum up the 8 permutations ijkl, ijlk, jikl, jilk, klij, klji, lkij, lkji, and
define

Zijkl = Wijkl +Wijlk +Wjikl +Wjilk +Wklij +Wklji +Wlkij +Wlkji . (3.31)

We also introduce the NLO-type symmetric sector functions

Z(α)
ij ≡ W(α)

ij +W(α)
ji , Zij ≡ Z(1)

ij , (3.32)

where W(α)
ij was defined in eq. (3.10). We will also find it useful to introduce a notation

for the soft limit of the symmetric sector functions

Z(α)
s,ij ≡ SiZ(α)

ij = SiW(α)
ij =

1
wαij∑

l 6=i

1
wα
il

, Zs,ij ≡ Z(1)
s,ij . (3.33)

The use of Zijk and Zijkl, upon reducing the number of sectors, simplifies the expression
of the counterterms. In fact, deriving the action of the generic improved limit L on the
new sector functions (which can be directly obtained from the LWabcd definitions in ap-
pendix C), we verify that, thanks to their symmetries, any improved limit involving either

9We have also verified that RR sub
τ is integrable in secondary limits such as Sj for topology τ = ijjk, Sk

for τ = ijkj, ijkl, Cjk for topologies τ = ijjk, ijkj, and Ckl for τ = ijkl.
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the operator Cijk, or the operator Cijkl, when acting on Zijk and Zijkl respectively, reduces
them to unity, according to

Cijk

(
. . .
)
RRZijk = Cijk

(
. . .
)
RR , Cijkl

(
. . .
)
RRZijkl = Cijkl

(
. . .
)
RR , (3.34)

where the ellipsis denotes a generic sequence of improved limits.
In analogy with eq. (3.22), we now define our local counterterms with symmetrised

sector functions by

K
(1)
{σ} = L (1)

{σ}RRZσ , K
(2)
{σ} = L (2)

{σ}RRZσ , K
(12)
{σ} = L (12)

{σ} RRZσ , (3.35)

where we denote the symmetrised topologies by σ ∈ {ijk, ijkl}, and the limits L{σ} are
symmetrised versions of the limits in eq. (3.15), to be presented below. The subtracted
double-real contribution for a given symmetrised sector, in analogy with eq. (3.23), is then
given by

RR sub
{σ}(X) ≡ RR Zσ δn+2(X)−K (1)

{σ} δn+1(X)−
(
K

(2)
{σ} −K

(12)
{σ}

)
δn(X) , (3.36)

and finally the full expression for RR sub(X) of eq. (2.36) is obtained by summing the
contributions from the symmetrised sectors Zijk, Zijkl. It reads

RR sub(X) =
∑
i, j>i

[∑
k>j

RR sub
{ijk}(X) +

∑
k 6=j
k>i

∑
l 6=i,j
l>k

RR sub
{ijkl}(X)

]
. (3.37)

This expression can be written in the form of eq. (2.39) by building the complete countert-
erms K (1), K (2) and K (12) in terms of symmetrised sector functions, as

K (1) =
∑
i, j>i

[∑
k>j

K
(1)
{ijk} +

∑
k 6=j
k>i

∑
l 6=i,j
l>k

K
(1)
{ijkl}

]
,

K (2) =
∑
i, j>i

[∑
k>j

K
(2)
{ijk} +

∑
k 6=j
k>i

∑
l 6=i,j
l>k

K
(2)
{ijkl}

]
,

K (12) =
∑
i, j>i

[∑
k>j

K
(12)
{ijk} +

∑
k 6=j
k>i

∑
l 6=i,j
l>k

K
(12)
{ijkl}

]
. (3.38)

The symmetrised improved limits required to compute the symmetrised counterterms de-
fined in eq. (3.35) can be derived from the limits designed for the Wabcd sector functions,
which were presented in eq. (3.15) before improvement. The symmetrisation must be done
carefully, in order not to overcount singular configurations. We adopt the following pro-
cedure. First, we expand all products in eq. (3.15), and we express the corresponding
improved limits as flat sums running over the respective sets of relevant singular limits.
For example, we write

L (1)
ab =

∑
¯̀∈L (1)

ab

¯̀, where L (1)
ab =

{
Sa, Cab, −Sa Cab

}
,

L (2)
abbc =

∑
¯̀∈L (2)

abbc

¯̀, where L (2)
abbc =

{
Sab, SCabc, −SCabc Sab, Cabc, −Sab Cabc,

−SCabc Cabc, SCabc Sab Cabc

}
, (3.39)
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and similarly for the remaining limits given in eq. (3.15). Next, we introduce the index
sets

α = {ij, ji, ik, ki, jk, kj} , β = {ij, ji, kl, lk} ,
γ1 = {ijjk, ikkj, jkki, jiik, kiij, kjji} , γ2 = {ijkj, ikjk, jkik, jiki, kiji, kjij} ,
δ = {ijkl, ijlk, jikl, jilk, klij, klji, lkij, lkji} , (3.40)

which enumerate the permutations that will need to be summed in order to perform the
required symmetrisations. The limits L (1)

{σ}, L (2)
{σ} and L (12)

{σ} can now be defined by sums
running over unions of the sets L. Specifically, we define

L (1)
{ijk} =

∑
¯̀∈L (1)

α

¯̀, where L (1)
α =

⋃
ab∈α

L (1)
ab ,

L (1)
{ijkl} =

∑
¯̀∈L (1)

β

¯̀, where L (1)
β =

⋃
ab∈β

L (1)
ab ,

L (2)
{ijk} =

∑
¯̀∈L (2)

γ

¯̀, where L (2)
γ =

 ⋃
abbc∈ γ1

L (2)
abbc

∪
 ⋃
abcb∈ γ2

L (2)
abcb

 ,
L (2)
{ijkl} =

∑
¯̀∈L (2)

δ

¯̀, where L (2)
δ =

⋃
abcd∈ δ

L (2)
abcd . (3.41)

Similarly, the strongly-ordered double-unresolved limits L (12)
{σ} are given by analogous sums,

where for σ = ijk the sum runs over the collection L (12)
γ , and, for σ = ijkl, the sum runs

over the collection L (12)
δ , defined as in the last two lines of eq. (3.41), with the replacement

(2)→ (12). While assembling the set unions introduced in eq. (3.41), one must take care
to count only once all limits that coincide by symmetry: thus, for example, one should use
the fact that Cij = Cji, and SCijk = SCikj . To further illustrate the procedure, we note
that the first line of eq. (3.41) becomes

L (1)
{ijk} = Si + Sj + Sk + Cij + Cik + Cjk

−Si Cij − Sj Cij − Si Cik − Sk Cik − Sj Cjk − Sk Cjk

= Si + Sj + Sk + HCij + HCik + HCjk , (3.42)

properly including all relevant singular regions without double counting.
The explicit results for the sums in eq. (3.41) appear rather cumbersome at first sight,

but in fact they result in relatively compact expressions when the limits are evaluated.
Indeed, thanks to the symmetry properties of Zijk and Zijkl, it is possible to merge subsets
of singular limits which factor identical combinations of symmetrised sector functions.
One finds then that only certain combinations of singular limits survive in the result. In
detail, all single-unresolved limits can be written explicitly as sums of single-soft limits Sa
plus hard-collinear combinations HCab, defined in eq. (2.29). Furthermore, it is useful to
introduce a soft-subtracted version of the uniform double-unresolved limit SCabc, which is
given by

SHCabc ≡ SCabc

(
1− Sab − Sac

)
. (3.43)
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This combination can appear only when attached to either the Sa or Cabc limits: indeed, in
any other case, the operators SCabc and Sab SCabc do not share the same sector functions
in the limit. Similarly, considering the double-unresolved improved collinear limit Cabc, we
can distinguish three useful combinations, defined by

HCabc ≡ Cabc

(
1− Sab − Sbc − Sac

)
,

HC (s)
abc ≡ Cabc

(
1− Sab − Sac

) (
1− SCabc

)
,

HC (c)
abc ≡ Cabc

(
1− Sab − SCcab

)
, (3.44)

which reflect three different possible strategies for removing soft singularities from the
collinear kernel. The superscripts (s) and (c) in the second and third line of eq. (3.44)
refer to the fact that the (s) combination can appear only in association with a single-soft
limit Sd (with d ∈ {a, b, c}), while the (c) combination can appear only in association
with single hard-collinear limits HCde, with de ∈ {ab, ac, bc}. Finally, for the four-particle
double-collinear improved limit Cijkl we introduce

HCabcd ≡ Cabcd

(
1 + Sac + Sbc + Sad + Sbd − SCacd − SCbcd − SCcab − SCdab

)
,

HC (c)
abcd ≡ Cabcd

(
1− SCcab − SCdab

)
, (3.45)

where again the notation (c) refers to the fact that the combined limit in the second line
of eq. (3.45) can only appear in association with the hard-collinear single-unresolved limits
HCab and HCcd.

Using these preliminary definitions, we can write down explicit expressions for the
symmetrised improved limits defined in eq. (3.41). They are

L(1)
{ijk} = Si+Sj+Sk+HCij+HCjk+HCik,

L(1)
{ijkl} = Si+Sj+Sk+Sl+HCij+HCkl,

L(2)
{ijk} = Sij+Sjk+Sik+SCijk(1−Sij−Sik)+SCjik(1−Sij−Sjk)+SCkij(1−Sik−Sjk)

+HCijk−Cijk(SHCijk+SHCjik+SHCkij),

L(2)
{ijkl} = Sik+Sjk+Sil+Sjl+SCikl

(
1−Sik−Sil

)
+SCjkl

(
1−Sjk−Sjl

)
+SCkij

(
1−Sik−Sjk

)
+SClij

(
1−Sil−Sjl

)
+HCijkl,

L(12)
{ijk} = Si

(
Sij+Sik+SHCijk

)
+Sj

(
Sij+Sjk+SHCjik

)
+Sk

(
Sik+Sjk+SHCkij

)
+
(
Si+Sj+Sk

)
HC(s)

ijk+HCij

(
Sij+SCkij+HC(c)

ijk

)
+HCjk

(
Sjk+SCijk+HC(c)

ijk

)
+HCik

(
Sik+SCjik+HC(c)

ijk

)
;

L(12)
{ijkl} = Si

(
Sik+Sil

)
+Sj

(
Sjk+Sjl

)
+Sk

(
Sik+Sjk

)
+Sl

(
Sil+Sjl

)
+SiSHCikl+SjSHCjkl+SkSHCkij+SlSHClij

+HCij

(
SCkij+SClij

)
+HCkl

(
SCikl+SCjkl

)
+
(
HCij+HCkl

)
HC(c)

ijkl. (3.46)
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The actions of all these improved limits on RR and on the symmetrised sector functions
Zijk, Zijkl are reported in appendix C.

Comparing the collections of singular projectors relevant to Wabcd sector functions in
eq. (3.15) with the ones reported in eq. (3.46) for the symmetrised case, it is immediate to
notice that the number of different non-trivial singular limits contributing to a given sector
changes, depending on the type of partition we introduce. In particular, this number
increases for our choice of Zijk and Zijkl. Despite this, though, the ordered sums in
eq. (3.37), building up the relevant integrable contributions, lead to a significantly more
compact final expression (in terms of the number of different objects one needs to define
and evaluate). This is a feature that will translate into a gain in computational time and
resources in the final numerical implementation.

4 Integration of the double-real-radiation counterterms

In the previous section we constructed RR sub of eq. (2.39), a combination which is inte-
grable everywhere in the double-radiative phase space, by subtracting the local countert-
erms K (1), K (2) and K (12) (given in eq. (3.25), or equivalently in eq. (3.38)) from the
double-real squared matrix element RR. These counterterms must now be added back,
after integrating out one or two emissions, yielding the integrated counterterms I (1), I (2),
I (12). The integration procedure in the presence of sectors involves rather intricate com-
binatorics, and generates lengthy expressions in the intermediate stages. However, all
integrals that need to be computed are remarkably simple, and in almost all cases have
trivial (logarithmic) dependence on the Mandelstam invariants [92].

We will begin, in section 4.1, by introducing the relevant phase-space factorisations
and parameterisations, derived from the nested Catani-Seymour mappings introduced in
section 3.4. Then, in section 4.2, we will report the integration of the counterterms K (1),
K (2),K (12), specifying how each singular contribution is treated. The resulting expressions
can be simplified, by relabelling the momenta and rewriting the flavour sums of the original
(n+ 2)-body phase space, as explained in section 4.3. It is then possible to recombine the
contributions carrying different mappings, resulting in relatively compact collections of
integrals for I (1), I (2), I (12), presented in section 4.4. At this stage, the results can be
directly employed in the subtraction formula, eq. (2.36).

It is natural to define I (1) as the integral of K (1) in the single-unresolved radiation,
and I (2) as the integral of K (2) in both unresolved emissions. For the strongly-ordered
counterterm K (12) both possibilities are in principle viable. In our framework, we define
I (12) as the integral of K (12) in a single radiation,10 corresponding to the ‘most unresolved’
radiated particle, as explicitly noted in eq. (2.35). As a consequence, before performing
the integrations, we rewrite both K (1) and K (12) by summing up the sector functions
related to the most unresolved radiation (the ones carrying the suffix α), while keeping
the sector functions for the second (least-unresolved) radiation untouched. Note however
that these remaining sector functions carry mapped kinematics. In this way, it will be

10We note that in the context of the CoLoRFul approach to subtraction [94, 95], the strongly-ordered
counterterm is integrated directly in both unresolved radiations.
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possible to combine directly the integrated counterterms I (1) and I (12) with the real-
virtual contribution RV , and with the real-virtual counterterm K(RV), in eq. (2.38), sector
by sector in Φn+1. For the sake of simplicity, in the following all integrations are described
using the expressions for K (1), K (2) and K (12) in terms of symmetrised sector functions,
as given in eq. (3.38), but the resulting expressions for I (1), I (2) and I (12) will be given
also in terms of the W sector functions.

4.1 Phase-space parametrisations

We start by giving precise definitions for the measures of integration in the radiative phase
spaces dΦrad and dΦrad,2, according to eq. (2.5), but now highlighting the dependence on
the chosen mappings (discussed in section 3.4), and making specific choices of integration
variables.

The single-unresolved counterterm K (1) contains just single mappings of the type
{k̄}(acd) (a, c, d all different) and is going to be integrated in the corresponding single-
radiation phase space. On the contrary, K (12) and K (2) are built by means of iterated
mappings of the type {k̄}(acd,bef) (a, c, d all different and b, e, f all different). However, while
K (12) needs to be integrated just in the phase space of the single radiation corresponding
to the first mapping, K (2) must be integrated in the whole double-radiation phase space.

We start specifying eq. (2.34), needed for the integration of K (1) and K (12). We write∫
dΦn+2({k}) = ςn+2

ςn+1

∫
dΦ(acd)

n+1

∫
dΦ(acd)

rad , (4.1)

where we defined
dΦ(acd)

n+1 ≡ dΦn+1({k̄}(acd)) . (4.2)

The explicit expression for the radiative measure is∫
dΦ(acd)

rad = N(ε)
(
s̄

(acd)
cd

)1−ε ∫ π

0
dφ (sinφ)−2ε

∫ 1

0
dy

∫ 1

0
dz
[
y(1−y)2z(1−z)

]−ε
(1−y) , (4.3)

where
N(ε) ≡ (4π)ε−2

√
π Γ
(

1
2 − ε

) . (4.4)

The invariants composed by the momenta ka, kc, kd are related to the integration variables
y and z by

sac = y s̄
(acd)
cd , sad = z(1− y) s̄(acd)

cd , scd = (1− z)(1− y) s̄(acd)
cd , (4.5)

so that sacd = sac + sad + scd = s̄
(acd)
cd .

To parametrise the double-radiative phase space, needed for K (2), we employ double
mappings of three different types, as discussed in section 3.4. We examine them in turn.

The six-particle mapping {k̄}(acd,bef) (a, b, c, d, e, f all different) presented in eqs. (3.16)
and (3.17) induces the factorisation∫

dΦn+2({k}) = ςn+2
ςn

∫
dΦ(acd,bef)

n

∫
dΦ(acd,bef)

rad,2 , dΦ(acd,bef)
n ≡ dΦn({k̄}(acd,bef)) , (4.6)
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and the radiative measure of integration is∫
dΦ(acd,bef)

rad,2 = N2(ε)
(
s̄

(acd,bef)
cd s̄

(acd,bef)
ef

)1−ε ∫ π

0
dφ′ (sinφ′)−2ε

∫ 1

0
dy′
∫ 1

0
dz′
∫ π

0
dφ(sinφ)−2ε

×
∫ 1

0
dy

∫ 1

0
dz
[
y′(1−y′)2 z′(1−z′)y(1−y)2 z(1−z)

]−ε
(1−y′)(1−y) , (4.7)

where the expressions for relevant invariants in terms of the integration variables are

sac = y′ s̄
(acd,bef)
cd , sad = z′ (1− y′) s̄(acd,bef)

cd , scd = (1− z′)(1− y′) s̄(acd,bef)
cd ,

sbe = y s̄
(acd,bef)
ef , sbf = z (1− y) s̄(acd,bef)

ef , sef = (1− z)(1− y) s̄(acd,bef)
ef , (4.8)

so that sacd = sac + sad + scd = s̄
(acd,bef)
cd = s̄

(acd)
cd , and sbef = sbe + sbf + sef = s̄

(acd,bef)
ef =

s̄
(bef)
ef .

The five-particle mapping {k̄}(acd,bed) (a, b, c, d, e all different) presented in eqs. (3.18)
and (3.19) induces the factorisation∫

dΦn+2({k}) = ςn+2
ςn

∫
dΦ(acd,bed)

n

∫
dΦ(acd,bed)

rad,2 , dΦ(acd,bed)
n ≡ dΦn({k̄}(acd,bed)) , (4.9)

and we write∫
dΦ(acd,bed)

rad,2 = N2(ε)
(
s̄

(acd,bed)
cd s̄

(acd,bed)
ed

)1−ε∫ π

0
dφ′ (sinφ′)−2ε

∫ 1

0
dy′
∫ 1

0
dz′
∫ π

0
dφ(sinφ)−2ε

∫ 1

0
dy

×
∫ 1

0
dz
[
y′(1−y′)2 z′(1−z′)y(1−y)3 z(1−z)

]−ε
(1−y′)(1−y)2 , (4.10)

with

sac = y′ (1− y) s̄(acd,bed)
cd , sad = z′ (1− y′)(1− y) s̄(acd,bed)

cd ,

sbe = y s̄
(acd,bed)
ed , sbd = (1− y′) z (1− y) s̄(acd,bed)

ed , (4.11)

scd = (1− y′)(1− z′)(1− y) s̄(acd,bed)
cd , sed = (1− y′)(1− z)(1− y) s̄(acd,bed)

ed ,

so that the five-parton invariant sabcde = sab+sac+sad+sae+sbc+sbd+sbe+scd+sce+sde
is equal to s̄(acd,bed)

cde = s̄
(acd,bed)
cd + s̄

(acd,bed)
ce + s̄

(acd,bed)
de .

Finally, we have the four-particle mapping, {k̄}(acd,bcd) = {k̄}(abcd), (a, b, c, d all differ-
ent), presented in eqs. (3.20) and (3.21). This is the most intricate mapping, inducing the
factorisation∫

dΦn+2({k}) = ςn+2
ςn

∫
dΦ(abcd)

n

∫
dΦ (abcd)

rad,2 , dΦ(abcd)
n ≡ dΦn({k̄}(abcd)) , (4.12)

where we write∫
dΦ (abcd)

rad,2 = 2−2εN2(ε)
(
s̄

(abcd)
cd

)2−2ε∫ 1

0
dw′

∫ 1

0
dy′

∫ 1

0
dz′

∫ π

0
dφ (sinφ)−2ε

∫ 1

0
dy

∫ 1

0
dz

×
[
w′(1−w′)

]−1/2−ε[
y′(1−y′)2 z′(1−z′) y2(1−y)2 z(1−z)

]−ε
(1−y′) y (1−y) ,
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with

sab = y′ y s̄
(abcd)
cd , sac = z′(1− y′) y s̄(abcd)

cd , sbc = (1− y′)(1− z′) y s̄(abcd)
cd ,

scd = (1− y′)(1− y)(1− z) s̄(abcd)
cd ,

sad = (1− y)
[
y′(1− z′)(1− z) + z′z − 2(1− 2w′)

√
y′z′(1− z′)z(1− z)

]
s̄

(abcd)
cd ,

sbd = (1− y)
[
y′z′(1− z) + (1− z′)z + 2(1− 2w′)

√
y′z′(1− z′)z(1− z)

]
s̄

(abcd)
cd , (4.13)

so that sabcd = sab + sac + sad + sbc + sbd + scd = s̄
(abcd)
cd .

4.2 Integration of K (1), K (2) and K (12)

We now have all the ingredients to actually perform the required integrations. Our task
is simplified by the fact that the integrals of the azimuthal parts of the collinear kernels
(see (B.7)) vanish, as shown in appendix D. All remaining integrals are then computed
following the techniques explained in [92]. We will later recombine the components that
were differently mapped by relabelling momenta, in order to compose the complete results,
which will be considerably simpler.

For the single-unresolved counterterm K (1) the required integral is∫
dΦn+2K

(1) =
∫
dΦn+2

{ ∑
i,j 6=i

∑
k 6=i
k>j

SiRR Z̄jk +
∑
i, j>i

∑
k 6=i

∑
l 6=i
l>k

HCij RR Z̄kl
}
. (4.14)

The integrand on the right-hand side has been obtained from K (1) of eq. (3.38) by summing
up the NLO sector functions with label α of eqs. (C.92)–(C.93). As explained in appendix C,
the mapped sector functions Z̄ij are understood to carry the same mapping as the matrix
elements they multiply. Since eq. (4.14) will have to be combined with the real-virtual
contribution RV , as part of eq. (2.38), we need to express the integral in eq. (4.14) as a
sum of terms in which the integration over the single-particle radiative phase space has
been performed, a specific parametrisation for the (n+ 1)-particle phase space has been
identified, and the full single-real-radiation squared matrix element R has been factored,
and computed in the chosen variables. The results for the summands of the two terms in
eq. (4.14) take the form∫

dΦn+2 SiRR Z̄jk = − ςn+2
ςn+1

∑
c 6=i

∑
d 6=i,c

∫
dΦ(icd)

n+1 J
icd
s R̄

(icd)
cd Z̄(icd)

jk , (4.15)
∫
dΦn+2 HCij RR Z̄kl = ςn+2

ςn+1

∫
dΦ(ijr)

n+1 J
ijr
hc R̄(ijr) Z̄(ijr)

kl , r = rijkl , (4.16)

where the measure of integration dΦ(acd)
n+1 was defined in eq. (4.2). The integration over

the appropriate dΦrad has been performed, yielding the integrals J icds and J ijrhc , whose
explicit expressions are given in eq. (E.1) and in eq. (E.7), respectively. The choice of
r = rijkl 6= i, j, k, l, according to the rule of eq. (A.14), which reflects the choice made for
HCij RR in eq. (C.11), causes a dependence of the integrated kernel J ijrhc on the indices k
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and l of the sector function Z̄(ijr)
kl . Notice that the choice r = rijkl implies the need for at

least five massless partons in Φn+2, namely three massless final-state partons at Born level.
A solution for the case of two massless final-state partons in the Born phase space requires
minor technical modifications, which have been developed, and will be presented elsewhere.

We now turn to the integration of K (2), which is the most involved part of the calcu-
lation. In this case, since I (2) enters eq. (2.37), which lives in Φn, we start from K (2) in
eq. (3.38) and perform the complete sum over sector functions, exploiting their sum rules
(see for example eqs. (3.6)–(3.8)). This gives

∫
dΦn+2K

(2) =
∫
dΦn+2

[ ∑
i,j>i

Sij RR+
∑
i,j 6=i

∑
k 6=i
k>j

SHCijk

(
1−Cijk

)
RR (4.17)

+
∑
i, j>i

∑
k>j

HCijkRR+
∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

HCijklRR

]
.

