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Abstract
Objective. Range and dose monitoring with secondary radiation can help minimizing the issues of
range uncertainties in proton cancer therapy. Prompt gammas (PGs) have been widely investig-
ated as a promising secondary radiation for in vivo verification. Since it can be argued that for a
proper delivery of the intended treatment the most desirable quantity to assess is the dose distri-
bution in vivo, this work aims at the reconstruction of the delivered proton dose from distribu-
tions of PG radiation. Approach. Some techniques have already been proposed in the literature to
reconstruct the dose from a distribution of detected secondary radiation, mostly positron emit-
ters. Among them, very promising methods are the analytical deconvolution approach, the evol-
utionary algorithm and the maximum-likelihood expectation-maximization (MLEM) algorithm.
Herein, the feasibility of the application of these approaches to PG distributions at emission stage
is assessed with simulated mono- and polyenergetic proton beams, irradiating homogeneous and
inhomogeneous phantoms, and a realistic case of a head and neck (H&N) tumor patient.Main
results. The accuracy of the reconstructed dose is evaluated via comparison with the correspond-
ing simulated ground truth dose distributions using different metrics. For the case of 1D recon-
struction on phantoms, the∆R80,∆R50 and∆R10, with∆R% being the difference of the posi-
tions at the % of the dose maximum in the distal fall-off region between the simulated and recon-
structed curves, are always less or of the order of 1mm in absolute value. For 3D reconstruction
on phantoms and on the H&N case, the γ(1%/1mm) passing rate is always above or equal to 97%.
Significance. This study demonstrates the applicability of the analytical deconvolution, the evol-
utionary and the MLEM algorithms to dose reconstruction from PG emissions, providing a step
forward toward the final goal of real-time verification of the dose delivery for real-time adaptive
particle therapy.

1. Introduction

Protons are widely used in cancer treatment because of their advantageous interaction properties com-
pared to photons in conventional radiotherapy (Wilson 1946, Newhauser and Zhang 2015). Nevertheless,
the exploitation of the full potential offered by protons in clinical practice is limited by several sources
of treatment uncertainties (Knopf and Lomax 2013, Parodi 2016, Parodi and Polf 2018, Lomax 2020).
Range verification and dose monitoring in proton therapy are thus of interest to fully exploit the favor-
able properties of proton beams.
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Since protons stop inside the patient, it is not possible to detect them directly for range verific-
ation purposes. Among different proposed approaches, one promising possibility for monitoring is
through secondary prompt gammas (PGs) (Pinto 2024). Range verification with PG was first proposed
by Stichelbaut and Jongen (2003), then experimentally verified by Min et al (2006), and subsequently
investigated by many groups using instrumentation able to detect different types of signatures, such as
spatial distribution just as examples, Testa et al 2008, Richter et al 2016, Xie et al 2017, time (Golnik et al
2014) and energy (Hueso-Gonzalez et al 2018). In this work, the spatial distribution is considered: the
emission of PG is correlated with the penetration path of protons in tissue, and the measurement of PG
can be used to draw conclusions on the proton range.

PG emission happens in a timescale below the nanosecond. This makes PG suitable for the final pur-
pose of real-time adaptive particle therapy applications, towards which the radiotherapy community
interest is increasing. Building upon the benefits seen from online adaptive proton therapy (Albertini
et al 2020, Paganetti et al 2021), real-time adaptive particle therapy aims at reducing proton therapy
uncertainties not only among treatment fractions, but during a single fraction itself, on a pencil-beam
delivery scale. This work is thought to represent a step forward this direction.

For range verification purposes, the expected PG signals related to the dose distributions calculated
by the treatment planning program are needed, in order to compare the measurements results with the
expected ones and check for mismatches. This approach can be seen as an indirect method for treatment
verification. The modeling of the expected PG distributions could be performed by a full Monte-Carlo
(MC) simulation. However, this way of proceeding is subject to approximation issues inherent in MC
models (Verburg et al 2012). In fact, Verburg et al (2012) showed for example that the nuclear reaction
models built in different MC tools predict different PG emissions. Moreover, a full MC calculation of
highest accuracy is time consuming, so not suitable for the final goal of real-time verification. To over-
come MC limitations, deep learning approaches were proposed (Hu et al 2020, Liu and Huang 2020,
Zhang et al 2024), which nevertheless are still in an early stage of research and suffer nowadays from
patient specificity and lack of available data for training. An alternative way of proceeding, which could
also aid in the training of deep learning approaches, is by means of a filtering approach. The formalism
was first introduced by Parodi and Bortfeld (2006) to relate the positron emission tomography (PET)
activity profiles to the depth-dose profile delivered during proton irradiation. The main idea behind the
filtering is the possibility to determine a PET profile from a dose distribution by performing a 1D con-
volution with a so-called filter function f. Validation of this approach and extension to PG came with
successive works (Attanasi et al 2011, Frey et al 2014, Hofmann et al 2019a, Pinto et al 2020).

PG distributions can then give a direct information about the range of the primary protons. For this
reason, the filtering can be mathematically referred to as direct problem. However, other than range, one
of the main quantities of interest for cancer therapy is the deposited dose. Getting a direct information
on the dose deposition from the PG emission is not as straightforward: the underlying mechanisms of
these two physical phenomena are different, as they are governed by nuclear and electronic interactions,
respectively. In principle, it would be possible to exploit the introduced filtering formalism inversely, set-
ting up in this way a mathematical inverse problem, using an inverse filter function f−1 to obtain the
actual delivered dose. However, this operation is a deconvolution problem, which is ill-posed: there are
infinite possible solutions, sensitive to noise in particular.

