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1 Introduction

One of the most remarkable results in the study of quantum field theory is the discovery
of dualities, which establish the equivalence of different-looking theories, at least in some
range of the parameters. Often the weak coupling limit of one theory corresponds to a strong
coupling limit of the dual and therefore by exploiting their equivalence we can learn about the
dynamics of both theories in the strong coupling regime, where standard perturbative methods
are not applicable. In this sense dualities represent a key tool to improve our understanding
of nonperturbative quantum field theory. This is exemplified by Seiberg duality [2] which
provides us with detailed information about the low-energy dynamics of supersymmetric
quantum chromodynamics (SQCD) in four dimensions.

By now many other examples of dualities have been found, especially in the context
of supersymmetric field theories for which dualities seem to be ubiquitous. At present the
challenge is to find an algorithm which allows us to establish systematically the existence of
dual descriptions of a given theory. It is also desirable to find a systematic way to connect
different dualities together, deriving all of them from a restricted set of fundamental dualities.
In this respect an important result is [3] (and its many follow up works) which shows how
dualities in different dimensions can be related via compactification. In particular, this implies
that dualities in lower dimension can be derived from those in higher dimension.

Mirror symmetry [4, 5], relating pairs of 3d N' = 4 theories with the Higgs branch of one
theory mapped to the Coulomb branch of the other theory and vice-versa, is one of the most
interesting and studied examples of dualities (see e.g. [6-9]). For N' = 4 theories admitting a
description in terms of a Hanany-Witten brane system [5], mirror symmetry can be regarded
as a consequence of Type IIB S-duality. Furthermore, mirror symmetry has played a crucial
role in the development of nonperturbative techniques which allow us to study the quantum
moduli space of theories with eight supercharges in three dimensions or higher, even in the
absence of a Lagrangian description of the theory (see e.g. [10-38]).

Recently, a new approach to study 3d mirror dualities, the mirror dualization algorithm,
has been developed [39-41], which generalizes the construction [8] of abelian mirror pairs



by local dualization to the non-abelian case. The algorithm was originally formulated for
linear unitary quivers, namely the 7} [SU(V)] theories [42] (see also [43]) realized on linear
Hanany-Witten brane setups with D3-branes suspended between NS5 and D5-branes, and
implements field theoretically the local action of S-duality, which acts on each 5-brane by
creating a S-duality domain wall to its right and to its left

NS5 — S(D5)S™!, D5 — S(NS5)S . (1.1)

At the field theory level we associate to each 5-brane a QFT block: NS5-branes are
associated to a bifundamental matter block (1,0), while D5-branes are associated to a
fundamental matter block (0,1). S-duality acts locally on these blocks by swapping them,
creating on their sides the S-wall theory, which is realized by a variant of the T[SU(N)]
theory as proposed by [42]. The local dualizations of the QFT blocks correspond to genuine
IR dualities, the basic duality moves, which can in turn be derived from the Seiberg-like
Aharony duality [44].

The algorithm consists of various steps: we first chop the initial quiver into QFT blocks,
we then dualize them by means of the basic duality moves and finally glue them back together.
Such a procedure can produce in the end a theory where some VEVs are turned on, triggering
a non-trivial RG flow. In [41] it was shown that these VEVs can be extinguished using another
duality move that swaps (1,0) and (0, 1)-blocks, which is the field theory counterpart of the
Hanany-Witten move [5]. For good linear quivers a finite sequence of these moves is enough
to reach the end of the RG flow and obtain the final mirror dual. In particular, starting from
the T [SU(N)] theory, the algorithm outputs the mirror dual theory with swapped partitions

TI[SU(N)] 5% T2[SU(N)) . (1.2)

The algorithm then provides a purely field theoretic derivation of mirror symmetry by
assuming only more fundamental Seiberg-like dualities.

The mirror algorithm can also be extended to the case of dualities involving (p, ¢) 5-branes,
which will have a new associated (1, 1) QFT block, and to the full SL(2,Z) S-duality group [41].
It can also be applied to prove mirror dualities for theories with four superchagres [45].

A 4d version of the algorithm has also been developed and can be used to prove 4d mirror-
like dualities. Indeed, as shown in [46], the 3d T [SU(N)] family has an uplift to the family
of 4d N = 1 symplectic quivers named EJ[USp(2NV)] (defined in appendix C). This class of
4d theories (labelled by partitions p and o of an integer N) enjoy the mirror-like duality

ES[USp(2N)] 8 EL[USP(2N)] . (1.3)

In 3d, after a circle reduction and real mass deformations, they reduce to the 3d N = 4
linear quivers of the T7[SU(N)] family. The 4d version of the algorithm can then derive
these mirror-like dualities among members of the E7[USp(2V)] family by means of the 4d
counterpart of the 3d basic duality moves which locally implement the action of S-duality.
These 4d basic duality moves can all be derived from a Seiberg-like duality for simplectic
groups, namely the Intriligator-Pouliot (IP) duality [47]. In this case, the mirror algorithm
can be extended to the full PSL(2,Z) group [41].



In [1] we initiated the study of 3d bad theories focusing on the case of SQCD, namely
a U(N;) gauge theory with Ny flavors. This theory for Ny < 2N, — 1 is known to be bad
(ugly for Ny = 2N, — 1) [42], meaning that some monopoles operators fall below the unitarity
bound and decouple in the IR. Bad theories have a rather intricate IR dynamics and have
been studied in various works [48-56]. In particular [54] pointed out that the most singular
locus in the Coulomb branch of U(NN.) SQCD with N flavors is a submanifold of codimension
| Nf/2| rather than an isolated point and is such that the UV gauge symmetry is broken to a
subgroup of lower rank: around it the Coulomb branch looks like that of SQCD with gauge
group U(|Ns/2|) and Ny flavors, times some flat directions (which for 3d N = 4 theories
are parametrized by free twisted hypermultiplets).

In [1] we applied the mirror dualization algorithm to the 4d/3d SQCD case. Interestingly,
we observed that also the 4d SQCD uplift for Ny < 2N, has a moduli space with the same
feature as its 3d counterpart we just described. In this sense we will say that a 4d theory is bad.

The main result is that the 4d index/3d sphere partition function is a distribution rather
than a regular function.! Indeed, the schematic structure of the index/partition function of
the 4d/3d bad SQCD is given by a sum of terms each involving a Dirac delta distribution,
enforcing a particular constraint on the fugacities/FI parameters, which multiplies the 4d
index/3d partition function of an interacting SCFT, the mirror of a good SQCD of lower
rank, plus various gauge singlets which are just free fields. In addition, there is an extra
frame with no delta distribution whose interacting part is the mirror of the good SQCD
U(N¢ — N.) with Ny hypers in 3d and USp(2Ny — 2N,) with one antisymmetric and 2Ny + 4
fundamental chirals in 4d.

In this paper we focus on 3d N = 4 linear quivers with bad gauge nodes and on their 4d
N =1 uplifts. In order to dualize these theories we extend the mirror dualization algorithm.
Indeed we will see that the (1,0)-(0,1) blocks swap is not enough to take care of all the
VEVs, but we need a new non-trivial duality move, the (0,1)-(0,1) blocks swap, which in
3d we interpret as a non trivial property of the swap of D5-branes. Such a duality is just
a rewriting of the aforementioned result for SQCD, so when we apply it we get a sum of
frames weighted (all but one) by a delta function.

The mirror dual of a bad linear quiver is then a sum of multiple frames, each of them
having an interacting good linear quiver part (E7[USp(2N)] in 4d and T [SU(N)] in 3d)
and a free sector. Some of these frames will be also multiplied by one or more Dirac deltas,
enforcing various conditions on the electric FI parameters. Moreover, the result can be
presented by replacing in each frame the good interacting quiver theory with its mirror dual.
In this way we obtain the sum of electric duals of a bad quiver.

We also propose an electric dualization algorithm which directly outputs the electric
duals of a bad quiver. The idea is to use the result we found in [1] for the bad SQCD and
to apply it locally to each bad node. This procedure is defined both in 4d and in 3d, and
it can be described as follows. Given a bad theory, choose any ugly /bad node and carve it
out from the rest of the quiver, together with the attached matter and singlets, to isolate a
bad SQCD. Then replace the carved out SQCD theory with the appropriate sum of good

'The distributional nature of indices/partition functions was first observed in [57], in the case of theories
with quantum deformed moduli spaces and patterns of chiral symmetry breaking.



Figure 1. A schematic representation of the electric dualization of the 4d theory with gauge ranks
N. = (3,3) and flavor ranks Ny = (1,4). Its first node is bad and is highlighted in red. After one
iteration of the electric algorithm we get two frames: the first one is good, while the second one has
an ugly node, highlighted in orange, and thus needs one more iteration of the algorithm, resulting
in the two quivers in the second line as the final dual theories. The numbers above the colored
bifundamentals indicate their multiplicity. More details such as charges and omitted singlets can be
found in section 3.

theories plus free sectors, as dictated by the aforementioned result for the SQCD we found
in [1]. Finally, glue back the dualized parts to the rest of the quiver. At this point we have
a collection of quivers. If some of them still contain ugly/bad nodes, iterate the procedure
until all the generated frames contain only good gauge nodes. In the end we will get a sum
of good frames, multiplied by a free sector and possibly by one or more Dirac deltas: they
will constitute the correct electric dual of the starting bad theory.

This electric algorithm is illustrated in figure 1, where the dualization of the 4d theory
with gauge ranks N. = (3,3) and flavor ranks Ny = (1,4) is schematically depicted. This
example will be discussed in detail in the main body of the paper.

The SQCD carving out operation, which is needed to perform the electric algorithm,
is more rigorously described by a (1,0)-(1,0) blocks swap, an IR duality coming from the
aforementioned result for SQCD; in 3d it can be interpreted as a non trivial property of
the swap of NS5-branes.

The mirror algorithm and the electric algorithm are equivalent. However, the electric
algorithm is perhaps faster and can be coded. Indeed this paper comes with a Mathematica
notebook which, given any 3d N' = 4 linear quiver with any number of bad/ugly nodes,
outputs all its dual frames, specifying their FI parameters, their free sectors and the Dirac
deltas they are multiplied by.

We are also interested in the 3-sphere partition function of bad linear quivers containing
both unitary and special unitary gauge nodes. An SU(N) gauge node can be obtained from
a U(N) gauge node by gauging its U(1) topological symmetry, which at the level of the
partition function is implemented by integrating over the associated FI parameter. Under
mirror symmetry the topological symmetry is mapped to a flavor symmetry, so turning a
node from unitary to special unitary corresponds in the mirror dual theory to gauging some
U(1) flavor symmetry. One of the advantages of the dualization algorithm is that it provides



the precise mapping between topological and flavor symmetries across the mirror duality so
that we know exactly which U(1) flavor symmetry should be gauged. This approach therefore
provides an alternative to the brane locking method developed in [27].

We first review how to do this for a good linear quiver theory with mixed unitary and
special unitary gauge nodes to get its mirror dual by starting from that of the theory with
unitary gauge nodes only (see also [27, 58—60] for related discussions). We then apply the
same logic to our result for the bad U(N.) SQCD to get an expression for the partition
function of the bad SU(N.) SQCD. Since we are integrating over all possible values of
the FI parameter, we find that this receives contribution from each of the frames that we
found in the unitary case, including those that correspond to very specific values of the FI.
More precisely, we find that the partition function of the bad SU(N.) SQCD is the sum
of the partition functions of multiple good theories, not necessarily SQCD, none of which
is multiplied by a delta now since this can be traded for the integral over the FI that we
introduced. In some cases, as a result of the gauging, the free sector of the unitary theory
ends up being coupled to the interacting part.

The structure of the full moduli space of the SU(2) SQCD with two flavors was worked out
in [56], where it was shown that there are two distinct singular points of maximal codimension,
i.e. with no twisted hyper sector. The low energy effective description around each of these
singular points is the same, and is given by the good SQED with two flavors. Our result
for this case is compatible with [56] since we find that the partition function of SU(2) with
two flavors is the sum of two copies of the partition function of U(1) with two flavors. A
proposal for the full moduli space of the bad SU(N,) SQCD with Ny flavors has been recently
made in [26], based on the conjecture that the quantum Coulomb branch can be obtained
by a procedure called inversion of the classical Higgs branch [61]. It would be interesting
to compare our results for the partition function of the bad SU(NN.) SQCD with N; flavors
with the findings of [26] for the full moduli space.

The rest of the paper is organized as follows. In section 2 we introduce all the preliminary
4d/3d QFT ingredients needed in the following sections. We review the basic duality moves
realizing S-duality on the QFT blocks and we present the three blocks swap moves required
to implement the two algorithms. In section 3 we define the 4d mirror and electric algorithms
we need in the rest of the paper. We illustrate them using the theory with gauge ranks
N, = (3,3) and flavor ranks Ny = (1,4) as an example. In section 4 we analyze in detail the
4d theory with N. = (5,3) and Ny = (3,2) from various perspectives: we dualize the theory
using both the mirror and the electric algorithms and we also study the theory adopting the
Higgsing perspective, which reproduces the same answer obtained via the algorithms. In
section 5 we give a Type IIB brane interpretation of the 3d (1,0)-(1,0) and (0,1)-(0, 1) blocks
swap moves. We also discuss the application of the 3d algorithms to study the fusion of two
S-walls into an Identity-wall. We find that, quite remarkably, the algorithm reproduces the
findings of [39]. This provides a strong consistency check of our construction. In section 6
we characterize the possible dual frames of a bad linear quiver theory, in particular we
provide the rules determining the maximal and minimal dual frames, namely those having
gauge groups with the largest and smallest possible rank respectively. The analysis is based
entirely on the combinatorics of partitions of an integer IV which is specified by the linear
quiver data. Finally, in section 7 we focus on 3d N = 4 good/bad quiver theories including



SU(N) gauge nodes, which we obtain from theories with U(N) gauge node only by gauging a
subset of the U(1) topological symmetries of the theory. The analysis is carried out at the
level of the 3d partition function. In particular, we propose a precise method to identify
unambiguously the U(1) symmetries to be gauged. The main text is supplemented by various
appendices reviewing conventions and previous results, and detailing some of the more
technical derivations of results used in the rest of the paper.

2 S-walls, QFT blocks, basic moves and swaps

In this section we introduce the class of theories we are interested in, we review the known
ingredients of the dualization algorithms and introduce the new ones.

We begin by introducing the class of 3d and 4d linear quivers which we will be focusing on.
Following the notation of [41], we will then introduce the S-duality wall and the Identity-wall,
the (1,0) and (0,1) QFT blocks corresponding to NS5 and D5-branes respectively, and the
basic moves corresponding to their S-dualization.

We will next present the block swaps: the (1,0)-(0,1) block swap, previously discussed
in [41] and which in the 3d case is the field the field theory counterpart of the Hanany-Witten
move, and the new (1,0)-(1,0) and (0,1)-(0, 1) block swaps whose brane interpretation will
be discussed in section 5.

2.1 Linear quivers in 3d and 4d

In 3d we will consider N' = 4 unitary linear quivers. In this paper we will always represent
them in an N' = 2 notation: an N' = 4 hypermultiplet contains two A’ = 2 chiral multiplets
in conjugate representations which we represent by double lines with opposite orientations,
while an N' = 4 vector multiplet contains an AN/ = 2 vector multiplet and an A/ = 2 adjoint
chiral multiplet and we represent the latter with an arc. As usual, round nodes denote gauge
symmetries while square nodes denote flavor symmetries, which in 3d will all be of unitary type.

These quivers admit a brane description in Type IIB string theory [5]. If the linear
quiver contains k gauge groups of rank IV; and the number of flavors at the i-th node is F;
we engineer the theory by including k£ + 1 NS5-branes. Between the i-th and (i + 1)-th NS5’s
we suspend N; D3-branes and we also include a set F; D5-branes.

This class of theories is usually dubbed T} [SU(V)] theories [42], since the quiver data
{N;, F;} can be encoded in the sequence of integers p and o as follows:

e The number of flavors F; is equal to ; — G;+1, where we denote by &; the i-th element
of o', the transpose to o;

e The rank of the gauge groups N; is given by the formula
N=Y -4 2.)
7>t 7>t
Notice that positivity of the rank of the various gauge groups requires the constraint
p<ol e ij < 26]- Vi (2.2)
J<i J<i
and therefore we should always restrict to p and o satisfying this constraint for the quiver
to make sense.
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Figure 2. The 3d V' =4 TJ[SU(N)] theory drawn in V' = 2 language and the associated Hanany-
Witten brane setup. All nodes represent unitary symmetries, with round nodes being gauge symmetries

and square node flavor symmetries. Each line denotes a chiral field transforming under the symmetries
of the nodes that it connects, where a line between two nodes is a field in the bifundamental
or antibifundamental representation depending on the orientation while an arc is a field in the
adjoint representation.

We can bring all the D5-branes to the end of the quiver (say for definiteness to the left,
even though also the other choice is perfectly fine), keeping into account the Hanany-Witten
effect as the D5’s go across an NSH-brane. We end up with a set-up having >, F; D5-branes,
followed on their right by the k + 1 NS5’s. In particular there will be a set of F} D5-branes
with a single D3-brane ending on each of them, then there will be a set of Fy Dbs with
two D3-branes ending on each of them, and so on. The total number of D3-branes ending
on D5’s is N defined by the relation

N =) iF;. (2.3)

We then see that the sequence of integers o is actually a partition of N and can be written as
o= [k (k- 1)1 2f2 18], (2.4)

The sequence of integer p can then be determined via (2.1).

Before proceeding, a comment about the notation is in order. Usually the formalism
described above is applied to describe good theories (that is each node is good F; + N;—1 +
Ni11 > 2N;). For good theories both p and o are ordered partitions of N, with all the
elements of the partition being positive integers. For a bad theory however, the sequence p
we get by applying (2.1) is in general merely a sequence of integers whose sum is N. They
are not ordered and are not all positive.

In appendix C.2 we provide a more detailed definition of the T7[SU(N)] theories by
giving an expression for their S} partition function, which includes a set of background CS
couplings for the global symmetries. These are important for various reasons, such as when
discussing the variants of the same quivers but with some special unitary gauge nodes or
to respect the global symmetry enhancements in the presence of a non-trivial background
monopole for the global symmetries.

A special case of this class of theories corresponds to having the trivial partitions
o = p = [1V], in which it is customary to omit both of them and only name the theory
T[SU(N)]. For a fixed N, this is the theory with the maximal global symmetry

SU(N)x x SUN)y x U(1)m, » (2.5)
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Figure 3. The4d N =1 EZ[USp(2N)] theory. All nodes represent symplectic symmetries, with
round nodes being gauge symmetries and square node flavor symmetries as usual. Each line denotes a
chiral field transforming under the symmetries of the nodes that it connects, where a line between
two nodes is a field in the bifundamental representation while an arc is a field in the antisymmetric
representation. The orange crosses represent the singlets flipping the meson built from the chiral on
which they are placed (possibly dressed with some power of the antisymmetric). We use a black cross
to indicate a singlet whereas an orange cross for multiple singlets.

where SU(N) x is the manifest flavor symmetry of the quiver, SU(N)y is enhanced from the
U(1)N=! topological symmetry and U(1),,, is the commutant of the A" = 2 R-symmetry
inside the A/ = 4 R-symmetry that manifests as a flavor symmetry in the N' = 2 notation we
are using. In this case, in the brane set-up we have N D3-branes stretched between N D5
and N NS5-branes, where on each five-brane ends a single D3. This theory is special since we
can recover from it any other generic T7[SU(V)] theory with an RG flow triggered by giving
nilpotent VEVs to the moment map operators for the SU(N)x and SU(N)y symmetries
which are labelled by ¢ and p respectively (see e.g. [43, 46]).

The 3d N = 4 T7[SU(N)] theories have a 4d N = 1 uplift called E[USp(2N)] [46], where
by “uplift” we mean that the latter reduces to the former upon dimensional reduction and
various real mass deformations.? The structure of these 4d theories, summarized in figure 3,
is similar to that of their 3d counterparts and the ranks IV;, F; are still determined from o
and p with the same rule. However, there are a few differences: the groups are all symplectic
rather than unitary, we have additional fundamental chiral fields forming the structure of a
saw, and we have additional gauge singlet fields. In particular, there are two types of singlets:

o Those denoted by a cross at the i-th position are in number N;_; — N; (where Ny = 0)
and they flip the meson constructed with the corresponding saw chirals dressed with
the antisymmetric chiral up to the power N;_; — N; — 1.

e Those denoted by lines connecting some of the flavor nodes. In particular, each upper
flavor box is connected to all the bottom saw boxes that sit to its right. These singlets
flip the minimal operator in the bifundamental representation of the two non-abelian
symmetries, that is made of a sequence of chirals corresponding to the shortest path
between the two boxes.

2Notice that this RG flow entails an enhancement of supersymmetry.



These latter singlets are in particular crucial to have an enhancement of the SU(2) symmetries
of the saw (see [46] for more details). Finally, to fully specify the EJ[USp(2N)] theory one
should also provide the superpotential. This consists of three main parts:

e A cubic interactions between the bifundamental and the antisymmetric chirals, which
is the uplift of the superpotential we have in 3d due to N' = 4 supersymmetry.

e A cubic interaction between the chirals for each triangle of the saw.
e The superpotential for the flipping fields discussed above.

Similarly to the 3d case, also in 4d the theory with trivial o = p = [1%V], which is denoted
by E[USp(2N)], is special as it has the maximal global symmetry

USP(2N), x USp(2N), x U(1); x U(1). (2.6)

and a generic E7 [USp(2N)] theory can be obtained from it by giving a VEV to two operators in
the antisymmetric representations of USp(2/V),, and USp(2N), whose form is fully determined
in terms of o and p respectively (see [46] for more details).

There is a notion of good/ugly/bad also for this class of 4d theories, which was introduced
in [1] for the case of the SQCD. The condition is identical to the one we have in 3d: if all
nodes are such that F; + N;_1 + N;+1 > 2N; then the quiver is good, otherwise it is either
ugly or bad depending on whether we have a strict equality of the opposite inequality for
at least one node. Similarly to 3d, this implies that, while ¢ is always a partition of N,
p is instead just a sequence of integers summing up to N, which for a bad theory is not
necessarily ordered nor positive and hence not a partition. As discussed in [1] for the SQCD
case and as we will see extensively in this paper, a 4d bad theory is characterized by the
fact that its index is not an ordinary function but rather a distribution expressed in terms
of combinations of delta functions. Physically, this is related to the fact that the moduli
space of the theory does not include the origin and hence there is no point where the full
gauge symmetry is preserved. Instead, one is forced to give a VEV associated with one of
the delta constraints, which Higgses the gauge group. This was discussed extensively in [1]
for the SQCD and we will see a quiver example in section 4.

The index of the £ [USp(2N)] theory in our conventions is given in appendix C.1.

2.2 S-wall and Identity-wall
We now discuss the ingredient of the dualization algorithms. First of all, we review the

notions of S-wall and Identity-wall first introduced in [39] (see [41] for our conventions).

4d case. The 4d S-wall theory is the F'E[USp(2N)] theory introduced in [62], which is
defined as the E[USp(2N)] theory with an additional flipping field in the antisymmetric of
USp(2N), (hence the name). This is the quiver theory depicted in figure 4.
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Figure 4. The 4d FE[USp(2N)] theory. The combinations of the fugacities close to each line encode
the charges of the corresponding chiral fields under the abelian symmetries including the R-symmetry.
Close to each node we instead specify the label for the fugacities of the corresponding symmetry. For
circle nodes these are gauge fugacities over which we integrate in the index, while for square nodes
they are parameters on which the index depends.

C

2N Yf“"“"N'\N'\NN O N Y

2N 2M |y
c

>
>

Figure 5. The 4d S-wall theory and its asymmetric version. Close to each wiggle line we specify its ¢
fugacity, which might be identified with various combinations of the abelian symmetries fugacities
when gluing the S-wall to other blocks.

We will represent it compactly as on the left of figure 5, where we exhibit its two USp(2N)
symmetries. At the level of the index, the S-wall is recursively defined as

M (@ it;0) = Te (pge) T (pat™ ) HF (pgt~'ai! jEl)HF (cyz'ar)

N-1 N
deN LV AN_1(En— H HF (1/2 +1 11) (pqt‘l/ZC 1yj:1 :I:l)
a=1 i=1
X IéN_l) (217"‘ yZN=15Y1, " S YN-1; 13 fl/zC) . (2.7)

It is important to remember that the S-duality group in 4d is PSL(2,Z), and therefore the
property S = S~! holds.

It is possible to turn on a deformation breaking one of the two USp(2/N) symmetries
down to USp(2M) x SU(2) for M < N (see [39, 46] for more details). This gives a new theory
that we call the 4d asymmetric S-wall and that we represent compactly as on the right of
figure 5 so to manifestly display all of its non-abelian symmetries. At the level of the index
this deformation corresponds to the specialization of some of the flavor fugacities

(N)( L N-M-1 N-M-1

Tyt 2w, tT T 2 witie). (2.8)
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Figure 6. The 4d gluing of two S-walls to give an Identity-wall. The gluing consists of gauging a
diagonal combination of the USp(2N) symmetries of the two S-walls and adding an antisymmetric of
this USp(2N) symmetry that couples in the superpotential with the antisymmetric operators of the
two glued blocks.

If we glue two symmetric S-walls together we get what we call a 4d Identity-wall [39],
represented in figure 6. Here and in the rest of this paper, by “glue” we mean gauging a
diagonal combination of the USp(2/N) symmetries of the two glued blocks. Moreover, if an
antisymmetric A of this USp(2N) symmetry is added as in this case, this couples in the
superpotential with the antisymmetric operators Ay p of the two glued blocks (see e.g. [41])

nguing = A(AL + AR) . (29)
At the level of the index we have
f A2y An (BT (3 20T (7 ity 1) = Ay (), (2.10)

where we defined the index of the 4d Identity-wall as

As(t) = Hi 12”1% 3 ZHé(x] vl - (2.11)
N(@Y) G5y T
As explained in [39], this should be understood as a theory with a breaking of the
USp(2N), and USp(2N), global symmetries to their diagonal combination, due to a VEV
at the quantum level for an operator in their bifundamental representation. This is an
example of a 4d bad quiver theory. Consider indeed gluing the two S-walls by gauging their
manifest USp(2N) symmetry in figure 4. The antisymmetric operators Az /r would then
correspond to the antisymmetric chiral for the USp(2/V) symmetry of each S-wall and the
gluing superpotential (2.9) would be a mass term for two out of the three antisymmetric chirals
A, Ar and Ag. After integrating the massive fields out one obtains an E7 theory, but the
middle USp(2N) gauge node would only see 2N —2 < 2N flavors and would thus be bad. The
properties of this theory of its index behaving as a delta distribution and of the quantum VEV
are a manifestation of its badness. In subsection 5.4 we will come back to this observation.
If we instead glue one symmetric and one asymmetric S-wall together we get what we
call a 4d asymmetric Identity-wall, represented in figure 7.
At the level of the index we have

?{dz_}v An(Z; t)IéN)(f; Zitie)Is (2t 2 v, T 2ot c_l) = 5ﬁ~v(t),

where we defined the index of the 4d asymmetric Identity-wall as

A 2
fﬂg,U@):HA;xixj I IR SN At)

1 N—-—M+1-2k
cESN, £ j= ynar=t 2 v

— 12 —



b}

Figure 7. The 4d gluing of a symmetric and an asymmetric S-walls to give an asymmetric Identity-
wall.