Each of the four terms in eq. (4.17) must be written as a sum of contributions, where the
double-radiation kernels have been integrated over the parametrised radiative phase space,
and one is left with a Born-level factor, expressed in terms of mapped momenta. To guide
the eye of the reader through the following rather intricate expressions, we note that, for
each one of the limits involved, the results are of the form∫

dΦn+2 L (2)
··· RR = constant

∑
{µ}

∫
dΦ(µ)

n Jµlimit B̄
(µ)
colour , (4.18)

where the overall constant is related to multiplicities, the sum is over the set {µ} of map-
pings that have been employed, the Born factor may have different colour correlations, and
J will always denote the results of the integration of the kernels appropriate to the limit
being taken.11 The relevant J ’s will be listed in appendix E. Beginning with the integrated
double-soft limit in eq. (4.17), we find the explicit expression

∫
dΦn+2 Sij RR = 1

2
ςn+2
ςn

∑
c 6=i,j
d 6=i,j,c

{ ∑
e 6=i,j,c,d

[ ∑
f 6=i,j,c,d,e

∫
dΦ(icd,jef)

n J ijcdefs⊗s B̄
(icd,jef)
cdef

+ 4
∫
dΦ(icd,jed)

n J ijcdes⊗s B̄
(icd,jed)
cded

]

+
∫
dΦ(ijcd)

n

[
2 J ijcds⊗s B̄

(ijcd)
cdcd + J ijcdss B̄

(ijcd)
cd

]}
, (4.19)

where we collected colour correlations involving four, three and two partons, and each
term has been mapped differently, to simplify the corresponding integration. The integrals
relevant for double-soft radiation are presented in eq. (E.3). We now turn to the second

11Note that, since the limit L is expressed as a sum of terms that can be mapped differently, several J ’s
will contribute to each L.
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term in eq. (4.17), and we find (with r = rijk)∫
dΦn+2 SHCijk

(
1−Cijk

)
RR

= − ςn+2
ςn

{ ∑
c 6=i,j,k,r
d 6=i,j,k,r,c

∫
dΦ(jkr,icd)

n J jkricds⊗hc B̄
(jkr,icd)
cd + 2

∑
c 6=i,j,k,r

∫
dΦ(jkr,icr)

n J jkricrs⊗hc B̄(jkr,icr)
cr

+
[ ∑
c 6=i,j,k

∫
dΦ(krj,icj)

n Jkrjics⊗hc

(
ρ(C)
jk B̄

(krj,icj)
[jk]c + f̃ qq̄jk B̄

(krj,icj)
[jk]c

)

+Cf[jk] ρ
(C)
jk

∫
dΦ(krj,ijr)

n Jkrjirs⊗hc B̄
(krj,ijr) + (j ↔ k)

]}
, (4.20)

where [jk] represents the parent particle of the pair (j, k), the factors ρ(C)
jk , involving com-

binations of Casimir eigenvalues, are defined in eq. (A.8), the flavour factors such as f̃ qq̄jk
are presented in eq. (A.3), and Bcd is a colour projection of the Born contribution involving
the symmetric tensor dABC , defined in eq. (A.6); furthermore, the phase-space integrals
Js⊗hc are presented in eq. (E.14). The remaining contributions to eq. (4.17) are purely hard-
collinear. For the integral of the emission of a cluster of three hard-collinear particles we find∫

dΦn+2 HCijkRR = ςn+2
ςn

∫
dΦ(ijkr)

n J ijkrhcc B̄(ijkr) , r = rijk , (4.21)

while for the emission of two distinct pairs of hard-collinear particles the integral reads∫
dΦn+2 HCijklRR = ςn+2

ςn

∫
dΦ(ijr,klr)

n J ijklrhc⊗hc B̄
(ijr,klr) , r = rijkl , (4.22)

where the integrals Jhcc and Jhc⊗hc are reported in eq. (E.10) and in eq. (E.12), respectively.
We finally turn to the integration of the strongly-ordered counterterm K (12). As

announced, we integrate K (12) only in the phase space of the most unresolved radiation,
so the integrals involved will be the same that appeared in the case of K (1). Starting from
the expression for K (12) in eq. (3.38), we then sum up the NLO sector functions with label
α of eqs. (C.96)–(C.97), and we get

∫
dΦn+2K

(12) =
∫
dΦn+2

{ ∑
i,j 6=i

Si
[ ∑
k 6=i,j

Sij RR Z̄s,jk +
∑
k 6=i
k>j

(
SHCijk + HC (s)

ijk

)
RR

]

+
∑
i, j>i

∑
k 6=i,j

HCij

[
Sij RR Z̄s,jk +

∑
l 6=i,k

SCkij RR Z̄s,kl

+ HC (c)
ijk RR+

∑
l 6=i,j
l>k

HC (c)
ijklRR

]}
, (4.23)

where again the mapped sector functions Z̄s,ab carry the same mapping as the matrix
elements they multiply. No other sector functions appear in eq. (4.23), since the use of
symmetrised sector functions has allowed to perform the corresponding sector sums, thus

– 30 –



J
H
E
P
0
7
(
2
0
2
3
)
1
4
0

replacing sector functions by unity. Once again, to highlight the general structure of the
expressions listed below, we note that they are all of the form

∫
dΦn+2 L (12)

··· RR = constant
∑
{µ1,µ2}

∫
dΦ(µ1)

n+1 J
µ1
limit K̄

(µ1)
µ2 B̄

(µ1,µ2)
colour . (4.24)

In this case, the only integrals required for the most unresolved radiation will again be
J ilms and J ijrhc , given in eq. (E.1) and in eq. (E.7) respectively, and we denoted by K̄ a
contribution to either a soft or a collinear kernel, associated with the second radiation,
which carries mapping (µ1), i.e. the first one in the nested mapping (µ1, µ2) of the Born
matrix elements. Proceeding in the order of eq. (4.23), the integrated strongly-ordered
double-soft limit is given by

∫
dΦn+2 SiSijRR Z̄s,jk (4.25)

=N1
ςn+2
ςn+1

∑
c 6=i,j
d 6=i,j,c

{ ∫
dΦ(icd)

n+1 J
icd
s

[ ∑
e 6=i,j,c,d

(1
2

∑
f 6=i,j,c,d,e

Ē(j)(icd)
ef B̄

(icd,jef)
cdef + Ē(j)(icd)

ed B̄
(icd,jed)
cded

)

+ Ē(j)(icd)
cd

(
B̄

(icd,jcd)
cdcd +CAB̄

(icd,jcd)
cd

)]
Z̄(icd)

s, jk

+
∫
dΦ(idc)

n+1 J
idc
s

∑
e 6=i,j,c,d

Ē(j)(idc)
ed B̄

(idc,jed)
cded Z̄(idc)

s, jk

−CA
∫
dΦ(icj)

n+1 J
icj
s Ē

(j)(icj)
cd B̄

(icj,jcd)
cd Z̄(icj)

s, jk

−CA
∫
dΦ(ijd)

n+1 J
ijd
s Ē

(j)(ijd)
cd B̄

(ijd,jcd)
cd Z̄(ijd)

s, jk

}
,

and it is entirely expressed in terms of the simple one-loop eikonal kernels given in eq. (B.3).
Next, we need the integral (with r = rijk)

∫
dΦn+2 Si SHCijk RR (4.26)

= −N1
ςn+2
ςn+1

∑
c 6=i,j,k

{ ∑
d 6=i,j,k,c

∫
dΦ(icd)

n+1 J
icd
s

P̄
(icd)hc,µν
jk

s̄
(icd)
jk

B̄
(icd,jkr)
µν,cd

+
[ ∫

dΦ(ijc)
n+1J

ijc
s

P̄
(ijc)hc,µν
jk(r)

2s̄(ijc)
jk

(
ρ(C)
jk B̄

(ijc,krj)
µν,[jk]c +f̃ qq̄jk B̄

(ijc,krj)
µν,[jk]c

)
+ (j ↔ k)

]

+
[ ∫

dΦ(icj)
n+1J

icj
s

P̄
(icj)hc,µν
jk(r)

2s̄(icj)
jk

(
ρ(C)
jk B̄

(icj,krj)
µν,[jk]c +f̃ qq̄jk B̄

(icj,krj)
µν,[jk]c

)
+ (j ↔ k)

]}
,

where the hard-collinear kernels are given in eq. (B.10). We now turn to limits involving
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triple-collinear configurations. First we need∫
dΦn+2 Si HC (s)

ijk RR (4.27)

= N1
ςn+2
ςn+1

Cf[jk]

2

{ [
ρ(C)
jk

∫
dΦ(ijr)

n+1 J
ijr
s

P̄
(ijr)hc,µν
jk(r)

s̄
(ijr)
jk

(
B̄(ijr,jkr)
µν −B̄(ijr,krj)

µν

)
+ (j ↔ k)

]

+
[
ρ(C)
jk

∫
dΦ(irj)

n+1 J
irj
s

P̄
(irj)hc,µν
jk(r)

s̄
(irj)
jk

(
B̄(irj,jkr)
µν −B̄(irj,krj)

µν

)
+ (j ↔ k)

]

− ρ(C)
[jk]

[ ∫
dΦ(ijk)

n+1 J
ijk
s

P̄
(ijk)hc,µν
jk(r)

s̄
(ijk)
jk

B̄(ijk,jkr)
µν + (j ↔ k)

]}
, r = rijk .

Next we consider (again with r = rijk)∫
dΦn+2 HCij Sij RR Z̄s, jk = −N1

ςn+2
ςn+1

∫
dΦ(ijr)

n+1 J
ijr
hc
∑
c 6=i,j
d 6=i,j,c

Ē(j)(ijr)
cd B̄

(ijr,jcd)
cd Z̄(ijr)

s, jk , (4.28)

where the choice of r different from i, j, k, analogously to the integral of HCij RR in
eq. (4.16), causes a dependence of the integrated kernel J ijrhc on the index k of the sector
function Z̄(ijr)

s, jk . Next we have (r = rijkl, r′ = rijk)

∫
dΦn+2HCijSCkijRRZ̄s,kl = −N1

ςn+2
ςn+1

∫
dΦ(ijr)

n+1 J
ijr
hc

[ ∑
c 6=i,j,k,r′

d 6=i,j,k,r′,c

Ē(k)(ijr)
cd B̄

(ijr,kcd)
cd (4.29)

+2
∑

c 6=i,j,k,r′

Ē(k)(ijr)
cr′ B̄

(ijr,kcr′)
cr′ +2

∑
c 6=i,j,k

Ē(k)(ijr)
jc B̄

(ijr,kcj)
jc

]
Z̄(ijr)

s,kl .

Finally we need to handle strongly-ordered hard-collinear limits. First, with a collinear
cluster of three particles we find

∫
dΦn+2 HCij HC (c)

ijk RR = N1
ςn+2
ςn+1

∫
dΦ(ijr)

n+1 J
ijr
hc

P̄
(ijr)hc,µν
jk(r)

s̄
(ijr)
jk

B̄(ijr,jkr)
µν , r = rijk . (4.30)

Then, with two independent pairs of collinear particles, we find

∫
dΦn+2 HCij HC (c)

ijklRR = N1
ςn+2
ςn+1

∫
dΦ(ijr)

n+1 J
ijr
hc

P̄
(ijr)hc,µν
kl(r)

s̄
(ijr)
kl

B̄(ijr,klr)
µν , r = rijkl . (4.31)

This concludes the list of all required integrals for double-real radiation.

4.3 Relabelling of momenta and flavour sums

Our next step will be to collect the results of the different sectors and combine them by
renaming the mapped momenta in each sector. More precisely, in all (n+ 1)-body phase
spaces dΦ(abc)

n+1 appearing in the integrals of K (1) and K (12), we rename the sets of mapped
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momenta {k̄(abc)}n+1 as a unique set of (n+ 1) momenta {k}n+1. With this new labelling,
the indices of the mapped momenta refer directly to the particles of the unique (n+ 1)-
body phase space, and the reference to the first mapping can be simply removed. The
relabelling thus leads to

dΦ(abc)
n+1 → dΦn+1 , Z̄(abc)

··· → Z ··· , R̄
(abc)
··· → R ··· , B̄

(abc,def)
··· → B̄

(def)
··· ,

s̄
(abc)
ij → sij , P̄

(abc)hc,µν
ij(r) → P hc,µν

ij(r) , Ē(i)(abc)
lm → E(i)

lm . (4.32)

Similarly, in the n-body phase spaces dΦ(abc,def)
n appearing in the integral of K (2), the sets

of mapped momenta {k̄(abc,def)}n are renamed as a unique set of n momenta {k}n, which
in practice means performing the substitutions

dΦ(abc,def)
n → dΦn , B̄

(abc,def)
··· → B ··· s̄

(abc,def)
ij → sij . (4.33)

In particular, in the integral of SHCijk(1 −Cijk)RR, which involves a collinear splitting
of partons j and k, the momenta k̄(jkr,icd)

k , k̄(jkr,icr)
k , k̄(krj,icj)

j and k̄(krj,ijr)
j are all renamed

as kp, where p is the parent particle of j and k.
At this stage, in all integrated counterterms, the only recollection of the particles of

the original (n+ 2)-body phase space is confined to the flavour factors f qi , f
q̄
i , f

g
i . These

can be summed up, and, if needed, translated into flavour factors for the particles of the
(n+ 1)-body and n-body phase spaces. We now give the rules to perform these sums.

Let us begin with the simple case in which only one particle is integrated out, which
is what happens for K (1) and K (12). In this case the following rules apply.

• When going from an (n+ 2)-body phase space to an (n+ 1)-body phase space by
discarding particle i, which happens when particle i is a soft gluon, the sum over
flavour factors satisfies

ςn+2
ςn+1

∑
i

fgi = 1 . (4.34)

For example, if all (n+ 2) particles are gluons, one has ςn+2 = 1/(n+ 2)! and ςn+1 =
1/(n+ 1)!, and the sum yields the missing factor of n+ 2.

• When going from an (n+ 2)-body phase space to an (n+ 1)-body phase space by
replacing two particles i, j with their parent particle p, which happens when i and j
form a collinear pair, the sum over the flavour factors of particles i, j can be written
as a sum over flavour factors for particle p according to the rules

ςn+2
ςn+1

∑
i,j>i

f qq̄ij = Nf

∑
p

fgp ,

ςn+2
ςn+1

∑
i,j>i

(fgqij + fgq̄ij ) =
∑
p

(f qp + f q̄p ) ,

ςn+2
ςn+1

∑
i,j>i

fggij = 1
2
∑
p

fgp . (4.35)

As an example, consider the production of n gluons and a collinear qq̄ pair. In this
case the first line of eq. (4.35) applies, and one must take into account the fact that
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quark flavours must be summed, since the quark pair is integrated out. One then
has ςn+2 = Nf/n! and ςn+1 = 1/(n+ 1)!, since the new final state involves (n+ 1)
gluons. For the same reason, the r.h.s. yields Nf (n+ 1).

Not surprisingly, the flavour sum rules for the integrated K (2) are both more varied and
more intricate, since one is integrating out two particles, either by removing them (when
they are soft), or by replacing them with their (grand)parent particles when they form
collinear sets. We consider the various cases in turn.

• When going from an (n+ 2)-body phase space to an n-body phase space by discarding
two particles i, j, the sum over particles i, j satisfies

ςn+2
ςn

∑
i

∑
j>i

fggij = 1
2 ,

ςn+2
ςn

∑
i

∑
j>i

f qq̄ij = Nf . (4.36)

As before, the first equality is easily verified when all (n+ 2) particles are gluons, as
is the second one when the final state consists of n gluons and a quark-antiquark pair.

• When going from an (n+ 2)-body phase space to an n-body phase space by replacing
two particles j, k with their parent particle p, and by discarding particle i, the sum
over particles i, j, k can be written as a sum over p according to the following rules.

ςn+2
ςn

∑
i,j 6=i

∑
k 6=i
k>j

fgi f
qq̄
jk = Nf

∑
p

fgp ,

ςn+2
ςn

∑
i,j 6=i

∑
k 6=i
k>j

fgi (fgqjk + fgq̄jk ) =
∑
p

(f qp + f q̄p ) ,

ςn+2
ςn

∑
i,j 6=i

∑
k 6=i
k>j

fgi f
gg
jk = 1

2
∑
p

fgp , (4.37)

where it is important to pay attention to the range of the various sums.

• When going from an (n+ 2)-body phase space to an n-body phase space by replacing
three particles i, j, k with their grandparent particle p, the sum over particles i, j, k
can be replaced by a sum over p according to the following rules.

ςn+2
ςn

∑
i, j>i

∑
k>j

(f qq̄q
′

ijk + f qq̄q̄
′

ijk ) = Nf

∑
p

(f qp+f q̄p ) ,

ςn+2
ςn

∑
i, j>i

∑
k>j

(f qq̄qijk + f qq̄q̄ijk ) = 1
2
∑
p

(f qp+f q̄p ) ,

ςn+2
ςn

∑
i, j>i

∑
k>j

f qq̄gijk = Nf

∑
p

fgp ,

ςn+2
ςn

∑
i, j>i

∑
k>j

(fggqijk + fggq̄ijk ) = 1
2
∑
p

(f qp+f q̄p ) ,

ςn+2
ςn

∑
i, j>i

∑
k>j

fgggijk = 1
6
∑
p

fgp , (4.38)
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where one easily recognises in the five lines the five possible partonic channels
involving the production of a cluster of three collinear particles: in the first line, the
final quark-antiquark pair can have any flavour (including that of the grandparent
(anti)quark, which is the same as that of the final (anti)quark q′), while in the
second line all three (anti)quarks have the same flavour.

• The most intricate channel for flavour sums arises when going from an (n+ 2)-body
phase space to an n-body phase space by replacing two pairs of particles i, j and k, l
with their parent particles, p and t respectively. In this case, the sum over particles
i, j, k, l can be replaced by a sum over p and t according to the following rules.

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

f qq̄ij f
q′q̄′

kl =
N2
f

2
∑
p,t 6=p

fggpt ,

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

[
f qq̄ij (fgq

′

kl + fgq̄
′

kl ) + (fgq
′

ij + fgq̄
′

ij )f qq̄kl
]

= Nf

2
∑
p,t 6=p

(fgqpt + fgq̄pt ) ,

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

(f qq̄ij f
gg
kl + fggij f

qq̄
kl ) = Nf

2
∑
p,t 6=p

fggpt ,

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

(fgqij + fgq̄ij )(fgq
′

kl + fgq̄
′

kl ) = 1
2
∑
p,t 6=p

(f qp + f q̄p )(f q
′

t + f q̄
′

t ) ,

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

[
(fgqij + fgq̄ij )fggkl + fggij (fgqkl + fgq̄kl )

]
= 1

4
∑
p,t 6=p

(fgqpt + fgq̄pt ) ,

ςn+2
ςn

∑
i, j>i

∑
k 6=j
k>i

∑
l 6=j
l>k

fggij f
gg
kl = 1

8
∑
p,t 6=p

fggpt . (4.39)

We emphasise that the flavour sum rules listed in this section apply for any final-state
multiplicity and flavour structure. We now have all the tools to assemble the complete in-
tegrated counterterms, which will be naturally organised according to the flavour structures
of the (n+ 1)-particle and of the n-particle phase spaces, as needed.

4.4 Assembling the complete integrated counterterms

After summing all contributions that were differently mapped, relabelling momenta, and
making use of the flavour rules listed in section 4.3, the resulting integrated counterterms
do not bear any remaining trace of the original (n+ 2)-body phase space, and we can
actually get full results for I (1), I (2), I (12), as defined in eq. (2.35). The simplest case is
the integral of the single-unresolved counterterm I (1), which reads

I (1) =
∑
i,j 6=i

I
(1)
ij Wij =

∑
i,j>i

I
(1)
ij Zij , (4.40)

I
(1)
ij = −

∑
c,d 6=c

Js(scd)Rcd +
∑
k

J khc(skr)R , r = rijk .
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Here R is the full squared matrix element for single-real radiation, defined in eq. (2.4), and
Rcd is its colour-correlated counterpart, defined in eq. (A.7). The single-soft integral Js is
given in eq. (E.2), and the collinear integral J khc is given in eq. (E.9). Because of the rule
r = rijk, a dependence of J khc(skr) on i and j is left, excluding the possibility to sum over
sectors in the hard-collinear part of I (1).

The integral of the double-unresolved counterterm, I (2), is more intricate, and we
assemble it according to

I (2) = I
(2)

SS + I
(2)

SHC + I
(2)

HCC + I
(2)

HCHC , (4.41)

distinguishing double-soft, soft-times-hard-collinear and double-hard-collinear contribu-
tions, the last of which may involve three or four Born-level particles. For I (2)

SS we get
contributions containing Born-level colour correlations involving four, three and two par-
ticles, and we write

I
(2)

SS = 1
4
∑
c,d 6=c

{ ∑
e 6=c,d

[ ∑
f 6=c,d,e

J
(4)
s⊗s(scd, sef )Bcdef + 4 J (3)

s⊗s(scd, sed)Bcded
]

(4.42)

+ 2 J (2)
s⊗s(scd)Bcdcd + 2

[
2Nf TR J

(qq̄)
ss (scd)− CA J (gg)

ss (scd)
]
Bcd

}
,

where the constituent integrals are given in eq. (E.4). The soft-times-hard-collinear con-
tribution yields

I
(2)

SHC = −
∑
k

{
J khc(skr)

∑
c,d 6=c

Js(scd)Bcd + J kshc(skr)B + Jk,Ashc (skr)Bkr (4.43)

+
∑
c 6=k,r

[
Jk,Bshc (skr, skc)Bkc + Jk,Bshc (skr, scr)Bcr

]}
, r = rk ,

where the rule r = rk, as defined in eq. (A.14), prevents r from being equal to k. In
eq. (4.43) we have introduced the following soft-times-hard-collinear integrals

J kshc(s) = (f qk+f q̄k )
{

2CF Jgqgs⊗hc(s)+CA
[
Jggqs⊗hc(s)−J

gqg
s⊗hc(s)

]}
+fgk CA

[
2Nf J

gqq
s⊗hc(s)+Jgggs⊗hc(s)

]
,

J k,Ashc (s) = (f qk+f q̄k )
{

2Jgqgs⊗hc(s)+ CA
CF

[
Jggqs⊗hc(s)−J

gqg
s⊗hc(s)

]
−2J 4(2g)

s⊗hc (s,s)
}

+fgk

{
2Nf

[
Jgqqs⊗hc(s)−J

4(1g)
s⊗hc (s,s)

]
+Jgggs⊗hc(s)−J

4(3g)
s⊗hc (s,s)

}
,

J k,Bshc (s,s′) = (f qk+f q̄k )
[
2J 3(2g)

s⊗hc (s,s′)−2J 4(2g)
s⊗hc (s,s′)

]
+fgk

{
2Nf

[
J

3(1g)
s⊗hc (s,s′)−J 4(1g)

s⊗hc (s,s′)
]
+J

3(3g)
s⊗hc (s,s′)−J 4(3g)

s⊗hc (s,s′)
}
, (4.44)

whose constituent integrals can be found in eq. (E.15). Next, we turn to the double-hard-
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collinear integral involving three Born-level particles, which reads

I
(2)

HCC =
∑
k

{
(f qk+f q̄k )

[
Nf J

(0g)
hcc (skr) + 1

2 J
(0g,id)
hcc (skr) + 1

2 J
(2g)
hcc (skr)

]

+ fgk

[
Nf J

(1g)
hcc (skr) + 1

6 J
(3g)
hcc (skr)

]}
B , r = rk ,

where the relevant constituent integrals are given in eq. (E.11). Finally, we come to the
double-hard-collinear integral involving four Born-level particles, which reads

I
(2)
HCHC = 1

2
∑
j,l 6=j

{
(f qj +f q̄j )(f q

′

l +f q̄
′

l )Jqgqg
hc⊗hc

(
sjrslr

)
(4.45)

+(fgqjl +fgq̄jl )
[
Nf J

qqqg
hc⊗hc

(
sjrslr

)
+ 1

2 J
qggg
hc⊗hc

(
sjrslr

)]
+fggjl

[
N2
f J

qqqq
hc⊗hc

(
sjrslr

)
+NfJ

qqgg
hc⊗hc

(
sjrslr

)
+ 1

4J
gggg
hc⊗hc

(
sjrslr

)]}
B , r= rjl ,

where the constituent integrals are given in eq. (E.13). Similarly to I (1), for the integral of
the strongly-ordered counterterm, I (12), we provide expressions with both unsymmetrised
and symmetrised sector functions, so as to make it straightforward to prove that I (12)

compensates sector by sector the phase-space singularities of I (1). Beginning with the
expression involving the original sector functions Wij , we write

I (12) =
∑
i,j 6=i

I
(12)
ij , I

(12)
ij = I

(12)
S,ij Ws,ij + I

(12)
C,ij − I

(12)
SC,ij , (4.46)

where the soft limit of sector functionsWs,ij is given in eq. (C.4). The soft integral I (12)
S,ij can

again be organised in terms of quadruple, triple and simple Born-level colour correlations,
which in this case will be multiplied times eikonal kernels for the second radiation, and
NLO-type soft and hard-collinear integrals. We find (r = rik, r′ = rij , r′′ = rijk)

I
(12)
S,ij = N1

∑
c 6=i
d 6=i,c

E(i)
cd

{ 1
2
∑
e 6=i
f 6=i,e

Js(sef ) B̄(icd)
cdef +

∑
e 6=i,d

Js(sde)
(
B̄

(icd)
cded − B̄

(idc)
cded

)
(4.47)

−CA
[
Js(sic) + Js(sid)− Js(scd)

]
B̄

(icd)
cd − J ihc(sir′)B̄(icd)

cd

}
−N1

∑
k 6=i

J khc(skr′′)
[ ∑
c 6=i,k,r
d 6=i,c,k,r

E(i)
cd B̄

(icd)
cd + 2

∑
c 6=i,k,r

E(i)
cr B̄

(icr)
cr + 2

∑
c 6=i,k
E(i)
kc B̄

(ick)
kc

]
,

where the component integrals are given in eq. (E.2) and in eq. (E.9). We notice that the
expression contains three different reference particles r, r′, and r′′, all both built according
to the rule in eq. (A.14). In particular r′ = rij and r′′ = rijk introduce a dependence
in I

(12)
S,ij on the particle j of the soft sector function Ws,ij . The collinear integral I (12)

C,ij
is expressed in terms of spin-correlated Born-level squared matrix elements, which in this
case are multiplied times LO collinear kernels for the least-unresolved collinear splitting,
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and times suitable combinations of the same constituent integrals as in eq. (4.47). We find
(with r = rij , r′ = rijk)

I
(12)
C,ij = −N1

Pµνij(r)
sij

{∑
c 6=i,j

∑
d 6=i,j,c

Js(scd)B̄(ijr)
µν,cd+Cf[ij]ρ

(C)
[ij]Js(sij)B̄

(ijr)
µν (4.48)

+
[ ∑
c 6=i,j

Js(sic)
(
ρ(C)
ij B̄

(jri)
µν,[ij]c+f̃

qq̄
ij B̄

(jri)
µν,[ij]c

)
+Cf[ij]ρ

(C)
ij Js(sir)

(
B̄(jri)
µν −B̄(ijr)

µν

)
+(i↔j)

]}
Wc,ij(r)

+N1
Pµνij(r)
sij

[
J ihc(sir)+J

j
hc(sjr)

]
B̄(ijr)
µν Wc,ij(r)+N1

∑
k 6=i,j

Pµνij(r′)
sij

Jkhc(skr′)B̄(ijr′)
µν Wc,ij(r′),

where the collinear limit of sector functions Wc,ij is given in eq. (C.5), and again two
reference particles have to be introduced. Finally, the soft-collinear integral has a similar
structure and reads (with r = rij , r′ = rijk)

I
(12)
SC,ij = − 2N1 E(i)

jr

{
Cfj

∑
c 6=i,j

∑
d 6=i,j,c

Js(scd) B̄(ijr)
cd − CfjCA Js(sij) B̄(ijr) (4.49)

+CA

[ ∑
c 6=i,j

Js(sic) B̄(jri)
[ij]c + Cfj Js(sir)

(
B̄(jri)− B̄(ijr)

)]

+ (2Cfj−CA)
[ ∑
c 6=i,j

Js(sjc) B̄(irj)
[ij]c + Cfj Js(sjr)

(
B̄(irj)− B̄(ijr)

)]}
+ 2N1CfjE

(i)
jr

[
J ihc(sir) + J jhc(sjr)

]
B̄(ijr) + 2N1CfjE

(i)
jr′

∑
k 6=i,j

J khc(skr′) B̄(ijr′).

As already noted, a more compact expression can be obtained using symmetrised sector
functions. We can write

I (12) =
∑
i,j>i

I
(12)
{ij} , I

(12)
{ij} = I

(12)
S,ij Zs,ij + I

(12)
S,ji Zs,ji + I

(12)
HC,ij , (4.50)

where the soft contributions are given by eq. (4.47) and the hard-collinear contribution
I

(12)
HC,ij reads (r = rij , r′ = rijk)

I
(12)
HC,ij = I

(12)
C,ij + I

(12)
C,ji − I

(12)
SC,ij − I

(12)
SC,ji

= −N1
P hc,µν
ij(r)
sij

{ ∑
c 6=i,j

∑
d 6=i,j,c

Js(scd) B̄(ijr)
µν,cd + Cf[ij] ρ

(C)
[ij] Js(sij) B̄

(ijr)
µν

+
[ ∑
c 6=i,j

Js(sic)
(
ρ(C)
ij B̄

(jri)
µν,[ij]c + f̃ qq̄ij B̄

(jri)
µν,[ij]c

)
+Cf[ij] ρ

(C)
ij Js(sir)

(
B̄(jri)
µν − B̄(ijr)

µν

)
+ (i↔ j)

]}

+N1
P hc,µν
ij(r)
sij

[
J ihc(sir) + J jhc(sjr)

]
B̄(ijr)
µν +N1

∑
k 6=i,j

P hc,µν
ij(r′)
sij

J khc(skr′) B̄(ijr′)
µν . (4.51)
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This concludes the list of integrated counterterms for double-real radiation. We now turn
to the treatment of real-virtual contributions.

5 The subtracted real-virtual contribution RV sub

Let us take stock of what we have achieved so far. After subtracting the appropriate
combination of the local counterterms K (1), K (2) and K (12) from the double-real squared
matrix element RR, and after adding back the corresponding integrated counterterms,
I (1), I (2) and I (12), we can write a partially subtracted expression for the differential
distribution in eq. (2.32). It reads

dσNNLO

dX
=
∫
dΦn

[
V V + I (2)

]
δn(X) (5.1)

+
∫
dΦn+1

[ (
RV + I (1)

)
δn+1(X)− I (12) δn(X)

]
+
∫
dΦn+2RR sub(X) .

