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Introduction

The core of this work is focused on an important model in statistical physics
and probability theory named directed polymer in random environment. In chem-
istry, a polymer is a molecule consisting of several smaller units, called monomers,
which are linked together to form a chain. It is interesting to analyze which config-
urations a polymer may assume, depending on its features and on its interaction
with the random environment, also known as disorder. From a mathematical
perspective, the configurations of a polymer are described by the trajectories of
stochastic processes defined on the lattice N x Z¢, while the disorder is modeled
by a realization of independent random variables indexed by the points in N x Z<.

Concerning our case, the directed polymer in random environment is defined as
a disorder perturbation of the simple symmetric random walk on Z%. The growing
interest that the directed polymer has attracted in recent years is also due to its
connection to singular stochastic partial differential equations (PDEs). In fact,
through its partition function the directed polymer provides a discretization of the
solution of the Stochastic Heat Equation (SHE) with multiplicative noise and of
the Kardar—Parisi-Zhang (KPZ) Equation. A robust solution theory for the latter
equations has only been developed in the spatial dimension d = 1 very recently
and is still missing for d > 2.

In view of the link with the continuum framework of stochastic PDEs, a natural
way of investigating the directed polymer is to study suitable scaling limits for
its partition function: as the polymer length grows to infinity, the disorder needs
to be properly rescaled. Since the polymer partition function solves a discretized
version of the Stochastic Heat Equation, which still remains poorly understood
in high dimensions, proving the existence of such scaling limits can provide the
first step for a candidate solution. Even though many results have been achieved
in this direction, there are still many open problems giving rise to intense and

challenging research.

This Ph.D. thesis focuses on the special case when the spatial dimension is d = 2,
which is critical for our model and involves subtle and interesting phenomena, as
we will discuss. Our work fits into the research carried out in recent years by Car-
avenna, Sun and Zygouras [CSZ17bl, [CSZ19al, [CSZ19b, (CSZ20, [CSZ21+],
who have obtained several convergence results related to the 2d polymer partition
functions, the Stochastic Heat Equation and the KPZ Equation.
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Our first main result is a novel and more elementary approach to prove limit
theorems for random variables with special structures, namely polynomial and
Wiener chaos, which include the polymer partition functions. Not only are we
able to recover previous results with simpler proofs: our new criterion also allows
us to obtain new limits and to investigate less known regimes, with more effective
tools that are better suited for extensions. The general convergence result for
polynomial and Wiener chaos is stated in Chapter [2| (see Theorems and ,
while the applications to directed polymers in the so-called subcritical regime are

presented in Chapter [3] (see Theorems [3.2] and [3.15)) and in Chapter
(Theorems [4.1] and [4.2)).

Our second main result is an investigation of directed polymers in a new quasi-
critical regime, which interpolates between the subcritical and the critical regimes:
in Chapter [5| we present new Gaussian fluctuations results in this setting, see
Theorem £l A fundamental tool to face the novel and more subtle framework is
given by fine estimates for the high moments of the polymer partition function,
see Proposition [5.4]

The techniques that we exploit are mostly probabilistic, including second mo-
ment estimates for polynomial and Wiener chaos (Chapters , , , Lindeberg
principles and the hypercontractivity for polynomial chaos (Chapter , coarse—
graining procedures (Chapters , , , renewal theory (Chapter [5)) and operator
bounds based on functional inequalities (Chapter [5)).

The thesis is organized as follows. In Chapter [T we define the d-dimensional
directed polymer in random environment and recall its main properties, then we
introduce the Stochastic Heat Equation and the KPZ Equation by emphasizing
their connection with this discrete system. We discuss motivations for the key

problems and we present an overview of the related literature. Our novel contri-

butions are presented and motivated in Subsections|1.4.1}, and [1.4.2}
Chapters [2] B, ] and [5] contain the original results obtained in this Ph.D. thesis,

as well as some refinements of known results.




CHAPTER 1

Directed polymers and stochastic PDEs

The d-dimensional directed polymer in random environment, d-DPRE for short,
is a probabilistic model which describes the shape of a polymer (namely a chain
of smaller units called monomers) affected by any impurities it might encounter
in its environment. The d-DPRE belongs to the family of so-called disordered
systems studied in Statistical Mechanics (see, for instance, [Bov06]) in order to
analyze the interaction between a pure/homogeneous system (which depicts the
polymer configurations, in this case) and a disorder (the impurities) which can
affect the model.

First introduced by Huse and Henley in the physics literature [HH85] to ex-
amine interfaces of the Ising model with random impurities and then mathemat-
ically reformulated by Imbrie and Spencer [IS88]|, the d-DPRE has significantly
attracted interest in recent years, also because of its close connection to some
stochastic partial differential equations (SPDEs), as we will discuss more in detail
further in this chapter. We refer to [Com17| for an extensive and recent review
of the d-DPRE model.

Throughout this thesis, we will mainly deal with the discrete d-DPRE. The pure
system is the simple random walk S = (S, ),>m on Z¢ starting from z € Z<¢ at
initial time m € Ny := {0,1,2,3, ...}, defined on the probability space Q := (Z%)No
equipped with the cylindric o-algebra F and probability measure P,, .. In the
sequel, we denote by E,, . the expectaction with respect to P,, ., and we write
P = Pyo, E = Eoo. Intuitively, trajectories of the random walk S represent
polymer configurations.

On the other hand, the environment, or disorder, is described by a family of
independent and identically distributed random variables w = (w(n, %)) nen zezd,
independent of S, defined on a probability space (Q, G,P) such that

Elw(n,z)] =0, Elw(n,z)?] =1, AMB) =log E[e® )] < 00 VS >0,

where we denoted by E the expectation with respect to the law P. Here, we follow
the convention such that N :={1,2,3,...}.

Fixed a scale parameter N € N, a starting time-space point (m, z) € {0,..., N} X
Z% and an inverse temperature 3 > 0 which also represents the disorder strength
of the model, the law of the d-DPRE is defined as a Gibbs perturbation of P,, .
by
1

(S) = e Xn=m 41 (B(n,5n)=A(5)) dP,,.(S), (1.1)

dp? = —
ZN(ma Z)

Nym,z
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where the normalizing constant

Z5(m, 2) = By, [ €Xa=mn (B8 AB) | = [ eZaimnGenS)A0) | g — -]
(1.2)
is called partition function of the d-DPRE and it captures some of the essential
information about the model. It has such a physical significance since starting
from its logarithm, namely the free energy of the system, we can derive the main
thermodynamic quantities (for more details, see [Bov06], Chapter 2]).

The partition function of the d-DPRE is the main object of interest in our work:
throughout this thesis, we will focus on the case d = 2 and we will investigate
the asymptotic behaviour of Zjﬂv(m, z) when the scale parameter N, namely the
polymer length, grows to infinity.

Notice that (va(m, z)) (m2)E{0.... N} xZ
spect to the law P of disorder w and it is stationary for z € Z? (for fixed m €

. is a family of random variables with re-

{0,..., N}), thanks to the translation invariance of the simple random walk S. To
simplify the notation, we denote Z5(z) := Z5(0,2) and Z5 = Z5(0) = Z5(0,0).
We stress that the constant —A(f) in does not significantly affect the ran-
domness of Zﬁ,(m, z), since it can be factorized to yield the quantity e~ (N=mA(8),
which is purely deterministic. However, it is convenient because it provides a nor-
malization such that E[Z]B\,(m, z)] =1 for any (m, z) € {0,..., N} x Z%. More-
over, it is easy to show that (Z]/f,) Nen 1S a martingale with respect to the filtration
(Gn)nen =0 (w(i,z) : i <N,z € Z%).

Before presenting the key problem we aim to study, in the following two sections
we briefly recall some properties of the d-DPRE and some related models from two

different perspectives, which also provide interesting motivations for our research.

1.1. The directed polymer as a disordered system

From a mathematical perspective, the d-DPRE models a perturbation of the
simple random walk given by the presence of a random disorder. One should
think of each w(n, S,) in the definition as reward or penalty (according to its
sign and amplified by the disorder strength 5 > 0) which the simple random walk
collects along its path (see Figure . Therefore, the law P favors the trajec-

N,m,z
tories such that the total “energy” ZnszH(ﬁw(n, Sn) — A(B)) > 0 and penalizes
those with Zgimﬂ(ﬁw(n, Sn) — A(B)) < 0. Clearly, when 8 = 0 the disorder is
absent and the law of the d-DPRE coincides with P,, ., thus all trajectories of
length N —m have the same probability equal to (Qd)_(N —™). In this case, there
is an entropic gain due to the fact that the polymer has access to any possible
space configuration. On the other hand, when [ grows until formally reaching
B = oo, the law P’?\,’m’z degenerates into a measure concentrated in a single tra-
jectory, that is the one which maximizes the energy 3 Zg:m L1w(n, S,) and thus
targets high values of the disorder w. It is then clear that there is a competition

4



F1GURE 1. Graphic representation for d = 1 depicting how the dis-
order affects one trajectory of the simple random walk with start-
ing point (m,z) € N x Z. Each disorder random variable w(n, x)
is described by the corresponding dot placed in (n,z) € N x Z
and different colors represent different values attained by the disor-
der. According to the new law P]BV,m,z (see (1.1)), the probability of
the simple random walk following the trajectory in the picture will
depend on those disorder random variables encountered along the

path.

between entropy and energy, where the former is maximized when § = 0 and the
latter when 8 = oc.

A key question in the study of disordered systems such as the d-DPRE is to
understand whether and how the addition of disorder changes the qualitative
behaviour of the pure model. Borrowing terminology from the physics literature,
if an arbitrarily small amount of disorder is able to substantially modify the nature
of the pure model, such as its large-scale properties, we call the system disorder
relevant. Otherwise, we talk about disorder irrelevance when the disorder has to
be strong enough to alter the pure model. In the physiscs literature, a powerful
tool to determine the relevance of a system is the Harris criterion [Har74], whose
approach is based on renormalization/coarse graining transformations of models.

Denoting by d.g the effective dimension and by v the correlation length exponent
2
deff

and irrelevant if v > dZH. When v = dg—ff , the disorder is said marginal, i.e. its effect

depends on the finer details of the model and the Harris criterion is inconclusive.

of the pure system, this criterion predicts that the disorder is relevant if v <

Regarding the d-DPRE, when the spatial dimension is large, the polymer has
much more space to avoid those points where the w’s could be high, hence we

5



suppose that the disorder will not have a significant impact on the pure model
when its strength 8 > 0 is small enough: we thus expect it to be irrelevant.
Otherwise, when the dimension is small, there is not enough space for the polymer
to be far away from the disorder, which is therefore expected to be relevant.
In this case, for any disorder strength § > 0, the global configuration of the
model drastically changes by favoring those paths which collect a high energy
contribution. This heuristic intuition is confirmed by the Harris criterion: indeed,
by the diffusivity of the simple random walk on Z? it follows that deg = 1 + g
and v = 1, thus the system is relevant when 1 < ﬁ, i.e. d < 2, wrrelevant when
1> 14%@’ i.e. d > 2 and marginal (in fact, marginally relevant) when d = 2.
Despite its simple formulation, it is not straightforward to apply the Harris
criterion in concrete cases, where a deeper and more accurate analysis is required
(see [Gialll Chapter 4]). This inspired the study of other strategies to investigate
the impact of disorder, such as the approach we will present in Section [I.3] from

which our work is strongly inspired.

1.2. A connection to singular stochastic PDEs

Besides the theory of disordered systems, the d-DPRE has attracted more and
more attention in recent years because of its connection to some stochastic PDEs,
which we briefly recall in this section.

First of all, we define the space-time white noise W as a distribution-valued
centered Gaussian process with covariance

E[W (¢, z) W(s,y)] == 6(t — s)0(z — ) t,s>0 x,y €R?,
where §(x) denotes the Dirac measure centred on some fixed point z. The expres-
sion for the covariance is only formal, in fact the white noise cannot be considered
as random variable for any fixed coordinates (t,z) € Ry x R% the correct inter-
pretation is to define it as a random distribution, i.e. as a random variable taking

values in the space of distributions (generalized functions). Denoting by (W, ¢)

the duality pairing between W and any smooth test function ¢ € C=(R, x R%),

then the process ((W, 90>)¢e oo (R xRY) is centered Gaussian with covariance
E[<W7901> <W7S02>} = / ] pr(t, T)@o(t, x)dtdz @1, o € CF(Ry x RY).
R+XR

1.2.1. Multiplicative Stochastic Heat Equation. The first and main equa-
tion treated in this thesis is the so-called Stochastic Heat Fquation with multiplica-
tive noise (mSHE):

duu(t,z) = 1+ Au(t,z) + Bu(t,z) - Wit,z) teR,,reR?,

u(0,2) = 1. (mSHE)



As the name suggests, this is the standard heat equation with an additional po-
tential term given by the noise W multiplied by w. From a physical point of view,
we can interpret u(t,z) as the temperature at time ¢ > 0 in z € R? as the heat
spreads through an environment with random sources and sinks (according to the
“sign” of W), which independently generate or dissipate the heat with rate B]W|

In general, we stress that the equation written as above is just formal. In fact,
the strong irregularity of the white noise (recall that W is distribution-valued)
could be a priori inherited by the solution itself, therefore we expect u to be a
non—smooth function or even a distribution, depending on the space dimension
d. For this reason, (mSHE) is said to be singular, namely ill-posed, due to the
presence of the product u- W between a non-smooth function and a distribution,
or even between two distributions, which is not canonically defined.

More precisely, the white noise 144 belongs to the (parabolically scaled) Holder—
Besov space of distributions C' = B,  with a = —4 11—k for all K > 0,
which coincides with the (parabolically scaled) a-Holder space whenever oo > 0
(see [CW17]). Since the smoothing action of the Laplace operator should let the
solution of (mSHE) gain two degrees of regularity, we expect that u is an element
of C¢ with o/ = —% +1 — & for all & > 0, ([CW17]). Thus, we conclude that
u is a continuous (but non—differentiable) random function when d = 1, while for
d > 2 we expect u to be a random distribution.

We can have an intuitive idea on the difference between the one-dimensional
case and the problem in d > 2 by following a renormalization procedure. We look
at the noise W in (mSHE) as a perturbation of the deterministic PDE and we
study its qualitative effect both on large and small scale.

In the setting of stochastic PDEs one is usually interested in studying the small
scale, thus we first rescale the space-time variables as

(t,r) — (%, ex), e>0

and we analyze the equation solved by the rescaled solution u®(t, r) = u(e’t, ex),
namely

1 .
Ous (t,x) = 3 Auf(t,z) + Belt u(t,z) - W(t,x), (1.3)
where we applied the scaling property of the white noise
W(t,x)< 51+%W(€2t, ex) . (1.4)

Notice that is still a Stochastic Heat Equation, where the determistic part
remains invariant while the noise strength is now rescaled according to ¢ > 0. If we
now “zoom in” by sending ¢ — 0 we observe different scenarios according to the
spatial dimension d. When d < 2, i.e. d = 1, the noise strength £1-% vanishes as
€ — 0, thus the noise effect on the small-scale properties of the solution is less and
less significant. In the language of stochastic PDEs, this is known as subcritical
regime. On the other hand, when d > 2 (also called supercritical regime) the noise

7



strongly affects the small-scale properties since its strength le_% explodes as
e — 0. When d = 2, the noise strength 8 remains invariant in , thus this
argument is inconclusive because we have no guess on the impact of the noise:
this is called critical regime.

In order to make a comparison with disordered systems, usually observed on
large scale, we now set

(t,2) = (ég) £ 0.

equation similar to , where the noise strength is now rescaled as e271. As
a consequence, by sending ¢ — 0 we obtain analogous predictions as before, but

This implies that the rescaled solution (¢, z) == e (t,z) = u( ) verifies an

reversed. The message is that on large scale the noise will be gradually stronger,
i.e. relevant in d = 1, otherwise irrelevant in d > 2 and marginal for d = 2.
The choice of these adjectives is obviously not a coincidence: one immediately
notices that these forecasts are exactly those predicted by the Harris criterion
for the d-DPRE. We then guess that there is a parallelism between the notion of
subcriticality and criticality from the theory of stochastic PDEs and the disorder
relevance and marginality from the language of disordered systems, respectively.

Concerning the problem of the rigorous construction of a solution for (mSHE),
when d = 1 the existence and uniqueness of u(t, x) was already proved (when the
space R is replaced by a bounded interval) by Walsh ([Wal86]). Almost ten years
later, a Feynman-Kac formula for u(t,z) was given in [BC95]. We also stress
that the one-dimensional setting is the only case when the solution admits an
L?-convergent Wiener chaos expansion. For higher dimensions d > 2, the prob-
lem becomes more subtle due to the singularity of (mSHE) and a well established
solution theory is still missing. Even the breakthrough recent approaches to make
sense of singular stochastic PDEs — such as the techniques via regularity struc-
tures ([Haild]), via paracontrolled distributions (J[GIP15]), via energy solutions
(IGJ14]) or via renormalization ([Kupl6]) — treat so far examples only in the
subcritical regime, thus fail in this critical /supercritical framework.

1.2.2. Mollified multiplicative Stochastic Heat Equation. In order to
treat a singular stochastic PDE such as (mSHE) when d > 2 and try to obtain
some notion of solution, the standard approach is to study a similar equation,
where the noise term is replaced by a regularized version of it. For instance, one

can mollify the space-time white noise in space by formally defining
WA (k) = () 2 3)(0) = [ Gilo = )Wt o)y,
R

where j.(z) = e %j(z/e) and j € C*(RY) is a symmetric probability density.

Notice that W¢ is still a white noise in time, but it is now a smooth function in

space: for any fixed z, the process t — fot Ws(s, z)ds is now well-defined and it
8



is a Brownian motion with variance [j]|3. (ra)- At this point, we can consider the

reqularized equation obtained by replacing the noise W by W¢, namely

s (t,x) = L Auf(t, z) + Bu(t,z) - We(t,z) teR,, xR,

u(0,2) = 1. (15)

Such regularized equation is well-posed in an integral form, also known as mild

formulation, by the Ito-Walsh theory, and by Feynman-Kac we have
u(t, x)

. exp{/otﬁws(t_s’Bs)ds—%ZE{(/OtWE(t—S,Bs)dS)Q]}

BOZZ'

B():ZL’

Y

[ t 2
. 52
=E exp{/ W (t_szS)dS_7”]6”%2(1R2)t
0

(1.6)
where E is the expectation with respect to a standard Brownian motion B =
(Bs)s>0. The goal is then to try to identify a solution for the regularized equation
once the regularity is removed, i.e. one looks for a scaling limit of u® as
e — 0. If it exists, such a limit will be a natural candidate solution for the
singular (mSHE). Actually, as we will discuss in detail for d = 2 in the next
section, it will be necessary to rescale also the noise strength = . - 0ase — 0
to obtain some interesting limit. Despite the fact that the rescaled noise strength
vanishes as ¢ — 0, the limit will not agree with the solution of the deterministic
Heat Equation as one could naively expect: we will see that the mechanism behind
this asymptotic behaviour is much more subtle.

We finally stress that the representation of u®(t, s) above shows the link between
(mSHE) and the d-DPRE. Indeed, except for a time reversal s — t — s, the ex-
pression in defines the partition function of a continuum directed polymer
with length scale e. The polymer trajectories are here described by the Brown-
ian motion B (instead of the simple random walk S) and are perturbed by the
random environment We. Therefore, we can look at Z&(m, z) in as a dis-
crete version of uf; more precisely, for (t,z) € Ry x R? it is possible to show
that the rescaled partition function Zjﬁv (Nt, \/N:r;) = Zﬁ,(LNtJ, L\/NIJ) approx-
imates u°(t, ) (up to a time reversal), where the relation between the two time
scales is N = e72. This suggests that partition functions of directed polymers pro-
vide a natural and alternative regularization of the solution for (mSHE) through
discretization (rather than mollification) of the noise.

Moreover, this also leads to the key motivation for the problems treated and
presented in this work, based on the study of scaling limits of Z]/f, (N t,vV'N. :17) and
related random objects as N — oo, when d = 2. In the same spirit of the approach
via mollification, looking for a suitable large-scale limit for the d-DPRE partition
function, which satisfies a discretized version of u in (mSHE), allows to take a step

9



forward in the study of the critical Stochastic Heat Equation with multiplicative
noise. Besides, in view of the strict link between discretization and mollification,
we will show that all the convergence results obtained for Z5 (Nt, VN ) can also
be expressed in terms of limit theorems for u®(¢, x).

1.2.3. Additive Stochastic Heat Equation. It is worth recalling another
example of stochastic PDE, namely the Stochastic Heat Equation with additive
noise, also called Edwards—Wilkinson equation (JEW]), with fixed s, ¢ > 0:

0w (t,2) = § MOt 2) +cW(ta)  tERy, wERY,

(EW)
v9(0,2) =0,

which represents one of the simplest and most understoodd stochastic PDEs. In-
deed, the presence of an additive rather than multiplicative noise makes the equa-
tion no longer singular, and indeed (EW) is well-posed for any spatial dimension
d>1.

It is possible to show that the solution is given by the stochastic convolution

t
W (t2) = / / Gutr- (@ = 2) W(t',2) dt' dz, (L7)
0 R4

- 2
with g;(z) = ( l)d e~'5. When d = 1, v (t, x) is a random function, a-Holder
27mt) 2

continuous for every a < }1 in time and a-Holder continuous for every a < % in

space (see [Hai09]), and the process (v*9(t,2))(; 2 ek, xre is Gaussian with zero

mean and coviariance function

T+ o2
E [v(*¢) t,x () t, = 02/ — e e du
e y] = ¢ [
2 ps(t+t) 1 12
— ¢ €7| 23‘ du

% slt—t'| V2mu

As in the multiplicative case, when d > 2 the solution turns out to be a ran-
dom distribution, thus the expression is just formal, since v(*¢) cannot be
evaluated pointwise. Nevertheless, up to testing v(*° against a smooth function
¢ € C°(Ry xR?), the random field ((v*9), ©)) ccoo(r, xra) is a centered Gaussian
process with covariance

E[(v", 1) (0", ¢3))] 202/ o1t ) K7y (2,y) ot y) dt dz dt’ dy

R+ xRd
for all 1, ¢, € C(R, x R?). We stress that the kernel

KS ( ) 1 /S(t+t’) 1 7\3:;1/\2 d (1 8)
Nz,y) = — e 2 du :
t Y 25 Jsj—v|  (2mu)

ol
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diverges on the diagonal for all d > 2 (logarithmically for d = 2), while K ((¢, z), (¢, z))

is finite for d = 1 as expected, indeed in the one-dimensional case
vt 3) ~ N(0, K ((t,2), (t, 7))

for all (t,z) € R, x R%

1.2.4. KPZ Equation. The last equation we recall in this overview is the
Kardar-Parisi-Zhang (KPZ) equation:

Oih(t,x) = LAR(t,x) + 1 |Vh(t,2)> + BW(t,2) teR,,zeR?,
h(0,z) =0.
(KPZ)
Originally introduced by the physicists Kardar, Parisi and Zhang ([KPZ86]) as
a model for the growth of a random d-dimensional interface (embedded in R*%),
the KPZ equation has since become an object of interest and instense research
from both a physical and a mathematical point of view.

Unlike (mSHE), the KPZ equation is ill-defined for any space dimension d > 1
due to its non-linearity. Since h is expected to be rough in space, the non-linear
term Vh is expected to be a distribution, thus the mathematical interpretation
of its square is not a priori clear. Even in the simplest one-dimensional case it is
difficult to give a meaning of (KPZ): one could try to solve (KPZ) as a perturbation
of the corresponding (EW) equation obtained by removing the non-linear term,
however the solution of (EW) is continuous, but not differentiable in space, thus
it is not obvious how to treat |Vh|* = |W/|2.

Nevertheless, much work has been achieved in the space dimension d = 1. In
this case, a direct approach to solve (KPZ) is by considering the Stochastic Heat
Equation with multiplicative noise (mSHE), whose solution u is well-defined and
strictly positive (see [Muel91]) when d = 1, and then defining the so—called Cole—
Hopf solution h = logu, which formally solves the KPZ equation. In other terms,
the Cole-Hopf transformation h — u = e” formally maps (KPZ) in (mSHE), as
already observed in [KPZ86|. The first mathematical contribution towards this
direction comes from [BG97], where the authors studied the solution h of (KPZ)
as scaling limit of the fluctuations field of a microscopic interface model, the so-
called weakly asymmetric single step solid on solid process (SOS), defined on the
one-dimensional lattice. More precisely, through the Cole-Hopf transformation
and its discrete analog, the so-called Gdrtner transformation (|Gaer88]), they
turned the problem of the convergence of the SOS fluctuations towards (KPZ) into
the problem on the convergence of the transformed discrete process to (mSHE). In
the same spirit, in the following years several approximations have been provided
to give a meaning to the solution h of (KPZ), by showing that the Cole-Hopf
solution exhibits the same fluctuations on large space-time scales as several known
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one-dimensional interface growth models. For a detailed review of such results,
we refer to the surveys [Cor12, [(QS15]|.

In recent years, the aforementioned theories of regularity structures by Hairer, of
paracontrolled distributions by Gubinelli-Imkeller-Perkowski, of energy solutions
by Goncalves-Jara and the renormalization approach by Kupiainen allowed to
develop more robust techniques in order to solve (KPZ), but only in the one-
dimensional subcritical case (see [Hail3l, [GP17, [GJ14, Kupl6]).

In higher dimensions, the situation is much less understood and a robust solution
theory has not been achieved yet. A possible approach is to consider the Cole-
Hopf solution h® := log u®, where now u° is the solution of the mollified Stochastic
Heat Equation (1.5)), which is strictly positive (see (1.6))). By applying carefully
Ito formula to h® = logu®, we derive the following equation solved by h®:

Ophe(t,x) = L AR (t,2) + L | VR (t,2) 2+ BWe(t,2) —C.  teR,,zeR?,
he(0,2) =0,

(1.9)
which is actually the mollified KPZ equation modified by the Ito correction term
Ce = B?||Jell T2 gy = 525’d||j||%2(Rd), which diverges as € — 0. At this point, one
tries to characterize the solution of (KPZ) by first replacing W by gW¢ — C.
and then by studying the limit of A® in as € — 0 (up to suitably rescaling
B = pe, t00).

Recall that the d-DPRE’s rescaled partition function provides a discretization
for the mollified solution u® of (mSHE), up to a time reversal. Therefore, in view
of the Cole-Hopf transformation applied in the continuum setting, it is natural to
consider the log-partition function log ZjﬁV (N t.v/'N. x) as a discrete approximation
of h*(t,x) and then to try to obtain information on (KPZ) by working in the
discrete framework and studying the scaling limit of log Z f, (N t,vV/'N. x) as N — oo.

1.3. Scaling limits for the directed polymer partition function

In this section, we mainly focus on the statistical properties of the d-DPRE
partition function Z]/f,(-, -) as the polymer length N — oo.

In the late eighties, Bolthausen ([Bol89]) examined the d-DPRE model in the
framework of martingales. Since Z ﬁ, is a positive martingale on (2, G, G,, P), then
it converges P-almost surely

. B _ 8
i 24 = 22
for § > 0 and by Kolmogorov’s 0-1 law the following dichotomy holds:
P(Z5 =0)=0or1.

The former case is called weak disorder, while we refer to the latter as strong
disorder. This dichotomy was then fully characterized in the early twenty-first
INote that Zﬁ, (Nt, \/Nx) is strictly positive by definition .
12



century by Comets, Shiga and Yoshida ([CSY03, [CSY04, [CY06]), who proved
the existence of a critical disorder strength 5. = S.(d), precisely f. = 0 ford = 1,2
([CHO2]) and g, > 0 for d > 3 ([IS88}, Bol89]), such that the weak disorder holds
if 6 € [0, 5.), while the strong disorder is verified if 5 > (.. In particular, notice
that we observe an actual phase transition from the weak to the strong disorder
regime only in higher dimensions d > 3.

The existence of a weak disorder was first shown in [IS88, Bol89] for sufficiently
small 5. Under this regime the polymer path, namely the simple random walk
under the measure P?\, is diffusive, as it is under the non-perturbed measure P.
This was extended to all § < . in [CYO06]. Heuristically, the disorder tuned by
a low value of 8 does not significantly affect the pure system as N — oc.

On the other hand, when d = 1,2 for all 5 > 0, or for a high disorder strength
B > fB. when d > 3, the partition function Zjﬁv converges almost surely to 0
as N — oo, despite E[Z%] = 1 for all N € N and 8 > 0. As the cho-
sen terminology suggests, in the strong disorder regime the effect of the disor-
der considerably alters the pure model, indeed it is expected (but not proved
yet) that the polymer path is superdiffusive under P]ﬁv. Moreover, the poly-
mer path localizes in those regions favoured by the random environment (see
[CHO02, [CSY03, [Chal9, BC20, Bat21]).

The weak /strong disorder dichotomy further confirms the predictions obtained
by the Harris criterion: when the disorder is irrelevant (d > 3) the model preserves
its features (weak disorder) until § is large enough to cause a transition to the
strong disorder regime. Otherwise, if the disorder is relevant (d = 1) or marginally
relevant (d = 2), the strong disorder regime holds for any value of § > 0, no matter
whether [ is low or high.

In the situation of disorder (marginal) relevance, it is natural to zoom around
B = 0 in order to try to identify an intermediate disorder regime between the
weak and strong disorder, where the partition function should admit a non-trivial
limit as N — oo. To be precise, the key observation suggested in [AKQ14] is
that it should be possible to tune the disorder strength § = Sy — 0 at a suitable
rate as N — oo in order to obtain a non-trivial disordered continuum limit for
Z]%N (" )

In the one-dimensional case, this was achieved by Alberts, Khanin and Quas-
tel (JAKQ14]), who proved that by rescaling § = By = % with 3 > 0 the
diffusively rescaled partition function Zﬁ, (N t, VN a:) converges in distribution to
the solution u(1 — ¢, z) of the Stochastic Heat Equation with multiplicative noise
(mSHE) (which is a well-defined random function as long as d = 1).

This result was extended by Caravenna, Sun and Zygouras in [CSZ17a] to more
general disorder relevant systems, including the pinning model (see also [CSZ16]),
the long-rage directed polymer in d = 1 and the random field Ising model on

Z2. The proof techniques are based on polynomial chaos expansions for partition
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functions, which consist of multilinear polynomials of suitable modified versions
of the disorder random variables w(n,z) (see Section of Chapter |3| for more
details). The crucial point is to show that such an expansion for Z]@N (N t,. VN x)
converges to the corresponding Wiener chaos expansion of u(1—t, z), by exploiting
as key ingredient an extended version of the Lindeberg principle for polynomial
chaos (see [MOQO10]).

Before we focus on the more delicate two-dimensional framework, let us mention
additional works towards other directions, where the features of disorder random
variables are weakened. Scaling limits of the rescaled 1-DPRE’s partition function
have been recently investigated by removing the independence hypothesis of the
random environment. Depending on whether one considers a family of disorder
variables only correlated in space ([Ran20]), only in time ([RSW22-+]) or both
in time and space ([SSSX21]), it is still possible to obtain a continuum limit
towards the solution of a (mSHE) where the noise is white or colored in time/space
according to the discrete disorder. We refer to the cited articles for more details
on the techniques and on the notions of solution for (mSHE) used.

Alternatively, much attention has been paid to the analysis of intermediate dis-
order limits beyond the finite second moment assumption of the random environ-
ment. By considering a family of i.i.d. centered disorder variables in the domain
of attraction of an a-stable law for v € (1,2), a non-trivial disorder phase exists
if and only if the space dimension satisfies d < -2 (see [Viv21l, Weil6]). More-
over, as the stength Sy tends to 0 as N — oo at some suitable rate depending on
« and on d, the scaling limit of the rescaled d-DPRE partition function converges
to the solution of a (mSHE) with Lévy noise. See the works of Berger, Chong and
Lacoin [BL21, BL22, BCL21+| and the references therein for an exhaustive
analysis of this problem.