ZmAn

Mz %z]\]

Figure 8. The FT[U(N)] theory. We specify the R-charge qr and the U(1),,, charge g4 of each
chiral field via a combination iqR% + gama of the squashing parameter Q = b+ b~! and of the axial

>

mass m4 on which the S partition function depends. Moreover, we write in green the FI parameters
on each gauge node.

3d case. In 3d we start by considering the FT[U(N)] theory, which is the T[U(N)] the-
ory? [42] modified by adding a set of singlet chiral fields in the adjoint representation of the
manifest U(NN)x flavor symmetry. This can also be obtained as the dimensional reduction of
the 4d FE[USp(2N)] theory [62]. The FT[U(N)] theory is shown in figure 8.

Its partition function is

—

ZrTiuN )](X'»Y, my) =

N
27’F’LYN Xa H
b=

a,

15 <z—2mA:|:(X Xb)>

. . N-1 (N-1) V=1 N
/ dZy Y AN, (Z) e 40 T T s (ma+ (2" - X))
j=1 a=1
X ZFT[U( 1)] (Z(N 1) Z(N b, Yla' o 7YN—1;mA) . (213>
The 3d S-wall is then defined as
ZM(XVima) = Zproy (X —Ysma) = Zpruay (—X; Yima). (2.14)

Since in 3d the S-duality group is SL(2,Z), the generators S and S~! are distinct and
related as follows:

—

ZM(X;Vima) = 280X —Vima) = Z80(- X Vima). (2.15)

3The T[U(N)] theory is the product of the T[SU(N)] theory and the T[U(1)] theory, where the latter is just
a U(1) x U(1) mixed background CS theory. Its contribution to the T[U(N)] partition function is given by the
exponential prefactor in (2.13). The T[U(N)] theory then has a U(N)x X U(N)y X U(1)m, global symmetry.

,13,
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Figure 9. The 3d symmetric S*!-walls on the left and their asymmetric versions on the right. Close
to each node we specify the label for the mass parameters of the corresponding symmetry on which
the S} partition function depends.

We will represent compactly the S-wall displaying both of its U(NV) global symmetries as on the
left of figure 9, where we distinguish between S and S~! by a (+) and (—) label respectively.
Similarly to 4d, we can obtain an asymmetric S-wall by turning on a deformation that
breaks one of the U(N) symmetries down to U(M) x U(1) with M < N and we represent it
compactly as on the right of figure 9. At the level of the Sl‘? partition function, this deformation
forces the following specialization of the real mass parameters for the broken symmetry:

N-M+1-2§
2
Also in 3d holds the property that if we glue two symmetric S-walls, these annihilate

Y = (iQ—2ma)+V, j=1,--- , N-M. (2.16)

each other giving an Identity-wall [39] (see figure 10). Again by “glue” we mean that we
gauge a diagonal combination of the U(N) symmetries and we add an adjoint chiral field ®
for this new gauge node that couples in the superpotential with the moment map operators
®r,/r of each glued block

nguing = (I)((I)L + (I)R) . (2.17)

At the level of the partition function, we have

/ AZy A¥(Zma) 2N (2 Xim) 22, —Vima) = 1%(ma) (2.18)
where we defined the partition function of the 3d Identity-wall as

Soesy 210 (X = Yor)
A?\?(X; ma)

¥ (ma) =

(2.19)
This is again an example of a 3d bad theory, as it can be understood if we consider gauging
the manifest U(V) flavor symmetry of each S-wall, since this would give a U(N) gauge node
with 2N — 2 flavors. In subsection 5.4 we will recover the result (2.18) from this perspective.
If we instead glue one symmetric and one asymmetric S-wall together we get what is
shown in figure 11, where we defined the 3d asymmetric Identity-wall as

N
N 1
sty ma) = g 3 T18(X-Yop) - @0
AN (X,mA) oceSy =1 YM+k:N7]\/[£L172k (iQ—2mA)+V
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Figure 10. The 3d gluing of an S and an S~!-walls to give an Identity-wall. The gluing consists of
gauging a diagonal combination of the U(N) symmetries of the two S-walls and adding an adjoint of
this U(N) symmetry that couples in the superpotential with the moment map operators of the two
glued blocks.

1|V
/7
/
/
iQ—2m, J/
- / - 73
NG . L llr = (13 (m,)
(=) (%) xTr.yima
Zz
Figure 11. The 3d asymmetric Identity-wall.
x 2N |22 om|y ul 2
Blo — twc \/Et; c ! BOI — (pqls) *
2 |u yl2m| 1;,(t)

Figure 12. The 4d B¢ block on the left and the Bgi-block on the right.

2.3 QFT blocks

We now recall the definitions of the QFT blocks first introduced in [40] (see [41] for
our conventions).

4d case. The 4d Big and Bgi-blocks are defined as the theories shown in figure 12. The
B1g block is a collection of chirals interacting with a cubic superpotential corresponding to
the product of the three edges of the triangle. The By is also a collection of chirals, but
notice that it is also multiplied by an Identity-wall.
At the level of the index we have
N

I((i\j(’);\/[) (Z; 75 u3t;¢) H H T, ( (pq/t) Q:Ej:y;t) H T, (théVH cxjiui>
1= 1] 1 i=1
x H Ie ((pa)st™ e lyfu) (2.21)
and y
2o @ gruss) = [T Te ((0a/s)™ 7 ot dlgu(), (2.22)

j=1
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Figure 13. The 3d Bjg-block on the left and the Byi-block on the right.

where s can be either t or pg/t. On the Lh.s. we do not list the argument ¢ of the 4d
Identity-wall, as throughout the paper it will always be t. Here we are assuming without loss
of generality that M < N, since the case M > N can be obtained just by a vertical reflection.

3d case. The 3d Big and Bpi-blocks are similarly defined as the theories shown in figure 13.
The Bjp-block is just a U(N) x U(M) bifundamental hyper with some background CS
coupling between these symmetries and a U(1) global symmetry that will play the role of
the topological symmetry when the non-abelian symmetries are gauged in a quiver, in which
case the parameter U is the corresponding FI parameter. The Byi-block is instead a single
U(N) fundamental hyper multiplied by an Identity-wall.

At the level of the partition function we have (again M < N)

(N, M) .5 omiU (30 Xa=Y ot V) T iQ
2oy (XY Usma)=e a=t e 2= TT [T s (Q—WAi(Xa—Yb)> (2.23)

a=1b=1
and
(VM) (3.7 . (1@ oy
Zion) (X;Y U h) = Hl st (2 —h(N =M +1) £ (Y, - U)) eI (ma),  (2.24)
a=
where h can be either m4 or § — my4. On the L.h.s. we do not list the argument m4 of the

3d Identity-wall, as throughout the paper it will always be my4.

2.4 Basic S-duality moves

Now we consider the S-dualization of the QFT blocks introduced in the previous subsection,
again following the conventions of [41]. As shown in [39], the 4d and 3d basic moves are IR
dualities which can be demonstrated by iterations of respectively Intriligator-Pouliot [47]
and Aharony [44] dualities.

4d case. The basic move dualizing the Bjg block into the Bgi-block is represented in
figure 14. Again all blocks are glued by gauging a diagonal combination of their USp(2V)
symmetries while adding an antisymmetric chiral that couples in the superpotential with
the antisymmetric operators of the two glued blocks.
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Figure 14. The By = SBy;S™! duality move. The gluing consists of gauging a diagonal combination
of the USp(2N) symmetries while adding an antisymmetric chiral that couples in the superpotential
with the antisymmetric operators of the two glued blocks.

Vpqlt —
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Figure 15. The Bg; = SB1S™! duality move. The gluing consists of gauging a diagonal combination
of the USp(2N) symmetries while adding a superpotential coupling the antisymmetric operators of
the two S-walls and the meson constructed from the bifundamental.

Its index expression is

T fuspasy () ()

xIéN) (m,z(l),t,c> Z((évl’])w) (5(1);2’(2);u;pq/t) IéM) (2(2);g;t; (pq/t)%cfl) . (2.25)

On the other hand, the basic move dualizing the Bgi-block into the By block is represented
in figure 15. In this case the gluing is again done by gauging a diagonal combination of the
USp(2N) symmetries of the glued blocks, but since we do not add any antisymmetric chiral
the superpotential consists of a coupling between the antisymmetric operators A g of the
two S-walls and the meson constructed from the bifundamental Q

nguing = Qz(AL + AR) . (226)
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Figure 16. The B_1y = SByS~! duality move, where B_1q is the same as By but with the opposite
sign of the FI parameters. The gluing consists of gauging a diagonal combination of the U(N)
symmetries and adding an adjoint of this U(N) symmetry that couples in the superpotential with the
moment map operators of the two glued blocks.

Its index expression is

TN

(071’) (T5 5 ust) =

]{ 45O 45 An(@ @) Ay (@)
x I (&0 ;s c_l)I((fVé?) (“7(0)%%5(1); u; pq/t; C) M@ W, gt 2. (2:27)
3d case. The basic move dualizing the Big-block into the Bpi-block is represented in figure 16.
As before, each pair of blocks is glued by gauging a diagonal combination of their U(N)
symmetries and adding an adjoint of this U(/N) symmetry that couples in the superpotential

with the moment map operators of the two glued blocks.
Its partition function expression is

N—-M Q 2 . .
II s z‘2—j(z‘Q—zmA)>/(Hdzg\yﬁg(z(iﬁ);m@)

j=1 k=1
fogN) ()?;Z(l);mA) Z(((J)\,fl,g\/[) (Z(l);Z(Q); U;ig—mA> ZéAfB(Z(Q);?;mA), (2.28)

where we used Z((ivi%)()?;?; U;my) = Z((féy)()_(’;?; —U;my).

On the other hand, the basic move dualizing the Byi-block into the B1¢-block is represented
in figure 17. In this case the gluing is again done by gauging a diagonal combination of
the U(N) symmetries of the glued blocks, but since we do not add any adjoint chiral the
superpotential consists of a coupling between the moment map operators g of the two

S-walls and the meson constructed from the bifundamentals @ and @

nguing = QC?((I)L + (I)R) . (229)

Its partition function expression is

B0 (X VsUima) = [AZ 42 AR (Z0)AH(ZD) 280 (%205

<2 (2052005 -ma ) 2020 Fima). (230
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Figure 17. The By = SB19S~ ! duality move. The gluing consists of gauging a diagonal combination
of the U(N) symmetries while adding a superpotential coupling the moment map operators of the two
S-walls and the meson constructed from the bifundamental.

Figure 18. The swap of a Big-block and a Bgy;-block with N > M > 0. On the r.h.s. the rank of the
second gauge node is M = N+ L — M + 1.

2.5 (1,0)-(0,1) blocks swap

In this section we present the duality move corresponding to the swap of a (1,0)-block and
a (0,1)-block introduced in [41]. The 3d version of this identity, as we will see in section 5,
is the QFT counterpart of the Hanany-Witten (HW) move [5].

4d case. Let us focus on the 4d theory given by a Byg USp(2N) x USp(2M) block glued
to a Big USp(2M) x USp(2L) block, with N > M > 0 where M = N + L — M + 1. As
shown in figure 18, we can swap the order of the two blocks with the effect of modifying
the rank of the intermediate nodes (plus some singlets).

The index identity associated to this swap is

N-—M

j{dZM A (DT (7 Zwpat selpat™) 2 ) Z04 (%7 vipa/t)

- (pqt-<N—fo+1>) r, ((pqﬁt—wc—luivi) A (#1) Az (7 pa/t) (2.31)

M-L

- o (N,M) [ = o ML) ( o - _ _
X j{dz]g Ay (AT (7 2 wpa/t) 70 (Z;y;u;pqt He(pgt™) ) :

3d case. Let us now focus on the 3d theory given by a Big U(N) x U(M) block glued to
a Bio U(M) x U(L) block, with N > M > 0 where M = N + L — M + 1. As shown in
figure 19, we can swap the order of the two blocks with the effect of modifying the rank of
the intermediate nodes (plus some singlets), analogously to what we did in 4d.

“The case M > N , that is L < M, can be obtained by just using the relation in figure 18 from right to left
after moving the singlets.
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Figure 19. The swap of a Byg-block and a Byi-block with N > M > 0. On the r.h.s. the rank of the
second gauge node is M = N+ L — M + 1.

Y1 Yo

Figure 20. Two 4d Bjg-blocks glued together. The superpotential consists of a coupling between the
USp(2B) antisymmetric and the mesons constructed from the left and right bifundamentals, as well
as cubic interactions for the two triangles. Notice also that we added for convenience some singlets
represented with an orange cross to the left Big-block, which flip the mesons constructed from the
corresponding chiral of the saw.

The partition function identity associated to this swap is

> > Q ML) (2o 00
/dZMA?A’g(Z) ((1 0 )(X Z.U: il —mA> z((o’l) ) <Z;Y;V;2—mA)

e—2i7rUVS 79 N*M sy A3d i) A3d .
b —i5 +( +1)(iQ—2m4) | AN (X;iQ—2m4 ) A7 (Y;2m»
3d( 7) (VM) Q @) (7.7, 9
/dZMA ( N (X ZV: >Z(10) (Z,Y,U,ZQ—mA) . (2.32)
2.6 (1,0)-(1,0) blocks swap

In this section we introduce a new move corresponding to the swap of two (1,0)-blocks.

4d case. Let us focus on the theory in figure 20, given by two Bjp-blocks, a USp(24) x
USp(2B) block and an USp(2B) x USp(2C) block, glued together.

The index of this theory, which we denote by I((l 0])3(10 3) is
AB,C) ((A). »
I((l 0)(1, ())) (Z @, 2(9); y17y2;t’c) = (2.33)
B
H (tB—A+1—jc—2>
%d*(B (2P5) 2D EW; 2Py ) I (F P 2Oyt \ e pg 7Y
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Figure 21. The 4d Big-blocks swap.

Using our result for the bad SQCD (B.9) we can prove (see appendix D) the non-trivial
relation represented in figure 21, which holds for A + C < 2B. We interpret this relation as
the fact that swapping two Bjg-blocks (notice the change of fugacities y; — wo and y2 — wy)
is a non-trivial move. With respect to the previous (1,0)-(0,1) blocks swap, we not only
modify the intermediate rank, but also have to consider the sum over multiple frames. Each
frame comes with a delta function setting a constraint on the y1, yo fugacities and there is an
extra frame with no delta and generic fugacities. At the level of the index we have

(A,B,C) ([ 5(A). =(C). . B
I(1,0)(1,0) (Z( )»Z( ),yl,y2,t,0) =
M+e

=33 > L (w7

n=0 a==£1 B=1 if n—e=0,
[S==%1 otherwise

— 21 —



-y, Y,~Y

Figure 22. Two 3d Bjg-blocks glued together. The superpotential consists of the standard one of 3d
N = 4 theories, which couples the U(B) adjoint chiral to the mesons constructed from the left and
right bifundamentals.

[T () Mz

[TJL6 " D (t9-2M-1)

T, ((pq)fltjfBJrCJchfQ)
§=0

X
A+C
5 Te—n

wy p=y1 ot TAMF1+e—n)

~ M—e+n+1
L G|

Jj=1

2M+1 )
+ T T ((pg) 1t -+C+2c72)
7=0

- 2M+2
AB,C) (=(A). » M—
X I((LO)(L())) (Z(A);z(c);yz,yut;C) IT T (t” M lylini):| : (2.34)
J=1 B=A+C-B
where we defined M = B — # — 1 and
0 if A+ C is even,
e = v (2.35)
—% if A+ C'is odd.

We also defined 6(x,y) as in (B.11).

3d case. Let’s now consder the 3d theory in figure 22, given by two Bjp-blocks, a U(A) x U(B)
block and an U(2B) x U(2C) block, glued together.

The partition function of this theory, which we denote by Z (4,5,0)

(1,0)(1.0)? is given by

(A,B,C)

Z(l,O)(l,O)

(Z(A);Z(C);H,Yz;mA) =
_ /dz<B> N (Z<B>;m,4) ZAB) (Z ), Z(B). _yy ) 2B (7B, 7O, vy m .

(1,0) (1,0)
(2.36)
If we take the 3d reduction of the identity (2.34) we get the identity, represented in
figure 23, which holds for A + C < 2B. Again, we interpret this relation as the fact that

swapping two Big-blocks is a non-trivial operation. We will provide a brane interpretation
of this move in section 5.
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Figure 23. The 3d Bjp-blocks swap.

At the level of the partition function we have

ZAEO) (202011, Yaim, ) =

(1,0)(1,0)
M+e
=Y X 5(Y1—(Y2—ﬁ(n—e>(iQ—2mA)))
n=0 pg=1 if n—e=0,

[B==%1 otherwise
Hj]\ffe_n sp (1% +7(iQ —2mA))
X
T s (1§ = (i —2M = 1)(iQ —2m.1) )

X

M—e+n+1
x[ 11 sb(ig—(j—M—l)(z’Q—2mA)j:(W1—W2))

J=1

B:A%C-‘re—n

x 2AB.0) (Z(A) VAR 1 W1;mA)]

W1,2=Y1,2:F%/B(M+l+e—n)(iQ—2mA)

2M+2

| I1 o0 (1% -G-M-1(Q-2ma) £(1i-¥a)
j=1
AB,C) (3 =
nglvo)u’g) (Z(A);Z(C);Yg,Yl;mA)] , (2.37)
B=A+C-B

where we defined M and e as before.

— 23 —



B-A (tl—jc—z) B-C (tl—jc—z)

r (tB—max(A,C)—jC—Z)

e

<1

BN BN
=1 Topgt™”) = T(pqt”) =

Figure 25. Two 4d Bg;-blocks glued together for B > A, B > C.

2.7 (0,1)-(0,1) blocks swap
Finally, we introduce the move implementing the swap of two (0, 1)-blocks.
4d case. We consider the theory obtained by gluing two asymmetric Bgi-blocks plus some

extra singlets. We have various possibities depending on the ordering of the ranks as shown
in figures 24 and 25.

The index of this theory, which we denote as I((64 ’1])3(’00 1)) for A+ C < 2B, is
AB,C) [=(A) -
I((0,1)(0,2) (Z<A)§Z(C);y1,y2;t;6) = (2.38)

:F(A,B,C;t;C)fdf(B) Ap (Z(B);t) TV (ED 250, p0/ G (2P 2 s pa 1),

where we collected inside F'(A, B, C;t; c) some singlets depending on the ranks A, B, C'

F(A,B,C;t;c) = (2.39)
_BTle(tt 2 —C Te((pg)~ 27 c2 - . .
HleB % Hlec ( Z;qe(pqt’j) ! Hf:l Te (tB e 2) ifAzB2C,

e % § % 2,1, (tB*maﬂA:C)*jc*?) if B>A,B>C.
By taking the S-dual of the (1,0)-(1, 0) move of the previous section (that is by S-dualizing

each (1,0) block frame by frame), multiplying each frame on the left and right hand side by

an S-wall and using that S? = 1 we can prove the non-trivial (0, 1)-(0, 1) swap represented

in figure 26.° We interpret this relation as the fact the swapping two Bgi-blocks (notice

5The situation where C' > B > A can be obtained from a vertical reflection of the one with A > B > C and
thus does not correspond to an independent case. A similar relation holds for B> A, B > C and A+ C < 2B.
However, this case is a bit more subtle since in the intermediate frames the orientation of the asymmetric
walls might change in a way that is similar to the difference between figure 24 and 25.

— 24 —



yi| 2 2 |y,
= ==
t t t
7Y 2A 2A v 2B 2B 2C |79 =
¢ ¢ (palt)"c (palt) e
A-B r tI*J -2 B-C r ¢ j 2 B
« e( j)x ((pQ) ,C ) Fe(tB A+l—j —2)
=1 T(pqt™) == Tpqt”) j=1
M+e M+e—n
H re([ j) M —e+n )
x [T T.((pq) "¢ e ?) x

Z Z Z S (i (yt 7)) x T
( . ) .
r, tj—ZM—l j=0

=1lif n—e=0

n=0 a==*1
/7’ +1 otherwise =0
o
w,| 2 T 2 |w,
e e
t t t
X |2%24A 2A v 2B B 2C |79
c ¢ (palt)" e (palt) e
E 1-j -2 B-C 1,2-j -2 B FLp(Metre—n)
H Lt e )X T, ((pq)'t c?) r (tE—A+1 ic2) W=V,
L - ol i 1 ¢ ~
=t T(pqt”’) j=r  T,pqt”’) j=1 B=ATC, ey
2M+1
+ H r —1 C B+2+]C—2)><
(M-
Y2l 2 = ame) 2 |y
ges e
t t t
X |ZY24 2A v 2B 2B 2C |79
¢ ¢ (pg/t)"c (pglt) e
A-B 1-j =2 E—C 1,2- B
Fe(t 'c ) ((pCI) ‘c ) B-A+l—j -2
X ) (pac)) x|]T,(t c?)
i=1 =1 j=1 ~
B i \Pq j I'.(pq j | B=a+c-B

Figure 26. The 4d Bg;-blocks swap for A > B> C and A+ C < 2B
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Figure 27. Two 3d By;-blocks glued together for A > B > C.

the change of fugacities y; — we and y2 — wj) is a non-trivial move. Also in this case
we have to consider the sum over multiple frames. Moreover, we produce a set of singlets
transforming under USp(2)y, X USP(2)w,-
At the level of the index we have for any A, B,C such that A+ C < 2B
(A’B’C) —’A.—’C. N —
I(O,l)(o,l) ( ( )’Z( )aylay2at7c) =

M+e

=23 > 5 (u1, (yzt’(”’e)ﬁ)a)

n=0 a==£1 B=1 if n—e=0,
[S==%1 otherwise

Hj:—ﬁl—e—n Fe (tfj) M—e+n

[Z6 " Te (772171

r, ((pq)—ltj—B—l-C—l-QC—Q)
j=0

~ M—e+n+1
x |TAB0) (Z(A)'Z(C)'wg wl't'c> H r (tij*lwlini>
) ) b Y e ~
(0,1)(0,1) e BoA+C_ .,
j= 2
w1’2:y1’2t$/3(M+1+e—n)
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+ T1 Te((pg) 477 7+0+2c72)
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~ 2M+2
A7B,C (A . P C . oo j— - + +
X I((O,l)(O,l)) (Z( )72( )ay2ay17t7c) H Te (t] M 1y1 Y )] N ) (240)
J=1 B=A+C-B

where we defined M and € as before.

3d case. Finally we consider the 3d counterpart of the above discussion. We introduce

the theory in figure 27 obtained by gluing two By;-blocks plus some extra singlets (for

A > B > (). The partition function of this theory, which we denote by Z((g‘ ’1])3(’51)), is given by

(A,B,C) (Z(A). 7(C). . _
2(071)(071) (Z( )7Z( ),YhYZ;mA> =
|A_B| Q ‘B_C| Q
_ (i2 Q- 2m,4)> 1T s (¢2 Q- 2mA)> (2.41)
j=1 j=1
> = AB) (3(4). 3 iQ)
X /dZ (B) A:]sgd (Z(B)§ mA) Z((o,1) : (Z (A)§ Z(B); Y1; 5 mA)
« 2BO) (F(B). 7).y, 1@ _
(0,1) ) y 12, 2 ma | .
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By dimensional reduction of the identity (2.40) we obtain the partition function identity
valid for any A, B,C such that A+ C < 2B,

(AB,C) (F7(A). 7(C). . _
200,1)(0.1) (Z( ), Z( )7Y17Y27mA) =
M€
-y ¥ 5(}/1—(Y2—ﬁ(n—e)(iQ—2mA))>
n=0 p=1 if n—e=0,

B==%1 otherwise

L s (19 4 56Q — 2ma))
1 s (z‘% —(j—2M —1)(iQ — 2mA))

M —e+n+1 Q
| IL s (1 - G- M- 16Q = 2 + (1 - W) )
j=1
(AB.O) (7(A). 7(C). .
X 2(0,1)(0.1) (Z ;2 W, WLmA)] FEVTI.
W1,2:Y1,2:F%,B(M—l—l-l—e—n)(iQ—QmA)
2M 42
+ | I s (i2 — (= M = 1)(iQ — 2ma) £ (Vi — Y2)>
j=1
A,E,C (A Z(C
x ZGie (ZW; 2, Yz,Yl;mA)] : (2.42)
B=A+C-B

where we defined M and e as before. We interpret this relation as the fact that swapping
two Bpi-blocks is a non-trivial operation as depicted for A > B > C in figure 28. A similar
relation holds for B > A, B > C.

3 The mirror and the electric dualization algorithms

3.1 The mirror dualization algorithm

In this section we review the mirror dualization algorithm introduced in [40, 41] for 3d and
4d good linear quiver theories and extend it to the case of 3d and 4d bad linear quivers.
The algorithm consists of the following steps:

1. We chop the quiver into (1,0) and (0, 1)-blocks by ungauging the gauge nodes.
2. We dualize each block using the basic duality moves.
3. We glue back the dualized blocks by restoring the original gauge symmetries.

4. We follow the RG flow triggered by VEVs that can be generated in the previous step.
This can be done systematically by iterating the (1,0)-(0,1) blocks swap (and also
(0,1)-(0,1) blocks swap for bad quivers).

We now focus more on the fourth step involving the study of the RG flows.

5Notice that the singlets in (2.39) do not contribute to the 3d partition function as they are charged under
U(1). for which we activate a real mass deformation.
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Figure 28. The 3d By;-blocks swap for A> B > C and A+ C < 2B.

For good quivers this can be implemented with various approaches as shown in [41]. A
very convenient approach consists in applying the (1,0)-(0,1) swap reviewed in section 2.
Indeed the presence of VEVs can be detected from the fact that after the third step some
asymmetric (0, 1)-blocks are left. The (1,0)-(0,1) swap has the effect of reducing the
asymmetry of the (0, 1)-blocks and thus can be iterated to implement the propagation of the
VEV. For good quiver theories it is always possible to perform enough (1,0)-(0, 1) swaps
to reach configurations involving only symmetric (0, 1)-blocks, meaning that they contain
only symmetric Identity-walls which can be trivially implemented by identifying some of the
gauge nodes and disappear leading to the final mirror dual quiver.