Notice that no approximations have been made in reaching eq. (5.1), since all local terms
that were subtracted from eq. (2.32) were added back exactly in integrated form. At this
stage, RR sub, given in eq. (3.24) or in eq. (3.37), is free of phase-space singularities in
Φn+2, and (evidently) does not contain explicit poles in ε. Therefore it can be directly
integrated in four dimensions, as desired. We now focus on the second line of eq. (5.1).
While the introduction of the integrated counterterm I (1) exactly cancels the ε poles of
RV (in the same way as, at next-to-leading order, I cancels the poles of V ), new poles
in ε are introduced through I (12); on top of this, the combination in square brackets is
still affected by phase-space singularities in Φn+1. To be more precise, the second line of
eq. (5.1) verifies now two crucial properties that follow from general cancellation theorems
and from the definitions given so far. Specifically

(1)
(
RV + I (1)) δn+1(X) → finite ,

(2) I (1) δn+1(X)− I (12) δn(X) → integrable , (5.2)

where the integrated couterterms are defined in eq. (4.40) and eq. (4.46). The first property
is expected from the KLN theorem: indeed, I (1) is the integral over the most unresolved
radiation of RR, and its IR poles must compensate the virtual poles arising when one of
the two unresolved particles becomes virtual, while the other one is unaffected. These are
precisely the poles of RV . To check this, which provides a test of the results obtained so
far, it is sufficient to perform the ε expansion of I (1), as given in eq. (4.40), writing

I (1) = I
(1)
poles + I

(1)
fin +O(ε) . (5.3)

Performing the sum over sectors in I (1)
poles, we get

I
(1)
poles = αs

2π

[ 1
ε2

ΣC R+ 1
ε

(
Σγ R+

∑
c,d 6=c

LcdRcd

)]
= −RVpoles . (5.4)
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Keeping the complete dependence on sector functions in I (1)
fin , we have

I
(1)
fin =

∑
i,j 6=i

I
(1)
fin,ijWij =

∑
i,j>i

I
(1)
fin,ij Zij , (5.5)

I
(1)
fin,ij = αs

2π

[(
Σφ −

∑
k

γhc
k Lkr

)
R+

∑
c,d 6=c

Lcd

(
2− 1

2 Lcd
)
Rcd

]
, r = rijk .

In eqs. (5.4)–(5.5), Lab = log(sab/µ2), and the numerical coefficients are given in eqs. (A.8)–
(A.11). One easily verifies that I (1)

poles matches the explicit poles of the real-virtual matrix
element RVpoles, which have the well-known universal NLO structure (see for example [18,
48]), upon replacing the n-point amplitude with the (n+ 1)-point amplitude.

In order to prove the second property in eq. (5.2), we start from the decompositions
of eqs. (4.40)–(4.46) in terms of the sector fuctions Wij and write

I(1)δn+1(X)− I(12)δn(X) =
∑
i,j 6=i

{
I

(1)
ij Wij δn+1(X)−

[
I

(12)
S,ij Ws,ij + I

(12)
C,ij − I

(12)
SC,ij

]
δn(X)

}
,

(5.6)
where the NLO sector functions Wij and Ws,ij are defined in eq. (2.10) and eq. (C.4)
respectively. The second property in eq. (5.2) is thus satisfied at the level of single sectors
Wij owing to the relations

Si
[
I

(1)
ij Wij − I (12)

S,ij Ws,ij
]
→ integrable , Si

[
I

(12)
C,ij − I

(12)
SC,ij

]
→ integrable ,

Cij

[
I

(1)
ij Wij − I (12)

C,ij

]
→ integrable , Cij

[
I

(12)
S,ij Ws,ij − I (12)

SC,ij

]
→ integrable . (5.7)

For concreteness, consider the first relation. Under soft limit, the (n+ 1)-particle matrix el-
ement in I (1)

ij returns a sum of products of eikonal factors and Born-level, colour-correlated
matrix elements, and its sector function Wij becomes equal to Ws,ij . At the same time,
when the operator Si acts on I

(12)
S,ij , it effectively removes the phase-space mappings, so

that eq. (4.47) tends to the Si limit of the square parenthesis in eq. (4.40), up to the overall
sign. Similar steps show the validity of the other relations in eq. (5.7).

At this point, on the one hand we have shown that the combination
(
RV +

I (1)) δn+1(X) is free of explicit poles, but it still contains phase-space singularities. On
the other hand, we have proven that I (1) δn+1(X)− I (12) δn(X) is integrable in Φn+1, but
may still contain poles in ε. In order to build a fully subtracted real-virtual matrix element
RV sub, free of poles in ε and integrable in the whole (n+ 1)-body phase space, we need
to define, in each sector ij, a real-virtual counterterm K

(RV)
ij satisfying the two further

properties

(3) K
(RV)
ij + I

(12)
ij → finite ,

(4) RV Wij δn+1(X)−K(RV)
ij δn(X) → integrable . (5.8)

With a real-virtual counterterm satisfying the two properties in eq. (5.8), the subtracted
real-virtual contribution to the cross section, defined in eq. (2.38), is manifestly finite and
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integrable in Φn+1. To construct RV sub explicitly, we rewrite it here as a sum over sectors:

RV sub(X) =
∑
i,j 6=i

[(
RV + I

(1)
ij

)
Wij δn+1(X)−

(
K

(RV)
ij + I

(12)
ij

)
δn(X)

]
. (5.9)

Thanks to the presence of sector functions, the second condition of eq. (5.8) actually
simplifies to

RV Wij δn+1(X)−K(RV)
ij δn(X) → integrable in the limits Si, Cij . (5.10)

In order to find a suitable definition for K(RV)
ij , satisfying the required properties, we start

by introducing soft and collinear improved limits, Si and Cij , for the real-virtual squared
matrix element. On the one hand, these limits must reproduce the singular behaviour of
RV , so that

Si
[(

1−Si
)
RV Wij

]
→ integrable , Si

[
Cij

(
1−Si

)
RV Wij

]
→ integrable ,

Cij

[(
1−Cij

)
RV Wij

]
→ integrable , Cij

[
Si
(
1−Cij

)
RV Wij

]
→ integrable . (5.11)

On the other hand, the improved limits must feature appropriate mappings, such that they
fulfil momentum conservation and on-shell conditions for the Born-level particles, and, at
the same time, they simplify as much as possible the analytic integration over the radiation
phase space. Following the discussion presented at NLO, and the choices made in ref. [92],
we introduce

SiRVWij ≡ −N1
∑
c 6=i
d 6=i,c

[
E(i)
cd V̄

(icd)
cd − αs2π

(
Ẽ(i)
cd +E(i)

cd

β0
2ε

)
B̄

(icd)
cd +αs

∑
e 6=i,c,d

Ẽ(i)
cdeB̄

(icd)
cde

]
Ws,ij ,

CijRVWij ≡
N1
sij

[
Pµνij(r) V̄

(ijr)
µν + αs

2π

(
P̃µνij(r)−P

µν
ij(r)

β0
2ε

)
B̄(ijr)
µν

]
Wc,ij ,

SiCijRVWij ≡ 2N1Cfj

[
E(i)
jr V̄

(ijr)− αs2π

(
Ẽ(i)
jr +E(i)

jr

β0
2ε

)
B̄(ijr)

]
, r=rij . (5.12)

The kernels E(i)
cd and Pµνij(r) are the eikonal and collinear kernels from tree-level factorisation,

introduced already at NLO, and given in eq. (B.3) and in eq. (B.7), respectively. In
addition, Ẽ(i)

cd , Ẽ
(i)
cde and P̃

µν
ij(r) are the genuine real-virtual soft and collinear kernels [32, 33],

presented here in eq. (B.5) and in eq. (B.24), respectively.
Since the combination (1 − Si)(1 − Cij)RV Wij is integrable everywhere in Φn+1,

one would expect to define the counterterm K
(RV)
ij simply as an NLO-like combination of

improved limits, namely

K
(RV)
ij, expected =

[
Si + Cij

(
1− Si

) ]
RV Wij . (5.13)

Although such a choice preserves the minimal structure of the real-virtual counterterm, and
automatically fulfils the condition (4) of eq. (5.8), explicit computations show that it spoils
the condition (3) of eq. (5.8). In principle, it would have been natural to expect that the
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poles of eq. (5.13) would cancel those of I (12)
ij . Indeed, the poles of eq. (5.13) are designed

to match the poles of RV that are accompanied by phase-space singularities. At the same
time, I (12)

ij is the result of integrating the strongly-ordered counterterm over the phase
space of the most unresolved radiation: thus, it collects precisely terms that have phase-
space singularities in the remaining radiation, as well as poles that should match their
virtual counterpart, given by RV . On the other hand, there are subtleties that prevent
the poles of I (12)

ij from matching exactly those of K(RV)
ij,expected. The first subtlety stems

from the specific phase-space mappings one has to adopt in order to define the improved
limits in eq. (5.12). Since such contributions are affected by both double poles in ε and
by phase-space singularities, they feature single poles in ε with coefficients depending on
kinematic invariants. This generates a mismatch: in fact, we notice that in eqs. (4.47)–
(4.49) the residues of the poles in I

(12)
ij that depend on kinematics are proportional to

logarithms of Lorentz invariants constructed with unmapped momenta, i.e. with (n+ 1)-
body kinematics. In contrast, the residues of the poles in the real-virtual improved limits
of eq. (5.12) can also depend on logarithms of mapped invariants, obtained via momentum
mappings from the (n + 1)- to the n-particle phase space. This is the case, for instance,
for the virtual component of the soft limit: the pole content of V̄ (icd)

cd includes terms of the
type log

(
s̄

(icd)
ef /µ2), which cannot appear in I (12)

ij . More involved mismatches occur in the
collinear sector, where the kinematics of the poles of I (12)

ij fails to match that of K(RV)
ij,expected

out of the collinear region, irrespectively of mappings.
The fact that all discrepancies in the single pole in ε disappear in the singular regions of

phase space, as they must, gives us the possibility to refine the definition of K(RV)
ij,expected, by

adding back precisely the mismatched terms, thus obtaining the desired cancellation of the
I

(12)
ij poles, without introducing new phase-space singularities. Schematically, we define

K
(RV)
ij ≡ K

(RV)
ij, expected + ∆ij =

[
Si + Cij

(
1− Si

) ]
RV Wij + ∆ij . (5.14)

The extra term ∆ij appearing in eq. (5.14) is required not to spoil condition (4) of
eq. (5.8), and therefore cannot have any phase-space singularity in the limits Si and Cij .
Thus we impose that

Si ∆ij → integrable , Cij ∆ij → integrable . (5.15)

At the same time, ∆ij has the crucial role of matching the explicit ε poles of I (12)
ij ,

implying the finiteness of the combination K
(RV)
ij + I

(12)
ij , in agreement with condition

(3) of eq. (5.8). In practice, we introduce for ∆ij a decomposition into soft, collinear and
soft-collinear components, along the lines discussed for I (12)

ij in eq. (4.46), and we write

∆ij ≡ ∆S,iWs,ij + ∆C,ij −∆SC,ij . (5.16)

Using this decomposition, the properties eq. (5.15) can be better detailed, and read

Si ∆S,iWs,ij → integrable , Si
(
∆C,ij −∆SC,ij

)
→ integrable ,

Cij ∆C,ij → integrable , Cij
(
∆S,iWs,ij −∆SC,ij

)
→ integrable . (5.17)
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Furthermore, we can enforce the desired cancellation between K
(RV)
ij and I

(12)
ij for each

component. Specifically, we require that[
SiRV Wij +

(
∆S,i + I

(12)
S,ij

)
Ws,ij

]
poles

= 0 ,[
Cij RV Wij +

(
∆C,ij + I

(12)
C,ij

)]
poles

= 0 ,[
Si Cij RV Wij +

(
∆SC,ij + I

(12)
SC,ij

)]
poles

= 0 . (5.18)

Since the pole parts of both I
(12)
ij and K

(RV)
ij, expected are explicitly known, the necessary

compensating terms are easily determined. An expression for the three components of ∆ij

can be constructed in a minimal way by considering all and only the single poles of I (12)
ij

with mismatching kinematics. Since they consist in differences of logarithms, or differences
of Born matrix elements (which vanish in the soft or collinear limit), we decided to promote
the differences of logarithms to ratios of scales, raised to a power vanishing with ε. This non-
minimal structure simplifies subsequent integrations, and it only affects finite parts, without
introducing new phase-space singularities. Beginning with the soft term ∆S,i, we define

∆S,i = − αs
2π N1

∑
c 6=i
d 6=i,c

E(i)
cd

{
1

2ε2
∑
e 6=i,c
f 6=i,c,e

[(
sef

s̄
(icd)
ef

)−ε
− 1

]
B̄

(icd)
efcd + 1

ε2

∑
e 6=i,d

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
B̄

(icd)
edcd

+
[( 1
ε2

+ 2
ε

)
2Cfc + γhc

c

ε

](
B̄

(icd)
cd − B̄(idc)

cd

)}

− αs
2π N1

∑
k 6=i

c 6=i,k,r

E(i)
cr

γhc
k

ε

(
B̄(irc)
cr − B̄(icr)

cr

)
, r = rik . (5.19)

Thanks to the fact that in the soft limit the mapped momenta coincide with the unmapped
ones, the first eq. (5.17) is fulfilled in a straightforward way. The first relation in eq. (5.18)
is less evident, but can be proven by simply performing the ε expansion of SiRV , ∆S,i

and I (12)
S,ij . For the collinear component, we define (r = rij , r′ = rijk)

∆C,ij = αs
2π N1

Pµνij(r)
sij

1
ε2

∑
c 6=i,j

{ ∑
d 6=i,j,c

[(
scd

s̄
(ijr)
cd

)−ε
−1
]
B̄

(ijr)
µν,cd+2

[
1−

(
s̄

(ijr)
jc

s[ij]r

)−ε ]
B̄

(ijr)
µν,[ij]c

+
{
ρ(C)
ij

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sirs̄

(jri)
ic

s̄
(jri)
ir sic

)−ε ]
B̄

(jri)
µν,[ij]c

+ f̃ qq̄ij

[(
s̄

(jri)
ic

µ2

)−ε
−
(
s̄

(jri)
ic

sic

)−ε ]
B̄(jri)
µν,[ij]c+(i↔ j)

}}
Wc,ij(r)

+αs
2π N1

∑
k 6=i,j

(
γhc
k

ε
+φhc

k

)[Pµνij(r)
sij

B̄(ijr)
µν Wc,ij(r)−

Pµνij(r′)
sij

B̄(ijr′)
µν Wc,ij(r′)

]
, (5.20)

where ρ(C)
ij , f̃ qq̄ij , γhc

k , φhc
k and B̄ are defined in appendix A, andWc,ij(r) is given in eq. (C.5).

The third eq. (5.17) can be verified by considering that in the collinear limit Cij we have

k̄
(ijr)
j , k̄

(jri)
i

Cij−−→ k[ij], k̄(ijr)
r , k̄(jri)

r

Cij−−→ kr, k̄(ijr)
c , k̄(jri)

c

Cij−−→ kc. (5.21)
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Again the second eq. (5.18) can be proven upon expansion in ε. Finally for the soft-collinear
component we introduce (with r = rij , r′ = rijk)

∆SC,ij = αs
2π 2N1Cfj

E(i)
jr

1
ε2

∑
c 6=i,j

{ ∑
d 6=i,j,c

[(
scd

s̄
(ijr)
cd

)−ε
−1
]
B̄

(ijr)
cd +2

[(
sjr
s[ij]r

)−ε
−
(
s̄

(ijr)
jc

s[ij]r

)−ε ]
B̄

(ijr)
[ij]c

+ CA
Cfj

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sir s̄

(jri)
ic

s̄
(jri)
ir sic

)−ε]
B̄

(jri)
[ij]c +

2Cfj
−CA

Cfj

[(
s̄

(irj)
jc

s̄
(irj)
jr

)−ε
−
(
sjr s̄

(irj)
jc

s̄
(irj)
jr sjc

)−ε]
B̄

(irj)
[ij]c

}

+ αs
2π 2N1Cfj

∑
k 6=i,j

(
γhc
k

ε
+φhc

k

)[
E(i)
jr B̄

(ijr)−E(i)
jr′ B̄

(ijr′)
]
. (5.22)

With the latter definition we are able to prove the second and the fourth eq. (5.17), by
exploiting the colour algebra of the colour-connected matrix elements, and the cancellation
of the ε poles in the third eq. (5.18). The explicit expression of the components of ∆ij in
eq. (5.16) completes the list of definitions required to implement the subtracted real-virtual
squared matrix element RV sub. Given its finiteness in d = 4, we can now rewrite eq. (5.9) as

RV sub(X) =
∑
i,j 6=i

[(
RVfin + I

(1)
fin,ij

)
Wij δn+1(X)−

(
K

(RV)
fin,ij + I

(12)
fin,ij

)
δn(X)

]
, (5.23)

where the subscript emphasises that, at this stage, all the explicit poles have already been
cancelled. The finite component I (1)

fin,ij is given in eq. (5.5), while I (12)
fin,ij can easily be derived

from eqs. (4.47)–(4.49). Finally, we obtain the finite contribution K
(RV)
fin,ij by computing

the expansion in powers of ε of the sum of eqs. (5.12) and (5.19)–(5.22). We refrain from
giving here the explicit expression for the quantities in eq. (5.23), as we will derive a more
compact result for RV sub(X), in terms of symmetrised sector functions in the next section.

5.1 RV sub with symmetrised sector functions

In the previous section we presented the construction of the subtracted real-virtual matrix
element. We started by introducing the general properties of RV sub, and we discussed
the main steps necessary to provide an explicit form for all the terms that contribute to
its definition, according to eq. (5.9). We then proved that RV sub is free of both explicit
poles and phase-space singularities in each Wij sector separately. As was mentioned in
section 2.1 and in section 3.6, however, one can improve the numerical performance of
the scheme by appropriately symmetrising the sector functions. In this section we present
explicit expressions for RV sub in terms of symmetrised sector functions.

In analogy to the procedure applied at NLO in eq. (2.28), and later generalised to
RR sub in section 3.6, we rewrite the real-virtual counterterm K(RV) in terms of the sym-
metrised sector counterterms K(RV)

{ij} , defined as

K
(RV)
{ij} = K

(RV)
ij +K

(RV)
ji , K(RV) =

∑
i,j 6=i

K
(RV)
ij =

∑
i,j>i

K
(RV)
{ij} . (5.24)

Starting from eq. (5.23), it is then straightforward to obtain

RV sub(X) =
∑
i,j>i

{[
RVfin + I

(1)
fin,ij

]
Zij δn+1(X) +

[
K

(RV)
fin,{ij} + I

(12)
fin,{ij}

]
δn(X)

}
, (5.25)
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with I
(1)
fin,ij given in eq. (5.5). To present explicitly the other finite terms featuring in

eq. (5.25), we organise them in terms of soft and hard-collinear components, writing

K
(RV)
fin,{ij} + I

(12)
fin,{ij} = K

(RV+12)
S,ij Zs,ij +K

(RV+12)
S,ji Zs,ji +K

(RV+12)
HC,ij , (5.26)

where the soft limit of the symmetrised sector functions, Zs,ij , is defined in eq. (3.33).
The finite soft counterterm K

(RV+12)
S,ij is obtained by combining eq. (4.47) with eqs. (5.12)

and (5.19), dropping the explicit poles. The result is extremely compact, and, except for
the process-dependent finite part of the single-virtual squared matrix element, it displays
only simple logarithmic dependence on the kinematics. We find (r = rik, r′ = rij , r′′ = rijk)

K
(RV+12)
S,ij = 4α2

s

∑
c 6=i
d 6=i,c

E(i)
cd

{ ∑
e 6=i
f 6=i,e

(
Lef−

1
4L

2
ef

)
B̄

(icd)
cdef +2

∑
e 6=i,d

(
Led−

1
4L

2
ed

)(
B̄

(icd)
cded −B̄

(idc)
cded

)

+
∑
e 6=i,d

ln2 s̄
(icd)
de

sde
B̄

(icd)
cded −

1
2 ln2 s̄

(icd)
cd

scd
B̄

(icd)
cdcd −2π

∑
e 6=i,c,d

ln sidsie
µ2sde

B̄
(icd)
cde

+
[(

6− 7
2 ζ2

)(
ΣC+2Cfd−2Cfc

)
+
∑
k

φhc
k −

∑
k 6=i

γhc
k Lkr′′−γhc

i Lir′

+CA
(

6−ζ2−ln sic
scd

ln sid
scd
−2ln sicsid

µ2scd

)]
B̄

(icd)
cd

}

+4α2
s

∑
k 6=i

(
φhc
k −γhc

k Lkr′′
)[ ∑
c 6=i,k
E(i)
kc

(
B̄

(ick)
kc −B̄

(ikc)
kc

)
+
∑

c 6=i,k,r
E(i)
cr

(
B̄(icr)
cr −B̄(irc)

cr

)]
+8παs

∑
c 6=i
d 6=i,c

E(i)
cd V̄

(icd)
fin,cd , (5.27)

where V̄ (icd)
fin,cd is the finite part of the colour-correlated, single-virtual squared matrix element,

expressed in the mapped kinematics. We notice that, as happened for I (12)
S,ij , the presence

of the reference particle r′ = rij introduces a dependence on the particle j of the soft sector
function Zs,ij which multiplies K(RV+12)

S,ij .

To conclude this section, we also report the finite hard-collinear counterterm K
(RV+12)
HC,ij ,

which is the result of summing eqs. (4.48) and (4.49) with eqs. (5.12), (5.20), and (5.22).
We find (with r = rij , r′ = rijk)

K
(RV+12)
HC,ij = 4α2

s

P hc,µν
ij(r)
sij

{ ∑
c 6=i,j

[
ln2 s̄

(ijr)
jc

s[ij]r
B̄

(ijr)
µν,[ij]c−

1
2
∑

d 6=i,j,c

(
4Lcd−L2

cd

)
B̄

(ijr)
µν,cd

]

−
∑
c 6=i,j,r

[
ln2 s̄

(ijr)
cr

scr
B̄(ijr)
µν,cr+

ρ(C)
ij

2 Lijcr B̄
(jri)
µν,[ij]c+

ρ(C)
ji

2 Ljicr B̄
(irj)
µν,[ij]c

]

− 1
2
∑
c 6=i,j

f̃ qq̄ij

(
L̃ijcr B̄(jri)

µν,[ij]c−L̃jicr B̄
(irj)
µν,[ij]c

)
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−
[(

6− 7
2 ζ2

)(
ΣC−Cf[ij]ρ

(C)
[ij]

)
+Cf[ij]

ρ(C)
[ij]
2
(
4Lij−L2

ij

)
−Cf[ij]

ρ(C)
ij

2
(
4Lir−L2

ir

)
−Cf[ij]

ρ(C)
ji

2
(
4Ljr−L2

jr

)
+Σhc

φ

]
B̄(ijr)
µν

}

−4α2
s

[
2Cfj E

(i)
jr Cf[ij] ln2 sjr

s[ij]r
B̄(ijr) +(i↔j)

]

+4α2
s

[
P hc,µν
ij(r)
sij

(
γhc
i Lir+γhc

j Ljr
)
B̄(ijr)
µν +

∑
k 6=i,j

P hc,µν
ij(r′)
sij

γhc
k Lkr′ B̄(ijr′)

µν

]

−4α2
s

P̃ hc,µν
fin,ij(r)
sij

B̄(ijr)
µν −8παs

P hc,µν
ij(r)
sij

V̄
(ijr)

fin,µν , (5.28)

where we introduced the shorthand notation

Lijcr = 2 ln sic
sir

[
2− Lic + ln s̄

(jri)
ic

s̄
(jri)
ir

]
, L̃ijcr = 2Lic

[
2− Lic + ln s̄

(jri)
ic

µ2

]
. (5.29)

Notice that also in eq. (5.28) the kinematic dependence is expressed only in terms of simple
logarithms. Our next step is now to integrate the real-virtual counterterm, and add back
the result to complete eq. (2.37).

6 Integration of the real-virtual counterterm

In eqs. (5.14), (5.24) we have defined the counterterm K(RV), that enabled us to build
the subtracted real-virtual squared matrix element RV sub, integrable in the whole (n+ 1)-
body phase space, and free of poles in ε. The K(RV) counterterm needs to be integrated in
d = 4−2ε dimensions in the radiation phase space, and then the result must be added back,
according to the subtraction structure given in eqs. (2.36)–(2.38). In order to compute the
integrated counterterm, I(RV), as defined in eq. (2.35), we proceed by summing over all
sectors Wij , so that sector functions drop out of the calculation, owing to the sum rules
they satisfy (like for example those in (2.11)). We then perform the integration over the
radiative phase space, with the measure dΦ(acd)

rad , naturally induced by the mapping (acd),
according to∫

dΦn+1({k}) = ςn+1
ςn

∫
dΦ(acd)

n

∫
dΦ(acd)

rad , dΦ(acd)
n ≡ dΦn({k̄}(acd)) , (6.1)

where dΦ(acd)
rad is defined in eq. (4.3). The integration of K(RV) is carried out following

the methods described in ref. [92], and using the fact that the spin-correlated contribu-
tions proportional to the kernels Qµνij(r) and Q̃

µν
ij(r) vanish upon integration, as discussed in

appendix D. The formal expression for the integrated version of K(RV) can be written as∫
dΦn+1K

(RV) =
∫
dΦn+1

[∑
i

(
SiRV + ∆S,i

)
+
∑
i, j>i

(
HCij RV + ∆HC,ij

)]
, (6.2)
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where the integrands are defined in eqs. (5.12) and (5.19)–(5.22) and we use the shorthand
notations (see eq. (2.29))

HCij RV ≡ Cij(1− Si − Sj)RV , ∆HC,ij ≡ ∆C,ij + ∆C,ji −∆SC,ij −∆SC,ji . (6.3)

Before integrating, we can further simplify the expressions for ∆S,i and ∆C,ij , given
in (5.19)–(5.20). In fact, since s̄(icd)

ef = sef for e, f 6= i, c, d, and s̄(ijr)
cd = scd for c, d 6= i, j, r,

one finds that

1
2
∑
e 6=i,c
f 6=i,c,e

[(
sef

s̄
(icd)
ef

)−ε
− 1

]
B̄

(icd)
efcd +

∑
e 6=i,d

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
B̄

(icd)
edcd =

= 2
∑

e 6=i,c,d

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
B̄

(icd)
edcd +

[(
scd

s̄
(icd)
cd

)−ε
− 1

]
B̄

(icd)
cdcd , (6.4)

as well as ∑
c 6=i,j
d 6=i,j,c

[(
scd

s̄
(ijr)
cd

)−ε
− 1

]
B̄

(ijr)
µν,cd = 2

∑
c 6=i,j,r

[(
scr

s̄
(ijr)
cr

)−ε
− 1

]
B̄(ijr)
µν,cr . (6.5)

After integration, the soft contributions to eq. (6.2) read∫
dΦn+1 SiRV = − ςn+1

ςn

∑
c 6=i
d 6=i,c

∫
dΦ(icd)

n

[
J icds V̄

(icd)
cd − αs

2π

(
J̃ icds + J icds

β0
2ε

)
B̄

(icd)
cd (6.6)

+ αs
∑

e 6=i,c,d
J̃ icdes B̄

(icd)
cde

]
,

while (r = rik)∫
dΦn+1 ∆S,i = − αs

2π
ςn+1
ςn

∑
c 6=i
d 6=i,c

{ ∫
dΦ(icd)

n

[ ∑
e 6=i,c,d

J icd(e)
∆s

B̄
(icd)
edcd + J icd

∆s
B̄

(icd)
cdcd

]
(6.7)

+
[
2Cfc

( 1
ε2

+ 2
ε

)
+ γhc

c

ε

][ ∫
dΦ(icd)

n J icds B̄
(icd)
cd −

∫
dΦ(idc)

n J idcs B̄
(idc)
cd

]}

− αs
2π

ςn+1
ςn

∑
k 6=i

c 6=i,k,r

γhc
k

ε

[ ∫
dΦ(irc)

n J ircs B̄(irc)
cr −

∫
dΦ(icr)

n J icrs B̄(icr)
cr

]
.