To face this challenge, several deconvolution techniques have been proposed for different second-
ary emission signals. In particular, the following three approaches were identified in this work as most
promising for PG-based dose reconstruction (i.e. reconstruction of dose distribution): the analyt-
ical deconvolution method (Remmele et al 2011), the evolutionary algorithm (Schumann et al 2016,
Hofmann et al 2019b, Yao et al 2023) and the maximum-likelihood expectation-maximization (MLEM)
algorithm (Masuda et al 2019, 2020), which were applied in literature to reconstruct the dose delivered
by ions from secondary radiation data, mostly PET. They can all be built around the filtering formalism,
which is then crucial for their implementation, and they can also potentially be integrated in a treat-
ment planning system, as it already happened for the filtering (Pinto et al 2020). The analytical deconvo-
lution and the MLEM algorithm were applied to reconstruct the dose delivered by protons from PET
signals, generated through simulations and from measurements in homogeneous and heterogeneous
phantom (Remmele et al 2011, Masuda et al 2019), from head and neck (H&N) phantom simulations
for the case of MLEM (Masuda et al 2020), and from measurements in the case of a computed tomo-
graphy (CT) data of a H&N patient for the deconvolution approach (Remmele et al 2011). The evolu-
tionary algorithm was first introduced to predict the depth-dose profile from simulated PG distributions
in water phantoms (Schumann et al 2016), then the same approach was also explored to reconstruct the
dose profile from PET measurements generated after interactions of carbon ions (Hofmann et al 2019b).
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More recently, a double evolutionary algorithm was used to realize a PG-based reconstruction of simu-
lated dose in a thoracic CT considering a non-ideal Compton camera (Yao et al 2023).

In the present work, all the abovementioned algorithms are first implemented and applied to sim-
ulated dose deposited in homogeneous and inhomogeneous phantoms, for pristine Bragg peaks and
spread-out Bragg peaks (SOBPs). Both laterally integrated 1D dose-depth profiles and 3D dose distribu-
tions were reconstructed. To investigate the 3D applicability of the dose reconstruction methods, in silico
data were also generated on the CT data of a H&N patient. The performance of the techniques is eval-
uated and compared in terms of different metrics. Before presenting the obtained results in section 3, a
brief recall of the established filtering approach is given in section 2, followed by the description of how
the different dose reconstruction approaches considered herein work. Section 4 compares the methods
and provides comments about their potential, giving an outlook on future steps.

2. Material andmethods

2.1. Direct problem: filtering
This section focuses on the forward generation of depth-PG distributions from depth-dose profiles,
similar to the work by Schumann et al (2016) and Pinto et al (2020). Here, the main ideas of the for-
ward filtering framework are described, as it is an important part of the dose reconstruction workflows
described in the following sections. For a more detailed description of the mathematical basics of the
approach, please refer to Parodi and Bortfeld (2006) and successive works (Attanasi et al 2011, Frey et al
2014, Hofmann et al 2019a, Pinto et al 2020).

First, a proton beam irradiating a homogeneous target is taken into account. The 1D PG signal P(z)
along the beam propagation depth z can be obtained from the corresponding 1D dose distribution D(z)
by convolving (i.e. filtering) the dose profile itself with a filter function f (z):

P(z) = D(z) ∗ f(z) . (1)

To estimate this filter function, in principle it would be possible to start from simulated data and
then proceed with deconvolution methods. However, this is an ill-posed problem. The alternative is
to move on analytically. The key elements of this analytical formalism are the so-called Q̃ν functions,
defined as the convolution of Gaussian G(x) and powerlaw functions Pν(x):

Q̃ν (x) = G(x) ∗ Pν (x) . (2)

The parameter ν is called shape and defines the peak-to-plateau ratio of the profile. Shifted and scaled
versions of these Q̃ν functions are first used to fit the simulated depth-dose and depth-PG profiles. A
Q̃ν function can then be described with four parameters: an overall normalization factor or weight w,
the shape ν, the shift a as measure of the horizontal shift of the depth profiles, and the scale σ, which
defines the width of the distal peak.

Then, a useful mathematical property of the Q̃ν functions is exploited: in fact, the convolution of
two Q̃ν functions is still a Q̃ν function, so

Q̃ν1

(
x− a1
σ1

)
∗ Q̃ν2

(
x− a2
σ2

)
=

(
σ21 +σ22

) ν1+ν2−1
2

σν1−1
1 σν2−1

2

Q̃ν1+ν2

(
x− a1− a2√

σ21 +σ22

)
. (3)

That said, if P(z) and D(z) are expressed as Q̃ν functions, then f (z) will be a Q̃ν function as well. The
Q̃ν function’s parameters of the filter can then be found exploiting the following relationships: if P
indicates quantities related to the PG distribution, D to the dose profile and f to the filter,

νf = νP − νD

σf =
√
σ2P −σ2D

af = aP − aD

wf =
wP
wD

·
σ
νD−1
D σ

νf−1

f

σ
νP−1
P

.

