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Introduction

In the following, we consider a smooth projective complex variety X. We de-
note by Alb(.X) the Albanese variety of X, which is a ¢(.X)-dimensional abelian
variety, where ¢(X) = h' (X, Ox) is the irreqularity of X. A variety X is said to
be irregular if ¢(X) > 0. The Albanese map of X is the morphism ax: X —
Alb(X). Denote by D?(X) = D°(Coh(X)) the bounded derived category of co-
herent sheaves on X. We call derived equivalence an exact equivalence of trian-
gulated categories ®: D(X) — DP(Y). Our main interest concerns the study
of the invariance of the cohomology ranks h?(Alb(X), RPax.wx ) under derived
equivalence. This problem arises as a generalization of the well-known conjec-
ture, formulated by Orlov [Orlov, 2005] and by Kontsevich [Kontsevich, 1995],
about the invariance of the Hodge numbers h#9(X), which can be stated as

follows:

Conjecture A. Let X and Y be smooth projective complex varieties such that there
exists a derived equivalence DP(X) ~ DP(Y'). Then

WPI(X) = hPA(Y)

for every p, q.

This conjecture has already been proved in several cases: in dimension one
itis trivial because the only non trivial Hodge number for smooth complex pro-
jective curves is the genus, for surfaces it was proved by T. Bridgeland and A.
Maciocia in [Bridgeland and Maciocia, 2001], for threefolds by M. Popa and C.
Schnell in [Popa and Schnell, 2011], for varieties of dimension 4 by R. Abuaf
who proved that if X and Y have the same h'! then all their Hodge num-
bers are equals [Abuatf, 2017], for varieties of general type by Y. Kawamata in

[Kawamata, 2002], for hyperkéahler varieties by L. Taelmann in [[Taelman, 2019].
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Introduction

Rouquier in [Rouquier, 2011] proved that a derived equivalence ®: DP(X) —

DP(Y') induces an isomorphism of algebraic groups
¢: Aut’(X) x Pic®(X) = Aut’(Y) x Pic’(Y)

called Rougquier isomorphism. Using this result Popa and Schnell show that Pic”(X)
and Pic’(Y") are isogenous and that if Aut’(X) is not affine, then X and Y have
the structures of étale locally trivial fibrations over isogenous positive dimen-
sional abelian varieties (see [Popa and Schnell, 2011]]). We mainly consider the
case when Aut’(X) is affine. In particular, we are interested in the case where
the Rouquier isomorphism respects the Picard factors, i.e.,, when it induces
an isomorphism which, by a slight abuse of notation, will also be denoted by
@: Pic®(X) — Pic’(Y). If this is the case, we say that the derived equivalence

® is Rouquier-stable. In this setting, we establish the following result

Theorem B. Let D(X) ~ DP(Y') be a derived equivalence. If dim X < 3 then
hp(AIb(X), Ran*wX) - hp(AIb(Y), Rqay*wy)

for every p,q > 0.
Moreover, the same result holds true if dim X = 4 and ®: D°(X) — D"(Y) isa

Rougquier-stable derived equivalence.

The proof of this theorem involves another important result that we prove
about the invariance of a certain higher direct image of the canonical bundle.
Caucci, Lombardi, and Pareschi in [Caucci et al., 2022] showed the derived in-
variance of the relative canonical ring R(bx) = €D,,-, bx.w¥" under a mor-
phism bx from X to the dual of a Rouquier-stable abelian subvariety of Pic”(X).
By pushing forward these techniques, we establish the invariance of the top
non-trivial higher direct image sheaf of the canonical bundle. We denote by

c¢(X)=dim X — dimax(X)
the Albanese fiber dimension of X.

Theorem C. Let ®: DP(X) — DP(Y') be a Rouquier-stable equivalence. Then ¢(X) =

6



Introduction
c(Y') and the Rougquier isomorphism induces the following isomorphism of sheaves
@*RC(X)GX*WX ~ RC(Y)QY*WY
where @ indicates the dual morphism of .

Furthermore, the works of Lombardi and Popa [Popa, 2013, Lombardi, 2014,
Lombardi and Popa, 2015] explore the connection between the derived invari-
ance of the Hodge numbers of type h%/(X) and the derived invariance of the

so-called cohomology support loci of the canonical bundle
Vi(wx) = {a € Pid®(X) | h(X,wx ® a) > m}

form > land i € {0,...,dim X}. These loci are algebraic subsets of Pic’(X).
Denote by V) (wx)o and by V. (wy)o the union of the connected components
containing the origin of Pic’(X) and Pic’(Y"), respectively. Lombardi and Popa
proved that h%(X) is a derived invariant if and only if the cohomology sup-
port loci V) (wx)o are derived invariants for every m > 1, via the Rouquier
isomorphism.

In an analogous way we study the following loci attached to higher direct
images of the canonical bundle under the Albanese morphism

Vi (RPax.wx) = {a € Pic’(X) | h(Alb(X), RPax.wx ® a) > m}

with p,¢g > 0 and m > 1. We will establish a relation between the loci
Vi (RPax,wx)o and the cohomology ranks h?(Alb(X), RPax.wx). In fact, we
prove the following theorem.

Theorem D. The loci V,2(RPax.wx ) are derived invariants for every m > 1 in di-
mension n if and only if the cohomology ranks h?(Alb(X), RPax.wx ) are derived in-
variants in dimension n.

As an application, we study the case when ¢(X) = 2. We prove, using
the above results, a generic version of the invariance of the Hodge numbers

attached to the canonical bundle, for Rouquier-stable derived equivalences.
Theorem E. Let D°(X) ~ D®(Y) be a Rouquier-stable derived equivalence and sup-
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Introduction
pose ¢(X) = 2. Then for every i > 0 we have
WX, wx ® @) = h'(Y,wy @ p(a))

for a generic o € Pic’(X).

Finally, we extend to higher values of ¢(X) a result of Caucci and Pareschi
in [Caucci and Pareschi, 2019] stating that for a variety of maximal Albanese
dimension, i.e. when ¢(X) = 0, the ranks h'(X,wx) are derived invariants for
all 7 > 0.

In the first chapter of this thesis we introduce the background theory and set
the context of our work. We briefly review the generic vanishing theorem and
its connection with the Fourier-Mukai theory. We also recall some of Kollar’s
theorems about higher direct images of the Albanese map.

In the second chapter we build a solid background for our work. In par-
ticular we focus on the known derived invariants for irregular varieties. We
explore the relations between the different invariants and present some key
ideas and techniques that are crucial for our work.

The last Chapter is dedicated to proving the main theorems of this thesis.

Acknowledgements I wish to thank my supervisor, Professor Luigi Lom-
bardi, whose guidance and contributions have been fundamental in the real-
ization of this thesis. My gratitude extends to Professor Giuseppe Pareschi and
Professor Federico Caucci for their constructive feedback and inspiring discus-
sions. I also want to thank my tutor, Professor Lidia Stoppino, for her helpful
advice throughout this journey.

Moreover, I would like to acknowledge those who have walked this path
with me. My family, for their steadfast support and belief in me. Marco, for his
constant encouragement and presence, despite our physical distance. Davide,
for his tenacity and passion that have been a source for my motivation. Above
all, Eleonora, for choosing to love and stand by me day after day, I am deeply

grateful.



Chapter 1

Generic Vanishing and
Fourier-Mukai Transform

Let X be a smooth projective complex variety of dimension n. One of the most
crucial tools for comprehending the geometric properties of X is the Albanese
variety, which is denoted by Alb(X'). The Albanese variety is given by the fol-

lowing definition

HO(X, Q%)*
Alb(X) = ,.(X.2)
and it is an abelian variety with dimension equal to ¢(X) = A%(X, Q%) =

h*(X, Ox). If the condition ¢(X) > 0 is satisfied, then X is said to be irrequ-
lar. The Albanese map of X, denoted as ax: X — Alb(X) can be described as

follows .
T <w — / w)

where 2 is a fixed point on X. The Albanese map is characterized by a uni-
versal property, i.e. any morphism from X to an abelian variety factorizes
uniquely through Alb(X). The Albanese dimension of X is denoted by

a(X) :=dimax(X)

which is the dimension of the image of the Albanese map.

In addition to the Albanese variety, its dual abelian variety, known as the

Picard variety, plays a significant role in the study of complex varieties. The
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Chapter 1. Generic Vanishing and Fourier-Mukai Transform

Picard variety is denoted by Pic’(X) and can be defined as follows

Pic’(X) = %.

The Picard variety parametrizes line bundles on X that have a trivial first Chern
class. Moreover, the pullback of the Albanese map a’ : Pic’(Alb(X)) — Pic”(X)

is an isomorphism.

1.1 Generic Vanishing

We will now introduce the definition of cohomological support loci, and some

of its geometric properties.