Explicit expressions for the constituent integrals J̃ icds , J̃ icdes , J icd(e)
∆s

and J icd
∆s

are given
in eq. (E.5), while the NLO integral J icds is given in eq. (E.1). We notice that the soft
integrated real-virtual counterterm in eq. (6.6) receives contributions from the triple-colour-
correlated squared matrix element B̄cde. However, the pole content of such term vanishes
upon performing the appropriate colour sums (see ref. [92] for further details). This can-
cellation represents a strong test for the method: it is protected by the fact that no sin-
gular contributions proportional to colour tripoles can arise from double-virtual nor from
double-real corrections. On the other hand, integrating the tripole contribution to the
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soft real-virtual kernel requires the non-trivial procedure described in ref. [92], which is
necessary in order to verify the pole cancellation, and to compute the finite remainder. To
complete the discussion we also report the integrated hard-collinear component,∫
dΦn+1 HCij RV = ςn+1

ςn

∫
dΦ(ijr)

n

[
J ijrhc V̄ (ijr) + αs

2π

(
J̃ ijrhc − J

ijr
hc

β0
2ε

)
B̄(ijr)

]
, r = rij ,

(6.8)
while the compensating hard-collinear term integrates to (r = rij , r′ = rijk)∫
dΦn+1 ∆HC,ij = αs

2π
ςn+1
ςn

{ ∫
dΦ(ijr)

n

[ ∑
c 6=i,j,r

J ijr
∆hc

B̄(ijr)
cr +

∑
c 6=i,j

J ijrc
∆hc

B̄
(ijr)
[ij]c

]
(6.9)

+
∑
c 6=i,j,r

[∫
dΦ(jri)

n J jri,c
∆hc

B̄
(jri)
[ij]c +

∫
dΦ(irj)

n J irj,c
∆hc

B̄
(irj)
[ij]c

]

+
∑
k 6=i,j

(
γhc
k

ε
+φhc

k

)[∫
dΦ(ijr)

n J ijrhc B̄(ijr)−
∫
dΦ(ijr′)

n J ijr
′

hc B̄(ijr′)
]

+ f̃ qq̄ij
∑
c 6=i,j

[∫
dΦ(jri)

n J̃ jri,c
∆hc
B̄(jri)

[ij]c −
∫
dΦ(irj)

n J̃ irj,c
∆hc
B̄(irj)

[ij]c

]}
.

Explicit expressions for the hard-collinear constituent integrals J̃ ijrhc , J ijr
∆hc

, J ijrc
∆hc

, J jri,c
∆hc

,
and J̃ jri,c

∆hc
are given in eq. (E.16), while the NLO hard-collinear integral J ijrhc is given in

eq. (E.7).
Having computed all relevant integrals, we now recombine them, following a proce-

dure analogous to the one described at the end of section 4.2. We rename the sets of
mapped momenta {k̄(abc)}n to the same set of Born-level momenta {k}n by means of the
replacements

dΦ(abc)
n → dΦn , B̄

(abc)
··· → B··· , B̄(abc)

··· → B̄··· , s̄
(abc)
lm → slm , (6.10)

where the ellipsis in the Born-level matrix element stands for a generic colour correlation.
In particular, in the integral of ∆HC,ij , all momenta k̄

(ijr)
j , k̄(jri)

i , k̄(irj)
j , and k̄

(ijr′)
j are

renamed as kp, where p is the label of the parent particle splitting into i and j. As a
consequence of this renaming, the integrals involving B̄[ij]c can be recombined, and do not
contribute to the integrated counterterm. Indeed∫

dΦ(jri)
n J̃ jri,c

∆hc
B̄(jri)

[ij]c −
∫
dΦ(irj)

n J̃ irj,c
∆hc

B̄(irj)
[ij]c = (6.11)

=
∫
dΦ(jri)

n J̃ c
∆hc

(
s̄

(jri)
ir , s̄

(jri)
ic

)
B̄(jri)

[ij]c −
∫
dΦ(irj)

n J̃ c
∆hc

(
s̄

(irj)
jr , s̄

(irj)
jc

)
B̄(irj)

[ij]c

→
∫
dΦn J̃

c
∆hc

(
spr, spc

)
Bpc −

∫
dΦn J̃

c
∆hc

(
spr, spc

)
Bpc = 0 .

The dependence on the (n+ 1)-body phase-space particles is now limited to the flavour
factors f qi , f

q̄
i and fgi , which can be translated into flavour factors for the n-body-phase-

space particles, as was done in section 4.3 for the double-real contribution. In particular,
when going from an (n+ 1)-body phase space to an n-body phase space the relations in
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eq. (4.34) and eq. (4.35) apply, with the formal replacement n→ n−1. After performing the
flavour sums, no dependence on the original (n+ 1)-body phase space remains. Simplifying
the colour correlations where possible, we finally get

I(RV) = −
∑
c,d 6=c

[
Js(scd)Vcd+JsRV(scd)Bcd+J

(2)
sRV(scd)Bcdcd+

∑
e 6=c,d

JcdesRVBcde

]

+
∑
j

{
J jhc(sjr)V+J jhcRV(sjr)B+J j,AhcRV(sjr)Bjr+

∑
c 6=j,r

[
J j,BhcRV(sjc)Bjc+J j,ChcRV(sjr)Bcr

]

+αs
2π
∑
k 6=j

(
γhc
k

ε
+φhc

k

)[
J jhc(sjr)−J

j
hc(sjr′)

]}
, (6.12)

where we introduced the following combinations of constituent integrals:

JsRV(s) = −αs2π

[
CAJ̃s(s)+

β0
2ε Js(s)+2CfdJ (3)

∆s
(s)
]
, (6.13)

J
(2)
sRV(s) = αs

2π
[
J (2)

∆s
(s)−J (3)

∆s
(s)
]
, (6.14)

JcdesRV = −α
2
s

2π

[ 1
2ln sce

sde
ln2 scd

µ2 +1
6ln3 sce

sde
+Li3

(
− sce
sde

)
+O(ε)

]
, (6.15)

J jhcRV(s) = αs
2π

{(
f qj +f q̄j

)[
J̃

(1g)
hc (s)−β0

2ε J
(1g)
hc (s)−CFJ (1g)

∆hc,A
(s)−CFJqg

∆hc,A
(s)−CFJgq

∆hc,A
(s)
]

+fgj
[1

2

(
J̃

(2g)
hc (s)−β0

2ε J
(2g)
hc (s)−CAJ (2g)

∆hc,A
(s)−2CAJgg

∆hc,A
(s)
)

+Nf

(
J̃

(0g)
hc (s)−β0

2ε J
(0g)
hc (s)−CAJ (0g)

∆hc,A
(s)−2CAJqq

∆hc,A
(s)
)]}

, (6.16)

J j,AhcRV(s) = αs
2π

{(
f qj +f q̄j

)(
J (1g)

∆hc,B
(s)−Jqg

∆hc,A
(s)−Jgq

∆hc,A
(s)
)

+fgj
[1

2
(
J (2g)

∆hc,B
(s)−2Jgg

∆hc,A
(s)
)
+Nf

(
J (0g)

∆hc,B
(s)−2Jqq

∆hc,A
(s)
)]}

, (6.17)

J j,BhcRV(s) = αs
2π

{(
f qj +f q̄j

)(
J (1g)

∆hc,B
(s)+Jqg

∆hc,B
(s)+Jgq

∆hc,B
(s)
)

+fgj
[1

2
(
J (2g)

∆hc,B
(s)+2Jgg

∆hc,B
(s)
)
+Nf

(
J (0g)

∆hc,B
(s)+2Jqq

∆hc,B
(s)
)]}

, (6.18)

J j,ChcRV(s) = αs
2π

{(
f qj +f q̄j

)
J (1g)

∆hc
(s)+fgj

[1
2J

(2g)
∆hc

(s)+NfJ
(0g)
∆hc

(s)
]}
. (6.19)

All new constituent integrals appearing in the above results are listed in appendix E: the
soft integrals are presented in eq. (E.6), the hard-collinear integrals in eq. (E.17), and the
integrals arising from the compensating ∆ij terms in eqs. (E.18)–(E.20). We note once
again that all integrals involved are single-scale, and thus involve only simple logarithms.
Interestingly, the only exception is eq. (6.15), a uniform-weight-three function featuring
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three scales and a single trilogarithm: this integral arises as a finite remainder of the
non-trivial integration of the tripole term.

The integrated counterterm I(RV) given in eq. (6.12), which features Born-level kine-
matics, contains explicit poles in ε, that must be combined with those of the integrated
counterterm I (2), and must, together, cancel the singularities of the double-virtual squared
matrix element. In the next section we turn to the proof of this statement, which provides
a highly non-trivial test of all our calculations, and completes the subtraction programme
for generic massless final states.

7 The subtracted double-virtual contribution V V sub

Finally, we turn our attention to the first line in eq. (2.37), which we rewrite here as

V V sub(X) =
[
V V + I (2) + I(RV)

]
δn(X) . (7.1)

It is our task to show that the equation above is free of ε poles. To verify this, we first
explicitly derive the ε poles of V V , and then we provide the complete ε expansion of
I (2) + I(RV), including O(ε0) terms, obtained by combining eq. (4.41) and eq. (6.12).

7.1 The pole part of the double-virtual matrix element V V

All infrared poles of gauge-theory scattering amplitudes can be expressed in a factorised
form through the formula [18, 19, 21, 24, 25]

A
(
ki
µ
, αs(µ), ε

)
= Z

(
ki
µ
, αs(µ), ε

)
H
(
ki
µ
, αs(µ), ε

)
, (7.2)

where H is finite as ε→ 0, and Z is a colour operator with a universal form, to be discussed
below. The infrared operator Z obeys a (matrix) renormalisation-group equation, which
can be solved in exponential form, with a trivial initial condition, in terms of an anomalous-
dimension matrix Γ. One may write

Z
(
ki
µ
, αs(µ), ε

)
= P exp

[∫ µ

0

dλ

λ
Γ
(
ki
λ
, αs(λ), ε

)]
, (7.3)

where the integral converges at λ = 0 in dimensional regularisation thanks to the behaviour
of the β function in d = 4 − 2ε, for ε < 0 (d > 4). Indeed, in dimensional regularisation
one has

µ
dαs
dµ
≡ β (ε, αs) = − 2ε αs −

α2
s

2π β0 + O
(
α3
s

)
, (7.4)

whose solution implies [16] that the d-dimensional running coupling αs(µ, ε) vanishes at
µ = 0 for ε < 0, so that the corresponding initial condition is Z(µ = 0) = 1, leading
to eq. (7.3). For the purposes of NNLO subtraction (and thus at two loops for virtual
amplitudes), Γ is given by the dipole formula [21, 24]

Γ
(
pi
λ
, αs(λ), ε

)
= 1

2 γ̂K (αs(λ, ε))
∑
i,j>i

ln
(
sij e

iπσij

λ2

)
Ti ·Tj +

∑
i

γi (αs(λ, ε)) . (7.5)
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In eq. (7.5), the phases σij are given by σij = +1 if partons i and j are either both in the
initial state or both in the final state, while σij = 0 otherwise. For our present final-state
application, we can thus henceforth replace all phase factors using eiπσij = −1, with the
understanding that the logarithm is taken above the cut.

The anomalous dimensions appearing in eq. (7.5) are the cusp anomalous dimension
γ̂K (αs) and the collinear anomalous dimensions γi (αs). More precisely, in the derivation
of eq. (7.5) it has been assumed that the (light-like) cusp anomalous dimension γ

(r)
K (αs),

in colour representation r, obeys ‘Casimir scaling’, i.e. it can be written as

γ
(r)
K (αs) = Cr γ̂K(αs) , (7.6)

where Cr is the quadratic Casimir eigenvalue for colour representation r, while γ̂K(αs) is a
universal (representation-independent) function. This assumption is known to fail at four
loops [96, 97]. The collinear anomalous dimensions γi(αs) are related to the anomalous
dimensions of quark and gluon fields, and can be derived from essentially colour-singlet
calculations such as those of form factors.

One important consequence of the dipole formula is that the scale integration
in eq. (7.3) can be performed without affecting the colour structure (which is scale-
independent): one may therefore omit the path-ordering in eq. (7.3), simplifying con-
siderably the necessary calculations. Expanding the various ingredients perturbatively as

γ̂K(αs) =
∞∑
n=1

γ̂
(n)
K

(
αs
2π

)n
, γi(αs) =

∞∑
n=1

γ
(n)
i

(
αs
2π

)n
, Γ(αs) =

∞∑
n=1

Γ(n)
(
αs
2π

)n
, (7.7)

one gets at NLO

Γ(1) = 1
4 γ̂

(1)
K

∑
i,j 6=i

ln
(−sij + iη

µ2

)
Ti ·Tj +

∑
i

γ
(1)
i −

1
4 γ̂

(1)
K ln

(
µ2

λ2

)∑
i

Cfi , (7.8)

and consequently

Z(1)
(
pi
µ
, ε

)
= − 1

ε2
γ̂

(1)
K

8 ΣC −
1
ε

 γ̂(1)
K

8
∑
i,j 6=i

Lij Ti ·Tj + 1
2Σγ

+ iπ γ
(1)
K

8ε ΣC , (7.9)

where Lij = ln(sij/µ2). Eq. (7.9) is in agreement with [18, 24], with the one-loop
anomalous-dimension coefficients given by

γ̂
(1)
K = 4 , γ

(1)
i ≡ γi = 3

2 CF (f qi +f q̄i ) + 1
2 β0 f

g
i , ΣC =

∑
i

Cfi , Σγ =
∑
i

γi , (7.10)

where we noted that in the text we have sometimes used the notation γi for the one-loop
coefficient denoted here by γ(1)

i . Expanding the anomalous dimensions to two loops and
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performing the relevant integrals, the NNLO result for the Z factor is

Z(2) = 1
ε4

(
γ̂

(1)
K

)2

128 Σ2
C

+ 1
ε3

γ̂
(1)
K

64 ΣC

[
3β0 + 4Σγ + γ̂

(1)
K

∑
i,j 6=i

ln
(−sij + iη

µ2

)
Ti ·Tj

]

+ 1
ε2

1
8

[
β0 γ̂

(1)
K

4
∑
i,j 6=i

ln
(−sij + iη

µ2

)
Ti ·Tj + β0Σγ −

γ̂
(2)
K

4 ΣC

+ Σ2
γ + γ̂

(1)
K

2 Σγ

∑
i,j 6=i

ln
(−sij + iη

µ2

)
Ti ·Tj

+

(
γ̂

(1)
K

)2

16
∑
i,j 6=i
k,l 6=k

ln
(−sij + iη

µ2

)
ln
(−skl + iη

µ2

)
Ti ·Tj Tk ·Tl

]

−1
ε

1
4

[
γ̂

(2)
K

4
∑
i,j 6=i

ln
(−sij + iη

µ2

)
Ti ·Tj + Σ(2)

γ

]
, (7.11)

which agrees with [24], with the anomalous dimension coefficients given in eq. (A.13), and
where we defined Σ(2)

γ = ∑
i γ

(2)
i . Having deduced the Z elements up to the needed order,

we can now interfere the double-virtual amplitude with the Born, and extract the poles.
The perturbative expansion of (7.2) yields

A(0) = H(0) ,

A(1) = αs
2π
[
H(1) + Z(1)H(0)

]
≡ αs

2π A
(1) ,

A(2) =
(
αs
2π

)2[
H(2) + Z(1)H(1) + Z(2)H(0)

]
≡
(
αs
2π

)2
A(2) , (7.12)

implying

|A|2 =
∣∣∣H(0)

∣∣∣2 + αs
2π 2Re

[(
H(0)

)†
H(1) +

(
H(0)

)†
Z(1)H(0)

]
(7.13)

+
(
αs
2π

)2 [
2Re

((
H(0)

)†
H(2) +

(
H(0)

)†
Z(1)H(1) +

(
H(0)

)†
Z(2)H(0)

)
+
∣∣∣H(1)

∣∣∣2 +
(
H(0)

)†(
Z(1)

)†
Z(1)H(0) +2Re

((
H(1)

)†
Z(1)H(0)

)]
+O(α3

s) .

We are interested in the divergent contributions to eq. (7.13) at O(α2
s): we extract them
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in turn. First, the direct contribution of the two-loop Z matrix is given by

2 Re
((
H(0)

)†
Z(2)H(0)

)
= H(0)†(Z(2) + Z(2)†)H(0)

= 1
ε4

1
4Σ2

C
B + 1

ε3
1
2ΣC

[(3
4 β0 + Σγ

)
B +

∑
i,j 6=i

Lij Bij

]

+ 1
ε2

1
4

[(
β0Σγ −

γ̂
(2)
K

4 ΣC + Σ2
γ

)
B + (β0 + 2 Σγ)

∑
i,j 6=i

Lij Bij

+ 1
2
∑
i,j 6=i
k,l 6=k

(
Lij Lkl − π2

)
Bijkl

]

−1
ε

1
8

4 Σ(2)
γ B + γ̂

(2)
K

∑
i,j 6=i

Lij Bij

 , (7.14)

where again Lij = ln(sij/µ2), and the colour-correlated Born amplitudes Bij and Bijkl are
defined in eq. (A.5). The square of the one-loop Z matrix contributes

H(0)†Z(1)†Z(1)H(0) = 1
ε4

1
4 Σ2

C
B + 1

ε3
1
2 ΣC

[
Σγ B +

∑
i,j 6=i

Lij Bij

]
(7.15)

+ 1
ε2

1
4

[
Σ2
γ B + 2 Σγ

∑
i,j 6=i

Lij Bij + 1
2
∑
i,j 6=i
k,l 6=k

(
Lij Lkl + π2

)
Bijkl

]
.

Note that in eq. (7.14) and in eq. (7.15), for simplicity, we already substituted γ̂(1)
K = 4. Fi-

nally, terms involving the product of the one-loop hard part and the one-loop Z matrix give

2 Re
(
H(0)†Z(1)H(1) +H(1)†Z(1)H(0)

)
= H(0)†

(
Z(1) + Z(1)†

)
H(1)

+H(1)†
(
Z(1) + Z(1)†

)
H(0) . (7.16)

In order to make use in practice of eq. (7.16), it is useful to rewrite H(1) in terms of the
full virtual amplitude A(1), using

H(1) = A(1) − Z(1)H(0) . (7.17)

Eq. (7.16) then becomes

2Re
(
H(0)†Z(1)H(1) +H(1)†Z(1)H(0)

)
= H(0)†

(
Z(1) +Z(1)†

)
A(1) +A(1)†

(
Z(1) +Z(1)†

)
H(0)

−H(0)†
(
Z(1)2 +2Z(1)†Z(1) +Z(1)†2

)
H(0) . (7.18)
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The term on the second line of eq. (7.18) is easily computed using eq. (7.9) and yields

−H(0)†
(
Z(1)2 + 2 Z(1)†Z(1) + Z(1)†2

)
H(0) = − 1

ε4
Σ2
C
B − 1

ε3
2 ΣC

[
Σγ B +

∑
i,j 6=i

Lij Bij

]

− 1
ε2

[
Σ2
γB + 2 Σγ

∑
i,j 6=i

Lij Bij + 1
2
∑
i,j 6=i
k,l 6=k

Lij LklBijkl

]
. (7.19)

The first two terms on the r.h.s. of eq. (7.18) can be expressed in terms of the one-loop
virtual correction to the cross section. One finds

αs
2π

[
H(0)†

(
Z(1) + Z(1)†

)
A(1) +A(1)†

(
Z(1) + Z(1)†

)
H(0)

]

= H(0)†
[
− 1
ε2
γ̂

(1)
K

4 ΣC −
1
ε

 γ̂(1)
K

4
∑
i,j 6=i

Lij Ti ·Tj + Σγ

]A(1) + h. c.

= − 1
ε2

ΣC V −
1
ε

Σγ V −
1
ε

∑
i,j 6=i

Lij Vij , (7.20)

where the colour-correlated virtual correction Vij is defined in eq. (A.7). Combining
eq. (7.14) with eq. (7.15) and eq. (7.20), we get a complete and explicit expression for the
pole part of the double-virtual contribution to the cross section,

V V
∣∣∣
poles

=
(
αs
2π

)2{
− 1
ε4

1
2 Σ2

C
B + 1

ε3
ΣC
[(3

8 β0 − Σγ

)
B −

∑
i,j 6=i

Lij Bij

]

+ 1
ε2

1
4

[(
β0Σγ −

γ̂
(2)
K

4 ΣC − 2 Σ2
γ

)
B

+
(
β0 − 4 Σγ

) ∑
i,j 6=i

Lij Bij −
∑
i,j 6=i
k,l 6=k

Lij LklBijkl

]

− 1
ε

1
8

[
4 Σ(2)

γ B + γ̂
(2)
K

∑
i,j 6=i

Lij Bij

]}

− αs
2π

[ 1
ε2

ΣC V + 1
ε

Σγ V + 1
ε

∑
i,j 6=i

Lij Vij

]
. (7.21)

Eq. (7.21) can now be combined with the integrals of the double-radiative and the
real-virtual counterterms to form the subtracted double-virtual contribution to the cross
section, V V sub, given in eq. (7.1).

7.2 Integrated counterterms for double-virtual poles

The expressions for the relevant integrated counterterms, I (2) and I(RV), were given in
eq. (4.41) and in eq. (6.12), respectively. We only need to expand these expressions in
powers of ε, including terms up to O(ε0). We define

I (2) + I(RV) ≡ I
(2+RV)
poles + I

(2+RV)
fin +O(ε) . (7.22)
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As expected, the pole part I(2+RV)
poles exactly cancels eq. (7.21):

I
(2+RV)
poles = −V V

∣∣∣
poles

. (7.23)

We note in particular that it is not necessary to compute NLO virtual corrections up to
O(ε2), since the last term in eq. (7.21), containing virtual corrections multiplied times
explicit poles up to ε−2, is exactly reproduced by I(2+RV)

poles , so that O(ε) contributions to
NLO corrections never appear in our subtraction formula.12 This was anticipated in ref. [98]
and emerges clearly in our approach thanks to the factorisation properties of the one-loop
amplitude, and the minimal scheme we adopt for the factorisation of virtual corrections.
The finite part of the integrated counterterms can be written as (r = rj , r′ = rjl)

I
(2+RV)
fin =

(
αs
2π

)2{ [
I(0) +

∑
j

I
(1)
j Ljr +

∑
j

I
(2)
j L2

jr + 1
2
∑
j,l 6=j

γhc
j γhc

l Ljr′Llr′

]
B (7.24)

+
∑
j

[
I

(0)
jr + I

(1)
jr Ljr

]
Bjr − 2

(
1− ζ2

) ∑
j,c 6=j,r

γhc
j

(
2− Lcr

)
Bcr

+
∑
c,d 6=c

Lcd

[
I

(0)
cd + I

(1)
cd Lcd + β0

12 L
2
cd −

1
2
(
4− Lcd

)∑
j

γhc
j Ljr

]
Bcd

+
∑
c,d 6=c

[
− 2 + ζ2 + 2 ζ3 −

5
4 ζ4 + 2

(
1− ζ3

)
Lcd

]
Bcdcd

+
(
1− ζ2

) ∑
c,d 6=c
e 6=d

Lcd LedBcded +
∑
c,d 6=c
e,f 6=e

Lcd Lef

[
1− 1

2 Lcd
(
1− 1

8Lef
)]

Bcdef

+π
∑
c,d 6=c
e 6=c,d

[
ln sce
sde

L2
cd + 1

3 ln3 sce
sde

+ 2Li3
(
− sce
sde

)]
Bcde

}

+ αs
2π

[(
Σφ −

∑
j

γhc
j Ljr

)
V fin +

∑
c,d 6=c

Lcd

(
2− 1

2Lcd
)
V fin
cd

]
,

where V fin and V fin
cd are the O(ε0) terms in the virtual and colour-correlated virtual contri-

butions, which are obtained from the full virtual contributions V and Vcd by subtracting
the IR poles given explicitly by eq. (7.9). We emphasise that the kinematic dependence of
eq. (7.24) is only through simple logarithms of kinematic invariants, with the single excep-
tion of the trilogarithm multiplying the tripole Born-level colour correlation Bcde on the
one-but-last line of eq. (7.9). All the integral coefficients appearing in eq. (7.9) are pure

12This understands the technical capability by a two-loop provider to turn off the O(ε) NLO virtual
contribution in the computation of V V . Were this is not the case, the evaluation of I (2) as well would have
to be performed with such a contribution turned on.
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numbers, and they are given by

I(0) = N2
qC

2
F

[101
8 −

141
8 ζ2+245

16 ζ4

]
+NgNqCF

[
CA

(13
3 −

125
6 ζ2+245

8 ζ4

)
+β0

(77
12−

53
12ζ2

)]
+N2

g

[
C2
A

(20
9 −

13
3 ζ2 + 245

16 ζ4

)
+β2

0

(73
72−

1
8ζ2

)
+CAβ0

(
− 1

9−
11
3 ζ2

)]
+NqCF

[
CF

(53
32−

57
8 ζ2+1

2ζ3+21
4 ζ4

)
+CA

(677
432+5

3ζ2−
25
2 ζ3+47

8 ζ4

)
+β0

(5669
864 −

85
24ζ2−

11
12ζ3

)]
+Ng

[
CFCA

(
− 737

48 +11ζ3

)
+CF β0

(67
16−3ζ3

)
+β2

0

(73
72−

3
8ζ2

)
+C2

A

(
− 4289

216 + 15
2 ζ2−14ζ3 + 89

8 ζ4

)
+CAβ0

(647
54 −

53
8 ζ2−

11
12ζ3

)]
,

I
(1)
j = (f qj +f q̄j )CF

[
NqCF

(5
2−

7
4ζ2

)
+NgCA

(1
3−

7
4ζ2

)
+ 2

3Ngβ0

+CF

(
− 3

8−4ζ2 +2ζ3

)
+CA

(25
12−3ζ2 +3ζ3

)
+β0

( 1
24 +ζ2

)]
+fgj

[
NqCFCA

(
10−7ζ2

)
−NqCF β0

(5
2−

7
4ζ2

)
+NgC

2
A

(4
3−7ζ2

)
+NgCAβ0

(7
3+7

4ζ2

)
− 2

3(Ng+1)β2
0 + 11

4 CFCA−
3
4CF β0 +C2

A

(28
3 −

23
2 ζ2+5ζ3

)
−CAβ0

(2
3−

5
2ζ2

)]
,

I
(2)
j = 1

8
(
15CA−7β0

)
Cfj −

1
4
(
5CA−2β0

)
γj + 1

8
(
16ζ2 −15

)
C2
fj ,

I
(0)
jr =

(
−1+3ζ2−2ζ3

)
CA−

1
2
(
13+10ζ2 +2ζ3

)
Cfj +

(
5+2ζ3

)
γj ,

I
(1)
jr =

(
1−ζ2

)
CA+ 1

2
(
4+7ζ2

)
Cfj −

(
2+ζ2

)
γj ,

I
(0)
cd =

(20
9 −2ζ2−

7
2ζ3

)
CA+ 31

9 β0 +2Σφ+8
(
1−ζ2

)
Cfd ,

I
(1)
cd = −

(1
3−

1
2ζ2

)
CA−

11
12 β0−

1
2 Σφ . (7.25)

We stress that, as expected, the pole part I(2+RV)
poles does not depend on the reference

momenta r, r′; conversely, the dependence on r, r′ arising in the finite part I(2+RV)
fin is

necessary to cancel the explicit one in the counterterms K (2) and K(RV).