This procedure in 3d has a brane counterpart. Asymmetric (0, 1)-blocks correspond to
Db-branes with a non-zero net number of D3-branes. To read out the mirror quiver from
the brane set-up, we need to perform a series of Hanany-Witten (HW) moves, corresponding
to (1,0)-(0,1) swaps, to arrive at a configuration of D5-branes with zero net number of
D3-branes which correspond to having only symmetric (0, 1)-blocks. The important fact is
that for good theories, after the action of S-duality, an appropriate sequence of HW moves,
is sufficient to reach the final S-dual brane configuration from which we can read out the
mirror dual quiver theory.
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Figure 29. The 4d linear quiver corresponding to the E{[;Z»;y?,l] [USp(18)] theory. The red node is

bad. The SU(2),, x SU(2),, singlets and the flipping fields (the crosses) are introduced following the
EZ[USp(2N)] conventions explained in appendix C.

The situation for bad theories is more intricate. In particular, after the block dualization,
the simple iteration of the (1,0)-(0,1) moves is not enough to get rid of all the asymmetric
(0, 1)-blocks and extinguish all the VEVs. In [1] the effect of these VEVs in the bad SQCD
case has been carefully analyzed. Schematically the structure of the 4d index/3d partition
function of the bad SQCD is given by a sum of frames each involving a Dirac delta distribution,
enforcing a particular constraint on the parameters, which multiplies the index/partition
function of an interacting good theory and various singlets including a set of free fields. In
addition, there is an extra frame with no delta distribution. In the previous section we
introduced the new non-trivial (1,0)-(1,0) and (0, 1)-(0, 1) swap moves which, as discussed in
appendix D, can be derived from the SQCD result. These new moves basically encapsulate
the subtle analysis of the collision of singularities performed in [1] and, as we are going to
see, by means of these new moves we can implement all the VEVs in bad quiver theories. So
the upgraded version of the algorithm for bad theories includes the (0,1)-(0,1) moves in the
fourth step. In section 5 we will discuss the brane counterpart of this QFT analysis.

Let us give a simple example of application of the mirror dualization algorithm to a bad
linear quiver. The example we consider is the case with gauge ranks N, = (3,3) and flavor
ranks Ny = (1,4) corresponding to the partition o = [2,2,2,2,1] and sequence p = [2,4, 3].
We show the analysis in 4d, but the 3d steps are completely analogous. The 4d bad theory
is shown in figure 29.

Following the algorithm, we first chop the quiver into five QFT blocks by ungauging the
gauge nodes as depicted in figure 30. We then S-dualize each block using the basic moves
and glue them back. The resulting quiver is given in the first line of figure 31.

At this point we notice the presence of asymmetric Bgi-blocks. We then perform a
sequence of (1,0)-(0,1) swaps. For example we move the leftmost Bgi-block to the right
across three Big-blocks and move the rightmost Bgi-block to the left across one Byg-block, as
indicated by the orange arrows in the first line of figure 31. After these (1,0)-(0,1) moves,
the leftmost Bgi-block is now symmetric, but we still have one asymmetric Bgi-block left. We
stress that any other sequence of (1,0)-(0,1) swaps would leave some asymmetric By;-block
behind. This is due to the fact that our quiver is bad.

As we have seen in the previous section, in presence of asymmetric Bgi-blocks the new
(0,1)-(0,1) swap in (2.40) is non-trivial and we can apply it. In this case we obtain two
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Figure 30. The decomposition into QFT blocks of the theory in figure 29. We indicate the gaugings
that should be restored to obtain the original theory by indicating their effect on the index.

frames (A) and (B). The first frame has a delta §(y1,42) enforcing a condition on the y;
fugacities. Since in both (A) and (B) we still have asymmetric Bg;-blocks, we continue
implementing (1,0)-(0,1) and (0,1)-(0,1) swaps until we have only symmetric Bp;-blocks,
as shown in figures 32 and 33 for the intermediate theories (A) and (B) respectively. In the
end, as summarized in figure 34, we find that the mirror dual consists of two frames. Each
frame has an interacting part given by a good quiver theory of the form of EJ[USp(2N)]
families defined in appendix C and a free sector. In particular the quivers in the two frames
appearing in figure 34 correspond to the EES?Z 1 [USp(18)] and EBS;’]QH [USp(18)] theories
respectively. In section 5 we will discuss the 3d version of this mirror dualization together
with its brane interpretation.

We then propose that for generic 4d and 3d bad quivers the fourth step of the mirror
dualization algorithm can be implemented by a suitable of combination of (1,0)-(0,1) and
(0,1)-(0,1) moves which take us to a collection of frames where only symmetric (0, 1)-blocks
are present. Each frame has an interacting part given by a good Ef[USp(2N)] or T [SU(N)]
quiver theory and a free sector. Some of these frames come with a delta constraint on the
parameters, so the index/partition function of bad quivers is a distribution.

It is also interesting to present the result by replacing the good interacting quiver theory
in each frame with its own mirror dual by employing the well-known mirror symmetry
of good linear quivers. In our example, such theories obtained by taking another step

of mirror symmetry, which we call electric quivers, are given by E[E’g’g]’zl] [USp(18)] and

E[[g g %2 Al [USp(18)], respectively, labeled by swapped partitions. Hence, as shown in figure 35,

we can give an alternative electric dual description of our bad quiver as a sum of good electric
quivers.” The corresponding index identity is as follows:

IE[22221 [US (18)] (f;g;t;c):

[2,4,3]

< 1
8 (y1, (32)™) % 5=y xTe (wiwy ) %
=, Fon T (et
=, - 142 —2
XIE[[gggm[US( )($7{w2,w1793}7t,t20)]w - t%+re((pQ) t7c )
5 1,2=Y1,2
XHF6<j 1yity§:>xl" (tol y3>XI 222]2 1][ Sp(18)] (57{y27y37y1}7t7tc) (31)
j=1

TAs we shall see in section 7, in certain situations we should take the mirror dual of the free sector as well.
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3.2 The electric dualization algorithm

In this section we propose an electric dualization algorithm which generates the collection
of good frames in the electric dual of a bad quiver theory. The output of this algorithm
is equivalent to the result we can obtain by first running the mirror dualization algorithm
and then taking in each frame the mirror dual of the good quiver theory representing the
corresponding interacting part.

The electric algorithm consists of the following steps:

1. Given a bad theory, choose any ugly/bad node and carve it out from the rest of the
quiver, together with the attached matter and singlets, to isolate a bad SQCD (as
shown in the first step of figure 36).

2. Replace the carved out SQCD theory with the appropriate sum of good theories plus
free sectors (as shown in the second step of figure 36). This corresponds to using the
(1,0)-(1,0) swap as shown in figure 37.

3. Glue back the dualized parts (as shown in the third step of figure 36). We now have a
collection of quivers.

4. If some of the quivers generated at the previous step still contain ugly/bad nodes,
iterate the procedure until the all the generated frames contain only good gauge nodes.

The first step in figure 36 shows how to carve out a bad SQCD from a bad quiver.
Putting unnecessary singlets aside for the moment, the carved out SQCD essentially consists
of two joint (1,0)-blocks once we combine the flavour node in the middle with the right
node as shown in the first equality of figure 37. We can then use the (1,0)-(1,0) swap as
in the second equality of figure 37.

Once we glue black as shown in the third step of figure 36 we generate a collection of
frames where the rank of the node we focused on now varies in the range

N; = max(0, F, — Ny), ..., [Ffff/2J , (3.2)

where Ffﬂ is the effective number of flavors defined by Ffﬁ = F; 4+ N;—1 + Ni;+1. So we have
now tamed the badness of this node, but we need to check that there no other bad nodes
in the quiver, in particular notice we need to check whether new bad nodes have appeared
because of this replacement. If the theory contains more bad nodes, the procedure needs
to be repeated until we are left only with good nodes.

We are now going to implement the electric algorithm on the example we studied in the
[[227’1’;]’2’1] [USp(18)] theory. We begin by carving out a bad SQCD with
N, = 3 and Ny = 4 as shown in the first step of figure 38. As shown in the third line, we use the
(1,0)-(1,0) swap (2.34) and glue back to obtain the sum of the quiver theories in the last line.

previous section, the F

While the first quiver is good and it is exactly the first dual frame in figure 35, the second
theory has an ugly node and we need to iterate the procedure. As shown in figure 39 we thus
carve out the ugly SQCD with N, = 3 and Ny =5, apply the (1,0)-(1,0) swap and glue back.
The resulting quiver in the last line is exactly the second dual theory in figure 35.
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X singlets

X singlets

0 | Xsinglets

Figure 33. The following sequence of (1,0)-(0,1) and (0,1)-(0,1) swaps applied to the intermediate
theory (B) in figure 31.

Again, one can also manipulate the 3d N/ = 4 linear quivers in the same way using the
3d version of the (1,0)-(1,0) swap move or simply reduce the 4d result to 3d and do some
deformation to obtain the 3d dual. In section 5 we will discuss the 3d version of this mirror
dualization together with its brane interpretation.

One might be concerned that the output of the electric dualization algorithm might change
if we change the order in which we dualize the bad nodes. It turns out the result is the same
regardless of the order. In particular for the frames associated with delta distributions, we will
see in section 4.3 that each frame can be obtained as a result of a series of Higgsings triggered
by VEVs for certain dressed mesonic operators in 4d or monopoles in 3d of the original theory.
We will demonstrate the Higgs mechanism at the index level as a pinching of the contour that
occurs when limits on the fugacities corresponding to the delta constraints of a specific frame
are taken, and we will see that such Higgsing of the index does not depend on the order of
the limits; namely, it does not require a specific order of the RG flows or dualizations.
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S22 U1Usp(18)).

Figure 34. The comprehensive result of the mirror dual of the 4d bad linear quiver E[2 13]

The frame (A) gives the good quiver E[[
while the frame (B) gives the good quive

37’37’22]2’1] [USp(18)] plus a free sector and a delta constraint,

r E[[S’gi]gl] [USp(18)] plus a free sector.
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Figure 35. The comprehensive result of the electric dual of the 4d bad linear quiver
2,2,2,2,1
E[[M,g] l[Usp(18)].
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Figure 36. The three steps of the electric dualization algorithm. For simplicity we omit some of
the singlets.
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Figure 37. The SQCD electric dualization applied to a bad node of a quiver, which can be understood
as a (1,0)-(1,0) swap.
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Figure 38. The first iteration of the electric dualization of the E[[gj’g]’Q’l] [USp(18)] theory. In the

first line we carve out a bad SQCD. The flavor USp(2),) node is drew twice to indicate that the two
separated parts of the quiver both have one singlet attached to it. As in the rest of the paper, bad
nodes are colored in red, while ugly nodes are colored in orange.

Therefore, the electric dualization algorithm introduced in this subsection can be imple-
mented by just choosing a convenient bad node to start with and applying the (1,0)-(1,0)
swap. In this sense, the electric dualization algorithm is in practice simpler than the mirror
dualization algorithm of the previous section, which after the block dualization requires a
combination of (1,0)-(0,1) and (0,1)-(0,1) swaps although they give exactly the same result.

In addition, the electric dualization algorithm can be easily automatized into a computer
code. We have attached to the paper a Mathematica code which, for any 3d linear quiver,
generates the list of its electric dual frames, specifying their FI parameters, the associated
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(j=1.2)

Figure 39. The second iteration of the electric dualization of the E[[gjg]ﬂ,l] [USp(18)] theory.

delta constraints and the singlets.

Another important property of the electric dualization algorithm is that it does not
need to be restricted to linear quivers and can be applied to other types of quivers such as
star-shaped quivers which we plan to investigate in the future from this perspective.

4 An example in 4d with N, = (5,3) and N; = (3, 2)

In this section we will study the 4d theory with N, = (5,3) and Ny = (3,2), with additional

singlets shown in figure 40, corresponding to the E 12,2,1,1,1] [USp(14)] theory, whose first gauge

4
node is bad. In the first instance we will dualize [10t ﬂing the mirror dualization algorithm,
as explained in section 3.1. Then we will dualize it by means of the electric dualization
algorithm, as explained in section 3.2, and show how the results of the two algorithms agree.
Finally, we will present a third derivation from a Higgsing perspective, along the lines of

a similar analysis discussed in [1] for the bad SQCD.

4.1 The mirror dualization

Given the theory in figure 40, we can dualize it using the mirror dualization algorithm,
as explained in section 3.1. The result of the first three steps of the mirror algorithm,

-39 —



Figure 40. The 4d linear quiver with N, = (5,3) and Ny = (3,2) corresponding to the

E[[g,f:;]’l’l] [USp(14)] theory.

decomposition into (1,0) and (0,1) QFT blocks, dualization of each QFT block by the basic
duality moves and gluing back, is shown on top of figure 41. We then focus on the fourth step
of the algorithm, consisting in the study of the RG flow triggered by the VEVs. We choose
to first perform some (1,0)-(0,1) swaps (as shown by the orange arrows in the first quiver of
figure 41) and then we use the (0,1)-(0,1) swap (as shown by the blue arrows in the second
quiver of figure 41), which produces the three frames (A), (B) and (C) and depicted on the
bottom part of figure 41.% In each of these frames we still have asymmetric Bgj-blocks, so we
need continue implementing block swaps to follow the RG flow and reach the final dual fames.

(A) For the quiver (A) we apply the sequence of (1,0)-(0,1) swaps and two (0,1)-(0,1)
swaps summarized in figures 42 and 43, the final result being the single frame with one
delta shown on the bottom of figure 43.

(B) For the quiver (B) we apply the sequence of (1,0)-(0,1) swaps and one (0,1)-(0,1) swap
summarized in figures 44 and 45, the final result being the two frames on the bottom of
figure 45: the first has two deltas, while the second has just one.

(C) For the quiver (C) we apply the sequence of (1,0)-(0,1) swaps and one (0,1)-(0,1) swap
summarized in figures 46 and 47, the final result being the two frames on the bottom of
figure 47: the first has one delta, while the second has no delta and is a Wess-Zumino
theory.

Performing these manipulations at the level of the index allows us to also keep track of
all the singlets. The result, shown in figure 48, has the structure of a sum of five frames,
with interacting parts given by E£2[USp(14)] theories with o = [2,2,1,1, 1] and respectively
p=13,22],p=10322], p=1[3,3,1, p = [4,2,1] and p = [4,3].

8All the possible patterns of (1,0)-(0,1) and (0,1)-(0,1) blocks swap moves give the same result. Some
of them may lead to subtle situations, where one has to refine the fugacities in order to see all the poles
appearing in the index (see the discussion in [1]). The specific pattern chosen for this example, however, is
straightforward and does not involve any further subtlety.
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Figure 41. The first quiver is the result we get after applying the basic S-duality moves to the
original theory in figure 40. We apply the (0,1)-(0,1) swaps as indicated by the orange arrows and
we flow to the second quiver, where we did not explicitly write all the singlets to avoid clutter (and
we will keep doing this until the end of the calculation). In this second quiver we also added where
needed a symmetric Identity-wall in order to recognize the structure on which we apply the (0, 1)-(0,1)
swap. In the next iterations these Identity-wall insertions will be intended and not explicit. After
we apply the (0,1)-(0,1) swap on the quiver in the second line we get the three contributions here
labelled as (A), (B) and (C).

Notice that the first and second frames in figure 48 have the same interacting part but
differ for the collection of deltas and singlets. This phenomenon is not peculiar of this specific
example, but happens in many other cases. The first four frames contain one or two deltas,
while the last one has none and thus corresponds to generic non-trivial values of the fugacities.
In all the frames having at least one delta there are some redefinitions of the flavor Cartans
(the w; are the redefined y;). Indeed, as shown in details in [1], this redefinition is needed to
properly repackage all the fields into doublets of the SU(2) symmetries.
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Figure 42. On theory (A) of figure 41 we first apply one (1,0)-(0,1) swap, then a (0,1)-(0,1) swap
and then two (1,0)-(0,1) swaps again.
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Figure 43. After the duality moves implemented on (A) in figure 42, we perform one more (0, 1)-(0, 1)
swap followed by another (1,0)-(0,1) swap and we get the frame shown at the bottom.
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Figure 44. On theory (B) of figure 41 we first apply one (1,0)-(0,1) swap and then a (0,1)-(0,1)
swap. We get the two frames shown in the bottom part of this picture. Applying on them two
(1,0)-(0,1) swaps as suggested by the orange arrows, we flow to the theories in figure 45.
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X singlets

Figure 45. After performing the (1,0)-(0,1) swaps depicted in figure 44, we need one more (1,0)-(0, 1)
swap on both theories and we finally get the two frames shown at the bottom.
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Figure 46. On theory (C) of figure 41 we first apply one (1,0)-(0,1) swap and then a (0,1)-(0,1)
swap. We get the two frames shown in the bottom part of this picture. Applying on them one
(1,0)-(0,1) swap as suggested by the orange arrows, we flow to the theories in figure 47.
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Figure 47. After performing the (1,0)-(0, 1) swaps depicted in figure 46, we need two more (1, 0)-(0, 1)
swaps on both theories and we finally get the two frames shown at the bottom.
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Figure 48. The comprehensive result of the mirror dualization of the 4d bad linear quiver

Byt Usp4)).

— 48 —



4.2 The electric dualization

We now apply the electric dualization algorithm to the bad quiver E[[g i’é]’l Al [USp(14)] in

figure 40.

We first carve out the bad SQCD with N, = 5 and Ny = 6, use the (1,0)-(1,0) swap
in (2.34) and glue back to obtain the sum of frames (A), (B) and (C) in figure 49. Notice
that frame (C) has generic y; fugacities since it has no delta constraints.

Frame (A) contains an ugly node, so we carve out the N, = 3 and Ny =5 SQCD and
apply the (1,0)-(1,0) swap in (2.34). As shown in figure 50, the result still contains un ugly
node so we need one more iteration to arrive at the final good frame. Notice that these two
iterations, involving the dualization of an ugly node, do not introduce further delta functions.

Frame (B) contains a bad node, so we carve out the N, = 3 and Ny = 5 SQCD and
apply the (1,0)-(1,0) swap in figure (2.34) and we obtain the sum of the two good frames
shown in 51. Notice that in this process we generate one extra delta function so one of the
two final frames will have two delta functions.

Also frame (C) contains a bad node, so we carve out the N, = 3 and Ns = 3 SQCD
and apply the (1,0)-(1,0) swap in (2.34) and we obtain the sum of the two good frames
shown in 52. Notice that in this process we generate one delta function so one of the two
final frames will have one delta functions.

The final result is shown in figure 53 and its index is given by
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4.3 The Higgsing perspective

In this subsection we discuss how to recover the result for the index of a bad theory by
studying Higgsings triggered by VEVs for suitable operators. We will follow the same strategy
outlined in [1], where it was shown how the constraint imposed by the delta functions that
appear in the expression (B.9) for the index of the bad SQCD can be interpreted as encoding
a VEV for a dressed meson which Higgses the theory down to the corresponding good SQCD.
Here we will show how the same analysis can be applied to a bad quiver theory, by focusing
[[gi’;}’l’l] [USp(14)] theory. Although the analysis of [1] was carried
out both at the level of the index and of the classical equations of motion, here we will only

on the example of the

focus on the index perspective which is simpler especially for quiver theories.
We denote the various chiral fields of the theory as in figure 54. Explicitly, the full
index of the theory reads

Tppaniiyspay Ty, y2,u51t50) =

[0,4,3]
5 3 2
< [T (pat' " )H o ()22 cal*y5 ) T (o)t ealDFys ) T Te ()22 05
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! D) v = D@ V(2

(4.2)
where we are highlighting the contribution of each chiral field appearing in figure 54.
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Figure 49. The local dualization of the bad node of the original theory. The three theories we obtain
(labelled as (A), (B) and (C)) are not good yet, so we have to iterate this procedure. As in the rest of

the paper, bad nodes are colored in red and ugly nodes are colored in orange.
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Figure 50. Theory (A) needs two more local dualization of its ugly nodes to become good.
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Figure 51. Theory (B) needs just one more local dualization of its bad node to produce a sum of
two good frames.

— 53 —



o2

2 (j=1234)

Figure 52. Theory (C) needs just one more local dualization of its bad node to produce a sum of

two good frames.
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Figure 53. Summary of the result of the electric dualization of the 4d bad linear quiver
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Figure 54. The naming convention of the fields in the E[[gji:;]’l’ll quiver.

Frame I. We begin by showing how we can recover the theory (A) in figure 49 via Higgsing.
Theory (A) comes with a delta constraint on the index (4.2)"

y1=y2. (4.3)

When this constraint is implemented we can see that the following combination of

gamma, functions:
T, (c zfll)yl) T, (t zl(ll)flzél)) T, (t_lc_lzél)flyfl) (4.4)

(1) (1)

provide sets of poles that pinch the integration contour of the variables z;’, 25"’ at the points
zz(ll) =c Yyt zél) =t eyt (4.5)

Following [63], we then take the residue of the index at these poles.! This implements at the
level of the index the Higgsing USp(10) — USp(6) of the left gauge node implemented by the
VEV for the operator composed by the chirals whose index contribution is (4.4), which is a
component of the dressed meson (see [1, 64] for a more detailed analysis of similar VEVs)

(DW ALY MY £, (4.6)

After taking the residue and simplifying the contribution of massive fields (which cor-
responds to using the property I'c (z) ¢ (pg :c_l) = 1), we obtain exactly the index of the
theory (A) in figure 49 including the singlets, plus a divergent factor of I'. (1) which has
been argued in [1] to correspond to the delta function that we are evaluating at the origin
when we impose the constraint (4.3).

As discussed in the previous section, from this theory, one can then obtain the theory in
the first frame of figure 53 by dualizing twice the ugly nodes. Since these dualizations do not
introduce further delta functions, these flows are not associated to further Higgsings and we
do not need to discuss them again here. Indeed, as discussed in [1], the frame with generic
fugacities of the SQCD cannot be reached with a VEV since it is not associated to any delta.

9The case y; = Yo ! works similarly.

0T here are also other combinations of gamma functions that lead to similar poles but for a different
combination of gauge fugacities that corresponds to an action of the Weyl group of the USp(10) gauge
symmetry. Thus, the residues at these other poles give the same result, which compensates with the difference
of the dimensions of the Weyl group that appear in the integration measure before and after the Higgsing.
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Frames II and III. Let us now consider the delta constraint

Y1 = yot ", (4.7)

which is associated to the theory (B) in figure 49. In this case, the corresponding VEV is
2
(DM (AW) V) 20, (4.8)

which Higgses the left gauge node of the theory in figure 54 as USp(10) — USp(4). Indeed,
if we focus on the following combination of gamma functions:

r. (c Zél)@ﬂ) r. (t zél)_lz£1)> I (t zil)_lzél)) r. (t_lc_lzél)_lyl_l) (4.9)

we observe that their poles pinch the integration contour at the point
zél) =yt zé(ll) =t eyt zél) =t 2yt (4.10)

After taking the residue, we obtain exactly the index of the theory (B) in figure 49 including
the singlets and a T'c (1) corresponding to the delta function evaluated at the origin.

As shown in the previous section, at this point we need to dualize the bad node of the
theory (B). This process produces the second and the third frames in figure 53. The second
frame of figure 53 comes with an extra delta function imposing the further constraint

ys = yit "2 (4.11)
This corresponds to the VEV
(DAY £, (4.12)
as it can be understood by looking at the gamma functions of the theory (B) in figure 49
L. ((pq)%t%czg,m_lyfl) Le ((pQ)_%t_%C_lzg,Q)yl) : (4.13)
which provide two sets of poles that pinch the integration contour at the point
A7 = (p)tzeyr!. (4.14)

Taking the residue at this pole implements the Higgsing USp(6) — USp(4) of the right gauge
node and yields as a result the index of the theory in the second frame of figure 53, including
the singlets and a I, (1)2 corresponding to the two deltas evaluated at the origin.

We stress here that this second frame can be equivalently obtained by studying the
two VEVs (4.8) and (4.12) in the opposite order, or in other words the RG flows triggered
by them commute. This is because the Higgsing induced by the first VEV (4.8) does not
affect the chiral fields involved in the second VEV (4.12), as it can be understood from
the fact that the charges of the fields D) and V®) involved in the second VEV (4.12) are
identical in the original theory in figure 54 and in the theory (B) of figure 49 obtained
after studying the first VEV (4.8).

The third frame has no extra delta function and does not correspond to any further
VEV so we do need to discuss it here.
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Figure 55. The intermediate theory obtained after Higgsing the linear quiver with N. = (5,3), Ny =
(3,2) induced by a VEV for a long meson, where for simplicity we are omitting the gauge singlets. We
color in blue the fields that still have a VEV.

Frame IV (and V). We conclude by discussing the Higgsing that leads to the fourth
frame in figure 53. This case is special because it can be obtained by studying a VEV
for a new type of operator that is not present in the SQCD analyzed in [1] and is only
possible for quiver theories.

The delta constraint leading to frame four is

1
Y1 =Yt 2 (4.15)

and corresponds to a VEV for one compontent of a “long meson” constructed as a sequence
of chirals that runs from one end of the quiver to the other

(DWW AW QLAY @)y £ (4.16)
Accordingly, if we consider the combination of gamma functions
Ee el e (00 (o E0 2 ) (e b 0750 )
these provide sets of poles that pinch the integration contour at the point
AV =clyrt, AV =yt A = ()R Ry (4.18)

Taking the residue at these poles leads to a theory that does not take the conventional
form of an EY theory. Such a theory is summarized in figure 55, where for simplicity we are
omitting the gauge singlets. In this theory there are still some fields that are taking a VEV,
which we are denoting in blue in the picture. Indeed, their contribution to the index is given by

Te ((pg) 7t 22y ) Te (pa) "2t~ 247 71y ) (4.19)

and these gamma functions provide two sets of poles that pinch the integration contour
at the point

101 _
27 = (pg) 2t My (4.20)
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Figure 56. The theory resulting after the second Higgsing of the linear quiver with N. = (5,3), Ny =
(3,2), where for simplicity we are omitting the gauge singlets.

Taking the residue at this pole implements the Higgsing USp(4) — USp(2) of the right
gauge node.

The result of this Higgsing is now an EJ theory, which we depict in figure 56 omitting
again the gauge singlet fields for simplicity. However, this is still a bad theory, since the
left node is effectively an SQCD with N, = 3, Ny = 4. When we dualize the bad node we
produce two frames, one with an extra delta and one without the extra delta.

Let’s focus on the second one which reduces the rank of this node to N, = 1. Keeping
track of all the singlet fields, one recovers the theory in the fourth frame of figure 53 including
a I'¢ (1) corresponding to the delta function evaluated at the origin.