Back to the standard DPRE model, from now on we focus on the marginal case
d = 2, where the situation is more subtle because we have poor information about
the solution of (mSHE) and the Wiener chaos expansion considered in [AKQ14]
and [CSZ17a] diverges for d > 2. New techniques were developed in [CSZ17b],
where the authors found that in order to obtain a non-trivial limit for the partition

function the correct rescaling for 3 is logarithmic, namely

b BT
= = ~ N — . 1.10
The parameter B > 0 is fixed, while
N N N
Ry =Y P(S,=58,) =Y P(S =0)
n=1 n=1

is called expected replica overlap, it denotes the expected collision local time be-
tween two independent simple sandom walk S and S and when d = 2 it diverges
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as Ry = 2% 4+ O(1) as N — oo by the local CLT (see also [ET60]). Choosing
the rescaling ([1.10]), Caravenna, Sun and Zygouras proved the following pointwise
limit in distribution for any fixed (¢,x) € [0, 1] x R*:

U(B)Y—%U(B) 3 c 0.1
78 (Nt,VNa) —25 0" pe.), (1.11)
N—o00
0 f>1,
or, equivalently,
Y — La(B) Be(0,1),
log 20 (Nt, VNz) —iy { TPV —208) 5 €(0.1) (1.12)
N—oo —00 6 2 ]-)

where Y ~ AN(0,1) and U(B) = log (1_152). What surprisingly occurs here in
contrast to the d = 1 case is that by zooming around g = 0 according to we
observe a new phase transition from weak to strong disorder, which reminds the
one in d > 3. The critical point where the transition occurs is here explicit, namely
Bc = 1, and represents the point at which the limit’s variance explodes. It can
also be guessed by computing the asymptotic variance of the partition function:

indeed, one can show that for all (¢,z) € [0,1] x R?:

A

lim Var(ZfVN (Nt, \/Nl‘)) = i

N—o0 1_32’

which clearly diverges at B =1

The result still relied on polynomial chaos expansion of the partition
function, however the continuum limit for /5’ < 1 is no longer a function of white
noise as for d = 1, where the result is a Wiener chaos expansion obtained as
scaling limit of discrete disorder variables (which approximate the white noise).
What was crucially identified in |[CSZ17b] is a hierarchy of independent white
noises, which arise as scaling limits of suitable subsets of the polynomial chaos
expansion of ZJ%N (N t,v/'N. x), determined by the logarithmic scaling . These
independent white noises provide the basic bricks to show the Gaussian result
for B < 1 through the application of the celebrated Fourth Moment Theorem
[NPO05, NPR10|, which we will discuss more in detail in the next subsection.

The regime B € (0,1) and B > 1 are respectively called subcritical and super-
critical, whereas Bc = 1 characterizes the critical regz'm While the supecritical
regime is poorly understood to the best of our knowledge, the subcritical regime
has been throughly investigated in last years and much progress has also been
made recently in the analysis of the critical case. We now focus on the latter two
regimes for d = 2 and we present the related contributions of our work.

2There is a conflict of terminology between the subcritical /critical /supercritical regimes just
introduced, which refer to 3, and the ones related to stochastic PDEs and mentioned in Section
1.2l which instead refer to the class of equations and to the dimension. Despite the common

names, there is no analogy between them.
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1.4. Main results in this thesis

We now discuss the main original results of our work and how they fit into the

existing related literature.

1.4.1. The 2d directed polymer in the subcritical regime. Through
the same techniques applied for the pointwise convergence in distribution (1.11])
for fixed (¢,z) € [0,1] x R?, the authors of [CSZ17Db] also analized the 2-DPRE

partition function as random field, by considering the process
{Z (Nt,V/Nz) : 2 € R?},

where t € [0, 1] is fixed for simplicity. In particular, they proved that under the
subcritical regime ((1.10)) with Be (0,1) the fluctuation of the diffusively rescaled
and suitably amplified partition function

{Vn(t,z) = By (23 (Nt,VNz) —1) : = € R?} (1.13)

are Gaussian as N — oo. To be more precise, this convergence result is meant in
the sense of random distributions on R? (i.e. generalized functions), hence for any

fixed test function ¢ € C,(R?) the following convergence in distribution holds:

N—oo

/RQ Vu(t, o) pla)de —"— (@,¢)  t€[0,1], (1.14)

where the process v = (0, = (U, 9)),ecc.(r2) is a log-correlated generalized centered
Gaussian process which can be characterized as v(x) = v (1 — t,x), where
v®9 is the solution of the Edwards-Wilkinson equation (EW) with s = % and

— L 1 ; o
c=c5= i which explodes for 5 = 1.

In [CSZ20], the analogous result for the log-partition function was proved: still
in the subcritical regime (T.10) with 3 € (0,1), for all ¢ € [0,1] it holds that

6;,1(10ng,N (Nt, \/N:v) — E[long,N (Nt, \/N:E)D o(z)dz ﬁ (0, ¢),

(1.15)
where v is the same Gaussian generalized field as above. In order to verify ,
the authors developed a non-trivial approach which linearizes the log-partition
function log Zf,N (Nt, \/Nx) in terms of ZJBVN (Nt, \/Nx) and then applied
(more details in Subsection of Chapter |3)).

RQ

The proofs of the Gaussian limits (1.12)), (1.14]) and (1.15) under the subcrit-

ical regime are all based on the application of the Fourth Moment Theorem for
polynomial chaos. Formulated in our context in [NPR10] and slightly extended
in [CSZ17bl Theorem 4.2] (see also the previous works [NPO5), [dJ90, [dJ87,
Rot79]), the Fourth Moment Theorem ensures the convergence of a sequence of
centered polynomial chaos of fixed order (see Chapter [2| for more details) towards
a Gaussian random variable N(0,0?), provided that the second and the fourth
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moments converge to the corresponding moments of N'(0,0%). An extension to
vectors of polynomial chaos holds if we further assume that each entry of the cor-
responding covariance matrix tends to some value V;;, so that we obtain the joint
convergence towards the multivariate normal random vector N'(0,V = (Vj;)).
Although this result is extremely useful and powerful, it is not always imme-
diate to verify the required hypotheses, especially the one concerning the fourth
moment. In the framework of polynomial chaos studied in [CSZ17b|, indeed,
the computation of the fourth moment leads to a non-trivial and quite technical
combinatorial problem which further complicates the proof structure.

The first main contribution of our thesis in the subcritical regime is an alternative
proof with refinements of the results (1.12]), (1.14) and (1.15]), based on a novel
and more elementary approach which avoids the application of the Fourth Moment

Theorem. In particular, we prove

e a novel Central Limit Theorem (CLT) for polynomial and Wiener chaos,
see Theorems 2.2]and [2.9] as a result of independent interest (Chapter [2));

moreover, as an application of our new CLT for polynomial chaos to 2d directed
polymers, we present

e a revisited version for the Edwards-Wilkinson fluctuations of the rescaled
partition function (|1.14)) and of the rescaled log-partition function (1.15),

see Theorems [3.2] and (Chapter [3] Section [3.2);

e a novel Gaussian convergence for a singular product between the rescaled

partition function and the disorder, see Theorem (Chapter , Sec-
tion (3.3));

e a sharp approximation via polynomial chaos of the log-partition function
with fixed starting point, which improves (Chapter [4]).

Eventually, as an application of our new CLT for Wiener chaos to the 2d (mSHE),

we show

e a revisited version for the Edwards-Wilkinson fluctuations of the solu-
tion to the mollified multiplicative Stochastic Heat Equation, see Theo-

rem (Chapter [3| Section [3.4).

Let us give an overview of these results.

Regarding the CLTs presented in Chapter [2 we identify three sufficient condi-
tions (see f* and Theoremin Chapter for the asymptotic Gaussian-
ity of a sequence of polynomial chaos, only based on second moment computations.
These conditions are indeed much simpler to be verified, both in general and in
the 2-DPRE framework, since they do not require estimates for any moments but
the second one. In particular, thanks to the nice structure of polynomial chaos
written as sums of mutually L2-orthogonal random variables, working with the
second instead of the fourth moment significantly simplifies the computations. As
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we will show in Chapter [2] the key tool to prove the Gaussianity in Theorem
is the application of the Feller-Lindeberg Central Limit Theorem for triangular
arrays (see Theorem [2.14)).

We also stress that our criterion applies to superpositions of (even infinite) chaos
of different orders, provided that the contribution to the second moment is given
by a finite number of chaos of bounded order, up to a negligible error in L?. In
the setting of the 2-DPRE model, this corresponds to work under the subcritical
regime with 8 € (0,1), since the critical point 3. = 1 is indeed determined
by the failure of the latter request. While in the original proofs of ,
and it was necessary to compute the fourth moment of each single chaos of
fixed order, our novel criterion allows to deal with the polynomial chaos expansion
of ZEN(-,-) in its entirety and to estimate (contributions to) the second moment
without analysing each fixed chaos separately.

Thanks to this novel general criterion, not only are we able to recover the afore-
mentioned results with alternative and more elementary arguments, but we can
also improve them. In particular, we now present how we revisit the results about
the Edwards—Wilkinson fluctuations and about the asymptotic Gaussianity
of the rescaled log-partition function with fixed starting point (1.12)), by exploiting
our new Theorem 2.2

In Section[3.2) of Chapter [3] we first show how to recover the Edwards—Wilkinson
fluctuations through the new CLT for polynomial chaos. However, it is
not a priori clear why the fluctuations of the rescaled partition function — which
approximates the solution of the Stochastic Heat Equation with multiplicative
noise (mSHE) — converge (up to a time reversal) to the solution of the Stochastic
Heat Equation with additive noise (EW). To shed light on this mechanism, in
Section of Chapter |3| we introduce and analyze the asymptotic behaviour of

the following singular product

{EN(t, z) = Wy (t, 2) (Z8¥ (Nt,VNz) — 1)
. (1.16)
= B W (ta)Vi(t.@) : (1) € [0,1] x R? }

between the centered and rescaled partition function Vi(-,-) (recall (1.13)) and
the rescaled disorder Wy (t,z) = N nw ([N, VN z]), where the family ny =
(nn (m, z))(mz)eNXZ2 is a slight modification of w (see (3.3)). We call Zy singular
because of the strong irregularity of its factors for large N. In fact, not only is
Vxn rough for large scales as we discussed earlier, but the same holds for WN,
which converges in distribution to the white noise as a random distribution, i.e.
(W, @) L (W, 0) ~ N (0, l]2.) as N — oo, for all ¢ € C([0, 1] x R2),

From (|1.16)), we could naively expect =y to vanish as N — oo, since Wy and
Vv converge to the white noise W and to ¥ (see ) respectively and Sy — 0.
However, we show that under the subcritical regime with 3 € (0,1) the
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singular product =y admits a non-trivial limit, even jointly with Wy:

Wy, Ex) —2 (W, /2 — 1’ 1.17
B

N—o0

as random distributions on [0, 1] x R? where W and W are two independent white

' 0,1] x R? and ¢; = ———.
noises on [0,1] x R* and ¢, Tih

At this point, we can figure out why this result (whose proof is based on the
application of Theorem improves ([1.14]). Indeed, it is possible to show that

Vy formally solves the following difference equation

1 .
_ at(N)VN — Z_lA(N)VN + Wy +EnN, (1.18)

where at(N) and AW are the discrete time derivative and the discrete Laplace
operatoxﬂ By (formally) sending N — oo, the result then provides an
intuitive and heuristic explanation why the random field Vy converges to v, indeed
from (|1.18) we formally get

-1 . S =
— = — % — / = — ~
Oyv 4Av+W —i—,/cﬂ 1w 4AU+CBVV ,
which precisely corresponds to the — up to a time reversal — (EW) equation iden-

tified in ((1.14)), where W is an additional space-time white noise obtained by the
sum of the mutually independent noises W and W',

We now spend a few words about the asymptotic Gaussianity of the log-partition
function with fixed starting point. By stationarity, we only deal with ZJ@N =
ZEN(0,0) where Sy verifies and 8 € (0,1). In Chapter , we show how we
can recover by applying our Theorem instead of the Fourth Moment

Theorem and show that log Z]%N converges in law to a normal random variable
1
1-82°
that, unlike Z]@N and for its linear transformations Vi (-,-) and Ex(-,-), log Z]ﬁ\,N

with mean —%JQ(B) and variance O'2<B) = log The problem in this case is
does not admit an explicit polynomial chaos expansion, which is essential to apply
Theorem 2.2l We first solve this issue by presenting a result of independent
interest, which provides a sharp approzimation in L? of log ZJ%N in terms of an
explicit polynomial chaos expansion X ¥™ (see ([4.5]) for a detailed definition):
1 2
: BN dom _ — dom _

Jim[10g 23 — {xgem - SE[(x8))}| =0 (1.19)

We stress that the proof of ((1.19) is quite challenging and represents one of the

key points in this discussion. Through suitable second moment estimates which

underline an exponential time multi-scale, we derive an approximation of the
partition function in terms of a product representation, which turns out to be
extremely convenient when we finally take the logarithm of Z]%N .

3A more precise yet still formal version of this difference equation is presented in Section

of Chapter
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Once obtained a polynomial chaos expansion for the log-partition function, by
exploiting our CLT for polynomial chaos (Theorem we can easily prove that
Xgom L N(0, 0%(B)) and  lim E[(XE™)?] = 02(3), (1.20)

N—oo N—oo

which, together with (T.19)), recovers (T.12)) for 3 < 1.

Before concluding this discussion, we focus more on what happens in the related
continuum setting of the singular SPDEs introduced in Section of this chapter.

We have already observed that we can interpret the rescaled 2-DPRE parti-
tion function Z4"(Nt,+/Nz) as a discretization — up to a time reversal — of the
regularized solution u®(¢,z) of the Stochastic Heat Equation with multiplicative
noise, where N = ¢72. The Cole-Hopf transformation then implies an ana-
log relation between log Z%" (Nt,/Nz) and the regularized solution he(t,z) of
the KPZ equation. In particular, in [CSZ17b] and [CSZ20] the authors also
studied the asymptotic behaviour of u®(t,z) and h®(t,z) as ¢ — 0 and derived
the continuum counterparts of results (1.11)-(1.12)-(1.14])-(1.15]), when the noise
strength 3 in the mollified equations and is rescaled logarithmically as
b = V2R o= [}

In addition to the works by Caravenna, Sun and Zygouras, it is worth mention-

ing a recent generalization carried out in [DG22], which studied the semilinear
reqularized (mSHE):
€ _ 1 € 1 € i€ 2
Opug(t,x) = 5 Aug(t,x) + ma(ua(t,x)) -We(t, ) teR,,zeR?,

us(0,2) = a,

where o : [0,00) — [0,00) is a Lipschitz function with Lipschitz constant L, <
V271 and with flat initial condition a > 0. In particular, they proved that the lim-
iting distribution of uS(t,z) as € — 0 is expressed by a forward-backward SDE,
which recovers the log-normal distribution ([1.11)) when o is the identity function.

Although in this thesis we focus more on the discrete setting, in Chapter [2| we
also present the continuum analog of Theorem [2.2] namely a Central Limit Theo-
rem for Wiener chaos (see Theorem [2.9). In particular, the sufficient conditions
—— in Chapter 2| for the asymptotic Gaussianity of a given sequence of
Wiener chaos (whose definition will be given) are exactly the continuum versions
of ——. This general criterion provides an alternative approach to recover
all convergence results for u®(¢,z) and h°(t,z) obtained in [CSZ17b| [CSZ20],
without the need to return to the discrete setting as carried out in these works. In
Section [3.4] of Chapter[3]| by way of example we apply this other strategy to recover

4The presence of the factor v/2 is linked to the periodicity of the simple random walk (see

Remark .
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the Edwards-Wilkinson fluctuations for the solution of the regularized (mSHE).
The key idea is that the random field 8! (uE (") — 1) is sufficiently regular to
admit a Wiener chaos expansion, which easily verifies the assumptions ——
for the asymptotic Gaussianity.

1.4.2. The 2d directed polymer beyond the subcritical regime. We
now focus on the more subtle case where we approach the critical point Bc =1. We
have already observed that by rescaling the disorder strength according to (|1.10)
with 3 = 1 the diffusively rescaled partition function Z5~ (VNz) =2 o (lVNz])
converges in law to 0 for all x € R2, while E[Z]@N (\/N:c)] = 1 and the A-th
moments IE[Z]%N (VNz) h} explode as N — oo for h > 2 ([CSZ19al). This singular
asymptotic behaviour suggests that the random field

{23 (VN2) 2 e R?} (1.21)

becomes rough in space as N is large, thus it is more convenient to study it as a
random distribution on R?, i.e. by averaging the partition function in space:

ZRN (¢) = /R? ZRN (\/Nx) o(x)dz, ¢ € C.(R?), (1.22)

where for simplicity we take the initial time t = 0.

The first contribution in this direction comes from Bertini and Cancrini [BC98§],
where the authors investigated the critical regime for the two-dimensional (mSHE).
More precisely, they proved that there exists a critical window around Bc =1
where the continuum analog of is tight and they explicitely computed the
covariance function.

More recently, Caravenna, Sun and Zygouras ([CSZ19al, (CSZ19b]) recovered
results in [BC98§|. In particular, they identified a critical window (comparable
with the aforementioned one) around B. = 1 by rescaling the disorder strength
£ = By such that

1 g+ o(1)
T~ — 14+ N 1.2

where # is any real fixed parameter, so that Sy ~ \/% with BC = 1. Moreover,
they showed that the limiting third moment of is bounded as N — oo, thus
all subsequential limits cannot be trivial and admit the same covariance structure
identified in [BC98].

Inspired by the works of Dell’Antonio-Figari-Teta ([DFT94]) and of Dimock-
Rajeev ([DRO04]) on Schrodinger operators with point interactions (also denoted
as Delta-Bose gas) in dimension d = 2, Gu, Quastel and Tsai ([GQT21]) com-
puted asymptotically all moments of the averaged solution of the mollified (mSHE),

which are bounded as N — oco. However, these moment estimates grow too fast,
thus they are not sufficient to uniquely determine the distribution of the limiting
random field.
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A decisive step has been made very recently in [CSZ21+], where under the crit-
ical regime the authors finally proved the uniqueness of the limiting random
field, which is a random measure further studied in [CSZ224| and called the Crit-
ical 2d Stochastic Heat Flow by the authors for being the good candidate for the
solution to the two-dimensional (mSHE). The techniques developed in [CSZ21+]
are based on polynomial chaos expansions, a coarse graining approach, a time-
space renewal theory, a novel Lindeberg principle for multilinear polynomials of
dependent variables and functional inequalities for Green’s functions of random
walks on Z2.

In the light of what has been said so far, the asymptotic behaviours of the
subcritical and of the critical regime are deeply different. In the former, one can
show that Z5N(p) (without being rescaled and centered) converges in law to a
constant, i.e. its mean [, ¢(z)dx, and its fluctuations around the mean rescaled
by By' converge to a Gaussian limit (recall (I.14)). On the other hand, the
situation significantly changes in the critical regime, where ZfVN (p) converges in
law to a random object (thus non constant), non Gaussian, withouth the need to
rescale and center it.

The analysis carried out in Chapter [5] has the purpose of better investigating
the gap between the aforementioned regimes, by studying an intermediate regime,

namely

1 On
2~ —(1- N 1.24
51\7 RN( 10gN> as —>OO7 ( )

where 6y is a function which diverges slower than log N as N — oo. Observe
that the above window interpolates between the subcritical (by setting Oy ~
(1—/3)log N) and the critical regime (where 6y = 0+0(1), § € R). By this choise
of By, we are approaching the critical point Bc = 1 from below at an arbitrarily
slower rate than in the critical regime. In fact, for any choice of divergent function
On = o(log N) we have a family of intermediate regimes which are arbitrarily close
to the critical one. For this reason, we choose to call it the quasi-critical regime
and we investigate the scaling limit of Z]%N () for this choice of Sy.

The second main contribution of our work is then focused on the quasi-critical

regime, in particular we obtain

e Edwards-Wilkinson fluctuations of the rescaled partition function, see
Theorem (Chapter [5));

e an exact expression and related upper bounds for the moments with order
higher than two of the partition function, with a special focus for the
fourth moment, see Proposition [5.4] and Theorems [5.9 [5.11] and [5.13]

(Chapter , Section .
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Going into more details, in Chapter [5| we show that the rescaled and centered

averaged partition function still admits Gaussian fluctuations:
VOn (ZEY(VNz) = 1) p(z) dx NL> (V) ~ N(0,02), (1.25)
R2 — 00

where V is a generalized Gaussian process with an explicit covariance structure,
also characterized as V(z) = v where v(*9(1,z) is the solution of (EW) with
s = % and ¢ = 7. Note that in this case the rescaling /@ is different (it reasonably
recovers the one in the subcritical regime when 6y = O(log N)) and is arbitrarily
slow.

Although the result is similar to what happens in the subcritical regime
, the proof presented for the quasi-critical case is much more challenging.
We still work with the polynomial chaos expansion of the partition function, but
contrary to the subcritical regime where the limiting second moment of Z ]@N (\/N x)
is bounded for any x € R?, here it explodes as N — oco. By suitably rescaling
the centered averaged partition function by /@y, we are anyway able to obtain a
bounded limiting second moment ai. However, the key observation is that in this
setting a finite number of fixed chaos no longer gives the main contribution to afp as
N — oo. Therefore, all the standard techniques for proving the Gaussianity, such
as the Fourth Moment Theorem and the hypercontractivity property necessary to
apply our CLT for polynomial chaos, no longer apply in this context.

The strategy we follow in Sections [5.1], and is still based on the Feller-
Lindeberg CLT for triangular arrays, but we need alternative estimates for the
h-th moment with h > 2 of the averaged, centered and rescaled partition func-
tion. In the subcritical regime we could simply exploit the hypercontractivity for
polynomial chaos, which no longer applies here. We present another, more del-
icate, estimate of the fourth moment, which is a result of independent interest
(see Proposition and can be potentially generalized for all h-th moments with
h > 2. The proof is inspired by those for the analog results in [CSZ21+4 Theo-
rem 6.1] and in [LZ21+], based on similar estimates from |[GQT21] adapted in
the discrete setting, where the key ingredient is a functional inequality (precisely,
a Hardy-Littlewood-Sobolev type inequality) for the Green’s function of multiple
random walks on Z2. These papers work in the critical and subcritical regime, but
the same approach can also be applied in the quasi-critical regime that we con-
sider. Also in view of future applications, we also present a refined formulation of
this approach in two directions: we first make the strategy explicitly independent
of the disorder regime of 5 and then we separate the exact expression for the h-th
moments (see Theorem from the upper bounds which can be deduced (see see
Theorems and . In particular, in our case we work on a different time
scale that requires additional novel ideas to obtain the correct optimal estimate.
We prove Proposition [5.4] in Section [5.3] of Chapter [5]
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1.5. Conclusions and perspectives

We discussed several novel or revisited convergences to a Gaussian limit for
directed polymers, under both subcritical and quasi-critical regimes.

Regarding our general CLT for polynomial chaos, it would be interesting to
investigate how far from optimality are our conditions —— in Chapter .
When the polynomial chaos belongs to a fixed order chaos, the conditions of the
Fourth Moment Theorem are known to be optimal, i.e. necessary and sufficient
for the asymptotic Gaussianity of the chaos sequence. However, a comparison
between our conditions and the ones of Fourth Moment Theorem is not in principle
straightforward, especially for what concerns condition (3)) as we explicitely point
out in Remark 2.3

Another direction of future research is about scaling limits for d-DPRE in higher
dimensions d > 3. The Edwards—Wilkinson fluctuations and have
been proved for d > 3 in the so-called “L? regime” (i.e. where the limiting second
moment remains bounded) in [CN21l, [LZ22] and [CNN22], sharpening previ-
ous work from [MU18|, (GRZ18), [CCM20, DGRZ20]; see also [CCM21-+] for
related recent results. Recall that contrary to the two-dimensional setting where
the L? region agrees with the weak disorder regime B € (0, Bc) with Bc = 1 pro-
vided that [y is rescaled as , the same behaviour does not hold for d > 3.
Indeed, in higher dimension the L? region is just a strict subset of the weak dis-
order regime, moreover a concrete characterization of the critical value . where
the weak/strong disorder transition occurs is still missing. In this respect, see
[Jun22), Jun21+, Jun22+] for recent results in high dimension beyond the L2
regime. It would be interesting to apply the approach based on our CLT for poly-
nomial chaos (Theorem in this higher dimensional context, in order to recover
the existing results and to check whether it is possible to go slightly beyond the
L? regime, in the same spirit as carried out for the quasi-critical regime in d = 2.

Moreover, it would be interesting to explore the quasi-critical regime by also
extending the results on the singular product and on the Edwards-Wilkinson
fluctuations for the log-partition function (|1.15)). Concerning especially the latter
result, we expect to recover the analogous Gaussian limit even in the quasi-critical
regime. Indeed, the Gaussianity for the subcritical regime eventually follows from
the Edwards-Wilkinson fluctuations for the partition function (see (1.14])), which
has already been obtained in the quasi-critical regime. This is not sufficient, indeed
we will also need to generalize the linearization procedure developed in [CSZ20]
under the subcritical regime and briefly recalled in Subsection of Chapter [3|
The challenge will be to find a convenient strategy to treat the negative moments
estimates required by the approach in [CSZ20| under the quasi-critical regime

and this is non—trivial a priori.
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The situation is more subtle and delicate regarding the approximation of the
log-partition function for fixed starting point — under the quasi-critical
regime. Indeed, the proof presented in this thesis to derive the approximation
of log Z]@N in terms of X$™ strongly depends on the subcritical structure of the
polynomial chaos involved. Therefore, it is not clear how to extend this result in

the new framework and novel techniques will be surely nedeed.
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CHAPTER 2

Central Limit Theorems for polynomial and Wiener chaos

In this chapter we state our first main results: a general criterion for the con-
vergence in distribution of polynomial chaos or Wiener chaos to a Gaussian limit
(see Theorems and [2.9)).

We start to phrase our converence result in the discrete setting of polynomial
chaos, which is more elementary. Then, we will show that the new criterion has a

direct translation for the continuum environment of Wiener chaos.

2.1. Polynomial chaos

A polynomial chaos is a multilinear polynomial with variables given by inde-
pendent random variables. Also known as discrete chaos — due to the direct link
with the continuum analogue called Wiener chaos — these multilinear polynomials
play a fundamental role in the study of disordered systems and for this reason it
is worth treating them separately in a more general context.

In order to define a polynomial chaos, let T be a countable set. We consider
a family n = (n)ier of independent random variables, not necessarily identically
distributed, defined on the same probability space (ﬁ, G,P), with zero mean and

unit variance:
E[n] =0, E[(n)?*] =1, vteT. (2.1)

Let ¢ : P(T) — R be a real-valued deterministic function defined on the power
set of T such that ¢(A) # 0 only if 0 < |A| < oo, where |A| is the cardinality of
any arbitrary subset A C T .

DEFINITION 2.1. Given a family of random variables n = (n;)ier and a function
q:P(T) — R defined as above, we call polynomial chaos a multilinear polynomial
in the variables ny’s whose coefficients are given by the function q, namely

X(n)=> qA)nA),  with A =]]mn, (2.2)

ACT teA

where n(A) is meant as product of all distinct elements in the subset A.

Notice that, by definition of the coefficient function ¢, the sum in X () only ranges
over finite nonempty subsets A C T.
Definition (2.2)) is elegant, but quite abstract. We can obtain a more explicit
equivalent definition, easier to be managed, by splitting the sum in according
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to the cardinality & of the subset A. If we consider A = {¢y,...,t;} with distinct
points t; € T, we can indeed rewrite (2.2 as

X =Y X =Y Y .t [[n. @3

k=1 {t1,...,tx}CT
il Vi)

where, for each k € N, the term

k
Xk(’?) = Z Q({tla"'atk}> Hntm
{t1,...,tx }CT =1
tiFtj Vitj
is referred as chaos of order k and simply corresponds to all polynomial terms in
the n;’s of degree k.
Assuming that Y~ , 7 ¢(A)? < oo, the polynomial chaos X (n) is a well-defined
random variable in L? := L?*(2,P) with

E[X (1)) = ) a(A)’EM(A)°] =) a(A)?, (2.4)

because by the nice properties of the n,’s we easily see that (7(A))act are centered

and orthogonal random variables in L2.

To get to the heart of our problem, we allow the 7,’s to depend on N € N, i.e.
we work with an array of random variables ¥ = (/Y )scr, still independent with
zero mean and unit variance. We further require the uniform integrability of the
squares:

A o E[’mN|21{|ngV|>L} =0, (2.5)
which follows from if the n)¥’s have the same distribution. In general, a
sufficient easy condition for is that supy, E[|n)'[’] < oo for some p > 2.
We do not necessarily need to impose the latter assumption in order to define a
polynomial chaos, however this choice turns out to be convenient when we prove
Theorem [2.2] Nevertheless, when we apply our convergence result in the following
chapters we will always work with arrays n™¥ = (n)¥)er of i.i.d. centered random
variables with unit variance, which — as already noticed — easily satisfy .

At this point, consider a sequence of polynomial chaos (Xy)nen, i.e.

Xy =Xnm™) =D an(A)n™N(4),  with N :=]]n".  (26)



or, equivalently,

Xy = XN(nN) = Z X]]% - Z Z QN<{t17 s 7tk}) Hng7 (27)

k=1 k=1 {tl,...,tk}CT
tiFt; Vit

where from now on we drop the dependence of 7 in Xy to simplify the notation.
Moreover, we let the real coefficients gy () depend on N € N, too.
It is natural to impose also here that > , 1 qn(A)* < 00, so that (Xy)ven is a
sequence of well-defined L? random variables with
E(Xy] =0, E[X3]=) av(A)?, (2.8)
ACT
for all N € N, in analogy with (2.4)).

Our goal is to prove convergence in distribution as N — oo of the sequence
Xy toward a Gaussian random variable X ~ N(0,0?), for some finite 6% > 0.
In general, since a Gaussian random variable is uniquely characterized by its
moments, the Method of moments (see, for instance [NP12, Theorem A.3.1])
provides a sufficient way to achieve this purpose, by verifying that all moments
of Xy converge to the corresponding moments of X. On the other hand, if we
deal with a sequence Xy in a fized order chaos (i.e. a single term k in (2.7)),
this problem can be significantly simplified by applying the celebrated Fourth
Moment Theorem. Formulated in our context in [NPR10] and slightly extended
in [CSZ17bl Theorem 4.2] (see also the previous works [NPO5), [dJ90, [dJ87,
Rot79] and the book [NP12]), the Fourth Moment Theorem indeed requires
to compute only the second and fourth moments of Xy as N — oo to show
convergence in distribution toward X.

In this connection, our first main result gives sufficient conditions for convergence
to a Gaussian limit purely based on second moment assumptions on Xy, withouth
requiring higher moment bounds. This is indeed convenient, since computing the
fourth moment can be a hard and technical combinatorial problem, non-trivial
to be solved a priori. Moreover, this novel criterion can be directly applied to a
superposition of chaos of different orders.

To see our sufficient conditions in detail, let us introduce the shorthand

on(B) =) qv(4)?® for BCT, (2.9)
ACB
which gives the contribution to the second moment of Xy of the subsets of B
(recall (2.8)). We can formulate our assumptions as follows.

(1) Limiting second moment:
: 2 _ 2 _ 2
lim o3(T) = lim AZCTQN(A) = 0 € (0,00), (2.10)

i.e. the second moment of Xy converges to a finite limit.
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(2) Subcriticality:

lim limsu AP =0, 2.11
Jim_ Tim sup AZCT an(A) (2.11)
|A|>K

i.e. the contribution of high order chaos to the second moment of Xy is
negligible.

(3) Spectral localization: for any M, N € N we can find M disjoint subsets
(“bozes”):

Bl,...,BMCT with BZHB]:Q) fOfi?éj,

(where B; = IB%EN’M) may depend on N, M) such that the following condi-

tions hold (recall (2.9))):

M
. . 2 MY — 2
P 212
. . 2 ‘ _
i, s { s, o (B)) = 0 @213

i.e. the main contribution to the second moment of X comes from subsets
contained in one of the boxes By,...,B,;, whose individual contribution

is uniformly small.

Note that conditions , , are second moment assumptions. The name
“subcriticality” for condition is inspired by directed polymers, which we dis-
cuss in Chapter [3 and more generally by marginally relevant disordered systems

(see [CSZ17b]), which undergo a phase transition at a critical point determined
precisely by the failure of condition (2.11]).

We can now state our first main result.