(4)

These equations imply the following conditions:{
νP > νD

σP > σD .
(5)
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One filter must be considered for each kind of nucleus in the target which emits PG after a nuclear
interaction induced by a proton. The filters are also dependent on the energy of the primary protons.
This has been previously showed by Schumann et al (2016), and mainly the parameters w and a are
concerned. To tackle this filter energy dependence, the filter functions were here optimized for energies
spanning the treatment energy window, from 110MeV to 230MeV. This was sufficient for the purposes
of the current work, as showed in section 3.1.

The extension of the filtering to different homogeneous targets than the one considered to com-
pute the filters and to inhomogeneous cases is straightforward (Parodi and Bortfeld 2006), and it can be
performed still exploiting the filter functions computed for one homogeneous material, with additional
steps. First, a water-equivalent range-conversion formalism is necessary. Protons irradiating different tis-
sues with the same initial energy stop at different positions along the beam direction. Knowing the path
length of protons with a defined initial energy in a certain material, it is possible to obtain the corres-
ponding path length l traversed by protons in a second material taken as reference (usually water) as

l=

ˆ z

0

SP

SPref
(z ′)dz ′ , (6)

where SP
SPref

(z) is the relative stopping power between the traversed material and the reference one at
the depth z′ of the traversed medium. The filtering can then be applied in the homogeneous, reference
space. Dose needs to be rescaled when moving from the target space to the reference one, exploiting the
relative mass stopping power. To analytically calculate PG in actual space, one eventually has to consider
the weight for each nucleus relative to the tissue composition of the original, reference homogeneous
material (for which the filters were calculated). This weight can be introduced by a local factor gi(z):

gi (z) =

[
wi (z)

wi,ref

ρ(z)

ρref

]
, (7)

wi(z)/wi,ref is the weight fraction of the target nucleus involved in the reaction channel in the actual
material at depth z relative to the reference homogeneous material, while ρ(z)/ρref is the mass density
of the material at depth z relative to to the reference one.

To take into account the presence of heterogeneities in all directions, and not just along the beam
direction, a raytracing operation is performed. This also makes possible to analytically calculate 3D PG
distributions from 3D dose distributions. By raytracing, the proton beam is divided into N narrow sub-
beams, or rays, each representing a straight line in the target. The range conversion and the gi factors
are applied to each ray, which are then traced from the actual to the reference, homogeneous space.
Summing up all the sub-beam doses in reference space, the laterally integrated depth-dose profile in ref-
erence space can be obtained. The laterally integrated depth-PG profiles for each nucleus of the reference
target are then calculated via filtering. Eventually, it is possible to obtain the analytical 3D PG distribu-
tion from the laterally integrated depth-PG profile analytically calculated tracing every sub-beam back in
the actual space by inversely applying the range conversion and gi factors to each of them.

2.2. Inverse problem: dose reconstruction
With the described filtering approach, the PG signal at emission can be estimated from the dose distri-
bution and indirect range verification operations can be carried out by comparing the said PG curve
with a possible measured one, corrected for the detector response. This comparison can then give
information on the difference between the measured range of protons and the expected one, but no
knowledge would be available regarding the dose itself. In order to reconstruct the dose from a PG
distribution via the filtering formalism, several alternative methods have been proposed. This section
focuses on the description of the three methods, considered herein as most promising because of their
relationship with the described filtering formalism. They exploit the application of a suitable deconvolu-
tion algorithm, which is an inverse problem and, after its application, noise or other artifacts in the data
may be amplified, leading to a degraded reconstruction. This is why a regularization term is introduced,
which uses a prior information on the dose distribution. Before describing the individual reconstruction
methods, an introduction of regularization as common to all the considered algorithms is provided.

2.2.1. Regularization
A regularization term is included in all reconstruction algorithms, which implies the consideration of a
prior knowledge of the signal, in order to stabilize the problem by adding some constraints to restrict
the amount of the possible solutions.

4
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When it is reasonable to assume a smooth solution, as for the case of dose profiles, the Tikhonov–
Miller (TM) (Press et al 2002) and the total-variation (TV) regularizations (Vogel 2002) are suitable for
noise amplification suppression in deconvolution problems. Both TM and TV use the gradient ∇D of
the reconstructed dose signal D to find the a priori knowledge. The TM regularization is expressed as a
L2 norm:

RTM [D(z)] =

ˆ
|∇D(z) |2dz , (8)

while the TV regularization is a L1 norm:

RTV [D(z)] =

ˆ
|∇D(z) |dz . (9)

The TM regularization has the effect of smoothing edges. The TV regularization was proposed to over-
come this problem, but once applied, a staircasing effect occurs in the case of a continuous increase of
signal values. That said, the choice of the regularization term depends on the features of the given sig-
nals. The TV regularization should be used in the case of sharp edges, while the TM regularization is
recommended in the case of a continuous increase of signal values. For these reasons, and since its use
was well motivated in the previous literature for the deconvolution approach (Remmele et al 2011) and
the evolutionary algorithm (Hofmann et al 2019b) described in the following sections, the TM regulariz-
ation was chosen for the implementation of the dose reconstruction algorithms explored and described
in the following. TV regularization was also described for a matter of completeness.