The other frame, with extra delta, would lead to an additional frame for the bad quiver
N. = (5,3), Ny = (3,2), which corresponds to a singularity of higher order since it would
carry two delta functions. However, we can argue that such frame does not correspond to
any extra singularity in the index of the bad quiver N. = (5,3), Ny = (3,2). One way to
see this is to apply the identity of the partition functions corresponding to such possible
additional frame to the theory in figure 56. If we do so, we notice that among the singlet
fields there is a contribution of the form I'c (pg) that cancels the divergence of the extra delta
function. Hence, there is no extra singularity when the constraint due to the second gamma
function is imposed. Equivalently, one could study the Higgsing of the theory in figure 56
after imposing the constraint of this second gamma function and notice that in the result one
only finds T, (1) rather than ', (1)? as expected for a frame with two delta functions. We
stress that for this to happen it is crucial that we introduce the redefined fugacities w; and
reconstruct the free fields in the bifundamental representation of pairs of the corresponding
SU(2),, symmetries, since one of these fields carries a I'c (1). In other words, such a divergent
contribution should be associated to one of the free fields and not to an extra delta singularity.

An alternative way to understand the absence of this additional extra frame is to study a
different RG flow to reach the theory in the fourth frame of figure 53, which follows more closely
the electric dualization we performed in the previous subsection. Indeed, in our previous
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derivation we reached this frame starting from theory (C) in figure 49, which is the generic
fugacity frame with no delta which does not correspond to any VEV. However, as we discussed
previously for the third frame, the RG flows that we are studying are expected to commute.

Hence, we can start from theory (C) in figure 49 and then impose the constraint (4.15).
This corresponds to turning on a VEV for a meson of the right node dressed once

(DR APV )Y £, (4.21)
Indeed, the corresponding combination of gamma functions after imposing the constraint
Pe ()it~ 2ea? g ) Te (7477 T (o) 237 2Py7) (4.22)

provides sets of poles that pinch the integration contour at the points

N|=
=

22 = (pg)7t ey, 22 = (pg)2tzcy . (4.23)

Taking the residue at such poles implements the Higgsing USp(6) — USp(2) of the right
gauge node triggered by the VEV for the dressed meson. The result is exactly the fourth
frame in 53, including the singlets and a I'. (1) corresponding to the delta function evaluated
at the origin, as expected. This alternative derivation makes it clear that the previously
mentioned possible extra frame is not actually present.

Finally, the fifth frame in figure 53 cannot be reached via Higgsing, since it is the
generic fugacity frame with no delta and does not correspond to any VEV so we do not
need to discuss it here.

5 The algorithms in 3d and branes

In this section we discuss how the 3d QFT blocks swap moves are realized in the brane
picture. Using these results, one can also find the brane interpretation of each step of the 3d
mirror and electric dualization algorithm. In particular we will consider a specific example
with N, = (3,3) and Ny = (1,4) and explain the brane configurations realizing the mirror
and electric dualization of this quiver theory.

5.1 The brane interpretation of the swaps of the QFT blocks

We begin this section by giving a brane interpretation of the dualities swapping pairs of 3d
QFT blocks discussed in section 2. The (1,0)-(0, 1) swap in 3d, as explained in [1], is nothing
but the Hanany-Witten brane transition effect [5], which generates or annihilates a D3-brane
in between when NS5 and D5-branes cross each other.

Let’s consider the (0,1)-(0,1) swap in (2.42), or equivalently in figure 28, which is one of
the main ingredients in the mirror dualization algorithm. From the Type IIB string theory
perspective, the 3d (0, 1)-block can be realized as a D5-brane sandwiched between two stacks
of D3-branes. Two consecutive (0, 1)-blocks appearing in a generic quiver correspond to the
brane configuration shown in the first line of figure 57. In this set-up, we can let the left and
the right D3s stretch infinitely with the effect of ungauging the left-most and the right-most
gauge nodes of the two (0, 1)-blocks in the field theory language. Then we can replace the
set of infinitely long D3’s by a set of D3s ending on the same number of NS5-branes as
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Figure 57. The brane setup corresponding to two consecutive 3d (0, 1)-blocks and their decoupling
from a quiver by ungauging. The letters A and C over the vertical lines denote the number of
NS5-branes while the letter placed abobe the horizontal lines denote the number of D3’s. The zoomed
sector on the right displays how the D3’s are attached to the stack of NS5H’s.

shown in the second line of figure 57, which is the brane set-up corresponding to the left
hand side of the (0,1)-(0,1) swap in figure 28.

As we argued from the field theory perspective in section 2.7, this is nothing but the
brane configuration realizing the mirror of an SQCD. In particular, if B — C > A — B, the
corresponding SQCD is a bad/ugly theory, which has multiple mirror duals depending on
the FI parameter as we have studied in Part I [1]. In Part I, we have learned that each dual
frame can be determined at the brane level by the number of decoupled D3’s escaping to
infinity along the parallel direction of two D5-branes. The same idea applies here, and one
can find the brane picture of the 3d (0,1)-(0,1) swap.

First let us consider the brane configurations in figure 58, where we allow generic vertical
positions of two D5-branes, denoted by Y7 and Ys, which are real masses for the flavors
associated with the D5’s in the field theory description. The difference between the two real
masses, Y1 — Ya, corresponds to the FI parameter in the original SQCD.

(i) Let’s consider first the B — C > A — B > 0 case (the U(B) node is bad/ugly since
2B > A+ C). To read the gauge theory describing the low energy dynamics, we should
move D5’s in such a way that the number of D3’s ending on each side of them is the
same; namely, each D5 should have vanishing net D3 number. For this purpose, out
of the A NS5-branes on the left, we first move A — B of them to the right of the two
D5’s and we bring 2B — A — C of them in between the two D5’s, obtaining the second
configuration in figure 58. Now one can see that once we swap the two D5’s, passing
through the set of NS5’s in between, the D3-branes suspended between the D5’s and the
NS5’s in the middle are completely annihilated, and we obtain the third configuration,
where every Db5-branes has the same number of D3’s on both sides. Indeed, such
configuration is unique if Y7 — Y5 # 0 and leads to a quiver gauge description that is
the mirror dual of the U(A + C' — B) SQCD with A 4+ C flavors.

Moreover, once we move the NS5-branes back to the original location, we obtain the
fourth configuration, from which the last term on the right hand side of figure 28 can be
read. Note that this configuration can be directly obtained from the first configuration
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(i) Case B-C>A-B>0

2B-A-C 2B-A-C B-C B-A

N
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Figure 58. The brane interpretation of the swapping of two 3d (0,1)-blocks when Y; — Y5 # 0.
The orange arrows indicate the rearrangement of NS5-branes, performed via (1,0)-(0,1) swaps that
correspond to HW moves. The light blue arrows indicate the swap of two D5-branes. The labels under
dashed ellipses denote the number of D3-branes.

by swapping the two D5-branes without a collision because they are separated along
the vertical direction.

(ii) Similarly, when A > B—C >0 > A — B (where again the U(B) node is bad/ugly since
2B > A+ C) we can move B — C NS5’s from the left and B — A from the right to the
interval in between the two D5’s and swap the two D5-branes to obtain a configuration
with a vanishing net D3 numbers for the two D5-branes. Once we move the NS5-branes
back to the original location, we obtain the fourth configuration, which can also be
obtained from the first configuration simply by swapping the two D5-branes.

The case 0 > B — C > A — B is equivalent to the first case once A and C are exchanged.
The last configuration compatible with the bad node condition 2B > A+ Cis B—C > A,
which however requires Y7 — Yo = 0 that we are about to discuss.

If Y17 — Yo = 0, the configurations with vanishing net D3 numbers for D5-branes are not
unique, which is why there are multiple dual frames when the FI parameter of the original
SQCD vanishes.'' In this case, we can’t naively swap the D5-branes due to their collision.
Instead, now D3-branes can be suspended between the two D5-branes since the D5’s are
placed at the same vertical location. Then some of these D3-branes can move along the D5’s
and escape to infinity, allowing multiple possibilities for brane configurations with vanishing
net D3 numbers for D5-branes. Such escaping D3’s correspond to decoupled (twisted) hypers
in the field theory description, and the remaining brane configuration provides the interacting
fixed point in the IR.

"1n order to compare with the brane set-up, one should actually look at the deformation parameters of the
vortex partition function on R x S* rather than the S§ partition function that we used so far. The former
can be obtained from factorization of the latter [65, 66], where the omega deformation parameter b is related
to the squashing parameter Q = b+ b1, The delta constraint appearing in the vortex partition function when
the deformation parameters are turned off b = ma = 0 reads Y1 — Y2 = 0, which is what we consider in the
brane set-up.
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(iii) Case B—C> A—B>0

Figure 59. The brane interpretation of the swapping of two 3d (0,1)-blocks when Y; — Y5 = 0.
The orange arrows indicate the rearrangement of NS5-branes, performed via (1,0)-(0,1) swaps that
correspond to HW moves. The red crosses represent the splitting of a D3-brane into two segments,
while the green circles represent the combination of two D3 segments. The pink arrows indicate the
operation of sending a stack of D3-branes to infinity. The labels under dashed ellipses indicate the
number of D3-branes there contained.

Let us look at the brane picture in figure 59, where we place the two D5-branes at
the same vertical location.

(iii) Consider first the B —C > A — B > 0 case. Among the A NS5-branes on the left, we
move A — B + r of them to the right of the two D5’s and 2B — A — C' — 2r in between
the two D5’s, obtaining the second configuration in figure 59. Since a D3-brane crossing
over a D5 can be split into two pieces terminating on each side of the D5, the second
configuration is equivalent to the third configuration, where 2B — A — C' — r D3-branes
suspended between the two D5’s can be moved infinitely far away along the D5’s.
Eventually, every D5-brane in the remaining configuration has the same number of D3’s
on each side as desired and provides a quiver gauge theory describing the low energy
physics, which is the mirror dual of the U(A+ C' — B 4+ r) SQCD with A 4+ C flavors.
One can easily read off the maximum value of r by requiring the number of D3-branes

2B-—A-C
2

suspended between the two D5-branes to be non-negative; thus, r < L , 1.e.,

A+C—-B+r< VH'TCJ . Finally, once we move the NS5-branes back to the original
location, we obtain the fourth configuration, exactly providing the terms on the right

2B—A-C
2

hand side of figure 28 accompanied by the delta constraints for r = 1,.. ., { J . In

fact, one can also consider the configurations corresponding to r = —(A+C — B),...,0
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regarding negative r as moving the branes in the other direction. However, these
configurations do not need to be counted separately because they are obtained as limits
of the configuration with Y7 — Y5 #£ 0 that we have already considered.

Interestingly, before the decoupling of D3’s, the left D5-brane is originally connected to
NS5-branes on the right by D3-branes while the right D5-brane is connected to NS5-
branes on the left (see the second configuration in figure 59). On the other hand, after
the decoupling of D3’s, the left D5-brane is now connected to NS5-branes on the left
while the right D5-brane is connected to NS5-branes on the right. In this way, although
there is no real swap of the D5’s, the roles of the two D5-branes are interchanged after
the decoupling of D3’s. This is similar to the case with Y; — Y3 # 0, where the two
D5’s are actually swapped. Indeed, if we take » = 0 in the fourth configuration, it looks
exactly the same as the Y7 — Y5 # 0 configuration with swapped D5’s, apart from the
fact that they now have the same vertical position. This is consistent with what we
observe on the field theory side, where the fugacities of two (0, 1)-blocks are exchanged
after the dualization, which is why we call this duality move the (0,1)-(0, 1) swap.

(iv-v) The discussion for the other two cases, A> B—-C >0> A— B and B—C > A (which
now is allowed because the D5-branes are at the same height) is similar.

The brane interpretation of the (1,0)-(1,0) swap can be obtained as shown in figure 60
via the S-dualization of the brane configuration for the (0,1)-(0,1) swap discussed above.
If the FI parameter is nonzero, we can simply swap the NS5-branes, leading to the two
consecutive (1,0)-blocks with the middle gauge node of rank A + C' — B. If the FI parameter
is zero, some of the D3’s can escape to infinity, and the remaining configuration corresponds
to the U(A+C — B+1) SQCD with A+ C flavors, which is equivalent to the two consecutive
(1,0)-blocks with the middle gauge node of rank A+ C — B + r.

5.2 The 3d mirror algorithm and the (0,1)-(0,1) swap

In this subsection, we discuss the mirror dualization of the 3d N = 4 quiver example with
N. = (3,3) and Ny = (1,4) and the corresponding brane interpretation, especially using the
result for the (0,1)-(0,1) swap obtained in the previous subsection.

The initial brane set-up for the example is shown in the first line of figure 61. One can
decompose the given quiver into the basic QFT blocks (see the second line), S-dualize each
of them and recombine them (see the third line). The corresponding brane configuration
is also given below the recombined quvier. As usual, one has to move D5-branes in such
a way that the net number of D3’s attached to each D5 vanishes. For this purpose, first
we need to carry out a series of (1,0)-(0,1) swaps as shown in the figure. In good theories,
the (1,0)-(0,1) swaps are enough to reach the frame where each D5 has zero net number
of D3-branes, from which we can easily read out the corresponding quiver gauge theory.
However, for bad theories, the (1,0)-(0,1) swaps alone are not able to take us to such (good)
frames regardless of which sequence of the (1,0)-(0,1) swaps we perform. Indeed, the last
quiver in figure 61 still has an asymmetric S-wall associated to a D5-brane with non-zero
net number of D3-branes. Hence, we need the (0,1)-(0,1) swap as well.

As we argued in the previous subsection, the (0,1)-(0,1) swap is realized in the brane
set-up in two different ways, (A) and (B), depending on the relative real mass, i.e. the
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Figure 60. The brane interpretation of the swapping of two 3d (1,0)-blocks.
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vertical distance between the two D5-branes associated with the (0, 1)-blocks (see the last
brane configurations in figure 61).

In the case (A) with two D5’s having the same vertical location, i.e. Y7 — Y2 = 0, the
(0,1)-(0,1) swap corresponds to splitting a D3-brane passing through a D5 into two pieces:
one suspended between the two D5’s and the other suspended between the D5 and the
NS5. Subsequently, the D3 segment suspended between the two D5’s escapes to infinity and
contributes a decoupled singlet to the field theory. This mechanism is illustrated in figure 62,
where the decoupled D3 is colored in pink. We can proceed by performing a couple more
(1,0)-(0,1) swaps as shown in the figure and obtain the final dual quiver in the last line.
Remember that this brane manipulation is available because Y; — Y5 = 0, which is consistent
with the field theory result that the corresponding dual frame is accompanied by the same
delta constraint Y7 — Yo = 0 on the FI parameters. The manipulations that we have just
described are the counterparts at the level of the branes of the field theory flow (A) in figure 32.

In the case (B), where the two D5’s are separated along the vertical direction, i.e. ¥ —
Yy # 0, the corresponding (0,1)-(0,1) swap is indeed realized by swapping the two D5’s
avoiding any collisions (see figure 63). Then we can further perform the extra steps of the
(1,0)-(0,1) swap and the (0,1)-(0,1) swap displayed in the figure to obtain the final quiver
in the last line. The manipulations that we have just described are the counterparts at the
level of the branes of the field theory flow (B) in figure 33.

In summary, the complete result is given in figure 64, which corresponds to the following
identity between S; partition functions:

3d va . _
ZT[2,2,2,2,1 X; {Y17 Yo, Yé} 7mA) =
[2,4,3]

lIsu9)] (
= [5 (Y1 —Ys) x 5 (3222 + 2mA) X 8p (Zg += (W - W2)> X

3d
XZT[Q’Q’Q’Q"”
3,3,3]

SU)] (X; {Wo, W1, Y3} mA)]

W1,2=Y1,2:F%(iQ—2mA)

2
+ I s <z§ —(j—1)(Q — 2ma) £ (Y1 — Y3)) X

j=1
1
X 8p (Zé2 — i(ZQ —2my) £ (Y7 — Y2)) X
X ZT[[Z?,Q,?J] [SU(Q)} (Xa {YQa }/3) Yl}a mA) . (51)

4,3,2]

5.3 The 3d electric algorithm and the (1,0)-(1,0) swap

Now we explain the 3d electric dualization algorithm using the (1,0)-(1,0) swap and the
corresponding brane picture. As we have seen in the 4d case, the (electric) dual frames
can be easily obtained by applying the bad SQCD result in [1], which is equivalent to the
(1,0)-(1,0) swap, on each bad node in a given quiver. In section 5.1 we have observed that
the (1,0)-(1,0) swap is realized in two different ways in the brane picture depending on
the FI parameter of the bad node.

— 66 —



‘pejeIsny[l oxe syo0[q-(1 Q) oY) Surddems a10joq sdels juenbesqns oY) pue UORIMSYUOD
ouwelq Tenul o, ‘(1) = /N pue (g'¢) = °N M L1097y a8neS Ieamb oY) jo uoIjeZI[END IOLITW A1) Jo uorjejardiojur auelq o], ‘19 2InSrq

va \El

(




Figure 62. The brane interpretation of the mirror dualization of the quiver gauge theory with
N. = (3,3) and Ny = (1,4). The brane configurations after swapping the (0, 1)-blocks with ¥; —Y5, =0
are illustrated.

As an example, we consider again the case with V. = (3,3) and Ny = (1,4), which is
illustrated in figure 65. Let us first consider the case Y7 — Yo = 0, which is displayed in the
left column of the figure. In this case, analogously to the (0,1)-(0,1) swap, the (1,0)-(1,0)
swap corresponds to splitting a D3 passing through an NS5 into two pieces: one suspended
between the two NS5’s and the other suspended between the NS5 and the D5. Subsequently,
one of the D3 segments suspended between the two NS5’s escapes to infinity, resulting in
the first electric dual frame associated with the delta constraint Y7 — Y5 = 0.

On the other hand, if Y7 — Y5 # 0, the corresponding (1,0)-(1,0) swap amounts to
swapping the two NS5’s avoiding any collisions, as shown in the right column of figure 65. At
this stage, we still have a bad node and can swap the second (originally the first) NS5 and
the third, resulting in the second electric dual frame with no delta constraint.

The two dual frames obtained via electric dualization using the (1,0)-(1,0) swap exactly
coincide with the frames obtained by S-dualizing each mirror frame in the previous subsection.
Furthermore, as already mentioned in section 3.2, the electric dualization does not need
to be restricted to linear quivers and can be applied to other types of quivers such as a
star-shaped, which we relegate to a future work.

5.4 Application: S-walls fusion to the Identity-wall

In this section we are going to consider the linear quiver theory 7 without flavors.
The central node is bad and by running the electric dualization algorithm, using the
mathematica code, we obtain two frames each with two Dirac-deltas and various chirals. By
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Figure 63. The brane interpretation of the mirror dualization of the quiver gauge theory with
N. = (3,3) and Ny = (1,4). The brane configurations after swapping the (0, 1)-blocks with Y7 —Y5 # 0
are illustrated.

using the delta constraints and simplifying the massive chirals we are left with the following
result for the partition function:

Z3 = [5(Y1 —Y3) 6 (Ya—Ya) + 6 (Ya— Y3) 6 (Y1 — Ya)}

X Sp (2622 + (Y1 — Y2)> Sp (—zg + 2m)2 Sp (—2(022 +2m =+ (Y1 — Yg)) (5.2)

This quiver theory T actually coincides with the quiver obtained by gluing two S-walls for
N = 2 as explained in section 2.2, via gauging of their manifest flavor symmetries. Indeed
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Figure 64. The comprehensive result of the mirror/electric dualization of the 3d bad linear quiver
having N, = (3,3) and Ny = (1,4). On the right we did not include the gauge singlets and the
BF couplings.
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W,—W, W,—Y, Y-, Yi-Y,
X 1singlet 1 X 2singlets

Y,-Y, Y,-Y,

X 2singlets
X 1singlet

Figure 65. The brane interpretation of the electric dualization of the quiver gauge theory with
N.=(3,3) and Ny = (1,4).

Figure 66. The theory without flavors 7. Notice this corresponds to gluing two S-walls for N = 2.
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by renaming the mass parameters as

Y1—>)/1, Y2—>YQ, Y3—>X2, 1/4—>X1, m%i%—mA (53)
we find that
— — 2 - - 2 — — A
Z3d _ /d22 N3 Zyma) 2§12 Xyma) 2§ (25— ima) = (13 (ma) (5.4)

with the 3d Identity-wall'?
Soes, 13216 (X — Yory)
A3(X;ma)

in accordance with the result presented in section 2.2.

¥ (ma) =

Similarly, for generic N, we can obtain the fusion to Identity of two S-walls using the
electric dualization algorithm. The fusion to Identity was demonstrated in [39] by applying
iteratively the Intriligator-Pouliot duality [47]. So this offers another interesting consistency
check of the dualization algorithm.

6 Expected frames and partitions

The goal of this section is to identify the interacting sector of the various dual frames of
a bad linear quiver as T (SU(IV)) theories and to provide a rule to identify the maximal
and minimal frames, which we will define in the following.

As we mentioned at beginning of section 2.1, the notation Ty (SU(IV)) is usually referred
to good theories, for which p and o are ordered partitions of IV, with all the elements of the
partition being positive integers. For a bad theory however, the p we get by applying (2.1)
is in general merely a sequence of integers whose sum is V. They are not ordered and are
not all positive. By abuse of notation, we will still refer to such p as a partition in this
section. Our goal is to extract from this sequence of integers the actual ordered partitions
describing the various dual frames of the theory.

6.1 Higgs branch flows and the o partition

As explained in section 2.1, given a generic T}y (SU(N)) quiver, with associated brane set up
depicted in figure 2, it can be useful to move all the D5-branes to the left of the quiver. In
the process of moving the D5-branes we change the number of D3’s in between consecutive
NS5-branes, which becomes

Nj=N;+)Y (j—i)F;. (6.1)

J>t

As we explained this set-up contains multiple D3-branes terminating on the same D5. We
can then introduce extra D5-branes and let each D3 end on a different D5 on the left. This
removes any constraints from the s-rule and produces the auxiliary quiver in figure 67.

12Tn this section the focus is on showing that the partition function of the theory 7, computed using the
dualization algorithm, is equivalent to the Identity-wall, in agreement with the results of [39]. Our result
can however also be interpreted as the statement that in each dual frame the interacting part is trivial and
therefore the effective dual theory is a collection of free hypermultiplets, whose number is equal to the rank of
the gauge group of the theory, namely four in the case of the theory 7. We will discuss more in detail this
point in section 6.3.
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Figure 67. A new quiver obtained after moving D5-branes to the left in the brane system of figure 2
with the help of Hanany-Witten moves and introducing extra D5-branes.

This auxiliary quiver is again a T [SU(N)] theory where N and p are as above while
o has been replaced by the maximal partition o = [1N ]. The quiver in figure 67 can be
Higgsed down to the original quiver, by turning on a nilpotent expectation value for the
meson in the adjoint of the SU(N)y global symmetry rotating the flavors on the left.!3 In
conclusion, the effect of the Higgsing we have just described is to change the partition o
while leaving all other data unchanged.

So far we have parametrized our quivers with the integers { N;, F;}, but we can equivalently
use the excess numbers e; instead of the ranks N;. These are defined as

e; = Ni—1 + Nip1 + I — 2N;

and are positive if and only if the i-th gauge node is good. Notice that the data {e;, F;}
uniquely specify the quiver since

—Cl]N] :ei—Fi

where Cij denotes the Cartan matrix of the quiver (in our case Aj_1) which is invertible.
Crucially for our purposes, we can observe that the excess numbers as defined above are not
changed by Hanany-Witten moves and consequently they are also invariant under the Higgsing
we have just described. Notice that one can easily prove that the original and the auxiliary
quivers have the same excess numbers by using (6.1). At this stage we can further observe
that the number of dual frames for a bad node depends only on the value of its (negative)
excess number, modulo a subtlety we will discuss momentarily. Actually we have the stronger
result that, upon performing a local dualization, the change in rank of the gauge group of a
bad node also depends only on its excess number. More specifically, the local dualization
replaces the negative excess number of a bad node by a non-negative value as follows:

0>e — &>0, (6.2)

ei+1  — €1+ (6.3)

"®In section 2.1 we explained that the 77 [SU(N)] theory can be obtained from the T[SU(N)| theory by
turning on nilpotent VEVs for the SU(N)x and SU(N)y global symmetries labelled by o and p, respectively.

Such an RG flow can be split into one from T[SU(N)] to T,EIN] [SU(N)] triggered only by the nilpotent VEV

for SU(N)y labelled by p and the RG flow we are considering here from T,LlN] [SU(N)] to T [SU(N)] triggered
by the nilpotent VEV for SU(N)x labelled by o.
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where

m<é<M, (6.4)

m=e¢e; mod 2, M = min(—e;, FFT)

with the effective flavor number Ffﬁ =Ni1+Nij1 + F. If —e; < Fieﬁ, the range of the dual
excess numbers is completely determined by the original excess number without referring to
F;, or equivalently o; therefore, the local dualization and Higgsing commute. If —e; > Ffﬂ,
on the other hand, the upper bound of the dual excess number depends on F;. Nevertheless,
we can pretend the upper bound is always given by —e;, regardless of whether it is larger

than Fieff or not, and throw away the illegal dual frames violating
& < Ff (6.6)

at the end. In principle, this condition must be checked at every gauge node after each
dualization step, but as we will explain shortly, once this condition is satisfied for the final
dual quiver, we are guaranteed that all the intermediate dual quivers satisfy it as well. Thus,
it is enough to check this condition for the final quiver. The condition to be checked is
nothing but the positivity of the rank given in (2.2), which, as we have seen before, must
be satisfied by every T¢[SU(N)] theory.

Putting the above observations together we conclude that the operations of performing
a local dualization and Higgsing commute, as long as the condition (6.6) is met: the final
quiver does not depend on the order in which we perform them. We can therefore simplify
the analysis by restricting to the case ¢ = [1V], in which the quiver just has N flavors
on the left charged under the first gauge group. The complete set of dual frames of the
quiver we are interested in is obtained by determining the dual frames of the auxiliary quiver
with o = [1VV] first and then performing the Higgsing on each dualization frame. It might
be the case that some of the dual frames of the auxiliary theory with o = [1V] we have
introduced before correspond to p partitions which do not satisfy (2.2) for the o partition
we are actually interested in. In this case we should simply drop these dual frames and
restrict to those which do satisfy the constraint. The others are possible dual frames of the
auxiliary theory but do not actually arise in the Higgsed theory. In summary, one should
always enforce (2.2) when working with the auxiliary theory and this is the only way the
set of possible dual frames depends on o.

As we have mentioned earlier, a priori one should check after each local dualization
operation that (2.2) is satisfied, or equivalently that the rank of all the gauge nodes is above
the bound imposed by (2.2) (which is fixed once the partition o is known). However, since
upon dualizing a node its rank always decreases, it is not possible that a quiver which does
not satisfy the constraint (2.2) becomes compatible with it after a local dualization move. It
then follows that all final dual frames which satisfy (2.2) can only arise from a sequence of
local dualizations all compatible with (6.6). This guarantees, as desired, that we only need
to enforce (2.2) on the final set of dual frames of the auxiliary theory with o = [1V].