Definition 1.1. For a coherent sheaf 7 on X we define its i-th cohomological

support loci as
Vi(F) = {a € Pic®(X) | hi(X,F ®a) >m} C Pic®(X)

withi > 0and m > 1. They are algebraic subvarieties of Pic’(X). For simplicity,
when m = 1, we will denote by V*(F) = V{(F). The union of the components
containing the origin is denoted by V., (F ).

Using the generic vanishing theory we can deduce the following codimen-
sion bound for the cohomology support loci associated to the canonical bundle

codim V' (wx) > i — dim X + a(X)

for every i > 0.
By combining the work of Green, Lazarsfeld, Simpson and Pareschi we can
get a better understanding of the geometry of the loci V*(wx ) with the following

linearity theorem

Theorem 1.2. ([Green and Lazarsfeld, 1991, S5impson, 1993, Pareschi, 2017]). Let
W be an irreducible component of V*(wx), then W is a linear subvariety, ie. W =
T +a where T C Pic’(X) is an abelian subvariety and o € Pic’(X) is a torsion point.

10



1.1 Generic Vanishing

Moreover, consider the composition h = 7o ax

X X5 AlbX
N
T

a. Let N be the base of the fibration part of the Stein factorization, then dim N <
dim X — ¢, with i > 0.

b. Any resolution of singularities of N has maximal Albanese dimension.
c. W C h*(Pic®(N)) + a.

Remark 1.3. If we consider higher direct images of the canonical sheaf R7ax,wy,
instead of wy, then any irreducible components of V(R ax.wx) is a linear sub-
variety of Pic’(X) by [Hacon and Pardini, 2004, Theorem 2.2 (b)].

Now, assume that X has Kodaira dimension kod(X) > 0, we can describe
the loci VO(w%™) using the litaka fibration of X. In fact, after a birational mod-
ification of X, the Iitaka fibration of X has the form of a morphism f: X — Zx
between smooth projective varieties, with dim Zx = kod(X). The universal
property of the Albanese map assures the commutativity of the following dia-
gram

X 2 Alb(X)

11

ZX T Alb(Zx)

where, by [Hacon et al., 2018, Lemma 11.1 (a)], the morphism f is surjective
with connected fibers.

Combining [Hacon et al., 2018, Theorem 11.2(b), comment (2) after Lemma
11.1] with [Chen and Hacon, 2004, Lemma 2.2] we get a description of the loci
VO(wg™).

Theorem 1.4. The irreducible components of the locus V°(wx ) are translates of abelian
subvarieties of ay(Pic’(Zx)) by torsion points a; € Pic’(X)

Vo (wx) C U(ozi + Pic®(Zy)).

11



Chapter 1. Generic Vanishing and Fourier-Mukai Transform

Moreover, for the loci VO (w$™) with m > 2 the above relation is an equality

VO(wdm) = U(ozi + Pic®(Zy)).

(2

1.2 Symmetric Fourier-Mukai Transform

We introduce some preliminary definitions and a result that will be used later,
for more details refer to [Schnell, 2019].

For an abelian variety A of dimension g we denote by
RA (=) := RHoma(—, Oalg])

the Groethendieck duality functor. Let a € Pic’(A), we denote by P be a nor-
malized Poincaré bundle on A x Pic”(A), so that P|ax(a} ~ a. We consider the

Fourier-Mukai transform
RO 4(—) == Rpai(pi(—) ® P)

where p; and p; are the projections from A x Pic’(A) onto the first and second

factor, respectively. Define the symmetric Fourier-Mukai transform as
FMA = R(I)A (¢] RAA

Definition 1.5. We say that a coherent sheaf 7 on A satisfies the generic van-
ishing condition (GV condition) or simply is a GV-sheaf if it satisfies one of the
conditions stated in the next Theorem [Pareschi and Popa, 2009, Theorem 2.2],
[Pareschi and Popa, 2011, Theorem A].

Theorem 1.6. In the previous setting, the following conditions are equivalent
(a.) FM 4 (F) is a complex concentrated in degree 0,

(b.) codimp;eo4) V*(F) > i for every i > 1.

GV sheaves satisfy the following properties (see [Hacon, 2004, Corollary
3.2] and [Pareschi, 2012, Lemma 1.12])
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1.2 Symmetric Fourier-Mukai Transform

Proposition 1.7. Consider a GV-sheaf F # 0 on A, then V°(F) # 0, and
VAF) 2 VHF) 2 -+ 2 VI(F).
Moreover, if codim V(F) > i for all i > 0 then
VO(F) = Pic’(A).

We denote by H'K the i-th cohomology of the complex K, then we have the
following relation.

Lemma 1.8. For any o € A denote by jo: {a} — A the closed embedding. Let F be
a coherent sheaf on A. Then for any o € A

H LG FMu(F) ~ HI (A, F@ o).
Moreover, if 1 F — G is a morphism of coherent sheaves on A, then the morphism
H LG FMA(y): HLj EM4(G) — H/Lj FM4(F)
is identified with the linear map
H(A,Goa™") —» H(AFoal).
Proof. We have the following isomorphisms

HLj FMA(F) = HLj; (Rpa. (pRHom(F, O4lg)) @ P)) ~

HIRT(A, RHom(F. ag])) = Homy], , (F.alg]) = H' (A, F 0 a™")".

where we use base change and Serre duality. O

We now recall the following useful formulas (see [Schnell, 2019, Proposition
4.1)).

Proposition 1.9. For a homomorphism of abelian varieties f: A — B, we have the
following isomorphisms of functors

FMzoRf, ~Lf*oFMy  FM,oLf* ~Rf, o FMp

13



Chapter 1. Generic Vanishing and Fourier-Mukai Transform

Remark 1.10. In our setting, we have that
FMajp(v) © " = . 0o FMappx)

where ¢: Pic’(X) — Pic”(Y) is the Rouquier isomorphism induced by a Rouquier-

stable equivalence.

Remark 1.11. We want to note that if X has maximal Albanese dimension, then
wy is a GV-sheaf [Ein and Lazarsteld, 1997, Remark 1.6].

The same result holds true, unconditionally on the Albanese dimension of

X, for the higher direct images of the canonical bundle.

Theorem 1.12 ([Hacon, 2004], Corollary 4.2). Let X be a smooth projective variety
and let ax be the Albanese morphism. Then Rlax.wx is a GV-sheaf on Alb(X) for
every 1 > 0.

Remark 1.13. [Hacon and Pardini, 2004, Theorem 2.2] Theorem [.17 still holds

using wy ® a for a torsion point a € Pic’(X).

1.3 Higher Direct Images of the Canonical Sheaf

We introduce some theorems proved by Kollar on higher direct images of canon-

ical sheaves, because they will often be used in the next chapters.

Theorem 1.14. [Kollar, 19864, Theorem 2.1], [Kollar, 1986b, Theorem 3.1]. Let X
and Y be projective complex varieties of dimension d and d — k, with X smooth, and

let f: X — Y be a surjective morphism. Then
(i.) R'f.wx is torsion-free for every i > 0;
(ii.) R'fawx =0ifi>k;
(iii.) Let L be an ample line bundle on Y, then
HI(Y,L® R fwx) =0
for every i > 0 and j > 0;

14



1.3 Higher Direct Images of the Canonical Sheaf

(iv.) There is the following decomposition, in the derived category of Y’
k .
Rf.wx ~ @ R fowx[—1].
i=0

Remark 1.15. Following [Kollar, 1986b, Section §3], in the Theorem above wx
can be replaced with wx ® /3, with /3 a torsion point of PicO(X ).

Combining Theorem [.T4(ii.) and (iv.) and using projection formula one

can obtain the following useful relation

min{é,k}
H'(X,wx ® aka) = GB H™(A, Rrax,wx ® a)
h=0

where o € Pic’(X).

Theorem 1.16. [Kolldr, 19864, Proposition 7.6] Let X and Y be smooth projective va-
rieties and let f: X — Y be a surjective morphism with connected fibres. If dim X =
nand dimY = k. Then

Rk fiwx ~ wy.

Theorem 1.17. [Kollar, 19866, Theorem 3.4] Let X be a smooth projective variety and
let f: X = Y and g: Y — Z be surjective morphisms between projective varieties.
Then

Rp(g © f)*wX = Z Rjg*Rp_jf*wX
J

15






Chapter 2

Derived Invariants of Irregular

Varieties

2.1 The irregularity

Let X and Y be two smooth complex projective irregular varieties of dimen-
sion n, such that there exists a derived equivalence ®: D*(X) — D"(Y'), where
DP(X) and D°(Y') denote the bounded derived categories of coherent sheaves
on X and Y, respectively. By an Orlov’s result, every such equivalence can be
represented by a unique, up to isomorphism, Fourier-Mukai functor ®¢, with
& € DP(X x Y) which is called kernel, such that

Pe() = Rpy.(px () ® E)

where px and py are the natural projections from X x Y onto X and Y, respec-
tively.
Rouquier in [Rouquier, 2011, Théoréme 4.18] proved that ® induces an iso-

morphism of algebraic groups
¢: Aut’(X) x Pic®(X) = Aut’(Y) x Pic’(Y) (2.1)

called Rouquier isomorphism (for more details see [Popa and Schnell, 2011, foot-
note p. 531]).