8 An explicit example of cancellation

In this section we work out in detail the cancellation of IR singularities for the process
e+e− → q(1)q̄(2)g([345]) at NNLO, focusing on the double-real-emission channel where an
extra quark-antiquark pair is emitted, e+e− → q(1)q̄(2)g(3)q′(4)q̄′(5) (with q and q′ being
different quark flavours), and picking the sector W4353 as a test case. The sector func-
tion selects C43 as single-unresolved limit, hence the only possible underlying single-real-
emission channel is e+e− → q(1)q̄(2) q′([34])q̄′(5). Moreover, the only double-unresolved
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Figure 1. Sample Feynman diagrams for three-jet production in leptonic collisions: NNLO double
real emission (left), NLO single real emission (middle), Born process (right).

configurations allowed are S45 and C435. In figure 1 we show a sample NNLO double-real-
emission Feynman diagram contributing to this sector (left), together with its underlying
NLO single-real-emission diagram (middle), as well as the LO Born diagram (right).

The expression for the relevant kernels, according to eqs. (C.12) and (C.39) is rather
simple. Since partons 4 and 5 are quarks, the eikonal kernels E(4)

ab and E(5)
ab vanish; moreover,

since the parent parton [34] of the 34 pair is a quark, there is no azimuthal dependence
in the collinear splitting kernels, hence Qµν43(r) = 0, and Pµν43(r)R̄

(43r)
µν = P43(r)R̄

(43r). The
required limits are then given by (see appendix B)

C43RR ≡
N1
s43

P43(r) R̄
(43r) , C435RR ≡

N 2
1

s2
435

Pµν435(r) B̄
(435r)
µν ,

S45RR ≡
N 2

1
2

∑
c 6=4,5
d 6=4,5,c

E(45)
cd B̄

(45cd)
cd , S45 C435RR ≡ −N 2

1 Cf3 E
(45)
3r B̄(453r) ,

C43 C435RR ≡ N 2
1
P43(r)
s43

P̄
(43r)µν
[34]5(r)

s̄
(43r)
[34]5

B̄(43r,[34]5r)
µν . (8.1)

In the case we are considering, the reference index r (used for collinear limits) could be
either r = 1 or r = 2. The subtracted double-real contribution in this sector is thus

RR sub
4353 = RRW4353 −K (1)

4353 −
(
K

(2)
4353 −K

(12)
4353

)
, (8.2)

where the NNLO counterterms read

K
(1)
4353 ≡ C43RRW4353

= N1
P43(r)
s43

R̄(43r)W (43r)
5[34] W

(α)
c,43(r) ,

K
(2)
4353 ≡

[
S45 + C435

(
1− S45

)]
RRW4353

= N
2

1
2

∑
c 6=4,5
d 6=4,5,c

E(45)
cd B̄

(45cd)
cd

(
S45W4353

)
+ N

2
1

s2
435

Pµν435(r) B̄
(435r)
µν

(
C435W4353

)

+N 2
1 Cf3 E

(45)
3r B̄(453r) (S45 C435W4353

)
,
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K
(12)
4353 ≡ C43 C435RRW4353

= N 2
1
P43(r)
s43

P̄
(43r)µν
[34]5(r)

s̄
(43r)
[34]5

B̄(43r,[34]5r)
µν W (43r)

c,5[34](r)W
(α)
c,43(r) . (8.3)

Let us begin by showing the cancellation of the singular behaviour in the C43 limit. We note
that particle momenta in this limit obey C43{k} = C43{k̄}(43r) = {k}/4/3,[34], which implies
that the limit taken on sector functions gives C43W

(43r)
5[34] = W5[34], and C43W(α)

c,43(r) =
C43W(α)

43 . This, together with the relation C43W4353 = C43W5[34]W
(α)
43 , and with the

known C43 limit of RR, is sufficient to show that

C43
[
1−C43

]
RRW4353 → integrable . (8.4)

Next, we need to show that

C43
[
K

(2)
4353 −K

(12)
4353

]
→ integrable . (8.5)

To this end, let us note that the double soft kernel factorised in S45RR is not singular in the
C43 limit, since the denominator of E(45) (see eq. (8.1)) features the sum s[34]5 ≡ s34 + s35.
The same is true for the C435 S45RR limit, which is constructed with the same double-soft
kernel. As a consequence, checking the requirement in eq. (8.5) reduces to verifying that

C43 C435
[
1−C43

]
RRW4353 → integrable . (8.6)

As far as sector functions are concerned, it is straightforward to check that
C43 C435W4353 = C43 C43 C435W4353 = C43W

(43r)
c,5[34](r)W

(α)
c,43(r) = C[34]5W5[34] C43W(α)

43 .
The mapped kinematics is such that the identity {k̄}(435r) = {k̄}(43r,[34]5r) holds also far
from the collinear limit. Finally, the double-collinear kernel can be written as

Pµν435(r)
s2

345
= 1
s2

345

[
− P (1g)

453(r) g
µν +

∑
a=3,4,5

Q
(1g),a
453(r) d

µν
a

]
. (8.7)

It is easy to show that in the collinear limit C43 the non-abelian contribution to this
kernel is non-singular,13 while the abelian part, owing to the relations x3 = s3r/s[34]r and
x4 = 1− x3, becomes

C43
Pµν435(r)
s2

345
= C43

CF TR
s2

[34]5

2x4 + (1− ε)x2
3

x3

s[34]5
s43

[
− gµν + 4 z5(1− z5) k̃

µ
5 k̃

ν
5

k̃2
5

]

= C43
P43(r)
s43

Pµν[34]5(r)
s[34]5

= C43
P43(r)
s43

P̄
(43r)µν
[34]5(r)

s̄
(43r)
[34]5

, (8.8)

which shows that singular terms in the C43 limit cancel in eq. (8.6).
13To this end we use the following equivalence relations in the C43 limit (k̃µ5 = −k̃µ3 − k̃

µ
4 ):

C43
s35

s45
= C43

s3r

s4r
= C43

z3

z4
, C43 k̃

µ
3 = −C43

z3

z34
k̃µ5 , C43 k̃

µ
4 = −C43

z4

z34
k̃µ5 .
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Moving on to the double-soft S45 limit, we note that its action on kinematics is
such that S45 {k} = S45 {k̄}(45cd) = {k}/4/5. This consideration, together with the rela-
tion S45W4353 = S45 S45W4353, and the known double-soft limit of the double-real matrix
element, immediately implies that

S45
[
1− S45

]
RRW4353 → integrable . (8.9)

On the other hand, the single-unresolved kernel K (1)
4353 is non-singular in the S45 double-soft

limit, as it does not feature any 1/s45 enhancement, so S45K
(1)
4353 = 0. The same holds for

the strongly-ordered collinear kernel C43 C435RR, whence S45K
(12)
4353 = 0. We thus are left

with the requirement

S45 C435
(
1− S45

)
RRW4353 → integrable . (8.10)

As far as sector functions are concerned, it is straightforward to verify that
S45 C435W4353 = S45 S45 C435W4353, using eq. (C.59) and eq. (C.61). As to matrix el-
ements, the relevant kernel is

C435
(
1− S45

)
RR = N

2
1

s2
435

Pµν435(r) B̄
(435r)
µν +N 2

1 Cf3E
(45)
3r B̄(453r) . (8.11)

Here, using the kinematic condition S45 {k̄}(435r) = S45 {k̄}(453r), one can show that the sec-
ond term on the right-hand side precisely removes from the first one all double-soft enhance-
ments proportional to 1/s45, as was the case for unimproved limits. Thus we verify that

S45 C435
(
1− S45

)
RR→ integrable. (8.12)

Next, we consider the behaviour of the counterterm K
(2)
4353 under the double-collinear

limit C435. First, we notice that C435 {k} = C435 {k̄}(435r) = C435 {k̄}(453r) = {k}/3/4/5[345],
and that, using eq. (3.4) and eq. (C.6), one has C435 C435W4353 = C435W4353. These
relations, together with the known C435 limit of RR, are sufficient to show that
C435 C435RRW4353 = C435RRW4353. As for the remaining part of K (2)

4353, we have

C435 S45W4353 = C435 S45 C435W4353 = σ4353
σ4353 + σ5343 + σ4553 + σ5443

, (8.13)

as can be deduced from the definitions in eq. (C.6) and eq. (C.61). The action of the
double-soft kernel on the matrix element, on the other hand, gives

C435
∑
c 6=4,5
d 6=4,5,c

E(45)
cd B̄

(45cd)
cd = 2 E(45)

3r
∑

d 6=4,5,3
C435 B̄

(453d)
3d = 2 E(45)

3r
∑

d 6=4,5,3
C435 B̄

(453r)
3d , (8.14)

where, in the last step, we used C435 {k̄}(453d) = C435 {k̄}(453r). By performing the sum
over colours, eq. (8.14) becomes

2 E(45)
3r

∑
d 6=4,5,3

C435 B̄
(453r)
3d = −2Cf3 E

(45)
3r C435 B̄

(453r) , (8.15)
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which matches (with opposite sign) the kernel in C435 S45RR, finally showing that

C435 S45
[
1−C435

]
RRW4353 → integrable . (8.16)

In order to complete the proof of the cancellation of singular contributions in the C435
limit, it is finally necessary to show that

C435
[
K

(1)
4353 −K

(12)
4353

]
→ integrable . (8.17)

The sector functions appearing in K
(1)
4353 and K

(12)
4353 approach the same value under the

double-collinear limit, since C435Wc,5[34](r) = C435W5[34]. As for the kernels, one just
needs to check that

C435 R̄
(43r) = C435

P̄
(43r)µν
[34]5(r)

s̄
(43r)
[34]5

B̄(43r,[34]5r)
µν , (8.18)

which is indeed the case, since the C435 double-collinear limit acts on the mapped
kinematics as a single-collinear limit between parton 5 and the parent parton [34].

After proving the local cancellation of all phase-space singularities in sector W4353, we
conclude this section by showing that the functional form chosen for the sector functions
is also capable of eliminating spurious singularities, arising from collinear kernels, as
detailed in eq. (3.29). To this end, we consider the C3r limit (in fact, the C4r limit
does not generate any spurious singularities), we note that the double-real RRW4353, the
double-soft S45RRW4353, and the double-soft-collinear S45 C435RRW4353 contributions
are non-singular, and therefore we will not considered any further. As for kernels involving
the single-collinear contribution C43RR, they are always accompanied by the Wc,43(r)
collinear sector functions. Making use of the definition in eq. (C.5), one verifies that
C3rWc,43(r) ∝ wα3r, which (over)compensates the 1/s3r spurious divergence stemming
from the 1/z3 factor in P43(r). An analogous compensating mechanism is at work for
C43 C435RRW4353. We see that introducing an r-dependence in the definition of sector
functions enables us to achieve a non-singular behaviour in all relevant limits. The
double-collinear kernel in C435RR similarly features enhanced 1/s3r terms stemming from
1/z3 denominators: in this case, the numerator of the C435W4353 sector function is finite
in the C3r limit, while its denominator contains terms like σ̂3545 that diverge when wα3r
vanishes, eventually achieving C3r C435W4353 = 0. We notice once again that such a
dampening is crucially induced by the choice of including angles involving the recoiler r
in the definition of collinear sector functions.

Finally, we comment on the C45r spurious singularity. We introduce a common scaling
parameter λ for the invariants vanishing in this limit, s45, s4r and s5r. The K (1)

4353 countert-
erm is non-singular in this limit, since it does not feature any isolated 1/s4r denominator,
so we focus on K

(2)
4353 and K

(12)
4353 . The kernel S45RR diverges as λ−2 in the limit, due

to denominators of type 1/s2
45, or 1/s45s[45]r, however the corresponding sector function

S45W4353 scales as λ2, thus compensating the singularity. Analogously, the counterterm
C43 C435RRW4353 is non-singular in the C45r limit. As for the remaining counterterms,
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we have

C45r C435RR = C45rN 2
1 2CATR

[ 1
s2

45

(
s43s5r − s4rs53
s[45]3s[45]r

)2

− s3r
s45s[45]3s[45]r

]
∼ λ−2

= C45r S45 C435RR ,

C45r C435W4353 = C45r
σ̂4353

σ̂4553 + σ̂5443
∼ λα

= C45r S45 C435W4353 , (8.19)

where the dependence on the parameter α emerges from the definition of the sector function,
see eq. (3.4). In this case, both C435RRW4353 and S45 C435RRW4353 display at most an
integrable λα−2 singularity, which is ultimately due to the chosen sector. However, even in
a sector in which the two contributions are separately non-integrable (for instance in W4553
orW5443), the fact that both kernels and sector functions tend to become identical prevents
a singular scaling of the double-hard collinear contribution C435(1 − S45)RRW4353. This
completes our analysis of this example, showing that the subtracted double-real emission
contribution under consideration is completely free of phase-space singularities.

9 Status and perspective

We have presented a complete analytic solution to the NNLO subtraction problem for
general massless coloured final states, within the framework of Local Analytic Sector Sub-
traction, which can be implemented in conjunction with any numerical code providing the
appropriate one- and two-loop matrix elements, and an efficient phase-space integrator.

The main ingredients for our construction are the following. Beginning with the double-
radiative contribution, we introduce a smooth partition of the radiative phase space into
sectors, each containing a minimal number of soft and collinear singularities, following the
basic logic of ref. [50]. Next, we list all uniform soft and collinear limits, with up to two
particles becoming unresolved, that contribute to each sector. Denoting these limits by
`sect, i, we then follow the strategy of ref. [64], and construct combinations of the form∏
i(1 − `sect, i), which are guaranteed to be integrable in the relevant phase spaces, and for

which double-counted nested limits have been properly subtracted. Crucially, in all cases we
define commuting limits, which significantly simplify subsequent manipulations. Exploiting
the soft- and collinear-factorisation properties of matrix elements, all relevant limits can be
expressed as products of known splitting kernels times lower-multiplicity matrix elements.
In order to properly exploit this factorised structure for matrix elements, we then introduce
a flexible set of phase-space mappings, which lead to the complete factorisation of the phase-
space integration, separating the on-shell Born-level configuration from radiative factors.
Using these mappings, we construct improved limits ¯̀sect, i, which are highly optimised,
with different choices of mappings for different limits, different sectors and different terms
in each sector; furthermore, the action of the improved limits on sector functions is tuned,
when needed. Importantly, these optimisations must pass stringent consistency conditions,
ensuring that nested improved limits with different mappings remain aligned with the
underlying physical soft and collinear limits. An analogous procedure is followed for the
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real-virtual contribution, where the radiative phase-space structure is much simpler, but
splitting kernels (and thus improved limits) are more intricate.

This lengthy optimisation work pays off when the local counterterms, thus obtained,
are integrated over the radiative degrees of freedom. All counterterms can be analytically
integrated, and all singular contributions to the integrated counterterms are given by single-
scale integrals, with trivial logarithmic dependence on Born-level kinematic invariants.
When integrated counterterms are properly combined with the singular part of the double-
virtual contribution to the cross section, all poles are analytically shown to cancel. All
finite contributions can also be obtained analytically, and they are of similar simplicity,
with just a single contribution (proportional to a colour tripole) displaying a weight-three
polylogarithm depending on two physical scales. In a sense, the existing tension between
the remarkable simplicity of double-virtual singularities and the increasing intricacy of real-
virtual and double-real radiative contributions is resolved by a judicious choice of sectors
and mappings. Indeed, the simplicity of the integrals associated with both double-real and
real-virtual counterterms kindles hopes that a generalisation to N3LO subtraction with
the same degree of generality might be achievable. On the other hand, our approach is
undeniably costly from the combinatorial viewpoint, and requires a fast-growing number
of consistency checks, which would be challenging to tackle at higher orders.

The future developments of our work are clearly outlined. First of all, the formalism
must be numerically implemented and tested for efficiency. This work is under way, and
was completed at NLO in ref. [89]. In that paper, the NLO formalism was also extended
to initial-state coloured particles, without significantly raising the technical difficulties.
Obviously, the inclusion of non-trivial initial states is a high-priority goal at NNLO as well,
in view of LHC applications. Also in this case, this generalisation is not expected to involve
new major technical obstacles: as observed at NLO, new classes of mappings are needed,
and collinear factorisation must be consistently implemented, but all of these developments
are expected to be comparatively straightforward. Importantly, new phase-space integrals
are expected to be of the same level of complexity as those presented here, so that a
completely analytic result is expected to be within reach. Work is in progress also on this
front. In the longer run, an important further ingredient to achieve complete generality
for NNLO subtraction is the inclusion of massive particles in the final state. This task is
going to be simplified by the fact that the number and type of singular limits associated
with massive coloured particles are limited, since collinear limits for real radiation are non-
singular in this case. Since our approach is combinatorially intensive, this is expected to be
a significant advantage. On the other hand, massive particles will require adjustments in
phase-space mappings, and will likely involve new classes of integrals, with a more intricate
scale dependence. We are, nonetheless, confident that a complete analytic expression can
be derived also in that case.

Finally, we believe that, notwithstanding the simplicity of our analytic results, there
is further room for optimisation, which would be very important in view of a future gen-
eralisation of our approach to N3LO. We note for example that the minimal interference
between soft and collinear singularities which is suggested by factorisation at amplitude
level still emerges in our formalism as an output rather than being introduced from the
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outset. We hope that a more detailed understanding of the factorisation structure for real
radiation, in particular for strongly-ordered limits, along the lines of refs. [84, 91] will pro-
vide further insights in this direction. Simplifications in the structure of nested infrared
limits would likely improve significantly the combinatorial challenges of our approach, and
open the way to higher orders.

In summary, we believe that our results bring the goal of establishing a completely
general, local, analytic and efficient NNLO-subtraction formalism one step closer.
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A General notation

We denote by s the squared centre-of-mass energy and by qµ = (
√
s,~0 ) the centre-of-mass

four-momentum. Given two final-state momenta kµi and kµj , we define

sqi = 2 q · ki , sij = 2 ki · kj , Lij = ln sij
µ2 ,

ei = sqi
s
, wij = s sij

sqi sqj
. (A.1)

In addition, given four final-state momenta kµa , k
µ
b , kµc and kµd , we define

sabc = sab + sbc + sac , s[ab]c = sac + sbc , kµ[ab] = kµa + kµb ,

sabcd = sab + sac + sad + sbc + sbd + scd , s[abc]d = sad + sbd + scd . (A.2)

For the sake of compactness, we define the following flavour structures:

fqi =
{

1 if i is a quark
0 if i is not a quark

f q̄i =
{

1 if i is an antiquark
0 if i is not an antiquark

fgi =
{

1 if i is a gluon
0 if i is not a gluon

fqq̄ij = fqi f
q̄
j +f q̄i f

q
j , fggij = fgi f

g
j , fgggijk = fgi f

g
j f

g
k , f̃ qq̄ij = fqi f

q̄
j −f

q̄
i f

q
j , (A.3)

which are special cases of the general rule

ff1...fn

i1...in
=

∑
g1,...,gn=
P (f1,...,fn)

fg1
i1
· · ·fgn

in
, f̃f1...fn

i1...in
=

∑
g1,...,gn=
P (f1,...,fn)

sign(P )fg1
i1
· · ·fgn

in
, (A.4)

where P (f1, . . . , fn) is a generic permutation of indices f1, . . . , fn.
We introduce a compact notation for Born-level colour correlations:

Bcd ≡ A(0)†
n Tc ·TdA(0)

n , Bcdef ≡ A(0)†
n {Tc ·Td,Te ·Tf}A(0)

n , (A.5)
Bcd ≡ fgc A(0)†

n Tc ·TdA(0)
n , (TA)BC = dABC . (A.6)
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Analogously, the colour-correlated real and virtual matrix elements are defined as

Vcd ≡ 2 Re
[
A(1)†
n Tc ·TdA(0)

n

]
, Rcd ≡ A

(0)†
n+1 Tc ·Td A

(0)
n+1 , (A.7)

which are of relative order αs with respect to the corresponding Born-level terms.
We define the following combinations of Casimir operators,

ρ(C)
ab =

Cf[ab] + Cfa − Cfb
Cf[ab]

, ρ(C)
[ab] =

Cf[ab] − Cfa − Cfb
Cf[ab]

, ΣC =
∑
a

Cfa , (A.8)

and

γa = 3
2 CF (f qa+f q̄a) + 1

2 β0 f
g
a , Σγ =

∑
a

γa , γhc
a = γa − 2Cfa , (A.9)

φa = 13
3 CF (f qa+f q̄a) + 4

3 β0 f
g
a +

(2
3−

7
2ζ2

)
Cfa , Σφ =

∑
a

φa , (A.10)

φhc
a = 13

3 CF (f qa+f q̄a) + 4
3 β0 f

g
a −

16
3 Cfa , Σhc

φ =
∑
a

φhc
a , (A.11)

where the sums run over all final-state QCD partons and

β0 = 11CA − 4TRNf

3 . (A.12)

The two-loop anomalous dimensions are given by

γ̂(2)
K

= 4
{(67

18 − ζ2

)
CA −

10
9 TRNf

}
=
(8

3 − 4ζ2

)
CA + 10

3 β0 ,

γ
(2)
i = (f qi +f q̄i )CF

[
3
(1

8 − ζ2 + 2ζ3

)
CF +

(41
36 −

13
2 ζ3

)
CA +

(65
72 + 3

4ζ2

)
β0

]
+ fgi

{
CA

[
− 11

4 CF +
(
−1

9 −
1
2ζ3

)
CA

]
+ β0

[3
4 CF +

(16
9 −

1
4ζ2

)
CA

]}
. (A.13)

As for the labelling of particles we introduce the notation

ri1...in = Rn(i1, . . . , in) 6= i1, . . . , in , (A.14)

to indicate a generic particle label different from i1, . . . , in, defined following a specific rule
Rn. Such a rule is arbitrary to some extent, and could for instance assign ri1...in as the
smallest label different from all i1, . . . , in, or the largest, and so on. A crucial feature,
however, is that Rn must be symmetric under permutations of all indices i1, . . . , in, and
must be the same for all ri1...in with the same n. As a consequence, the notation ri1...in
always refers to the rule Rn(i1, . . . , in), which is a symmetric function of its indices i1, . . . , in,
and just depends on n.

B Infrared kernels

B.1 Soft kernels at tree level

We introduce the kernels associated with the real emission of one or two soft partons, as
given in ref. [92], relevant for both NLO (with the emission of just one parton) and NNLO
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corrections (with the emission of either one or two partons). We express all kernels in terms
of Lorentz-invariant quantities, and using the flavour structures defined in appendix A. The
resulting expressions are

I(i)
cd = fgi

scd
sic sid

, I(ij)
cd = f qq̄ij 2TR I(qq̄)(ij)

cd − fggij 2CA I(gg)(ij)
cd , (B.1)

where

I(qq̄)(ij)
cd = sicsjd+sidsjc−sijscd

s2
ij s[ij]cs[ij]d

, (B.2)

I(gg)(ij)
cd = (1−ε)(sicsjd+sidsjc)−2sijscd

s2
ij s[ij]cs[ij]d

+scd
sicsjd+sidsjc−sijscd

sijsicsjdsidsjc

[
1− 1

2
sicsjd+sidsjc
s[ij]cs[ij]d

]
.

We also define the combinations of eikonal kernels

E(i)
cd ≡ I

(i)
cd = fgi

scd
sic sid

,

E(ij)
cd ≡ I(ij)

cd −
1
2 I

(ij)
cc −

1
2 I

(ij)
dd = f qq̄ij 2TR E(qq̄)(ij)

cd − fggij 2CA E(gg)(ij)
cd , (B.3)

with

E(qq̄)(ij)
cd = 1

s2
ij

[
sicsjd + sidsjc
s[ij]cs[ij]d

− sicsjc
s2

[ij]c
− sidsjd

s2
[ij]d

]
− scd
sijs[ij]cs[ij]d

,

E(gg)(ij)
cd = 1− ε

s2
ij

[
sicsjd + sidsjc
s[ij]cs[ij]d

− sicsjc
s2

[ij]c
− sidsjd

s2
[ij]d

]
− 2 scd

sijs[ij]cs[ij]d

+ scd
sicsjd + sidsjc − sijscd

sijsicsjdsidsjc

[
1− 1

2
sicsjd + sidsjc
s[ij]cs[ij]d

]
. (B.4)

B.2 Soft kernels at one loop

We introduce kernels associated to the emission of a single-soft gluon at one-loop level,
relevant for the soft part of the real-virtual counterterm at NNLO,

Ẽ(i)
cd ≡ fgi CA

Γ3(1 + ε)Γ4(1− ε)
ε2 Γ(1 + 2ε)Γ2(1− 2ε)

scd
sicsid

(
eγE µ2scd
sicsid

)ε

= CA E(i)
cd

[ 1
ε2
− 1
ε

ln sicsid
µ2 scd

− 5
2 ζ2 + 1

2 ln2 sicsid
µ2 scd

+O(ε)
]
,

Ẽ(i)
cde ≡ fgi

Γ(1 + ε)Γ2(1− ε)
εΓ(1− 2ε)

scd
sicsid

(
eγE µ2 sde
sidsie

)ε
= E(i)

cd

[1
ε
− ln sidsie

µ2 sde
+O(ε)

]
, (B.5)

where ε is the dimensional regulator (d = 4− 2ε).
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B.3 Collinear and hard-collinear kernels at tree level

In order to define the kernel associated to the tree-level emission of two collinear final-state
particles i and j (labelled single-collinear), we choose a reference momentum kr, with
r 6= i, j, and introduce the following kinematic structures:

xi = sir
s[ij]r

, xj = sjr
s[ij]r

, k̃i = xi kj − xj ki − (1−2xj)
sij
s[ij]r

kr . (B.6)

Then, the collinear (Altarelli-Parisi) kernels Pµνij(r) are defined as

Pµνij(r) = −Pij(r) gµν +Qµνij(r) , Qµνij(r) = Qij(r) d
µν
i , (B.7)

where the azimuthal tensor reads

dµνi = −gµν + (d− 2) k̃
µ
i k̃

ν
i

k̃2
i

, (B.8)

and

Pij(r) = P
(0g)
ij(r) f

qq̄
ij +P

(1g)
ij(r) f

g
i (f qj +f q̄j )+P

(1g)
ji(r) (f qi +f q̄i )fgj +P

(2g)
ij(r) f

gg
ij , (B.9)

Qij(r) = TR
2xixj
1−ε f

qq̄
ij −2CAxixj fggij ,

P
(0g)
ij(r) = TR

(
1− 2xixj

1−ε

)
, P

(1g)
ij(r) =CF

[
2 xj
xi

+(1−ε)xi
]
, P

(2g)
ij(r) = 2CA

(
xi
xj

+ xj
xi

+xixj

)
.

The hard-collinear kernels P hc,µν
ij(r) are defined as

P hc,µν
ij(r) ≡ Pµνij(r) + sij

[
2Cfj E

(i)
jr + 2Cfi E

(j)
ir

]
gµν ≡ −P hc

ij(r) g
µν +Qµνij(r) , (B.10)

where

P hc
ij(r) = P

hc,(0g)
ij(r) f qq̄ij + P

hc,(1g)
ij(r) fgi (f qj +f q̄j ) + P

hc,(1g)
ji(r) (f qi +f q̄i )fgj + P

hc,(2g)
ij(r) fggij , (B.11)

P
hc,(0g)
ij(r) = P

(0g)
ij(r) = TR

(
1− 2xixj

1− ε

)
, P

hc,(1g)
ij(r) = CF (1− ε)xi , P

hc,(2g)
ij(r) = 2CA xixj .