One advantage of working with o = [1"] is that (2.1) simplifies to

Ni=3 0 (6.7)

J>t
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and therefore the ranks of the various gauge groups now depend only on p. In short, this is
telling us that the information encoded in o is inessential for the problem at hand and the
full set of dual frames is obtained by specifying which p partition correspond to a duality
frame. As a result, we can immediately derive the following properties:

o The i-th gauge group in the quiver is not good (bad or ugly) if and only if p; < pit1,
meaning that the partition is not ordered.

o If all the elements of p are non negative, then N; > N; ;1 Vi and therefore the rank of
the gauge groups in the quiver form a decreasing sequence.

o There are bad nodes with Ny < N, for which there is no dual frame without delta,
only if some of the elements of the partition p are negative. Later on we will see that
also the converse is true: if an element of p is negative then, with a sequence of local
dualizations, we can get to a quiver having a node with Ny < V.

We will now describe the maximal and minimal p partitions we can get for a given
quiver of the same form as in figure 67.

6.2 Local dualizations and moves on the p partition

As we have seen, the quiver can be bad only if the initial partition p is not ordered. In this
situation we can identify the various dual frames by performing local dualizations at the
bad nodes in the quiver, those such that the total number of flavors Ny is less than twice
the rank of the gauge group N.. The maximal choice (largest rank for the dualized node)
corresponds to replacing N, with | N/2| while the minimal choice corresponds to replacing
N, with Ny — N, when Ny > N, and with 0 otherwise. We will now see that all possible local
dualization moves can be neatly described in terms of simple manipulations of the partition p.

As we have explained, the i-th gauge node is bad or ugly only if p; < p;11. We can
notice that switching the two elements p; and p;41 (i.e. reordering them) corresponds to the
minimal dualization choice N. — Ny — N, at the i-th node, without changing the rest of the
quiver. This just follows from (6.7). Similarly, the other dual frames can be obtained by
considering a generalized switching move in which we first reorder the two elements and then
we subtract a positive number a from p;4+1 and add it to p;, while preserving the inequality
pPit1 — a > p; + a. The maximum value we allow for a is therefore

Pit1 — Pz‘J
2 b)

Omax = L
and corresponds to the maximal dual frame N, — [Ny/2]. The value a = 0 corresponds
to the switching we have discussed before and all other values for a correspond to other
intermediate dual frames.

The rule described above needs to be used with care in presence of bad nodes with
Ny < N.. In this case the minimal frame does not involve replacing N. with Ny — N, which
is negative, but corresponds instead to setting to zero the rank of the gauge group. This
can be implemented with a generalized switching move with a > 0 and all we need to do is
determine the correct value of a. This can be done as follows. The situation we are interested
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Figure 68. On the left we have the linear quiver associated to the partition p = [1,—2,3,1,0,1] of 4.
On the right we have the corresponding diagram on the plane. The polygon is shaded in gray.

in arises when, after the switching, the new quiver includes a node of negative rank. This
happens at the i-th gauge node when p; is negative and

—pi > Z Pj - (6.8)
7>i+1
While in the initial quiver the rank of the i-th gauge group is N; = pit1 + 35,11 p;j and is
positive by assumption, after the switching the rank becomes negative if (6.8) holds. We
can easily check that this happens only if the number of flavors (equal to N;—1 + N;y1) is
smaller than N;. This immediately follows from (6.8)

Nii+Nigi=pi+pir1+2 > pj<piri+ Y, pj=DNi. (6.9)
Jj>it+l J>it+1

In this case the minimal dual frame is obtained by performing a generalized switching move
with a = —p; — 37,541 pj. We should therefore always check after any generalized switching
move that (6.8) is not satisfied. If it is, it means that the move we have just done is not
physically sensible and should therefore be discarded. Our claim is that local dualizations can
be entirely described in terms of manipulations of the corresponding p partition and that with
a sequence of generalized switching moves we can obtain all possible dual frames for our quiver.
We are now going to determine the maximal and minimal dual frames for a generic bad quiver.

6.3 The maximal frame

In this subsection we explain how to find the maximal dual frame for a given quiver. By
maximal we mean that for every ¢ the rank of the i-th gauge node has the largest possible
value. We can start by simply observing that, since all dual frames correspond to good
theories, their associated p partitions are ordered with non negative elements only. This
condition can be rephrased in a simple geometrical way as we will now explain.

Every quiver, good or bad, can be associated with a sequence of points on the plane

with coordinates (i, N;). The point associated to the N flavors on the left has coordinates
(0, N) and we also include the point (k + 1,0) if the quiver has length k. An example is
provided in figure 68.
For each such sequence of points we can consider the polygon shaded in gray in figure 68.
It is easy to see that the quiver is good if and only if the corresponding polygon is convex.
Given any initial quiver, not necessarily good, all its dual frames have an associated polygon
with the following properties:
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1. The polygon is convex and all its edges have integral slope because each dual frame
is good;

2. It contains the polygon associated with the initial quiver because the rank never
increases along a sequence of local dualizations.

In order to describe the maximal dual frame, it turns out we need to consider the minimal
polygon satisfying the two properties above. The p partition associated with the minimal
convex polygon, which we denote p, can be obtained as follows:

- . Nyiq1_;
Pk+1 = {Mlnlgjgkﬂ( k—;l j)J , (6.10)

and the other k£ elements of the sequence are defined recursively by

Ny — X A -
ﬁé = {Min1<j<g <£ J jZl>Z pl)J . (611)

It can be shown that the partition p as defined above is ordered since p; > p;11 V¢ and all
the elements p; are non-negative, therefore the corresponding polygon satisfies property 1
above. Besides being ordered, the partition p also satisfies the relation

D pi< D p Vi,

j>i j>i
where p denotes the partition associated with the initial quiver. It follows that the polygon
corresponding to p satisfies also property 2 and is therefore associated with a possible dual
frame. Moreover, due to minimality, every other convex polygon satisfying them contains
the polygon associated with p. The proof that the quiver associated with the partition p
defined by (6.10) and (6.11) satisfies the two properties above and the associated polygon
is minimal is presented in appendix E.

Before proceeding with the discussion, let us determine the partition p for the example

in figure 68 to illustrate how the procedure works. We have from (6.10) and (6.11):

o= [Min (1.3.2.5.2.8)] =0,
ps = |Min(1,3,3,3,8)] =0,
pr=|Min(%,5.3.9)| =1,
ps = |Min (271,352 450) | =1,
po = |Min (332,452)| =1,
pr=|Min (432) ] =1,

and therefore p = [1,1,1,1,0,0], corresponding to the quiver in figure 69. In other words,
the maximal frame in this example is the T[SU(4)] theory.

Our claim is that the maximal dual frame can be obtained by performing a sequence of
local dualizations in which we replace N, with [N;/2]| for every bad node and the resulting
polygon is the minimal one we have just described. We will now prove our claim using
minimality of the polygon associated with p (the proof of minimality is given in appendix E).
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Figure 69. The quiver corresponding to the partition p=[1,1,1,1,0,0].

Let us consider a bad node of the initial quiver, whose corresponding point in the plane
has coordinates (i, N;). After the dualization we replace N; with |(N;—1 + N;41)/2]. Since
both (i —1,N;—1) and (i + 1, N;;+1) are inside the minimal polygon, the whole segment
connecting them will be inside the polygon as well by convexity. In particular the point
(4, (Ni—1 + Niy1)/2) will be inside the polygon and since all its edges have integral slope we
conclude that the point (4, [ (V;—1 + N;+1)/2]) as well is inside the polygon. As a result, we
find that after a dualization move the polygon associated with the quiver is still inside the
minimal polygon and by iterating the argument, we conclude this remains true also after an
arbitrary sequence of dualizations. Since after finitely many dualizations the quiver becomes
good and therefore the corresponding polygon is convex, by minimality it will necessarily
coincide with the minimal polygon. We therefore conclude that the dual frame we get by
iterating the dualization move N. — |Ny/2| is described by the partition p and this will
be the maximal dual frame.

Now we are in the position to prove a result we will need later on, namely that for
every linear quiver without any flavors (or equivalently N = 0 in figure 67) the dual frames
obtained via a sequence of local dualizations are all trivial and correspond to a collection
of (twisted) hypermultiplets.!* This follows from the fact that the partition p as defined
in (6.10) and (6.11), which describes the maximal frame, coincides with the trivial partition
and consequently the gauge group has rank zero. Notice that this does not imply that the
partition function is simply a product of delta functions times the hypermultiplet contributions.
There might be several such contributions with a different number of deltas and we must
sum over them, resultinging in a far from trivial expression for the partition function. The
claim is that in each such term the interacting part is trivial.

6.4 The minimal frame

Let us now discuss the minimal dual frame. Since as we have seen the maximal dual frame
can be obtained by replacing at each dualization step N, with | N¢/2], which is the largest
possible rank for the dualized node, one may guess that the minimal dual frame is instead
obtained by replacing every time IN. with Ny — N, which is the smallest possible rank. This
is actually correct provided that the initial quiver is such that we never come across bad
nodes with Ny < NN, along the dualization sequence. Whenever such gauge nodes arise, we
cannot replace N, with Ny — N,, as we have already explained, and therefore the minimal

' This is consistent with our discussion in the previous section, where we considered the gluing of two S-wall
theories. In the deep IR, using the emergent symmetries, the result can be also expressed as a collection of
free hypers.
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dual frame cannot be obtained in this way. We would now like to understand for which
quivers this issue arises and how to find the minimal dual frame in general.

As we have discussed in section 6.1, we can have a bad node with Ny < N, in the initial
quiver only if the corresponding partition p contains negative elements. Let us now look at
this matter more in detail. Having a gauge node (say the i-th) with Ny < N, means that
N;—1 + N;+1 < N; and this in terms of the elements of p translates into the inequality

Soi+ Y pi< Y pi ot Y pi<0. (6.12)

j>i J>it2 j>it J>it2
If (6.12) is satisfied, we easily see that after switching p; and p; 41 the rank of the i-th node
becomes negative, which is precisely the expected issue. We therefore see that the initial
quiver will have a gauge node with Ny < N, only if (6.12) is satisfied for some i and is
therefore not enough that one of the elements of p is negative. On the other hand, if one
of the elements of p is negative, it is always possible with a sequence of dualizations to
get to a quiver such that the corresponding partition satisfies (6.12) and in this theory we
will have a gauge node with Ny < .. This can be easily seen as follows: take a negative
element p; and apply a sequence of switching moves on p, bringing the element p; towards
the end of the partition. This corresponds to dualizing the i-th node of the quiver first,
then the gauge node i + 1 and so on. After a finite number of steps we necessarily end up
with a p satisfying (6.12): this inequality is indeed obviously satisfied if we bring e.g. p;
to the second last position of the partition.

Once we get to a partition satisfying (6.12), we can dualize the node with Ny < N, by
setting its rank to zero. As a result of this operation the quiver will break into two decoupled
quivers, one of which has no flavors (here we are exploiting the fact that the quiver has the
form of figure 67) and therefore, thanks to the observation of the previous section that the
interacting part of all its dual frames is trivial, we can simply drop it since it affects the dual
frame just by adding a collection of free (twisted) hypermultiplets. The resulting quiver can
be described by a new partition in which we fuse p; and all subsequent elements into a single
element, without changing anything else. We call this operation on the partition collapse.

The above discussion suggests a method to identify the minimal dual frame. The rule
to find the corresponding partition works as follows:

1. We first pick the last negative element of p, such that all subsequent elements in the
partition are non negative. We focus on this subpartition and reorder it, putting the
smallest element as last. We can simply ignore all the vanishing elements at the end of
the resulting partition if any.

2. We then perform a sequence of local dualizations, bringing the last negative element
towards the end of the partition until we satisfy the inequality (6.12) and collapse the
partition. At this stage the negative element is gone.

3. We repeat the above steps until we get to a ordered partition with positive elements only.

Notice that if all elements of p are positive, then only the first step is nontrivial and is
equivalent to reordering the elements of the partition. This corresponds to a sequence of
duality moves N. — Ny — N,, in agreement with the expectation that we need to reduce
the rank of the gauge groups as much as possible at each step.
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Figure 70. The bad quiver corresponding to the partition p = [0, 3,1] on the left and the associated
good maximal frame with partition p = [2,1, 1] on the right.

Figure 71. The quiver corresponding to the partition p = [0, 1, 3].

Before discussing the proof that the above procedure does indeed provide the minimal
frame, let us discuss the example with p = [0, 3, 1] shown on the left of figure 70. In this case
the minimal dual frame according to the above rule is described by the partition p = [3, 1]
and therefore corresponds to a U(1) theory with 4 flavors. The maximal frame is instead
described by the partition p = [2,1, 1] and corresponds to the theory on the right of figure 70.
One can easily check that these are the only two possible dual frames.

We can now notice that the partition p = [2,2], despite being smaller than [3,1] and
bigger than [2, 1, 1], does not arise. We therefore find that, contrary to the case of the SQCD,
not all partitions between the maximal and minimal appear as actual dual frames because
we cannot reach them with a sequence of local dualizations. We would like to stress that this
fact depends on the ordering of the elements of the initial partition. Indeed, if we consider
instead from the theory in figure 71 which just involves inverting the last two elements of p
in figure 70, the maximal and minimal dual frames do not change but this time we do find a
dual frame associated with the partition [2,2]. The corresponding sequence of generalized
switching moves (or local dualizations) is

[0,1,3] — [0,2,2] — [2,0,2] — [2,2,0] = [2,2].

In conclusion, all possible dual frames are labelled by partitions in between those associated
with the minimal and maximal dual frames but not all such partitions actually correspond to
a physical frame appearing in the partition function of the bad theory.

Let us now come to the proof of minimality of the dual frame we have constructed above.
If we start from the quiver associated with the partition p and apply our rule, we obtain a
new ordered partition we denote Z(p). We want to prove that Z(p) is larger than (or equal
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to) the partition associated with any of the other dual frames. The derivation we provide is
based on two technical lemmas. We will first illustrate the argument assuming their validity
to explain the general idea and then give the proofs of the lemmas in appendix E. We start by
observing that the rule we have given to derive the minimal dual frame does not change good
quivers (since all steps are trivial). In particular, if we apply it to any of the dual frames of
our theory we simply recover the partition describing it. On the other hand, if we perform
a generalized switching move (local dualization) on the partition p obtaining p’ and apply
our rule to it, we find another partition Z(p’) which in general differs from Z(p). If we can
prove that Z(p) > Z(p') for every duality move we obtain the desired result, since every dual
frame arises as the outcome of a finite sequence of local dualizations and our rule, as we have
noticed above, does not affect the corresponding partitions since in every dual frame the
theory is good. Said differently, Z(p") = p’ if p’ is the partition associated with a dual frame.

We have reduced the problem to proving that Z(p) > Z(p'), with Z(p') the partition
obtained by applying the rule after a local dualization. This can be proven by induction on
the length of the quiver. We first prove this is true for quivers of length one (SQCD), or
equivalently partitions of length two, and then show that assuming the property holds for
partitions of length k£ — 1 implies it holds for partitions of length k.

For quivers of length one the associated partition is p = (Ny — N¢, N¢). If Ny — N. > N,
then the theory is good and we automatically have p = p' = Z(p) = Z(p'). If instead the
theory is bad and Ny — N, > 0 then by applying our rule we find Z(p) = (N, Ny — N),
whereas any local dualization will lead to p' = Z(p’) = (N. — a, Ny — N. + a) with a > 0
and we immediately conclude Z(p) > Z(p’). If instead Ny < N, by using our rule we simply
collapse the partition and get Z(p) = (Ny), which is larger than any other partition of Ny.
We therefore conclude that Z(p) > Z(p') in all cases.

Let us now come to the inductive step, which is the most intricate. By induction we know
that for every partition of length k — 1 we have Z(p) > Z(p’) and we want to show this implies
the same inequality for every partition of length k. Let us denote the initial partition as

p= (PlaP%-“aPk)- (613)

If we now perform a local dualization at a gauge node which is not the first, the element
p1 is not affected and the new partition is

pr=(p1, s PR)- (6.14)

As a preliminary step, let us apply our rule to the subpartitions of p and p’ obtained by
removing the first element p; and denote the resulting ordered partitions as Z(p) and Z(p')
respectively. By induction we know that Z(p) > Z(p'). The next step is to apply our rule to

p=(p1,Z(p))
obtaining a partition of length k& Z(p) and to
p = (p1,Z(p")),

obtaining another partition Z(p'). From the inequality Z(p) > Z(p') it is possible to show
that Z(p) > Z(p'). This will be proven in Lemma 1. We can then conclude by observing
that Z(p) = Z(p) and Z(p') = Z(p') due to the way our rule is defined.
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All is left to do is to analyze the case in which we dualize the first node of the quiver
(which is possible only if p; < p2). In this case the partition p’ is of the form

p,:(p2_a‘ap1+a‘ap3>"'7pk’)7

with a > 0. By applying our rule to p we get a partition which is larger than that we find by
applying it to p’. This is the content of Lemma 2 and can be proven directly without using the
inductive step. Assuming the validity of the two lemmas, we have showed that our rule does
provide the minimal dual frame. The proofs of the two lemmas are provided in appendix E.

7 From unitary to special unitary gauge nodes

In this section we explain how the knowledge of a 3d mirror pair between quivers with unitary
gauge groups and the associated mapping of the global symmetries that is provided by the
dualization algorithm allow us to automatically find the mirror of a theory where some of the
gauge nodes are replaced with special unitary groups (see also [58] for related discussions).
The same problem was addressed in [27] from the perspective of the brane webs.

The key idea is that we can turn a unitary gauge node into a special unitary one by
gauging its U(1) topological symmetry in an N = 4 preserving way.'®> By knowing how this
symmetry is mapped across the mirror duality we can then easily study this deformation in
the dual. The topological symmetry is typically mapped to a flavor symmetry, so that the
mirror dual that we get after the gauging is again Lagrangian and is obtained by suitably
introducing some U(1) gauge node. The precise mapping of which flavor symmetry the
topological symmetry that we want to gauge maps to can be easily understood from the
dualization algorithm perspective.

We will first explain this procedure for some good 3d N = 4 theories and then discuss
some examples of bad SQCD’s. As usual we will show this procedure at the level of the
Sg partition function.

7.1 Good SQCD

Let us start considering the case of the good unitary SQCD, that is the U(N,) gauge theory
with Ny > 2N, flavors. By gauging the only U(1) topological symmetry we get the SU(N,)
SQCD with Ny > 2N, flavors. Since we are gauging a topological symmetry, in order to do
that in an A/ = 4 preserving way we should introduce a twisted vector multiplet rather than
an ordinary vector multiplet. The difference between the two is that their representations
under the SU(2)y and the SU(2)¢ factors of the N' = 4 SO(4)r = SU(2)y x SU(2)¢ R-
symmetry are swapped. In terms of the NV = 2 subalgebra, this means that the NV = 2
adjoint chiral inside the twisted vector multiplet, which in our case is just a singlet since
we are gauging a U(1) symmetry, compared to an ordinary vector multiplet has the same
canonical R-charge of 1 but opposite axial charge.'® This in particular indicates that there is

5 Here we will be concerned with 3d N = 4 theories, but this applies also to less supersymmetric or
non-supersymmetric theories; e.g. 3d AN/ = 2 Seiberg-like dualities for a special unitary gauge group can be
obtained from the unitary one using this method [67].

'We remind that the canonical R-symmetry is defined as U(1)r = U(1)g + U(1)c, where U(1)y and
U(1)c are the Cartans of SU(2)y and SU(2)c¢ respectively. This is not the parametrization that we use in
our expressions for the S; partition function, where instead to recover the canonical R-symmetry we should

replace ma = i%.
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a new quadratic superpotential term between the added U(1) adjoint chiral and the trace
of the original U(N,) adjoint chiral

5W = (IDU(l) Tr CI)U(NC) . (71)

Integrating them out we are left with a traceless adjoint chiral, as expected since now the
gauge group is SU(NV.).

At the level of the Sb3 partition function, the contribution of the adjoint chiral for a
twisted vector is obtained from the one for an ordinary vector that we have encouneterd so

far by replacing my — z% —my. Hence, from the partition function of the U(N,) SQCD!”

A (Ya—Y) S X, 23d . _
T Tl Kozl vy (X,Yl—Y2>_

=N [ a7y, AR (Zma)e? 027 HHsb ( (2= X)-ma)

j=la=1
(7.2)

we can get that of the SU(N.) SQCD by integrating over Y5 — Y] and adding the singlet chiral

, omi(Ya—1) (2 07, Xat B S
Sb (ZQ - 2mA) /d(Yz ~Yie <2 2 )Zgg)CDU(Nc,Nf)(X;Yl —¥)=

2
= <z§2mA>/dZNEA3d(Z ma) ﬁcﬁSb <’LC§ (Z; — Xq) — mA>

2mi(Va—y) (2SN X.+B-3" . Z.
x/d(Yz—Yl)e i 1)(22“:1 R J)

_ (Z—2mA>/dZN5(ZZ B—ZX)A3dZmA)
xﬁﬁsb( (Z; — Xq) — mA)

j=la=1
N. Ny Q 1 N
— 7 N3d (7. ;
_/dZN86<;Zj>ANC(Z,mA)j1;[1(£[Isb iyt | Z - Xat Bty aZlX ma
= ZS%CDSU(NC,Nf)(X§ B), (7.3)

where in the last step we performed the change of variables Z; — Z; + B + % Zi\zl X, and
we defined the SU(N,) vector multiplet contribution

Sp (—z% + QmA) A Hj'v<l Sb (—ZQ +2ma £ (Z; — Zl))

A3dc(Z#;m):
e L (1§ + (2, - 7))

(7.4)

17Observe that we added the contact term e'™*2 %) Zi\’:fl Xe When considering the unitary theory, this
can always be trivialized by setting Zasz 1 Xa = 0 since the diagonal U(1) part of the flavor symmetry can be
re-absorbed with a gauge rotation, but it is instead crucial when gauging to go to the special unitary theory.
The specific contact term we added is the one that appears in the expression for the partition function of the
bad SQCD in (B.13).
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Figure 72. On top the mirror dual of the U(N,) SQCD with N; > 2N, flavors. On the bottom the
mirror dual of the SU(N,) SQCD with Ny > 2N, flavors obtained by gauging U(1)y,_y,. We wrote
the charges for one representative adjoint chiral and one bifundamental.

by first using the relation s; (z) sp (—z) = 1 to simplify the contribution of the massive fields.
Notice that when integrating over Y5 — Y7 we had the possibility to introduce the parameter
B which, together with the U(1) diagonal flavor symmetry parameter % Zivzfl X, appears as
the real mass for the U(1) baryonic symmetry in the final partition function of the SU(NV,)
SQCD. One can gauge this baryonic symmetry to go back to the U(N.) SQCD.

Let us see what is the effect of the gauging in the mirror dual, which is depicted on
the top of figure 72. The detailed mapping of the global symmetries has been worked out
in [41] and is reviewed in appendix B.2. The symmetry that we want to gauge corresponds
to the combination Ys — Y7, and the parameters Y1, Y5 only appear in the contribution
to the partition function of the two flavors attached respectively to the leftmost and the
rightmost U(NV.) gauge nodes, which is

Nc
[T (52 = Y1) +ma) s, (i(ZJ(Nf‘Nc) ~Ya) +ma) , (7.5)
j=1

)
left to the right of the quiver. It is useful to perform the redefinition

where the label £k = 1,---, Ny — 1 on the gauge parameters Z J(k increases going from the

Y, — Y Y + Y
2 1 Y, = 1+ X2 (7.6)

Vi=Ya-Y, o=V1+Yy, <<= Y= 5 5

so to get the contribution
N - - - -
< Y, - Y, — Y1+Y
s (i (Z](NC) _ 22 5 1> +m,4> s <i <Z§Nf Ne) _ 1; 2) +mA> . ()
=1

Notice that the parameter Y5 is redundant since it can be removed by performing an overall

change of variables Z J(.k) — Z](-k) + % The gauging that we performed in (7.3) consists then in

integrating over Y; with the phase e2™BY1 and the twisted vector multiplet, which results in
the quiver depicted on the bottom of figure 72. Notice that the parameter B associated with
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the baryonic symmetry in the SU(N,.) SQCD appears as the parameter for the topological
symmetry of the new U(1) gauge node, but shifted by some of the X, due to the contact terms
in (B.8) (we call the resulting parameter B in the figure). Moreover, adding a twisted vector
multiplet as opposed to an ordinary vector multiplet when gauging a flavor symmetry in the
mirror dual is the correct thing to do since we recall that under mirror symmetry the SU(2) g
and the SU(2)¢ factors in the N =4 SO(4)r = SU(2)y x SU(2)¢ R-symmetry are swapped.

7.2 A good linear quiver example

Let us consider now a more complicated example. We start from the mirror pair between
linear quiver theories with unitary gauge nodes only that are depicted in figure 73, where
we also specify the mapping between flavor masses and FI parameters that can be obtained
from the dualization algorithm. From this, we want to derive the mirror pair of figure 74
where on one side of the duality two U(2) and one U(5) gauge nodes have been replaced
by SU(2) and SU(5) respectively. We consider this mirror pair to compare with the same
example studied in [27] using the brane webs, see eqs. (4.19)-(4.23) there; here we rederive
it using the field theory technique we explained above for the SQCD.

We can obtain the quiver on the top of figure 74 from the one on the top of figure 73 by
gauging three U(1) symmetries that correspond to the following combinations of FI parameters:

Yo—Y;, Yr—Ys, Yiz—VYu, (7.8)
while leaving the others unchanged. This can be achieved by performing a redefinition of
all the FI parameters

Y, =U+V+W+Y;, i=1,2,

K:V+W+ﬁ7 7:235"'77’

Y, =W+Y;, i=8,---,13, (7.9)
where the Y; parameters are not all independent since we introduced the three extra parameters
U, V, W. The gauging we are interested in corresponds in the Sg’ partition function to

integrating over U, V; W since only the combination of FI’s in (7.8) depend on them, while

those of all the other gauge nodes do not. If we focus on the relevant part of the partition

function we have!®

3 - -
sb (Zg —om A) / AU AV dW e 27i(BiU+BsV+ BsW) 2mi(U+¥2—¥3) 3, 27

. iy (7) . 5 5 (13)
% e2m(v+y7—ys) Zj Z; e2m(W+Y13—Y14) Zj z;

3 P 2 o 7 e 5 13
— 5 ('lg) . 2mA> e?ﬂ'l(Yg—YQz,)Zj ZJ(_ )627rz(Y7—Y8)Zj Z;, )e27rz(Y13—Y14) Zj Z](' )

x </ dUeQMU(ZJ' Z]<.2>—B1)) (/ dVesz(Zj ZJ(-7>—BQ)>

7
iy, z¥-By) (3, z\" —By)

¥Here we ignore any contact term for simplicity. As we have seen in the SQCD case, these would just
have the effect of shifting the parameters B; for the baryonic symmetries, so that we have some redefined
parameters B;.