Rougquier’s result show that if (f,a) € Aut’(X) x Pic’(X) then o(f, ) is

17



Chapter 2. Derived Invariants of Irregular Varieties

again of the form (g, 3) for a unique pair (g, 3) € Aut’(Y) x Pic’(Y). In fact, we
can associate (f, ) with the autoequivalence of D?(X) defined by f.(a ® (+)),
with kernel of the form (id, f). o € D°(X x Y), where (id, f): X — X x X is
the graph immersion z — (z, f(x)). Rouquier proved thatif (f, a) € Aut’(X) x
Pic’(X) then the following composition is again an autoequivalence with the
same form

Qg 0 Pia f).a © Pg' = Pliag). s (2.2)

for a unique pair (g, 3) € Aut’(Y) x Pic’(Y),
We can provide a direct description of the Rouquier isomorphism in terms
of the kernel £: with the previous notation, ¢(f, a) = (g, #) if and only if

Pia® (f xidy)*€ ~pj B ® (idx xg).&

(refer to [Orlov, 2003, Corollary 5.1.10] and [Popa and Schnell, 2011, Lemma
3.1]).
The map ¢ has the property that its differential at the origin corresponds to

the linear map
dpo: H(X,Tx) ® H(X,Ox) — H (Y, Ty) ® H'(Y, Oy) (2.3)

which is the map between the first Hochschild cohomology groups HH'(X)
and HH'(Y'). These groups can be described in the following way.

Definition 2.1. Let x: X — X x X be the diagonal embedding of X, then the
Hochschild homology of X is

HH*<X) = @ EXté(XX((SX*Ox, 5X*OUX)

which is a graded module over the Hochschild cohomology of X

HH*(X) = @ EXté(XX(éx*Ox, 5X*OX)-

Remark2.2. Any derived equivalence D°(X) ~ D?(Y'), induces an isomorphism
so that the Hochschild homology and cohomology are derived invariants (see
[Orlov, 2003, Theorem 2.1.8] and [Caldararu, 2003a, Theorem 8.1]).

18



2.1 The irregularity

Theorem 2.3. Let ®: D®(X) — D®(Y') be an exact equivalence. Then ® induces the
following isomorphisms

a. ®HH . HH*(X) — HH*(Y) as graded rings
b. ®yp,: HH.(X) — HH.(Y) as graded modules.

In order to better understand these isomorphisms we will follow [Swan, 1996,
Kontsevich, 2003] and [Hochschild et al., 1962] . We use the fact that the local-
to-global spectral sequence for Ext

EP? = HP(X x X, Ext(6x.0x,6x.0x)) = Ext'(0x,.Ox,6x.0x)

degenerates al the page F». We recall that Ext7(6x.Ox, dx.Ox) ~ N\ Tx, then

we have

q
HHl(X) = EXti<5X*Ox,(5X*Ox) >~ @ HP(X,/\T)()

ptg=i

and
HH;(X) = Ext'(0x.0x, 0x.wx) ~ @ HP(X,0%).
p—q=i—n
In particular, combining the previous results we obtain the derived invari-

ance of the (i — n)-th column of the Hodge diamond

Corollary 2.4. A derived equivalence induces the following vector spaces isomor-
phisms

P =X~ P H(Y.0).

pP—q=i—n p—g=i—n
Remark 2.5. From the isomorphism ®7#": HH'(X) =+ HH'(Y') we obtain the

following decomposition
M HO(X, Ty) ® HY(X,Ox) = HY(Y, Ty) & H'(Y, Oy).

which is the same isomorphism described in (£.3).

Focusing on the dimensions, the invariance of the first Hochschild coho-

mology implies that the following sum is also invariant
(X, Tx) + h'(X,0x) = h°(Y, Ty) + b (Y, Oy).

19



Chapter 2. Derived Invariants of Irregular Varieties

Popa and Schnell further developed this result proving that, actually, each term

of the previous sum is invariant.

Theorem 2.6. [Popa and Schnell, 2011, Theorem A] Let D*(X) — D®(Y) be a
derived equivalence. Then

a. Pic’(X) and Pic’(Y') are isogenous.

b. Pic’(X) and Pic°(Y) are isomorphic unless X and Y are étale locally trivial

fibrations over isogenous positive dimensional abelian varieties, and x(Ox) =

The proof of Theorem P.§ relies on a careful analysis of the Rouquier iso-

morphism.

As consequences of the last theorem we have the following results.

Theorem 2.7. Let ®: D®(X) — D®(Y) an exact equivalence. Then
hO(X, Tx) = ho(}/, Ty) and hl(X, OX) = hl(Y, Oy)

This result, in particular, establishes the derived invariance of the so-called

irregularity of X, denoted by
¢(X) == h(X, Ox) = h*(X, ),

which is the dimension of the varieties Pic’(X) and Alb(X).
In particular, this implies that if dim X < 3, then all the Hodge numbers

are derived invariants, refer to [Popa and Schnell, 2011, Corollary C].

Theorem 2.8. Suppose X and Y are two derived equivalent smooth projective vari-
eties, with dimX < 3. Then

hPI(X) = hPA(Y)

for every p and q.

20



2.2 Non-vanishing Loci

2.2 Non-vanishing Loci

Our primary interest lies in the case when the Rouquier isomorphism (£.1)) re-
spects the factors, in other words, when there exists an isomorphism, which we
will also denote with ¢, between Pic’(X) and Pic’(Y).

Definition 2.9. A closed point o € Pic’(X) is said to be Rougquier-stable if

p(idx, a) = (idy, 5)

for some 3 € Pic’(Y). In this case, we denote 3 = ¢(a). We say that an abelian
subvariety B C Pic’(X) is Rouquier-stable if every point of B is Rouquier-stable.
Furthermore, we say that a derived equivalence ® is Rouguier-stable if o({id x } x
Pic’(X)) = {idy} x Pic’(Y) (or equivalently, H*(X,Ox) ~ H'(Y, Oy) via dyy).

We study a particular case of the Conjecture [A about the invariance of the
Hodge numbers.

Conjecture 2.10. If X and Y are two derived equivalent smooth projective complex
varieties, then

R (X) = 7 (Y)
for every j > 0.

There is another conjecture related to the derived invariance of Hodge num-
bers, formulated by Lombardi and Popa in [Lombardi and Popa, 2015], which
concerns the cohomology support loci of the canonical sheaf of a smooth pro-

jective variety X. They conjectured the invariance of V; (wx), for every m > 1.

Conjecture 2.11. Let X and Y two smooth projective complex varieties with equiva-
lent derived categories. Then

(02 ({ldx} X Vi(wX)o) = {ldy} X Vi(wY)o

for every i > 0. Moreover, if o € V'(wx)o is a Rouquier-stable line bundle, then there
are the following equalities

W (X, wx ® ) = h'(Y,wy ® o(a))
for every i > 0.

21



Chapter 2. Derived Invariants of Irregular Varieties

This problem was further studied in [Lombardi, 2014, Lombardi and Popa, 2015]
by Lombardi and Popa, who proved that the two previous conjectures are re-

lated in the following sense.

Theorem 2.12. [Lombardi and Popa, 2015, Theorem 12]. ConjectureP.1(is equiv-
alent to Conjecture .11\ In fact, if Conjecture .10 is true for dim X — j then

¢ (idx, Vi) (wx)o) = (idy, Vi (wy)o)
for every m > 1.
As a consequence they prove Conjecture 2.1 in the following cases:
Corollary 2.13. Suppose DP(X) ~ D®(Y'). Then
a. Viwx)o ~ Vi(wy) fori=0,1,dim X — 1,dim X,

b. the same result holds for every i in dimension up to 3, and for fourfolds with

maximal Albanese dimension.

2.3 The Albanese Map

Let ax: X — Alb(X) be the Albanese map of X. Denote by a(X) = dimax(X),

then X is said to have maximal Albanese dimension if
a(X) = dim X.

Caucci and Pareschi, building on the work of Lombardi and Popa, showed
that the above Conjecture P.1( is true for every i > 0 if X has maximal Albanese
dimension, as a consequence of the following theorem. We identify Pic”(X) =~
Pic’(Alb(X)).

Theorem 2.14. [Caucci and Pareschi, 2019, Theorem 1.1] Let X be a smooth pro-
jective complex variety. Suppose a € Pic’(X) is a Rouquier-stable line bundle, then

R (AIb(X), ax.wx @ a) = h'(AIb(Y), ay.wy @ p(a))

for every i € N.
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2.3 The Albanese Map

In particular, Theorem P.14 implies that the cohomology support loci as-
sociated to the pushforward of the Albanese map of the canonical bundle are
derived invariant, too.