THEOREM 2.2 (Gaussian limits for polynomial chaos). Let Xy be a polynomial
chaos as in (2.6), with coefficients qn(-) satisfying the assumptions , ,

(see (2.10)—(2.13)) ), with respect to independent random variables n™ = (n))ier
which satisfy (2.1) and (2.5). Then as N — oo we have the convergence in

distribution
Xy L5 N(0,07). (2.14)

The proof is given in Section [2.3| and comes in two steps:

e first we approximate X in L? by a sum Zi\il Xn,; of independent random
variables, for a suitable M = My — oc;
e then we show that the random variables (Xy ;)1<i<m, satisfy the assump-
tion of the Feller-Lindeberg Central Limit Theorem for triangular arrays
(see Theorem [2.14), which eventually yields (2.14)).
We will also replace the random variables (¥ )it by a family of random variables
with bounded moments of some order p > 2 (e.g. by Gaussians) to exploit the
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hypercontractivity of polynomial chaos, see [MOO10), Jan97|. The justification
of this replacement will be given at the end of the proof exploiting a suitable
Lindeberg principle, see [CSZ17a, MOO10].

REMARK 2.3. It would be interesting to investigate how far from optimality are
our conditions f. When the polynomial chaos Xy belongs to a fized
order chaos, the conditions of the Fourth Moment Theorem are known to be opti-
mal, i.e. necessary and sufficient for the asymptotic Gaussianity of Xy. However,
i this setting a comparison between our conditions and the Fourth Moment The-

orem 18 not straightforward, due to the freedom in the choice of the bores B; in

ED-E).

2.2. Wiener chaos

We now discuss the continuum setting of Wiener chaos. Let us briefly introduce
those notions necessary to state our result. For a complete overview of Wiener
Chaos and related topics, see for instance [Ito51), [Jan97, NP12].

Let (E,&, ) be a Polish (complete separable metric) space, endowed with its
Borel o-field € and with a non-atomic measure p. Let £* = {A € & : p(A) < oo}
be the class of measurable sets with finite measure.

DEFINITION 2.4. A Gaussian random measure on (E, &, 1) is a Gaussian process
W = (W(A))ace+ defined on some probability space (2, A, P), such that
o E[IWW(A)] =0 forall A e &
o Cov[W(A),W(B)] =u(ANB) forall A,B € E*.

We often use the informal notation W (dz). The most important example the
reader should keep in mind is given by the white noise, which corresponds to
F = R? with ;1 = Lebesgue measure.

We fix a Gaussian random measure W (dz) on (E, &, ). For every k € N and
every real function f € L*(E*, u®*), by [[to51), NP12] it is possible to define the
stochastic multiple Wiener integral

WEE(f) =

Ek

flay, .. xp) W(dxy) -+ - W(dazy) ,

which is a centered random variable in L*(€) (non Gaussian as soon as k > 1 and
f # 0). For symmetric functions f € L*(E*, u®*) and g € L*(E*, u®*') the Ito
1sometry holds:

E[WER(f) W (9)] = Lypeiry K (f, 9) 12k pory

= Lypminy K! /k flzr, .o xk) g(x, .. xg) p(day) - - p(day)
E
(2.15)
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REMARK 2.5. In general, if a function f € L?(E*u®*) is not symmetric, we can

define its symmetrized version as

Flon . o) ::% S Fnays - ) (2.16)

where P(k) is the set of all permutations of {1,...,k}. Obviously, when f is
symmetric we have f = f.
Then, it is possible to show that for any f,g € L*(E*u®*):

E[WE(f) W (9)] = Liepry k! (f, 9) 12(Bk puok)

= Djp—iy k! /Ek f(ml, oo xk) g(xy, . xg) p(day) - - p(day)
(2.17)

where ]7 and g are the symmetrized versions of f and g, respectively.

In analogy with the discrete polynomial chaos ([2.7]), we consider a sequence
(Xn)nen of Wiener chaos with respect to W (dx). We briefly recall its definition.

DEFINITION 2.6. Fiz N € N. A sequence of Wiener chaos with respect to
W (dz) is defined as

Xy = Zxk _ Z/ Gz, ) W(day) - - W(dag) (2.18)

where gy is a symmetric L? function defined on |J,—, (E*, E%F, ).

By applying ([2.15]), we can easily compute the first and second moment of Xn:

E[Xy] =0, E[X}]= Z KUIG 117 )

—Zk"/ an (1, . wp)? p(day) -+ - p(day) .

REMARK 2.7. Actually, every centered random variable in L*(Q), which is mea-

(2.19)

surable with respect to the o-algebra generated by W, admits an expansion like
(2.18)). See, for instance, [Jan97, Theorem 2.6].

REMARK 2.8. We observe that the factor k! in (2.19)) comes from the fact that
gy in (2.18) is a symmetric function of the ordered variables x1, ..., xy, whereas
gy in (2.7) is a function of unordered variables (i.e. subsets) {t1,...,tx}. To

formally match (| - with - m, we should identify qn with k! qy
and Z{tl tx}CT Hz 1 77t w“fh %l fEk (dzy) - - W(dzy).

Mimicking ({2.9)), we set

Z k! / qn (1, - xp)? p(dry) - - p(day) for measurable B C F,

(2.20)
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which gives the contribution to the second moment of Xy of subsets in B, see
(2.19)). We can now formulate our conditions in the continuum setting.

(1) Limiting second moment:

N—oo

i, () = i SRl = o € 000, (221
i.e. the second moment of Xy converges to a finite limit.
(2) Subcriticality:

lim limsup Y k!|gn 320 =0, (2.22)

K—oco  Nooo P

i.e. the contribution of high order chaos to the second moment of Xy is
negligible.

(3) Spectral localization: for any M, N € N we can find M disjoint subsets
(“bozes”):

Bl,...,BMCE with Biﬂ]B%j:Q) fOI'l;é']

(where B; = IBZ(N’M) may depend on N, M) such that, recalling ([2.20]),

M
: : ~2 N o 42
am - Jim Zl oN(Bi) = o7, (2:23)
. . ~92 ) _
g Jim { e, 7B} = 0 224

-----

i.e. the main contribution to the second moment of X ~ comes from subsets
contained in one of the M boxes By, ..., By, whose individual contribu-

tion is uniformly small.

We can finally state the version of Theorem for Wiener chaos.

THEOREM 2.9 (Gaussian limits for Wiener chaos). Let Xy be a Wiener chaos

as in (2.18), with coefficients qn(-) satisfying the assumptions , , (see
(2.21) ~(2.24)) ), with respect to a Gaussian random measure W(dx) on a Polish

measure space (E,E, ). Then as N — oo we have the convergence in distribution

Xy L5 N(0,07). (2.25)

2.3. Central Limit Theorem for polynomial chaos: proof of
Theorem [2.2]

As a preliminary step to prove Theorem we replace the random variables
(NN )ier in the definition of Xn by independent standard Gaussians. We will
show in Subsection that such a replacement does not affect the asymptotic
distribution of Xy as N — oc.
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We therefore assume that Y ~ N(0,1). We then exploit the hypercontractivity
of polynomial chaos, which allows us to bound moments of order p > 2 in terms
of second moments, see [MOO10, Section 3.2] and [Jan97, Theorem 5.1]:

P

Sar @ | < (Se-0tmar) . e

ACT ACT

REMARK 2.10. Actually, in [MOO10] and [Jan97], the hypercontractivity is

only shown for chaotic expansions with a finite number of fixed chaos. However,

Vp > 2: ]E[

recall that each polynomial chaos is seen as a series Xy = > oo | Xk which con-
verges in L2, thus almost surely up to subsequence. Therefore, the formula in
(2.26) easily follows by applying Fatou’s Lemma.

REMARK 2.11. The choice of a Gaussian distribution for the n¥ ’s is not fun-
damental here: hypercontractivity of polynomial chaos holds for arbitrary distri-
butions of the n;Y’s with uniformly bounded moments: if supy, E[|n|?] < co for

some D > p, then
S ax(A) WA)H < (e qN<A>2)§ , (2.27)

?
ACT ACT
for a suitable C, < oo with lim, s C, = 1: see [CSZ20, Theorem B.1].

2.3.1. Preparation. We consider a sequence of polynomial chaos Xy, with
coefficients gy(-) as in , which satisfy assumptions , , , see the equa-
tions —. We now build two suitable diverging sequences of integers
My — 0o, Ky — 0.

e We fix My — oo slowly enough so that assumption still holds with
M = My. More explicitly, for every N € N we can find disjoint subsets
(“boxes”) B; = B

By,....By, CT with B,NB; =0 fori#j,
such that the following versions of (2.12))-(12.13]) hold:

My
. 2 M — 2 . 2 myl _
A}l_fg(} 2 oy(B;) =0 and A}l_{noo {Zzgnaﬁv O'N(Bl)} 0. (2.28)
e By the second relation in ([2.28]), we can fix Ky — oo slowly enough so
that

lim 8% max o%(B;) = 0. (2.29)

N—oo i=1,.,.My
The reason for this specific choice will be clear later, see the discussion
after (2.50). Note that by our assumption (2)), see (2.11), for any Ky —

oo we have

lim > av(A)P? =0. (2.30)



REMARK 2.12. It is standard to deduce (2.28)) from (2.12)-(2.13)). Indeed, given

any real sequence an y which admits the limits

lim limsup ayy = lim liminf ayy = a,
M—00 N—00 ’ M—o0 N—o0 ’

we can always choose M = My — oo slowly enough so that imy_,oc an vy = @,

as one can check directly. Then, to obtain (2.28|) from (2.12)-(2.13), it suffices to

consider

M
an.M = Z o (IBZ(N’M)) , resp. ay,y = max o (Bl(NvM)) _
=1 Jeuns

We next proceed with the actual proof of Theorem We follow the steps
outlined after the statement of Theorem 2.2}

e first we approximate in L? the polynomial chaos Xy in (2.6) by a sum of

suitable independent random variables
XN,l —+ ... +XN,MN ,

for My — oo as N — oo fixed according to (see Subsection [2.3.2)
and in particular Lemma ;

e then we send N — oo and we apply the Feller-Lindeberg CLT to the
triangular array (Xn;)i=1.. .y, which ensures the Gaussian limit in dis-
tribution of Zf‘f{ Xn,i, namely

My
S Xwi -5 N(0,0%),
=1

(see Subsection [2.3.3));

e in conclusion, since Xy and Zi\g’ X, are close in L? as N — oo, we
easily obtain the asymptotic Gaussianity (2.14)).

2.3.2. Approximation of Xy. We recall the notation 7™V (A) := [[,c4 /",
see . We define a triangular array of random variables (Xy;)i=1,. my by
setting

Xyi= Y av(A)nN(4) fori=1,... My, (2.31)

ACB;
|[AI<K N

where we recall that My — oo and Ky — oo have been fixed so that ([2.28)-(2.30)

hold.
We now show that the sum Zf\g Xn,; is a good approximation of Xy.

LEMMA 2.13. The following holds:

Mn
‘XN - > Xwa
=1
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~ 0. (2.32)

lim
N—o0
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Proof. Let us define a modification of the random variables Xy ; in (2.31)),

where we simply remove the constraint |A| < Ky:
)N(N,i = ZqN(A)T]N(A) fori=1,..., My.
ACB;

We are going to show that

=0 and lim =0.

N—o0

lim
N—oo

My _
Xy = Xni
=1

My My
E Xni— E XN
i=1 i=1

L2

(2.33)
The first relation is a direct consequence of our assumptions and . Indeed,

L2

since the boxes B; are disjoint, we have

Do Fwi= D Y axn (A = Y an(A)nV(),

i=1 ACB; AcUMY B;

thus the random variable Zf\g X ~,i is the polynomial chaos where we only sum
over subsets A C Uf\g B;. Therefore, the difference Xy — Zf\iﬁv X N, is orthogonal
in L? to Zf\g X ~.i- As a consequence, recalling also and the independence
of the )N(Nﬂ-’s, we can write

My 2 My 2
iXN—ZXN,Z- = xwl5. = || X
=1 L2 =1 L2
2 LTI
= [lxnllz = DR,
i=1
My
— Y an(4? - Y ok(B)),
ACT i=1

hence by sending N — oo the first relation in ([2.33)) follows by (2.10) and the first
relation in ([2.28]).

The second relation in (2.33)) follows by our assumption , see (12.30]), because

My My 2 My
DoXni =D Xl = Y av(AP < ) an(A)?
i=1 i=1 12 i=1 ACB; ACT

[Al>K N |Al>K N

This completes the proof.
O

2.3.3. Asymptotic Gaussianity of Xy. In view of Lemma [2.13] to prove
(2.14]) it remains to show the convergence in distribution

My
> Xni — N(0,6%). (2.34)
— N—oo
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Note that (Xn)i=1,.. vy are independent random variables with zero mean and
finite variance, see , because the boxes B; C T are disjoint. The key tool to
gain the Gaussianity is the Feller-Lindeberg Central Limit Theorem for triangular
arrays [Bil95l Theorem 27.2], which we recall in the following.

THEOREM 2.14. For N € N let (Xn;)i=1
dent random variables with zero mean and finite variance. Assume

My be a triangular array of indepen-

.....

e the convergence of the variance:

Iim E

N—o0

(ZNXW) ] =02, (2.35)

e and the so-called Lindeberg condition:

Mp
. 2
Ve>0:  lim §._1j E|(Xn:)" xyisa] = 0. (2.36)
Then,
My

S Xni — N(0,0%).
N—o0

i=1

It is already clear that relation ([2.35)) directly follows by Lemma |2.13] see (2.32)),
and our assumption (1)), see (2.10). Next we are going to prove the following
Lyapunov condition:

My

for some p > 2 : lim Z E[‘XN,AP} =0, (2.37)

N—oo
i=1
which implies Lindeberg’s condition ([2.36)), since

B[ Xl

= €p_2

| Xnil?

E[(Xw:)" Lixy,oa] <E X2 Lixy>e}

To obtain (2.37)), we apply the hypercontractivity bound (2.26) to Xy, see
(2.31)), to get

»

E[[xXv’|” < 3 - DYan(4)? < -1 o3 (B),  (239)
AISKy
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where we recall that 0% (B;) = > ACE, qn(A)2. Then by applying the hypercon-

tractivity twice, for any p > 2 we can write

o) = (o, o) et

— L 1\ =L
=1

AN
——
=
|
=

=
4
VR
|
T B
jav}
i
=
>
=
S,
S
N————
[SIiS]
L
——
M5
9
N
Cl

=1,...,

-----

VAN
—N—
=
—_
=

=
Z
~~
Il
s
L5
z
9
>t
G
=
S
b
——
Q
>
C

(2.39)

If we fix p = 3, the term in brackets vanishes as N — oo by our choice ({2.29)
of Ky, while the last sum converges to 02 as N — oo, see (2.28), hence it is
uniformly bounded. This completes the proof of ([2.37)).

2.3.4. Switching to Gaussian random variables. We finally complete the
proof of Theorem by justifying the preliminary step: we show that replacing
the random variables (n);cr in (2.6) by standard Gaussians does not change the
asymptotic distribution of Xy. More precisely, if (7;)ier are independent N (0, 1)
and we set

XN = Z an(A) 7(A), with N(A) = Hﬁt ) (2.40)
ACT teA
it suffices to show that for every bounded and smooth f : R — R we have
lim | E[f(Xx)] — E[f(Xy)]| = 0. (2.41)

N—o00

Indeed, since Xy 4 N (0, 0%) by the first part of the proof, implies Xy A N(0,0?%).

As key ingredient to obtain (2.41)), we exploit the Lindeberg principle for poly-
nomial chaos proved in [CSZ17al Theorem 2.6], where the authors generalized
[MOO10, Theorem 3.18]. In the latter, the random variables need to be centered,
with unit variance and finite third moment. On the other hand, the extension
in [CSZ17al provides a quantitative estimate (see (2.46)) for the distributional
distance in , which can be taken suitably small for random variables with
weaker moments assumptions. In particular, the result requires a condition of
uniform integrability of the squares of the random variables, which turns out to
be optimal and gives the motivation for assuming in Theorem . We fur-
ther mention that the authors of [CSZ17al also presented a version of Lindeberg
principle covering also the non-zero mean case, but this extension goes beyond

our applications.
In order to show that E[f(Xy)] is close to E[f(Xy)], let us fix f : R = R of
class C? with

Cy i= max{][| floo; [/ llo0: [/ lloc} < 00 (2.42)
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For L > 0, denote by my” the second moment tail of the random variables n}¥
and 7

m2>L ‘= sup Imax {E“nﬂzlmgﬂn} ) E[|f]t|2]l|ﬁt|>L} } . (243)

NEN, teT

Let Cy<x, CXK’K be the second moments of Xy truncated to chaos of order < K
N
and > K:

Cysx = Y an(AP,  Cypx = D an(A), (2.44)
ACT ACT
|AI<K |A|>K

Finally, define the influence of the variable t € T on Xy by

Infy[Xn] = E [Var [Xnm)|(n)sene]] (2.45)

which admits a more explicit and nice expression in this case, provided we write
the polynomial chaos Xy as sum of two contributions given by the subsets A C T

containing the entry ¢t € T or not:

Xy =Y an(A” [Ind o + D an(A? [T

ACT seA ACT sEA
A3t sF#t AFt

Recall that the 7;’s are random variables with zero mean and unit variance, thus
by definition (2.45|) we easily obtain

Inf [ Xn] = Y qn(A)*.

ACT
A>t

By applying [CSZ17al Theorem 2.6], for any L > 0 such that m;* < 1 and for

every i € N we have

1
4

[BLf ()] ~ LA K] < 7 { 24/Cogr + 10 Czwmi®

+ 705+ C < LK max vV Infi [ X y] } :
N te
(2.46)
It only remains to show that the r.h.s. of this expression is small as N — oo, to
prove (2.41)). We fix any ¢ > 0 and we argue as follows:

e by assumption (2.11]), we can choose K = K, such that limsup,_, . C XK <
€;
e by assumption (2.10)), for any K € N we can bound limsupy _,,, Cy<x <
N
o’
e by assumption (2.5), we can choose L = L. such that m; " < e/(K?0?);

e finally, we show below that

limsup max +/Inf;[Xn] = 0. (2.47)

N—o00 teT
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As a consequence, when we plug K = K, and L = L, in (2.46) and we let N — oo,
we get

limsup [E[f(Xx)] — Ef(Xx)]| < Cp{2VE + 166},

N—oo

from which (2.41)) follows because € > 0 is arbitrary.

We now prove . By assumption there are disjoint boxes By, ..., By, C T,
with My — o0, such that relation holds. In particular, recalling also
and , it follows that subsets A C T not contained in any of the boxes B; give
a negligible contribution:

N—o00

Ay = > an(A) = o}(T) - ZNO—]?V(BZ-) —— 0. (2.48)

Recall now the definition of influence Infy[Xy] = 3~ 41 45, av(A)?. Fixt € T and
a subset A C T which contains ¢, i.e. A > t. We distinguish two cases:

oif t ¢ B; for all + = 1,..., My, then A > t implies A ¢ B, for all
i=1,..., My, hence by we can bound Infy[Xy]| < Ap;

e if ¢ € B; for some (necessarily unique) j =1,..., My, then A > ¢ implies
that either A C B;, or A ¢ B, for all i = 1,..., My (we clearly cannot

have A C B; for some i # j), hence by (2.9) and (2.48)) we can bound
Inft[XN] S U?V(B]) + AN-

It follows that

2 .
max Inf,[Xn] < jmax on(B;) + An,

hence (2.47) follows by (2.28]) and (2.48]). The proof of Theorem [2.2]is complete.
U

2.4. Central Limit Theorem for Wiener chaos: proof of Theorem [2.9

Due to the analogy between the discrete and the continuum cases, the proof
of Theorem follows very closely that of Theorem without remarkable dif-
ferences. Actually, if in the previous section we start by replacing the random
variables (7;)er by standard Gaussians in order to apply the hypercontractivity
for polynomial chaos , here we do not even need this preliminary step. In-
deed, the continuum setting is already Gaussian, since Wiener chaos are defined
in terms of a Gaussian random measure W (dz) (recall also Remark , thus the
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hypercontractivity for Wiener chaos holds (see |[Jan97]):

Vp > 2: IE‘[

Z /Ek aN(Il,...,LUk) W(dxl)w<dxk)

P p}

< (Str- VF Rl ) (249

_ <§(p_ i ’q“N<x1,...,xk>2u<dx1>--~u<dxk>)g

For completeness, we now briefly illustrate the main steps to prove Theorem [2.9
all the details are just the continuum analog of the arguments followed for poly-

nomial chaos, thus we refer to the previous section for an exhaustive discussion.

We consider a sequence of Wiener chaos Xy, with a symmetric L? function

gn(+) as in (2.18)), which satisfy assumptions , , , see the equations ([2.21])-
(2.24). Following the same argument as in Subsection [2.3.1] we build two suitable
diverging sequences of integers My — 0o, Ky — 00.

e We fix My — oo slowly enough so that assumption still holds with

M = My. More explicitly, for every N € N we can find disjoint subsets
(“boxes”) B; = BN

Bl,...,BMNCT with BZHEJZQ fOI'Z-#j,

such that the following versions of (2.23))-(2.24) hold:

My

: ~2 o\ _ 2 : ~2 my |l _
J\ll_r)noo Z;UN(BZ) o and A}l_rgo {Z:{naﬁv O’N(BZ)} 0. (2.50)

e By the second relation in (2.50)), we can fix Ky — oo slowly enough so
that

lim 8% max o%(B;) = 0. (2.51)

N—oo i=1,...,MN
Note that by our assumption , see (2.22)), for any Ky — oo we have
. ~ 112
A}gnoo Z k! ||€IN||L2(Ek) =0. (2.52)
k>Kpn

We next proceed with the actual proof of Theorem [2.9] following the same steps
as in the previous section.

First we can approximate in L? the Wiener chaos X N in by a sum of
suitable independent random variables

)?N,l"i_---_‘_)?N,MNa
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for My — 0o as N — oo fixed according to (2.50)), where for ¢ = 1,..., My we
define

Kn
=Y / in (a1, ) W(da) - W (day) (2.53)
k=1 VB
where K is fixed according to (2.51). Therefore, the following holds.
LEMMA 2.15.
dim [ Xy~ > Xvil| =0. (2.54)
=1 L2
Proof. See the proof of Lemma [2.13]
0

Then we send N — oo and we apply the Feller-Lindeberg CLT (Theorem [2.14]) to

Relation ([2.35)) easily follows from Lemma [2.15] while (2.36]) is implied by the

Ljapunov condition:

My _
for some p > 2 : lim Z]E“XN,Z-}I)] =0.
=1

N—oo <

To obtain the latter, we exploit the hypercontractivity estimate (2.49)) to X Niis
see (2.53)), and we have To obtain (2.37]), we apply the hypercontractivity bound

(2.26) to X, see (2.31)), to get

2 Ky

E||Xnil’]” < Y 0= D R lanlaen < (0= DV GHB),  (255)
k=1

where we recall that 63 (B;) = > 7, k! [or gn (@1, ..., 2%)? p(day) - - - p(day). Then
by applying the hypercontractivity twice, for any p > 2 we can write

My _ _ 1-2 My _ 2
3 efl%] = (g, 2%t]) Soeiml]

P R N At AL
=1

< {(p — 1)PEw (i:{naﬁ 512\,(18%2-))])_2} Z oa(B;).

If we fix p = 3, then the term in brackets vanishes as N — oo by the choice ([2.51])
of Ky, on the other hand the last sum is uniformly bounded since it converges to
0% as N — oo. Then, Ljapunov condition holds and we conclude that

My _
S Xvi -5 N(0,0%),
=1

thus the proof of Theorem [2.9]is complete. O

41



CHAPTER 3

Gaussian fluctuations in the subcritical regime

3.1. The directed polymer partition function as a polynomial chaos

We now present applications of our convergence results (Theorems and
in Chapter [2] to directed polymers in random environment on Z? (2-DPRE). In
this section, we briefly recall some essential definition introduced in Chapter
for d = 2 and we show how the 2-DPRE’s partition function can be expressed in
terms of a polynomial chaos expansion, which is essential to exploit Theorem [2.2]

Let S = (S,)n>0 be the simple symmetric random walk on Z? whose law we
denote by P. Let w = (w(n,))nenzeze be a family of ii.d. random variables,
independent of S with law [P and such that

Elw(n,z)] =0, Elw(n,z)?] =1, AB) :=log B[] < 0o VB > 0.
(3.1)
Intuitively, trajectories of the random walk S represent polymer configurations,
while configurations w describe the disorder, which plays the role of a random
environment. Given a scale parameter N € N, a starting time-space point (m, z) €
{0,...,N} x Z* and an interaction strength 3 > 0, the partition function of the
directed polymer model is

Zﬁ,(m, z) =K eXn=m+1(Bw(.5n) =A(8)) ‘ - z] ) (3.2)

Directed polymers were originally introduced as an effective interface model in
the framework of the Ising model with impurities, but over the years they have
become an object of independent study and a prototype of a disorder system
which is amenable to detailed rigorous investigation. We refer to the monograph
by Comets [Com17] for a recent account.

Although the definition ([3.2)) is intuitive from a probabilistic point of view as
pointed out in Section of Chapter [I] it is not clear to see the dependence
on the disorder random variables w(m, z). However, we can derive an alternative
representation of 7 f,N (+,+), namely its polynomial chaos expansion, by means of an
explicit function of the disorder. This can be done for a general spatial dimension
d > 1, however we only show the main case we will deal with, namely when d = 2.

Let us introduce a modified disorder ny = (nn(m, 2))men, .ez2, recalling (3.1):
eﬂl\’w(mvz)_)‘(ﬁN) — 1

ny(m, z) = where o3 1= N2V 1 o 2
ON N—=oo
(3.3)
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For any N € N, the modified disorder behaves as the original w(m, z), indeed
nyv = (M (M, 2))men zeze 1s 11.d. with E[ny(m, 2)] = 0 and E[ny(m, 2)?] = 1, see
(3.1), and higher moments of ny are uniformly bounded (see [CSZ17al eq. (6.7)]).
Provided that we consider a slighty modification of disorder, we can expand the
definition as follows:

Zy (m. 2)

= B[ eXi i (BunS)-A(8) ‘ S = z]
B[ I eeo@tels, =]
" (n,z)e{m+1,...,N}x2Z2
=B [I 8t o)s,)|Sn=7]

(n,x)e{m+1,....N}xZ2

> k
=17 Z(UN)k Z B (s, =)+ Lsu=mt | Sm = 2] HnN<nj7xj)
k=1 i

m<ny <--<np<N

=1+ Z(UN)k Z H Gnj—nj_i (T — T5-1) N (05, 75)

k=1 m=ng<ni<--<np<N j=1
T0=2,%1,...,x; EL>

where for n € N and « € Z?
gn(z) =P (S, = 2|5y =0)

is the simple random walk transition kernel. Notice that the last line of is an
explicit function of disorder 1y and has the structure of a non-centered polynomial
chaos with unit mean (cf. the centered version ((2.6))
Z(m,z) =1+ > av(An™(A) =1+ Y av(A ",
ACT ACT teA

with countable set T = N x Z?, variables ) = ny(n,z) for t = (n,z) € N x Z?
and coefficient function gy (A4) = B* H?Zl Gnj—n; (U5 — Tj-1) L man, <cny<ny for
a subset A = {(ny,x1),...,(ng, xx)} C N x Z2.

3.2. Edwards—Wilkinson fluctuations revisited

A source of interest for directed polymers is their link with the multiplicative
Stochastic Heat Equation (mSHE), which is the stochastic PDE formally written
as follows:

Ou(t,x) = %Axu(t,x) + Bu(t,z) W(t,x), (3.5)

where 8 > 0 tunes the interaction strength and W(t,z) denotes white noise on
R* x R2. In one space dimension d = 1, this equation admits a rigorous integral
formulation by the classical Ito-Walsh integration. In higher dimensions d > 2,
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this approach fails due to strong irregularity of white noise and no obvious meaning
can be given to its solution u(t, x).
By the Markov property of simple random walk, the diffusively rescaled partition

function
Un(t,z) := Z(|Nt], |[VNz]) (3.6)

solves a discretized version of (with 0, and %Am replaced by —0; and }IAQJ,
see below). This explains the interest for the convergence as N — oo of
Un(t,x), possibly for suitable 5 = [, since it provides an approximation of the
ill-defined (mSHE) solution u(t, ).

It is also very interesting to look at the logarithm of the partition function

log Z (LNt], [VNz])

because it provides an approximation for the solution h(t,z) = logu(t, x) of the
Kardar-Parisi-Zhang equation (KPZ), which is the stochastic PDE formally given
by

1 1 .
Oh(t,x) = §Axh(t,:n) + §|Vxh(t,x)|2 + W (t,z) “— oc0”, (3.7)

« 2

where the last term “—o0” indicates a form of renormalization.

REMARK 3.1 (Edwards-Wilkinson equation). The Stochastic Heat Equation
(13.5) is singular due to the multiplicative noise term Wu. The additive version of
this equation, known as the Edwards—Wilkinson equation, s well-posed and reads

as follows:

du(t, z) = gAw(t,@ +eW(t, ), (3.8)
where s > 0 and ¢ € R are given parameters. Starting from v(0, ) = 0, the solution
v = v 4s a random distribution (i.e. generalized function) which is Gaussian
with explicit covariance, see [CSZ20, Remark 1.5]. More precisely, if we denote

by <v(s’c), ©) the pairing between the distribution v*) and a test function o, which

formally corresponds to
b= [ ot a) it deds, (39
[0,00) xR?

then (v ) for ¢ € C=([0,00) x R?) is a centered Gaussian process with

Cov [(v*9, ), (v, )] = 02/ o(t,x) K y(x,2") ¢ (t', o) dt do dt’ da’,
([0,00) xR2)2
(3.10)
where the covariance kernel is given by
1 s(t+t') e_%
S / /
Kiy(v,2') = % /s|t—t’ gu(x —2)du, where g,(y) = . (3.11)
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Similarly, it is easy to show that for any fived t > 0 and for any ¢ € C.(R?) the
PaALrIng

<U(S’C) (t,), ) = /R2 pl:©) (t,z) p(x)dx (3.12)

1s a centered Gaussian process with covariance

Cov [(v*I(t,-), ), (W, ), )] = 02/ o(r) K7 (2, 2") ¢'(2") de da’
R2xR2

(3.13)
with K3, (z,2") as in (3.11).
At this point, let us define
11
._ — )2 - ~
Uy =Y P(S, = 2)* = P(S, = 0) ~ (3.14)
2€Z2
N N 1
I S L

where the asymptotic relations (respectively as n — oo and as N — 00) follow by
the local central limit theorem ([LL10L Theorem 2.1.3]): as n — oo, uniformly for

y ez

1 o—lal?/2

qn(y):n—/Q(g( 1/2)4-0(1))2]1(”,1!)622\,% with — g(x) = ——. (3.16)

In particular, for (n,y) € Z3

even

in the “diffusive regime” we can write

G(y) = —g(—=)(1+0(1))  for |y = O(/n). (3.17)

n n/2
Henceforth we are going to fix f = [y given by
b By . ;
~ th € (0,1), 3.18
S gy M B e(0,1) (3.18)

also known as the sub-critical regime.

By =

We look at the fluctuations of the diffusively rescaled partition function as ran-

dom field, encoded by
1
Vn(z) := —
v g
(see (|1.13]), where for simplicity we take the initial time ¢ = 0). It was shown in
[CSZ17b, Theorem 2.13] that the rescaled partition function exhibits Edwards—

Wilkinson fluctuations, because Vy(z) converges as N — oo to a solution of the
Edwards-Wilkinson equation (3.8)), as we recall in the following.

(Z(|VNz]) —1) for z€R?, (3.19)

IThe scaling factor in (3.16) is n/2 because the simple random walk on Z? has covariance
is due to periodicity.

eeeee
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THEOREM 3.2 (Edwards Wilkinson fluctuations for Z4V). Let Vi (z) be as in
B-19), where By = B/v/ Ry with 5 € (0,1) (c¢f. B18)). Then, as N — oo:
1
1— 32

Va(z) = (2) =0 (L) with ;= (3.20)

D , e
where “==" denotes convergence in law as a random distribution on R2: for

@ € C.(R?):

Vv, @) = / Vv (z) p(z) de —>Nd (U, ) ~ /\/’(O,ag (p) , (3.21)
R2 - '
with .
ol = - / o(2)K (x,2")o(2") dz da’,
P 1 — 32 Jr2xr? (=) K o)

. 1
K(z,2') = K2y (z,2") = / Gu(z — 2') du,
0

(cf. (3.13) and (3.11))).

REMARK 3.3. The kernel K diverges logarithmically on the diagonal:
1
K(z,2') ~ Clog| P as lz —2'| = 0.
Observe that such Gaussian fields with logarithmically divergent covariance kernels

are of great relevance in the theory of Gaussian Multiplicative Chaos (see, for
instance, [RV14]).