,85,



“Ay1renp s1y) 408 09 pesnes olom Jey) SeLIPWWAS (1)) oY) [9qe] Os[e am Ioamb wojjoq oy) uf “(sired ur s1odAY WLIOJ YOIYM) S[RIIYD SUIPUOdSeIIoD
9} JO SeTYIOIAI}NU 9} 9JOUSP SYHUI[ PAIO[OD 9] 0} SSO[D USIILIM SIDUINU Y], "SOPOU 9FNes A1ejrun [eroads 9j0udp SOOI d[qNOp dYJ, "¢/ I3y Jo duo
9} Ul SUISN'S ®IA PauIR}(O 9( URD JeY) Sepou Arejmun [emsds pur AIejrun [joq [im SOLI0aY} I0AMD Ieaul] usemisq AJ[enp IOLIW pg oy, *FL 9INSLg

“WIJLIOS[e UOlpezIfenp oY)
woqj paure)qo serjewwAs jo surddeur o) AJoads om aIoym ‘AJUO SOPOU AIR)IUn YIHM SOLIORY) ISAMD Iesul] weem)aq AJ[enp IOIIW pg Y gL 2InSrg

X —‘x X —°x XX x-"x xX—x 'X—-x
N \v) \N) \m) \wJ e
Q Q) Q O A Q
Vuz
-y
2 3 I I R 2 e 2 R
v _N um\w w\w i .c% ST 3% 81 3%
m,.

E>\L> dp_oig A:\ﬂ\:\H m,\w\zm vip_flg E\w\:\w ax g :>\E> Em\ﬁm m\w\x\w Br-tx >\A_> c\w\\w m\w\q\w XX EX-Tx A-'x
I \m/ \m) \v \m/ \w) \m) \mj \w/ \m) \NJ \NJ \m/ \v \m/ \NJ u I
Q 2O O N9 2O O NS O O =0 A% N¢) =D _ O =D =0 Q

Ywz-o1
H H i B
HN m,mx vvﬂ r,mﬁmvﬂ

— 86 —



x (/ aw W (X, Z§13>_Bg)>

(3, 2z —By)

2
x 8 (Z z? — Bl) 5 (Z 2z~ 32) 5 (Z Z Bg) . (7.10)
J J J

The three delta functions impose the conditions that turn the desired unitary nodes into

— s (iQ . 2mA> o2mi(Va—Y3) By (2mi(V7— V) B2 (2mi(Via—Y14) By

special unitary, with the parameters B; playing the role of the three new baryonic masses. The
three singlets correspond to the adjoint chirals inside the twisted vector multiplets associated
with the gauged U(1) topological symmetries and their role is again to give mass to the trace
parts of the adjoint chirals for the three unitary nodes that we turned into special unitary.

Let us study now the effect of the gauging in the mirror dual depicted on the bottom
of figure 73. From the redefinition (7.9) we can see for example that the U(1) symmetry
corresponding to the parameter U we want to gauge acts with charge 1 on two out of the
four flavors attached to the rightmost U(4) gauge node. The U(1) symmetry associated with
V instead acts on the other two flavors of the rightmost U(4) node, on both of the flavors
attached to the U(4) on its left and on the single flavor attached to the U(2) node. Finally,
the last U(1) symmetry we gauge, which is associated with the parameter W, acts on all
the four flavors attached to the U(5) node and two out of the four flavors attached to the
U(6) node. Again for each of these three gaugings we add a twisted vector multiplet, as
appropriate when gauging a flavor symmetry in the mirror dual. The result of the gauging
can then be summarized with the quiver on the bottom of figure 74. Again the parameters
B; for the baryonic symmetry are mapped in the mirror dual to the topological symmetries
of the new U(1) nodes, up to possible shifts by X, due to contact terms.

Any U(N) node of good linear quivers can be turned into an SU(NN) node in this way,
and the same gauging on the mirror dual side leads to the mirror dual of such SU(N) quiver.
In general, the freezing of the diagonal U(1) allows a new baryonic symmetry, which appears
as the topological symmetry of the new gauge node on the dual side. Furthermore, this
manipulation is also applicable to a bad theory. The only difference is that the bad theory
brings multiple mirror duals associated with some delta distributions of the FI parameters,
some of which will be gauged to construct the SU(N) nodes.

7.3 Bad SQCD examples

In this subsection we extend the procedure we just explained for gauging the topological
symmetry to the case of bad theories with unitary nodes to obtain bad theories with special
unitary nodes. We will focus on the bad SQCD, but the same analysis can be equally applied
to bad linear quiver theories. The main difference compared to the previous section is in
the effect of this gauging on the dual side.

As we have explained in this paper, for a bad theory we have both a mirror dual and an
electric dual. In particular, the electric dual was defined starting from the mirror dual and
taking the mirror dual of the interacting part of each frame given by a good theory. As we
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have anticipated in section 3, in certain situations it might be useful to dualize also the free
sector which is given by decoupled (twisted) hypers. We can do this by using the elementary
mirror duality relating the SQED with one hyper to a free twisted hyper. At the level of
partition function this corresponds to the following identity:

Sb <—Z§—|—2mA> /dZemeZ Sp (Zg—mA:tZ) =5 <Z§2—;(iQ—2mA):|:£> . (7.11)

The reason why this further dualization is important when studying special unitary
quivers is that the twisted hypers are charged under the topological symmetry which we
are gauging, so in principle they are no longer free. However, even though this further
dualization should be performed in each frame, this is actually trivial in the frames with a
delta function. Indeed the presence of such a delta indicates, as explained in this paper and
in [1], that some monopole operator is taking a VEV that causes a spontaneous breaking of
the topological symmetry. Hence, in these frames when we gauge the topological symmetry
this gets Higgsed due to the VEV and in the IR the twisted hypers charged under it become
free again. In conclusion, this extra dualization of the free sector is important only for the
case with no deltas and generic FI parameters.

Notice also that the effect of the gauging on the frames containing delta functions is just
to implement the constraint they set. The partition function of the special unitary SQCD
is then given by a sum of apparently good unitarity SQCDs with FI parameters tuned to
the specific values set by the delta constraint. In particular, contrary to the case of the bad
unitary SQCD, the partition function will not be a distribution. Nevertheless because of the
constraint on the FI parameters all the frames contributing to the partition function are still
bad, indeed they contain monopole operators below the unitarity bound.

We will now discuss explicitly two particular cases, the SU(N.) SQCD with N, = Ny =2
and N, = 6, Ny = 7.

7.31 N.= N;=2

Electric dual. We begin by recalling the result for the partition function of the electric dual
of the U(N,) SQCD with N. = Ny = 2 from [1] which we review in (B.13)!?

. , )
25400, (22) (X; Y1 — Yz) x e ™V1=Y2) 3y Xa _

B [‘5 (¥i — Ya) x eF0Q2ma) Tl X
ZQ ] 3d > .
X Sp 7 - ('LQ - 2mA) ZSQCDU(LQ) (X, Y2 — Yl — (ZQ — 2mA))

. 2 2 )

+ [e—ﬂZ(YQ—Yl)Za—l Xa o H Sp <z§2 — (7 —1)(1Q —2my) = (Y1 — Yg)) ] . (7.12)
j=1

Now we gauge the topological symmetry exactly in the same way as we did for the good

SQCD. On the Lh.s. the result is identical to the good case; we just get the SU(2) SQCD

9Compared to (B.13) we actually used the constraint imposed by the delta to simplify some of the
contributions, as explained in [1].
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with two flavor

. — . 2
Sb (Zg - 2mA) /d(Y2 -1) €2WZB(Y27YI)Z§’(%CDU(2,2) (X; Y — YQ) e mMY2) Y Xa

- géCDSU(z,z) (X’ B). (7.13)

On the other hand, integrating over Y3 — Y7 on the r.h.s. of (7.12) gives the following
contributions.

o Electric frame (A): the first frame in (7.12) has an interacting part given by an SQED
with two flavors and a delta function. The effect of the gauging is simply to implement
the constraint set by the delta function

[/d% —Yy) 2RBORY) o 5 () Yy)
o em(ZQ—QmA)Zazl Xa x ZgéCDU(LQ) (X; Yo—Y — (ZQ — 2mA)> ‘| —

. 2 S
_ em(zQ*QmA) Za:1 XaZg(%CDU(IQ) (X; —(ZQ _ QmA)) . (7.14)

The electric frame (A) is then an SQED with two flavors with FI parameter frozen to
the value —(iQ — 2my).

 Electric frame (B): the second frame of theory (7.12) has only a free sector consisting
of two twisted hypermultiplets. As we have explained, to obtain a correct electric
dual frame, we have to dualize each twisted hyper using (7.11) as follows since we will
gauge the topological symmetry that they are charged under, which will make them

interacting:
) 1 . 1.
Sp (;2 — 5(2@ —2my) £ (Yl -Y, + 5(1@ — 2mA)>>
iQ 2miZ(Yi—Ya+ 3 (iQ—2m ) iQ
=3 —?—i-ZmA dZ e 1=r27s A1) sp ?—mAiZ

« 5, <_Z§ n 2mA) /dW 2V (Yi=Y2-3(1Q-2m)) o, (lg — g+ W) (7.15)

where in the first line we have massaged the chirals in the second frame of (7.12) such
that they come in pairs correctly reconstructing the twisted hypermultiplets. Now we
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Figure 75. The electric and mirror dual frames of the SU(2) theory with two flavors (N, = Ny = 2).
The electric frames have frozen FI parameters, whereas the mirror frames have frozen flavor mass
parameters. Note that the baryonic mass parameter B only appears in frame (B).

proceed with gauging the topological symmetry with the usual prescription

5 (iQ _ 2mA> /d(Y2 _y) 2mBOEYL) o T2 -Y1) Y X,

2
Sp (_222 + 2mA) /dZ e2mZ(Yl*Y2+%(iQ*2mA)) Sp (Z? —ma =+ Z)
« 5 (_2;2 i 2mA> /dW 2mIW (V=2 - 5(iQ-2m)) o (Z;’Q —mat W) . (7.16)

Performing the Yo — Y7 integration explicitly, we get

Sp (—ZQ + ZmA) /dZeQm‘Z(iQ_%“) Sp @ —max|Zx lB — 1 iXa
2 2 2 4 =

(7.17)

where we have used that [d(Ys — Y;)e?™€(2=Y1) — §(¢) and shifted the integration
variable Z — Z + %B — % 2_| X,. Hence, the electric frame (B) is also given by the
N =4 SQED with two flavors, but compared to frame (A) it has different frozen FI
and mass parameters.

In both cases, we get an N’ = 4 SQED with two flavors, which is compatible with the
findings of [26, 27, 56, 68]. However, the mass parameter B for the baryonic symmetry of the
SU(2) SQCD only appears in frame (B). In particular, from the partition function expression
we see that the U(1) baryonic symmetry of the SU(2) SQCD is identified with the Cartan
of the SU(2) flavor symmetry of the SQED with two flavors of frame (B). This indicates
that this frame is capturing the baryonic branch of the SU(2) theory.

Mirror dual. If we start instead from the mirror dual of the U(2) SQCD in (7.12) and
perform the gauging, the situation is as follows.
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o Mirror frame (A): the first mirror frame is again an SQED theory with two hypers (the
mirror of the first frame in (7.12)) and comes with the same delta function. When we
gauge the topological symmetry, which is now a flavor symmetry, we simply implement
the delta constraint fixing the mass parameter. Both the electric frame (A) and the
mirror frame (A) are depicted in the first line of figure 75.

o Mirror frame (B): in this case we directly gauge the topological symmetry in the second
frame of (7.12) consisting of two twisted hypers (without dualizing them first). We
then obtain again an SQED theory with two hypers. Both the electric frame (B) and
the mirror frame (B) are depicted in the second line of figure 75. Notice that now the
barionic mass B appears as an FI parameter in the mirror dual. In particular, the U(1)
baryonic symmetry is mapped to the U(1) topological theory which is enhanced in the
IR to SU(2) in the SQED with two flavors.

As a nice consistency check we notice that the mirror frames on the right column of
figure 75, which we obtained by starting from the mirror dual of the U(2) SQCD in (7.12)
and then gauging, can also be obtained by mirror dualizing directly the frames on the left
column of figure 75.

73.2 N, =6, N; =7

Electric dual. We begin by recalling the result for the partition function of the electric
dual of the U(N.) SQCD with Ng = Ny = 7 from [1] which we review in (B.13)

Zg&mﬂ&n<fﬂﬁ—ié)xe’”W1Kﬂzalx —

>

B=+1

d (Yl - (Y2 - ﬁl(iQ - 2mA))) w e T2 Y1428(1Q-2mA)) Y7, Xa

X iQ
Sp ?—3ZQ—2mA Hsb :tsz_QmA)

X Z:S))(%CDU(?),?) (X; Yo — Y1 +28(iQ — 2mA)) 1

+ Z l ( <Y2 — B%(ZQ — 2mA))> % e_ﬂ'i(YQ—Yl'i'B(iQ_QmA)) 22:1 X
B==%1

X s (Zg _43iQ — QmA)) jli[lsb (Zg L0 — QmA)>

X ZgngDU(m) (X, Yo — Y1 + B(iQ — QmA)> ]

X Z360py (17 Q§3}5'_}3)1' (719
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Now we gauge the topological symmetry. Once again on the Lh.s. we get the partition
function of the special unitary SQCD

7

S <iQ - 2mA> /d(Y2 — Y1) TP L 6 (X; Vi - Yz) e Y X

2
Q — M ma : Splt— —m
—b< 2 A>/dZA ' (Z; )]1:[”1;[1 ( At (7 - Xl))
y / d(Yz - 1) 20 (5, 2B L, %)
1 7 6
/dZ6 (ZZ B_22Xa)A(3d( )HHsb<z—mA:|:(Z X))
j=la=1
$bopgpen (K. B). (7.19)

On the other hand, integrating over Y> — Y7 on the r.h.s. gives the following contributions.

o Electric frame (A): the first frame in (7.18) has an interacting part given by a U(3)
theory with 7 hypers, 2 free twisted hypers and a delta function. The effect of the
gauging is simply to implement the constraint set by the delta function

/ d(Yo—Y7) P05 (Yl— (Yz—ﬂ;(iQ—QmA))>

oY Yi428(Q-2ma)) T Xa

B==%1

X 8p (?—3(162—2771,4)) Sp (ig?—i—(iQ—QmA)) Sp (ifiQ(z’Q—%@A))
XZgéCDU(SJ) (X;Yz—Y1+2[3(iQ—2mA)> ] =

_ Z wzﬁ iQ—2my)B Xefgﬂi,ﬁ(iQf%nA)ZZ:l Xa
B==+1

X Hsb (?—(ZQ 2mA)iﬁ

7j=1

.5
(iQ—ZmA)> 230p,(37) (X;Qﬁ(iQ—2mA))} .

(7.20)

This result has the structure of an N' = 4 SQCD with U(3) gauge group and seven
hypers, again with frozen FI parameter, plus two twisted hypers.

o Electric frame (B): the second frame in (7.18) has an interacting part given by a U(2)
theory with 7 hypers, 2 free twisted hypers and a delta function. The effect of the
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gauging is simply to implement the constraint set by the delta function

/dYQ ;) e?miB(e— Yl)5<Y1 <Y2 52(1'@—2%1)))

w e~ Ti(Y2=Y1+5(iQ—2m 4)) 22:1 Xa

B=+1

X Sp (?—4(iQ—QMA)) Sp <Z2Q (1Q—2my ) H Sp ( +5(1Q— 2mA)>
XZS%CDU(QJ) (X;Y2*Y1+B(iQ—2mA)) ] —

_ Z STIBIQ—2ma)B o ,~3miB(iQ—2ma) Y] Xa
p=+1

stb( Q= 2ma) £ (VY=Y + 6~ 1)iQ—2m)

- 5
X Z540D, (2.7) (X ; 2/8(262277%)) (7.21)

This result has the structure of an N' = 4 SQCD with U(2) gauge group and seven
flavors, again with a frozen FI parameter, plus three twisted hypers.

o Electric frame (C): the third frame in (7.18) has an interacting part given by a U(1)
theory with 7 hypers, 5 free twisted hypers and no delta function. In this case, when
gauging the topological symmetry the hypers become interacting and so, to have the
correct electric dual, we should dualize each twisted hyper into an SQED using (7.11)
as follows:

Hsb (— (iQ — 2ma) + (V1 —Yg—(j—3)(7jQ—2mA))> (7.22)

—WLAZEW]'> .

iQ ol oW (Ya—Yi+(—3)(iQ—2m4)) .. [ 19
zsb<—2—|—2mA) H/dee gizm Ty A sb(2
j=1

Now we gauge the topological symmetry with the usual prescription and obtain

s (Zg . 2mA> /d(Yg _yy) €2RBRY)  milYas Y)Y X
X Sp (_2Q+2mA> H/dW 627TZI/V (Ya—=Y1+(5-3)(iQ— QmA)) (;2 —mA:tW>

v / 42 APD (Z:m) x 2F0NZ H 5 (Zg At (Z— Xa)> . (1.23)
a=1
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Then we perform the integration over Ys — Y7, getting §(B — % S Xat+Z+ Z?zl W;),
which becomes §(W5) with the following reparametrization:

Z = Z, (7.24)
Wi —= Wi -2, (7.25)
W'-)W'—Wj_l, 1=2,...,4, (7.26)
Ws — Ws —Wy— B+ = ZX (7.27)

a=1

Integrating over W5, we obtain the electric frame (C):

—47rz<B——Za lXa) 1Q—2m4y)
xsb( z+2mA>/dZ AmiZ(iQ—2ma) 5 Hsb (Q—mAi(Z X ))
2 2

xsb( 2Q+2mA>/dW e~ 2miW (1Q—2ma) b<Z2Q—mA:|:(W1—Z))

2
X8b< Z?—l—QmA) H/dW € —2miW;(iQ—2ma) b<Z§2—mA:|:(Wj—Wj_1)>

iQ 1<
X 8 (2—mAi<W4+B—2ZXa>> (7.28)

whose corresponding quiver is shown in figure 76. Notice that in this linear quiver
all the FI parameters are frozen but the baryonic symmetry acts non-trivially, so this
frame describes the baryonic branch of the theory.

Mirror dual. If we start instead from the mirror dual of the U(6) SQCD with seven hypers
in (7.18) and perform the gauging the situation is as follows.

o Mirror frame (A): the first frame in the mirror of (7.18) has an interacting part given
by the mirror of the U(3) theory with seven hypers, 2 free twisted hypers and a delta
function. The effect of the gauging is simply to implement the constraint set by the
delta function which just fixes the flavor mass parameter. Both the electric frame (A)
and the mirror frame (A) are depicted in the first line of figure 76.

o Mirror frame (B): the second frame in the mirror of (7.18) has an interacting part given
by the mirror of the U(2) theory with seven hypers, 3 free twisted hypers and a delta
function. The effect of the gauging is simply to implement the constraint set by the
delta function which just fixes the flavor mass parameter. Both the electric frame (B)
and the mirror frame (B) are depicted in the first line of figure 76.

o Mirror frame (C): the last frame in the mirror of (7.18) is the mirror of the U(1) theory
with seven hypers, which is a linear quiver with 6 U(1) nodes, and 7 hypers and 5 free
twisted hypers (which now we are not supposed to dualize). Gauging the topological
symmetry corresponds to gauging one the flavor nodes with the 5 hypers. We obtain
the last quiver in 76 where we see that the baryonic mass B is now the FI of the new
gauge node.
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Figure 76. The electric and mirror dual frames of the SU(6) theory with 7 hypers.

Again we notice that the mirror frames on the right column of figure 76, which we
obtained by starting from the mirror dual of the U(6) SQCD in (7.18) and then gauging, can
also be obtained by mirror dualizing directly the frames on the left column of figure 76.

Acknowledgments

We would like to thank Riccardo Comi for discussions. CH is supported by the National
Natural Science Foundation of China under Grant No. 12247103. FM is partially supported
by STFC under Grant No. ST/V507118 - Maths 2020 DTP. SP is partially supported
by the MUR-PRIN grant No. 2022NY2MXY. MS is partially supported by the ERC
Consolidator Grant #864828 “Algebraic Foundations of Supersymmetric Quantum Field
Theory (SCFTAlg)” and by the Simons Collaboration for the Nonperturbative Bootstrap
under grant #494786 from the Simons Foundation.

A Conventions for the 4d index and the 3d partition function

A.1 The 4d index

We will here list our conventions for the 4d N/ = 1 supersymmetric index [69-71].
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For a theory with gauge group G and chiral multiplets of R-charge r, in the representations
Rg and Rp of the gauge and flavor symmetry groups, the index is given by the following
integral:

II I vwe?z7%z77), (A1)
ogE€ERg or€ERp
where g are the roots of the gauge group G, 6 and & are the weights of the representations
R¢ and Rp, |We¢| is the dimension of the Weyl group of G, and Z and ¥ are the gauge and
flavor fugacities. It is convenient to define the integration measure for the USp(2N) group

Nodz;
> _ J A2
2w 2NN!.1:[2m‘zj’ (4.2)
7=1
and the combination
An(Zt) = An(D) AN (23 1), (A.3)

containing the contributions from the vector multiplet Ay (Z) and the antisymmetric chiral
multiplet An(Z;t)

L [(P3P) oo (@1 @)oc) ™ 2ty =T, (1) Ry
o0~ R Gy 0RO T ().

A.2 The 3d partition function

In this section we introduce the notation for the 3d N' = 2 S} partition function [72-74].
For a theory with gauge group G and chiral multiplets of R-charge r, in the representations
R¢ and Ry of the gauge and flavor symmetry groups, the S partition function is given
by the following integral:

G sceng Mapere s (‘21 —1) = Ga(Z) - Gp(X))
Z(Y, k, X) = dZ; Za(Y, k
’WG’ /H 1 ) HpeG sp ( iQ ﬁ(Z))

i

(A.5)

where p’ are the roots of G, 6¢ and G are the weights of the representations Rg and Rp,
|W¢| is the dimension of the Weyl group of the gauge group G, Z and X are parameters in
the Cartan of the gauge and flavor groups and Q = b+ b~! with b the squashing parameter
of S3. The classical term

rkG rkG
Za(Y k) = exp |2miY Y Z;+wik Y Z3 (A.6)
j=1 j=1

contains the contribution of the FI parameter Y and of the level k& Chern-Simons. It is
convenient to define the integration measure for the U(N) group

. 1 N
A2y = 1:[1dZa : (A.7)
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and the combination
A (Z:ma) = AXNZ)AX(Z:ma), (A.8)

containing the contributions from both the vector A?’\fl(z ) and the adjoint chiral multiplet
A:?\?(Z ;mA)

AN(Z) =

. AMZ ﬂ sb( z——i—2mA—|—(Z —Zb)) .
[ole s (1% + (Za— 2y)) wbe1
(A.9)

B The SQCD

B.1 The 4d good SQCD
The 4d USp(2N.) SQCD with Ny flavors, shown on top of figure 77, has the following index:

ISQCD(NC,Nf) (fv Y1, Y2; C) =
N, Ny

= fazn An 0 [T T (a3 3507

j=la=1

Ne¢ Ne
x [T e (e2fwif) TT e ( 7 Netl ‘lziygi)
j:l j=1
X HF (pq 3= T Tex y2) HI‘ (pqt1 Jem ) . (B.1)

If the SQCD is good (namely Ny > 2N,), its mirror dual is unique and its index is the following:

IS@(NC,N‘fZMVC) (.’IJ, Y1, Y23 t; C) -

Nj—N.—1
= I 020 () T (0 2 ()
k=N.+1
Ny—1
R A )
Ne—1 k k+1 N¢—Nc.—1 N, N,
< H H r, (% k+1)i) H H T, (t%z§k)izl(k+1)i)
k=1 j=11=1 k=N, j=1i=1

x Hr (taz(Nc)i i) r. (t 2N~ Ne)iy:t)

Nf N[‘ 1 ]\7C
CLTTT (e e 1s0%a8) T T (b e 150 %07)
k=1j=1 k=N.+1 j=1
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Nf—N. Ny—k

X H H I. (pq% 72Nccf1 ](k)i f)

Jj=

Ng—=Ne—1 N,

LTI (o= ) T T (o252, )
k=1j=1 k=Ne+1 j=1
Nj—1 —k

X H H T, ( % Nc72k72cz§k)ixf+1>

k=N;—N. j=1
X HF ( % %cx,fyl) H T, (pq thc Tf %xfy%)

x H T, (N Net2mic2) (B.2)
j=1

Therefore we have
TsQeD(Ne, Ny 22Ne) (T 91, Y2315 €) = Tmap i, v, man.) (Y1 9285 ) (B.3)
B.2 The 3d good SQCD

The 3d U(N.) SQCD with Ny flavors, shown on top of figure 78, has the following partition
function:

v = d) (7 ri(Yi—Ye) S 0e 7.
ZSSéCDU(NC,NfZQNC) (X;Y1 - YQ) = /dZNc Ag\?} ) (Z;mA) w 2m(1=Y2) 305 Z;

N. Ny

xHHsb<§2—mAj:(Z X)) (B.4)

j=la=1

If the SQCD is good (namely Ny > 2N,.), its mirror dual is unique and its partition function
is the following:

3d . - _ _ _
ZS@U(NC,Nfzch)(Yl’YQ’Xk“ Xp(k=1,..., Ny 1)> -
Np—Ne—1
= / H (dZ A(3d) ( 7). 2% —mA>) H (dZ“}ﬁj Ag\?;f) (Z(k);ig —mA>>
k=Net1
Nf*l f (k)
T (078 a80, (7942 )} T et S
k=N;—N, ” ” 2 k=1
N.—1 k k+1 (k) (k+1)
« T T IL s (ma + (209 = 28%7))
=1 j—1 i=1

Ng—Ne—1 N. Nc
x IT TIIIs (ma=+ (2" -2*Y))
k=N. j=1i=1
Nf—2 Np—k Np—k—1
0T s (£0-20)
k=Ny—N. j=1 =1
Ne
x [Lso (ma+ (2% =11)) sy (ma = (2,7 = 13)) (B.5)
7j=1
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where the rank of the U(Ng), k) gauge node is given by

k for k=1,..., N, — 1 (increasing ramp)
N =q N, for k = N.,..., Ny — N, (plateau) . (B.6)
Ny —k for k= Ny — N.+1,..., Ny — 1 (decreasing ramp)

Therefore we have
N
2miY- f X.\ 23d . _
<e ™ 22&11 )ZSQCDU(NC,NfZ2NC) (X7Y1—}/2) e

= (2T Xy v X ) g (V1Yo Xe1—Xp) . (B.D)
SQCDy (Ne,Ny>2Nc) » 42y Ak+1 k) .

which is the 3d reduction of (B.3). This identity is represented in figure 78.