Corollary 2.15. Given two derived equivalent varieties X and Y, there is an isomor-
phism

V,fl(ax*wx) ~ V,fl(ay*wy)
forevery i > 0and m > 1.

Using Kollar’s Theorem [[.14 on the degeneration of the Leray spectral se-
quence, one can verify that if X has maximal Albanese dimension, then
Vi(axswy) ~ V' (wy), which by Corollary .15 implies that V*(wy) ~ V*(wy),
and this proves the Lombardi and Popa’s conjecture in the maximal Albanese
dimension case.

Furthermore, if X has maximal Albanese dimension, as a consequence of
Theorem .14 one can obtain the derived invariance of the Hodge numbers. In
fact, using Theorem [[.T4, we deduce that h(X,wx) = h'(Alb(X), ax.wx) and
therefore the following Corollary.

Corollary 2.16. Let X and Y be smooth projective complex varieties such that DP(X) ~
D°(Y). If X has maximal Albanese dimension, then

R (X)) = K% (Y)

for every j > 0.

The proof of Theorem .14 uses a result by Lombardi about the invariance
of the twisted Hochschild homology.

Definition 2.17. Letdx: X — X x X be the diagonal morphism of X and leta €
Pic’(X) be a Rouquier-stable line bundle. Then, following [Lombardi, 2014] we
can define the twisted Hochschild homology, for m € Z, as follows

HH"X,a) = P Exto,  (0x.0x,0x. (W™ ® a)), (2.4)
k

which is a graded module over the Hochschild cohomology

HH*(X) := @ Ext, x(6,0x,6,0x).
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Chapter 2. Derived Invariants of Irregular Varieties

Lombardi proved a more general theorem than the one we are going to
recall ([Lombardi, 2014, Theorem 1.1]), in our case it corresponds to the invari-
ance of HH"(X, ).

Theorem 2.18. Let ®: D°(X) ~ D®(Y) be a derived equivalence and let m € Z, then
® induces an isomorphism of graded modules

HHMX,a) ~ HH(Y, p(a))

where o € Pic’(X) is a Rougquier-stable line bundle and ¢ denotes the Rougquier iso-

morphism.

An important consequence of the last theorem is that the Rouquier isomor-
phism ¢ induces an isomorphism between V%(w$™) and VO(w{™), in the fol-

lowing way.

Proposition 2.19. Let D*(X) ~ DP(Y) be a derived equivalence between smooth
projective varieties and let m € Z and r > 1. If a € VO(w{™) then p(idx,a) =
(idy, B) with 8 € V.2(w$™). Moreover the Rouquier isomorphism acts as follows

p ({idx} x V(wi™)) = {idy} x V2 (wi™).

2.4 The Albanese-litaka Fibration

We now introduce the more general definition of the Albanese-litaka mor-
phism for a variety X with kod X > 0.

Definition 2.20. We consider a smooth birational modification X — X such
that the litaka fibration of X can be represented as the morphism fiX = Zx
between smooth algebraic varieties. Denote with ay and az, the Albanese
morphisms of X and Zx, respectively. We have the following commutative

\

diagram

ax
> X

|

]

I

<

» Alb(X
\ lpx (2.5)
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2.4 The Albanese-litaka Fibration

where px is a surjective morphism with connected fibers between abelian
varieties induced by f (see [Hacon et al., 2018, Lemma 11.1]). We define the

Albanese-Iitaka morphism of X as the composition cx = px o ax

Cx . X = Alb(ZX)

Remark 2.21. We recall that an abelian variety B C Pic’(X) is called Rougquier-
stable if o(idx, a) = (idy, B) for every point a € B and for some 8 € Pic’(Y)
(see Definition P.9). As a consequence of [Caucci and Pareschi, 2019, Lemma
3.4] we have that the abelian variety Pic’Zy, seen as subvariety of Pic’X is

Rouquier-stable. In fact, the Rouquier isomorphism induces an isomorphism
¢ (Pic®(Zx)) ~ Pic’(Zy). (2.6)

Recall that given a morphism f: A — B of abelian varieties, the dual mor-
phism is denoted by Iz Pic’(B) — Pic’(A). In our case, we consider the dual
morphism of (2.6) denoted by ¢ from Alb(Zy) to Alb(Zx). Then the Stein fac-
torization of the Albanese-litaka morphism is a derived invariant by the fol-
lowing theorem ([Caucci et al., 2022, Theorem 3.0.1]).

Theorem 2.22. Let D*(X) ~ DP(Y) be an exact equivalence, we consider the Stein
factorizations of the Albanese-litaka morphisms cx and cy

X — Alb(X) Y —— Alb(Y
\ lpx \ lpy
X' 5 Alb(Zx) Y’ — Alb(Zy).

Then there is an isomorphism Y' ~ X' such that the following diagram

X +———Y

Cxll lCY/

s commutative.
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Chapter 2. Derived Invariants of Irregular Varieties

2.5 The Relative twisted Hochschild structure

We start by recalling a result by Orlov [Orlov, 2003, Proposition 2.1.7]. Denote
with dx and dy the diagonal embeddings of X and Y/, respectively.

Proposition 2.23. If we denote by p;; the projections from X x X x Y x Y to the
(4,7)-th factor, then a derived equivalence ®¢: D*(X) — DP(Y) induces another
equivalence ®ege-: DP(X x X) — DP(Y x Y), with E X E* = pl,€ ® p5,E*, such
that for every m € Z we have

(I)ggg* ((5)(*&};8}7'1) ~ 5Y*w§8;m (27)
where £* = Y ® pi wx[n] ~ py wy[n] and Y = RHom(E, Oxxy).

The resultin (2.7) was generalized by Lombardi, see [Lombardi, 2014, Lemma
2.1].

Lemma 2.24. Consider the automorphisms f € Aut’(X) and g € Aut’(Y) and the
embeddings (idx, f): X — X x X and (idy,g9): Y — Y X Y defined by v

(z, f(z)) and y = (y, g(y)), respectively. If p(f,a) = (g, B), with a € Pic"(X) and
B € Pic®(Y), then

Peme- ((idx, (W™ @ @) ~ (idy, 9)« (W™ @ B)
forallm € Z.

In particular, if « is a Rouquier-stable line bundle, i.e. ¢(a) = /5 for some
B € Pic’(Y') (see Definition P.9), then the last isomorphism can be written in the
following way

(I)ggg* ((5)(* (w?’?m X Oé)) ~ (Sy* (wf?m ® 90(04)) (28)

Now, following [Caucci et al., 2022, Section §4.2], let e be the identity of
Alb(Zy), we consider a normalized Poincaré line bundle P, on Alb(Zy) x
Pic’(Zx) such that (Pz) |()xpic(zy) 1S trivial. In the same way, we choose the
Poincaré bundle Q; on Alb(Zy) x Pic’(Zy). Recall that by Remark .8, there
is an isomorphism ¢: Pic’(Zx) — Pic’(Zy). The line bundles P, and Q are
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2.5 The Relative twisted Hochschild structure

connected by the relation
(77 x¢)"'Qz ~ Pz,

which follows from the universal property of the Poincaré bundle. Using the
notation of Theorem .22, we define the induced Poincaré line bundle on X x
Pic’(Zx) as follows

Pz x = (cx x id)* Py,

in an analogous way we define
Qzy = (cy xid)" 9y,
onY x Pic’(Zy). We denote by
5x: X x Pic(Zx) = X x X x Pic(Zy)

the relative diagonal embedding defined by (z, @) ~— (z, z, a), and similarly &y for
Y. Through a process of globalization of the isomorphisms (£.§), Caucci, Lom-
bardi and Pareschi proved the following theorem ([Caucci et al., 2022, Theorem
4.3.1]).

Theorem 2.25. Let &: D®(X) — DP(Y') be a derived equivalence and let ¢ : Pic’(Zx) —
Pic’(Zy) be the isomorphism (2.6) induced by the Rouquier isomorphism. We con-
sider ®ewe- X, which is a derived equivalence between DP(X x X x Pic®(Zy)) and
D®(Y x Y x Pic’(Zy)). Then for every m € Z there are isomorphisms

(Peme- B 0,) Oxn (Piwd™ @ Pyx)) ~ Oy (phrwd™ © Quy)

where px and py denote the natural projections X xPic’(Zx) — X and Y xPic(Zy) —
Y, respectively.

Remark 2.26. The resultin Theorem 2.25 still holds if we replace w$™ with w{™ ®

a, for a Rouquier-stable line bundle o € Pic’(X)
(@eme B0.) (0x. (P (WE™ @ @) @ Pzx)) = by (P (wi™ @ p(a)) @ Qzy ).