2.2.2. Analytical deconvolution approach
The analytical deconvolution approach, initially developed by Remmele et al (2011) in the context of
PET verification, consists of an iterative maximum a posteriori approach based on the minimization of
the functional J, defined as:

J [D(z)] = S [D(z)]+λR [D(z)] . (10)

R is the TM regularization term, which is balanced against S by a parameter λ. A good value for λ can
be found via a ‘brute-force’ search. S is called similarity (or fitting) term, and realizes the comparison
between the expected PG signal, coming from the filtering of the dose to be reconstructed, and the sim-
ulated (potentially measured) one. The definition of S depends on the underlying noise distribution.
Since the PG detection is a photon detection technique involving a low number of counts, measured
signals are influenced by Poisson noise, and Gaussian noise may be associated with the detector’s per-
formance. If the Poisson noise outweighs the Gaussian one, as it can be for acquired signals, then the
similarity term is better expressed as a Richardson–Lucy term:

SRL [D(z)] =

ˆ
[D(z) ∗ f(z)− P(z) · log(D(z) ∗ f(z))]dz . (11)

Within this work, high-statistics simulated data were considered, where the Gaussian noise overcomes
the Poisson one. A more suitable definition of S in these conditions is accomplished with a least-squares
(LSs) term:

SLS [D(z)] =

ˆ
|D(z) ∗ f(z)− P(z) |2dz . (12)

Remmele et al (2011) pointed out that the noise amplitude in the reconstructed dose reflects the
noise in PET signals, and it is not possible to completely eliminate it. The same concept remains valid
for PG signals. Higher noises can be smoothed with a higher regularization, which means a higher
value of λ, but a perfect solution is not achievable. In this work, an attempt in trying to face this issue
was made exploiting the Q̃ν functions formalism. The dose distribution was first described using one
Q̃ν function. Then, instead of optimizing the similarity metrics bin by bin in the dose distribution as
in Remmele et al (2011), the optimization was carried out in terms of Q̃ν function’s parameters. This
process is expected to be faster, because the optimization involves only the four Q̃ν function’s paramet-
ers instead of all bins in depth. Another advantage is that noise is not reflected in the reconstruction.
However, what has to be kept in mind is that a Q̃ν function is already an approximation itself, so even
in this case a perfect match is not achievable. Results related to this new approach and a comparison
with the more standard, established one from Remmele et al (2011) are showed in section 3.2.

5
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The analytical deconvolution approach relies on an optimization process. To implement it, the min-
imize function within the scipy.optimize Python package was used. The Nelder–Mead optimization
algorithm was chosen. The standard deconvolution algorithm from Remmele et al (2011) was compared
with the new strategy of deconvolution performed only in terms of Q̃ν function parameters. For this lat-
ter algorithm, there is no need of regularization. The Nelder–Mead optimization algorithm was used also
in this case. To define convergence of these two deconvolution algorithms, the tolerance value, which
sets the acceptable error on both the optimized variable (i.e. D(z)) and the minimized cost function (i.e.
J[D(z)]), was set at 10−6.

2.2.3. Evolutionary algorithm
The evolutionary algorithm can be considered as a gradient-free optimization approach as well, as it
relies on an iterative process. The algorithm begins with the generation of an initial population of N
individuals, each of them representing one depth-dose profile Dj(z). These initial profiles are first ran-
domly mutated. Mutations can be of any nature. In this work, as in Hofmann et al (2019b), only one
of the following mutation at a time was applied: a random horizontal shift in depth of integer bins
in a range from −2 to 2; a random vertical scale of a factor between 0.8 and 1.2; or a local variation,
which consists in adding a Gaussian distribution to a randomly chosen point, with random height (up
to ±10% of the dose at the chosen bin) and σ within 10 sampled bins. The mutated dose individuals
of the population are then convolved with the filter functions, in order to obtain a first population of
predicted depth-PG profiles Pj(z). Each of these jth depth-PG predictions is compared to the ground-
truth one, potentially measured. The agreement of each comparison j at every iteration k is assessed by a
quantity called fitness value fj k, defined as

fkj =
1

1+M
[
Dk

j (z)
]
+λR

[
Dk

j (z)
] . (13)

M can be any metric used to compare two curves. In this work, the normalized root mean squared error
(NRMSE) was used. R and λ are the regularization term and its weighting factor, respectively, analog-
ous to what was introduced in section 2.2.2. The fitness value is a criterion which quantifies the quality
of the reconstructed dose for that individual by comparing the depth-PG profile obtained after the fil-
tering of that reconstructed dose and the ground-truth depth-PG profile. The higher the fitness of an
individual of the population is, the more similar is the ground-truth depth-PG profile to the one cal-
culated from filtering of that same individual. To then select which individuals will be the parents for
the following iteration, a fitness selection is applied. These new parents individuals are then randomly
mutated again, in order to vary their profile and reach a potential improvement in fitness. These steps
are repeated until a certain termination condition is reached, which could be related to the fitness value
or to the number of iterations. Eventually, the individual with the higher fitness in the population is des-
ignated as the reconstructed dose.

For the evolutionary algorithm, a population of N = 300 individuals was considered. Increasing the
number of individuals in a population improves the fitness, but also increases the computing time lin-
early. As in Hofmann et al (2019b), the probability for the occuring mutations was set at 0.3, 0.3 and
0.4 for the horizontal shift, the scaling and the local Gaussian variation, respectively. The algorithm was
stopped after 1500 iterations and, due to its stochastic nature, it was repeated 10 times, with different
initial conditions introduced in the first random mutation. A single result among the 10 was eventually
chosen, using the criterion of the lowest NRMSE between the laterally integrated profiles of the simu-
lated PG and the PG calculated after filtering of the dose at the last iteration. The initial parameters were
at first chosen from the literature (Hofmann et al 2019b) and then varied empirically (between 100–500
individuals and 500–3000 iterations) until a good compromise between computational effort and quality
of the result was achieved.