REMARK 3.4. We stress that relation (3.77)) implies convergence of all finite-
dimensional distributions of the random field ((Vi, ¥))pcc, @2y toward the Gauss-
ian field ((V, ¢))pcc.(v2), namely for any k € N, for any ¢y, ..., ¢k, the the fol-

lowing joint convergence holds:

d ~ ~
(<VN:901>7' . 7<VN790k>) m (<07901> )t ,(U,(Pk>) :
Indeed, by Cramér-Wold device |Bil95, Theorem 29.4], the latter expression is

equivalent to show that for any ay,...,q; € R:

k k
d -
Z;Oéi (Viv, ©3) N_>—OO> Zl o; (U, ;) -

The convergence above easily follows from (3.77) by linearity, observing that
k

k
> i (Viv, @i) = (Vi Zowz Zaz% = i (0,9
1=1

i=1
REMARK 3.5. Notice that we consider the case t = 0 for semplicity. In the
original result presented in [CSZ1Tb|, the authors consider

Vi(t,a) = — (285 (INt), [VN2z)) — 1) for (ta) €0, xR (3.22)

Bn
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and proved the analog of Theorem |3.2, namely
Valt, ) =2 t(z) = 5% (1 — ¢, 2) (3.23)

with c; as above, equivalently for p € C.([0,1] x R?):

(Viv, ) 1= /R V(o) et ) de = (@) ~ N(0.53 ).

and )
1
~2 . 2 / 1o /
04 = ot,r) K2, | (x, 2" )t 2") deda’,
e T o PP a0 )
1
where K2, (x, ") is defined in (3.11)).

The convergence (3.20)) was proved in [CSZ17b] using the Fourth Moment The-
orem, based on the polynomial chaos expansion of the partition function, see (3.4)).
Remarkably, our Theorem [2.2] allows for an alternative and more elementary proof
of , based on second moments calculations, which we present in detail below.

REMARK 3.6. The factor% in the parameters of v(t,x) = v(%’cﬁ)(l, x), see (3.20)),
is due to the fact that E[Sfi),Sy)] = %ﬂ{i:j} fori,j € {1,2}. In view of (3.8),

note that v(t, x) = U(%’CB)<1 —t,x) satisfies
- I, - ~
— O(t,x) = ZA‘TU(t’ z) +cyWit,x). (3.24)

Edwards—Wilkinson fluctuations also hold for the logarithm of the partition
function, suitably centered and rescaled as in (3.19)):
1
Hy(z) = 5—<log Z8%(IVNz)) — E[log ZEVN(L\/M)]) . (3.25)
N
Indeed, it was shown in [CSZ20, Theorem 1.6] that a precise analogue of ((3.20))

holds.

THEOREM 3.7 (Edwards Wilkinson fluctuations for log Z4Y). Let Hy/(x) be as
in (3.25), where By = B/\/RN with 3 € (0,1) (cf. (3.18)). Then, as N — oo:
Hy(z) = 3(z) = v2%)(1,2) . (3.26)

This convergence was in fact deduced in [CSZ20] from by means of a
highly non trivial linearization procedure, which we will briefly recall below for
completeness. We cannot avoid to expoilt this linearization, howewer we show
below how the alternative proof of based on the novel CLT for polynomial
chaos can be transferred to yield a proof of as well.

REMARK 3.8. A simultaneous and independent proof of was gien in
[Gu20] for smallﬁ > 0 in a closely related context, namely for the KPZ equa-
tion where the noise W (t,x) is reqularized by mollification (rather than by
discretization, as we consider here). Previously, the existence of non-trivial sub-
sequential limits had been shown in [CD20]. We refer to [DG22, NN21+| for
some recent extensions and generalizations.
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3.2.1. Fluctuations for the partition function: proof of Theorem [3.2]
We need to prove that

Vi(e) = 0(x) = o> (1,2),
that is, for any fixed ¢ € C.(R?) we have
d 2
(Vs ) o N(O’Uﬁ‘,@)
with
9 1

1
/ / /
0% = - o(x) ez /gux—x dudxdx’. 3.27
Pre I—BQ/WXW @) ¢le) 0 ( ) (3:27)

For convenience, we are going to show the equivalent convergence

V(p) = (BV.p) —= N(0, 503 ). (3.28)

Recall the definition (3.19)) of Vi, we can write

\/_(ZBN(\/_x)—l) (z)d

- (3.29)
= — VRN (Z3 (1z]) — 1 gp(—)dx.
2 N( N (L J) ) VN
Let us define @y : Z2 — R as the average of go(\/—ﬁ) over cubes:
py(2) = / gp(\/iﬁ) dz for 2= (z1,2)€7Z*. (3.30)

(z1—1,21] x (22—1,22]

Recalling the polynomial chaos expansion (3.4]) of Z]%(O, z) we can rewrite VN(go)
as follows:

1 o0
— N E UN\/RN E Qn, (@Nwrl) 77N(n17$1)
k=1

O=ng<ni<---<np<N
Z1,...,x, EL2

Han—n] 1 — Lj— 1) nN(an])
(3.31)

where

Qn, @N,xl = Z SON .%'0 qnl - )

:C()GZZ

Note that we can represent Vy(p) = > acr av (AN (A) as in (2.6)-(2.7) with
the following correspondences:
e the index set is T := N x Z?;
e the random variables ¥ = ny(m, z), for t = (m,2) € T, are defined in
: they satisfy by construction, while they satisfy because
supy E[|nn(m, 2)[P] < oo for all p < oo by (see [CSZ17al eq. (6.7)]);
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o the kernel gy (A), for A ={t1,...,tx} = {(n1,21),. .., (N, 2x)} C T, is

qn{A) = _UN\/ N Gy (P> 71 Han—nJ (@5 —xio1) Ljocn<ocmeeny - (3:32)
By Theorem , in order to prove Vy(p) > N(0,02) with o = /3 O'ZAW as in
(13.28]) we have to check the following conditions.

(1) Limiting second moment: we need to prove that limy_,e B[V (¢)2] = o2.

(2) Subcriticality: we need to show that

lim limsu AP =0. 3.33
P N%Op AXC;F qn(A) ( )
[A|>K

(3) Spectral localization: for any M, N € N we define the disjoint subsets
Bi::(%N,ﬁN}XZQ fori=1,..., M,
and, recalling that o%(B;) := Y s g, qn(A)?, we need to show that
_ 2 - : 2 gyl —
lim Z A}l_I)I;O ox(B) = o and A}l_r)noo {Z:I{laXM llgljolip O’N(BZ)} 0.

(3.34)
Proof of (). We start by showing the subcriticality (3.33). For K > 1 we can

write, by (3:31),

1 _ 2
Z an(A)? = N2 (0%)" Ry Z dn, (SDN,le)
ACT k>K 0=ng<n1 < <nip <N
‘A|>K L1yenny (EkGZQ

k
H Qnj—n; (:CJ' - xjfl)Q :
j=2

(3.35)
We can enlarge the sums to 0 < m; = n; — n;_; < N and change variables
Yj = x; — Tj_1, for j = 2,..., k, thus we get the following upper bound
k
1 _ 2
Z gn(A)? < N2 Z(U?v)kRN Z qna (SON,xl) H Z qmj(yj)Q
ACT k>K 0<ni <N j=20<m;<N
|A|>K $1€ZQ ijZQ
k
1 _ 2
=z 2O By Y e @vem) [ D um,
k>K Oilnelzgz]\/ Jj=20<m;<N (336)
_ 2
=Yt g 8 )]
k>K 0<n <N
x1€Z2
1— O'N RN
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where we used 37, n D yez2 Im(Y)? = Dgcmen Um = Ry, see (3-14)-(3.15), and
we remark that 0% Ry < 1 for N large enough, because 0% ~ 3%/Ry, see (3-18),
and B < 1. The term between the curly brackets is bounded by a constant C' =
C(p) > 0, indeed by summing over z; € Z? and applying Chapman-Kolmogorov:

% S @) =55 DY BB )t v —y)

0<n1<N 0<n1<N Y,y €72
Tl EZ2

s Y S e <

0<mi<N  yez?: y'ez?
ly|[<AVN

(3.37)

for some A > 0, since ¢ is compaclty supported on R?, thus $,(y) # 0 only for
ly| < AV N. Moreover, recall that ¢a,,, (y—1') is a probability, then Zy/GZQ Gon, (Y—
y') = 1, and, eventually, notice that the number of terms of both sums over
ly| < AVN,y € Z* and 1 < n; < N are of order N. Hence, we have

o (B
limsup Y gqn(4)* < C —,
N—oo ACT 1—52

[A|>K

from which (3.33) follows, since 52 < 1.

Proof of and (3)). We are going to show that for all M € N and i €

{1,..., M}:
p ‘
lim o%(B;) = 07 == ~ / o(z) gp(x’)/ gu(z —2')dudxda’. (3.38)
N—00 1 — 52 R2xR2 i;/[l

Note that this immediately proves the first relation of (3.34) and also (for i =

M = 1) limy_,e0 B[V (¢)?] = 02, see also (3.27).
Arguing as in (3.36]), we have the following upper bound

ACB

1 & :

_ 2
ZWZ(U?V)ICRN Z qn1(90Nax1) anj—nj—l(xj_xj—1)2
k=1 i]\_llN<n1<"'<nkSﬁN Jj=2
T1,..., xkEZQ

ox Ry 1 _ 2

s L0

(3.39)
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We claim that

therefore from ([3.39)) it follows that

lim o%(B;) < o7.
N—oo
To complete the proof we need to derive a matching lower bound. Let us fix
H € N large, such that % < % Starting from the expression in (3.39)), we get a
lower bound by the following restrictions:

1—1 1 N .
1<k<H, 7N<HIS<M_E)N, 0<n3—n3_1§ﬁv.]:2,,k’,

which ensures that n, < ny + Zizz(nj —nj_1) < (ﬁ — %)N + H%N < ﬁN
as required. Then, similarly to (3.36)) and by estimating the first prefactor as
Ry > Rnym2 (see (3.15))), we obtain the following estimate from below:

> an(A)?

ACB;
H+1
S (7]2\, RN/H2 — (O'JQV RN/HQ) L Z (_ - )2
- ].—0']2\[ RN/H2 N2 1 ) in SON’ ! ’
S N<m <G N

M
:)31622

oH

where we recall that Y"1, % = 1_17;1 for [x| < 1. Since Ry/p2 ~ Ry for fixed

H € N and by claim (3.40)), we have shown that

@2 . (BQ)HH 4
liminf o3, (B;) > —A/ o(x) go(x/)/ gu(z — 2')dudzda’.
N—o00 1 — 52 R2 xR2 i—1

M

We can finally take the limit H — oo to see that (3.38]) holds.

We only need to prove the claim (3.40). Since we aim to apply the local central
limit theorem in the diffusive regime (recall (5.33))), for any § > 0 we first consider
the contribution of

w Y wmEnn)=m Y Y avwen)en )

SrN<m<EN SEN<ni <N yy/€r?

1‘1622
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where %N<n1§ﬁ'Nandn1>5Nifi:1 (so that ny — oo as N — o) and
ly — /| < 3v/2n::

% S > enen ()t (y —y)

SIN<m<EN  yy' el
n1>(5N1fz 1 ly— y|<f\/2n1

(14 0(1)) _ _
= > > v BN gu (v = V) 2 Loy ez,
AN<m<EN oy 622
n1>5N if 4= 1 ly—y |< V2n1

(3.41)

Observe that (2ny,y —vy') € Z3

even moreover we easily

if and only if y — 1/ € Z?2

even’

have

( o /) . i " Yy — y/
By changing variables u = %, = = \/LN and 2’ = \/y—]/v, a Riemann sum approxi-
mationﬂ applies (recall also the definition (3.30|) of $5, which approximates well

the continuous function ¢ for N large enough), thus we obtain

/M / Je(a) gu(z — 2') dr da’ du. (3.42)
%\/6 |x— :c’|< U

By sending 6 — 0, we conclude the proof of (3.40)), provided that the complement
of (3.41)) gives a negligible contribution as we show below. Indeed, for all § > 0

and some suitable A > 0 we have

% Z | Z on(»)Pn (Y )gon (v — V)

I N<n <EN y,y €Z2:
ly—y'|>5v2n1

R D S (CHES oy

1;11 N<n1§ﬁ'N ly|[<AVN

2

Y
<Ole Az E[]Son|]
< C(p, 4)0?

where we applied the Markov inequality and the fact that ¢ is compactly sup-
ported. By sending 0 — 0 for arbitrariness, we conclude that the above contribu-
tion is negligible. When ¢ = 1, arguing as in we are able to estimate the
additional term

Z Z PN W)PN (W) aen (y —y') < C6, (3.43)

0<n1<ON y o/ €72

2Notice that the factor 2 in the last line of is consistent with the Riemann sum

approximation since the sum over ' = \/—]/V such that y—y €72

of Z?, where each point is the center of a rhombus cell of area

Sven 18 Testricted to a sublattice

2
5
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which vanishes as § — 0.

To finally complete the proof of Theorem [3.2] we only need to show the second
relation of (3.34)), namely

1 1 2 . pu— 1 2 ==
A}linoo { max hzr\?_?olip oy (BZ)} lim { max, o; } 0. (3.44)

By denoting f(u) = % Jeo g 2(@)0(2")gu(x — ') dedz” which is integrable on
[0, 1], by uniform integrability for all ¢ > 0 we can choose M > 0 sufficiently large
such that

1
< max {/ |f(u)]du : AC0,1], Ais L-measurable, L(A) = M} <e,
A
(3.45)

where £ denotes the Lebesgue measure on [0, 1]. This shows ([3.44) and concludes
the proof Theorem [3.2] O

3.2.2. Fluctuations for the log-partition function: proof of Theorem
Before applying our CLT for polynomial chaos (Theorem , we need to
exploit the linearization procedure developed in [CSZ20|, which we recall here
for sake of completeness. Thanks to this approach, we are able to approximate
the centered and rescaled log-partition function Hy(z) (recall (3.2F))) in terms of
a modification of Vi (z) (recall (3.19)), on which we can then apply our Theorem
similarly as in the previous subsection.

The key observation made in [CSZ20] is that the partition function Z4¥ ()
depends only on the disorder in a neighbourhood of the starting point, negligible
on the diffusive scale (N, v/N). Therefore, in order to obtain a suitable decompo-
sition of the log-partition function, it is convenient to approximate Z]@N (z) by a

modification where the disorder is present only in the window

1

A% ={(n,z) ENXZ?:n < N'™° [z—z| < N2 1}, where ay = (log N)=

with v € (0,~*) for a suitable choice of v* > 0 small enough depending on B
Then, by denoting

Z¥(x) =E[efaon Sy =2], 2 eZ? (3.46)
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where Hy g, = Z(n’x)eA% (By w(n, z)—A(Bx))1(s, =z}, it is possible to decompose
log Z% (z) as follows:

log Zy () = log (Z74(x) + 23 ()

Z0 (x
zlogZﬁ,]YA( ) + log (1+ Z]’;A< >>

NA(iU)
N 23 ()
= log Z]%,A(a:) + Zf,j( ) + On(7),

where Z]BVNA(x) = 70N () — Z]B\,IYA(x) and Oy (z) is the error.

Remarkably, to determine the fluctuations of the rescaled log ZJBVN (x) averaged
against a test function p € C.(R?), only the remainder Z]%NA(IJ) /Z]BV]’VA(SC) gives a
non-negligible contribution for large N, as pointed out in the following proposi-
tions.

PROPOSITION 3.9 (JCSZ20, Proposition 2.1]). For any ¢ € C.(R?)

RQ\/R_N<ON(LNZ/J) —E[ON(LNyJ)]>¢(y)dy%>O. (3.47)
PROPOSITION 3.10 ([CSZ20| Proposition 2.2]). For any ¢ € C.(R?)
[V (1o 280, (130)) ~ B8 235, (150)]) ) o)y 220, (349

PROPOSITION 3.11 ([CSZ20| Proposition 2.3]). For any ¢ € C.(R?)
ZJ%NA( fUJ) ( ) L'(P)
\/ N -1 dy —) 0, 3.49
(Z]%NA(LN J) NB>(|- yJ) ( ) ( )
where Z]%NB>( ) is defined similarly to (3.46) and
B> = By = ((N'/, N] NN) x Z2.

REMARK 3.12. Propositions 2.1, 2.2 and 2.3 in [CSZ20| are actually expressed

in the discrete setting, namely

2
V Ry % > (1og Z3(2) — Eflog Zfé,ﬁ(z)]) 90(\/%) % 0. (3.50)
z€2.?
However, we can derive an analogous version of the above expression from
by recalling that log Z]%{VA([NyJ) is constant on the cubes C, = (21 — 1, 21] X (22 —
1, 25] for z = (21,20) € Z* and arguing as in . In this way, instead of
@(ﬁ) m we get its average over C, (check (3.30)), but this is not relevant
as N — oo since ¢ is smooth enough. Similar observations hold for and

(3-49). too.

54



As last step, we need to identify the fluctuations of Z%~ _ (z), namely

N,B>
‘7N73> = \/ (Z]BVNB> —1) ¢(z)dx ﬁ N(0,0%) (3.51)
with
BQ 1
=P [ el [ e - o) dudedr,
1-— ﬁQ R2xR2 0

which finally proves Theorem
Repeating the arguments followed in the previous subsection, we can write
Vi gz () as follows:

‘7N,B> ZUN \Y% Z Qn, (@N?xl) 77N(”17$1)

enN<ni<- <nk<N

X1, T €EZ2
Han—nj_l(%' —xj1) v (ng, 5)
(3.52)
where
Gy (s 11) = Y Pr(00) gy (21 — 79) and ey = N7ON/10 5 0.

N—oo
T EZ2

We have already observed that the main contribution to the limiting variance o2
is given, for N large, by those time variables 0 < n; < --- < ngy < N such that
ny € (ON, NJ, for 6 > 0 small and eventually sent to 0 (recall (3.41)) and (3.43)).
This implies that summing over eyN < nq < --- < n < N with ey = N9/

as in ([3.52)) will give the main contribution to the limiting variance as N — oo.
Therefore, the convergence in distribution of 1~/N7 5> () follows from the
convergence of ‘N/N(gp) (see (3.28])), by adapting the arguments of the previous
subsection according to the modified coefficient function (cf (3.32))

1 _
QN(A) = N U]]i;\/ Ry Qn,y (SON, IEl) H an—nj,l(xj - $j—1) ﬂ{sNN<n1<---<nk§N} .

3.3. Gaussian limit for a singular product

In this section, we exploit Theorem to prove a new Gaussian convergence
result related to the partition function, which we now describe. We have already
mentioned that the diffusively rescaled partition function Uy(t,z) in ap-
proximates the solution of the Stochastic Heat Equation (3.5) with multiplicative
noise. It is not clear a priori why the fluctuations of Uy (¢, x), encoded by Vi (t, z)
in (3.22)), converge to v(t,x) which solves the Stochastic Heat Equation with ad-
ditive noise, see , with an intensity ¢z which exzplodes as ﬁ T 1. We now
present a result which sheds light on the mechanism which leads to (3.24]).
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We denote by Wy (t,z), for t > 0, x € R?, the diffusively rescaled version of ny:
Wy (t,z) .= Non(|Nt], |[VNz]). (3.53)

Recall that for all N € N, the modified disorder ny = (nn(m, 2))men zcz2 18
i.i.d. with E[ny(m, 2)] = 0 and E[nx(m, 2)?] = 1, see (3.1)) and (3.3)), and higher

moments of 7y are uniformly bounded (see [CSZ17a, eq. (6.7)]). It follows that
Wy converges in law to the white noise:

Wi (t,z) = W(t, ), (3.54)

that is (W, ¥) < (W, 1) ~ N(0, |[¢]|%,) as N = oo, for ¢ € C2([0,1] x R2).

For (t,z) € [0,1] x Z? we now consider the product between Wy and Uy (¢, z)—1,
i.e. the centered and diffusively rescaled partition function Z5" (| Nt|, |v/Nz|)—1
see (13.6)):

I

En(t,x) = Wn(t, x) (Un(t,z) —1)

= By Wi (t,z) Vi(t, ),
where we recall that Vy(t,z) = 85 (Un(t,z) — 1), (cf. (8:22)). We know that
Vi 2. 7 and Wy 2. W as N — 0o, see (3.23) and . Since By — 0, one

could expect that =y N 0, but this turns out to be false. The point is that Vi
and Wy only converge as random distributions, and the product of distributions

(3.55)

is not a continuous operation (it is generally not even defined). The following

result shows that =5 has in fact a non-trivial limit as N — oo.

THEOREM 3.13 (White noise from singular product). Let § = [ be fized as in
(B.18), and set cg:= (1 — 212 As N — oo, we have the joint convergence in

(Wx,Zn) 2 (W, /2 —1W7),

where W and W' denote two independent white noises on 0,1] x R%. More pre-

law:

cisely, for any ¢ € C°([0,1] x R?), the following joint convergence in distribution
holds:

: - d 1 0
(W), Evo ) 5 N(O 02 S5)  where 55 = (O o
B
We prove Theorem below as an application of our Theorem [2.2]
At this point, we can finally give a heuristic explanation for equation ((3.24)).
One can check that Z5" (m, z) in (3.2)) solves the following difference equation, for
m < N and z € Z*:

1 1
Z0N(m —1,2) — Z8 (m, 2) = ZAzQZ]%N<m, z) + on 1 Z nn(m, 2') Z5N (m, 2')

(3.56)
where 2’ ~ z means 2’ € {z£(1,0),2+(0,1)} and Ag2f(2) := >, {f(Z)—f(2)}
denotes the lattice Laplacian (we recall that oy and ny(m, z) are defined in (3.3))).

56



By (3.22)) and (3.53)), we can rewrite (3.56) as follows, for (¢,z) € ((0,1] N %) X

2 z2 \.
1 1 :
— oMUy (t,x) = TANUN (@) + o g Y Wy(t, o) Un(t,2'),  (3.57)

N
Tr~x

where 2/ X z means 2’ € {z £ (\/LN, 0),z £ (0, \/LN)} and we define the rescaled

operators
OV f(t, ) == N{f(t,x) = f(t = %,2)},
AN f(ta) =Ny {f(t.a') = f(t.2)}.

Note that is a discretization of the (time reversed) Stochastic Heat Equation
(3.5)), with the factor % instead of % (see Remark [3.6) and with oy ~ Sy in place
of 5.

We now consider Vy (¢, 1) = S5 (Un(t, z) — 1), see (3.20). By (3.57) we obtain

1 on 1 . , . , ,
—oMVy(t,x) = ZA;N)VN(ta-’f)ﬂLﬁ—Z 1 > {WN(LL,?? )+ By Wi (t, 2') Vi (t, @ )} :

(3.58)
The last term By Wi (t,2') Vi (¢, 2') is nothing but Zx(t,2’) in (3.55), which for-
mally vanishes as N — oo but actually converges to an independent white noise
\ /0/23 — 1W'(t, ), by Theorem [3.13| (note that z’ Xz implies |2/ — 2| =1/vVN —
0). If we assume that Vy(¢,x) converges to a limit v(t,xz), by taking the formal
limit of we finally obtain

— 0t z) = iAﬁ(t, o)+ Wita) + \JE -1 W(ta).  (359)

Note that this is equivalent to (3.24), because W(t,x) + 1/c% —1W'(t,x) 4

cy W(t, x).

In conclusion, Theorem [3.13| provides an intuitive explanation why the random
field ©(t,x) to which Vy(t,z) converges should satisfy the equation (3.24]), or
more precisely . The factor s in arises from the singular product
En(t,z) = fn Wi (t, z) Vy(t,2) which gives rise to an independent white noise, by
Theorem [3.13]

This result is the first step toward a “robust analysis” of the two-dimensional

SHE ({3.5]), which would allow for a rigorous derivation of (3.59) from ([3.58)).

3.3.1. Proof of Theorem Similarly as in the proof of Theorem [3.2]

we have to show that
(Wi, Zn) 2 (W, /& —1W),
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that is, for any fixed p € C>°([0,1] x R?) we have

1 0
s .
0 ¢ 3 1
(3.60)
By the Cramér-Wold device [Bil95, Theorem 29.4], it suffices to show that for all
ApeR

Xy 1= u (Wi, ) + A (En) =5 N(0,0% = [ll3a (12 + 22 (3= 1) ) - (3.61)

((Wn.9), (Enoe)) == N(0,]ll3:5;)  where %5 = <

To this purpose we are going to apply Theorem [2.2]
Recall the definitions (3.53) and (3.55) of Wy and Zy (see also (3.19)), we can

write

Xy=N / o(t,z)nn (INt], [VNz]) {MH(ZJ@N(LMJ, |VNz|) — 1)}dtdx

(0,1] xR2
:% / o () v (1), L)) {i+ MZ2 (12, L2)) = 1) f atdz.
(0,N]xR2

(3.62)
We recall the definition of g, : N x Z? — R:

oy(n, z) = / o(%, \/iﬁ) dt dx for (n,z) € NxZ*.
(n—1,n]x{(z1—1,21]x (22—1,22]}

Plugging the polynomial chaos expansion ({3.4) of Zf,N (m, z) in (3.62), we can
rewrite Xy as follows:

N
1
Xy =1+ > > @n(no, o) N (10, Zo)
no=1 x

{u A o) > T (- xj—l)”N(”j%)} :

no<n1<..<np<N j=1
TO,T1 5.0 T ELP

Renaming (ng, ..., ng) as (n, ..., ngy1) and similarly (xo, ..., zx) as (1, ..., Tpe1),

and subsequently renaming k£ + 1 as k, we obtain the compact expression

[e's) k
1 _
Xy = NZ(O’]\[)k ! Z fnv(na,ze, .o ng, ) HnN(nj,xj), (3.63)
k=1 0<ni<...<np <N Jj=1
T1,..., XL EL
where we set
k
Iy, g ) = {p ey + A psay } By (1) [ ng-n,o (17— 250) -
j=2

(3.64)

In conclusion, we can write Xy = Y, rqn(A) ™ (A) as in (2.6)-(2.7)), with the
following correspondences:
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e the index set is T := N x Z?;

e the random variables 5" = ny(m, z), for t = (m, z) € T, are defined in
: they satisfy by construction, while they satisfy because
supy E[|nn(m, 2)[P] < oo for all p < oo by (see [CSZ17al eq. (6.7)]);

e the kernel gy (A), for A :={t1,... .t} ={(n1,z1),..., (ng,zx)} C T, is

1 _
QN(A) = (O'N)k ! fN(nb&?l, - 7nk733k) 11{o<n1<..l<nk§zv}-

N
By Theorem to prove Xy 4 N(0,0%) as in (3.61]), we check the following

conditions.

(1) Limiting second moment: we need to prove that limy_.., E[X%] = o2

(2) Subcriticality: we need to show that

lim limsu AP =0. 3.65
P N%Op Azdl‘ qn(A) ( )
[A|>K

(3) Spectral localization: for any M, N € N we define the disjoint subsets

Bi::(%N,ﬁN}XZQ fori=1,..., M,

and, recalling that 0% (B;) := 3 s g, qv(A)?, we need to show that

lm 3 lm o}(B) =o* and  lm {;r{laxM lim sup J?V(IB%i)} — 0.
00 00 i=1,..., 00

(3.66)
Proof of (2). We need to prove (3.65). For K > 1 we can write, by (3.63)-(3.64),

22 - B u
D an(A) = Nz @) > B m)? [ any—nyo (25 — 2j20)%
Jj=2

ACT k>K 0<ni<...<np <N
[A|>K Ty, TR EL2
(3.67)
We can enlarge the sums to 0 < m; := n; — n;_; < N and change variables

y; = x; —xj_1, for j =2,...,k, to get the upper bound

> an(A)? < % (O A N (R H{ > qmj(yj)Q}

ACT k>K 0<ni<N j=2 o<m; <N
J

|A|>K x1 €72 y; €22

_ )\2 1 § : @ (nl 131)2 (U]2V RN)K

- N

N2 ’ 1— O'ZQV RN ’
0<ni <N
21 €72

(3.68)

where we used > _, -y Zyezg am(y)? = > 0em<n Um = Ry, see (3.14)-(3.15)), and

we remark that 0% Ry < 1 for N large enough, because 02 ~ 2/Ry, see (3.18),
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and 3 < 1. Then, by Riemann sum approximation, from (3.30)) we get

s 3 av(a < { [ staartaraef L0 e 20,

(3.69)

from which (3.65)) follows.

Proof of and . We are going to show that for all M € N and ¢ €
{1,..., M}

lim o3 (B;) = (1° + )\2(02 —1)) o(t,z)?dtdz. (3.70)

00 (gt 4] xR2

Note that this proves (the second expression can be verified similarly as in
(3.45)) and also (for i = M = 1) limy_,o E[X%] = 02, see (3.61)).

To compute o3 (B;) := > 45 an(A)* we first consider the contribution of sets
A C B; with |A| =1, that is A = {(ny,21)}. Since fn(ni,x1) = p@y(n1, 1), see

(3.64), we get

2
— N—o0
Sl =45 Y Byl m)?? S / (e dide,
H= ANt (5l 2
Al=1 L >
$1€Z2

by Riemann sum approximation. Note that this matches with the first term in
(13.70)).

We next focus on sets A C B; with [A| > 1. Note that >~ 4 p. 421 qn(A)? is
given by with K = 1 and with the sum restricted to %N <ng <...<

ng < ﬁN . Then, arguing as in (3.68]), we obtain an analogue of (3.69)):

ﬁQ
limsup > qn(A)? < Az{/(“ e P dtdx} 1— 3

N—voo ACB;, |A|>1 M M

B _ 2
which agrees with the second term in - because T =G 1, see (3.20). To
complete the proof, it suffices to prove a matching lower bound, that is

22
.. Z 2 2 B
hNnLlo%f qjv(A) =2 { /

(t,m)2dtdx} —.  (3.71)
ACB;, |A|>1 7] xR? 1— 32

i—

i
M

Let us fix H € N large, such that % < ﬁ Starting from the expression ([3.67))
for K =1 and with 52N < ny < ... <n, < %N, we get a lower bound by the
following restrictions:

1<I€SH, %N<’I’L1S(ﬁ—%)N, O<nj—nj_1§%N \V/j:2,...7k?,
which ensure that n, < n; + Z?:z(”j —nj_q) < (M — —)N + H 2 LN < %N
as required. Then, similarly to (3.68), we get the following lower bound on
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ZACIB%, |A|>1 an(A)*:

e A ) B k
N2 (%) > Za(niz)” [ > ()
k=2 o <(4-%)N 7=2 L o<m;<;3 N
x1 €72 72
' wer (3.72)
)\2 _ 2 012\7 RN/HQ — (0']2\[ RN/HQ)H
= _— (70 n ,:U Y
{N > Tlm o} e
ar <m=(ar—7)N
€72
where we recall that Zksz okl = xl—_x; for |x| < 1. Since Ry/p2 ~ Ry for fixed
H € N, we have shown that
22 _ ([Q2\H
lim inf Z qn(A)2 > \2 {/ o(t, ) dtdx} w
N—oo (2, —LxR? 1-—p?
ACB;, |A|>1 MM H
We can finally take the limit H — oo to see that (3.71]) holds. O

3.4. Fluctuations for the mollified Stochastic Heat Equation

As already stressed in Chapter [1] all Gaussian limits presented in previous sec-
tions can be transferred in the continuum framework and applied to the mollified
2d Stochastic Heat Equation with multiplicative white noise (mSHE):

O (t,x) = %Axua(t, z) 4 Beus(t,z) We(t, z) u(0,2) =1, (3.73)

thanks to the connection between the solution u°(¢, z) and the diffusively rescaled
partition function Z5(|Nt|,|v/Nz|) of the 2d directed polymer. In [CSZ17h]
this was achieved by discretizing u®(¢,z) in terms of the partition function and
consequently by exploiting the corresponding convergence results already proved
in the discrete setting. In this section, we illustrate how our novel CLT for Wiener
chaos (Theorem provides an alternative and straightforward approach to re-
cover these limits in the continuum setting, without the need to discretize and
involve the directed polymer model. As a way of example, we apply our strategy to
recover the Edwards—Wilkinson fluctuations for v®(¢, z) [CSZ17bl Theorem 2.17].