The following theorem ([Caucci et al., 2022, Theorem 4.4.1]) is one of the
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Chapter 2. Derived Invariants of Irregular Varieties

key ingredients to prove the derived invariance of the relative twisted Hochschild

structure (see below) and the relative canonical ring (section §P.6).

Theorem 2.27. There is an isomorphism of functors
RCY* o L(;;(/ ~ (ﬁ* @) l{CX»< @) L(S;( e} (I)ggg*
where Pgge- is taken in the reverse direction than before, from DP(Y x Y') to DP(X x
X), and { denotes the dual of the Rouquier isomorphism.
We want to recall the Hochschild-Konstant-Rosemberg (HKR) isomorphism

dim X

Lo% (6x,wE™ @ Q% @ w™]i). (2.9)

Definition 2.28. The relative twisted Hochschild structure of a smooth projective
complex variety X with respect to the Albanese-litaka morphism cyx is defined
as

) = @ Rex (U @ wZ™)l.

Theorem P.27 implies the derived invariance of relative twisted Hochschild
structure of X, the proof involves the isomorphism in (£.7) and the HKR iso-
morphism (see [Caucci et al., 2022, Corollary 4.5.1]).

Corollary 2.29. There are the following isomorphisms
@ RPey, (9 @ wi™) ~ @ " (RPex (% @ wi™)) .
P—q=i P—q=i

for every m,i € Z. As a consequence we obtain the following isomorphisms

Cyawy™ = B (exawi™)

for every m.

Remark 2.30. Corollary P29 still holds if we replace % @ w¥ with Q% @ W ®@ a,
for any Rouquier-stable line bundle a € Pic”(X)

@ RPey, (2] @ wi @ p(a GB P" (RPex.(Q% WY @ a)).

pP—q=ti pP—q=i
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2.6 The Relative Canonical Ring

In particular, we have the following isomorphisms
®m ~ T ®m
ey (wy™ @ p(a)) = P (exs (wy™ @ a))

for every m.

2.6 The Relative Canonical Ring

We first introduce the following definition.

Definition 2.31. The relative canonical ring of X with respect to the Albanese-

litaka morphism is
Rcx) = EB Cxw"

m>0

Combining the result in Corollary .29 with the generic vanishing theory,
Caucci, Lombardi and Pareschi, in [Caucci et al., 2022, Theorem 4.6.1] proved

the derived invariance of the relative canonical ring.

Theorem 2.32. Let D°(X) ~ DP(Y) be a derived equivalence. Then there exists an

isomorphism of Oz, )-algebras
?"(Rlex)) = Rley).

In [Caucci et al., 2022] the last statement was generalized in the following
way. Let Bx C Pic’(X) be a Rouquier-stable abelian subvariety, then by defi-
nition there exists an abelian subvariety By of Pic’(Y') such that ¢(idy, é}) =

(idy, é;) This means that the Rouquier isomorphism induces an isomorphism
p: Bx = By.

In an analogous situation of Theorem .22, we can consider the morphisms
bx = pxoax and by = py oay, where py is the dual morphism of é} — Pic®(X)
and py is the dual of By — Pic’(Y). Consider the Stein factorizations of by and
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Chapter 2. Derived Invariants of Irregular Varieties

by, then we get the following commutative diagrams

X =5 Alb(X) Y 2 Alb(Y
l k lpx l \ lpy
X' T> BX Y’ b—/> By.

In this way, Caucci, Lombardi and Pareschi proved the following generaliza-
tion of Theorem .22

Theorem 2.33. [Caucci et al., 2022, Theorem 8.1.1] With the above notation, there
exists an isomorphism Y' ~ X' such that the following diagram is commutative

X ——Y

b'xl lb'y

BX — By.
%)

With the same arguments they generalize Theorem 2.32. Let

R bx) = EBbX*w?}m

m>0

be the relative canonical ring of by.

Theorem 2.34. [Caucci et al., 2022, Theorem 8.1.2] Let bx: X — By be a mor-
phism where By is the dual of a Rougquier-stable abelian subvariety of Pic’X. Then
there is an isomorphism of Oz, )-algebras

¢ (R(bx)) = R(by).

2.7 Irregular Fibrations

Let X be a smooth projective variety. We recall that a fibration of X is an alge-
braic fibre space 7: X — S, with S a positive-dimensional normal variety.
One can be define a Rouquier-stable abelian subvariety related to any fi-

bration onto a normal projective variety in the following way. Let 7: X — S
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2.7 Irregular Fibrations

be a fibration and consider a non-singular representative of m, which is a fibra-
tion 7: X — S onto a smooth projective variety S, together with a birational
morphisms g: X — X and h: S — S such that the following

L}X

g

is commutative. Then, independently on the choice of the non-singular repre-

%l
=
—

n

sentative of 7, we can define the abelian subvariety E\g as
Bs = ¢.7Pic’S C Pic®(X).

It turns out that if S is of general type, then Bg is Rouquier-stable (refer to
[Caucci and Lombardi, 2022, Lemma 4.0.2] for more details). This result was
very useful in the proof of the theorem below. First, we need to introduce the

definition of irregular fibration.

Definition 2.35. In the above setting, we say that a fibration is irregular if a non-
singular model of S, therefore any of them, has maximal Albanese dimension.
Two irregular fibrations of X, m: X — S; and m: X — S5, are said to be
equivalent if there exists a birational morphism f: S; --» Sy suchthatmy, = fom.
We call irreqular k-fibration, with k € {0, ...,dim X}, anirregular fibration X —
S with dim S = k. We define the sets

Gx i, := {equivalence classes of irregular k-fibration 7: X — S, with S of general type} .

Caucci and Lombardi obtained the following generalization of [Lombardi, 2022,
Theorem 1].

Theorem 2.36. [Caucci and Lombardi, 2022, Theorem 4.4.1] Let X and Y be de-
rived equivalent varieties. Then there exists a base-preserving bijection v between the
sets Gx  and Gy,,. Moreover, suppose that v(nx: X — S) = (my: Y = T), then S
and T" are birational and there is a derived equivalence between the generic fibres of wx

and my-.

In the same article, they also proved the following theorem.
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Chapter 2. Derived Invariants of Irregular Varieties

Theorem 2.37. [Caucci and Lombardi, 2022, Theorem 4.0.1] Let X and Y be two
smooth projective derived equivalent varieties. In the previous setting, suppose that Bs
is a Rouquier-stable subvariety. Then'Y admits an irregular fibration 0: Y — T, such

that T is birational to S. Moreover, the general fibers of m and 0 are derived equivalent.
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Chapter 3
Rouquier-stable Equivalences

In this chapter we investigate the derived invariance of the cohomology ranks
and the non-vanishing loci of higher direct images of the canonical bundle un-
der the Albanese map of a smooth projective complex variety X. We prove
the derived invariance of the top non-trivial higher direct image of the canoni-
cal bundle under the Albanese map. We first denote by ¢(.X) the general fiber
dimension of the Albanese map ax: X — Alb(X)

c¢(X)=dimX — dimax(X).
The main result is the following

Theorem Let ®: D°(X) — DP(Y) be a Rouquier-stable equivalence. Then c¢(X) =
c(Y') and the Rouquier isomorphism induces the following isomorphism of sheaves

RWMay,wy ~ 3*R° M ay,wx.

Moreover, we prove the other results stated in the introduction.

3.1 The Albanese Dimension

Let X be a smooth projective complex variety of dimension n. Let ax: X —
Alb(X) be the Albanese map of X and a(X) = dimax(X).
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Chapter 3. Rouquier-stable Equivalences

We first recall a result of Lombardi ([Lombardi, 2014, Theorem 1.6])

Theorem 3.1. Let X and Y be two smooth projective derived equivalent varieties. If
dim X < 3orifdim X > 4 and kod(X) > 0 then

In this section we extend this invariance to further cases. The following is a

preliminary lemma.
Lemma 3.2. If X has maximal Albanese dimension then kod X > 0.

Proof. As shown in Theorem wx is a GV-sheaf when X has maximal Al-
banese dimension. Then V°(X,wyx) # () and so there is a non-trivial torsion
point a € Pic’(X) of order r > 1 such that H°(X,wx ® a) # 0. Let s €
HY(X,wx ® a) be a non-zero section, then s” # 0 and

s" € HO(X,w¥ ®a®) = H(X,w{").

Clearly, kod(X) > 0. O

With the following proposition we establish a correspondence between the
Albanese fibre dimension of X and Y.

Proposition 3.3. If X and Y are derived equivalent, then a(X) = 0,1, n if and only
ifa(Y) = 0,1, n respectively.

Proof. We start with the case a(X) = 0. In this case, ax is constant, then ¢(X) =
0 and Alb(X) = {ex} . Since the irregularity is a derived invariant by Theorem
28 q(Y) = ¢(X) = 0 and we have a(Y) = 0.