2.2.4. MLEM algorithm
The MLEM algorithm is better known for its clinical use in image reconstruction. Masuda et al (2019)
gave it a different purpose, exploiting it for dose reconstruction. The inherent filtering is here implemen-
ted with a different approach. The convolution in its common mathematical expression is not performed
anymore. Instead, the equivalent matrix-vector product of the dose profile with a system matrix C is
considered. If we define δj the dose in a certain voxel j and pij its corresponding PG yield, then pij can
be calculated as

pij = Cijδj . (14)

6
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If Pi is the actual measured PG signal in the voxel i, the expected PG signal Pi coming from filtering can
be computed as

Pi =
∑
j

Cijδj . (15)

The construction of C is based on the generated filter function. When more tissues and inhomogeneous
targets are taken into account, the range conversion and local factor application described in section 2.1
are performed in the system matrix itself (Masuda et al 2020).

The dose reconstruction algorithm is based on the maximization of the likelihood, defined as the
probability that a certain PG distribution Pi obtained from applying the filtering to a dose distribution
corresponds to the related measured signal Pi. The maximization of this quantity brings to the MLEM
formula:

δk+1j =
δkj∑
i Cij

∑
i

PiCij∑ ′
j Cij′δ

k
j′
. (16)

Since this is still an inverse reconstruction problem, there is the need to introduce a regularization
term, as in section 2.2.1. Masuda et al (2020) applied a TV superiorization to the dose signal itself at
each iteration, dividing the MLEM algorithm in two steps and implementing what they referred to as
EM-TV algorithm. In this work, the regularization was implemented in a different way. First, a TM
regularization was applied as in the other methods, in order to make a meaningful comparison among
them. For the same reason, instead of working on the signal itself, the regularization was applied to the
objective function, i.e. the likelihood, by implementing a Bayesian reconstruction. To carry this out, the
one-step-late approximation, introduced first by Green (1990), was used. This requires the following
change in the MLEM formula:

δk+1j =
δkj(

1+λ
[
DR
Dδk

]
j

)∑
i Cij

∑
i

PiCij∑ ′
j Cij′δ

k
j′
, (17)

where R is the regularization term, and it is derived with respect to the dose at the previous iteration k.
Before applying the MLEM, the generation of system matrices was necessary. In fact, the MLEM

algorithm application foresees that each filter is incorporated in a respective system matrix, whose rows
in this case were related to the PG space, and the columns to the dose space. The generation of the sys-
tem matrices for 1D dose reconstruction is described in appendix A of the supplementary material. Once
the system matrices were available, the MLEM algorithm ran for a total of 500 iterations, also determ-
ined empirically starting from literature as for the parameters of the evolutionary algorithm, and the
selected result was the one at the iteration with lower NRMSE between the simulated PG profile and the
PG calculated after filtering of the dose.

2.2.5. Consideration of lateral heterogeneities and 3D reconstruction
As for the forward filtering, each dose reconstruction algorithm can be also applied in 3D, and also
when heterogeneities are present in all directions of the target, and not just along the beam direction.
The complete workflow to reconstruct 3D dose distributions from 3D PG distributions works as follows:

(i) An initial guess of the dose (e.g. the treatment plan dose) is considered, and a raytracing operation
is performed, to divide the proton beam into N sub-beams (or rays);

(ii) With the application of range conversion and gi factors, the initial dose of each single ray is
converted from actual to reference space;

(iii) All ray doses in reference space are summed up, and the laterally integrated depth-dose profile in
reference space is obtained;

(iv) Filtering is then applied, which means that the laterally integrated depth-PG profiles for each
nucleus of the reference target are analytically calculated;

(v) The total laterally integrated depth-PG profile in real space is calculated analytically after tracing
every sub-beam back by inversely applying the range conversion and gi factors to each ray;

(vi) With one of the described algorithms, the laterally integrated 1D depth-dose profiles in reference
space are then reconstructed;

(vii) After the 1D reconstruction of the dose in reference space is completed, the inverse application of
range conversion and tissue composition information allows to obtain the analytical 3D dose
distribution in real space.
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Table 1. REFMAT properties. Density= 1.54 g cm−3.

Element
Fraction by
mass (%)

1 H 1.76
16C 30.8
14N 25.9
16O 37.7
31P 1.34
40Ca 2.5

It is worth noticing that, while the dose is reconstructed in reference space (as described in point vi)
and converted in real space only at the end of the reconstruction (point vii), the iterative comparison of
the laterally integrated depth-PG signals inherent in each algorithm happens in real space (point v). The
need of moving from one space to another at each iteration for comparing the PG signals is because it is
not possible, after potential detection, to distinguish which nucleus a single PG comes from. Moreover,
the true relative stopping power and gi factors, which would be needed to convert the PG signals from
real to reference space, are not known. With the MLEM algorithm, the laterally integrated 1D depth-
dose profiles are reconstructed directly in the actual space, since the information on the range conver-
sion and tissue composition are inherent in the system matrix. When reconstructing with MLEM in 3D,
one system matrix is considered for each ray involved in the raytracing process. The quantities necessary
to perform raytracing are interpolated on a common array.