The kernel associated to the emission of three collinear final-state partons i, j and k

(labelled double-collinear) relies on the choice of a reference momentum kr, with r 6= i, j, k,
and on the following kinematic structures,

za = sar
s[ijk]r

, zab = za + zb , a, b = i, j, k (B.12)

k̃µa = kµa − za(k
µ
i + kµj + kµk )− (s[ijk]a − 2 zasijk)

kµr
s[ijk]r

, a, b, c = i, j, k ,

k̃2
a = za(zasijk − s[ijk]a) = za(sbc − zbcsijk) .

The double-collinear kernels Pµνijk(r) are defined as

Pµνijk(r) ≡ −Pijk(r) g
µν +Qµνijk(r) , Qµνijk(r) =

∑
a=i,j,k

Qaijk(r) d
µν
a . (B.13)
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The Pijk(r) kernels, organised by flavour structures, are given by

Pijk(r) = P
(0g)
ijk(r) f

qq̄
ij (f q

′

k +f q̄
′

k )+P
(0g)
jki(r) f

qq̄
jk (f q

′

i +f q̄
′

i )+P
(0g)
kij(r) f

qq̄
ik (f q

′

j +f q̄
′

j )

+P (0g,id)
ijk(r) (f qi f

q
j f

q̄
k+f q̄i f

q̄
j f

q
k )+P

(0g,id)
jki(r) (f qj f

q
kf

q̄
i +f q̄j f

q̄
kf

q
i )+P

(0g,id)
kij(r) (f qi f

q
kf

q̄
j +f q̄i f

q̄
kf

q
j )

+P (1g)
ijk(r) f

qq̄
ij f

g
k +P

(1g)
jki(r) f

qq̄
jk f

g
i +P

(1g)
kij(r) f

qq̄
ik f

g
j

+P (2g)
ijk(r) f

gg
ij (f qk+f q̄k )+P

(2g)
jki(r) f

gg
jk (f qi +f q̄i )+P

(2g)
kij(r) f

gg
ik (f qj +f q̄j )

+P (3g)
ijk(r) f

ggg
ijk , (B.14)

where q′ is a quark of flavour equal to or different from that of q; similarly, the azimuthal
tensor kernel can be written as

Qaijk(r) = Q
(1g),a
ijk(r) f

qq̄
ij f

g
k +Q

(1g),a
jki(r) f

qq̄
jk f

g
i +Q

(1g),a
kij(r) f

qq̄
ik f

g
j +Q

(3g),a
ijk(r) f

ggg
ijk . (B.15)

The expressions for P (0g)
ijk(r), P

(0g,id)
ijk(r) , P (1g)

ijk(r), P
(2g)
ijk(r), and P

(3g)
ijk(r) read:

P
(0g)
ijk(r) = CFTR

{
−
s2
ijk

2s2
ij

(
sjk
sijk
− sik
sijk

+zi−zj
zij

)2
+sijk
sij

[
2zk−zizj

zij
+(1−ε)zij

]
−1

2+ε
}
, (B.16)

P
(0g,id)
ijk(r) = CF (2CF−CA)

{
−
s2
ijkzk

2sjksik

[ 1+z2
k

zjkzik
−ε
(
zik
zjk

+zjk
zik

+1+ε
)]

+(1−ε)
[
sij
sjk

+ sij
sik
−ε
]

+ sijk
2sjk

[1+z2
k−εz2

jk

zik
−2(1−ε) zj

zjk
−ε(1+zk)−ε2zjk

]

+ sijk
2sik

[1+z2
k−εz2

ik

zjk
−2(1−ε) zi

zik
−ε(1+zk)−ε2zik

]}
, (B.17)

P
(1g)
ijk(r) = CFTR

[2sijksij
siksjk

+(1−ε)
(
sik
sjk

+sjk
sik

+2
)
−2
]

+CATR
[
−
s2
ijk

2s2
ij

(
sjk
sijk
− sik
sijk

+zi−zj
zij

)2
−

s2
ijk

siksjk
+
s2
ijk

2sij
1−2zk
zkzij

(
zi
sik

+ zj
sjk

)
+ sijk

2zkzij

(
zik
sik

+zjk
sjk

)
+sijk
sij

1−zk+2zk
zkzij

−1
2+ε

]
−
∑

a=i,j,k
Qaijk(r), (B.18)

P
(2g)
ijk(r) = C2

F

{
s2
ijkzk

2siksjk

[1+z2
k−εz2

ij

zizj
+ε(1−ε)

]
−(1−ε)2 sjk

sik
+ε(1−ε)

+sijk
sik

[
zkzjk+z3

ik−εzikz2
ij

zizj
+εzik+ε2(1+zk)

]}

+CFCA
{

(1−ε)
s2
ijk

4s2
ij

(
sjk
sijk
− sik
sijk

+zi−zj
zij

)2
−
s2
ijkzk

4siksjk

[
z2
ij(1−ε)+2zk

zizj
+ε(1−ε)

]

+
s2
ijk

2sijsik

[
z2
ij(1−ε)+2zk

zj
+
z2
j (1−ε)+2zik

zij

]
+1

4(1−ε)(1−2ε)
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+ sijk
2sik

[
(1−ε)z

3
ik+z2

k−zj
zjzij

−2εzik(zj−zk)
zjzij

−zkzjk+z
3
ik

zizj
+εzik

z2
ij

zizj
−ε(1+zk)−ε2zik

]

+ sijk
2sij

[
(1−ε)

zi(2zjk+z2
i )−zj(6zik+z2

j )
zjzij

+2εzk(zi−2zj)−zj
zjzij

]}
+(i↔j), (B.19)

P
(3g)
ijk(r) = C2

A

{
(1−ε)

s2
ijk

4s2
ij

(
sjk
sijk
− sik
sijk

+zi−zj
zij

)2
+3

4(1−ε)

+
s2
ijk

2sijsik

[2zizjzik(1−2zk)
zkzij

+1+2zi+2z2
i

zikzij
+1−2zizjk

zjzk
+2zjzk+zi(1+2zi)−4

]

+sijk
sij

[
4zizj−1

zij
+zizj−2

zk
+(1−zkzij)2

zizkzjk
+5

2zk+
3
2

]}
+( 5 permutations ). (B.20)

The azimuthal kernels Q(1g),a
ijk(r) and Q

(3g),a
ijk(r) are defined according to the following expressions:

Q
(1g),i
ijk(r) = TR

k̃2
i

1−ε
sijk
siksjk

×
{
CA

[
1−2zj

zk

sij+2sjk
s2
ij

sik+zisjk+zjsik
zijsij

+
(
zizj
zkzij

−1−ε
2

)
sik−sjk
sij

]
−2CF

}
,

Q
(1g),j
ijk(r) = TR

k̃2
j

1−ε
sijk
siksjk

×
{
CA

[
1−2zi

zk

sij+2sik
s2
ij

sjk+zisjk+zjsik
zijsij

+
(
zizj
zkzij

−1−ε
2

)
sjk−sik
sij

]
−2CF

}
,

Q
(1g),k
ijk(r) = TR

k̃2
k

1−ε
sijk
siksjk

×
{
CA

[
zizj
zkzij

4siksjk+sijs[ij]k

s2
ij

+zi−zj
2zij

sik−sjk
sij

−ε sijk+sij
2sij

]
+2CF ε

}
,

∑
a=i,j,k

Q
(3g),a
ijk(r)d

µν
a = C2

A

sijk
sij

{[
2zj
zk

1
sij

+
(
zjzik
zkzij

− 3
2

)
1
sik

]
k̃2
i d

µν
i (B.21)

+
[

2zi
zk

1
sij
−
(
zjzik
zkzij

− 3
2−

zi
zk

+ zi
zij

)
1
sik

]
k̃2
j d

µν
j

−
[

2zizj
zijzk

1
sij

+
(
zjzik
zkzij

−3
2−

zi
zj

+ zi
zik

)
1
sik

]
k̃2
k d

µν
k

}
+ (5 permutations) .

The hard-double-collinear kernels P hc,µν
ijk(r) are defined as

P hc,µν
ijk(r) ≡ −P

hc
ijk(r) g

µν +Qµνijk(r) , (B.22)

where Qµνijk(r) is given in eq. (B.13) and

P hc
ijk(r) ≡ Pijk(r) − s2

ijk

[
Cfk

(
4CfkE

(i)
kr E

(j)
kr − E

(ij)
kr

)
+ (i↔ k) + (j ↔ k)

]
. (B.23)
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B.4 Collinear and hard-collinear kernels at one loop

The collinear contribution to the real-virtual counterterm at NNLO depends on the one-
loop, single-collinear kernel which reads (r 6= i, j):

P̃µνij(r) ≡
Γ2(1+ε)Γ3(1−ε)

Γ(1+2ε)Γ2(1−2ε)

(
eγEµ2

sij

)ε{Cf[ij]

ε2

[
ρ(C)

[ij] + ρ(C)
ij F (xi) + ρ(C)

ji F (xj)
]
Pµνij(r) + P̂µνij(r)

}
,

(B.24)
where the function F (x) is defined by

F (x) ≡ 1− 2F1

(
1,−ε; 1− ε; x− 1

x

)
= ε ln x+

+∞∑
n=2

εn Lin
(
x− 1
x

)
, (B.25)

and P̂µνij(r) reads

P̂µνij(r) =
[
− gµν + 4xixj

k̃µi k̃
ν
i

k̃2
i

]
TR

1−2ε

[1
ε

(
β0 − 3CF

)
+ CA − 2CF + CA + 4TRNf

3(3− 2ε)

]
f qq̄ij

− gµν CF
CA−CF
1− 2ε

[(
1− εxi

)
fgi (f qj +f q̄j ) +

(
1− εxj

)
(f qi +f q̄i )fgj

]
+ k̃µi k̃

ν
i

k̃2
i

4CA
2TRNf − CA(1− ε)

(1− 2ε)(2−2ε)(3−2ε)
(
1− 2εxixj

)
fggij . (B.26)

The expansion of P̃µνij(r) in the dimensional regulator ε gives

P̃µνij(r) = Pµνij(r)Cf[ij]

{
ρ(C)

[ij]

[ 1
ε2
− 1
ε

ln sij
µ2 −

1
2

(
7ζ2− ln2 sij

µ2

)]
+
[1
ε
− ln sij

µ2

](
ρ(C)
ij lnxi+ρ(C)

ji lnxj
)

+ρ(C)
ij Li2

(−xj
xi

)
+ρ(C)

ji Li2
(
−xi
xj

)}

+
[
−gµν +4xixj

k̃µi k̃
ν
i

k̃2
i

]
f qq̄ij TR

[(1
ε
− ln sij

µ2

)(
β0−3CF

)
+ 7

3CA+ 5
3β0−8CF

]

−gµν (fgqij +fgq̄ij )CF (CA−CF )+ k̃µi k̃
ν
i

k̃2
i

fggij CA (3CA−β0)+O(ε) . (B.27)

The one-loop collinear kernel P̂µνij(r) can be rewritten according to the same structure as in
eq. (B.7),

P̂µνij(r) = − P̂ij(r) gµν + Q̂µνij(r) , Q̂µνij(r) = Q̂ij(r) d
µν
i , (B.28)

where we have introduced

P̂ij(r) = TR
1−2ε

[
1− 2xixj

1−ε

][1
ε

(
β0 − 3CF

)
+ CA − 2CF + CA + 4TRNf

3(3− 2ε)

]
f qq̄ij

+CF
CA−CF
1− 2ε

[(
1− εxi

)
fgi (f qj +f q̄j ) +

(
1− εxj

)
(f qi +f q̄i )fgj

]
+ 4CA

CA(1− ε)− 2TRNf

(1− 2ε)(2−2ε)2(3−2ε)
(
1− 2εxixj

)
fggij ,

Q̂ij(r) = 2xixj
TR

(1−2ε)(1−ε)

[1
ε

(
β0 − 3CF

)
+ CA − 2CF + CA + 4TRNf

3(3− 2ε)

]
f qq̄ij

+ 4CA
2TRNf − CA(1− ε)

(1− 2ε)(2−2ε)2(3−2ε)
(
1− 2εxixj

)
fggij . (B.29)
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Analogously, the ε expansion P̃µνij(r) can be recast in the same form, as

P̃µνij(r) = − P̃ij(r) gµν + Q̃µνij(r) , Q̃µνij(r) = Q̃ij(r) d
µν
i , (B.30)

where P̃ij(r) and Q̃ij(r) are given by (F = P,Q)

F̃ij(r) = Γ2(1+ε)Γ3(1−ε)
Γ(1+2ε)Γ2(1−2ε)

(
eγEµ2

sij

)ε{Cf[ij]

ε2

[
ρ(C)

[ij] + ρ(C)
ij F (xi) + ρ(C)

ji F (xj)
]
Fij(r) + F̂ij(r)

}
.

(B.31)
The hard-collinear real-virtual kernel, expanded in the regulator ε, reads

P̃ hc,µν
ij(r) ≡ P̃µνij(r)−sij

[
2Cfj Ẽ

(i)
jr +2Cfi Ẽ

(j)
ir

]
gµν (B.32)

= P̃ hc,µν
fin,ij(r)+Cf[ij]

[
ρ(C)

[ij]

( 1
ε2
−1
ε

lnsij
µ2

)
+1
ε

(
ρ(C)
ij lnxi+ρ(C)

ji lnxj
)]
P hc,µν
ij(r)

−4
ε

[
fgi C

2
fj

xj
xi

lnxj+fgj C2
fi

xi
xj

lnxi
]
gµν−TR

ε

(
β0−3CF

)
f qq̄ij

[
gµν−4xixj

k̃µi k̃
ν
i

k̃2
i

]
+O(ε),

where

P̃ hc,µν
fin,ij(r) = P hc,µν

ij(r) Cf[ij]

{
ρ(C)

[ij]

[(1
2 ln2 sij

µ2 −
7
2 ζ2

)]
+ ρ(C)

ij

[
Li2
(−xj
xi

)
− ln sij

µ2 lnxi
]

+ρ(C)
ji

[
Li2
(
−xi
xj

)
− ln sij

µ2 lnxj
]}

−gµν 2fgi Cfj
xj
xi

{
CA

[
ln2xj +2Li2(xi)

]
+2Cfj

[
Li2
(
−xi
xj

)
− ln sij

µ2 lnxj
]}

−gµν 2fgj Cfi
xi
xj

{
CA

[
ln2xi+2Li2(xj)

]
+2Cfi

[
Li2
(−xj
xi

)
− ln sij

µ2 lnxi
]}

−
[
gµν−4xixj

k̃µi k̃
ν
i

k̃2
i

]
f qq̄ij TR

[
ln sij
µ2
(
3CF −β0

)
+ 7

3CA+ 5
3β0−8CF

]

−gµν (fgqij +fgq̄ij )CF (CA−CF )+ k̃µi k̃
ν
i

k̃2
i

fggij CA (3CA−β0) , (B.33)

and

Li2
(
−xi
xj

)
= −Li2(xi)−

1
2 ln2 xj = Li2(xj) + ln xi ln xj −

1
2 ln2 xj − ζ2 ,

Li2
(
−xj
xi

)
= −Li2(xj)−

1
2 ln2 xi = Li2(xi) + ln xi ln xj −

1
2 ln2 xi − ζ2 . (B.34)

Equivalently we can write P̃ hc,µν
ij(r) in the form

P̃ hc,µν
ij(r) = − P̃ hc

ij(r) g
µν + Q̃µνij(r) , (B.35)

with

P̃ hc
ij(r) ≡ P̃ij(r) +sij

[
2Cfj

Ẽ(i)
jr +2Cfi

Ẽ(j)
ir

]
(B.36)

= Γ2(1+ε)Γ3(1−ε)
Γ(1+2ε)Γ2(1−2ε)

(
eγEµ2

sij

)ε{Cf[ij]

ε2

[
ρ(C)

[ij] +ρ(C)
ij F (xi)+ρ(C)

ji F (xj)
]
Pij(r) + P̂ij(r)

+2CA
Γ(1+ε)Γ(1−ε)

ε2

[
fgi Cfj

(
xj
xi

)1+ε
+fgj Cfi

(
xi
xj

)1+ε ]}
.
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C Improved limits

In this appendix we provide three sections collecting the building blocks for the construction
of our local counterterms, namely we explicitly define the action of

• improved limits on the double-real matrix element RR (section C.1);

• improved limits on sector functions Wijjk, Wijkj , Wijkl (section C.2);

• improved limits on symmetrised sector functions Zijk, Zijkl (section C.3).

The content of each section is organised according to the nature of the singular limits in-
volved, which can be single-unresolved, uniform double-unresolved, and strongly-ordered
double-unresolved. The action of improved limits L on matrix elements times sector func-
tions is specified by LRRWabcd ≡

(
LRR

) (
LWabcd

)
, and similarly for Z functions. When

acting on sector functions, single-unresolved and strongly-ordered improved limits imply
the latter to be evaluated with mapped kinematics. Mapped sector functions are indicated
generically as W or Z̄ with no mapping labels in sections C.2, C.3, understanding that
the actual mapping to be used must be adapted to the one of the matrix elements the sec-
tor function is associated to. To be more precise, for each term of an improved limit, the
mapping ofW or Z̄ is always the same as the first mapping of matrix elements in that term.

To give an explicit example, let us apply this rule to the Si Sik RRWijkl contribution
to K (12)

ijkl counterterm. Starting with the definitions

Si Sik RR

≡ N
2

1
2

∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

[ ∑
e 6=i,k,c,d

( ∑
f 6=i,k,c,d,e

Ē(k)(icd)
ef B̄

(icd,kef)
cdef + 2 Ē(k)(icd)

ed B̄
(icd,ked)
cded

)

+ 2
∑

e 6=i,k,c,d
Ē(k)(idc)
ed B̄

(idc,ked)
cded + 2 Ē(k)(icd)

cd

(
B̄

(icd,kcd)
cdcd + CA B̄

(icd,kcd)
cd

)]

− 2CA
[
E(i)
kc Ē

(k)(ick)
cd B̄

(ick,kcd)
cd + E(i)

kd Ē
(k)(ikd)
cd B̄

(ikd,kcd)
cd

]}
, (C.1)

and
Si SikWijkl ≡ Ws, klW

(α)
s, ij , (C.2)

according to the procedure detailed above, the explicit expression for Si Sik RRWijkl

results in

SiSikRRWijkl

≡N
2
1

2
∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

[ ∑
e 6=i,k,c,d

( ∑
f 6=i,k,c,d,e

Ē(k)(icd)
ef B̄

(icd,kef)
cdef +2Ē(k)(icd)

ed B̄
(icd,ked)
cded

)
W(icd)

s,kl

+2
∑

e 6=i,k,c,d
Ē(k)(idc)
ed B̄

(idc,ked)
cded W(idc)

s,kl +2 Ē(k)(icd)
cd

(
B̄

(icd,kcd)
cdcd +CAB̄(icd,kcd)

cd

)
W(icd)

s,kl

]

−2CA
[
E(i)
kc Ē

(k)(ick)
cd B̄

(ick,kcd)
cd W(ick)

s,kl +E(i)
kd Ē

(k)(ikd)
cd B̄

(ikd,kcd)
cd W(ikd)

s,kl

]}
W(α)

s,ij , (C.3)
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where it is evident that each Wab contribution is mapped according to the first mapping
of the Born matrix element it accompanies.

Finally, we introduce a shorthand notation to simplify the treatment in section C.2:
we define single-unresolved improved limits on NLO sector functions as

W(α)
s, ij ≡ SiW(α)

ij ≡
1
wαij∑

l 6=i

1
wα
il

, Ws, ij ≡ W(1)
s, ij , (C.4)

W(α)
c, ij(r) ≡ CijW(α)

ij ≡
eαj w

α
jr

eαi w
α
ir + eαj w

α
jr

, Wc, ij(r) ≡ W
(1)
c, ij(r) , (C.5)

depending on a reference particle r 6= i, j, whose choice will be specified case by case; as
for NNLO sector functions, we introduce

σ̂abcd(r) = 1
(eawabwar)α

1
(ecwcr + δbc eawar)wcd

, (C.6)

and

σ̂{ijk}(r) = σ̂ijjk(r)+σ̂ikjk(r)+σ̂jiik(r)+σ̂jkik(r)+σ̂ijkj(r)+σ̂ikkj(r)
+σ̂kiij(r)+σ̂kjij(r)+σ̂jiki(r)+σ̂jkki(r)+σ̂kiji(r)+σ̂kjji(r) . (C.7)

C.1 Improved limits of RR

Single-unresolved improved limits. For the single-unresolved improved limits we have
(j 6= i)

SiRR ≡ −N1
∑
c 6=i
d 6=i,c

E(i)
cd R̄

(icd)
cd , (C.8)

Cij RR ≡ N1
Pµνij(r)
sij

R̄(ijr)
µν , (C.9)

Si Cij RR ≡ Si CjiRR ≡ N1 2Cfj E
(i)
jr R̄

(ijr) ; (C.10)

HCij RR ≡ Cij

(
1− Si − Sj

)
RR = N1

P hc,µν
ij(r)
sij

R̄(ijr)
µν . (C.11)

In these equations r must be chosen according to the rule of eq. (A.14) as r = rijkl 6= i, j, k, l,
where i, j, k, l are the indices appearing in the NNLO sector functions multiplying the
improved limits Cij , Si Cij , HCij . This means that in the topologies Wijjk, Wijkj the
index r = rijk is different from the three indices of the sector, while for the topology Wijkl

(i, j, k, l all different) the index r = rijkl is different from the four indices of the sector.
We stress that, having defined r = rijkl, one needs at least five massless partons in Φn+2,
namely three massless final-state partons at Born level. We work under this assumption
throughout the paper.
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Uniform double-unresolved improved limits. The double-soft improved limit is
given by (k 6= i)

Sik RR ≡
N 2

1
2

∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

∑
e 6=i,k,c,d

[ ∑
f 6=i,k,c,d,e

E(k)
ef B̄

(icd,kef)
cdef + 4 E(k)

ed B̄
(icd,ked)
cded

]

+ 2 E(i)
cd E

(k)
cd B̄

(icd,kcd)
cdcd + E(ik)

cd B̄
(ikcd)
cd

}
. (C.12)

The soft-collinear improved limit SCikl and its double-soft version Sik SCikl read (k 6= i,
l 6= i, k, and r = rikl 6= i, k, l defined with the rule of eq. (A.14))

SCiklRR ≡ −N 2
1
Pµνkl(r)
skl

{ ∑
c 6=i,k,l,r

[ ∑
d 6=i,k,l,r,c

E(i)
cd B̄

(klr,icd)
µν,cd + 2 E(i)

cr B̄
(klr,icr)
µν,cr

]
(C.13)

+
∑
c 6=i,k,l

[
E(i)
kc

(
ρ(C)
kl B̄

(lrk,ick)
µν,[kl]c + B̄(lrk,ick)

µν,[kl]c f̃
qq̄
kl

)
+ (k ↔ l)

]}
,

Sik SCiklRR ≡ Ski SCiklRR ≡ Sik SCilk RR

≡ − 2N 2
1 E

(k)
lr

{
Cfl

∑
c 6=i,k,l,r

[ ∑
d 6=i,k,l,r,c

E(i)
cd B̄

(klr,icd)
cd + 2 E(i)

cr B̄
(klr,icr)
cr

]
(C.14)

+
∑
c 6=i,k,l

[
CA E(i)

kc B̄
(lrk,ick)
[kl]c + (2Cfl−CA) E(i)

lc B̄
(krl,icl)
[kl]c

]}
.

The improved limits SCijk, SCkij , Sij SCijk, Sik SCijk, Sik SCkij can be obtained from
these limits with a renaming of indices. For the uniform double-unresolved limits involving
Cijk, we have (j 6= i, k 6= i, j and r = rijk 6= i, j, k)

CijkRR ≡
N 2

1
s2
ijk

Pµνijk(r)B̄
(ijkr)
µν ; (C.15)

SijCijkRR ≡ SijCikjRR≡SijCkijRR

≡ N 2
1Cfk

[
4CfkE

(i)
kr E

(j)
kr −E

(ij)
kr

]
B̄(ijkr), (C.16)

HCijkRR ≡ Cijk

(
1−Sij−Sik−Sjk

)
RR=N

2
1

s2
ijk

P hc,µν
ijk(r)B̄

(ijkr)
µν ; (C.17)

CijkSCijkRR ≡ CjkiSCijkRR

≡ N 2
1Cf[jk]

Pµνjk(r)
sjk

[
ρ(C)
jk E

(i)
jr B̄

(krj,ijr)
µν +ρ(C)

kj E
(i)
kr B̄

(jrk,ikr)
µν

]
, (C.18)

SijCijkSCijkRR ≡ SijCikjSCikjRR=SjiCjkiSCijkRR

≡ 2N 2
1CfkE

(j)
kr

[
CAE(i)

jr B̄
(krj,ijr)+(2Cfk−CA)E(i)

kr B̄
(jrk,ikr)

]
, (C.19)

CijkSHCijkRR ≡ CijkSCijk

(
1−Sij−Sik

)
RR

≡ N 2
1Cf[jk]

P hc,µν
jk(r)
sjk

[
ρ(C)
jk E

(i)
jr B̄

(krj,ijr)
µν +ρ(C)

kj E
(i)
kr B̄

(jrk,ikr)
µν

]
, (C.20)
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SHCijk

(
1−Cijk

)
RR ≡ SCijk

(
1−Cijk

)(
1−Sij−Sik

)
RR (C.21)

≡ −N 2
1
P hc,µν
jk(r)
sjk

{ ∑
c 6=i,j,k,r

[ ∑
d 6=i,j,k,r,c

E(i)
cd B̄

(jkr,icd)
µν,cd +2E(i)

cr B̄
(jkr,icr)
µν,cr

]

+
∑

c 6=i,j,k

[
E(i)
jc

(
ρ(C)
jk B̄

(krj,icj)
µν,[jk]c +B̄(krj,icj)

µν,[jk]c f̃
qq̄
jk

)
+(j↔k)

]

+Cf[jk]

[
ρ(C)
jk E

(i)
jr B̄

(krj,ijr)
µν +ρ(C)

kj E
(i)
kr B̄

(jrk,ikr)
µν

]}
.