For £ > 0, in analogy with the subcritical regime for directed polymers,
we rescale the noise strength in as

%, with 3 e (0,1). (3.74)

REMARK 3.14. By comparing the continuum and discrete rescalings of

BV b bvm
loge—1! VRy  1ogN'’

ﬁs =

Be = and By =
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2

where N = 7%, we realize that they are equivalent up to a factor 2 arising in the

continuum setting, indeed

8 BVer  pVRIm B2ym
e - - :
\/Ioge—1 \/log N Viog N
This comes from the fact that uc(t,z) is close in distribution to the diffusively
rescaled and time reversed partition function of a directed polymer associated with

an aperiodic random walk S with covariance I instead of the standard simple

random walk with period 2 and covariance %I . With this identification, the local

central limit theorem (cf. with (3.16))-(5.33)) ) becomes
—|=?/2
e

W)= PGa=0) = (o(H) +o()  with () =

as n — oo uniformly in y € Z* and, as a consequence, the corresponding overlap

behaves as

N N
~ - - 1
Ry ::Zan(y)gzz:an(O)NElogN as N — o0o.
n=1

n=1 ye7?
Therefore, to gain a perfect match with the discrete framework we need to compare
Be in (3.74) with the rescaled disorder strength of a directed polymer with the
aforementioned random walk S, namely

N \/T Jog N
Ry
We now recall the analogue of Theorem on the limiting fluctuations of the
rescaled u® (¢, x), see [CSZ17b., Theorem 2.17]. To be precise, the original result

involves a space—time average, but the analogous theorem for the space average

B

presented below follows by the same arguments.

THEOREM 3.15 (Edwards-Wilkinson fluctuations for u®). For (t,z) € [0, 1] x R?
let
vt 2) = - (uf(tx) — 1) = Viese (u(t, ) — 1) (3.75)
Be f2/7
be the centered and rescaled solution of the mollified (mSHE) and B is
defined as with § € (0,1). Then, for any t € [0,1] as e — 0:

1
ve(t, ) = (L, 2) = v (¢, 2) with — cg = 5 (3.76)

where v8) (¢, x) is the solution of the Edwards-Wilkinson equation (3.8) with

«_ D . . : .
s=1and c=cz and “=" denotes convergence in law as a random distribution
on R?, namely for t € [0,1] and for ¢ € C.(R?)

(velt, ), 9) = | veltw)p(@)de == (,9) ~ N (0,0 ), (3.77)

R2 e—0
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with
1
2 . . , /
Tho 1 BQ /R2><R2 o(2)Ki(z,2")p(2") de da’,

t
Ky(z,2') = K}y (z,2') = / gou(z — 2') du.
0

REMARK 3.16. Notice that for a matter of periodicity (see Remark the

limiting random field T is the solution of the Edwards-Wilkinson equation with

1

s =1, contrary to the discrete case where s = 3.

3.4.1. The solution as a Wiener chaos. Before illustrating the alternative
proof based on Theorem [2.9] we need to derive a Wiener chaos expansion for
u®(t,z), which is essential in order to apply our strategy. Given a symmetric
probability density j € C*°(R%) and e > 0, we recall that the mollified white noise

is formally defined as

We(t2) = (W(L) % 1) (x) = / oz — )W (t,y)dy.

Rd
where j.(z) = e %j(x/¢), so that for any function f € L?*(R x R?):
/ F(t,x) We(t,z) dt da == / ( f(t,)je(x — y)dx)vm,w dtdy.
RxR2 RxR2 R2

By [BC95]| the solution of (3.73) admits the following Feynman-Kac representa-

tion:

u5<t,x>=Ez[exp{ﬁ€ [ ete—s.moas - o ( /OtWE@_S,BS)dS)QH],

where E, and [E are respectively the expectations with respect to a standard
Brownian motion (By).>o in R? starting from By = x and with respect to the
white noise W. Since W* is invariant under time reversal, the solution u° (¢, z) is
equal in law for fixed (¢,x) € [0,1] x R? to

wt.n) LT, lexp{@ /Ot (s, By) ds — %BEEK/; Wa(s,Bs)dsﬂ }]
_E, [exp{ﬁs/t/RQSZj(Bs_y

(3.78)

. 1. |
>W(3, y)dyds — 5552155 2H]H?’ﬁ(ﬂ@)1 }

where we changed variables y := ¥ and 5 := %,

W(3,7) dy ds == £ 2W(£%5, e5)d(£25) d ()
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. . . . _ _ d
is a new space-time white noise and e ' By = ¢! B,.2.» = By. Moreover, we have
applied Ito isometry to obtain

[(/ I/V6 (s, Bs) ) } / / J-(B ) dyds = te” 2HJHL2 (R2) -
R2

We can write the expression ( as

u(t,x) L [ exp{ﬁs / /R sy)dyds}:], (3.79)

where : exp : is the Wick exponential (see [Jan97, Chapter 3, Section 2]). Let us

5—65/ / W (s, ) dy ds,

then by definition of the Wick exponential (see also [Jan97, Theorem 7.26]), we
can expand ([3.79)) as follows:

u(t, x) iEg_lgc[ cexpé ]

:E5—1x[1+ZH:§ :]
k=1
k

> k
1 .
=1 z:k_ Ea*a: B_z th?zdtzdl
+k:1 i /[0,6'%]’“ /(R2)k 1 {H]( " 9;)] [ Wt z)dtide

i=1 =1

00 N .
k=1 <t <--<tp<e—2t J(R2)k -

0 =1

denote

k

=1+ 65/ / Gti—tis (Yi — Yi- dy; <
; <t <<t <e % (RHR%’CE ' H

0
k .
i=1

(3.80)
where ty == 0, yo == ¢ 'x and : £* : is the Wick product (see [Jan97, Chapter
3, Section 1]). The final line in represents the Wiener chaos expansion of
the solution u®(t,z) and it is indeed a continuum version of the polynomial chaos
expansion for the 2d directed polymer.

We are now ready to present the alternative approach to prove Theorem [3.15]

3.4.2. Proof of Theorem [3.15. We need to show that for fixed ¢ € [0,1]
and ¢ € C.(R?):

1,9) = (), 8) — N (0,07 81
with
¢
o= Ug,w = _132 /RQXR2 o(x) gp(x’)/o gou(r — 2') dudz da’. (3.82)
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In order to apply Theorem , we first express v.(¢) in terms of a Wiener chaos

expansion. Recalling (3.75)) and (3.80)), we can write

> k
I/€(t7 (10> = Zﬁfl/ ) / H t“.l'z dt dx; <
k=1 0<t1 <-<tp<e~2t J (R2)* ;3
R N——
(R2)k

where ¢y == 0 and y == ¢ 'a.

We are finally able to represent
ve(t, ) = Z/quE(zl,...,zk) W(dz) - - W(dz)
k=1"E

as in (2.18) (here e = N _%) with the following correspondences:

o F =R, x R%

e as Gaussian random measure W (dxz) on the Polish space (E,&, u) we
consider the time-space white noise W on (Ry x R%B(Ry x R?), L)
where B(R, xR?) is the Borel g-algebra on R, xR? and £ is the Lebesgue
measure on R, x R?;

e the kernel q.(z1,...,2x) for {z1,..., 2z} = {(t1,zx), ..., (tx, zx)} is

Z]/E(tla Ty - - - 7tk’7 xk) = qa(tla Ty 7tk’7 xk’)]l{Ozito<t1<...<tk<£*2t}

k
T dl‘/ Gti—tiy (Yi — Yie dyz}
/Rzép() (ngt ties (Ui 1) H

X ]]-{0:2t0<t1 <...<tk<€72t} .

We easily have
E[Vg(t,go)] =0.

Regarding the second moment, we need to be careful because ¢. is not symmetric
in this case. However, by Remark we can show that the Ito isometry holds
without the prefactor k!, since ¢, vanishes for unordered times by definition. Then,

65



recalling (2.16) and (2.17)), we have
52(E) =E[ve(t,¢)"]

£

2
X ( Z Qz-:(tw(l)v Tr(1)s--- ;tw(k)7 'TTr(lc))1{O::to<t,r(1)<...<t,r(k)<€_2t}> X

I
NE
| =
.

k=1 reP(k)

X dtr(n) dxw(l) .. .dtﬂ(k) dxﬂ(k)

= Z 0 / (CI:‘(tw(l)u Tr(1)y - -+ ba(k); xﬂ(k))]l{0::t0<tﬁ(1)<...<tﬂ(k)<s*2t}> X
k=1 " rep(k)’ E*

X dtﬂ(l) dl‘ﬂ(l) .. .dtﬂ(k) dl’w(k)

[
WE
|

e
Il
—

R A e
P(k)

!
e

I
WE

1Ge 1172 ) -

e
Il
—

Hence, by Theorem , in order to show that v.(¢, ) 4 N (0,0%) we need to
verify the following assumptions.
(1) Limiting second moment: lim._,o E[v.(t, ¢)%] = 2.
(2) Subcriticality: we need to show that
. . ~ 112 .
Jim limsup kz 1= 172wy = 0 (3.83)
>K
(g) Spectral localization: for any M € N and € > 0 we define the disjoint

subsets

B, ::(%57215, %57225} x R? forj=1,...,M,

and, denoting

)

52(B;) ;:Z/ kag(tl,xl,...,tk,xk)2dt1dx1,...,dtkdxk,
k=1 Y (Bj)

we need to show that

M
lim Z lir% ox(B;) = o? and lim { max_ limsup U?V(Bi)} =0.
E— )
=1

M—o00 4 M—o00 i=1,....M e—0

(3.84)

Due to the connection to the setting of directed polymer, the proofs of f*
are reasonably similar to those of f* in Subsection . Nevertheless,
we show them below for completeness. In particular, in the definition of ¢.(-) we
can notice that the product of the heat kernels Hle Gti—t;_, (Yi—yi—1) (which in the
discrete framework corresponds to the product of the simple random walk tran-
sition kernels ]y gn,—n,_,(2; — 2;_1)) is further integrated against the functions
j, arising from the mollification procedure applied here. This will require some
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additional step, not necessary for the discrete estimates, to obtain the desired
bounds.
Proof of and . We are going to show that for all M € N and 7 €
{1,..., M}:
1 art

limo?(B;) = 05 = . / o(x) <p(:z:')/ gou(z — ') dudzda’. (3.85)

e=0 1 — % Jr2xR2 ily
Notice that this immediately implies the first relation of (3.84) and also (for
Jj =M = 1) limy_E[v(t,0)?] = o2, see also (3.82). The second limit in

(3.84) easily follows by slightly modifying the bound ((3.45)).
By Ito isometry, we have

(B = Elntef] = [ e@)Kitea)ple) deda’ (3.56)

where

. k
Ki(z, ') = / dt / i
; o2ty <o <tp<ie=2t 3 (R2) H
k
y Gti—ti s (Yi — Yi1)Gti—t,, (Ui — Yie1) J(yi — 2) (g — ;) | | dyadys
/(RQ)’“X(RQ)k H 1 1 Zl_[

=1
(3.87)
with yo = e~ lx and o = e~ '2'.
In order to verify (3.85)) we are going to show that
1 it
lim sup o2(B;) < - / o(x) p(z / gou(r — 2')dudzdz”  (3.88)
€0 1 — 52 Jr2xgr? izl
and
1 it
liminf 02(B;) > - / o(x) go(x')/ gou(r — 2')dudzdz’.  (3.89)
e=0 1 — 32 Jr2xR? i1y
We denote J = j % j. Since
k k k
| nitn - 1 [ it =5 = 204:) d= = [ s = 0.
(R?) 5—1 =1 /R? i=1
then from (3.87) we get
00 k
K(a,a’) = 3 3)“/ [T at:x
1 ety <<tp<e=2t 55
k
/ Hgt —tia( —1)Gti—ti 1 (Yi — Yim1) J(yi — i) H dy;dy; .
)Ex (R2)k i=1
We now change variables z; == y; — y; and w; = y; + y; and we denote zy =

e Yz — 2'), thus since dy; dy; = idzi dw; and

gtftH(yi - yifl)gt¢7t¢71(gi - ?71'71) = 492(151.7@,1)(21' - Zz;l)gz(tﬁti,l)(wi - wzel) )
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we obtain

o0 k
it = S0 / [
=1 Lle—2tcti<o<ty<de=2t 5
k
92 ti—ti— Z'—1>92 ti—t;— (wz - wi—l) J(Zz) dzzdwl
/(]R2 C(R2)E H 1) i ( 1) H
o0 k
=S T at
1 o2ty < <tp<ie=2t 3
k k
X / Hg2(ti—ti,1)<zz’ - Zi_1) J(z,) H dz; .
Rk 55 paiey
(3.90)
To get an upper bound, we change variables m; = t;, —t;_1 for ¢« = 2,... )k

and we enlarge the integrals over %g_zt <t < %E_Qt and 0 < m; < 72t for
1 =2,...,k, therefore

,Qt

i (x,2) Si /]L

2
[st

=1
></ o
=21 J(R2)k
e

Lt
) / g2s €21 — (:c—:z:'))J(zl)dsdzlx

/ 92t; (Zl - 5_1<l' - $,))J(Zl)dt1 d2’1><
R2

k k
dt;dz; H 9o(ti—t;1) (20 — zi1) J (1)
2

=

[
Mg

x~
Il
—_

k k
X dtdz | | g2ti—t; ) (2 — zim1) J (%)

where the last equality holds since we changed variable u = £2¢; and
got, (21 — e Nz — ') dty = gou(e21 — (z — 2'))du.

Notice that

1 1
Gom(y — ) = yy— + O<ﬁ) as m — oo, uniformly in z,y € suppJ. (3.91)

Therefore, by denoting

u(m) == sup /R? Gom(z — 2') J(2)dz, (3.92)

z'€suppJ
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we have that for some suitable constants my > 0, C' > 0 and for € small enough
such that mg < €72t it holds

e %
/ u(m)dm
0
mo e~ 2¢
:/ sup /ggm(z—z')J(z)dzdm+/ sup /ggm(z—z’)J(z)dzdm
0 z'esupp] JR? R2

mo z'esuppJ
e 2t
1 C
mo d™m  m

1 —1
=268 +0(1) ase — 0,
27

(3.93)

where we used that [, J(z)dz =1, since J = j % j and j is a probability density.
By applying (3.93)), we obtain that

K (x, 2')

1

< 2 (53( bi—: + 0(1)))k_1 /:: /R gnu(e1 — (2 — 7)) I (z1)dud

00 <32<1 n 0(1))>k1 /jﬂji /R2 gzu(Ezl —(z — ,I,))J(Zl)dUdzl

k=1
1 frt

= —~ " _ ! J d d ’

1—32(1+o(1)) \/let/R2g2 (e21 — (z — 7)) J(z1)dudz,

(3.94)
since for & small enough /32 log;;l + O(l)) = 32(1 +0(1)) < 1 (recall (3.74)).
Hence, from (3.86]) and (3.94) we have the following upper bound

1
2 .
UE(BJ)Sl—BQ—i—O( 1 )

loge—1

X

Lt
X / o(x) /M / gou(e21 — (x — 2')) J(21)dudz @(2') da da’
R2xR2 =l JR2

which implies (3.88]) by sending ¢ — 0.
On the other hand, let us fix L € N large enough such that % < ﬁ We obtain a

lower bound for (3.90)) with the following restrictions: we sum over 1 < k < H and

we integrate over %E’Qt <t < (ﬁ —H)e2tand 0 <my; =1t; — ;g < f5e %t

for : = 2,..., k. This ensures that %5*215 <t <--- <t and

k . .
1\ 1 B
Be<t+ ) mig(ﬁ—ﬁg 4 Le 2t§%5 2
1=2

as required. Therefore, since it still holds that

L2t -1
2 1
/L u(m)dm = 08¢ +0(1) ase — 0,
0 27
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(recall (3.91), (3.92)) and (3.93))), we can repeat the same arguments we followed

to get the upper bound and prove that
i (z, ")

: (32(1 + 0(1)))l€_1 /(A]%i)t/ﬂ%2 gou(e21 — (2 — 2')) J(21)dudz

>

Et

1 1Y

2(1+40(1)) )
- $B2(1+o<1)>) /M

We take the limit € — 0 to obtain

22\ L
lim 02(B;) > (8 )A
e—0 1 — 52

« /R ne / Gimb)e /R (e — (2 — ) J(e)dudz g dada’

-1
a7t

and by eventually sending L — oo we get (3.89)).
Proof of . We can write

D e ey

k>K

)t
/11@2 Gou (5z1 —(x— x'))J(zl)dudzl )

X

(3.95)
[ e Kkl o) deda
R2 xR2
where
Ki g(w,2") (52) et <ot et gdtl o gdxzx

—- 11>

k
X / Gti—tirYi = Yim1)Gt—ti(Yi — Yim1) J(Yi — 23)3 (Y — 1) H dy;dy;
(R2)k % (R2)k i=1 =1

with yo == e~ 'z and 7y := e~'2’. At this point, the limit (3.83) easily follows by
repeating the same arguments used in the previous proof. Indeed, for some finite
constant C' > 0 we get

timsup S 022
e—0 %

o K iy
= 1(/6_)32 /]R2 2 90@)90@/)% Gou(x — 2') dudz da’

which implies (3.83)) by sending K — oo.
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CHAPTER 4

Approximation of the directed polymer log—partition

function in the subcritical regime

So far we have discussed the distribution of the partition function Z]BVN (m, 2),
suitably rescaled, as a random field, i.e. averaging over the starting point (m, z)
against a continuous and compactly supported test function. In this chapter, we
look at the distribution of Z4N (m, z) for a fired starting point: we fix (m,z) =
(0,0) by stationarity and we set

Z0N = 708 (0,0) . (4.1)

It was shown in [CSZ17bl Theorem 2.8] that Z]%N is asymptotically log-normal:

log ZiN N N(- ﬂ, 2) where O'% =o*(B) = logc = log 52 .

(4.2)
The original proof of this result, based on the Fourth Moment Theorem, is long
and technical. Our goal is to provide a less technical and more insightful proof,
based on second moment computation, exploiting our Theorem [2.2] The problem
is that, unlike for Z]%N, we do not have a polynomial chaos expansion for log Z]@N,
which is essential for Theorem We solve this problem by first proving a result
of independent interest, which shows that log Zf,N is sharply approximated in L?
by an explicit polynomial chaos expansion X {™.

Before stating our result, we need some setup. We recall that the modified
disorder (nn(n,))nenzeze was defined in (3.3). We also recall the transition
kernel of the simple random walk:

qn(z) :=P(S, =] Sy =0) (4.3)

and the polynomial chaos expansion of the partition function [CSZ17al:

ZBN (m, 2) Z Z Han—nz 1 —xi1) N (ni, ;) .

= m=ng<n1<..<np<N 1=1
TO:=2, T1,..., L) EL2

(4.4)
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We define a new polynomial chaos expansion X§°™ obtained from the centered
partition function Zi¥ —1 = Z%¥(0,0) — 1 imposing the constraint that all incre-

ments n; —n;_1 for v > 2 are dominated by the first time ny:

00 k
chifom = Z(UN)k Z qu—ni_l(l’i — Ti1) v (N, T7) -
k=1 0=ng<n1<...<nx<N: =1

max{n2—ni,m3—n2,...,nEg—Nk_1}<n1
z0:=0, 21,...,$k€ZQ

(4.5)

dom
N

Our key approximation result shows that X ™ is a sharp approximation of log Z ﬁ,” .

The reason why this approximation is possible will be clear in the proof, but one
can already give a look at equation (4.10f), which shows that a natural approxima-

tion of Zf,N has a product structure, where (a restricted version of) X (™ appears.

THEOREM 4.1 (Polynomial chaos for log Z). Set 5 = By as in (3.18)). Then
dim [log Z — { X" = SE[(XF™)*}],. = 0. (4.6)
We then show, by our general Theorem , that X %™ is asymptotically Gaussian.

THEOREM 4.2 (Asymptotic Gaussianity of X%™). Set 3 = By as in (3.18).
Then

: om om d
]\}%OE[(XJC\‘[ )] = gg = log 1_132 and  Xy¥™ = N(0, JE) . (4.7)

Note that relations (4.6)) and (4.7) together provide a strengthening of the asymp-
totic log-normality of Z]BVN , see ({4.2).

4.1. Polynomial chaos for the log—partition function: proof of
Theorem [4.1]

The proof is self-contained but long, therefore it is organized in four parts: we
give different approximations of the partition function Zﬁ,N and of its logarithm,
which will lead us to the proof of our goal . Let us first present a general
overview of the strategy and then show the technical proof below.

Part 1 (record times). Let us define a “constrained version” X,dvog o) (T2 27)

of X¢om from ([4.5)), where we fix (ng, ny;ni) = (a,b;b') and (29, z1; 7%) = (2, 2; 2'):

o0

Xh g (25 2) = 3 (0n) @halz — 2) v (b, 2) X
k=1

k
X Z Z H i —ni_y (T — Tio1) M (13, T4) -

b=n1<na<..<np_1<np=:1 x1=2,1=2", 1=2
max{ng—ni,...ng—ng_1y<b  x2,...,x)_1EZ>

(4.8)
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0b 0 by b, bs b

b2—5/1>b1 bg*bé>b2 =3

FIGURE 1. An example of the variables b;, bt} in (4.9). These cor-

respond to record times which satisfy b; — b,_; > b;_1, see subsec-
tion @

(Note that if b = b’ only the terms k = 1 contributes to the sum — and we must
have z = 2/, otherwise the sum vanishes — while if b < &’ only the terms k > 2
give a contribution.)

We first show that the partition function Z4~ in (£.4) can be written as a
concatenation of products of Xﬁ,‘fﬁ"b;b,] (x, z; 2")’s corresponding to suitable record
times, see Figure [1. The next result is proved in subsection 4.1.1}

LEMMA 4.3 (Record times). The following equality holds, with (b}, z) := (0,0):

o0

Zy =1+ > > HXdoma o) (Zim1 2520 5y gy

=1 0<b1<b)<...<bp<by<N: z,2'€(2?)t i=1
bi—b]_ >bi_1 Vi=2,...,0

where we use the shortcuts z = (z1,...,20) and 2" = (21, ..., 2;).

Part 2 (coarse-graining and diffusive approrimation). We fix a large
parameter M € N and we define an approximation Z](\?’l]\f? of the partition function

Zf,N from (4.9)), as followsﬂ

/ _ / NPVAN

(2) we impose that each pair b; < b} belongs to the same interval (N3 , Nir],
for some j =1,..., M, and we ignore the constraint b; — b,_; > b;_;.

This yields the following definition of Z](\iij\f?:

Zy 1+Z > HXdom H (1+XP%0G),  (4.10)

(=1 1<51<..<je<M i=1
where we set

Xm0 = X X XWwn(052)  ferj=1. M. (411)

b<vre(N T N 27 EP
iff) . . . .
We prove that Z](\?IM) is close to Zy in L? for N > M > 1, in the following
sense.
1Heuris‘cically, these are good approximations because the main contribution to (4.9)) will be
shown to come from b,_; ~ N®-1 and b; ~ N with o, < oy, hence b,_; < b;.
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LEMMA 4.4 (Coarse-graining and diffusive approximation). The following holds:

dlff

0. (4.12)

lim sup hmsup HZBN — HL2

M—o0 N—

The proof of this result is given in subsection below.

Part 3 (log approximation). The product form of Z](\?ljﬂw in (4.10) is espe-

cially suitable to take the logarithm. We thus prove a preliminary version of
our goal (4.6]), where we replace log Z]@N by log Z](\‘,i,ﬁ) (and convergence in L? by

convergence in probability). To this purpose, we define the event

AN = ﬂ {IX¥R ) <35}, (4.13)

j=1
which ensures that Z](\?lj\f? > 0, see

LEMMA 4.5 (log approximation). Recall X§™ from ([4.5). For any ¢ > 0 we
have

lim limsup ]P’(‘ logZ (ci —{ X = LE[(X™) ) > e, AN7M> =0, (4.14)

M—=oo  Nooo

for Ay C {Z W~ 0V defined in (I.13) (so that log Z(dlﬂ) is well-defined) which

satisfies

lim limsup P((Anm)°) = 0. (4.15)

—0  N—ooo

The proof of this result is given in subsection below.

Part 4 (final approximation). At last, we complete the proof of Theorem .
Our final goal (4.6)) is a consequence of the next lemma, where we prove conver-
gence in probability and boundedness in LP for some p > 2.

LEMMA 4.6 (Final approximation). Recall X%™ from (4.5)). For any e > 0 we
have

dim P(|log Z3¥ — {X¥™ — IE[(X¥™)?]}] > €) = 0. (4.16)
Moreover, for some p > 2 we have

sup EH log Zﬁﬂp] < 00, sup E[‘X]‘i,om‘p} < 00. (4.17)

NeN NeN

Notice that, once we have convergence in probability , to obtain convergence
in L? it suffices to show uniform integrability of the squares of log ZJ’[{,N and X 3™,
which is in turn implied by boundedness in L” for some p > 2, as in (4.17)).
Intuitively, we can deduce from by exploiting the approximation
, but some care is needed to handle the logarithm.
The proof of Lemma [4.0] given in subsection [£.1.4], concludes the proof of The-
orem H.11 O
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4.1.1. Proof of Lemma [4.3] We rewrite the sum over ni,...,n in (4.4)
according to suitable record times. The first record time is ny; the second record
time is the smallest n; for which the previous jump n; — n;_; exceeds ny; and so

on. More precisely, the record times are nj,n,,,...,n;, where we define j; :=1

je
and, assuming that j,. < oo, we set j,1 = min{i € {j, +1,...,k}: n; —n;_1 >
nj,.}, where we agree that min{) := oco. The number of record times is therefore
C:=min{r >1: j..4 =00}

If we rename the record times as b, := n, , and we also set b,._; := n; _1,
we have by construction by — b} > b; and, more generally, b; — b,_, > b;_y
for i = 2,...,¢ (see Figure [1)). If we name the corresponding space variables
zp = xp, and z,_; = zy__, then we can rewrite equivalently as , with
XNy (@, 2 2') defined in ([L.8). O

4.1.2. Proof of Lemma (4.4} The proof, which is long and structured, is
based on explicit L? computations. A key observation is that, by the expression
(4.9) for Zﬁ,” , We can write

E|(23)°]

=1+ Z Z Z HE[(Xdofn; l,bl,b;](zz{—lv Zi;Zz{))Q] :

=1 0<b1<b< <bp<b,<N: z,2'€(Z?)t i=1
bi—bl_>bi_1 Vi=2,...0

(4.18)

To see why this holds, note that by (4.4) we can write

E[(Z¥)] = Z > Ll an—n(m =207 (419

0=mp<ni<...<np<N j=1
20:=0, x1,...,x,EL>

with ¢,(z) = P(S, = x| Sy =0), see (4.3)), and oy as in (3.3)). Similarly, by (4.8)),

B[ (X875 2)] = 32030 bl — )P
k=1

x 2 DR | (A

b=mi<no<..<np_1<np=bl x1=z;7)=2" 1=2
max{na—ni,...ng—ng_1}<b @2,...,wx_1EZ2

(4.20)

When we plug into (4.18) we obtain by the same argument in the
proof of Lemma see subsection because the sum over n;,z; in (4.19)
can be rewritten in terms of record times, which lead to the variables b,, b, and
Zr, 2. in (4.18)).
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We now turn to the proof of (4.12)). We will define two “coarse-grained approx-
imations” ZI(\(;%I)(, v and Z}f;ig 7> Which depend on a further parameter X € N, and

we will show that

[¢ c c cg’ diff
ZJ%N ~ Zz(v,gf)gM7 ZJ(V &) ZJ(VgK)Mv Z](V,gK),M ~ Z](V M) )

) 7

where ~ denotes closeness in L? when we let N — oo, then K — oo and finally

M — oo. More precisely, we are going to prove the following relations:

limsup limsup limsup HZBN Z](\(;gl)(M”L2 =0, (4.21)
M—ro0 K—oo N—o00 Y
limsup limsup limsup HZ](\ngM ](VKMHLQ =0, (4.22)
M—o0 K—oo N—o00

limsup limsup lim sup HZ]\}:gK)M - Z @y ), (4.23)

M—o0 K—o0 N—

which together yield (4.12)). We accordingly split the proof in three steps.

il =

Step 1: definition of Z](ch%M and proof of - Let us fix M, K N e N
with 1 <K M < K < N. Our first coarse-graining approximation Z,> (ce M of the

partition function ZJ@N in is obtained by suitably restricting the sums over
bt and z,2"

]\(f:gl){M = 1+Z Z Z Z HXJ(\ifOE;lfl,bz,b] Ziiy %5 %)

=1 je{l,..M}L (bY)EB!()) (2.2)€S4(bY) i=1
(4.24)

where we sum over j = (ji,...,j¢) in the following set:

{1,...,M}f<<::{1§j1<...<jg§M: o= i > 2 W:2,...,£},
(4.25)

then, given j = (ji,...,j¢), we sum over (b,b') in the set

1

B'(j) := { (bV) e N x N b€ (N LN b € (b, Kb] Vi=1,... 1 }
(4.26)

and finally, given (b,0'), we sum over z, 2’ in the “diffusive set”
S'(b.Y) = { (z.2) € (Z%)" x (Z%)": | < Kby, |2 S Kby Vi=1,... ,é}.