A scheme of the 3D reconstruction workflow is shown in figure B1 provided in appendix B of the
supplementary material.

2.3. Voxelized phantoms simulations
The simulated dose and PG distributions in phantoms were obtained with the general purpose MC
toolkit Geant4 (Agostinelli et al 2003), version 10.07.p03, using the physics list QGSP_BIC.

First, a rectangular phantom of 20× 20× 25 cm3 in x, y and z, respectively, made of an homogen-
eous reference material (referred to as REFMAT in this paper) was created. The properties of REFMAT
are listed in table 1. The choice of this particular REFMAT is the same as in Hofmann et al (2019a)
and Pinto et al (2020) and it takes into consideration the six most abundant elements in tissues, which
produce a consistent amount of PG.

Then, two inhomogeneous phantoms were generated. Phantom1 has only longitudinal
inhomogeneities. It is made of six slabs made of soft tissue, bone, lung tissue, bone and soft tis-
sue. Materials were chosen from the Geant4 libraries, in particular ‘G4_TISSUE_SOFT_ICRP’,
‘G4_BONE_CORTICAL_ICRP’ and ‘G4_LUNG_ICRP’. Phantom2 was inspired by Parodi et al
(2005). It is composed of slabs disposed in a way to generate lateral heterogeneities. It is made
of polyethylene (PE, ‘G4_POLYETHYLENE’), polymethylmethacrylate (PMMA), muscle tissue
(‘G4_MUSCLE_SKELETAL_ICRP’), bone tissue and lung tissue. The geometry of Phantom1 and
Phantom2 can be visualized with the results in section 3.1.

The simulations consider a proton pencil beam shot onto the target xy front face, along the z-axis.
The total volume of all three targets was divided in 1mm3 cubic sub-volumes, building a voxelized
structure. The energy deposition, consequently the dose, and the information for the emitted photons,
like the coordinates at emission or the nucleus involved in the reaction, were scored for each voxel. Only
photons created after hadronic interactions of protons with target nuclei were considered in the analysis.
Depth-dose and PG profiles were created by means of lateral integration. Emitted PG were scored within
a certain energy window only, between 1MeV and 10MeV, in order to consider for most common PG
monitoring techniques responses (Pinto et al 2020 and references therein). This energy window can be
modified as necessary by exploiting the look-up table formalism developed by Pinto et al (2020). This
allows for a swift application of the approaches presented herein to the different PG cameras and energy
windows considered in PG monitoring by different authors (just as examples, Richter et al 2016, Xie et al
2017, Hueso-Gonzalez et al 2018, Missaglia et al 2023).

2.4. Filter creation and scenarios for dose reconstruction in the voxelized phantoms
The filter functions, one for each target nucleus present in REFMAT (except hydrogen), were created
by irradiating the REFMAT with 109 protons of incident energy equal to 150MeV. The filters creation
process is mentioned in section 3.1 and explained more in detail in appendix A of the supplementary
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Table 2. Properties of the analyzed spots coming from the H&N plan.

Spot
Number

Energy
(MeV)

Level of inhomogeneities
along beam path

1 106.82 High
2 112.25 Low
3 122.57 Low
4 125.06 High
5 131.11 High
6 132.30 Low

material. To tackle the energy dependence of the filters, they were optimized considering four energies
in the therapeutic energy window. So, protons incident on REFMAT with energies equal to 110MeV,
190MeV and 230MeV other than 150MeV were also simulated, and the related depth-PG and dose pro-
files were used for energy optimization of the filters. This optimization was finally tested for 5× 107 pro-
tons impinging on a homogeneous phantom of REFMAT with an energy of 200MeV.

All the dose reconstruction approaches were first applied to REFMAT and to Phantom1. A first scen-
ario foresees the reconstruction methods applied to a single pristine Bragg peak, made of a beam com-
prising 5× 107 particles incident perpendicularly to the xy surface of the phantoms with an energy of
200MeV and a 2D Gaussian shape with a σ of 4mm. To check for the sensitivity of the methods to
small range variations, range shifts were approximated by a change in the initial energy of the proton
beams, to represent a global change. Protons incident on REFMAT with energies from 198.5MeV to
201.5MeV with a step of 0.5MeV were then simulated, corresponding to expected range shifts in water
of about 1mm. The range shifts were evaluated as ∆R80 and ∆R10, with ∆R% being the difference of
the positions at the % of the dose maximum in the distal fall-off region between the expected curve at
200MeV and the ones reconstructed from the PG distributions at the actual energies. A positive value
indicates a higher range for the expected curve than the reconstructed one. The real range shifts relative
to the planned energy were also obtained from simulated data and were used for comparison.

A second scenario considers the reconstruction of a SOBP, simulated following the approach
developed first by Bortfeld (1997), then by Jette and Chen (2011). For the SOBP used in this work,
11 different energies (from 159.5MeV to 180.9MeV for the generation of the SOBP in REFMAT, from
180.7MeV to 205MeV for the one in the Phantom1) were used as contributions, forming a plateau as
wide as the 20% of the maximum proton range and with a maximum of 2Gy, to resemble the max-
imum fraction dose in a realistic clinical treatment plan. Dose was reconstructed separately for each con-
tribution, to consider a realistic spot-by-spot delivery.