Moreover, we find it convenient to shift all of the magnetic gauge variables by Y7, so that
also on this mirror side the integral depends on the combination Yo — Y;. We get

N
7i(Ya—Y; f X, d 3 _
(6 i(Ya=Y1) >0 )ngCDU( No,N;>2N,) (X,Yl—YQ) -

N —N, N
2mi(Vo- ) (L0 ™ Xamd 0L X ) s
e —
SQCDy (Ne, Ny >2N,)

(07Y2_Y1;Xk-+1_Xk) . (BS)

B.3 The 4d bad SQCD

The 4d USp(2N.) SQCD with Ny < 2N.—1 corresponding the bad case (or with Ny = 2N.—1
corresponding to ugly case) has, as its electric dual, a sum of frames, as represented in figure 79.
The corresponding index identity is the following [1]:

ZSQCD(NC, N.<Ny<2N.-1) (591, 92:t5¢) =

M+-e ~ H].‘{""G_" r (t—j)
- 5 (un, (yor—09) ") L=t "L
nz:% a;tl B=1 i%:—e:(), { ( v ( ’ ) ) I_IJ‘:—(")_6 " Fe (tj_QM_l)
B==1 otherwise
M—e+n ' M—e4+n+1 '
X H T, (Cf2t372M) H r, (t]quwfng)
Jj=0 j=1

N M—e+n+1
rywg,wiytit 2 C)

ISQCD(Nf N (
) 1
: W1,2:y1,2t¥7(M+€_n+1)6

2M+1 2M+2
4{11n@%fW)nr4wa@a
J=0 i=1

. 2Ne—Nj
X IsQoD(Ny—Ne, Ny) <$;y2,y1;t;t 2 C) ; (B.9)
where we defined M = N, — % — 1 and

0 Ny even,
€= (B.10)
—% Nf odd.
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We also defined
= 2mix
d(z,y) = m& (x—y) . (B.11)
Notice that each frame but the last one is associated with a delta function enforcing a
constraint on the y; fugacities. Notice also that for Ny = 2N, — 1, i.e. the ugly case, only
the last term with no delta constraint contributes.
On the other hand for Ny < N, i.e. the evil SQCD case, we have

ISQCD(NC,Nf<NC)(f; y1,y2;t;c) =

Ng .
[ag [[5" L ()

=> Y > g(yl, (yzt_("_e)ﬂ)a) [TkenT, (G-2M-1)

n=0 a==£1 B=1 if n—e=0, J=
B==£1 otherwise

M—e+n M —e+n+1

<L T (e ) I r (M ets)
7=0 j=1
5 M—e+n+1
v N (:v;wz,wut;t 2 C)
SQCD (Tf+e—n, Nf> L
w1,2:y1,2t$7<M+57"+1)6
(B.12)

In this case each frame comes with a delta function and there is no frame with generic fugacities.

B.4 The 3d bad SQCD

The 3d U(N.) SQCD with Ny < 2N, — 1 corresponding the bad case (or with Ny = 2N, —1
corresponding to ugly case) has, as its electric dual, a sum of frames, as represented in
figure 80, whose partition function reads [1]

N
3d 2. 7i(Ya—Y T Xa
ZSQCDU(NC,N.:SNfSQchl) (X,Yl — )/2) X e ( 2 I)Za—l a —

M+e

-y ¥ [5(Y1—(Yz—mn—e)(i@—zmn) <
n=0 p=1 if n—e=0,
B==%1 otherwise

. TG s (%8 +56Q — 2m.a))
T s (%2 — (= (2N — Ny = 1)) (1Q — 2m.a))

« M_Jﬁ:“ 5 (f? _ (j N+ N;‘) (iQ — 2ma) + (W — Wz>)

N
% 67T’i(W1—W2) Zail Xa

XZ?)d (%_’_e_n’]\[f) (X, W2 — Wl) ‘

SQCDy W1,2=Y1 2F 1 B(M+e—n+1)(iQ—2m )
' N 2N.—N; , N
+ [ D X T s (Zf - (j — N.+ Qf) (iQ — 2ma) + (Y1 — Y2>)
j=1
3d Y -
XZSQCDU(foNC,Nf) (X’ Y2 - Yl) (B.13)
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On the other hand for Ny < N, i.e. the evil SQCD case, we have

N
3d . iy SN
25QCDy (Ne,Np<Ne) (X»Y1 —Y2> % em(Y2=Y1) 3,25 Xa —

- > (Y- (e - B - Q- 2ma)) ) %

n=0 p[=L1 if n—e=0,
B==%1 otherwise

15 s (%8 +5(iQ — 2m.a))
X -
55 s (%8 = (G — 2Ne = Ny = 1)(iQ — 2m.a) )

ST (% - (3-8 L) (@ - 2ma) £ (W1 - w2)

N
(W) S X
x e W1=W2) 2 o2y Xa

- 2 2
zd (X;ws — ) (B.14)
SQCDU <T+€_N7Nf) W1,2=Y1,2$%5(M+efn+1)(iQf2mA)

In this case each frame comes with a delta function and there is no frame with generic fugacities.

C E7[USp(2N)] and T7[SU(N)] theories

The description of the EJ[USp(2N)] and the 77 [SU(IV)] theories requires some preliminary
definitions.
Given an integer N, we define the two partitions

p=1lp1paspr] = [N, (N —1)'v=r, ] (C.1)
o=lo1,09,...,00] = [NkN, (N — 1)’”\’—1,...,1]“1} , (C.2)
with o7 < p and where some of the I, k,,, integers can be zero and must satisfy the conditions
N N
N=> n-ly=>Y m-kn, (C.3)
n=1 m=1

N N
L:len, K:Z_:lk:m. (C.4)

The gauge ranks N; and the flavor ranks M; are given by

L N
Np—n= Z Pj— Z (m —n)km , (C.5)
j=n+1 m=n+1
M = k. (C.6)

The above definitions apply to the case in which the linear quivers are good theories.
However, by abuse of notation, in the main text we still referred with Ef[USp(2V)] and
T7[SU(N)] to the bad 4d and 3d linear quivers, respectively. In such a case, p is not a
partition, but just a sequence of integers summing up to NN, which is not necessarily ordered
nor of positive integers

p:[plaPQ""apL]a ZPZ:N (07)
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All of the above formulas still apply to the bad case, except for the first equalities in (C.3)
and (C.4). Instead, in this case L is just the number of entries in the sequence p.

C.1 The 4d EJ[USp(2N)] family

The index corresponding to the generic £ [USp(2N)] theory in figure 81 is

Lg [USp(2N)] (T;93t;¢) =

L1 N; M, 11 +
<11 Te ((pQ)Et’%é”ixz(f) )
j=1a=1b=1
L—1 Nj ‘ L—1 Nj
x Te (155, 29120%y ) TT T Te (80551, 29120% 9, )
j=la=l1 j=la=1
L-1 L M ' ' L—1N;—=Nj1 '
<IT TT TITe (&l 29yd*) Te(pasls, 29171 7%) 0 (C)
J=1k=j+la=1 j=1 k=1

where £[i, U] is the (uniquely determined) charge of the field transforming in the bifundamental
representation of the groups parametrized by the Cartans @ and ¥. Indeed in the saw-like
structure formed by the SU(2),, x USp(2N;)., chirals, the only fixed charge is that of the
first one (the one transforming under SU(2),, x USp(2Ni).,), and its value is c¢. The other
charges in the saw are uniquely fixed by the NSVZ condition at each gauge node and by the
requirement that the fields forming a triangle form a superpotential term. Therefore they
cannot be written in a generic way, and we employ the notation {[u, U] just explained. The
last term in (C.8) encodes the flipping fields (represented in figure 81 as crosses): they flip the
SU(2)y, x USp(2N;) chirals dressed with k =0,..., N; — N;_1 powers of the antisymmetric.
If N;j —Nj_1 <0 for a certain j, that chiral has no flipping field attached. The superpotential
of ES[USp(2N)] theories is discussed in section 2.

C.2 The 3d T [SU(N)] family

The partition function corresponding to the generic T [SU(NV)] theory in figure 82 is
2 su (X Vima) =

/H J)A3d ( )) H 2mi(Y;—Y; 1) Yond, 28 1:[1 ﬁ RIS M x©)
J=1 k=j+

T
[}
=

z% —ma+ (29 - Z(J“)))

—_

X

»

o
/_\

h

RN
Is)

Z 1

X
w
f=al
7~
1
|
3
hS
H-
/
N
>

Xb(j)>) | (C.9)
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Figure 81. The theory £ [USp(2N)]. The crosses represent the singlets flipping the chiral on which
they are placed (possibly dressed with some power of the antisymmetric). Their number is written in
square brackets: if N; — N;_; <0, the SU(2),, x USp(2N;) chiral has no flipping field.

3 3@ 32 g1
2

A4L— L-1

Yr Z_YI. 1 YL—1_YL

. Mo ()
2wiYy E X
e o

L-1 L
j*1

=1 k=]

Figure 82. The theory T} [SU(N)].

D Derivation of the (1,0)-(1,0) swap move

In this appendix we will derive the (1,0)-(1,0) blocks swap moves in 4d (namely (2.34)
and (2.40)). Their 3d counterpart can be demonstrated analogously, or can just be obtained
by taking the 3d limit of the 4d identities.

Let us start considering the 4d theory (I) at the top of figure 83, built as a concatenation
of two (1,0) blocks. The ranks of the groups are taken such that they satisfy A > B > C and
A+ C < 2B. The proof for the other ranges discussed in section 2.7, namely C > B > A
and B > A, B > (C, is analogous.

We can merge the USp(24),) and the USp(2C), ) flavor symmetries into a larger
USp(2(A+C)), flavor symmetry, add and remove singlets (which we write aside) to recognise
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Figure 83. We express the two joint (1,0)-blocks as a bad SQCD with extra singlets.

the USp(2B) SQCD with A + C flavors with the standard choice of singlets in (II). It is
also conveint to shift the ¢ fugacities so we can apply formula (B.9) to get the electric dual
of the SQCD as sum of frames. Notice that we are allowed to apply the bad SQCD result
only because we assumed A + C' < 2B from the very beginning.

Finally we can rewrite each SQCD of fame as two joint (1,0) blocks by splitting the
USp(2(A + C)), group into the original USp(24),) and USp(2C), ) flavor symmetries,
multiplying and dividing by the missing USp(2A4),(a) X USp(2), and USp(2C) ) X USP(2)uw,
singlets needed for this operation (or the USp(2A4)_(a) x USp(2),, and USp(2C') ) x USp(2),,
singlets for the frame outside the summation). This process, together with the implementation
of the ¢ redefinitions (explicitly written in the picture), leads to sum of quivers (III) in figure 84
corresponding to the (1,0)-(1,0)block swap (2.34) we wanted to demonstrate.

E Properties of maximal and minimal frames

E.1 Properties of the maximal frame

The partition associated with the maximal frame is defined by the equations (6.10) and (6.11):

- . Niiq1_:
Pk+1 = {M1D1§j§k+1( k? ]>J ; (E.1)

No—j —> s Di
pe = {Minqu (M]ED“’M ) (E.2)

Let us first prove this is a partition, namely that all the p; are positive and they are ordered

and

pi > pi+1. The ordering can be proven as follows. From the definition (E.2) we know there
is at least a value of j such that

Ni—j =D i Pe
T

pi+1> (E.3)

For later convenience let us introduce the quantity A; = > ,; .1 p¢. The equation above
can therefore be written as

Ni—j — piv1 — A
J

pi+1>
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Figure 84. After taking the electric dual of the bad SCQD we replace each good SQCD frame with
two joint (1,0)-blocks. Keeping into account the delta constraint we can simplify the contribution
of the massive singlets. The highlighted singlets (the same contribution in each frame) need to be
flipped and moved to (I) to obtain the identity we wanted to prove.
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We also know that

Nit1—m—1 — 4; _ Ni—m — A;
m+1 m+1

Pit1 < , (E.4)
which holds for arbitrary 0 < m < 4, and in particular for m = j. Plugging this relation
with m = j inside (E.3) we find

Ni—j— A — (Ni—j — A)/(G+1) — (N, ,_A,)J""l—l _ Ni; — A
. - 1—] 1 -

J i +1) J+1

pi+1>

We can now notice that the r.h.s. of this expression and of (E.4) are identical and therefore
by combining them we find p; + 1 > p;+1 and since all p;’s are integer by definition we
conclude that

i = Pit1, (E.5)

as desired. The positivity of the integers p; now follows immediately by noticing that (E.1)
clearly implies that pr11 is nonnegative. The inequality (E.5) then tells us the same is true
for all other elements p; with ¢ < k.

What we have just shown is that (6.10) and (6.11) define a good unitary quiver with
k gauge groups of rank N; = > j>i Pj- By setting m = 0 in (E.4) we find piy1 < N; — A;
and therefore

N; = Zﬁj = pit1+A4; < N;, (E.6)

j>i

meaning that the rank of each gauge group is smaller than that of the original quiver we
started from. Now all we need to do to fully justify the argument of section 6.3 is to prove
maximality of the quiver defined by the partition p. This means showing that for every
ordered partition IT of N with k + 1 elements II; (defining a good unitary quiver with &
gauge groups of rank N; = > =i 1L;), if the condition 37, II; <37, ; p; is not satisfied Vi,
then it is not possible that N; < N; for every i and therefore the associated polygon cannot
contain that of the original quiver. Since our local duality moves can only decrease the rank
of the gauge groups, such a quiver cannot correspond to any of the dual frames we get via
a sequence of local dualizations. This result then implies that (6.10) and (6.11) define the
maximal dual frame. We will prove this result by induction.

We first argue that IIx 1 cannot be greater than px1. If this was the case, that is if
we assume Il > prr1 + 1, then we would conclude that

Nip1—j = i1 > jpesr +5 V§ >0, (E.7)

where we have used the definition N; = >_j>; 1l; and the fact that the partition II is ordered
and therefore the element IIj; is the smallest. The contradiction now comes from (E.1),

which implies that there is at least a value of j such that

_ Niy1-5 - .
Pr+1+ 1> # = JPk+1tJ > Nggp1-j-

- 110 -



Combining this with (E.7) we conclude that there is at least a j such that Nk+1_j > Nit1—;
and therefore the quiver cannot correspond to a dual frame of the original one. Said differently,
for every partition associated with one of the dual frames the (k + 1)-th element cannot
be larger than pgyi.

For the inductive step we have to show that the conditions > -, II; < 375,14 p; and
Ny < Ny V¢ imply that also >, II; < 3., pj must hold. As a preliminary remark, we
observe that for every j > 0

A

Nijij= > M= > Mp+ i = I+ (j — D, (E.8)
0>i+1—j 0>i+1 0>i

where we have used the fact that the partition II is ordered. The argument now proceeds
as before: we assume by contradiction that the inequality we want to derive does not hold.
Since we assume »_;; II; > 375, pj while 375, II; <>, ;14 p; by induction, we conclude
that IT;11 > pi41 + 1. From (E.8) we then find

Nig1 2> 4G =D > pet+(G—Di1 2> pet+ (=1 pipr+i—1, (E.9)
0> >4 >4
where we exploit the assumption that the inequality we want to derive is not satisfied. The
above expression can be rewritten as

Nipimj =Y e+ (G—Dpipr+i= Y pe+jpipr+3j Vi>0. (E.10)
>4 £>i+1
We now conclude by observing that the definition (E.2) implies that there is at least a
J > 0 such that the r.h.s. of (E.10) is strictly larger than N;;1_; and therefore the partition
II we are considering does not correspond to a dual frame of the original quiver. This
completes our proof.

E.2 Proof of the lemmas for the minimal frame

Let us now prove the lemmas needed in deriving the extremality of the minimal dual frame.

Proof of Lemma 1. The statement is that Z(p), the partition we get by applying our rule
to [p1, u], is larger than (or equal to) Z(p’), namely the partition we find by applying our
rule to [p1, 1], if p > p'. Notice that in section 6.4 the partitions p and y' are denoted Z(p)
and Z(p') respectively and are themselves obtained by applying our rule to the sequences
of integers p and p’. On the other hand, the inequality we are after holds true for arbitrary
partitions p and p’ such that g > /. In order to prove this, let us consider separately
the cases p; < 0 and p; > 0.

For p1 < 0 all we have to do is to collapse the partitions p and p/. It is convenient
to introduce the two sequences

an =Y pi; bn=Y pi; 0<n<k-—1. (E.11)

i>n >n

Since pu > i/, we have a,, < b, Vn and therefore p; + a,, < p1 + by,. If we denote as n’ the last

value of n such that p; +a, > 0, the effect of the collapse is to leave the first n’ elements from
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i1 to g, of the partition unchanged and to replace the element n’ + 1 with p; + a,,,. This
will be the last element of the resulting partition. Due to the inequality p1 + a, < p1 + by, we
conclude that also the collapse of y/ will leave the first n’ elements unchanged and therefore
the inequality we are looking for follows directly from p > p'.

For p; > 0 we have instead to reorder the two partitions, which is equivalent to putting
p1 in the right position along the partitions. If p; ends up at position ¢ for the partition p,
we have p;—1 > p1 > p;. We call the resulting partition Z(p). Analogously, for the second
partition p; ends up in position j if we have ,u}_l > pp > ,u;» and we call the resulting partition
Z(p'). Notice that i and j are not necessarily equal. Similarly to the previous case, define

an = Z I(p)m; by = Z I )m; 2<n<k. (E.12)
m<n m<n
If i = j then we have a,, > b, due to u > u' and therefore Z(p) > Z(p') as desired. If instead
i < j we still have a, > b, for n < i and n > j directly from p > y/, whereas in the range
1 < n << j the inequality a, > b, follows from
an = Z Hm + p1 2 Zﬂmz Z,U';n:bn'
m<n—1 m<n m<n
In the last case j < ¢ we again find a, > b, for n < j and n > ¢ as a result of the inductive
step, whereas in the intermediate range j < n < ¢ the inequality follows from
ap = Z P + fp—1 > Z Hm + p1 > Z Lo + p1 = by .
m<n—1 m<n—1 m<n—1

This concludes the proof of Lemma 1.

Proof of Lemma 2. The statement is that if we apply our rule to the partition p we get a
partition Z(p) which is larger than (or equal to) the Z(p') we get by applying it to

p,: [P2_G»P1+G»P3a---,f’k]v (E13)

where p; < p2 and a is a non negative integer such that p; + a < py — a. As before, we
can first apply our rule to the subpartition obtained by deleting the first two elements of p
and p’ and then to the entire partitions without affecting the final result. We can therefore
assume without loss of generality that the elements ps, ..., pi are ordered and all positive.
We divide the discussion into cases according to the sign of pi 9.

If both p1 and p2 are negative then also p1 + a and ps — a will be negative and therefore

the effect of our rule will be in both cases to collapse twice the tail of the partition [ps, ..., pg].
We can now notice that this double collapse leads to the same answer we would get by
starting from the partition [p1 + p2, p3, . .., px], where we have “fused” the first two elements
together. Since after this fusion operation p and p’ become identical, the outcome is the
same and therefore we conclude Z(p) = Z(p') in this case.

If both p1 and pa are non negative then also p; + a and py — a will be non negative and

the effect of applying our rule will simply be to put these elements in the correct position
along the ordered partitions. More precisely, we find?’

I(p) = [p?n-- s PI=15P2,PI5- -+ PI—=15P15PJ5 - - ']’ (E14)

I(pl) = [p37"'7pL—17p2 —a,pPLy---,PM-1,P1 +Q7PM7-~-]- (E15>

2ONotice that ps can be at the beginning of the partition (I = 3) and/or p1 can be at the end of the partition
(J = k+1). Our argument applies in this case as well. The same remark applies to the partition Z(p’).
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Indeed we have the inequalities I < L < M < J. It is convenient in this case to introduce
the sequence of integers

p"=I(p) = Z(p") = [Z(p)i — Z(p)i] -
By inspection the first I — 1 elements are zero, those in the range (I, L — 1) are positive,
those in the range (L, M — 1) are zero again, those in the range (M, J — 1) are negative and
the rest are zero. We now introduce the sequence of partial sums of p”
Ch =Y P
m<n

Since both Z(p) and Z(p’) are partitions of N, we necessarily have ¢; = 0. Due to the
structure of the sequence p”, we find that the sequence ¢, is initially zero, then it starts
increasing until it reaches the value a (if a > 0), it is constant for a while and then decreases
back to zero. Overall, we have ¢, > 0 Vn. Since ¢, is also equal to the sum of the first n
elements of Z(p) minus the sum of the first n elements of Z(p'), the positivity of ¢, directly
implies Z(p) > Z(p') as desired.

If p1 < 0 and py > 0 the outcome of our rule depends on the value of p;, p2 and a. We

will therefore discuss all possible cases separately. Let us examine first of all the effect on the
partition p. We first put the element po in the correct position, say it ends up in position 1
(namely the position between pr_; and py). This implies that p; with i < I is larger than py
(with the exception of p; of course). After this we collapse the partition using p;. There are
two cases to be considered: either the element po disappears in the collapse (it is included
in the last element of the partition Z(p)) or it does not.

Let us consider the first case. In this situation the partition Z(p) will have the form?!

I(p):[p37"‘7pJaﬁ]; ﬁzpl+P2+ZPn,
n>J

where necessarily J < I. In the partition p’ we have the elements p; + a and py — a, which
are smaller than or equal to ps. Regardless of their sign, the resulting partition Z(p") will
be of the form

(') = [p3s--spy—ts---]

If there is a collapse, it cannot involve p;_1 due to the inequality p > 0 and the fact that
pg > p2, implying that p1 +a + p; + > ,~;pn > 0. If both p; +a and p2 — a are non
negative (and therefore no collapse is involved), we know they will end up in the partition in
position I, which is larger than J, or after it since they are smaller than (or equal to) po.
Overall, we conclude that the first J — 3 elements of Z(p) and Z(p’) are equal and Z(p) has
length J — 1. If Z(p’) also includes the element p;, then we immediately reach the desired
inequality Z(p) > Z(p'). Otherwise it means that in Z(p’) the element p; is removed by the
collapse and both p2 —a and p; +a + pj + >_,~ 7 pn are strictly smaller than p;. These
observations lead again to Z(p) > Z(p').

Let us now move to the discussion of the second option. In this case Z(p) will have the form

I(p) = [1037'-'7:01—17;027p1>"'7pJ>ﬁ]; ﬁ:PI‘F an
n>J

*'1(p) can also be just [p] with p=>" _ pn = N, in which case, I(p) > I(p') trivially.
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We have indeed the inequality p;y_1 > p2 > pr and also pj+1 > p due to our rule. If both
p1 + a and ps — a are negative the effect of applying the rule on p’ will be to collapse the
partition twice, which is equivalent (as we have explained) to collapsing the partition once
with p1 + p2. Since p > 0 and p2 > pyy1, we have p1 + p2 + 3,711 pn = 0 and this
implies Z(p’) will be of the form

I(pl) = [P37~~-7PJ+1=~--]-

This is a consequence of the inequality p1 + p2 + >~ ;11 pn = 0 which tells us the collapse
cannot involve pjii. If we now consider the difference

Z(p) —Z(p") =10,...,0,p2 = pr1,p1 = PI+1s- -1 PT — PI+1s---] 5

we see that all the J — 1 elements displayed are non negative and since Z(p) has exactly
length J we conclude that Z(p) > Z(p).
When instead both p; + a and py — a are non negative, then Z(p') has the form

I(p/): [p37"'ap]—1a---vp€ap2_aa"'vpK7p1+av"']'

it is now convenient to consider again

an = Z Z(p)ms; bn= Z Z(p )m -

m<n m<n

The difference a,, — b, can be checked to be non negative for n < ¢ — 2, is equal to a for
n = ¢ —1 and also for all n up to Min{J — 1, K — 1}. If K > J this directly implies the
desired result, otherwise for K < n < J — 1 we find a,, — b, = pn+1 — p1 > 0. Since in any
case a, — b, > 0 for every n < J, we conclude again that Z(p) > Z(p’).

Finally, in the case in which ps —a > 0 and p; + a < 0 we have that Z(p’) is produced
by a collapse induced by p; + a and then we put p2 — a in the correct position. All the
elements from p3 to p; will necessarily be present in Z(p') since p1 +a+ >, ;pn =p+a
is non negative and therefore p; cannot be involved in the collapse. If po — a is larger than
py the partition Z(p') will be of the form

I(p’):[pg,...,pg—a,...,pJ,...}.

If instead pa — a < ps the element following p; in Z(p') can be either ps —a or pjiq or p+a
and as a result Z(p') will be respectively of the form

® Z(P/):[P37--'7PJ7P2_Q7--']7
® I(Pl):[P37~-710J7PJ+1a---]a
® I(pl):[P3a~-»PJ>ﬁ+aaPZ_a]-

In each of these four possibilities, by considering the difference Z(p) — Z(p'), we easily find
again that Z(p) > Z(p'). This concludes our argument.

- 114 -



Open Access. This article is distributed under the terms of the Creative Commons Attri-

bution License (CC-BY4.0), which permits any use, distribution and reproduction in any

medium, provided the original author(s) and source are credited.

References

[1]

2]

3]

[4]

[5]

[15]

[16]

[17]

[18]

S. Giacomelli et al., Probing bad theories with the dualization algorithm. Part I, JHEP 04 (2024)
008 [arXiv:2309.05326] [INSPIRE].

N. Seiberg, Flectric-magnetic duality in supersymmetric nonAbelian gauge theories, Nucl. Phys.
B 435 (1995) 129 [hep-th/9411149] [InSPIRE].

O. Aharony, S.S. Razamat, N. Seiberg and B. Willett, 3d dualities from 4d dualities, JHEP 07
(2013) 149 [arXiv:1305.3924] [INSPIRE].

K.A. Intriligator and N. Seiberg, Mirror symmetry in three-dimensional gauge theories, Phys.
Lett. B 387 (1996) 513 [hep-th/9607207] [INSPIRE].

A. Hanany and E. Witten, Type IIB superstrings, BPS monopoles, and three-dimensional gauge
dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230] [InSPIRE].

J. de Boer, K. Hori, H. Ooguri and Y. Oz, Mirror symmetry in three-dimensional gauge theories,
quivers and D-branes, Nucl. Phys. B 493 (1997) 101 [hep-th/9611063] [INSPIRE].

O. Aharony et al., Aspects of N = 2 supersymmetric gauge theories in three-dimensions, Nucl.
Phys. B 499 (1997) 67 [hep-th/9703110] [INSPIRE].