Suppose a(X) = n. In this case X has maximal Albanese dimension then,
by Lemma B.2, X satisfies kod(X) > 0. We can conclude by Theorem B.7| that
a(X) =aY)=n.

The remaining case is a(X) = 1, when the image of the Albanese map is a
curve C' with genus ¢(C') = ¢(X), and we discuss this in two sub-cases: ¢(X) =
1 and ¢(X) > 2. First, suppose ¢(X) = 1, so C is an elliptic curve, then C' =
Alb(X) and ax is surjective. Since ¢(Y') = 1, as before by Theorem P.6, the map

ay is surjective, which implies that a(Y) = 1.
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Finally, the case a(X) = 1 and ¢(X) > 2. The image of the Albanese map
is a curve C such that ¢(X) = g(C) > 2. We claim that V°(C, w¢) = Pic’C. For
Oc #a € Pic’C

Y(we ® a) = x(we) = h°(C,we ® a) — W' (C,we ® a). (3.1)

We have y(we ® a) > 0, since g(C) > 2, and b (C,we ® a) = 0 by Serre duality.
Then from equation (B.1)) we get that h°(C,we ® ) > 0 for every non-trivial
a € Pic’C. If a = O¢, then h°(C, we) = g(C) > 2 and the claim is proved.

Now we consider the Stein factorization of the Albanese map ax, we have
the following diagram
X =5 Alb(X)

lf / (3.2)

C

such that f has connected fibres and
fPic’C = f*VO(C,we) € V™ HX,wx)o C Pic’(X).

These are, in fact, equalities, since dim f*V°(C,w¢) = ¢(X) = dimPic’(X).
There is anisomorphisms V" (X, wx ) =~ V" 1(Y,wy ), by Corollary 2.13. There
exists a component 7' C V" 1(Y,wy ), and a surjective morphism with con-
nected fibres h: Y — D such that D is a smooth projective curve with 7" =
h*Pic’ D ([Beauville, 1992, Corollaire 2.3]). Then we have a similar diagram as
(B2) forY, thena(Y) = 1. N

Proposition 3.4. If ®: D°(X) — D®(Y) is a Rouquier-stable equivalence, then
a(X) =a(Y)and ¢(X)=c(Y).

Proof. By Theorem .27 the Stein factorization X’ and Y are isomorphic and

a(X) =dim X' =dimY’ = a(Y). O
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Chapter 3. Rouquier-stable Equivalences

3.2 Invariance of Higher Direct Images
Let ®: D*(X) — DP(Y) be a Rouquier-stable derived equivalence and let
¢: Aut’(X) x Pic®(X) — Aut’(Y) x Pic®(Y)

be the induced Rouquier isomorphism. We denote by §x: X — X x X and
dy 1 Y — Y x Y the diagonal embeddings of X and Y, respectively. We recall
the Hochschild-Kostant-Rosenberg isomorphism (cf. [Caldararu, 2003b])

Lo%ox.Ox ~ @D Qk[k].
k=0

Combining this result with Corollary .29 we get that there is an isomorphism
forevery j >0

P 7R~ P Ray.0. (3.3)

qg—p=n—j q—p=n—j

We consider the following isomorphisms

we: HY(AIb(X), Rlay.wy ® o) ® @ H(AIb(X), B *ax, 0% " @ a) —

0<k<j

H°(Ab(Y), Ray,wy ® B) ® @ H(Ab(Y), R *ay, 0y * @ B)

0<k<j
where o € Pic’(X) and 8 = ¢(a).

Theorem 3.5. Let ®: DP(X) — D®(Y') be a Rouquier-stable derived equivalence. If

wo (H°(AIb(X), Rfax,wx ®a)) = HY(AIb(Y), RFay.wy @ p(a)) Vo € Pic®(X)
(3.4)
then there is an isomorphism of sheaves R*ay,wy ~ ¢* RFax,wx.

In particular, this theorem implies that
H'(AIb(X), RFax,wx) ~ H(AIb(Y), R*ay,wy)

for every i > 0.
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3.2 Invariance of Higher Direct Images

Proof. The sheaves FMap(x)(R'ax.wyx) and FMap(y)(R'aywy ) are concentrated
in degree zero, as Riax.wx and Rlay.wy are GV-sheaves by Theorem [.12.
Their fibres are identified with

FMAlb(X)(Ri(IX*wX) X C(a) ~ H0<Alb(X), RiaX*wX %) CY_l)v
and similarly for Y’
FMAIb(y) (Riay*wy) X C(ﬁ) ~ HO(A1b<Y), Riay*wy X ﬁ_l)v.

Let B = p(a) € Pic’(Y) and let jg: {8} — Pic’(Y) be the closed embedding.
Starting from the isomorphism (B.3) and using the formula of Remark [[.I]J we
have the following isomorphism

P HLjFMaw)(Riay. ) = P HLjse.FMapx) (Rax. %) (3.5)

j—i=n—k j—i=n—k

for every £ > 0. By Lemma [[.§, the isomorphism (B.5) is identified with the
isomorphism (w,-1)"

P H(ADbY), Ray.Qy 00 ")’ - @ H(Ab(X), Rax.Qk®a")".

j—i=n—k Jj—i=n—k

By hypothesis (B.4) we have that the isomorphism

@ FMap(v) (R ay.Q @ @ FMa(x) (Rlax. %)

j—i=n—k j—i=n—k

induces a morphism
f1: FMaw () (RFay.wy) = 0. FMapx) (RFax.wx)

which is surjective because it is so at the level of fibers. If f; is an isomor-
phism then the proof is complete. By repeating the same argument with a

quasi-inverse of ®, we can get a surjective morphism

for . FMan(x) (R ax.wx) — FMapy)(R*ay.wy)
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such that f;o f is the identity at the level of the fibers. Then f;o f; is an isomor-
phism of sheaves. Therefore f; is also injective and then an isomorphism. [J

We verify that the equivalence (B.4) is satisfied when k = ¢(X). This yields
the following Corollary.

Corollary 3.6. Let ®: D°(X) — D®(Y) a Rougquier-stable derived equivalence, then

® induces an isomorphism of sheaves

R ay oy ~ @*RC(X)aX*wX.

Proof. Consider the Stein factorizations of the Albanese maps ax and ay

X 2 Alb(X) Yy 2 Alb(Y)
lf / g /
S T

with S and 7" normal varieties, f and ¢ are surjective morphisms with con-
nected fibers and s and ¢ are finite morphisms onto their images. Moreover,
dim S = a(X) and dimT" = a(Y'). Hence by Proposition .4, a(X) = a(Y’) and
o

We consider a non-singular representative of f, i.e. a smooth birational
modification 7: X — X and a fibration f: X — S between smooth algebraic
varieties. Let §: S — S be a birational morphism such that the following dia-

gram

X " X 25 Alb(X)

lf l ; / (3.6)

[
is commutative. By Kollar’s Theorem [[.17 we have the following isomorphisms
R gy wx ~ RC(X)(S o fliwx ~ s R fLwy.
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3.2 Invariance of Higher Direct Images

Then for any « € Pic’(X) we have

H(AIb(X), RN ay,wx ® a) ~ H(S, R*Y) fux @ s*a)

(S, RO(f o )y © 5°a)
(S, R*™) (9 f)*wg ® s* o)
(
(

12

12

12

S, 0,RN) fLue @ s*a)

H°
H°
H°
H° S, 0wz ® s™ )

12

where we use the commutative of the diagram (B.6) above, the fact that m,wg ~
wx, because 7 is birational; Theorem [.17 and in the last isomorphism that
RX) f,wg ~ ws by Theorem [[.18.

By Theorem P.27 there is an isomorphism ): 7' = S such that
so)=(pot.

Now, we construct a specific non-singular representative of g. Set T = S and
consider the birational morphism 6,: S — S — T defined by 6, = (' 06), and
consider the fiber product Z = S x7Y. Then a resolution Y of the normalization
of the main component of Z is such that the natural projection g: Y - Sisa
non-singular representative of g. We do the same calculations as above and we

get the isomorphism
HY(AIb(Y), RY ay,wy @ p(a)) ~ H(T, Orswg @ t*p(a)).
We have

H°(S,0,ws ® s*a) ~ H(T,}*0,wz ® 1*s*a)
~ H(T, Opwz ® t*p(a)).

So w, sends H(Alb(X), R*®ay,wy®a) to H'(Alb(Y), R*Yay.wy @¢(a)). By
using Theorem B.5, we get

RC(Y)GY*LUY ~ @*RC(X)CLX*(A)X

and the proof is complete. O
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3.3 Cohomology of Higher Direct Images

We recall the following conjecture, which comes from a more general conjec-
ture of Orlov on the derived invariance of motives.

Conjecture 3.7. Let X and Y be smooth complex projective derived equivalent vari-
eties, then h'(X,wx) = h'(Y,wy) forall i > 0.

We focus on a slightly stronger question and study its validity in some cases.