Phantom2 was exploited to extend the reconstruction methods from 1D to 3D, also tackling the
presence of lateral heterogeneities, created by how the single slabs are positioned within the phantom.
Additional lateral heterogeneities were also introduced simulating the phantom irradiation with dif-
ferent incident angles. Beams with σ from 2 to 10mm incident on Phantom2 with energies from 110
to 200MeV and angles of 0, 15, 30 and 45◦ were simulated to thoroughly test the 3D reconstruction
algorithm before the extension to patient data.

2.5. In silico patient data
To extend the 3D dose reconstruction workflow to in silico patient data, a H&N patient treated at the
Heidelberg Ion Beam Therapy Center with scanned proton beams (Pinto et al 2020) was considered.
All the spots included in the plan were simulated with Geant4 in order to obtain simulated dose and
PG 3D distributions. For the purpose of this work, the considered PG distributions only include PGs
generated after interaction with nuclei of carbon, nitrogen, oxygen, phosphorus and calcium, since the
filters were generated for these nuclei only. Two spots were chosen for a first testing of the algorithms,
one in the layer with the highest energy (132.30MeV) and one in the layer with the lower energy
(106.82MeV). These two spots where chosen because they cross regions with different compositions:
while the first spot encounters a more homogeneous path, the second one interacts with a more hetero-
geneous region of the patient. Four additional spots were also chosen, two of them crossing more homo-
geneous paths and the remaining two irradiating more heterogeneous regions. The level of inhomogen-
eities was assessed from a qualitative point of view. Table 2 gathers the characteristics of the six chosen
spots.
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2.6. Precision evaluation
The six spots extracted from the H&N plan were also considered to assess the precision of the methods
in presence of different levels of noise. Laterally integrated depth-PG profiles were scaled down from a
very high statistics simulation and Poisson noise introduced. Said noise was randomly introduced and
repeated 30 times for each scaled down amount of primaries (from 103 to 109). The dose reconstruction
algorithms were then applied. Average |∆R80| and γ(1%/1mm) index passing rate (PR) were calculated
for each noise level, with the related standard deviation.

2.7. Choice of regularization factorλ
While the results for the deconvolution approach and the MLEM algorithm will always be the same
given the same initial conditions, this is not the case for the evolutionary algorithm, since it has an
inherent stochastic behavior introduced by random mutations of the depth-dose profiles at every iter-
ation. This was considered when selecting the regularization factor value λ for the reconstructions. The
deconvolution approaches and the MLEM algorithm ran for several values of λ, ranging from 0 to 10 in
different steps, and the final regularization factor was chosen as the one giving the minimum NRMSE
between the simulated and reconstructed laterally integrated 1D depth-dose profiles. The evolutionary
algorithm was repeated not only considering several values of λ, but also considering different noise
levels, as for the precision evaluation described in section 2.6. Eventually, the λ was chosen for the evol-
utionary algorithm as a suitable compromise for all the noise level cases, equal to 0.01. As mentioned,
the deconvolution approach and the MLEM algorithm were also studied in different noise conditions,
but there is not one single value of λ suitable for all the noise levels. Instead, a different value of λ was
selected depending on the introduced noise.

2.8. Data analysis
The methods performances were compared via evaluation of different metrics to assess the match
between the simulated and the reconstructed dose distributions. For the 1D reconstruction scenarios,
metrics considered were the NRMSE and ∆R80, ∆R50 and ∆R10, with ∆R% as defined in section 2.3.
To assess the robustness of the dose reconstruction, the dose was reconstructed 100 times with each
algorithm for the case study of 1D reconstruction of a pristine Bragg peak in REFMAT, changing the
initial dose guess. The mean value and the standard deviation for the R% metrics were then calculated.
For the SOBP case study, the plateau width percentage difference ∆pw(%) between the reconstructed
curve (rec) and the simulated one (ground truth, GT) was calculated as

∆pw(%) = 100 · pwrec− pwGT
pwGT

, (18)

where pw is defined as the distance between the proximal and the distal positions at 80% of the dose
maximum. Moreover, the weight of each reconstructed pencil beam that form the SOBP was compared
with the weight initially assigned to build the SOBP itself. The percentage differences ∆w(%) between
the weights of the reconstructed and ground truth contributions were calculated in a way similar to
equation (18).

For the case of 3D reconstruction, ∆R80, ∆R50 and ∆R10 between the simulated and reconstructed
laterally integrated depth-dose profiles were calculated, in analogy with the 1D study. Moreover, a γ-
index analysis (Low et al 1998) was performed to compare analytical calculated distributions Drec with
simulated ones Dsim. γ PRs at different criteria (3%/3mm, 2%/2mm and 1%/1mm) were obtained. The
3D relative error RE between the 3D reconstructed Drec and simulated Dsim dose distributions was also
calculated as

RE= 100 · (Drec−Dsim)

max(Dsim)
. (19)

A positive RE value means that the reconstructed dose value in a certain voxel is higher than the simu-
lated one in the same voxel.

The algorithms optimization in terms of time is out of the scope of this work. However, in order to
have a first preliminary comparison in this sense, each algorithm was launched on the same machine
equipped with a Intel(R) Core(TM) i9-10 940X CPU @ 3.30GHz 3.31GHz processor and 128 GB RAM.
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Figure 1. Upper: 3D forward filtering for Phantom2. The case with an angle of 45◦ from the horizontal line, an initial energy
of 150MeV and a beam sigma of 4mm is reported. Lower: 3D forward filtering for the spot in the H&N case with an incident
energy equal to 132.3MeV. Left: simulated 3D dose distribution. Center: simulated 3D PG distribution. Right: 3D PG distribu-
tion calculated analytically with the filter functions developed in this work.