To see that Z](\?%M in (4.24) is a restriction of ZF\,N in (4.9), note that for
(b,b') € BY(j) we have 0 < by < ¥y < ... <b, <b, <N, and for large N we also

have b; — b,_, > b;_y for i > 2, because b; > N >
that j; — ji_1 > 2) hence

b,y (recall

b; — b;lfl > KNﬁbl_l — Kb;_; = (]\7ﬁ — 1)K bi—1 > b;_1 for N > 2M .
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Thus the range of the sums in (4.24)) is included in the range of the sums in (4.9).
Since the terms in the polynomial chaos (4.4]) are orthogonal in L?, it follows that

125 = 235 aallze = 128 17 = 1285 a2 (427)

hence to prove (4.21)) it suffices to show that
1

: B
hjr\]/n—?olip E[(Zx N) | < - (4.28)
liminf liminf liminf E[(Z](\‘;%M)Z} > ! (4.29)

M—co K—oo N—oo 1 — BZ '

Relation (4.28) can be easily deduced from the expression (4.19). Indeed, en-
larging the sums to 1 < n; —n,;_; < N and recalling the definition (3.15]) of Ry,

we get

E[(ZJ%NV} < 1+Z(012V)k Z Z HC]nJ —nj_ n -75]'71)2

k=1 1<nj—n; 1SN 240:=0, z1,...,x,€22 J=1
j=1,....k
o) N k o) 1
S (D E w6r) =14 Y () =
=1 S k=1 — oAy
(4.30)

Since oy ~ By ~ Bﬁ/\/log N, see (3.3]) and (3.18]), and since Ry ~ %log N, see
(3.15)), we see that (4.28]) is proved.
We next prove (4.29). By definition of Z ]\?g[)( > in analogy with (4.18)),

we have

E[(Z( ] 1+ Z Z Z HE[ Xd0 b bi;b;](zg_l,zi;z;))Q] :

(=1 je{1,..M}, (bb)eB(H) =1
(2,2))€St(b,b)
(4.31)

We now give a lower bound on E[(Xﬁ;’fbn ’bi;b,,](zz’»_l, i zz’))z] when we sum over
b, b; and z;, 2 in the sets B*(j) and S*(b, b’). The next result is proved below in

Y

subsubsection . 1.5.1]

LEMMA 4.7. For NNM,K € N and j € {1,..., M}, define
— : : m 2
Evui(j) = inf Z Z E[(XN bt (T, 25 ') ] :

G-2)F

0<as<N ™M o NI LAy RISEVE
lz|<K?Va < b elb.Kb |2/ [<K2Vb
(4.32)
Then, for any M € N and j € {1,..., M}, we have
li f i f I (g & g d 4
iminf lminf Sy k(j) = Tu(j) = /J;f s (4.33)
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Coming back to (4.31), by definition (4.32)) of =y k(j), we have the lower
bound

E[(Z55%m)°] = 1+Z 3 H_NMKJZ , (4.34)
(=1 je{l,..., M}<< i=1

which yields, by (4.33)),

liminf Timinf B[ (25%,,)°] > 1+Z Z HIM j). (4.35)

K—oo N—oo

Recalling the definition (4.25)) of {1,..., M }€<<, we can rewrite the r.h.s. of (4.35))

as
0 1 M 14
1+ E{(Z[Mj)) - > IuG) - [M(jé)}'
/=1 j=1 Jlyeees ]46{1 ..... M}
3h#k: |jn—jK|<1

The second term gives a vanishing contribution as M — oo, because

C
25, 0 < 37
with C' := = 52 < 00, hence
3 ! ] N 1 g -1 Cl M —oc0
Z@ Z Ing(j1) - I ]ZSE g_ﬁ()M =27 . 0,

=1 " ji,..jec{l,.. .M}
In#k: |jn—jkl<1

where (S) is the number of pairs {h, k} with h # k and 3M*~! bounds the num-
ber of choices of ji,...,j, with j, € {jx — 1, Jk, & + 1}. Since 23]\11 Iv(j) =

fol - f;;%ds = log 171B2’ we have finally shown that

(c5) |2 - L (1og )f _ 1
1}&n_>10%f hKHBo%f hNHigif E[(ZNKM) } > 1+;£! long2 = 5
(4.36)
which is (4.29). This completes the proof of (4.21]). O

Step 2: definition of ZJ(\?’gI?’M and proof of (4.22)). Starting from Z](\?%M
in (4.24), we set b, ;, = 0 and z,_, = 0 inside each X$°™ to obtain our second

approximation:

NKM —1"‘2 Z Z Z HXN%lb ] (0, 25 %) -

=1 je{1,.,.M}y (b)eB(F) (z,2)eSt(bY) =1
(4.37)

Heuristically, the reason why we set b, 1= = 0 is that b; > b]_,, hence b; — bZ L~ b
(indeed, note that b; > ‘ Z b;_, since j; — 1 > j;_1, see and
(4.25))).
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We need to prove (4.22). Given b,V and z, 2/, let us introduce the shortcuts

X = X](ifo[rl?’ bl ](Zz{flv i Z;) ) Y;: Xdo[rgb b’](ov i z:) ) (438>

177

so that, comparing and - we can write
(cg’) cg)
ZNKM ~ ENKM

DN EDS (1D 1)

jeft. M}y (bY)EBL()) (22)eSH(bY) \i=1 =1
00 ¢ h—1 ¢
> v s 2 s T1 .
(=1 je{l,.,M}, (bY)EB)) (22)eS'(bY) h=1 ~i=l i=h+1

and note that different terms in the sums are orthogonal in L?. We justify below
the following key estimate, see Lemma 4.9} for any € > 0, for NV large enough, we
can bound for alli =1,...,/¢

E[(Y: — X,)*] <E@E[Y?]. (4.39)

By the triangle inequality, this implies E[X?]'/2 < (1 + ¢)E[Y?]Y/? < 2E[Y?]"/2,
hence

IA
NE
™

N
MN

B
Z

N———

z(\
@

ey Y Y Y e

=1 je{1,... MYy (BY)EB(F) (22)eSi(bY) =1

because Zflzl 22(t=h) — ‘ff 11 < 4°. We now enlarge the sum ranges to obtain the

factorization

SR I | (R SR ol 1 S

=1 1<j1<ja<.<js<M i=1 i e
<91<92<...<g¢ < ¢ bi<ble(N z vall] 24,2, €L

The following asymptotics on the term in brackets is proved in subsubsection4.1.5.2]

LEMMA 4.8. For any M € N and j € {1,..., M} we have

g a

A 2
]\}ii[)noo { Z E[XN[Obb’](Ovz; Z’)Q]} = Iu(y) = /_1 5A ds.

_ B2
PP R 1= p%s
b<b e(N'M ,NM|
2,2 €7

(4.41)
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We can plug (4.41)) into (4.40) (where the sum is finite: it can be stopped at
¢ = M, since for £ > M there is no choice of 1 < j; < js < ... < j, < M), which

yields

¢
lim sup E[(Z](\%QM - Z]\?g}(M | <é Z 4° Z H Ine (i)
N—oo 1<j1<ja<..<je<M  i=1
00 45 M 62
<&y E(Z[M(j>> < € exp (4211\4(])) = Qo
=1 j=1 j=1
(4.42)

This completes the proof of (4.22)), since we can take € > 0 as small as we wish.
It only remains to justify (4.39). The following result is proved in subsubsec-
tion L 1.5.3

LEMMA 4.9. Given K, M € N and € > 0, there exists Ny = Ny(e, M, K) < o0
such that for all N > Ny the following bound holds:

om om 2 om
E[( ]‘\1,7[a7b;b,](:v,z; 2 — X]‘]\l,v[()’b;b,](o,z; Z))7] < 52E[X]‘\1,7[07b;b,](0,z;z’)z} . (4.43)
uniformly for (a,x), (b, z),(V,2") € Z3,., = {y € Z® : y1 + y2 + y3 is even} such
that, for some j € {1,..., M},

G-+

€0,N" 3], be(N# Nit], |o|<K>a, |2|<KvVb.  (444)

Step 3: proof of (4.23). Recalling (4.11), we can rewrite Z](\(,{ijﬂw) in (4.10) as

follows:

Z(dlﬂr _1+Z Z Z Z HX]dVOESb (0, 235 27) -

(=1 1<j1<ja<...<je<M b,b' eNE: 2/ (22)¢ i=1
Ji—1 Ji
bi<b,e(N M ,NM]
(4.45)
(c g) (diff)
By ({.37), we see that Zy w18 a restriction of the sum which defines Zy

therefore

125501 = 2801 122 = 1280530 12 = 1285 2

Then, to prove (4.23)), it is enough to show that

. . . . . . (Cg’) 2 1
1}\1}5(51; III(ITLIOICIJf thJo%f E[(ZN7K7M) | > 5 (4.46)
1
VM eN: limsup E[(Z)?] < — . 4.47
N%oop [( NM) :| o 1 — ﬁQ ( )
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We first consider (4.46)). Recalling (4.37)), in analogy with (4.18]), we can write

E[(Z55)"]
+Z Z Z Z H]E ngofgb b, (0, zz,z;)Q] )
=1 je{1,..M}, (BY)EB()) (z.2)eStbY) =1

We can now use the quantity =y a7 x(j;) defined in (4.32)) to bound

E[(Z](\?i{,M 1 > 1+Z Z H Enark (Ji)

which coincides with the r.h.s. of . As a consequence, the bounds from (|4.35)
to apply verbatim to ]E[(Z](\(;?M)Q] and show that holds.

We finally consider , which we have essentially already proved. Indeed,
note that E[(Z}ﬁﬁ?@ﬂ is given by the second line of where we replace €
and 4° by 1. When we apply the limit , we obtain an analogue of ,
again with €2 and 4¢ replaced by 1, which yields precisely . This completes
the proof of Lemma [4.8] O

4.1.3. Proof of Lemma [4.5 We recall that the event Ay was defined in
(4.13). In order to prove (4.14), it is enough to show that the following three
relations hold:

(diff) dom dom (
A}ll)noo hglj;l)p IP( log ZNM Z{XNM %XN,M<])2} >, AN,M> =0,
(4.48)
hm lim sup ‘ ZX]‘%,OX} §)— Xl =0, (4.49)
M—co  Nooo - 2
lim lim sup dom ()2 —E[(XFP™)?]|l =0. (4.50)
M—=oo  Nooo L1

We are going to exploit the following result.

LEMMA 4.10. Fiz 3 < 1. For every M € N and j € {1,..., M} we have

J

lim E[X{h(5)°] = w_F ds < = with ¢ = cy 1= L=
N N,m\J - %1—323 _Ma _B'_I_BQ'
(4.51)
Moreover, there exist p; > 2 and C'= Cy < 00 such that for all2 <p < pg
; dom c
VM eN, Vje{l,...,M}: limsup E [| X35 ()] < —. (4.52)
N—oo Mz
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Proof. Relation (4.51)) is already proved in (4.41)), by the definition (4.11)) of
X33 (7)-

Intuitively, the bound ( holds because E[| X3 (5)P] < CE[X{5(5)%]°
by the hypercontractivity of polynomzal chaos. The details are presented in sub-

subsection 1.1.5.4] O
It only remains to prove (4.15)) and the three relations (4.48])-(4.50)).

Proof of (4.15)). For any p > 2 we can bound, by Markov’s inequality,

dom dom
((Anm)9) Z P(IX% () > 4) < Mor jeﬁgM}Eﬂx = ()],
and relation (4.15)) follows directly by (4.52]). O

Proof of (4.48). By (4.10]) we can write log Z}?jﬁ) = Z Llog(1+ X300 (7). If we
fix 2 < p < min{3, p3}, with p; as in Lemma [4.10, we can bound |log(1 + x) —

{z — 122} < c|z|P for |z| < 3, hence

M M
diff om om . om
£ 1o 228 - 3 (x50 - k)| tan | < ¢ St

J=1 j=1
C

< c D )

S

which proves (4.48]), by Markov’s inequality. O

Proof of (4.49). The polynomial chaos Z]Nil X373 (j) contains less terms than
Xgom - therefore to prove ([4.49) it is enough to show that for any fixed M € N

(%Xﬁ,’fﬁ(]’))j = lim E[(X%™)"] :/01 BQA ds  (4.53)

= N—oo 1— ﬁQS

where the last equahty follows by (4.51]), because X ™ equals X Glom( ) for M =
j =1 (cf. (4.5) with and . . Smce the variables X,(i,‘?]“\}[(j) s are centered
and independent, a further application of (4.51)) yields

1 2
om om N—o0 ﬁ
g (w0 | - slotnon) 2= 3o [ e
(4.54)
as desired. This completes the proof. Il

Proof of (4.50). In view of the first equalities in (4.53) and (4.54)), it suffices to
show that

Iim E

N—oo

X G —E[Xan ()] =o0. (4.55)

lim limsup
M=o Nooo

Ll
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This is a weak law of large numbers for the independent random variables W; :=
X]dvojr&( 7)?, which satisfy the following Lyapunov condition (by (4.52)) with ¢ :
p/2):

C
= 05 = A : 1 q < —
dJg=q3>1, C=Cs<o0: VM € N 11]r§1_>s01<1)p jeglf.%f(M} E[W]] < R
(4.56)

We prove (4.55) by truncation at level Ty := M~ for an arbitrary o € (3, 1).
Note that

It

M
Z Wj ]]-{Wj>TM}

Jj=1

M
E [VVJ ]]'{Wj>TM}]

j=1

M

>

= T

which, by (4.56)), vanishes as N — oo followed by M — oo provided 1+ a(q —

1) — ¢ < 0, that is @ < 1. To prove ({4.55) it only remains to show that

IN

< MMWelh) max E[WY],

M
Z {W] ]l{WjSTM} - E[W] ]l{WjSTM}} }

J=1

=0.

Il

lim limsup
M—oo N0

It is simpler to prove convergence in L2, because this follows by a variance com-
putation:

M M
Var (Z Wj ]l{WjSTM}) = ZV&I‘ (W] ]l{WjSTM}) S MT]%4 = M1_2a s
j=1 j=1

which vanishes as M — oo provided 1 — 2« < 0, that is a > % 0

4.1.4. Proof of Lemma [4.6 We first prove (4.16). In view of (4.14) and
(4.15)), it suffices to show that

Ve>0:  lim P(|logZy" —log Zyh/| > e, Anar) =0, (4.57)
—00 )

where we recall that the event Ay p C {Z](\(,{i]ﬂw) > 0} was defined in (4.13)).
For any a,b € R and €,17 € (0,1) we have the following inclusion:

{|loga —logb| > e} C {b < 2ne} U{|a —b| > ne’}.

Indeed, if both b > 2ne and |a — b| < ne?, then a > b — ne* > 2ne — ne? > ne, so
that both a,b € [ne,00), hence |loga — logb| = |fab Ldz| < #|b —al| < ineQ =e.
It follows that

P(|log ZN —log Z](\iij\f?‘ >e, Ayu) < IP(Z](\E{HA} <2ne, Anr)
+]P’(}Z][3,N - Zﬁﬁ” > ne’)
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and note that the second term in the r.h.s. vanishes as N — oo followed by
M — oo, for any fixed €,n € (0,1), thanks to (4.12). It remains to show that

Ve > 0: lim limsup limsup ]P(Z](\(,iﬁ) < 2me, ANM) =0.

0 M—oco N—oo

To this purpose, we can bound
P(Zi00 < 2ne, Awar) < P([log 57 — {X8™ — SE[(X™)}| > 1, Aww)
+ P(X]dvom — IE[(X%m)2] < log(2ne) + 1)

and note that the first term in the r.h.s. vanishes as N — oo followed by M — oo,
by . To show that the second term vanishes as N — oo followed by 7 | 0,
we fix 7 > 0 small, so that log(2ne) + 1 < 0, and we apply Markov’s inequality to
bound, for some C' < 00,

E[(X$™ — 1E[(X3™)2)"]
| log(2ne) + 1]2
C

< )

~ |log(2ne) + 1]2

P(vaom — IE[(X3™)2) < log(2ne) + 1) <

because E[(X g™ — %]E[(X]C\l,om)2])2} converges to a finite limit as N — oo, see
@53).

It only remains to prove (4.17). The second bound in follows by ,
because we already remarked that X3°™ = X3y (j) with j = M = 1, see
and (4.11)), (4.8). The first bound in was proved in [CSZ20] (see equations
(3.12), (3.14) and the lines following (3.16)) exploiting concentration of measure
for the left tail of log Zy. O

4.1.5. Technical results. We collect below the proofs of some technical re-
sults we applied in the previous subsections.

4.1.5.1. Proof of Lemma[{.7 We are going to prove that there is a constant
C' < oo such that, for any given M, K € Nand j € {1,..., M}, we have

J

liminf Ey v (f) > (1 - (3K ) /M P ?) ds, (4.58)

N—o00 j—1 2( _ KQ)

which clearly implies (4.33)).
Given a,b € Ny as in the range of the sums (4.32), we note that for large V:

a<1K™?b. (4.59)

G-2T .
< = 0, while for
j > 2 from a < N% and b > N we get a < N-wh < iK‘Qb for large NV,
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say N > (2K)?™. By (4.20), for fixed a,b and z, the sums over b’ € [b, Kb] and
2,2 € Z* in (1.32) equal

> X E[(n )]

Ve Kb |s|<kVE

/| <K2Vb
%s) k
2\k 2 2
= (JN) E Qb—a(xl - :U) E , H n;—n;_4 (371 - mi—l) :
k=1 |1‘1|§K\/E b<na<...<np<Kb: =2

max{ng—b ..... le—nk_l}gb
Z2,.., T EL2: |xk\§K2\/E

(4.60)
We get a lower bound by keeping just the first K terms in the sum over k£ € N.

Moreover:
e we remove the constraint ny < Kb (because max{ns—b,...,ny—ng_1} <
b already yields ny = b+ ZfZQ(ni —n;_1) < Kb) and sum freely over the
increments

mi::ni—ni,le{l,...,b} fori:2,...,k; (461)

e we change variables to y; := 1 — x and y; := x; — x;_1 for ¢ > 2, that we

restrict to
| < iKVb—a and il < 2K /m; fori > 2,

which imply both |z1] < Kv/b and |z| < K2V/b as required by (4.60).
Indeed, recalling that |z| < K*/a < 1K Vb by [#32) and ([£.59), we

obtain

1 1
1] < gl + ol < GEVE—a+ 5}(\/5 < KVb,
k
1
frl < Jonl + Dl < KVb+ (K = 15 KVh < K2V,
=2

These restrictions yield the following lower bound on (4.60)):

f(am’f( S q<y>)H(Z > ). o)

k=1 ly1|<iKvb—a =2 Smi=1y,|<IK\/m;

Recalling that u,, and Ry are defined in (3.14]) and (3.15]), we define restricted

versions
N N
= Y0 W), Ry =D ul =) Gn(y)?,  (4.63)
ly|<3Kvn m=1 m=1|y|<iK/m

so that we can rewrite (4.62)) more compactly as follows:

K (KK
_ 1-— (02 R )
K K)\ k-1 K N+
Z(szv)k ué—c)u (Rl() )) = 012\/ ulg—a)n 5 oK) -
k=1 1—-oyR,
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Bounding (U%VRE()K))K < (0% Rn)¥ in the numerator and recalling (4.32), we obtain

2, (K)
— . K . ON Up_gq
0SasN= M e (NI tlog N, L N1 N

(4.64)

where we restricted the sum range to b € (N g gt log N, %N ﬁ] for later conve-
nience.

We now claim that for some C' < oo we have, for n, N large enough,
1
uf) > (1 - Z)== = R%() >(1- %) - log N . (4.65)

This follows by (4.63]) writing ulf) = un_zlyl% K/ an(y)?, recalling that u,, ~ =X
by (3.14)), bounding sup,cz ¢.(y) < 2 by the local limit theorem (see (3.16)
below) and then estimating

S auly) = P(S.| > K Vi) <4 =3

ly|>3K\/n

We can plug the bounds (4.65)) into (4.64]) because, uniformly for a, b in the sum
range, we have b > b—a > log N — 0o as N — co. Since 0% ~ 2 ~ m32/log N,
see (3.18) and (3.3)), for large N we have (possibly enlarging ')

o2 u(K) 1 i
N e 51— Q) _ logN (4.66)

1— o3RO~ Flbmag o o1 S logh

The r.h.s. is a decreasing function of b — a, hence we get a lower bound setting
a = 0. By monotonicity in b, we can then bound the sum in (4.64)) by an integral:

1 AL 32
1 Nir
K 1

log N
— g dz .
x

1— loﬁgQN (logz) (1 — %)

Eva(f) > (1-5) (1- (BQ)K) /

J—1
[N'M +log N

With the change of variable x = N*, the integral equals

B log[N% +log N o log(%Nﬁ)

bN /62
- ds with ay := , :
/aN 1-p2s(1— %) N log N N log N

Since limpy_yoo any = % and limpy_o by = %, we have proved ({4.58)). O

4.1.5.2. Proof of Lemma [{.8 A lower bound for (4.41) is already provided

by (4.33)), hence it suffices to prove a matching upper bound. By (4.20) with
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(a,z) = (0,0), we can write

PORD DR RN D DL D DR 9 (O

2 = j—1 j 2
b<ve(NIT N #FEL =1 be(NJW N *€7

X Z Z anz,nz Nz — 1)

b=m1<ne<...<np<oo r1:=2
max{na—ni,...ng—ng_1}<b T2 TR EL

(4.67)
We can sum over the space variables: by (3.14]) and (3.15)), the r.h.s. equals

D e D wmm) = ) | % (4.68)

k=1 be(NT N be(NT N
Since o3 up ~ 6—2]\[% and 0% Ry, ~ Bg—QNlog b, as N — oo the r.h.s. of (4.68]) is

asymptotic to

B 1 N B 1 i A

T - M

3 %N/_l%dx:/ s,
1 logh v 1— 2 i 1—5%s

bG(Nj%,Nﬁ] log N log N
(4.69)
by the change of variable x = N*®. This completes the proof of (4.41)). 0

4.1.5.3. Proof of Lemma[{.9 We can assume that j > 2, because if j = 1 we
have a = 0 and = = 0, see (4.44)), hence (4.43) trivially holds.
Note that by (4.8]) we can write

E[Xz%/?ﬁ,b;b'](% Z; 2,)2] = Qb—a(Z - $)2 FN,[b;b'](Z; Z’) )

where we set

(25 2")

= (O?V)k Z Z qu —n;_ 1 - Ti— 1)2-

k=1 b=mmi<no<..<np_i1<np=b xz1:=z,x1:=2" 1=2
1<ng—ni,...,np—ngr_1<b mz,...,xk,lezg

The key point is that Fy p(2; 2") does not depend on (a,x). It follows that

]E[(Xz(\lf?fg,b;bq(% z;2') — XN [Obb’](ov Z; Z’))Z} = (Qb—a(Z —z)— Qb<z))2 FN,[b;b'](z; 2,

therefore, to prove , it is enough to show that for K, M € N and € > 0 there
is No = No(e, M, K) < oo such that, for N > Ny and for a,b, z, z as in (£.44)), we
have
‘1 _ ) | (4.70)
Qa2 — @)
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We recall the local limit theorem [LL10, Theorem 2.1.3]: as n — oo, uniformly
for y € 72,

a2
anly) = ni/z(g(\/,j—/z) +o(1) 2Ly, with  g(@) == |27|T/2
In particular, for (n,y) € Z2,., in the “diffusive regime” we can write
() = () (1 +o(1)  for ly = O(vi).
Note that a,b, x, z as in satisfy (recall that j > 2)
0<a< N <N-#bh, |2|<KVh, |z <KVa<KVN-b.
(4.71)

It follows that for any K, M € N, uniformly for a,b, x, z as in (4.44]), we have as
N — o0

a=o(), |z=0(W0b), |z|=0(Vb),
which in turn imply that |z — 2| < |z| + |z| = O(v/b) = O(v/b — a) and hence, by

(5-33),
a(2) b—a |z —z> |22
= — — — (1 1)) —— 1.
oy = e (G o)
This completes the proof of (4.70]), hence of (4.43)). O

4.1.5.4. Proof of ([£.52)). The random variables 7y in satisty supy E[|nn|F] <
oo for all p < oo, by the assumption (see [CSZ1Tal eq. (6.7)]). We can then
estimate E[|X]C{,"’]r{‘4(j)|p}% by the hypercontractive bound (2.27)), which gives rise
to the r.h.s. of with 0% replaced by C), 0%. We can then follow the proof of
Lemma 4.8 in Appendix verbatim though and , where we note
that the replacement of 3% by C,o% amounts to replace BZ by C, BQ, by
and (3.18). Since B <1 and lim, 2 C, = 1, see [CSZ20, Theorem B.1], we can fix

ps > 2 and ¢ = ¢ < 1 such that for all 2 < p < p; we can bound Cpﬁa <c<1,

hence
. o2 O, ¢/(1-2)
limsup E[|X%m(j)P]r < / — P ds < ~——— 4.72
N_mp “ N,M(J)| } > i 1 Cpﬁ2s > Wi ( )
which completes the proof. O

4.2. Asymptotic Gaussianity: proof of Theorem
We have already noticed in (4.53)) that

lim E[(X{™)?] = 0? = log — (4.73)

N—oo 1_32 ’
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which follows by (4.51), because X3 = X§7(1) (see ([4.5) and ([L.11)), ([£.8)).

Therefore we only need to prove that
Xgom Ly A(0,0%) . (4.74)

We can apply Theorem to the polynomial chaos X defined in ({.5]).
As in the proof of Theorem we can cast X" in the form with
T := N x Z? and 0 = nx(m,z) defined in (3.3), while for A := {t1,...,t;} =
{(n1,21), ..., (nk, zx)} C T we set

max{na—ni,...,nk—ng_1}<N1—"no

qN(A> = (UN)k ]1{ 0=:ng<ni <...<nip <N } H An;—n;_q (xj - .77]',1) :

By Theorem , to prove (4.74) we need to verify the following conditions:

(1) Limiting second moment: we already showed that limy ., E[(X{™)?] =

o2, see ([4.73).
(2) Subcriticality: we need to show that
. . 2
I%linoo llgljolip Z gn(A)*=0. (4.75)
ACT
[A|lZK

Arguing as in (4.30]), we can enlarge the sums to 1 <n; —n,;_; < N and

remove the constraint max{ns —ny,...,n; —ng_1} < ny — ng, to get the
bound
o0
doaw(AP <y () Y > an] (25— @)
ACT k=K 1<nj—n;j_1<N g, z,€22 j=1
|A|I>K G=1,k 20:=0
- 2 \k 2\F - 2 k. N—ooo (BQ)K
= YA o) = Dok 2 5
k=K n=1 zez2 k=K

from which (4.75)) follows.
(3) Spectral localization: given M, N € N, we define disjoint subsets B; C T

by

B, := (N7 ,N#]NN) xZ*  forj=1,....,M,
and, recalling that o% (B;) := ZAC]B qn(A)?, see (2.9), we need to show
that

. . 2 N 2 . . 2 ‘ _
dm, 3 Jm oh(B) = ot and i {ma, mp oR(B)} = 0

For this it suffices to note that o} (B;) = E[X{’};(7)?] and then to apply
@51).
The proof of Theorem (.2 is completed. O
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CHAPTER 5

Gaussian fluctuations in the quasi—critical regime

So far we have presented and discussed results for polynomial and Wiener chaos
expansions under the assumption of subcriticality. In a general context, we showed
that this is equivalent to require that only a finite number of fixed chaos contibutes
to the whole limiting second moment of the expansion. For 2d directed polymers,
this terminology has a precise meaning, closely linked to the choice of how we
rescale the disorder strength = Sy — 0 as N — oco. By tuning the interaction
strength as

w3
Viog N

the subcritical regime corresponds to take the disorder parameter B € (0,1).

B ~

as N — oo,

The goal of this chapter is to explore and study the 2d directed polymer and its
partition function beyond the subcritical regime, where the setting is more subtle
and many tools exploited in the previous chapter no longer apply.

For convenience and completeness, let us recall the main notations. We consider

the partition function of the 2d directed polymer in random environment:
7% 5(2) = E[ezile{ﬁw(n,sn)—x(ﬁ)}, So =12, (5.1)

where N € N is the system size, § > 0 is the disorder strength, and:

e S = (S,)n>0 is the simple random walk on Z? with law P;
o w = (w(n, 2))nen, sez2 are i.i.d. random variables with law PP, independent
of S, with

E[w] =0, Ew? =1, AMB) :=logE[e"™] < 0o for >0, (5.2)

which play the role of disorder (or random environment).

Note that we subtract A(3) in (5.1)) to fix the expectation of Zy 5(2), namely
E[Z35(2)] =1. (5.3)

It is known since [CSZ17b] that a phase transition is observed when the disorder

strength § = [y is suitably rescaled as N — oo. Using the more convenient

0 1= 1/ Var[eBs—A®)] = /eACH-26) — 1, (5.4)
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with the same leading behavior o3 ~  as 8 ] 0 (since A\(3) ~ %62), we consider
B = By such that
b _ P P
v " Ry logN’
where Ry denotes the expected replica overlap of two independent random walks
S, S

with (€ (0,00), (5.5)

N
RN:=E®2[211{S”S/} ZP (San = 0) = k’gN +0(1)  (5.6)
n=1

(the last equality follows by the local hmlt theorem ) As mentioned above
and in Chapter [3 it was shown in [CSZ17b] that in the so-called subcritical
regime B < 1 the partition function has Edwards- Wilkinson fluctuations: for any
¢ € C.(R?), the diffusively rescaled and averaged partition function

Z35(0) = [ Za(Na)) pla) da 5.7
has Gaussian fluctuations as N — oo:
VBe(0,1): VRN {Zis () ~ElZis, (0} > N(0.02 ;). (58)

for an explicit limiting variance O'Z

5> 0. To be precise, the result proved in
[CSZ17bl, Theorem 2.13] involves a space-time average, but the analogous result

for the space average as in (5.7)) follows by the same arguments (see [CSZ20]).

We point out that the restriction in . to the subcritcal regime B < 1 is nec-
essary, because the limiting variance a dlverges as B 1 1. Indeed, in the critical

regime B = 1 a very different picture emerges, as recently shown in [CSZ21+]:
the averaged partition function Zf{,ﬁN(go) in , with no need of rescaling and
centering, converges in distribution as N — oo to a non-Gaussian limit Z(yp) (in-
deed, we have Z(p) > 0 for ¢ > 0). The same result was proven, more generally,
in the critical window 3% =1 + O(log#N) around § = 1.

In view of this discrepancy, it is natural to wonder what happens between the
subcritcal regime B < 1 and the critcal regime B = 1 (before the critical window).
To explore this gap, we should let B 1T 1 but slower than BZ = 1—|—O(@): recalling
(5.5]), we then consider

1 0
ggN = R_N (1 — logNN> for some 1<Ky <logh, (5.9)

where we recall that Ry is defined in . We call this regime of 5 = (y quasi-
critical, as it interpolates between the subcritcal and the critical regimes. Indeed,
by choosing Oy = (1 — 32) log N we come back to the subcritical regime (recall
(5.5))); on the other hand if we set 0 = 6 + o(1) with 8 € R we reach the critical
regime explored in [CSZ21+]. In the middle, the quasi-critical regime allows us
to approach the critical value B = 1 arbitrarily slowly according to the (almost)
free choice of 0y, which has to diverge as N — oo slower than log N. In this way,
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we are able to fully study the asymptotic behaviour closer and closer the critical
regime, without ever reaching it.

In particular, we are going to prove that in the whole quasi-critical regime ((5.9)
of B = Bn, the averaged partition function Zy 5 () in has Gaussian fluc-
tuations after centering and suitable rescaling, i.e. replacing /Ry in by the
smaller factor /0y < +/Ry. This is our main result.

THEOREM 5.1 (Quasi-critical Edwards-Wilkinson fluctuations). Let Zy 5() de-
note the diffusively rescaled and averaged partition function of the 2d directed

polymer model, see (5.1) and (5.7)), for disorder variables w which satisfy (5.2)).
Then, for (Bn)nen in the quasi-critical regime, see (5.4) and (5.9), we have the

convergence in distribution

\/%{Zfr,ﬁ]v(%@) —E[Z3 5, (¢ } — N(O g ) (5.10)

N—oo

for any ¢ € C.(R?), where the limiting variance is given by

ol = / o(x) K(z,2") p(2') de da’, with K (z,2") / 2 du.
R2xR2

(5.11)

REMARK 5.2 (Comparison with the subcritical regime and the Edwards-Wilkin-
son equation). The convergence stated in Theorem s clearly comparable and
similar to the Gaussian fluctuations proved in Theorem of Chapter [3 under

the subcritical regime. In that case, we recall that

VEx {235 (¢) — ElZ2 5, (¢) }—>N( 6&)

N—oo 1—p2m

~ ~ 2|2
where By = B/v/Ry, 6 € (0,1) and o7, is the same as in (5.11]) (since 2—26_% =
7g.(x)) or, equivalently,

m(1—3?) ) )
N ) R A28, ()~ BZ3 5 (0]} = N(0,0). (512
Then, the limit (5.12)) explains the reason why we now choose to rescale the aver-
aged and centered partition function by the prefactor O in (5.10)). In the quasi-

critical regime, the disorder pammeter@ 18 set equal to

~

b= fy = On

" logN’

which is still strictly smaller than 1 for fited N € N, but then converges to 1 as
N — oo. Heuristically, by plugging the new definition of BN into the prefactor of
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(5.12), we obtain
Q (1 - 32) \/— \/_ v logN

VN
Ry ~ /O
Vi- 10% V- ey
(recall (5.6)).

Moreover, according to the notation used in Theorem we can rephrase The-
orem in terms of the solution v*9) of the 2d Stochastic Heat Equation with
additive noise

as N — oo,

du(t, z) = gAv(t,x) +eW(t, )
and flat initial condition v(0,-) = 0. By recalling (3.12)), (3.13) and (3.11)) and by

denoting

V]\?_O(x) =0y ( N5N<L\/_93J)—1) r € R?
with Bn according to (5.4) and (5.9)) the convergence (5.10) can be rewritten as
V@) 2 b(x) =03 (Lz)  as N = 0. (5.13)

Our strategy to prove Theorem is inspired by the results presented in Chap-
ter : we obtain (5.10]) exploiting a Central Limit Theorem under a Lyapunov
condition (see Theorem and and more details below), which requires
to estimate moments of the partition function of order higher than two. To ful-
fil this condition, a key point in the subcritical regime is the application of the
hypercontractivity for polynomial chaos (recall and ) The latter al-
lows to control the high moments of the partition function in terms of its second
moment, up to a constant which depends on the order of the chaos involved. In
the subcritical regime the main contribution to the limiting (convergent) second
moment is given by a finite number of fixed chaos up to a negligible L? error,
then we were able to properly bound the aforementioned constant and this was
sufficient to verify the Ljapunov condition.

As explained below with more details, such a property fails in the quasi-critical
regime, where all chaos components contribute to the limiting second moment (see
Subsection . This is the key technical difficulty that we face in this chapter,
for which model-specific arguments are required to estimate high moments. To
this purpose, we exploit the general strategy developed in [CSZ214|, LZ214],
which extends the approach in [GQT21], but novel quantitative estimates are
required in our setting (see Subsection [5.3).

5.1. Fluctuations for the partition function: proof of Theorem

We show in this section that Theorem follows by two key steps, see Propo-
sitions [5.3] and which will be proved in the next sections.
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Let us call Xy the LHS of (2.14)): recalling (5.7)) and (5.3)), we can write
Xy =10 {ZJO\J/QN [ZJU\J/,BN(SO)]}

\/ﬁ/ [Z3s, m)—1}¢(\/5’7—ﬁ> dz .