Finally, the limits involving Cijkl are given by (j 6= i, k 6= i, j, l 6= i, j, k and r = rijkl 6=
i, j, k, l)

CijklRR ≡ N 2
1
Pµνij(r)
sij

P ρσkl(r)
skl

B̄(ijr,klr)
µνρσ , (C.22)

Sik CijklRR ≡ Sik CjiklRR ≡ Sik Cijlk RR ≡ Sik Cjilk RR

≡ 4N 2
1 Cfj Cfl E

(i)
jr E

(k)
lr B̄(ijr,klr) ; (C.23)

SCikl CijklRR ≡ SCikl Cklij RR ≡ SCikl CjiklRR ≡ SCikl CkljiRR

≡ 2N 2
1 Cfj E

(i)
jr

Pµνkl(r)
skl

B̄(ijr,klr)
µν ; (C.24)

HCijklRR ≡ Cijkl

(
1 + Sik + Sjk + Sil + Sjl − SCikl − SCjkl − SCkij − SClij

)
RR

= N 2
1
P hc,µν
ij(r)
sij

P hc,ρσ
kl(r)
skl

B̄(ijr,klr)
µνρσ . (C.25)

Strongly-ordered double-unresolved improved limits. The improved limit Si Sik
is given by (k 6= i)

SiSikRR ≡
N 2

1
2
∑
c 6=i,k
d 6=i,k,c

{
E(i)
cd

[ ∑
e 6=i,k,c,d

( ∑
f 6=i,k,c,d,e

Ē(k)(icd)
ef B̄

(icd,kef)
cdef +2 Ē(k)(icd)

ed B̄
(icd,ked)
cded

)
+2

∑
e 6=i,k,c,d

Ē(k)(idc)
ed B̄

(idc,ked)
cded +2 Ē(k)(icd)

cd

(
B̄

(icd,kcd)
cdcd +CA B̄

(icd,kcd)
cd

)]

−2CA
[
E(i)
kc Ē

(k)(ick)
cd B̄

(ick,kcd)
cd +E(i)

kd Ē
(k)(ikd)
cd B̄

(ikd,kcd)
cd

]}
. (C.26)

For Si SCikl and Si Sik SCikl we have (k 6= i, l 6= i, k, and r = rikl 6= i, k, l)

Si SCiklRR ≡ −N 2
1
∑
c 6=i,k,l

{ ∑
d 6=i,k,l,c

E(i)
cd

P̄
(icd)µν
kl(r)

s̄
(icd)
kl

B̄
(icd,klr)
µν,cd (C.27)

+
[
E(i)
kc

P̄
(ikc)µν
kl(r)

2 s̄(ikc)
kl

(
ρ(C)
kl B̄

(ikc,lrk)
µν,[kl]c +B̄(ikc,lrk)

µν,[kl]c f̃
qq̄
kl

)
+ (k ↔ l)

]

+
[
E(i)
kc

P̄
(ick)µν
kl(r)

2 s̄(ick)
kl

(
ρ(C)
kl B̄

(ick,lrk)
µν,[kl]c +B̄(ick,lrk)

µν,[kl]c f̃
qq̄
kl

)
+ (k ↔ l)

]}
,
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Si Sik SCiklRR ≡ Si Sik SCilk RR

≡ −N 2
1
∑
c 6=i,k,l

[
2Cfl

∑
d 6=i,k,l,c

E(i)
cd Ē

(k)(icd)
lr B̄

(icd,klr)
cd (C.28)

+CA E(i)
kc

(
Ē(k)(ikc)
lr B̄

(ikc,lrk)
lc + Ē(k)(ick)

lr B̄
(ick,lrk)
lc

)
+ (2Cfl−CA) E(i)

lc

(
Ē(k)(ilc)
lr B̄

(ilc,krl)
lc + Ē(k)(icl)

lr B̄
(icl,krl)
lc

)]
.

Combining the previous definitions we have (j 6= i, k 6= i, j, and r = rijk 6= i, j, k)

Si SHCijk RR ≡ Si SCijk

(
1− Sij − Sik

)
RR (C.29)

≡ −N 2
1
∑

c 6=i,j,k

{ ∑
d 6=i,j,k,c

E(i)
cd

P̄
(icd)hc,µν
jk(r)

s̄
(icd)
jk

B̄
(icd,jkr)
µν,cd

+
[
E(i)
jc

P̄
(ijc)hc,µν
jk(r)

2 s̄(ijc)
jk

(
ρ(C)
jk B̄

(ijc,krj)
µν,[jk]c +B̄(ijc,krj)

µν,[jk]c f̃
qq̄
jk

)
+ (j ↔ k)

]

+
[
E(i)
jc

P̄
(icj)hc,µν
jk(r)

2 s̄(icj)
jk

(
ρ(C)
jk B̄

(icj,krj)
µν,[jk]c +B̄(icj,krj)

µν,[jk]c f̃
qq̄
jk

)
+ (j ↔ k)

]}
.

For the strongly-ordered double-unresolved limits involving Si Cijk, we have (j 6= i, k 6= i, j,
r = rijk 6= i, j, k)

SiCijk(1−SCijk)RR

≡N 2
1
Cf[jk]

2

{
ρ(C)
jk E

(i)
jr

[
P̄

(ijr)µν
jk(r)

s̄
(ijr)
jk

(
B̄(ijr,jkr)
µν −B̄(ijr,krj)

µν

)
+
P̄

(irj)µν
jk(r)

s̄
(irj)
jk

(
B̄(irj,jkr)
µν −B̄(irj,krj)

µν

)]

+ρ(C)
kj E

(i)
kr

[
P̄

(ikr)µν
jk(r)

s̄
(ikr)
jk

(
B̄(ikr,jkr)
µν −B̄(ikr,jrk)

µν

)
+
P̄

(irk)µν
jk(r)

s̄
(irk)
jk

(
B̄(irk,jkr)
µν −B̄(irk,jrk)

µν

)]

−ρ(C)
[jk] E

(i)
jk

[
P̄

(ijk)µν
jk(r)

s̄
(ijk)
jk

B̄(ijk,jkr)
µν +

P̄
(ikj)µν
jk(r)

s̄
(ikj)
jk

B̄(ikj,jkr)
µν

]}
, (C.30)

SiSijCijk(1−SCijk)RR ≡ SiSijCikj(1−SCikj)RR

≡N 2
1 Cfk

{
CA E(i)

jr

[
Ē(j)(ijr)
kr

(
B̄(ijr,jkr)−B̄(ijr,krj)

)
+ Ē(j)(irj)

kr

(
B̄(irj,jkr)−B̄(irj,krj)

)]
+(2Cfk

−CA)E(i)
kr

[
Ē(j)(ikr)
kr

(
B̄(ikr,jkr)−B̄(ikr,jrk)

)
+ Ē(j)(irk)

kr

(
B̄(irk,jkr)−B̄(irk,jrk)

)]
+CA E(i)

jk

[
Ē(j)(ijk)
kr B̄(ijk,jkr) + Ē(j)(ikj)

kr B̄(ikj,jkr)
]}

, (C.31)
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SiHC (s)
ijkRR ≡ SiCijk

(
1−Sij−Sik

)(
1−SCijk

)
RR (C.32)

=N 2
1
Cf[jk]

2

{
ρ(C)
jk E

(i)
jr

[
P̄

(ijr)hc,µν
jk(r)

s̄
(ijr)
jk

(
B̄(ijr,jkr)
µν −B̄(ijr,krj)

µν

)
+
P̄

(irj)hc,µν
jk(r)

s̄
(irj)
jk

(
B̄(irj,jkr)
µν −B̄(irj,krj)

µν

)]

+ρ(C)
kj E

(i)
kr

[
P̄

(ikr)hc,µν
jk(r)

s̄
(ikr)
jk

(
B̄(ikr,jkr)
µν −B̄(ikr,jrk)

µν

)
+
P̄

(irk)hc,µν
jk(r)

s̄
(irk)
jk

(
B̄(irk,jkr)
µν −B̄(irk,jrk)

µν

)]

−ρ(C)
[jk] E

(i)
jk

[
P̄

(ijk)hc,µν
jk(r)

s̄
(ijk)
jk

B̄(ijk,jkr)
µν +

P̄
(ikj)hc,µν
jk(r)

s̄
(ikj)
jk

B̄(ikj,jkr)
µν

]}
.

For Cij SCkij and Si Cij SCkij we have (j 6= i, k 6= i, j, r = rijkl 6= i, j, k, l, r′ = rijk 6=
i, j, k in sector Wijkl)

Cij SCkijRR ≡ −N 2
1
Pµνij(r)
sij

{ ∑
c 6=i,j,k,r′

[ ∑
d 6=i,j,k,r′,c

Ē(k)(ijr)
cd B̄

(ijr,kcd)
µν,cd +2 Ē(k)(ijr)

cr′ B̄
(ijr,kcr′)
µν,cr′

]

+2
∑

c 6=i,j,k
Ē(k)(ijr)
jc B̄

(ijr,kcj)
µν,jc

}
, (C.33)

SiCij SCkijRR ≡ SiCjiSCkjiRR

≡ −2N 2
1 Cfj E

(i)
jr

{ ∑
c 6=i,j,k,r′

[ ∑
d 6=i,j,k,r′,c

Ē(k)(ijr)
cd B̄

(ijr,kcd)
cd +2 Ē(k)(ijr)

cr′ B̄
(ijr,kcr′)
cr′

]

+2
∑

c 6=i,j,k
Ē(k)(ijr)
jc B̄

(ijr,kcj)
jc

]
, (C.34)

HCij SCkijRR ≡ Cij

(
1−Si−Sj

)
SCkijRR

= −N 2
1
P hc,µν
ij(r)
sij

{ ∑
c 6=i,j,k,r′

[ ∑
d 6=i,j,k,r′,c

Ē(k)(ijr)
cd B̄

(ijr,kcd)
µν,cd +2 Ē(k)(ijr)

cr′ B̄
(ijr,kcr′)
µν,cr′

]

+2
∑

c 6=i,j,k
Ē(k)(ijr)
jc B̄

(ijr,kcj)
µν,jc

}
. (C.35)

The improved limits Cij Sij RR, Si Cij Sij RR and their combination HCij Sij RR appear
in the sector topology Wijjk only, and are given by (j 6= i and r = rijk 6= i, j, k)

Cij SijRR ≡ −N 2
1
∑
c 6=i,j
d 6=i,j,c

{
Pij(r)

sij
Ē(j)(ijr)
cd

+
Qµνij(r)

sij

[
k̄

(ijr)
c,µ

s̄
(ijr)
jc

−
k̄

(ijr)
d,µ

s̄
(ijr)
jd

][
k̄

(ijr)
c,ν

s̄
(ijr)
jc

−
k̄

(ijr)
d,ν

s̄
(ijr)
jd

]}
B̄

(ijr,jcd)
cd , (C.36)

SiCij SijRR ≡ SiCjiSjiRR ≡ −2N 2
1 Cfj

E(i)
jr

∑
c 6=i,j
d 6=i,j,c

Ē(j)(ijr)
cd B̄

(ijr,jcd)
cd , (C.37)

HCij SijRR ≡ Cij

(
1−Si−Sj

)
SijRR (C.38)

= −N 2
1
∑
c 6=i,j
d 6=i,j,c

[
P hc
ij(r)

sij
Ē(j)(ijr)
cd +

Qµνij(r)

sij

(
k̄

(ijr)
c,µ

s̄
(ijr)
jc

−
k̄

(ijr)
d,µ

s̄
(ijr)
jd

)(
k̄

(ijr)
c,ν

s̄
(ijr)
jc

−
k̄

(ijr)
d,ν

s̄
(ijr)
jd

)]
B̄

(ijr,jcd)
cd .
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For the strongly-ordered double-unresolved limits involving Cij Cijk, we have (j 6= i, k 6=
i, j, r = rijk 6= i, j, k)

CijCijkRR ≡ N 2
1

{
Pij(r)
sij

P̄
(ijr)µν
jk(r)

s̄
(ijr)
jk

B̄(ijr,jkr)
µν +2CAĒ(k)(ijr)

jr

Qµνij(r)
sij

B̄(ijr,jkr)
µν (C.39)

−2Cfk Ē
(j)(ijr)
kr

Qµνij(r)
sij

˜̄k(ijr)
µ

˜̄k(ijr)
ν(˜̄k(ijr))2 B̄(ijr,jkr)

}
,

SiCijCijkRR ≡ SiCjiCjikRR≡2N 2
1CfjE

(i)
jr

P̄
(ijr)µν
jk(r)

s̄
(ijr)
jk

B̄(ijr,jkr)
µν , (C.40)

CijSijCijkRR ≡ 2N 2
1Cfk Ē

(j)(ijr)
kr

{
Pij(r)
sij
−
Qµνij(r)
sij

˜̄k(ijr)
µ

˜̄k(ijr)
ν(˜̄k(ijr))2

}
B̄(ijr,jkr), (C.41)

SiCijSijCijkRR ≡ SiCjiSjiCjikRR≡4N 2
1CfjCfkE

(i)
jr Ē

(j)(ijr)
kr B̄(ijr,jkr), (C.42)

CijCijkSCkijRR ≡ 2N 2
1Cf[ij] Ē

(k)(ijr)
jr

Pµνij(r)
sij

B̄(ijr,kjr)
µν , (C.43)

SiCijCijkSCkijRR ≡ SiCjiCjikSCkjiRR≡4N 2
1C

2
fjE

(i)
jr Ē

(k)(ijr)
jr B̄(ijr,kjr), (C.44)

HCijHC(c)
ijkRRZijk ≡ Cij

(
1−Si−Sj

)
Cijk

(
1−Sij−SCkij

)
RR (C.45)

= N 2
1
P hc
ij(r)
sij

P̄
(ijr)hc,µν
jk(r)

s̄
(ijr)
jk

B̄(ijr,jkr)
µν .

Finally the limits involving Cij Cijkl are given by (j 6= i, k 6= i, j, l 6= i, j, k and r = rijkl 6=
i, j, k, l)

Cij CijklRR ≡ N 2
1
Pµνij(r)
sij

P̄
(ijr)ρσ
kl(r)

s̄
(ijr)
kl

B̄(ijr,klr)
µνρσ , (C.46)

Si Cij CijklRR ≡ Si Cji CjiklRR ≡ 2N 2
1 Cfj E

(i)
jr

P̄
(ijr)ρσ
kl(r)

s̄
(ijr)
kl

B̄(ijr,klr)
ρσ , (C.47)

Cij SCkij CijklRR ≡ Cij SCkij Cijlk RR ≡ 2N 2
1 Cfl

Pµνij(r)
sij
Ē(k)(ijr)
lr B̄(ijr,klr)

µν , (C.48)

Si Cij SCkij CijklRR ≡ Si Cji SCkji CjiklRR ≡ Si Cij SCkij Cijlk RR

≡ Si Cji SCkji Cjilk RR

≡ 4N 2
1 CfjCfl E

(i)
jr E

(k)
lr B̄(ijr,klr) , (C.49)

HCij HC (c)
ijklRR ≡ Cij

(
1− Si − Sj

)
Cijkl

(
1− SCkij − SClij

)
RR (C.50)

= N 2
1
P hc,µν
ij(r)
sij

P̄
(ijr)hc,ρσ
kl(r)

s̄
(ijr)
kl

B̄(ijr,klr)
µνρσ .
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C.2 Improved limits of Wijjk, Wijkj, Wijkl

Single-unresolved improved limits. For the single-unresolved improved limits we have
(j 6= i, k 6= i, l 6= i, k and r = rijkl 6= i, j, k, l)

SiWijkl ≡ WklW
(α)
s, ij , (C.51)

CijWijkl ≡ WklW
(α)
c, ij(r) , (C.52)

Si CijWijkl ≡ Wkl . (C.53)

Uniform double-unresolved improved limits. The double-soft improved limit is
given by (j 6= i, k 6= i, l 6= i, k)

SikWijkl ≡
σijkl∑

b 6=i
∑
d 6=i,k σibkd +∑

b 6=k
∑
d 6=k,i σkbid

. (C.54)

The soft-collinear improved limits SCikl and SCkij as well as their double-soft versions
Sik SCikl and Sik SCkij read (j 6= i, k 6= i, l 6= i, k)

SCiklWijkl ≡
σ

(α)
ij

σkl
wkr∑

b 6=iσ
(α)
ib

(
σkl
wkr

+ σlk
wlr

)
+σ

(α)
kl
wkr

∑
d 6=i,kσid+

σ
(α)
lk
wlr

∑
d 6=i,lσid

, r=rikl, (C.55)

SCkijWijkl ≡
σ

(α)
ij

wir
σkl∑

b 6=kσ
(α)
kb

(
σij
wir

+ σji
wjr

)
+σ

(α)
ij

wir

∑
d 6=i,kσkd+

σ
(α)
ji

wjr

∑
d 6=k,jσkd

, r=rijk, (C.56)

SikSCiklWijkl ≡
σ

(α)
ij σkl∑

b 6=iσ
(α)
ib σkl+σ

(α)
kl

∑
d 6=i,kσid

, r=rikl, (C.57)

SikSCkijWijkl ≡
σ

(α)
ij σkl∑

b 6=kσ
(α)
kb σij+σ

(α)
ij

∑
d 6=i,kσkd

, r=rijk. (C.58)

For the uniform double-unresolved limits involving Cijk, we have (j 6= i, k 6= i, j and
r = rijk 6= i, j, k)

CijkWijjk ≡
σ̂ijjk(r)
σ̂{ijk}(r)

, CijkWijkj ≡
σ̂ijkj(r)
σ̂{ijk}(r)

; (C.59)

Sij CijkWijjk ≡
σ̂ijjk(r)

σ̂ijjk(r)+σ̂ikjk(r)+σ̂jiik(r)+σ̂jkik(r)
, (C.60)

Sik CijkWijkj ≡
σ̂ijkj(r)

σ̂ijkj(r) + σ̂ikkj(r) + σ̂kiij(r) + σ̂kjij(r)
; (C.61)

Cijk SCijkWijjk ≡
σ

(α)
ij

wαir

σjk
wjr

σ
(α)
ij +σ(α)

ik

wαir

(
σjk
wjr

+ σkj
wkr

)
+ σ

(α)
jk

wαjr

σik
wir

+ σ
(α)
kj

wα
kr

σij
wir

, (C.62)

Cijk SCijkWijkj ≡
σ

(α)
ij

wαir

σkj
wkr

σ
(α)
ij +σ(α)

ik

wαir

(
σjk
wjr

+ σkj
wkr

)
+ σ

(α)
jk

wαjr

σik
wir

+ σ
(α)
kj

wα
kr

σij
wir

, (C.63)
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Cijk SCkijWijkj ≡
σ

(α)
ij

wαir

σkj
wkr

σ
(α)
kj

+σ(α)
ki

wα
kr

(
σji
wjr

+ σij
wir

)
+ σ

(α)
ji

wαjr

σki
wkr

+ σ
(α)
ij

wαir

σkj
wkr

; (C.64)

Sij Cijk SCijkWijjk ≡
σ

(α)
ij

wαir

σjk
wjr

σ
(α)
ij +σ(α)

ik

wαir

σjk
wjr

+ σ
(α)
jk

wαjr

σik
wir

, (C.65)

Sik Cijk SCijkWijkj ≡
σ

(α)
ij

wαir

σkj
wkr

σ
(α)
ij +σ(α)

ik

wαir

σkj
wkr

+ σ
(α)
kj

wα
kr

σij
wir

, (C.66)

Sik Cijk SCkijWijkj ≡
σ

(α)
ij

wαir

σkj
wkr

σ
(α)
kj

+σ(α)
ki

wα
kr

σij
wir

+ σ
(α)
ij

wαir

σkj
wkr

. (C.67)

Finally the limits involving Cijkl are given by (j 6= i, k 6= i, j, l 6= i, j, k and r = rijkl 6=
i, j, k, l)

CijklWijkl ≡
σijkl
wirwkr

σijkl+σklij
wirwkr

+ σijlk+σlkij
wirwlr

+ σjikl+σklji
wjrwkr

+ σjilk+σlkji
wjrwlr

, (C.68)

Sik CijklWijkl ≡
σ

(α)
ij σkl

σ
(α)
ij σkl + σ

(α)
kl σij

, (C.69)

SCikl CijklWijkl ≡
σ

(α)
ij

σkl
wkr

σ
(α)
ij

(
σkl
wkr

+ σlk
wlr

)
+
(
σ

(α)
kl
wkr

+ σ
(α)
lk
wlr

)
σij

, (C.70)

SCkij CijklWijkl ≡
σ

(α)
ij

wir
σkl

σ
(α)
kl

(
σij
wir

+ σji
wjr

)
+
(
σ

(α)
ij

wir
+ σ

(α)
ji

wjr

)
σkl

. (C.71)

Strongly-ordered double-unresolved improved limits. The improved limit Si Sik
is given by (j 6= i, k 6= i, l 6= i, k)

Si SikWijkl ≡ Ws, klW
(α)
s, ij . (C.72)

For Si SCikl and Si Sik SCikl we have (j 6= i, k 6= i, l 6= i, k, and r = rikl 6= i, k, l)

Si SCiklWijkl ≡ Wc, kl(r)W
(α)
s, ij , (C.73)

Si Sik SCiklWijkl ≡ W
(α)
s, ij . (C.74)
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For the strongly-ordered double-unresolved limits involving Si Cijk, we have (j 6= i, k 6= i, j,
r = rijk 6= i, j, k and τ = jk, kj)

Si Cijk(1−SCijk)Wijτ ≡ Wc,τ(r)
σ

(α)
ij

σ
(α)
ij +σ(α)

ik

, (C.75)

Si Sij Cijk(1−SCijk)Wijjk ≡
σ

(α)
ij

σ
(α)
ij +σ(α)

ik

, (C.76)

Si Sik Cijk(1−SCijk)Wijkj ≡
σ

(α)
ij

σ
(α)
ij +σ(α)

ik

. (C.77)

For Cij SCkij and Si Cij SCkij we have (j 6= i, k 6= i, l 6= i, k, and r = rijkl 6= i, j, k, l)

Cij SCkijWijkl ≡ W
(α)
c, ij(r)Ws, kl ; (C.78)

Si Cij SCkijWijkl ≡ Ws, kl . (C.79)

The improved limits Cij Sij RRWijjk and Si Cij Sij RRWijjk read (j 6= i, k 6= i, j and
r = rijk 6= i, j, k)

Cij SijWijjk ≡ W
(α)
c, ij(r)Ws, jk ; (C.80)

Si Cij SijWijjk ≡ Ws, jk . (C.81)

For the strongly-ordered double-unresolved limits involving Cij Cijk, we have (j 6= i, k 6=
i, j, r = rijk 6= i, j, k, and τ = jk, kj)

Cij CijkWijτ ≡ W(α)
c, ij(r)Wc, τ(r) ; (C.82)

Si Cij CijkWijτ ≡ Wc, τ(r) ; (C.83)

Cij Sij CijkWijjk ≡ W
(α)
c, ij(r) ; (C.84)

Si Cij Sij CijkWijjk ≡ 1 ; (C.85)
Cij Cijk SCkijWijkj ≡ W

(α)
c, ij(r) ; (C.86)

Si Cij Cijk SCkijWijkj ≡ 1 . (C.87)

Finally the limits involving Cij Cijkl are given by (j 6= i, k 6= i, j, l 6= i, j, k and r = rijkl 6=
i, j, k, l)

Cij CijklWijkl ≡ W
(α)
c, ij(r)Wc, kl(r) ; (C.88)

Si Cij CijklWijkl ≡ Wc, kl(r) ; (C.89)

Cij SCkij CijklWijkl ≡ W
(α)
c, ij(r) ; (C.90)

Si Cij SCkij CijklWijkl ≡ 1 . (C.91)
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C.3 Improved limits of Zijk, Zijkl

Single-unresolved improved limits. For the single-unresolved improved limits in
K

(1)
{ijk} we have (j 6= i, k 6= i, j)

SiZijk = Z̄jk
(
Z(α)

s, ij + Z(α)
s, ik

)
, HCij Zijk = Z̄jk ; (C.92)

while for K (1)
{ijkl} we have (j 6= i, k 6= i, j)

SiZijkl = Z̄kl Z(α)
s, ij , HCij Zijkl = Z̄kl . (C.93)

Uniform double-unresolved improved limits. For K (2)
{ijk} we have (j 6= i, k 6= i, j,

and r = rijk 6= i, j, k)

Sik Zijk = σikkj + σijkj + σkiij + σkjij∑
b 6=i
∑
d 6=i,k σibkd +∑

b 6=k
∑
d 6=k,i σkbid

, (C.94)

SCijk Zijk =

(
σ

(α)
ij + σ

(α)
ik

) (
σjk
wjr

+ σkj
wkr

)
+ σ

(α)
jk

wjr
σik + σ

(α)
kj

wkr
σij∑

b 6=i σ
(α)
ib

(
σjk
wjr

+ σkj
wkr

)
+ σ

(α)
jk

wjr

∑
d 6=i,j σid + σ

(α)
kj

wkr

∑
d 6=i,k σid

,

Sij SCijk Zijk =

(
σ

(α)
ij + σ

(α)
ik

)
σjk + σ

(α)
jk σik∑

b 6=i σ
(α)
ib σjk + σ

(α)
jk

∑
d 6=i,j σid

,

HCijk Zijk = 1 ,
Cijk SHCijk Zijk = 1 .

For K (2)
{ijkl} one has (j 6= i, k 6= i, j, l 6= i, j, k, and r = rikl 6= i, k, l)

Sik Zijkl = σijkl + σklij∑
b 6=i
∑
d 6=i,k σibkd +∑

b 6=k
∑
d 6=k,i σkbid

, (C.95)

SCikl Zijkl =
σ

(α)
ij

(
σkl
wkr

+ σlk
wlr

)
+
(
σ

(α)
kl
wkr

+ σ
(α)
lk
wlr

)
σij∑

b 6=i σ
(α)
ib

(
σkl
wkr

+ σlk
wlr

)
+ σ

(α)
kl
wkr

∑
d 6=i,k σid + σ

(α)
lk
wlr

∑
d 6=i,l σid

,

Sik SCikl Zijkl =
σ

(α)
ij σkl + σ

(α)
kl σij∑

b 6=i σ
(α)
ib σkl + σ

(α)
kl

∑
d 6=i,k σid

,

HCijkl Zijkl = 1 .

Strongly-ordered double-unresolved improved limits. For K (12)
{ijk} one has (j 6= i,

k 6= i, j)

Si Sij Zijk = Z̄s, jk
(
Z(α)

s, ij + Z(α)
s, ik

)
, (C.96)

Si SHCijk Zijk = Z(α)
s, ij + Z(α)

s, ik ,

Si HC (s)
ijk Zijk = 1 ,

HCij Sij Zijk = Z̄s, jk ,

HCij SCkij Zijk = Z̄s, kj ,

HCij HC (c)
ijk Zijk = 1 .
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For K (12)
{ijkl} one has (j 6= i, k 6= i, j, l 6= i, j, k)

Si Sik Zijkl = Z̄s, kl Z
(α)
s, ij , (C.97)

Si SHCikl Zijkl = Z(α)
s, ij ,

HCij SCkij Zijkl = Z̄s, kl ,

HCij HC (c)
ijkl Zijkl = 1 .