Question 3.8. Let X and Y be smooth complex projective derived equivalent varieties.
Do we have the following equalities

hq(Alb(X), Ran*wX) = hq(Alb(Y), Rpay*OJy)

forallp,q > 0?

Remark 3.9. Question B.§ has a positive answer for all ¢ when X has maxi-
mal Albanese dimension, that is a(X) = dim X. In fact, if X has maximal
Albanese dimension, by the Grauert-Riemenschneider vanishing theorem, we
have RPax,wx = 0 and RPay,.wy = 0 for p > 0. By Corollary .16, whenp = 0
we have

hI(Alb(X), ax.wx) = h1(Alb(Y), ay.wy)

forevery ¢ € N. Moreover, recall that Abuaf proved thatif dim X < 4h/(X,wy) =
h'(Y,wy) for all i > 0 [Abuaf, 2017].

Our result is the following.

Theorem 3.10. Question B.§ has a positive answer if dim X < 3 or if dim X = 4
and ®: D(X) — DP(Y) is a Rougquier-stable derived equivalence.

Proof. If dim X = 1 there are two cases: a(X) can be either O or 1. If a(X) =1
we can conclude by Remark B.9. Otherwise a(X) = 0, in this case both ay
is constant and Alb(X) is trivial. Then h‘(Alb(X), RPax.wx) = 0 for every
q¢ > 0. By Proposition B.3 also a(Y) = 0 and so h?(Alb(Y), RPay.wy) = 0 for
every ¢ > 0. When ¢ = 0 we have h°(Alb(X), RPax.wyx) = h?(X,wx) and
R(Alb(Y'), RPay.wy) = h?(Y,wy). Since Conjecture B.7 holds true in dimension
1 we can conclude.
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In the following proof, the cases a(X) = 0 and a(X) = dim X, which is the

maximal Albanese dimension case, can be proved with similar calculations.

Suppose that dim X = 2 and a(X) = 1. By Theorem [.14 and using the
Leray spectral sequence we get that

hl()(7 WX) = hO(Alb(X), Rlax*wx) + hl(Alb(X>, a/X*(A)X) (37)
Here h!(X,wy) and h'(Alb(X), ax.wx) are invariants by Remark B and The-
orem P.T4. Then h°(Alb(X), R'ax.wx) is invariant, too.

Noitce that with a similar argument once can prove the case of dim X = 3
and a(X) = 2.

If dim X = 3 and a(X) = 1, then the image of ay is a smooth curve C. Using
the Leray spectral sequence as before we have

h1<X, wx) = hO(Alb(X), Rlax*wx) + hl(Alb(X), CLX*(,UX)

and
h2<X, (,UX) == hO<A1b(X), RZCLX*W)() + h1<A1b(X), RICLX*WX). (38)

From the first equation we can use the same argument as in (3.7) to prove that
h°(Alb(X), R'ax.wx) is invariant. By Theorem [[.1§ we have the following iso-
morphism

2
Rax.wx ~ we.

Then the equation (B.8) becomes
h*(X,wx) = h*(C,we) + b (Alb(X), Rlax.wx).

Since h°(C,we) = ¢g(C) = q(X), in the previous equation both h?*(X,wx) and
hY(C,w¢) are invariants. So we obtain the invariance of 2! (Alb(X), R'ax.wx),
which completes the proof of this case.

Now we study the last case: suppose dim X = 4 and the equivalence ¢
is Rouquier-stable. First note that if a(X) € {0, 1, 3,4} the proof can be done
in a similar way as above. We are going to discuss the case a(X) = 2. Using
the Leray spectral sequence and Kolldr’s Theorem we get the following
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equations

h'(wx) = h°(Rlax.wx) + k' (ax.wx)
h2<u}X) = hO(RQCLX*wX) + hl(RlaX*wX) + h2(CLX*CUX>
hs(OJX) = hl(RzaX*wX) + hQ(RlaX*wX)

By the previous arguments, we only need to verify the invariance of ' ( R?a x.wx)
for i = 0,1 to complete the proof. Since in this case ¢(X) = 2, by Corollary
B-d we have that h'(R*ax.wx) = h'(R*ay.wy) for i = 0,1. This implies that
h'(R'ax.wx) = h'(R'ay.wy) for i = 1,2 and the proof is completed. O

3.4 Comparison of Non-Vanishing Loci

Following [Lombardi and Popa, 2015], the Conjecture B.7 is related to another
problem regarding the invariance of the non-vanishing loci V!, (wx ), as shown
in Theorem .17

We consider a slightly more general problem.

Question 3.11. Let ®: D°(X) — DP(Y) be a derived equivalence. Does the Rouquier
isomorphism act as follow

(2 ({ldx} X VT?L(RPCLX*M)()U) = {ldy} X V#L(Rpay*wy%

forallp,q > 0and m > 1?2
By Theorem B.10 we get the following result.

Theorem 3.12. Question .8 has a positive answer in dimension n for a given pair of
integer (p, q) if and only if Question B.11| has a positive answer in dimension n for the
same pair of integer (p, q).

Proof. We recall that every irreducible component Z of V4(RPax,wx) is a tor-
sion translate 7, + Az of an abelian variety by Remark [.3. Moreover, using
the Leray spectral sequence and the fact that any line bundle in Vi(wx), is
Rougquier-stable foralli > 0, we note that also any line bundle o € V?(RPax,.wx )o

is Rouquier-stable.
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Let Z C Vi(RPax.wx)o be an irreducible component. Let S be the set of
prime numbers that do not divide the order of any 7, and let & € Z be an ele-
ment of prime order P € S. We claim that if 5 = ¢(«), then 5 € V4(RPay .wy )o.
Denote by 7,: X, = X and 73: Y3 — Y the étale covers associated to a and
respectively. There are the following isomorphisms (see, e.g., [Huybrechts, 2006,
Section 7.3])

P—1 P—1
WQ*OXQ ~ @a@)(_j) and Wﬂ*Oyﬂ ~ @6®(_j),
j=0 =0

We have the following commutative diagrams

X, ey Alb(X.) Yy —2 Alb(Yy)
Wal lpa Wﬁl lpﬂ
X — 5 Alb(X) Yy — Alb(Y).

By [Lombardi and Popa, 2015, Theorem 10] the equivalence ® can be extended
to a derived equivalence ¢': D°(X,,) — DP(Y;). By hypothesis we have

hq(Alb(Xa), RpCLXa*wX&) = hq(A1b<Yﬁ), RpaYB*WYB)-

Since the morphism p,, and 7, are finite, we have the following isomorphisms
P-1
pa*Rana*WXa = Ran*ﬂ'a*an =~ @ RPax, (LUX X Oz®(_J))
§=0

and similarly for Y

b

-1
ppe R ay . wy, ~ RPay,mg.wy, ~ RPay, (wY ® B®(_j)) _
J

Il
=)
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These lead to the following equalities

h?(Alb(X,), RPax, ..wx,) = h?(Alb(X), pax R ax, «wx,)
P-1
= 3" H(AIB(X), Ry, (wy @ a®))
=0
and
P-1
h(Alb(Y3), RPay,.wy,) = Z h(AIb(Y), RPay.(wy ® B5D)).
§=0

Since « € Z belongs to an abelian variety, then all its powers a®/ belongs to Z.
Moreover
hq(Alb<X), Rpax*wx) = hq(Alb<Y), Rpay*wy>

and there exists 0 < k < P—1such that h?(Alb(Y), RPay.wy ® 3%%) > m. Hence
B%* € V4(RPay,wy ). With the same argument of [Lombardi and Popa, 2015, p.
302] and the fact that torsion points of prime order form a Zariski dense subset,
we can prove that 3%% € V1 (RPay,wy ) and therefore 8 € V1 (RPay.wy )o. This
proves that ¢(Z) C V,2(RPay.wy )o and that (V¢ (RPax.wx)o) C VI(RPay wy )o.

By repeating the same argument with a quasi-inverse of ® we complete the

proof. ]

Corollary 3.13. Question B.1]| has a positive answer in dimension 3. Moreover it

holds in dimension 4 if the equivalence ® is Rouquier-stable.
Finally, we study the case (p, q) = (1,0).
Proposition 3.14. Let ®: D®(X) — D®(Y') be a derived equivalence.

1. Then
ho (Alb(X), Rlax*wx) = hO(Alb<Y), Rlay*wy)

and

Vrg(RlaX*wX)o ~ Vn(i(Rlay*wy)o
for every m > 1.
2. If the equivalence is Rouquier-stable, then
VO(R'ax.wx) ~ V2 (R'ay.wy)
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2.

3.4 Comparison of Non-Vanishing Loci

for every m > 1 and x(R'ax.wx) = x(R'ay.wy).