We denote py : Z* — R the average of gp(\/—ﬁ) over cubes:

T
on(z) = / ga(—) dv  for z = (2, 2%) € 72, (5.15)
(21—1,21]x(22-1,22] VN

thus since Z% 4 ([]) is constant over all cubes (2! — 1, 2'] x (2% — 1, 2%] we can

express Xy in (b.14) as
9 w p—
= > A %8s (2) — 1} Bw(2). (5.16)

2€72
We prove Theorem [5.1] via the following two main steps:

(1) we first approximate Xy in L? by a sum Zf\il X](é?M of independent ran-
dom variables, for M = My — oo slowly enough;

(2) we then show that the random variables (X](\;?M)lgig u for M = My satisfy
the assumptions of the classical Central Limit Theorem for triangular
arrays (see Theorem in Chapter [2)).

Let us describe more precisely these steps and how they yield the proof of Theo-
rem [5.1]

First step. In order to define the random variables x¥ Nar for M € N and
1 <i < M, we introduce a variation of -, for —oo < A < B < oc:

Z&vBLB(Z) = E|: ZnE(ABﬁN{IBW(n Sn }} SO — Z:| (517)

We then define X )M replacing 2% 5 by Z i1
)(N:

NN in the definition (5.16)) of

i \/9_
Xy = > {Z¢a iy vy (2 — 1} on(2) (5.18)

2€72

Note that Xj(é?M for 1 < ¢ < M are independent and centered random variables
(because Z{) p 5(2) only depends on w(n,z) for A <n < B, and E[Z{) p 5(2)] = 1
as in (5.3))).
The core of this first step is the following approximation result, proved in Sub-
section B2
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PROPOSITION 5.3 (L? approximation). For (f8x)nen n the quasi-critical regime,
see (5.4) and (5.9), the following relations hold for any ¢ € C.(R?), with U?p as in
G.11):

M
lim E[X%] = o2 VM eN: lim HXN = x| =0. (519
=1

N—o0 ®’ N—o0

LQ

It follows from the second relation in (5.19)) that, for any (My)yen with My —
oo slowly enough as N — oo, we have (see Remark [2.12)):

My

lim HXN - XV

N—o00 -
=1

=0, (5.20)

L2

that is we approximate Xy in L? by a sum of independent and centered random
variables. Then, by the first relation in (5.19)), it follows that

Mn 2 My

7 . i 2

<§ X}V?MN) ] = im > E[(x(y,)] =02 (G21)
i=1 i=1

lim E

N—oo

Second step. Recalling ([5.16]), we can rephrase our goal (5.10)) as
d
Xy — N(O, 0'3}) .

In view of ([5.20)), this follows if we prove the convergence in distribution

My
(%) d 2
;XN,MN —— N(0,0). (5.22)
Since (X](\?MN)lgig My are independent and centered, we prove ([5.22) by the clas-
sical Central Limit Theorem for triangular arrays, see e.g. [Bil95, Theorem 27.3]
and Theorem since we have convergence of the variance by (5.21)), it is

enough to check the Lyapunov condition
Mn
. : (&) |P| _
for some p > 2 : ]\}1_13;0 E_l E[|XN7MN| } =0. (5.23)

This follows by the next result, proved in Subsection [5.3 where we focus on the

case p = 4.

PROPOSITION 5.4 (Fourth moment bound). For (fn)nen in the quasi-critical
regime, see (5.4) and (5.9), and for any p € C.(R?), there is a constant C' < oo
and, for every M € N, a constant N = N(M) < oo such that

E[(x{)] < % forall MEN, 1<i<M and N>N . (5.24)
95



As in the first step, we can take My — oo as slowly as we wish, so that (5.24))
applies with M = My for all i = 1,..., My. This shows that (5.23]) holds with
p = 4, since the sum therein vanishes as N — oo:

i W p]_ C 5
ZE[‘X]\?’MNl ] = My N-oo 0.
=1

The proof of Theorem is then completed, once we prove Propositions
and 5.4l The next sections are devoted to this task. O

5.2. Second moment bounds

We are going to prove Proposition [5.3| exploiting a polynomial chaos expansion
of the partition function, that we first describe.

We fix (8y)nen in the quasi-critical regime, see (5.4) and (5.9), and ¢ € C,(R?).
We will denote by C,C", ... generic finite constants (that may vary from place to
place).

5.2.1. Polynomial chaos expansion. The partition function admits a key
polynomial chaos expansion (see [CSZ17a] and Section [3.1] of Chapter [3). Let us
define, for g > 0,

5(n, x) = MmO =AB) 1 forneN, z € Z*. (5.25)

Recalling (5.4]), we note that (£5(n, x))nenzez2 are independent random variables
with

Elgs) =0, Elgl=0}, E[&] <Chop VE>3, (5.26)

for some Cj < oo (for the bound on E[|¢5]%] see, e.g., [CSZ17al eq. (6.7)]).
We denote by ¢, (z) the random walk transition kernel:

qn(z) =P(S, =x|Sy=0). (5.27)

Then, writing e2n{#M@)=AE} =TT (14-£5(n,z)) and expanding the product, we
can write Z{, p 5(2) in (5.17)) as the following polynomial chaos expansion:

Ziapp(z) =1+ Z Z Gy (1 — 2) Eg(ny, 1) X

k=1 A<ni<..<np<B

x1,...,L5 EL2 (528)

k
X HQHj—nj_l(‘rj - I]_:[) gﬁ(’”’ﬂ’ IJ) ?
=2

where we agree that the time variables n; < ... < n; are summed in the set
(A, B] N Z (in particular, the seemingly infinite sum over k can be stopped at
B —A).
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Plugging (/5.28)) into ({5.16[), we obtain a corresponding polynomial chaos expan-

sion for Xy: defining the averaged random walk transition kernel

=Yl —2) f(z), for fiZ R, (5.29)

2€72

we obtain

Xy = @ > Yo @ (@) Eay(n, @) x

k=1 0<ni<..<np<N

Z1,...,2,EL? (530)

X H anfnjfl(xj - ':ijl) gﬁN (n.77 xj) .
7j=2

The analogous polynomial chaos expansion for the random variables XJ(\Z}’)M, see
(5.18)), is obtained from (5.30) restricting the sum to "N < ng < ... < ny <
LN

M

i VN &
](V?M = TN Z Z C]?le(iUl) Epn (N1, 1) X

k=1 N <.<np<EN
T1,.. ,zk€Z2

k
< [T nyonis (5 = jm0) €ay (ng, 7).
j=2

(5.31)

Since the random variables (£g(n, ))nen zez2 are independent and centered, see

(5-25), the terms in the sums in (5.28)), (5.30), (5.31)) are orthogonal in L*. Also

note that, for any M € N, the random variables X](é?M for 1 < i < M are
independent.

We finally recall the local limit theorem for the simple random walk on Z2, see
[LL10, Theorem 2.1.3): as n — oo, uniformly for x € Z? we havd]|

1 e_%lyP

i) = o (9(Es) o) 2Mpmen,, . where g(y) = "5
(5.32)
and we set Z2,., == {y = (y1, o, y3) € Z*: y1 +y2 +y3 € 2Z }. In particular, in

the “diffusive regime” we can turn the additive error term o(1) in a multiplicative

0@) = 9( ) Lomems (1 0(D)  for ol =O(Vm). (539

I The scaling factor in is n/2 because the covariance matrix of the simple random walk
on Z? is 7I while the factor Q]I(m 2)ezg,,, 18 due to periodicity.
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5.2.2. Proof of Proposition 5.3 Looking at , we see that Zf\il X](\?M
is a polynomial chaos where the time variables n; < ... < m; must all belong to
one of the intervals (%N, %N], for i =1,..., M, while Xy from is the
analogous polynomial chaos where we sum over time variables ny < ... < ng
in the whole interval (0, N] = Ui]\il(%N, LN]. It follows that Xy is a larger
polynomial chaos, i.e. it contains all the terms from Zf\il X](\?M, plus additional

terms. Since all terms in the polynomial chaos are orthogonal in L?, because
the £3(n,x)’s are independent and centered, it follows that the difference Xy —
M X](\?M is orthogonal in L* to Y1, X](\;?M, therefore

M M M
0 = > xi Soxl| =1l = Il
=1 =1 =1

As a consequence, to prove our goal ([5.19) it is enough to show that

2
2

=[xl -
2 L

2
L

M
lim E[X2] = o vMeN: lm Y E[(x{,)"] =02, (5.39)

N—o0 ®? £ P
=1

where we recall that ai is defined in (5.11)). The first relation in (5.34]) follows
from the second one, because Xy = Xz(vl,)r Then the proof is completed by the

next result. O

LEMMA 5.5 (Quasi-critical variance). Fiz (fn)nen in the quasi-critical regime,
see (5.4) and (5.9), and p € C.(R?). For any M € N, the following holds for all
i=1,.... M:

. (i) \2 2 . / ﬁ I jea’p? /
lim E[(Xy),)7] = O (ki) = o(x) p(x") v du | deda’.

N—oo

Proof. Letusfix M € Nand 1 <7 < M. We split the proof of (5.35)) in the
two bounds
limsup B[ (X0,)*] <02 o1 (5.36)
N—o0 ’ ’
and

lim inf E[(X](\;)Mf] > g2 (i=1

R
N-o0 A vatbvd

(5.37)

We first obtain an exact expression for the second moment of X](\Z,?M by (5.31)):
since the random variables £g(n, z) are independent with zero mean and variance

0%, we have

(X)) =55 05 Y @) [lann(a)?,

k=1 EAN<n <..<np<EN Jj=2




We can sum the space variables y, zp_1,. .., o2 because ) ,» 0. (2)? = ¢2,(0),
see ([5.27)), while to handle the sum over x; we note that, recalling (/5.29)),

Sal =aff  whereweset gff = 3 aulz—#) () £(z). (539)

zeZ? 2,2'€7?

We then obtain

i v < :
S CE S SRS S | L
1 =2

k= I'];11N<n1<..‘<nk§ﬁ'N
(5.39)
We then prove the upper bound ([5.36). We rename n; = n and enlarge the sum
over the other time variables no, ..., n;, by letting each increment m; := n; —n;_;

for j = 2,...,k vary in the whole interval (0, NV]: since Zﬁzl ¢2m(0) = Ry, see
(5.6]), we obtain

B[0)] < B Y e YR )

A N<n<EN k=1
Y Y ) (5.40)
1 o
-0 - PNPN BN :
N{NQ_lz, T (T 02 Ry
SFN<n<HN N

where we summed the geometric series since UZ,NRN =1- % < 1 for large N,
by (5.9). We will prove the following Riemann sum approximation, for any given

0<a<b< 1t

! 1 Z NN ( (') b1 x—2a du ) d do’
Nl—I)noom qon - QOZL')QOZE aag \/ﬂ Uu rdar ,

aN<n<bN R2%R2
(5.41)

where g(y) = % e~219" is the standard Gaussian density on R2 see (5.32). Plug-
ging this into ([5.40)), since 1 — JgNRN = % and 0[23]\] ~ ﬁ ~ oy 8N =

oo by and , we obtain precisely the upper bound (note that
T L (=) = 3 exp(—50)).

Let us now prove . This is based on the local limit theorem as
n — 00, hence the case a = 0 could be delicate, as the sum in starts
from n = 1 and, therefore, n needs not be large in this case. For this reason, we
first show that small values of n are negligible for . Since ¢ is compactly
supported, when we plug f = @y into qg;f , see ([5.38]), we can restrict the sums to

|2'| < CV/'N, which yields the following uniform bound:
VmeN: g <ol D D am(z=2) <A N, (5.42)
|2/|<CV/N 2€Z2

In particular, the contribution of n < eN to the LHS of (5.41) is O(e). As a
consequence, it is enough to prove (|5.41)) when a > 0, which we assume henceforth.
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Recalling ([5.38]) and applying (5.32]), we can write the LHS of (5.41)) as follows:
1 1 2/ /..
= X @ = Y Y S (9(5E) +em) exl@en(=),

aN<n<bN aN<n<bN  z 2/ e72:
(nvz_zl) EZg’ven

where o(1) — 0 as N — oo (because n > aN — oo and we assume a > 0).
The additive term o(1) gives a vanishing contribution as N — oo, because we
can bound 2 < 2 and [pn(-)] < [|¢]l, and the sums contain O(N?) terms

(since |z, |2'| < CV/N). Introducing the rescaled variables u := & and z := itk

N
= \/Z—]/v, we can then rewrite the RHS as
1 2 z—z’
o2 > o(=E) en(VND) ey (V) +o(1)
ue(a,b]ﬂ% x,x/ez—\/ﬁ:

(Nur\/ﬁ(xfx/))ezgvcn

:% 3 3 %g(’”ﬁ')/(x_ | | p(y)e(y) dy dy

ue(a,b]ﬂ%

/ Y/l
z,x Eﬁ.
(N’Uﬁ\/ﬁ(m*x/))ezgven

Since (y,y') € (z — \/Lﬁ,x] x (2 — \/Lﬁ,x’], we can write

9<$\;§/>:g(y—\/g+0<ﬁ >=g<y—\/g>+o(1) as N — oo,

then the expression ([5.43)) becomes

y XX i)

u€(a,blN

N ’ Z2 .
N x,T E\fNA
(Nu7 \% N(xfxl))ezgvcn

+o(1),

which is a Riemann sum for the integral in the RHS of (5.41). Note that the
restriction (Nu,VN(z — 2')) € Z3

oven Cffectively halves the range of the sum:

indeed, for any given u and x, the sum over x’ = \/Z—]/v € % is restricted to points
2/ € 7Z? with a fixed parity (even or odd, depending on u,x). This restriction is

compensated by the multiplicative factor 2, which disappears as we let N — oc.
This completes the proof of ((5.41)).

We finally prove the lower bound (5.37). We fix ¢ > 0 small enough and we
bound the RHS of (5.39)) from below as follows:

e we rename n = n; and we restrict its sum to the interval

1—1 1
N, (1—¢)—N|;
(57 a-ag);
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e for k > 2, we introduce the “displacements” m; := n; — n; from n,, for

j=2,...,k, and we restrict the sum over ns,...,n; to the set 0 < my <
L<my < E%N.
We thus obtain by ((5.39)
o 2] - On
R E- N SR e

uN

X (U,B + Z O-ﬁN Z q2ms (O) H QQ(mj—mj—1)<O)> :

0<ma<.. <mk<e—N Jj=3

ELN<n<(1—€)

(5.44)

We now give a probabilistic interpretation to the sum over mao, ..., my: following
[CSZ19a] and recalling (3.15)), given N € N we define i.i.d. random variables
(T <(N))Z-6N with distribution

)

P(TY) = n) = 42n(0) 1. m(n), (5.45)

so that the second line of ([5.44]) can be written, renaming ¢ = k — 1, as

Uézv(l + Z O'B RN) P(Tl(N) + ...+ TE(N) < 5&]\[))

(=1

Plugging this into ([5.44]) and recalling ((5.42]), we obtain

2
i 2 1 J,B
T R S =
AN<n<(1—e) 5 N Y
_ (C’ ||S0||Zo) QN O'EN Z(O-ENRN>ZP<T1(N) 4+ TK(N) > %N) '
=1

(5.46)

The first term in the RHS is similar to (5.40)), just with (1 — €);; instead of £,

therefore we already proved that it converges to o ., ., ;. as N — oo, see
‘Pv(ﬁ:(l*e)ﬁ]

(5.41) and the following lines (recall also (5.35))). Letting € | 0 after N — oo

we recover o> (L } hence to prove - we just need to show that the second
¥ M M

term in the RHS of (5.46)) is negligible:

lim Oy o2, Z(agNRN)fP@N) o+ TV > ﬁ]\/’) —0. (5.47)

N—oo
(=1
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Recall that the random variables (7 <(N))Z-6N are i.i.d. with distribution (5.45)).

)

Since ¢9,(0) < % by the local limit theorem ({5.32)), we have

T 1 qa,(0) < C —_—
P T Ry Z @20l Ry
and, by Markov’s inequality, we can bound

TV c

E[7W)
P(TV ...+ TV > 5N) < kh
Since Y 0, lat = a7 We obtain

N N .
QNCTﬁN Z UﬂNRN) P<T1( ) + ...+ TZ( ) > MN>
/=1

Note that 1 — 03 Ry = logN and o3~ ﬁ ~ oan Py (0.9) and (5.6), hence the
last term is asymptotically equivalent to

CM
7T— —0 as N — oo,
e 0 N
since 6 — o0, see ((5.9). This shows that (5.47)) holds and completes the proof of
Proposition [5.3] O

5.3. Fourth moment bounds

In this section we prove Proposition , refining the approach in [CSZ214
Theorem 6.1] and [LZ21+| Theorem 1.3] to bound high moments of the partition
function. These papers deal with the critical and subcritical regime, but the same
approach can also be applied in the quasi-critical regime that we consider. In fact,
also in view of future applications, we present below a refined formulation of this
approach:

e we make the approach explicitly independent of the regime of 3,

e we give an exact ezpansion for the moments, see Theorem [5.9] from which
we deduce upper bounds, see Theorems and [5.13] which depend on
explicit quantities, that we call boundary terms, Green’s function terms
and bulk terms;

e we obtain explicit estimates on the boundary, Green’s function and bulk
terms, which plugged in Theorem yield explicit estimates on the
moments: these will be applied to obtain the proof of Proposition |5.4]
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Subsection [5.3.3| is devoted to the proof of Proposition [5.4] The key difficulty is
that our goal involves not only the boundedness of the fourth moment, but
also the optimal 1/M?* dependence on the width of the time interval (5AN, & N]
(recall the definition of the random variable XJ(\?)M) This requires sharp ad
hoc estimates that are specific to the quasi-critical regime.

5.3.1. Moment expansion and upper bounds. The partition function
Z(WA,BW(Z) in (5.17) is called “point-to-plane”, since random walk paths start
at Sp = z but have no constrained endpoint. We introduce a “point-to-point”
version, for simplicity when (A, B] = (0, L] for L € N, restricting to random walk
paths with a fixed endpoint S = w:

78 (2 w) = E[ezﬁ;i{ﬁw(n,sn)—x(ﬁ)} 15,0} ‘ Sy = Z} (5.48)

(we stop the sum at n = L — 1 for later convenience).
Given two “boundary conditions” f, g : Z?> — R, we define the averaged version

Zt s(f,9) Z [(2) 21 5(z,w) g(w) - (5.49)
ERTISYA

We focus on the centered moments of Z¢ 5(f,g), that we denote by
w w h
ME,B(]C, g) = E[(ZL,B(fv g) — E[ZL,ﬁ(fa 9)]) } for h € N. (5.50)
REMARK 5.6. Recalling (5.17)), (5.18]) and (5.15)), (5.29), by translation invari-

ance we have

02

N M4 (fN7 1), where Iulz) = Q%N(z> ’

E [(X](\?M)ﬂ = fw) =1,

(5.51)

hence to prove Proposition we can focus on M‘iﬁ(f, q9).

Henceforth we fix h € N with A > 2 (the non-trivial case is h > 3, and we are
interested in h = 4). We give an ezact expression for MI£5< f,g), see Theorem ,

from which we derive sharp upper bounds, see Theorems|5.11] and|[5.15 We first

need some notation.

We denote by I = {1,...,h} a partition of {1,...,h},ie. afamily I = {I',... 1™}
of non—empty disjoint subsets I C {1,...,h} with I'U...uI™ ={1,...,h}. We
single out:

e the unique partition [ = * := {{1},{2},...,{h}} composed by all single-
tons;
e the (g) partitions with one single pair and then all singletons, namely of
the form I = {{a, b}, {c}: ¢ # a,c # b}, that we call pairs.
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EXAMPLE 5.7 (Cases h = 2,3,4). All partitions I = {1,2} are I = % and
I={{1,2}}.

All partitions I = {1,2,3} are I = x, three pairs I = {{a,b},{c}} and I =
{{1,2,3}}.

All partitions I = {1,2,3,4} are I = %, siz pairs [ = {{a, b}, {c},{d}}, siz dou-
ble pairs I = {{a, b}, {c,d}}, four triples I = {{a,b,c},{d}} and the quadruple
I={{1,2,3,4}}.

Given a partition [ = {I*,..., I™} F{1,..., h}, we define for x = (z!,... 2") €
(Z*)"

a_ b

=2 if a,b € I' for some 1,

2@ #£ 2 ifa € I',be [ for some i # j with |I*],|I7] > 2.

x ~ [ if and only if ’

(5.52)
For instance, x ~ {{1,2}, {3}, {4}} means 2! = 22, x ~ {{1,2},{3,4}} means
r! = 2?2 and 2% = 2* with 2! # 23, while x ~ * imposes no constraint. We

correspondingly define
(23} = {xe @) x=(a',...,2") ~ I}, (5.53)

which is essentially a copy of (Z2?)™ embedded in (Z?)".

A family I,,..., I, of partitions I; = {I},... . I"} F {1,... h} is said to have
full support if any a € {1,...,h} belongs to some partition I; not as a singleton,
ie.a€ Il with |I]| > 2.

ExXAMPLE 5.8 (Full support for h = 4). A single partition I; + {1,2,3,4}
with full support is either the quadruple Iy = {{1,2,3,4}} or a double pair I, =
{{a,b},{c,d}}. There are many families of two partitions I, I = {1,2,3,4} with
full support, for instance two non overlapping pairs such as Iy = {{1,3},{2},{4}},

I = {{2,4}, {1}, {3}}.

We now introduce h-fold analogues of the random walk transition kernel
and of its averaged version : given partitions I, J - {1,... h}, we define for
x,z € (Z*)"

h
Qi’“](z,x) = g, xo} an(ﬁ — 2", = Lixony an N, (5.54)

i=1

Forn <m € Zand JF {1,... h} # x, we define for x,z € (Z*)" the operator

ZE[ég]k Z l_IQnZ —n;_1 yz 17Yz) if n < m,

J o k=1 n=mo<n1<--<ng:=m i=1
Unn- ”/3<Z X) T Y1, ¥k—1€(Z%)"

Lip—x~n} ifn=m,
(5.55)
104



where for J = {J', ..., J"}+{1,...,h} with J # % we define

JZ
Eigj):= ] El&") (5.56)
it | Ji[>2
For instance, if J is a pair, then E[(]] = 03, see (5.20).
Given two functions g/ (x), q?(x) and a family of matrices U;(z, x), Q;(z, x) for
x,z € T, where T is a countable set, we use the standard notation

(.o {lau)e)

= Y ey {HQ a) Ul ) b o).

We can now give the announced expansion for /\/l’i 5(f,9), that we prove in Sub-

section [(.9.4]

THEOREM 5.9 (Moment expansion). Let Z7 5(f,g) be the averaged partition

function in (5.49) with centered moments /\/l%ﬂ(f, g), see ((5.50). For any h € N
with h > 2 we have

MG 5(f,9) = fj > > ! {f[E[é[;]}x

r=1 0<ni<mi<--<n.<m,<L Iy,..IH{1,., =1
with full support
and I;7£1;—1, I;#x Vi

<qTfL1I1 ? Uﬁ],l —ni ﬂ { HQ o 1’”’11:2 1 ml—nl } q‘%]rmr> .
(5.57)

REMARK 5.10 (Sanity check). In case h = 2, the conditions I; # I; 1 and I; # *
in (5.57)) force r =1 and I, = {{1,2}}, hence formula (5.57) reduces to

Mis(f.9) = VarlZE5(f9)] =05 Y ah(2) Unonp(z.0) ] (2)?,

0<n<m<L
2,272

which is a classical expansion for the variance of the partition function, see [CSZ21-+,
Equation 3.51].

We next obtain an upper bound from (5.57). For L € N we define the summed

kernels
L

Q' (z,%) = Q(zx),  al(x Z af (5.58)

n=1

Recalling ((5.55)) and ([5.56]) we set, with some abuse of notation,

|U|m nﬁ( X) = Um nﬁ(z,x) from with E[Sg] replaced by |E[§BJ]|, (5.59)
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and then for L € N and A\ > 0 we define the Laplace sum
L

|U|£,)\,/3(Z7X> = ]l{Z:XNJ} + Z ei/\m |U|;7I175(Z,X) . (560)

m=1
Finally, we introduce a uniform bound on the right boundary function qg’ ", 1N
(15.57)):
a7 (z) := max q%!(z). (5.61)

1<n<L
We can now state our first moment upper bound.

THEOREM 5.11 (Moment upper bound, I). Let Z¢ (f,g) denote the averaged

partition function in (5.49)) with centred moments ./\/l}L‘ﬂ(f, g), see (5.50). Given
A >0, for any h € N with h > 2 we have

(M s(f.9)] < € Z > {;1 [¢5] }X

r=1 I,...I.H{1,...,h}

with Sfull support
and Iifli,h sz* Vi

><<’\|f|11 |U|L,\5{HQZ 1,1

)

(5.62)
Proof. Replacing E[L], f, g, U in (557) respectively by [B[¢5]], |/, lgl, U],

. Ne
every term becomes non-negative. We next replace q‘LgLWQT

by the uniform bound
qng| " and then enlarge the sum in , allowing all increments n; — m;_; and
m; —n; to vary freely in {1,..., L}. Plugging 1 < eM e " < M e AXimi(mi—ni)
we obtain . O

In order to bound the scalar product in , let us recall some basic functional
analysis. Given a countable set T and a function f : T — R, we define for

p€[l,00)

1l = 1l = (Z |f<z>|f’)" for p € [1,00). (5.63)

zeT
Given any p, q € (1,00) with % + % = 1 and a linear operator A : ¢4(T) — ¢4(T"),

we set

A gl o
(T P— o sup (f. Ag). (5.64)
g#0  ll9llea(r) 1£llep 2y <1 lgllea (<1

Since [{(g, h)| < ||gller |||« Dy Holder’s inequality, we can bound (5.62)) by

Mg <ty 3 { €1}

r=1 I, I+{1,.,h}
I; H ”—\g\ A
) ’B gq_%q

with full support
and Ilffl 1, I;é* Vi

R o 1002l { T 195 o 10

(5.65)
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REMARK 5.12 (Restricted ¢9 spaces). Due to the constraint 1i,rx~sy in (5.54)),
we may regard QY as a linear operator from (9((Z2)h) to (2((Z*)h), see (5.53).

Similarly, we may view |G|£)\ﬁ as a linear operator from (1((Z*)%) to itself.

To make the bound (5.65]) more useful, we fix a weight function W : (Z*)" —
(0,00), that we identify with the diagonal operator W(x) 1 x—y}. In particular,

we have
1

W(y)
for any linear operator A = A(x,y). Inserting (W 3;) between each pair of adja-
cent operators in ([5.62]), we obtain an improved version of the bound ([5.65)):

(ME5(f,9)]
<y y {ITEe
I, I-{1,..,h} i=1

with full support
and ]‘7511'_1, Il;ﬁ* Vi

{ H ”WQl vk HZQ—MQ ‘

(WAR)(xy) =W(x) Ax,y)

} & 55 1 IV 101205 55 oo

b

a
(5.66)

This leads to our second moment upper bound.

THEOREM 5.13 (Moment upper bound, I). Let Z7 5(f, g) be the averaged parti-

tion function in (5.49) with centred moments M} 4(f, g), see (5.50). Given X >0,
q € (1,00) and a weight function W : (Z*)" — (0, 00), we define

Clys = max WL Follaers Avins = D EEIIWIOIE ps 35 o
I;ﬁJ eSS
(5.67)

and we assume that

S Pvoas < 1.
Then for any h € N with h > 2 we have, with p = (1 — %)_1,

qugl JHeq> .
(5.68)

h AL IfI.0 1 PW.LAA (
‘ML,ﬁ(fag)} <e (maXHq ||£p> 1 — C;Z/V,Lplq/\)L)\, I?gf

Proof. From (}5.66)) we can bound

‘M}Llﬁ<f7g>‘ < (maXqu Hep){z C(‘]’VL r 1 pW,L,A,,@)T}X
r=1

X (max qu\g\ JHeq) ;

(5.69)
hence ([5.68)) follows by summing the geometric series. O
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REMARK 5.14. The bound obtained in holds in general for any disorder
regime of 5 > 0. However, in order to achieve the optimal # dependence on
the width of the time interval (%N, ﬁN} required by Proposition it will be
necessary to derive estimates which are tailored to the quasi-critical regime. In
particular, the terms r =1 and r > 3 of the geometric series arisen in will
be shown to be negligible as N — oo.

5.3.2. General estimates. In this subsection we obtain universal estimates
on the quantities in ((5.68)). These will be later specified in our context, in order
to prove Proposition [5.4]

For t € R we define the weights w; : Z? — (0,00) and W, : (Z*)" — (0, 00) by

h h
wy(z) = el Wi(x) = Hwt(xi) = H et (5.70)

i=1 i=1

and note that by the triangle inequality we can bound
h
Wi(z) HE—

— < | 5.71
Wilx) = 11 (5.71)

Given a pair partition, or simply pair, I = {{a,b},{c}: ¢ # a,b}, we also define
Vs (Z%)" — (0,00) by

VI(x) = wy(a® — 2b) = esl=" =" (5.72)
and by |2 — 2b| < [2% — 2% + |2 — 2°| + |2° — 2°| we bound
VI(Z) a a b b
L8\ 2 < olsllz =zt slz" =27 5.73
Vite) = ¢ 1

We start with some basic random walk estimates.

LEMMA 5.15 (Weighted random walk bounds). There is ¢ € [1,00) such that
for allt € R and n € N, writing x = (x', 2?), we have

ta® £ tze n(2)? 2
Va=1,2: Zean(x)gefl, Zew <efE", (5.74)
xE€Z>? xcZ2 q2n(0>
therefore
Z el g, (z) < 2287 (5.75)
T€Z?

Proof. We bound Y, ;. el g, (x) < 3, 0 €17l g, () applying |z| < |z'] +

|z?|, Cauchy-Scwharz and symmetry. Since e/l < e* + ¢7#, the first bound in

(5.74) yields (5.75)).
To prove the first bound in (5.74)), we first compute

Z e qy(x) = %(1 + cosh(t)).

r€eZ?
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Since cosh(t) < exp(t?/2), the first bound in holds for n = 1, hence it holds
for any n € N by independence of increments of the random walk.

To prove the second bound in (5.74)), we first note that g,(x)?/q2.(0) < cq,(x)
for some ¢ € [1,00), because ¢,(z)? < ||gnlloc @n(z) and ||gnlloe < ¢q2,(0) by the
local limit theorem (for the simple random walk we have ||g,||c = ¢n(0)).
Since g, (x) = ¢, (—x), we get

S i S () R e B (- s

[\

r€Z2? r€Z2? r€Z2?
2 s s 2
_ “n _ 1 (2, \k 1 2 \k _ ctp
=c(em"—1)=c) §(5n) <Y fi(ehn) =" -1,
k=1 k=1
which proves the second bound in ([5.74]). 0

PROPOSITION 5.16 (Left boundary estimate). For any f € (*, t €e R, L € N we
have

~|fI,I
< L2k WL p 3
€2

(5.76)

max
I#x%

‘ f

W2|t|h

t 01

Moreover, for any pair partition J = {{a,b},{c} : ¢ # a,c # b} and for any

s > 0 we have
~|fI.T b3
qL VJ 2

W, ¢

C em

e S

f

Walt|

< LT SOEL | | A

‘ f

Walt|

02 2

I is a pair

for some finite constant C' > 0.

Proof. Recalling (5.58)) and (5.53), (5.54), we may write

2 ol (x)2 L L ' 4 i
= > % = Y > D TdE)d@her.

£2 x=(al,....ah)e(Z2)h xe(z2)h n=1 (=1 i=1

~f|,T
i

Wi

We can write I = {I',... 1™} with I? C {1,...,h} for some m < h —1 (the case
m = h is excluded because I # x); notice that the I7’s are mutually disjoint by
construction. By definition of (Z?)%, see (5.52)-(5.53)), the coordinates of x € (Z?)!
must agree to each other according to the partition I, namely z¢ = 2° =: ¢ for all
a,b€I'andi=1,...,m. Therefore, the sum over x = (x!,... ,2") € (Z*)} has
actually m < h degrees of freedom, thus it can be rearranged by summing over m

free variables y!,...,y™ € Z? to get

- Z Z Z H {qj;(yj)lfjl qg(yﬂ')lﬁl peldingd \yj‘} .

£ (12
i

Wi

e?