A. Kapustin and M.J. Strassler, On mirror symmetry in three-dimensional Abelian gauge
theories, JHEP 04 (1999) 021 [hep-th/9902033] [INSPIRE].

V. Borokhov, A. Kapustin and X.-K. Wu, Monopole operators and mirror symmetry in
three-dimensions, JHEP 12 (2002) 044 [hep-th/0207074] [INSPIRE].

M. Bullimore, T. Dimofte and D. Gaiotto, The Coulomb Branch of 8d N = 4 Theories,
Commun. Math. Phys. 354 (2017) 671 [arXiv:1503.04817] [InSPIRE].

S. Cremonesi, G. Ferlito, A. Hanany and N. Mekareeya, Instanton Operators and the Higgs
Branch at Infinite Coupling, JHEP 04 (2017) 042 [arXiv:1505.06302] [INSPIRE].

A. Collinucci, S. Giacomelli, R. Savelli and R. Valandro, T-branes through 3d mirror symmetry,
JHEP 07 (2016) 093 [arXiv:1603.00062] INSPIRE].

A. Collinucci, S. Giacomelli and R. Valandro, T-branes, monopoles and S-duality, JHEP 10
(2017) 113 [arXiv:1703.09238] [INSPIRE].

G. Ferlito, A. Hanany, N. Mekareeya and G. Zafrir, 3d Coulomb branch and 5d Higgs branch at
infinite coupling, JHEP 07 (2018) 061 [arXiv:1712.06604] INSPIRE].

A. Hanany and N. Mekareeya, The small Eg instanton and the Kraft Procesi transition, JHEP
07 (2018) 098 [arXiv:1801.01129] [INSPIRE].

S. Cabrera, A. Hanany and F. Yagi, Tropical Geometry and Five Dimensional Higgs Branches at
Infinite Coupling, JHEP 01 (2019) 068 [arXiv:1810.01379] [InSPIRE].

S. Cabrera, A. Hanany and M. Sperling, Magnetic quivers, Higgs branches, and 6d N = (1,0)
theories, JHEP 06 (2019) 071 [Erratum ibid. 07 (2019) 137] [arXiv:1904.12293] [INSPIRE].

A. Bourget et al., The Higgs mechanism — Hasse diagrams for symplectic singularities, JHEP
01 (2020) 157 [arXiv:1908.04245] [INSPIRE].

- 115 -


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/JHEP04(2024)008
https://doi.org/10.1007/JHEP04(2024)008
https://doi.org/10.48550/arXiv.2309.05326
https://inspirehep.net/literature/2696208
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.1016/0550-3213(94)00023-8
https://doi.org/10.48550/arXiv.hep-th/9411149
https://inspirehep.net/literature/380062
https://doi.org/10.1007/JHEP07(2013)149
https://doi.org/10.1007/JHEP07(2013)149
https://doi.org/10.48550/arXiv.1305.3924
https://inspirehep.net/literature/1233885
https://doi.org/10.1016/0370-2693(96)01088-X
https://doi.org/10.1016/0370-2693(96)01088-X
https://doi.org/10.48550/arXiv.hep-th/9607207
https://inspirehep.net/literature/421266
https://doi.org/10.1016/S0550-3213(97)00157-0
https://doi.org/10.48550/arXiv.hep-th/9611230
https://inspirehep.net/literature/426551
https://doi.org/10.1016/S0550-3213(97)00125-9
https://doi.org/10.48550/arXiv.hep-th/9611063
https://inspirehep.net/literature/425715
https://doi.org/10.1016/S0550-3213(97)00323-4
https://doi.org/10.1016/S0550-3213(97)00323-4
https://doi.org/10.48550/arXiv.hep-th/9703110
https://inspirehep.net/literature/441215
https://doi.org/10.1088/1126-6708/1999/04/021
https://doi.org/10.48550/arXiv.hep-th/9902033
https://inspirehep.net/literature/494883
https://doi.org/10.1088/1126-6708/2002/12/044
https://doi.org/10.48550/arXiv.hep-th/0207074
https://inspirehep.net/literature/590191
https://doi.org/10.1007/s00220-017-2903-0
https://doi.org/10.48550/arXiv.1503.04817
https://inspirehep.net/literature/1353155
https://doi.org/10.1007/JHEP04(2017)042
https://doi.org/10.48550/arXiv.1505.06302
https://inspirehep.net/literature/1372759
https://doi.org/10.1007/JHEP07(2016)093
https://doi.org/10.48550/arXiv.1603.00062
https://inspirehep.net/literature/1425568
https://doi.org/10.1007/JHEP10(2017)113
https://doi.org/10.1007/JHEP10(2017)113
https://doi.org/10.48550/arXiv.1703.09238
https://inspirehep.net/literature/1519857
https://doi.org/10.1007/JHEP07(2018)061
https://doi.org/10.48550/arXiv.1712.06604
https://inspirehep.net/literature/1644133
https://doi.org/10.1007/JHEP07(2018)098
https://doi.org/10.1007/JHEP07(2018)098
https://doi.org/10.48550/arXiv.1801.01129
https://inspirehep.net/literature/1646285
https://doi.org/10.1007/JHEP01(2019)068
https://doi.org/10.48550/arXiv.1810.01379
https://inspirehep.net/literature/1696714
https://doi.org/10.1007/JHEP06(2019)071
https://doi.org/10.48550/arXiv.1904.12293
https://inspirehep.net/literature/1731840
https://doi.org/10.1007/JHEP01(2020)157
https://doi.org/10.1007/JHEP01(2020)157
https://doi.org/10.48550/arXiv.1908.04245
https://inspirehep.net/literature/1748823

[19]

[20]

[21]

[25]

[26]
[27]

[28]

[29]

[30]

[33]

[34]

[35]

[36]

[37]

[38]

A. Bourget et al., Brane Webs and Magnetic Quivers for SQCD, JHEP 03 (2020) 176
[arXiv:1909.00667] [INSPIRE].

S. Cabrera, A. Hanany and M. Sperling, Magnetic quivers, Higgs branches, and 6d N = (1,0)
theories — orthogonal and symplectic gauge groups, JHEP 02 (2020) 184 [arXiv:1912.02773]
[INSPIRE].

A. Bourget et al., Magnetic quivers for rank 1 theories, JHEP 09 (2020) 189
[arXiv:2006.16994] [INSPIRE].

A. Bourget et al., S-fold magnetic quivers, JHEP 02 (2021) 054 [arXiv:2010.05889] INSPIRE].

E. Beratto, S. Giacomelli, N. Mekareeya and M. Sacchi, 3d mirrors of the circle reduction of
twisted Aoy theories of class S, JHEP 09 (2020) 161 [arXiv:2007.05019] INSPIRE].

M. van Beest and S. Giacomelli, Connecting 5d Higgs branches via Fayet-Iliopoulos deformations,
JHEP 12 (2021) 202 [arXiv:2110.02872] [NSPIRE].

M.J. Kang et al., Higgs branch, Coulomb branch, and Hall-Littlewood index, Phys. Rev. D 106
(2022) 106021 [arXiv:2207.05764] INSPIRE].

A. Bourget et al., A tale of N cones, JHEP 09 (2023) 073 [arXiv:2303.16939] [INSPIRE].

A. Bourget et al., Higgs branches of U/SU quivers via brane locking, JHEP 08 (2022) 061
[arXiv:2111.04745] [INSPIRE].

A. Bourget and J.F. Grimminger, Fibrations and Hasse diagrams for 6d SCFTs, JHEP 12 (2022)
159 [arXiv:2209.15016] [INSPIRE].

A. Bourget, J.F. Grimminger, M. Martone and G. Zafrir, Magnetic quivers for rank 2 theories,
JHEP 03 (2022) 208 [arXiv:2110.11365] [INSPIRE].

A. Bourget, S. Giacomelli and J.F. Grimminger, FI-flows of 3d N = 4 Theories, JHEP 04 (2023)
015 [arXiv:2302.03698] [INSPIRE].

A. Bourget, M. Sperling and Z. Zhong, Higgs branch RG flows via decay and fission, Phys. Rev.
D 109 (2024) 126013 [arXiv:2401.08757] [INSPIRE].

M. van Beest, A. Bourget, J. Eckhard and S. Schafer-Nameki, (Symplectic) Leaves and (5d
Higgs) Branches in the Poly(go)nesian Tropical Rain Forest, JHEP 11 (2020) 124
[arXiv:2008.05577] [INSPIRE].

M. Van Beest, A. Bourget, J. Eckhard and S. Schéfer-Nameki, (5d RG-flow) Trees in the
Tropical Rain Forest, JHEP 03 (2021) 241 [arXiv:2011.07033] [INSPIRE].

C. Closset, S. Schafer-Nameki and Y.-N. Wang, Coulomb and Higgs Branches from Canonical
Singularities: Part 0, JHEP 02 (2021) 003 [arXiv:2007.15600] NSPIRE].

C. Closset, S. Giacomelli, S. Schafer-Nameki and Y.-N. Wang, 5d and 4d SCFTs: Canonical
Singularities, Trinions and S-Dualities, JHEP 05 (2021) 274 [arXiv:2012.12827] [INSPIRE].

S. Giacomelli, N. Mekareeya and M. Sacchi, New aspects of Argyres-Douglas theories and their
dimensional reduction, JHEP 03 (2021) 242 [arXiv:2012.12852] INSPIRE].

C. Closset, S. Schifer-Nameki and Y.-N. Wang, Coulomb and Higgs branches from canonical
singularities. Part I. Hypersurfaces with smooth Calabi-Yau resolutions, JHEP 04 (2022) 061
[arXiv:2111.13564] [INSPIRE].

C. Beem et al., Simplifying the Type A Argyres-Douglas Landscape, arXiv:2311.12123
[INSPIRE].

- 116 -


https://doi.org/10.1007/JHEP03(2020)176
https://doi.org/10.48550/arXiv.1909.00667
https://inspirehep.net/literature/1752354
https://doi.org/10.1007/JHEP02(2020)184
https://doi.org/10.48550/arXiv.1912.02773
https://inspirehep.net/literature/1768722
https://doi.org/10.1007/JHEP09(2020)189
https://doi.org/10.48550/arXiv.2006.16994
https://inspirehep.net/literature/1804355
https://doi.org/10.1007/JHEP02(2021)054
https://doi.org/10.48550/arXiv.2010.05889
https://inspirehep.net/literature/1822299
https://doi.org/10.1007/JHEP09(2020)161
https://doi.org/10.48550/arXiv.2007.05019
https://inspirehep.net/literature/1806449
https://doi.org/10.1007/JHEP12(2021)202
https://doi.org/10.48550/arXiv.2110.02872
https://inspirehep.net/literature/1939505
https://doi.org/10.1103/PhysRevD.106.106021
https://doi.org/10.1103/PhysRevD.106.106021
https://doi.org/10.48550/arXiv.2207.05764
https://inspirehep.net/literature/2111249
https://doi.org/10.1007/JHEP09(2023)073
https://doi.org/10.48550/arXiv.2303.16939
https://inspirehep.net/literature/2647301
https://doi.org/10.1007/JHEP08(2022)061
https://doi.org/10.48550/arXiv.2111.04745
https://inspirehep.net/literature/1964687
https://doi.org/10.1007/JHEP12(2022)159
https://doi.org/10.1007/JHEP12(2022)159
https://doi.org/10.48550/arXiv.2209.15016
https://inspirehep.net/literature/2158970
https://doi.org/10.1007/JHEP03(2022)208
https://doi.org/10.48550/arXiv.2110.11365
https://inspirehep.net/literature/1950443
https://doi.org/10.1007/JHEP04(2023)015
https://doi.org/10.1007/JHEP04(2023)015
https://doi.org/10.48550/arXiv.2302.03698
https://inspirehep.net/literature/2630549
https://doi.org/10.1103/PhysRevD.109.126013
https://doi.org/10.1103/PhysRevD.109.126013
https://doi.org/10.48550/arXiv.2401.08757
https://inspirehep.net/literature/2747778
https://doi.org/10.1007/JHEP11(2020)124
https://doi.org/10.48550/arXiv.2008.05577
https://inspirehep.net/literature/1811612
https://doi.org/10.1007/JHEP03(2021)241
https://doi.org/10.48550/arXiv.2011.07033
https://inspirehep.net/literature/1830234
https://doi.org/10.1007/JHEP02(2021)003
https://doi.org/10.48550/arXiv.2007.15600
https://inspirehep.net/literature/1809507
https://doi.org/10.1007/JHEP05(2021)274
https://doi.org/10.48550/arXiv.2012.12827
https://inspirehep.net/literature/1838098
https://doi.org/10.1007/JHEP03(2021)242
https://doi.org/10.48550/arXiv.2012.12852
https://inspirehep.net/literature/1838097
https://doi.org/10.1007/JHEP04(2022)061
https://doi.org/10.48550/arXiv.2111.13564
https://inspirehep.net/literature/1977006
https://doi.org/10.48550/arXiv.2311.12123
https://inspirehep.net/literature/2724889

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[55]

[56]

[57]

[58]

[59]

L.E. Bottini, C. Hwang, S. Pasquetti and M. Sacchi, 4d S-duality wall and SL(2, Z) relations,
JHEP 03 (2022) 035 [arXiv:2110.08001] [NSPIRE].

C. Hwang, S. Pasquetti and M. Sacchi, Rethinking mirror symmetry as a local duality on fields,
Phys. Rev. D 106 (2022) 105014 [arXiv:2110.11362] [INSPIRE].

R. Comi et al., The SL(2, Z) dualization algorithm at work, JHEP 06 (2023) 119
[arXiv:2212.10571] [INSPIRE].

D. Gaiotto and E. Witten, S-Duality of Boundary Conditions In N = 4 Super Yang-Mills
Theory, Adv. Theor. Math. Phys. 13 (2009) 721 [arXiv:0807.3720] [INnSPIRE].

S. Cremonesi, A. Hanany, N. Mekareeya and A. Zaffaroni, T7 (G) theories and their Hilbert
series, JHEP 01 (2015) 150 [arXiv:1410.1548] [INnSPIRE].

O. Aharony, IR duality in d = 3N = 2 supersymmetric USp(2N(c)) and U(N(c)) gauge theories,
Phys. Lett. B 404 (1997) 71 [hep-th/9703215] [INSPIRE].

S. Benvenuti, R. Comi and S. Pasquetti, Mirror dualities with four supercharges,
arXiv:2312.07667 [INSPIRE].

C. Hwang, S. Pasquetti and M. Sacchi, 4d mirror-like dualities, JHEP 09 (2020) 047
[arXiv:2002.12897] [INSPIRE].

K.A. Intriligator and P. Pouliot, Fzact superpotentials, quantum vacua and duality in
supersymmetric SP(N.) gauge theories, Phys. Lett. B 353 (1995) 471 [hep-th/9505006]
[INSPIRE].

D. Nanopoulos and D. Xie, More Three Dimensional Mirror Pairs, JHEP 05 (2011) 071
[arXiv:1011.1911] [INSPIRE].

H.-C. Kim, J. Kim, S. Kim and K. Lee, Vortices and 8 dimensional dualities, arXiv:1204.3895
[NSPIRE].

I. Yaakov, Redeeming Bad Theories, JHEP 11 (2013) 189 [arXiv:1303.2769] [INSPIRE].

D. Bashkirov, Relations between supersymmetric structures in UV and IR for N' = 4 bad
theories, JHEP 07 (2013) 121 [arXiv:1304.3952] [INSPIRE].

C. Hwang and J. Park, Factorization of the 3d superconformal index with an adjoint matter,
JHEP 11 (2015) 028 [arXiv:1506.03951] [INSPIRE].

C. Hwang, P. Yi and Y. Yoshida, Fundamental Vortices, Wall-Crossing, and Particle-Vortex
Duality, JHEP 05 (2017) 099 [arXiv:1703.00213] INSPIRE].

B. Assel and S. Cremonesi, The Infrared Physics of Bad Theories, SciPost Phys. 3 (2017) 024
[arXiv:1707.03403] [INSPIRE].

A. Dey and P. Koroteev, Good IR Duals of Bad Quiver Theories, JHEP 05 (2018) 114
[arXiv:1712.06068] [INSPIRE].

B. Assel and S. Cremonesi, The Infrared Fized Points of 3d N' = 4USp(2N) SQCD Theories,
SciPost Phys. 5 (2018) 015 [arXiv:1802.04285] [INSPIRE].

V.P. Spiridonov and G.S. Vartanov, Vanishing superconformal indices and the chiral symmetry
breaking, JHEP 06 (2014) 062 [arXiv:1402.2312] [InSPIRE].

A. Dey, Three dimensional mirror symmetry beyond ADE quivers and Argyres-Douglas theories,
JHEP 07 (2021) 199 [arXiv:2004.09738] [iNSPIRE].

A. Dey, Exploring Seiberg-like N-alities with eight supercharges, JHEP 04 (2024) 044
[arXiv:2210.09319] [INSPIRE].

- 117 -


https://doi.org/10.1007/JHEP03(2022)035
https://doi.org/10.48550/arXiv.2110.08001
https://inspirehep.net/literature/1945733
https://doi.org/10.1103/PhysRevD.106.105014
https://doi.org/10.48550/arXiv.2110.11362
https://inspirehep.net/literature/1950212
https://doi.org/10.1007/JHEP06(2023)119
https://doi.org/10.48550/arXiv.2212.10571
https://inspirehep.net/literature/2617004
https://doi.org/10.4310/ATMP.2009.v13.n3.a5
https://doi.org/10.48550/arXiv.0807.3720
https://inspirehep.net/literature/791356
https://doi.org/10.1007/JHEP01(2015)150
https://doi.org/10.48550/arXiv.1410.1548
https://inspirehep.net/literature/1320794
https://doi.org/10.1016/S0370-2693(97)00530-3
https://doi.org/10.48550/arXiv.hep-th/9703215
https://inspirehep.net/literature/441669
https://doi.org/10.48550/arXiv.2312.07667
https://inspirehep.net/literature/2736586
https://doi.org/10.1007/JHEP09(2020)047
https://doi.org/10.48550/arXiv.2002.12897
https://inspirehep.net/literature/1783018
https://doi.org/10.1016/0370-2693(95)00618-U
https://doi.org/10.48550/arXiv.hep-th/9505006
https://inspirehep.net/literature/394673
https://doi.org/10.1007/JHEP05(2011)071
https://doi.org/10.48550/arXiv.1011.1911
https://inspirehep.net/literature/876624
https://doi.org/10.48550/arXiv.1204.3895
https://inspirehep.net/literature/1111251
https://doi.org/10.1007/JHEP11(2013)189
https://doi.org/10.48550/arXiv.1303.2769
https://inspirehep.net/literature/1223539
https://doi.org/10.1007/JHEP07(2013)121
https://doi.org/10.48550/arXiv.1304.3952
https://inspirehep.net/literature/1228373
https://doi.org/10.1007/JHEP11(2015)028
https://doi.org/10.48550/arXiv.1506.03951
https://inspirehep.net/literature/1376020
https://doi.org/10.1007/JHEP05(2017)099
https://doi.org/10.48550/arXiv.1703.00213
https://inspirehep.net/literature/1515533
https://doi.org/10.21468/SciPostPhys.3.3.024
https://doi.org/10.48550/arXiv.1707.03403
https://inspirehep.net/literature/1609665
https://doi.org/10.1007/JHEP05(2018)114
https://doi.org/10.48550/arXiv.1712.06068
https://inspirehep.net/literature/1643883
https://doi.org/10.21468/SciPostPhys.5.2.015
https://doi.org/10.48550/arXiv.1802.04285
https://inspirehep.net/literature/1654836
https://doi.org/10.1007/JHEP06(2014)062
https://doi.org/10.48550/arXiv.1402.2312
https://inspirehep.net/literature/1280944
https://doi.org/10.1007/JHEP07(2021)199
https://doi.org/10.48550/arXiv.2004.09738
https://inspirehep.net/literature/1792029
https://doi.org/10.1007/JHEP04(2024)044
https://doi.org/10.48550/arXiv.2210.09319
https://inspirehep.net/literature/2166775

[60]
[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

A. Dey, Three dimensional Mirrors from IR N-ality, arXiv:2308.12337 [INSPIRE].

J.F. Grimminger and A. Hanany, Hasse diagrams for 3d N' = 4 quiver gauge theories —
Inversion and the full moduli space, JHEP 09 (2020) 159 [arXiv:2004.01675] [INSPIRE].

S. Pasquetti, S.S. Razamat, M. Sacchi and G. Zafrir, Rank Q E-string on a torus with flux,
SciPost Phys. 8 (2020) 014 [arXiv:1908.03278] [INSPIRE].

D. Gaiotto, L. Rastelli and S.S. Razamat, Bootstrapping the superconformal index with surface
defects, JHEP 01 (2013) 022 [arXiv:1207.3577] INSPIRE].

S. Bajeot, S. Benvenuti and M. Sacchi, S-confining gauge theories and supersymmetry
enhancements, JHEP 08 (2023) 042 [arXiv:2305.10274] INSPIRE].

S. Pasquetti, Factorisation of N = 2 Theories on the Squashed 3-Sphere, JHEP 04 (2012) 120
[arXiv:1111.6905] [INSPIRE].

C. Beem, T. Dimofte and S. Pasquetti, Holomorphic Blocks in Three Dimensions, JHEP 12
(2014) 177 [arXiv:1211.1986] [INSPIRE].

J. Park and K.-J. Park, Seiberg-like Dualities for 3d N = 2 Theories with SU(N) gauge group,
JHEP 10 (2013) 198 [arXiv:1305.6280] [INSPIRE].

G. Ferlito and A. Hanany, A tale of two cones: the Higgs Branch of Sp(n) theories with 2n
flavours, arXiv:1609.06724 [INSPIRE].

C. Romelsberger, Counting chiral primaries in N =1, d = 4 superconformal field theories, Nucl.
Phys. B 747 (2006) 329 [hep-th/0510060] [INSPIRE].

J. Kinney, J.M. Maldacena, S. Minwalla and S. Raju, An Index for 4 dimensional super
conformal theories, Commun. Math. Phys. 275 (2007) 209 [hep-th/0510251] [NSPIRE].

F.A. Dolan and H. Osborn, Applications of the Superconformal Index for Protected Operators
and q-Hypergeometric Identities to N =1 Dual Theories, Nucl. Phys. B 818 (2009) 137
[arXiv:0801.4947] [INSPIRE].

A. Kapustin, B. Willett and 1. Yaakov, Ezact Results for Wilson Loops in Superconformal
Chern-Simons Theories with Matter, JHEP 03 (2010) 089 [arXiv:0909.4559] [InSPIRE].

D.L. Jafferis, The Ezact Superconformal R-Symmetry Extremizes Z, JHEP 05 (2012) 159
[arXiv:1012.3210] [ixSPIRE].

N. Hama, K. Hosomichi and S. Lee, SUSY Gauge Theories on Squashed Three-Spheres, JHEP
05 (2011) 014 [arXiv:1102.4716] [INSPIRE].

- 118 -


https://doi.org/10.48550/arXiv.2308.12337
https://inspirehep.net/literature/2690629
https://doi.org/10.1007/JHEP09(2020)159
https://doi.org/10.48550/arXiv.2004.01675
https://inspirehep.net/literature/1789601
https://doi.org/10.21468/SciPostPhys.8.1.014
https://doi.org/10.48550/arXiv.1908.03278
https://inspirehep.net/literature/1748677
https://doi.org/10.1007/JHEP01(2013)022
https://doi.org/10.48550/arXiv.1207.3577
https://inspirehep.net/literature/1122702
https://doi.org/10.1007/JHEP08(2023)042
https://doi.org/10.48550/arXiv.2305.10274
https://inspirehep.net/literature/2660571
https://doi.org/10.1007/JHEP04(2012)120
https://doi.org/10.48550/arXiv.1111.6905
https://inspirehep.net/literature/1079256
https://doi.org/10.1007/JHEP12(2014)177
https://doi.org/10.1007/JHEP12(2014)177
https://doi.org/10.48550/arXiv.1211.1986
https://inspirehep.net/literature/1201969
https://doi.org/10.1007/JHEP10(2013)198
https://doi.org/10.48550/arXiv.1305.6280
https://inspirehep.net/literature/1235568
https://doi.org/10.48550/arXiv.1609.06724
https://inspirehep.net/literature/1487752
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.1016/j.nuclphysb.2006.03.037
https://doi.org/10.48550/arXiv.hep-th/0510060
https://inspirehep.net/literature/694516
https://doi.org/10.1007/s00220-007-0258-7
https://doi.org/10.48550/arXiv.hep-th/0510251
https://inspirehep.net/literature/696351
https://doi.org/10.1016/j.nuclphysb.2009.01.028
https://doi.org/10.48550/arXiv.0801.4947
https://inspirehep.net/literature/778576
https://doi.org/10.1007/JHEP03(2010)089
https://doi.org/10.48550/arXiv.0909.4559
https://inspirehep.net/literature/832131
https://doi.org/10.1007/JHEP05(2012)159
https://doi.org/10.48550/arXiv.1012.3210
https://inspirehep.net/literature/881491
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.1007/JHEP05(2011)014
https://doi.org/10.48550/arXiv.1102.4716
https://inspirehep.net/literature/890516

	Introduction
	S-walls, QFT blocks, basic moves and swaps
	Linear quivers in 3d and 4d
	S-wall and Identity-wall
	QFT blocks
	Basic S-duality moves
	(1,0)-(0,1) blocks swap
	(1,0)-(1,0) blocks swap
	(0,1)-(0,1) blocks swap

	The mirror and the electric dualization algorithms
	The mirror dualization algorithm
	The electric dualization algorithm

	An example in 4d with N(c) = (5,3) and N(f) = (3,2)
	The mirror dualization
	The electric dualization
	The Higgsing perspective

	The algorithms in 3d and branes
	The brane interpretation of the swaps of the QFT blocks
	The 3d mirror algorithm and the (0,1)-(0,1) swap
	The 3d electric algorithm and the (1,0)-(1,0) swap
	Application: S-walls fusion to the Identity-wall

	Expected frames and partitions
	Higgs branch flows and the sigma partition
	Local dualizations and moves on the rho partition
	The maximal frame
	The minimal frame

	From unitary to special unitary gauge nodes
	Good SQCD
	A good linear quiver example
	Bad SQCD examples

	Conventions for the 4d index and the 3d partition function
	The 4d index
	The 3d partition function

	The SQCD
	The 4d good SQCD
	The 3d good SQCD
	The 4d bad SQCD
	The 3d bad SQCD

	
	The 4d E(rho)**(sigma)[USp(2N)] family
	The 3d T(rho)**(sigma)[SU(N)] family

	Derivation of the (1,0)-(1,0) swap move
	Properties of maximal and minimal frames
	Properties of the maximal frame
	Proof of the lemmas for the minimal frame