1. Suppose a € Pic’(X) is a Rouquier-stable line bundle, by the Hochschild-

Kostant-Rosenberg isomorphism (2.9) we have the following direct sum

decomposition of the first Hochschild homology
HH(X,a) ~ H'(X,wx ® a) ® H'(X, Q%' ® )
and there is a similar decomposition for Y’
HH(Y, p(a)) = H'(Y, 0y ® p(a)) & H(Y, Q5 @ p(a)).

Note that h'(X,wx ® a) = h°(X, Q% ' ® a), and similarly for Y. Since
the first Hochschild homology is a derived invariant, i.e. HH;(X,a) ~
HH,(Y,p(a)), then

Y X, wx ® a) = h' (Y, wy @ p(a)).

By the Leray spectral sequence there are the following equalities
(X, wx ®a) = h°(Alb(X), Rlax.wx ® a) + h'(Alb(X), ax.wx ® )
and

(Y, wy@p(a)) = h°(Alb(Y), R'ay.wy®@p(a))+h (AIb(Y), ay.wy @p(a)).

Now, since i} (X, wx®@a) = b (Y,wy ®@p(a)) and h' (Alb(X), ax.wx@a) =
hY(Alb(Y), ay.wy ® p(a)) because they are derived invariants, then we

also have
R(Alb(X), R'ax,wx ® a) = h°(Alb(Y), R'ay.wy @ p(a)). (3.9)

Since the structure sheaf is Rouquier-stable, we can take o = Ox in the

equation (B.9) and then we conclude the first part of the proof by Theorem
312,

For the second point of the proposition, suppose the equivalence is Rouquier-
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stable. By the equation (B.9) we have that V% (R'ax.wx) ~ V2 (R'ay.wy)
for m > 1. By Theorem [.12 both R'ax.wx and R'ay.wy are GV-sheaves,
then for general a € Pic’(X) and 8 € Pic’(Y) the sheaves Rlax.wx ®
and R'ay.,wy ® f have no higher cohomology. In particular, when 3 =

¢(a) there are the following equalities
R (Alb(X), R'ax.wx ® a) = K (AIb(Y), R'ay,wy ® p(a)) =0
for every j > 0. Then we have that
Y(R'ax,wx) = x(Rlax.wx ® a) = h°(Alb(X), Rlax.,wx ® a)
and
X(Rlay.wy) = x(Rlay.wy @ p(a)) = h*(Alb(Y), Rlay.wy ® p(a))

which concludes the proof.

3.5 Small Values of the Albanese Fiber Dimension

In this section we study Question B.§ for small values of ¢(X). When ¢(X) =1
we have the following result.

Theorem 3.15. Let ®: D°(X) — D®(Y) be a derived equivalence and let c(X) = 1.
1. If ® is Rouquier-stable, then X and Y are birational and Question B.§ holds.
2. Ifkod(X) > 0, then X(Rlax.wx) = x(R'ay.wy).

Proof. 1. By Proposition B4 c¢(Y) = 1, too. Denote by f: X — X’ and
g: Y — Y’ the fibration parts of the Stein factorization of ax and ay, re-
spectively. By Theorem we have that X’ ~ Y’. Moreover, ¢ induces,
by Theorem .37, a derived equivalence between the general fibers of f
and g. Since these fibers are curves they are isomorphic [Huybrechts, 2006,

Corollary 5.46]. Then X and Y are birational and the statement follows [.

!T thank Federico Caucci for sharing this proof with me.
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2. By [Caucci and Lombardi, 2022, §2.1.3], if Aut’(X) is affine, then Pic"(X)
is Rouquier-stable and the previous point applies. If Aut’(X) is not affine,
then there exists a positive dimensional abelian variety acting on X. By
Theorem P.6, we must have y(wx) = 0. We also have y(wx) = x(ax.wx)—
x(Rlax.wx) and therefore y(ax.wx) = x(R'ax.wx). On'Y we have an
analogous situation, then there exists a positive dimensional abelian va-
riety acting on Y and x(wy) = 0 as well. Since kod(Y) > 0, the Al-
banese dimension of Y is dimY — 1 and x(ay.wy) = x(R'ay.wy). Since
X(ax:wx) = x(ay.wy) by Theorem .14, then X(Rlax.wx) = x(R'ay.wy).

U

When ¢(X) = 2 we provide a generic version of Question 3.8.

Theorem 3.16. Let ®: D°(X) — DP(Y) be a Rouquier-stable derived equivalence
with dim X > 3 and c¢(X) = 2. Then for a generic o € Pic’(X) there are equalities

h( X, wx ® a) = h(Y,wy ® p(a))

for every ¢ > 0. Moreover, we have the following equalities x (RPax.wx) = X (RPaywy)

forp > 0and x(wx) = x(wy).

Proof. Recall that the sheaves Rlax.wx and Rlay.wy are GV-sheaves for every
i > 0 by Theorem [.12 and, since ¢(X) = 2, also R'ax.wx = R'ay.wy = 0 for
i > 3 Hence for a generic a € PicO(X ) and for all j > 0 and i > 0, we have

R (Alb(X), Rlax.wx ® a) = b (AlIb(Y), R'ay.wy ® p(a)) = 0. (3.10)

Recall that when ¢ = 0, 1,2, respectively, the loci V,?(R%ax.wx) are derived
invariants via the Rouquier isomorphism for all m > 1 (cfr. Corollary P.15,
Proposition B.14 and Corollary B.§, respectively). So for a generic a € Pic’(X),
as above, we have the equality

R(Alb(X), Rlax.wx ® o) = h*(Alb(Y), Rlay,wy ® ¢(a))

for ¢ = 0,1, 2. By the equations (B.I0) and using the Leray spectral sequence we
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get the following

hi(X,wy ®@ a) = h°(Alb(X), Rlax.wx ® «)
(Y, wy @ () = h°(Alb(Y), Rlay.wy ® p(a))

for ¢ = 0, 1, 2. This proves the theorem. ]

3.6 Hochschild Homology and Generation in Low
Degrees

Let ®: D°(X) — DP(Y) be a derived equivalence and suppose X is of maximal

Albanese dimension, or equivalently with Albanese fiber dimension ¢(X) = 0.

Caucci and Pareschi’s Theorem P.14 shows that the map induced by ® on the
Hochschild homology induces the isomorphisms

H (X,wx ® a) ~ H (Y, wy ® ()

for any Rouquier-stable line bundle o € Pic’(X) and for every j > 0. Our aim,
in this section, is to extend their result to other values of ¢(.X).

Recall that, from the invariance of the twisted Hochschild homology (see
(2.4)), ® induces the following isomorphisms

e HHI(X, o) — HH (Y, ()

Dpp, o HH)(X, o) = HH;(Y, p(a))

for any Rouquier-stable o € Pic’(X). Using the Hochschild-Kostant-Rosenberg
isomorphism (2.9) we get the following decomposition

HH;(X,a) ~ @ H(X,0% ®a).

P—q=J

Note that
H (X ,wxy ®a) C HH,_;(X,a)

for every j > 0.
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Theorem 3.17. Let ®: D®(X) — DP(Y) be a derived equivalence. Suppose that
kod(X) > 0 and that o € Pic’(X) is a Rouquier-stable line bundle. If

Py, 0 (H(X,wy ®a)) =H (Y,wy @ p(a)) for 0<j<c(X) (3.11)

then
Pup, 0 (H (X, wx @ a)) = H(Y,wy @ p(a))

for j > c(X).

Proof. Consider the graded rings

Ex = \ H'(X,0x) and Ey = \ H'(Y,Oy).
Now consider the graded E'x-module

Qx = H'(X,wy ® a) = P H'(X,wx @ a).

By convention both the graded pieces A'H'(X,Ox) and H'(X,wx ® a) of Ex
and @, respectively, live in degree —i. Moreover Q)x is ¢(X)-regular over
Ex, by [Lazarsfeld and Popa, 2010, Theorem B], and therefore generated in
degrees 0,—1,...,—c(X). The group HH.(X,a) = @, HH;(X, ) admits a
natural structure of Ex-module. Let I/IZ(X ) be the graded Ex-submodule of
HH,.(X,«a) generated by H’(X,wx ® «) for j = 0,...,¢(X) so that I/IA/;(X) =
Qx. Now I;[\/;(Y) = dyp, (VIA/:X> is generated by H’(Y,wy ® p(a)) for j =
0,...,¢(X) because ®pp, is compatible with the isomorphism Ex =~ Ey (as
proved in [Caucci and Pareschi, 2019]). Since ¢(X) = ¢(Y) then

Qy = 69 H(Y, wy ® ()

is generated in degrees 0, —1,..., —c¢(X) as Ey-module. Hence W.(Y) = Qy

and the statement follows. O]

Remark 3.18. In the result of Caucci and Pareschi, corresponding to the case
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c¢(X) = ¢(Y) =0, the condition
D0 (HO(X, wx @ a)) = HO(Y, wy ® @(a))

is automatically satisfied by Theorem .1§.
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