Note that for any k& € {1,...,h} we can bound

> al' ) 0l ) S < AT D all(y) e

yEZ? yEZ?

N (5.78)

<2 |

Y
gl

because ¢ () < gl llse < [Iflloo by (5:29) and, by (5:75), for u = 2|t| k < 2|¢| h

S e < 3 e ) ( S el gy - z>) -| £

yEZ? 2€Z2 yEZ?

2 62 u?n
/1

Since ) 7", |I7| = h, we can bound

~f(2

aL

m 2,042 1 f
< pram e (| L
1/ lloo 1l wayein

m
Y
¢l

and since ||wi||51 > [ fller = || f]loos for m < h — 1 we obtain ((5.76]).
In order to verify (5.77)), we assume without loss of generality that

t ||e2

J={{1}, 02}, {h =2}, {h—1,h}}.

Then, for any pair I such that I # J we write

~fI.I 2 ~f.I 2
LIl — 9 (x) Y (x)2
Wt s ~ Z Wt(X)2 5( )

We now write [ = {I',..., I""1} where I? C {1,...,h} is either a singleton or the
unique pair in /, which cannot be equal to {h — 1,h} since I # J. This implies
that the weight V/ cannot be identically equal to 1 (recall . Without loss
of generality, we assume that h — 1 € I"2 and h € I"! with [["2], |["7!] < 2.

Therefore, we can sum over h — 1 free variables 4!, ..., y"! € Z? and obtain
a\fl,l 2 L L h-1
L J NI 0 GNP ] 218117 |y
v V: < Z ZZ {‘Jy{(y])‘ ‘qg(y])‘ | 21t IIy\}x
!  y=(tyhhe@)h-t n=1 =1 j=1
w e~ 2l =y

(5..79)
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We first sum over y" 2,y € Z? and we bound
- h—2 _ h—2 _ h—1 _ h—1 h—2| 1, h—2
S W )T g (T g (I I
yh—2 yh—1¢72

h—1||,,h—1] _ h—1_,h—2
Q21 T [yt —2slyh =y 2|

<RI N gl () gf () T R
yh—27yh—1 €Z2

_ h—1_,h—2
x e~ 2sly Y |7

because ¢/ (y) < ||¢!llc < || flloe- By (5.29)), the triangular inequality similar to
(5.73), Cauchy-Schwarz and (5.75) and by recalling that |I"72|, [I"71] < 2, we

have

f(, h—2 fr h—1 2l¢| [ Th—2 yh—2 20¢| | 7h—1 yh—l _2Syh—1_yh—2
ST gl ) gyt R 2l |

yh—2 yh—1c72

< ST IFE) ()] el el gl

2,2 €72
{ Yo el g (e }{ R A (T —Z)}
yh—2¢72 yh—1lez?
! !
5464(4lt|+2s)2n< Z (\f(z)\e4tllzl)26—2slz—2’l> ( Z (‘f( )|€4ItHz ) e—2sz—z’|>
2,2/ €72 2,2/ €72
2
< 4e 128(t2+52)nc /
52 Wa|t|

where the last mequahty holds because ), ;o esl#l <z ¢ for some C' < oo. The

remaining sum over "3, ... y' € Z? can be treated as in (5.78) with k = |I7]| < 2,
then we obtain the bound

2 2 ) mahes
w4\t| 01
Since Z?;ll |I7| = h, from (5.79)) we get
~IfI1T )12 h—3 2
qr < [29h—1 632(h—3)t2L+128(t2+52)L ||f||h+1 f f 9
tlle T wape [l || wape [ 2 87
h—3 2
< [29h-1 6160h(t2+52)L ||f||h+1 f f 9
N wag g Nwapy ll 52

which yields (5.77)).
U

In the next bound we can place the weight V; in the denominator on both sides.

PROPOSITION 5.17 (Green’s function estimate). There are constants C,c < oo
such that, for allt € R and L € N,

Lge 14 W, QQJW%H52—>£2 < Cesett (5.80)
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Moreover, for partitions that are pairs, for all s,t € R and L € N we can bound

dhc(t2+s2)L
I,J;%?;},(I;AJ} }Qr vfwt”ebp < et (5.81)

Proof. We are going to use a crucial functional inequality proved in |[CSZ21+],

Lemma 6.8]: for some constant C' = C} < oo we have

) F@) 909 o) flla e (582)

ZE(ZQ)]},XG(Zz)g (1 T ’X N Z‘z)

We first state a basic random walk bound: since Q™ (z,x) = S T, (2 —
z') (the partition * imposes no constraints on z,x), it follows by [CSZ21+]|
Lemma 6.7] that

¢ h
R 0T %=z for all x,z € (Z*)",
*,% 7,X S
L (2,x) O e
e oL for]x—z|>\/f.

Ih-1
(Note that the first line is the behaviour of the Green’s function of a random walk
of dimension 2h.) We can combine the estimates in the two lines as follows, for a
suitable ¢ < oo: ,
~ c |x—z|
7 (z,x) < e 2L, 5.83
L ( ’ ) — (1 + |X— Z|2)h_1 ( )

Indeed, for |x — z| < VL we have 1 < ez2c e -5t , while for |x —z| > VL we

bound

I _ (20)"! (1+|x—z‘2)h71 < o |x—22

= 2CL
Lh—1 (1 + |X _ Z’Z)hfl 2CL — (1 + |X _ Z|2)h71 € !

where we used @' < (h — 1)!e® for a > 0 and we set ¢ = (2C)~1(h — 1)l ezc .

Thanks to and (.71 -> since Q ,X) = 62’*@, X) Lizo1 %~} We can esti-
mate
h 2
1 z~ T X~ i 5Ct L]l .
(W Q) ) (2, x) < ) || e AN O )

L+ — 22y L. T

because max,er{|tla — 5ara?} = 3CLt%. Applying (5.82), we have proved (5.80).
Finally, let I, .J be pairs, say I = {{a,b},{c}: ¢ # a,c # b} and J = {{a, b}, {c}: ¢ #
a,c# b}. For z ~ I and x ~ J we have 2% = 2, hence

1 a__ b a__ ,a a_ b b_..b a__,a b__..b
< elsllat=a?l < lsila®=2ol+le" =4Izt =abl} _ lsllat=2°] (Jsl|sP—a

Vilkx) ©

and similarly W( ) < elslle®=="1 gls sll=P—a?|, Arguing as above, we obtain

)(Z’X) S (1 _c'_]l‘{ZNI XA’JJ}h 1 H@ [t[+2]s])]2* _xl‘ 20L|Z7L—xi|2
X —Z

C%ummw%ﬂ{lwd}

<
- (A x—zP)
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and (5.81)) follows because (|t| + 2|s|)? < 2(t* + 4s?). -

In the next result we assume that [E[£}]| < 3. This always holds if I is a pair,
while if I # * is not a pair it holds for § > 0 small enough, see (5.56)), since

E[E5]] < Ci o by (520).

PROPOSITION 5.18 (Bulk estimate). Fiz any partition I # % and assume that
|E[§[I3]| < Ué. Then for any h € N, s,t € R, L € N, 5 > 0 and for any pair J we
have
O'g; RL

J ST 1 h 8ch (t+s?)L
T <1 {2 } . 5.84
IVIWeIUlL 08 5955 [l < 14 12" [y (584

—0?

REMARK 5.19. Notice that by taking —s instead of s € R in (5.84) (recall
(5.72) ), for any h € N, s;,t € R, L € N, 5 > 0 and for any pair J we also obtain

2
ERYYRT A hosen@+sny) %5 L
| S5 Ol 0538 oy < 1+ {20 b — oyt (5.85)
Proof.  Let us omit the subscript from |G|I for a moment: starting from the
formula
IOl := sup > @)U (zx)gx).

: < <
e Ifla<L Il o<t , S0,

we can bound
Zf )0 (2, %) g(x) < Zf |U|zx1/22|U|zx g(x)?)"/?

by Cauchy-Schwarz, hence

H|U|1H€2H€2§max{ sup Z ]G]I(z,x), sup Z |U|I(Z,X)}. (5.86)

€T ez *€E] pe(z2yh

We will prove ([5.84)) exploiting this bound.
We need some preliminary definitions. Let us set for n € N, 8 > 0 and z € Z2

Uns(x) =Y (03)" > qu—m Sz — @), (5.87)
k=1 O0=mo<n1<---<ng:=n i=1
z0:=0, T1,...,xy_1E€Z?, Tp:=2x
and also
[e%S) k
Unp =Y Unp(z) =) (o5) > 1 22— (0). (5.88)
r€Z2 k=1 0=:ng<ni<--<np:=n i=1
When we sum U, g for n = 1,..., L, if we enlarge the sum range in (5.88) by
letting each increment m; := n; — n;_; vary freely in {1,..., M}, we obtain
L 0o L k 00 02 RL
> U= (X anl0)) =S o(et )t - - oW
n=1 k=1 m=1 k=1

where we recall that R, = 3% 42,(0), see (5.6).
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We next estimate the exponential spatial moments of U, g(x). Plugging the
second bound from (5.74) into (5.87) yields, writing x = (z',z?) and 2% =
k a a
> i (@) — i),
+2
Va=1,2: Zem Unp(x) <e2"Up,p.
z€Z?
From this we deduce that
> U, p(x) < 27U, (5.90)
x€Z?
by |z| < |2!| 4 |2?|, applying Cauchy-Schwarz and then ef1**l < et#* 4 =%,
We are now ready to prove (5.84). Let I be a pair, say I = {{a,b},{c}: ¢ # a,b}.
For z,x € (Z*)" we have z* = 2% and 2 = 2°, see (5.52)), hence
QL (z,x) = g (2 — 2%)? an:c—z
c#a,b

and since E[£5] = 03 we obtain from (5.55) and (5.59), recalling (5.87) and using
Chapman-Kolmogorov,

|U|n5(z X) = Uflﬂ(z,x) = U, p(z® —2° H (€ — 2°) (5.91)
c#a,b
For any pair J, by (5.71)) and (5.73) we have the rough bound
Wt(z) VS(Z) 2 a__,a c__.C
Wilz) Vs(2) - auisishias—=2) TT Utl+shlas—=] 5 09
Wh(x) Vs(x) — c}é_(;[,b (5:92)

We next multiply (5.91)) and (5.92) ans sum over x: by (5.90) and the bound in
(5.75), since 8 +2(h —2) = 4 +2h < 4h for h > 2 and (|t| + |s])? < 2(t* + s?), we
obtain

if I is a pair: Z (]U|nﬁ(z X) %) < QhShe @ty o (5.93)
t s

xE(ZQ)§L

Let now I = {I',...,I™} # % not be a pair. We may order |[I'| > |I?| > ... >
|I™|, therefore |I'| > 2, and for z,x € (Z*)" we can write, with self-explaining

notation,
QL (z,x) = qu(x Ih\Hq ali — Al

. I1|—2 I 1
Bounding g, ()" < [[ga]/% 7% ¢, (-)? and, for] > 2, g ()l < g5

obtain

N()7 we

Q' (2,%) < laalll™ " gu(@™ = 2")? [] gula® — =)

Replacing [E[¢f]] in (5.55)) by o3 (since we assume that [E[(f]| < o), we can
bound

|U|£L,B(Z7X) S ||Qn||lgo_m_1 Un,ﬁ(ljl - Zh) an(l’lj — ZIj) .
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Note that m < h — 2 when I is not a pair, hence ||g,[|">™* < ||¢nllco- We then
obtain a modification of (5.93) (note that ||¢,|c < 1):

if I is not a pair: Z <|U|£’5(Z,X) M) <\ loo 2" €S o

xE(Z2)}IL Wt(Z) VS(Z)
(5.94)
Overall, recalling ((5.60) and ([5.70)), for any partition I # % we have
R L
sup > Uy pop(zx) S 1428 E0LN " o (5.95)
ZE(ZQ)I XE(Z2) n=1

and the same holds exchanging x and z by symmetry (note that the bound (5.92))

is symmetric in x > z). Recalling (5.89)) and - we obtain ( 0

PROPOSITION 5.20 (Right boundary estimate). There is C' < oo such that, for
any t >0 and L € N, we have

_lgl,J
max qng|

<o lals (5.96)
JFEx*

tHe2 = th—1

Moreover, for any pair partition I and for s > 0, we have

h
< cldl= (5.97)

Hq‘g‘ ’ W, VslHﬁ = Y th—2g

J;éI
J is a pair

Proof. By (5.54) we can bound q'g“]( ) < lgl% 1 xmsy, hence also q\gl (x) <
19]|% Lix~y, see (5.61)). It follows that

[@ Wil < llalZ Y Wilx)?

XE(Z2)’}
Writing J = {J1, ..., J™} we get
[ Wil < gl HW < gl H Yo e (5.98)
ye(z2)ym j=1 j=1yiez?

where we bounded |J7| > 1 in the last inequality. Since }_ ;- eIVl < & for some
C' < 00, and since m < h — 1 for J # *, we obtain ((5.96)).
In order verify ([5.97)) we assume withouth loss of generality that

I={1}u---U{h—-2}yU{h—1, h}.

This implies that h — 1 and h cannot form the unique pair in J, since I # J,
thus the weight V! is not identically equal to 1 (recall (5.72)). Then, by writing
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J={J ..., J"1} and by assuming without loss of generality that h — 1 € J"~2
and h € J" 1 with [I"72|, [T"1| > 1, we get

y=(yt,...yh)e(z2)h-1 j=1

h—1 ‘
S ||g||gg Z H G—Qt‘yjl 6_25‘yh71—yh72‘ ‘

y=(y',..yh~1)ez? j=1

For fixed y"~2 € Z? we can bound

2ty sl T )
> ¢ < 2 <5
h 1€Z2 h 1€Z2
for some constant C' < oo, while the remaining sum over y"~2 ... y' can be
treated as in ([5.98)). This completes the proof. O

5.3.3. Proof of Proposition [5.4} By formula (5.51) from Remark 5.6, we

can write
@ ] _ 0% 4
E [(XN,M) ] =Nt M 5(f,9) (5.99)

where L, 5, f, g are given as follows (for i = 1,..., M):

N . .
L=cr A=Y, FO=d2,0 n EHE),  g0)=1.

" (5.100)

From ([5.99) we can bound M%75N(f, g) exploiting ((5.62)) with

and obtain

E [0 < 2 > {TEek )~
I,...,I,H-{1,2,34} i
with full support

and Ii;ﬁIi,l, Ii;ﬁ* Vi

IIM

(5.101)

723 are respectively the terms r = 1, 7 = 2 and r > 3 of

where ==, ="=2 and =

the series above, precisely:

et O = 11
Sih= oo (B (O, T8 ),
I+{1,2,3,4}
with full support
I#x%
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62
—r=2 ._ ’N ~fl.I —1,J
e 3 B 00, 8 000, ).
wit’h full 7sﬁp’port
T4, 1,0 #%
and

=L DI VIR ) NI R
r=3 I,..,I,H{1,2,3,4} i=1

with full support
and Iiilifh [l;ﬁ* Vi

‘flll i— 17 —1I'r
(a0, { TTQG 01, pa )

We now show that, when N — oo, the non-negligible terms in (5.101]) are only

those in ="=2 (with both partition I, and Iy pairs), namely for any M € N and N
large enough:

S < = (5.102)

while
lim ="' =0  and lim =% =0. (5.103)

N—oo N—oo

From the expressions in ([5.102]) and (5.103|), we finally prove Proposition .
O
5.3.3.1. Terms r > 3. We bound Z"=3 by ((5.66)), where we fix the weight W

as in (5.70). Then, by arguing as in the proof of Theorem [5.13| we have
3

2
=r>3 On <

2 2(,2
> (th,%) (th:%,O 5N)
—N,M —
I N4

. (e [

(5.104)

W, & pwt,M,o B

where we recall that

W Qlf\; Vtt ||Z2—>Z2 ’

We, I,J%x
I£]
and
I
thva ﬁN Z |]E gﬁN | ||Wt |U| 208N We Hﬁ—%? ’
JEST
Therefore, we need to estimate the four quantities
~re 2 2 _[1,J
I?;ZEC ’qﬁ Wt ||€2 CWt,J\/I th,%,O,ﬁN maX HWt q ||€2 :
We are going to exploit (5.76)), (5.80]), (5.84) and ([5.96|) with
1 N
t=—, L=—, = in (5.9) .
\/N M ﬁ BN m

For convenience, we write a < b whenever a < C'b for some constant 0 < C' < oc.

QU Skl For £() = a2 () as in (BI00) we bound

1 flloe < llenlloo < |l¢]loo and we assume that ¢ is supported in the ball B(0, R)

ESTIMATE OF maxj.,
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for R > 0 (then @y is supported in B(0, RvV/N), see (5.15)) and w; is defined as
in (5.70). For ¢t = \/Lﬁ and h = 4, we have

f q<PN
i—lN SON
H — M < 2 632 <
w w _ s w _s
2t fler 7r o v

<2323 on|ln <22 BNl
yas

(5.105)
where the last inequality above follows from the definition (5.15]) of ¢, while the
first one holds by ([5.75)):

YN
qi-1
SN

Flal _
o Y eV gy —2) lon ()|
VN et 2,y€EZL?
s 8
<y eV T on(y)] Y VT gy (y - 2)
yeZ2 2€72
<2632 PN
< s
Vr e
< 932 ¥YN
< s
vr e
Then, by applying (5.76) we have:
fII 3
q -S| I |\
max || =2 < 4P Zll— < ) 5.106
2 B I C i e S - (5.106)
ESTIMATE OF C12/vt - From the bound ({5.80]) we obtain, for some finite constant
_ "M
C < o0,
2 _
th% =

ALJ 1 2cL A
e IWeQr 5 poye S C e < C. (5.107)
(5.6]), we have

ESTIMATE OF pivt N gy For L < N asin (5.100) and 8 = By as in (5.9), see
7M? b

1 0
I 2 2 2 2 2 N
E[fﬁ}SO'B:O'ﬁNSR—N, UﬂRLgl, 1_05RL21_UBNRNZma
(5.108)
therefore from ([5.84) for s = 0 we obtain,
2
2 2 e O RL 1 300108 N
and since 1 <€ Oy < log N and Ry ~ loiN, see

(5.9) and (5.6)), we finally get
1

2 <
th)%vouﬂN ~ 0N ’

(5.110)
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ESTIMATE OF max .,

Wi q‘1| J||22. By applying (5.96)) we obtain

maxHq‘g' e < CNZ . (5.111)

CONCLUSION FOR r > 3. From ([5.104)), we now apply (5.106)), (5.107)), (5.110)
and (5.111)), then (up to some finite constant) we obtain

1

'—\7’>3 92 N% @ 3 1 1

Evar S g Nz = > 0

N+ M 1— C GN M 1— C N—>oo
N N
where we used that 6y diverges as N — oo and thus C2 Wt 0.8n < % <1
7M7 b

for N large enough.

Notice that the same arguments can be applied to show that only the first \_%J

terms in the h-th moment of X](\?M are non—negligible as N — oo under the
quasi-critical regime.

5.3.3.2. Terms r = 1. We consider the terms with r = 1:

et B3 A )
S =y o BRI 10, 3 )

1+{1,2,3,4}
with full support
T#x%
O I L I 1,
=ne 2 Gl Y aeli,, enae)
I+{1,2,3,4} x,y€(Z?)* .
with full support
I#x%
< 0]2\/' 2 A|f\ I 1,1
Sy > > AUl o, () A (),
IH{1,2,34} x,ye(Z?)*
with full support
I#x

where we used that |E[¢] ]| < o3 for N large. By definition (recall (5.61) and
(5.54))), we have

quy(y) <1, ye(z*)!

and by arguing as in the proof of Proposition [5.1§| with t = 0 and s = 0 we get

0% R loe N
OIL Bn""w < 108
>~ 10l g5 (63) € 1416 T S
ye(z2)4 BN o
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for N large enough (see (5.108)). Moreover, setting f(-) = ¢ | (-) and assuming
that oy is supported in B(0, Rv/N), we can bound

doallx) = Y len(@)anly — 2)gin(z - y)

x€Z2 x,y,2€72
= Y len(@) s min(z — )
x,2€72
<lelle > D Oy izin(z — )
|Z|§sz622
S llellee N

Since the partitions I in have full support, they can only be either the
quadruple {1,2,3,4} or one of the possible six double pair {{a,b},{c,d}}. This
implies that summing over x = (z!, 2% 23, 2*) € (Z?*)} is equivalent to summing
over at most two free space variables z, 2’ € Z2. Therefore, from we bound

“NM by

On
—_r 1 2 Alf‘ I
HN’M<—N4 05, log N g g

{1,234}  xe(z2)4
with full support

S LRV > STl

1+{1,2,34}  x=(z!,22,23,24)e(22)} n=1 j=1
with full support

<7i{4 o2, log N || f]1% Z(Z e )(Z qnf'(rr’))

n=1 TEZ2 z'eZ?
< 9_N ﬁ 2
~ N4 M
— HN O’
M N N-oco

since Oy diverges more slowly than log N (see also definition (5.54) and (/5.4)-
(©-6)-(2.9))-
5.3.3.3. Terms r = 2. We consider the terms for r = 2 in (5.101)) and we

further insert (W%Wt) (recall (5.70])) between each pair of adjacent operators.
Therefore, we have

- 0%
Sa= Y (B[R
1,J-{1,2,3,4}

with full
e LA (5.113)

<q'£fvlv ,WtyuyNOBNW WtQ Wt\U\NOB . Wt‘”>.

For any fixed partitions I, .J in the sum above, we distinguish two cases: either
both I and J are pairs {{a, b}, {c,d}} or at least one, say .J, is not a pair.
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We start assuming that at least J is not a pair. Then, by Holder’s inequality
we bound this contribution to (5.113]) by

on

~If T 1 H gk’
— max W, max (| W X
N4 I#x% q% We 02 IJpalrs I;EJ || tQNI T H€24>€2 J#x tq% 22 (5114)

—2
X
th)% 70)ﬁN th’% 7075N ’

where we recall

pwt]{jom Z}E gﬁzv ‘ HWt|U|No,3NWt”z2%2’
I#x%

while

pi\’t,%ﬁﬁw = Z [EE5, ][ W |U|N O,BNWtH€2—>€2’
JFEx

J is not a pair

Recalling the definition ([5.56)) and since E[|£’§N} < C’kalgN for all k£ > 3 (see ((5.26]))
and og < 1 for N large, we bound the disorder moments associated with J when

J is not a pair as follows

; E[5,] < o3, if Jis a quadruple . .
[E[e5, ]| = { E[E3 E[E3 ] <o if Jisadouble pair <o < ST
E[¢5,]| <oj, if Jis a triple

(recall (5.9)). Thus, applying (5.84)) with s = 0 and arguing as in (5.109)), we have

log N
—2 3 32c
Py 0,85 S D, Ty (1 +16e™— >

T N
Jis not a pair
< 1 L(1+16 32010gN) (5.115)
\/ N

AN

logNQN ’
since 1 < Oy < logN and Ry ~ IOgTN, see (5.9) and (5.6). At this point, we
easily show that (5.114]) vanishes as N — oo by applying respectively ([5.106)),
(5.107), (5.110), (5.115) and (5.111)) with t = \/Lﬁy f()=q¢7% () and g =1 to
M

the quantities

AfIL 1 H ALJ 1
max - W,Q% —
I+ ‘q% We g2’ R Wil
2 2 max
thy%aoﬁN ! th,%ﬁﬂN ! J#% 2’
indeed we obtain
5
62, N3 1 1 5 1
2

N

N - - = 0. 5.116
N+ M 6Oy /log N Oy M +\/log N N—co ( )
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We only need to deal with the case when both I and J are two pairs. For these
terms in (5.113)), after inserting the weights (WLtWt) as done above we further

insert the weights VJVIJ and 5 V! as in (5.72):

0% I J
N> [EE B,
1,J+{1,2,3,4}
with full support
1#£J, I,J#x%
1,J pairs
~|fI, I %4 —1,J
<q|1]\cfl : VsJa vJ |U|I O,BNW mQN VIW VIWt|U|J ,0,8Nn VIW WtVI M >
0N [fI.1 1 y)J Wi 1 I=
<~ e (R P e QY o e i v
I,Jyépairs I,J;f)airs I,Jf)airs

2 ~2
X PWeve X 0,88 PWeve, 0,85

where
A = D Bl max [Viwi ULy |
Wi, Vs, 0,8 BN XN 0,8y vlwt 22502
J#* I palr
J pair
and
~2
thavsv%7 7 M’ HKZ ’
175* J palr
I pair

To get the desired bound, we only need to estimate the five quantities

[fI4 1 JH Wy 1 }
}I}Ji}i |q11x\; th 2 ?ﬁﬁ éJQN YW, ‘ 02502
I1#J I#J
1,J pairs 1,J pairs
2 ~2 I=1,J
max || Ol e -
thwa%,OﬂN ! pWﬁV&%QﬁN ! I,J#x ths q% 02
I#J
I1,J pairs

We are going to apply (5.77)), (5.81)), (5.84)), (5.85) and (5.97)) with

ESTIMATE OF maXfJ”qlglvttVJHﬁ' For f(-) = q%N(-), we bound ||f|le <

lenlloo < ||¢lloo- Moreover let us fix the weight functions W, w; and Vs as in
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(5.70) and (5.72). Then, by applying (5.77) we get

1
3 1
max H G/t 1 VJ” Ne320 (1+37) I H2 f f Nz
T 119w, ‘2’\“ M 4 w wa || M3
I#£J VN et VN ez
I,J pairs
1
3 3
< NZ f f
Mz ||l 1Y e
N2
<L,
Mz [0 e

where the last inequality for HLH holds similarly as in (5.105)). Eventually,
’Ll)ﬁ Zl

we assume again that ¢ is supported in the ball B(0, R), then ¢y is supported
in B(0, RV'N) by definition (see (5.15)), we set n := =2N < N and recall the
definition ([5.29 m from the bound (| m we have

=53 on@) en @) aly — 2) auly’ — 2) v

02 2€72 yy' €72

< lellse Y- on() eV™ 3" guly — 2) v 3T gy — 2)

yEZ2 2€72 ' €72

\/N

32
< llloo 2eN™ ¥l on ]l
< lelloo 23 N {0l 11 -

Therefore, we finally obtain

5

1L 1,7 N>
max {|dy Vi S (5.117)
I£J
1,J pairs
~I,J 1

ESTIMATE OF max; ; ||%Qﬂ’ vf_WtHe?—w?' From the bound (5.81)) we obtain
S M S

< ceo(F+¥)Y < ¢

vl
max ||yg N VIW 2 =

1,J#x
1#J
1,J pairs

’ (5.118)

for some constant 0 < C' < oo.

ESTIMATE OF p?wt Vo N 05, DY exploiting (5.84) (recalling also (5.108))) we get
k) S’M? k)

2 R
2 2 32c(144) 78w U 1 6aclog N
th,Vs,%,O,/BN S Z O—ﬁN <1+16€ ( M)—2 ]EN> < R—N<1+16 0 s
o

T 1-oap, N
J pair
and since 1 < 0y < log N and Ry ~ M see and ((5.6)), we finally get

1

2
PWive 0o = gy (5.119)
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ESTIMATE OF pW Vol 0n A

by applying (5 we get

. Similarly as done above for the bound of pw Vol
S 1\/[

1
’BQWt,Vs,%,O,,BN S Oy (5.120)
ESTIMATE OF max;,; [|[W,V! q ’|| - By the bound (5.97), we obtain
=17 N2
maX HWtV ng ~ T 1 (5.121)
I;éJ
1,J pairs

CONCLUSION FOR 1 = 2. We are finally able to show that only Z37, with both T

and J pairs give a non—negligible contribution to E[(X](V)M)ﬂ as N — oo. Indeed,
applying (5.117), (5.118), (5-119), (5-120)), (5.121)) and (5.116)), we can finally show
that for any M € N the term E}"V:]@ is controlled (up to some finite constant) by

02, N5 1 N2 L _ 1
N* s 0% M: My/logN — M?’
for N large enough. This completes the proof of Proposition [5.4]

5.3.4. Proof of Theorem [5.9 We recall that the averaged partition func-

tion Z7 5(f,g) is defined in (5.48)-(5.49). In analogy with (5.28) and (5.30), by
(5.48)-(5.49) we can write

21 5(f:9) — BIZE 5(f, 9)] Z Y (@) €sln, ) x

k=1 0<ni<...<np<L

T1,..., LK EL
k
‘ { T e, 1 (2 — 211 Esmy m} £ (@),
j=2

(5.122)

where we recall the random walk kernels (5.27) and (5.29). Recalling (5.50)), we
obtain

ML,B f> -

<Z Z gl (1) &s(na, 1) %

k=1 0<ni<..<np<L
Z1,...,c EL?

. { Hq( ) @(nj,xj)} @ <xk>>h] .

(5.123)

When we expand the h-th power, we obtain a sum over h families of space-
time points A; := {(n{,}),...,(n}, 2} )} for i = 1,... h. These points must
match at least in pairs, i.e. any point (n), z) in any family A; must coincide with
at least another point (nf,, 27 ) in a different family A; for j # 4, otherwise the

expectation vanishes (since z(n,z) are independent and centered). In order to
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handle this constraint, following [CSZ21+| Theorem 6.1], we rewrite ((5.123)) by

first summing over the set of all space-time points

h h

and then specifying which families each point (n,z) € A belongs to.

Let us fix the time coordinates n; < ... < n, of the points in A. For each such
time n € {ni,...,n,}, we have (n,z) € A for one or more x € Z? (there are at
most h/2 such x, by the matching constraint described above). We then make the
following observations:

o if (n,z) = (n},z%) belongs to the family A;, then we have in (5.123)
the product of a random walk kernel “entering” (n,z) and another one

“exiting” (n, z):

Qn—n;_l (33 - x;—l) ’ Qné._‘_l—n(x;"—i-l - 33') )

e if (n,x) does not belong to the family A;, then we have in (5.123) a
random walk kernel “jumping over time n”, say i _n;;_l(a:j — xj_1) with

ni_,<n< n; we can split this kernel at time n by Chapman-Kolmogorov,

j—1
writing
qn;—n;_l(mz - ‘r;.?l) = Z Qn—n;-_1<z - mj?l) : Qn;—n(x; - Z) . (5124>
z€Z2
Then, to each time n € {ny,...,n,}, we can associate a vector y = (y',...,y") €

(Z*)" with h space coordinates, where ' = x if the family A’ contains (n,z) and
y' = z from otherwise. The constraint that a point (n,z) € A belongs to
two families A" and A" means that the corresponding coordinates of the vector
y must coincide: y* = y*. In order to specify which families A’ share the same
points, we assign a partition I+ {1,... h} to each time n € {ny,...,n,} and we
require that y ~ I, see .

We are now ready to provide a convenient rewriting of by first summing
over the number r > 1 and the time coordinates n; < ... < n,, then on the
corresponding space coordinates yi,...,y, and partitions I,..., L. - {1,... h}
with y; ~ I;. Defining for x,z € (Z?)" the h-component random walk kernels, see

and (523, by

h h

Qn(Z,X) = HQn(lﬂ - ZZ) ’ qi(X) = Hqg(l’z) ) (5125>

i=1 =1
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we can finally rewrite ([5.123|) as follows:

M 5(f.9) Z > STl (31) Lyien E[ER] %

r=1 0<n1< <np<L Iy,..I.-{1,.,h}

Yiyeeos ~€(Z?)"  with full support
and 117&* Vi
I;
X { H Qni_ni—l (yi—h Yi) ]l{yiwli} ]E[fﬁ ]} q%_nk (yr) .
=2

(5.126)

We can obtain a more compact expression absorbing the constraints y; ~ I; in

the random walk kernels: recalling the definitions of Q%7 and g/ from (5.54)), we
have

D= > > al(y)E[g]] x

r=1 0<ni<--<n<L Iy,..I.F{1,...h}
V1,-5yr€(Z2)"  with full support
and I;#* Vi

{HQJZ L (v, yi) E [Eéi]}qi”m(yr).

(5.127)

Finally, formula (5.57)) follows from ({5.127)) after we group together stretches of
consecutive repeated partitions, i.e. when I; = J for consecutive indexes i. The
kernel U7, 5(z,x) from (5.55) does exactly this job, which leads precisely to
(15.57)). O

REMARK 5.21. Formula still contains the product of E[fé] because these
factors from (5.127)) are only partzally absorbed in U7 _ np(2, %) indeed, in
we have k+1 points ng < ny < ... < ny, but the factor E[éﬁ] therein is only raised
to the power k.
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