D Integration of azimuthal contributions

The azimuthal parts of the collinear kernels Qµνij(r), Q̃
µν
ij(r) andQ

µν
ijk(r), defined in appendix B,

contain k̃µa k̃νa , where a = i for Pµνij(r), P̃
µν
ij(r) and a = i, j, k for Pµνijk(r). In all counterterms,

Qµνij(r) has to be integrated in the single-radiative phase space dΦ(ijr)
rad , dΦ(irj)

rad or dΦ(jri)
rad ,

while Q̃µνij(r) and Qµνijk(r) are always integrated in dΦ(ijr)
rad and dΦ(ijkr)

rad,2 , respectively. In all
cases, when integrating Qµνij(r) and Q̃µνij(r) in their single-radiative phase space, or Qµνijk(r)
in its double-radiative phase space, the integral of the tensor structure k̃µa k̃νa must be a
symmetric rank-2 tensor constructed combining gµν and mapped momenta, see [99]. Thus∫

dΦ(τ)
rad f({k}) k̃µa k̃νa = Agµν +B k̄(τ)µk̄(τ)ν + C

(
k̄(τ)µk̄(τ)ν

q + k̄(τ)µ
q k̄(τ)ν

)
+D k̄(τ)µ

q k̄(τ)ν
q ,

(D.1)
where τ = ijr, irj, jri, ijkr, q = r if τ = ijr, irj, jri, q = r if τ = ijkr, and

k̄(ijr) = k̄
(ijr)
j , k̄(irj) = k̄

(irj)
j , k̄(jri) = k̄

(jri)
i , k̄(ijkr) = k̄

(ijkr)
k . (D.2)

Since k̃a is orthogonal to k̄(τ)µ and k̄(τ)µ
q , so must be also its integrals. This leads to the

conditions D = 0 and A+ C k̄(τ) ·k̄(τ)
q = 0. We have

∫
dΦ(τ)

rad f({k}) k̃µa k̃νa = A

[
gµν − k̄(τ)µk̄

(τ)ν
q + k̄

(τ)µ
q k̄(τ)ν

k̄(τ) ·k̄(τ)
q

]
+B k̄(τ)µk̄(τ)ν . (D.3)

In all counterterms this tensor is contracted with either

R̄(τ)
µν , B̄(τ)

µν , B̄(τ,... )
µν , or

[
k̄

(τ)
c,µ

s̄
(τ)
jc

−
k̄

(τ)
d,µ

s̄
(τ)
jd

][
k̄

(τ)
c,ν

s̄
(τ)
jc

−
k̄

(τ)
d,ν

s̄
(τ)
jd

]
. (D.4)

As a consequence, the terms proportional to k̄(τ)µ or to k̄(τ)ν vanish, and just Agµν con-
tributes. On the other hand, since k̄(τ) is on shell, A can be obtained as follows:

gµν

∫
dΦ(τ)

rad f({k}) k̃µa k̃νa = A (d− 2) =⇒ A = 1
d− 2

∫
dΦ(τ)

rad f({k}) k̃2
a . (D.5)

Thus in all counterterms we can subtitute∫
dΦ(τ)

rad f({k}) k̃µa k̃νa → Agµν =
∫
dΦ(τ)

rad f({k}) gµν

d− 2 k̃
2
a , (D.6)
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and the integrals of Qµνij(r), Q̃
µν
ij(r) and Qµνijk(r) vanish in all counterterms:

∫
dΦ(τ)

rad
Qµνij(r)
sij

=
∫
dΦ(τ)

rad
Qij(r)
sij

[
− gµν +(d−2) k̃

µ
i k̃

ν
i

k̃2
i

]
→ 0 , τ = ijr, irj,jri ;

∫
dΦ(τ)

rad
Q̃µνij(r)
sij

=
∫
dΦ(τ)

rad
Q̃ij(r)
sij

[
− gµν +(d−2) k̃

µ
i k̃

ν
i

k̃2
i

]
→ 0 , τ = ijr ;

∫
dΦ(τ)

rad,2
Qµνijk(r)
s2
ijk

=
∑

a=i,j,k

∫
dΦ(τ)

rad,2
Q

(a)
ijk(r)
s2
ijk

[
− gµν +(d−2) k̃

µ
a k̃

ν
a

k̃2
a

]
→ 0 , τ = ijkr . (D.7)

E Constituent integrals

In the following we report the constituent integrals relevant for the analytic integration of
all counterterms at NNLO. Such integrals are schematically denoted as J `t , where t indicates
the type of integral, while ` is a set of labels whose different indices denote distinguished
particles.

The soft integrated kernel is

J ilms ≡ N1

∫
dΦ(ilm)

rad E(i)
lm ≡ δfig Js(s̄

(ilm)
lm ) , (E.1)

with

Js(s) = αs
2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
ε2 Γ(2− 3ε)

= αs
2π

(
s

µ2

)−ε [ 1
ε2

+ 2
ε

+ 6− 7
12π

2 +
(

18− 7
6π

2 − 25
3 ζ3

)
ε

+
(

54− 7
2π

2 − 50
3 ζ3 −

71
1440π

4
)
ε2 +O(ε3)

]
. (E.2)

The double-soft integrated kernels read

J ijcdefs⊗s ≡ N 2
1

∫
dΦ(icd,jef)

rad,2 E(i)
cd E

(j)
ef ≡ J

(4)
s⊗s

(
s̄

(icd,jef)
cd , s̄

(icd,jef)
ef

)
fggij ,

J ijcdes⊗s ≡ N 2
1

∫
dΦ(icd,jed)

rad,2 E(i)
cd E

(j)
ed ≡ J

(3)
s⊗s

(
s̄

(icd,jed)
cd , s̄

(icd,jed)
ed

)
fggij ,

J ijcds⊗s ≡ N 2
1

∫
dΦ(ijcd)

rad,2 E
(i)
cd E

(j)
cd ≡ J

(2)
s⊗s

(
s̄

(ijcd)
cd

)
fggij ,

J ijcdss ≡ N 2
1

∫
dΦ(ijcd)

rad,2 E
(ij)
cd ≡ 2TR J (qq̄)

ss

(
s̄

(ijcd)
cd

)
f qq̄ij − 2CA J (gg)

ss

(
s̄

(ijcd)
cd

)
fggij , (E.3)
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with

J
(4)
s⊗s(s,s′) =

(
αs
2π

)2(ss′
µ4

)−ε[ 1
ε4

+ 4
ε3

+
(

16−7
6π

2
) 1
ε2

+
(

60−14
3 π

2−50
3 ζ3

)1
ε

(E.4)

+216−56
3 π

2−200
3 ζ3+ 29

120π
4+O(ε)

]
,

J
(3)
s⊗s(s,s′) =

(
αs
2π

)2(ss′
µ4

)−ε[ 1
ε4

+ 4
ε3

+
(

17−4
3π

2
) 1
ε2

+
(

70−16
3 π

2−68
3 ζ3

)1
ε

+284−68
3 π

2−272
3 ζ3+13

90π
4+O(ε)

]
,

J
(2)
s⊗s(s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
ε4

+ 4
ε3

+
(

18−3
2π

2
) 1
ε2

+
(

76−6π2−74
3 ζ3

)1
ε

+312−27π2−308
3 ζ3+ 49

120π
4+O(ε)

]
,

J (qq̄)
ss (s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
6

1
ε3

+17
18

1
ε2

+
(116

27 −
7
36π

2
)1
ε

+1474
81 −

131
108π

2−19
9 ζ3+O(ε)

]
,

J (gg)
ss (s) =

(
αs
2π

)2( s

µ2

)−2ε[ 1
2

1
ε4

+35
12

1
ε3

+
(487

36 −
2
3π

2
) 1
ε2

+
(1562

27 −
269
72 π

2−77
6 ζ3

)1
ε

+19351
81 −3829

216 π
2−1025

18 ζ3−
23
240π

4+O(ε)
]
.

The soft real-virtual integrated kernels are

J̃ icds ≡ N1

∫
dΦ(icd)

rad Ẽ
(i)
cd ≡ δfig CA J̃s

(
s̄

(icd)
cd

)
,

J icd(e)
∆s

≡ N1
2
ε2

∫
dΦ(icd)

rad E
(i)
cd

[(
sed

s̄
(icd)
ed

)−ε
− 1

]
≡ fgi J

(3)
∆s

(
s̄

(icd)
cd

)
,

J icd
∆s
≡ N1

1
ε2

∫
dΦ(icd)

rad E
(i)
cd

[(
scd

s̄
(icd)
cd

)−ε
− 1

]
≡ fgi J

(2)
∆s

(
s̄

(icd)
cd

)
,

J̃ icdes ≡ N1

∫
dΦ(icd)

rad Ẽ
(i)
cde , (E.5)

with

J̃s(s) = αs
2π

(
s

eγEµ2

)−2ε Γ3(1 + ε)Γ3(1− ε)
4 ε4 Γ(1 + 2ε)Γ(2− 4ε) (E.6)

= αs
2π

(
s

µ2

)−2ε [ 1
4ε4 + 1

ε3
+
(
4− 7

24π
2
)1
ε2

+
(
16− 7

6π
2 − 14

3 ζ3

)1
ε

+ 64− 14
3 π

2 − 56
3 ζ3 −

7
480π

4 +O(ε)
]
,

J (3)
∆s

(s) = αs
2π

(
s

µ2

)−ε[(
2− π2

3

) 1
ε2

+
(
16− 2

3π
2 − 12 ζ3

)1
ε

+92− 7
2π

2 − 24 ζ3 −
7
18π

4 +O(ε)
]
,
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J (2)
∆s

(s) = αs
2π

(
s

µ2

)−ε[(
2− π2

3

) 1
ε2

+
(
14− 2

3π
2 − 10 ζ3

)1
ε

+74− 23
6 π

2 − 20 ζ3 −
7
36π

4 +O(ε)
]
,

∑
c 6=i,d 6=i,c
e 6=i,c,d

J̃ icdes Bcde = − fgi
αs
2π

∑
c 6=i,d 6=i,c
e 6=i,c,d

Bcde

[1
2 ln s̄ce

s̄de
ln2 s̄cd

µ2 + 1
6 ln3 s̄ce

s̄de
+ Li3

(
− s̄ce
s̄de

)
+O(ε)

]
.

The hard-collinear integrated kernels are given by

J ijrhc ≡ N1

∫
dΦ(ijr)

rad
P hc
ij(r)
sij

≡ J
(0g)
hc

(
s̄

(ijr)
jr

)
f qq̄ij + J

(1g)
hc

(
s̄

(ijr)
jr

)
(fgqij + fgq̄ij ) + J

(2g)
hc

(
s̄

(ijr)
jr

)
fggij , (E.7)

where

J
(0g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) TR

−2
3− 2ε

= αs
2π

(
s

µ2

)−ε
TR

[
− 2

3
1
ε
− 16

9 −
(140

27 −
7
18π

2
)
ε

−
(1252

81 − 28
27π

2 − 50
9 ζ3

)
ε2 +O(ε3)

]
,

J
(1g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) CF

(
− 1

2

)
= αs

2π

(
s

µ2

)−ε
CF

[
− 1

2
1
ε
− 1−

(
3− 7

24π
2
)
ε−

(
9− 7

12π
2 − 25

6 ζ3

)
ε2 +O(ε3)

]
,

J
(2g)
hc (s) = αs

2π

(
s

eγEµ2

)−ε Γ(1− ε)Γ(2− ε)
εΓ(2− 3ε) CA

(
− 1

3− 2ε

)
(E.8)

= αs
2π

(
s

µ2

)−ε
CA

[
− 1

3
1
ε
− 8

9 −
(70

27 −
7
36π

2
)
ε

−
(626

81 −
14
27π

2 − 25
9 ζ3

)
ε2 +O(ε3)

]
.

A useful combination of these constituent integrals is

J khc(s) = (f qk+f q̄k ) J (1g)
hc (s) + fgk

[
Nf J

(0g)
hc (s) + 1

2 J
(2g)
hc (s)

]
= αs

2π

(
s

µ2

)−ε [γhc
k

ε
+ φhc

k +O(ε)
]
. (E.9)

The hard double-collinear integrated kernels are given by

J ijkrhcc ≡ N 2
1

∫
dΦ(ijkr)

rad,2
P hc
ijk(r)
s2
ijk

≡ J
(0g)
hcc

(
s̄

(ijkr)
kr

)
(f qq̄q

′

ijk + f qq̄q̄
′

ijk ) + J
(0g,id)
hcc

(
s̄

(ijkr)
kr

)
(f qq̄qijk + f qq̄q̄ijk ) (E.10)

+ J
(1g)
hcc

(
s̄

(ijkr)
kr

)
f qq̄gijk + J

(2g)
hcc

(
s̄

(ijkr)
kr

)
(fggqijk + fggq̄ijk ) + J

(3g)
hcc

(
s̄

(ijkr)
kr

)
fgggijk ,
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with

J
(0g)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε
CFTR

[1
6

1
ε2

+
(13

36 + 1
9π

2
) 1
ε
− 119

216 + 17
108 π

2 + 14
3 ζ3 +O(ε)

]
,

J
(0g,id)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε
CF

(
2CF −CA

)
×
[
−
(13

8 −
1
4 π

2 +ζ3

) 1
ε
− 227

16 +π2 + 17
2 ζ3−

11
120 π

4 +O(ε)
]
,

J
(1g)
hcc (s) =

(
αs
2π

)2( s

µ2

)−2ε

×
{
CFTR

[
− 2

3
1
ε3
− 31

9
1
ε2
−
(889

54 −π
2
) 1
ε
− 23833

324 + 31
6 π2 + 160

9 ζ3 +O(ε)
]

+CATR

[
− 1
ε3
− 89

18
1
ε2
−
(1211

54 −
3
2π

2
)1
ε
− 2620

27 + 89
12π

2 + 80
3 ζ3 +O(ε)

]}
,

J
(2g)
hcc (s) =

(
αs
2π

)2( s
µ2

)−2ε
{
C2
F

[
− 2
ε3
− 37

4
1
ε2
−
(307

8 −3π2 +4ζ3

) 1
ε

− 2361
16 + 111

8 π2 + 136
3 ζ3−

π4

3 +O(ε)
]

+CFCA

[
− 1

2
1
ε3
− 23

12
1
ε2
−
(241

36 −
1
18 π

2−4ζ3

) 1
ε

− 4609
216 + 53

216 π
2− 47

6 ζ3 + 7
20 π

4 +O(ε)
]}

,

J
(3g)
hcc (s) =

(
αs
2π

)2( s
µ2

)−2ε
C2
A

[
− 5

2
1
ε3
− 77

6
1
ε2
−
(

48− 11
4 π2 +3ζ3

) 1
ε

− 16943
108 + 61

4 π2 + 56
3 ζ3−

9
40 π

4 +O(ε)
]
. (E.11)

For the hard-collinear times hard-collinear integrated kernels we have

J ijklrhc⊗hc ≡ N
2

1

∫
dΦ(ijr,klr)

rad,2
P hc
ij(r)(sir, sjr)

sij

P hc
kl(r)(skr, slr)

skl

≡ Jqqqq
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
f qq̄ij f

q′q̄′

kl

+ Jqqqg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

) [
f qq̄ij (fgq

′

kl +fgq̄
′

kl )+(fgq
′

ij +fgq̄
′

ij )f qq̄kl
]

+ Jqqgg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
(f qq̄ij f

gg
kl + fggij f

qq̄
kl )

+ Jqgqg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
(fgqij + fgq̄ij )(fgq

′

kl + fgq̄
′

kl )

+ Jqggg
hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

) [
(fgqij +fgq̄ij )fggkl +fggij (fgqkl +fgq̄kl )

]
+ Jgggg

hc⊗hc

(
s̄

(ijr,klr)
jr s̄

(ijr,klr)
lr

)
fggij f

gg
kl , (E.12)
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2
3
)
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0

with

Jqqqq
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
T 2
R

[4
9

1
ε2

+ 64
27

1
ε

+ 284
27 −

16
27 π

2 +O(ε)
]
,

Jqqqg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
TR CF

[1
3

1
ε2

+ 14
9

1
ε

+ 181
27 −

4
9 π

2 +O(ε)
]
,

Jqqgg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
TR CA

[2
9

1
ε2

+ 32
27

1
ε

+ 142
27 −

8
27 π

2 +O(ε)
]
,

Jqgqg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
C2
F

[1
4

1
ε2

+ 1
ε

+ 17
4 −

1
3 π

2 +O(ε)
]
,

Jqggg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
CACF

[1
6

1
ε2

+ 7
9

1
ε

+ 181
54 −

2
9 π

2 +O(ε)
]
,

Jgggg
hc⊗hc(ss

′) =
(
αs
2π

)2 (ss′
µ4

)−ε
C2
A

[1
9

1
ε2

+ 16
27

1
ε

+ 71
27 −

4
27 π

2 +O(ε)
]
. (E.13)

The soft-times-hard-collinear integrated kernels read

J jkricds⊗hc ≡ N 2
1

∫
dΦ(jkr,icd)

rad,2
P hc
jk(r)

sjk
E(i)
cd

≡ fgi

[
J

4(1g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
fqq̄jk +J

4(2g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
(fgqjk+fgq̄jk )+J

4(3g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cd

)
fggjk

]
µ=jkr,icd

,

J jkricrs⊗hc ≡ N 2
1

∫
dΦ(jkr,icr)

rad,2
P hc
jk(r)

sjk
E(i)
cr

≡ fgi

[
J

3(1g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
fqq̄jk +J

3(2g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
(fgqjk+fgq̄jk )+J

3(3g)
s⊗hc

(
s̄

(µ)
kr , s̄

(µ)
cr

)
fggjk

]
µ=jkr,icr

,

J krjics⊗hc ≡ N 2
1

∫
dΦ(krj,icj)

rad,2
P hc
jk(r)

sjk
E(i)
jc

≡ fgi

[
J

3(1g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
fqq̄jk +J

3(2g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
(fgqjk+fgq̄jk )+J

3(3g)
s⊗hc

(
s̄

(µ)
jr , s̄

(µ)
jc

)
fggjk

]
µ=krj,icj

,

J krjirs⊗hc ≡ N 2
1

∫
dΦ(µ)

rad,2
P hc
jk(r)

sjk
E(i)
jr

≡ fgi

[
Jgqqs⊗hc

(
s̄

(µ)
jr

)
fqq̄jk +Jggqs⊗hc

(
s̄

(µ)
jr

)
fgj (fqk+f q̄k )

+Jgqgs⊗hc

(
s̄

(µ)
jr

)
(fqj +f q̄j )fgk +Jgggs⊗hc

(
s̄

(µ)
jr

)
fggjk

]
µ={krj,irj; krj,ijr}

, (E.14)

with

J
4(1g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

344
27 −

7
9π

2
)

1
ε
− 3928

81 + 98
27π

2 + 100
9 ζ(3)+O(ε)

]
,

J
4(2g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

8− 7
12π

2
)

1
ε
−30+ 7

3π
2 + 25

3 ζ(3)+O(ε)
]
,

J
4(3g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

172
27 −

7
18π

2
)

1
ε
− 1964

81 + 49
27π

2 + 50
9 ζ(3)+O(ε)

]
,

J
3(1g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

362
27 −

8
9π

2
)

1
ε
− 4504

81 + 112
27 π

2 + 136
9 ζ(3)+O(ε)

]
,

J
3(2g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

17
2 −

2
3π

2
)

1
ε
−35+ 8

3π
2 + 34

3 ζ(3)+O(ε)
]
,
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J
3(3g)
s⊗hc (s,s′) =

(
αs
2π

)2(
ss′

µ4

)−ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

181
27 −

4
9π

2
)

1
ε
− 2252

81 + 56
27π

2 + 68
9 ζ(3)+O(ε)

]
,

Jgqqs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
TR

[
−2

3
1
ε3
− 28

9
1
ε2
−
(

344
27 −

17
18π

2
)

1
ε
− 4225

81 + 128
27 π

2 + 139
9 ζ(3)+O(ε)

]
,

Jgqgs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

9−5
6π

2
)

1
ε
−38+ 19

6 π
2 + 101

6 ζ(3)+O(ε)
]
,

Jggqs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CF

[
−1

2
1
ε3
− 2
ε2
−
(

8−2
3π

2
)

1
ε
−32+ 17

6 π
2 + 59

6 ζ(3)+O(ε)
]
, (E.15)

Jgggs⊗hc(s) =
(
αs
2π

)2(
s

µ2

)−2ε
CA

[
−1

3
1
ε3
− 14

9
1
ε2
−
(

199
27 −

5
9π

2
)

1
ε
− 2477

81 + 119
54 π

2 + 101
9 ζ(3)+O(ε)

]
.

Finally the hard-collinear real-virtual integrated kernels read

J̃ ijrhc ≡ N1

∫
dΦ(ijr)

rad
P̃ hc
ij(r)

sij
≡ J̃ (0g)

hc

(
s̄

(ijr)
jr

)
fqq̄ij + J̃

(1g)
hc

(
s̄

(ijr)
jr

)
(fgqij +fgq̄ij )+ J̃

(2g)
hc

(
s̄

(ijr)
jr

)
fggij ,

J ijr
∆hc
≡ N1

2
ε2

∫
dΦ(ijr)

rad
P hc
ij(r)

sij

[(
scr

s̄
(ijr)
cr

)−ε
−1
]

≡ J (0g)
∆hc

(
s̄

(ijr)
jr

)
fqq̄ij +J (1g)

∆hc

(
s̄

(ijr)
jr

)
(fgqij +fgq̄ij )+J (2g)

∆hc

(
s̄

(ijr)
jr

)
fggij ,

J ijrc
∆hc

≡ N1
2
ε2

∫
dΦ(ijr)

rad

{
P hc
ij(r)

sij

[
1−
(
s̄

(ijr)
jc

s[ij]r

)−ε]
+2Cfj

E(i)
jr

[
1−
(
sjr
s[ij]r

)−ε]
+2Cfi

E(j)
ir

[
1−
(
sir
s[ij]r

)−ε]}
≡
[
J (0g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (0g)

∆hc,B

(
s̄

(ijr)
jc

)]
fqq̄ij +

[
J (1g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (1g)

∆hc,B

(
s̄

(ijr)
jc

)]
(fgqij +fgq̄ij )

+
[
J (2g)
∆hc,A

(
s̄

(ijr)
jr

)
+J (2g)

∆hc,B

(
s̄

(ijr)
jc

)]
fggij ,

Jjri,c
∆hc

≡ N1
ρ(C)
ij

ε2

∫
dΦ(jri)

rad
P hc
ij(r)

sij

[(
s̄

(jri)
ic

s̄
(jri)
ir

)−ε
−
(
sir s̄

(jri)
ic

s̄
(jri)
ir sic

)−ε]
≡
[
Jqq
∆hc,A

(
s̄

(jri)
ir

)
+Jqq

∆hc,B

(
s̄

(jri)
ic

)]
fqq̄ij +

[
Jqg
∆hc,A

(
s̄

(jri)
ir

)
+Jqg

∆hc,B

(
s̄

(jri)
ic

)]
(fqi +f q̄i )fgj

+
[
Jgq
∆hc,A

(
s̄

(jri)
ir

)
+Jgq

∆hc,B

(
s̄

(jri)
ic

)]
fgi (fqj +f q̄j )+

[
Jgg
∆hc,A

(
s̄

(jri)
ir

)
+Jgg

∆hc,B

(
s̄

(jri)
ic

)]
fggij ,

J̃jri,c
∆hc

≡ N1

ε2

∫
dΦ(jri)

rad
TR
sij

(
1− 2

1−ε
sirsjr
s2

[ij]r

)[(
s̄

(jri)
ic

µ2

)−ε
−
(
s̄

(jri)
ic

sic

)−ε]
≡ J̃c

∆hc

(
s̄

(jri)
ir , s̄

(jri)
ic

)
, (E.16)

where

J̃
(0g)
hc (s) = αs

2π

(
s

µ2

)−2ε
TR

{
NfTR

[4
9

1
ε2

+64
27

1
ε

+284
27 −

2
3π

2+O(ε)
]

+CF
[2

3
1
ε3

+31
9

1
ε2

+
(431

27 −π
2
)1
ε

+5506
81 −

31
6 π

2−124
9 ζ3+O(ε)

]
+CA

[
− 1

3ε3−
31
18

1
ε2
−
(211

27 −
1
2π

2
)1
ε
−5281

162 +31
12π

2+62
9 ζ3+O(ε)

]}
,

J̃
(1g)
hc (s) = αs

2π

(
s

µ2

)−2ε
CF

{
CF

[
−
(5

4−
π2

3

) 1
ε2
−
(15

2 −
2
3π

2−10ζ3

)1
ε

−141
4 +109

24 π
2+20ζ3−

7
45π

4+O(ε)
]

+CA
[ 1

4ε3 + 1
2ε2 +

(
1−π

2

24−4ζ3

)1
ε

+9
4+ 7

12π
2−67

6 ζ3−
11
90π

4+O(ε)
]}
,
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(
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3
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4
0

J̃
(2g)
hc (s) = αs

2π

(
s

µ2

)−2ε
CA

{
NfTR

[1
3

1
ε

+25
9 +O(ε)

]
+CA

[ 1
6

1
ε3
−
(28

9 −
2
3π

2
) 1
ε2
−
(61

3 −
7
4π

2−12ζ3

)1
ε

−15805
162 +38

3 π
2+221

9 ζ3−
5
9π

4+O(ε)
]}

; (E.17)

J (0g)
∆hc

(s) = αs
2π

(
s

µ2

)−ε
TR

[
−
(4

3−
2
9π

2
)1
ε
−104

9 +16
27π

2+8ζ3+O(ε)
]
,

J (1g)
∆hc

(s) = αs
2π

(
s

µ2

)−ε
CF

[
−
(

1−π
2

6

)1
ε
−8+π2

3 +6ζ3+O(ε)
]
,

J (2g)
∆hc

(s) = αs
2π

(
s

µ2

)−ε
CA

[
−
(2

3−
π2

9

)1
ε
−52

9 + 8
27π

2+4ζ3+O(ε)
]
; (E.18)

J (0g)
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
TR

[
−4

3
1
ε3
−32

9
1
ε2
−
(280

27 −
7
9π

2
)1
ε
−2504

81 +56
27π

2+100
9 ζ3+O(ε)

]
,

J (0g)
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
TR

[4
3

1
ε3

+32
9

1
ε2

+
(244

27 −
5
9π

2
)1
ε

+1784
81 −

40
27π

2−52
9 ζ3+O(ε)

]
,

J (1g)
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
CF

[
− 1
ε3
−
(

6−2
3π

2
) 1
ε2
−
(

30−23
12π

2−16ζ3

)1
ε

−126+49
6 π

2+121
3 ζ3+π4

9 +O(ε)
]
, (E.19)

J (1g)
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
CF

[ 1
ε3

+ 2
ε2

+
(

5− 5
12π

2
)1
ε

+12−5
6π

2−13
3 ζ3+O(ε)

]
,

J (2g)
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
CA

[
−2

3
1
ε3
−
(88

9 −
4
3π

2
) 1
ε2
−
(1436

27 −
55
18π

2−32ζ3

)1
ε

−18748
81 +406

27 π
2+626

9 ζ3+2
9π

4+O(ε)
]
,

J (2g)
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
CA

[2
3

1
ε3

+16
9

1
ε2

+
(122

27 −
5
18π

2
)1
ε

+892
81 −

20
27π

2−26
9 ζ3+O(ε)

]
;

Jqq
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
TR

[2
3

1
ε3

+16
9

1
ε2

+
(122

27 −
4
9π

2
)1
ε

+1108
81 −

44
27π

2−47
9 ζ3+O(ε)

]
,

Jqq
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
TR

[
−2

3
1
ε3
−16

9
1
ε2
−
(140

27 −
7
18π

2
)1
ε
−1252

81 +28
27π

2+50
9 ζ3+O(ε)

]
,

Jqg
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
(2CF−CA)

[1
2

1
ε3

+ 1
ε2

+
(7

2−
11
24π

2
)1
ε

+23
2 −

2
3π

2−32
3 ζ3+O(ε)

]
,

Jqg
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
(2CF−CA)

[
− 1

2ε3−
1
ε2
−
(

3− 7
24π

2
)1
ε
−9+ 7

12π
2+25

6 ζ3+O(ε)
]
,

Jgq
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
CA

[ 1
2ε3 + 1

ε2
+
(5

2−
7
24π

2
)1
ε

+13
2 −

5
6π

2−5
3ζ3+O(ε)

]
, (E.20)

Jgq
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
CA

[
− 1

2ε3−
1
ε2
−
(

3− 7
24π

2
)1
ε
−9+ 7

12π
2+25

6 ζ3+O(ε)
]
,
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Jgg
∆hc,A

(s) = αs
2π

(
s

µ2

)−ε
CA

[ 1
3ε3 +8

9
1
ε2

+
(88

27−
11
36π

2
)1
ε

+716
81 −

17
54π

2−64
9 ζ3+O(ε)

]
,

Jgg
∆hc,B

(s) = αs
2π

(
s

µ2

)−ε
CA

[
− 1

3ε3−
8
9

1
ε2
−
(70

27−
7
36π

2
)1
ε
−626

81 +14
27π

2+25
9 ζ3+O(ε)

]
.
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