3. Results

3.1. Direct problem: filtering
The filter functions have a crucial role in the dose reconstruction methods examined, so particular care
was given to their calculation. One filter function was generated for protons incident with an initial
energy of 150MeV for each element in REFMAT, excluded hydrogen. In appendix A of the supplement-
ary material, the main results for the generation of the filters and for the application of the forward fil-
tering approach to 1D profiles are described.

The raytracing formalism described in section 2.1 was applied to obtain predicted, analytical 3D
PG distributions starting from 3D dose distributions. Results are shown on the upper part of figure 1
for Phantom2. Different angles of incidence, beam sigmas and initial energies were considered to test
the feasibility of the algorithm. The same procedure was carried out for the two considered spots of
the H&N patient. The 3D forward filtering for the first spot in the layer corresponding to an energy of
132.3MeV is shown on the bottom of figure 1.

3.2. Inverse problem: dose reconstruction
3.2.1. 1D reconstruction, REFMAT
Figure 2 shows the reconstructed dose for a pristine beam of protons incident with initial energy of
200MeV into REFMAT. Table 3 collects the different metrics used to compare the methods, described
in section 2.8. As for the following tables, the number of iterations necessary to complete the reconstruc-
tion, the final regularization factor λ and an indication of the duration of the reconstruction are also
reported. It is worth noticing that the R80, R50 and R10 were reconstructed with an accuracy better than
1mm in absolute value. The error comes from the 1D reconstruction robustness assessment described in
section 2.8.
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Figure 2. Pristine Bragg peak reconstruction in REFMAT, incident proton energy of 200MeV. 5×107 primary protons were sim-
ulated. Upper row, left: deconvolution approach as in Remmele et al (2011). Upper row, right: deconvolution in terms of Q̃ν

function parameters only. Lower row, left: evolutionary algorithm. Lower row, right: MLEM.

Table 3.Metrics used for comparison between simulated dose (ground-truth) and reconstructed one with each method. Case study:
pristine Bragg peak reconstruction in REFMAT, incident proton energy of 200MeV, 5×107 primary protons simulated.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

λ 0.03 — 0.01 0.1
Iterations 112 119 311 1500 44
Time (s) 47 2 260 4
NRMSE (×10−2) 4.33 6.38 4.32 4.72
∆R80 (mm) −0.39± 0.01 −0.36± 0.00a −0.25± 0.07 −0.40± 0.01
∆R50 (mm) −0.38± 0.01 −0.26± 0.02 −0.31± 0.03 −0.34± 0.00a
∆R10 (mm) −0.06± 0.05 −0.07± 0.06 −0.11± 0.05 0.32± 0.04
a Standard deviation lower than the shown digit.

Figure 3 shows instead the results for the reconstruction of multiple dose contributions, forming a
SOBP. The values of the metrics used to compare the methods for this instance are shown in table 4.
These metrics are calculated for the total SOBP curve, even if the reconstructions were performed sep-
arately for each contribution, to consider a realistic delivery spot by spot. The total number of iterations
and the total duration of the reconstruction, summing over all calculated contributions, are also repor-
ted. R80, R50 and R10 were calculated starting from the position of the dose maximum for the contribu-
tion with higher energy. It can be observed that the methods are able to reconstruct each contribution
with its associated weight. The mean ∆w among all the percentage differences between the weights of
the reconstructed and simulated contributions are also reported in table 4.

3.2.2. Range shifts analysis
The results related to the range sensitivity analysis of the dose reconstruction algorithms are shown
in figure 4. Dose was initially simulated at 200MeV, which is the nominal energy, and then recon-
structed coming from shifted PG signals simulated at energies from 198.5MeV to 201.5MeV in steps
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Figure 3. SOBP reconstruction in REFMAT. 5×107 primary protons were simulated per contribution. Upper row, left: decon-
volution approach as in Remmele et al (2011). Upper row, right: deconvolution in terms of Q̃ν function parameters only. Lower
row, left: evolutionary algorithm. Lower row, right: MLEM.

Table 4.Metrics used for comparison between simulated dose (ground-truth) and reconstructed one with each method. Case study:
SOBP reconstruction in REFMAT. 5×107 primary protons were simulated per contribution.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

Total iterations 2299 852 3260 16 500 1002
Total time (s) 821 18 2146 40
NRMSE (×10−2) 2.46 3.40 2.18 2.57
∆R80 (mm) −0.17± 0.01 −0.17± 0.00a −0.07± 0.07 0.05± 0.01
∆R50 (mm) −0.24± 0.01 −0.06± 0.02 −0.20± 0.03 −0.16± 0.00a
∆R10 (mm) −0.12± 0.05 −0.19± 0.06 −0.18± 0.05 0.27± 0.04
∆pw (%) 1.5 2.1 1.0 1.5
∆w (%) −3.30± 1.44 1.81± 0.58 4.16± 1.37 −4.86± 0.97
a Standard deviation lower than the shown digit.

of 0.5MeV. The curves were zoomed in the distal area to better distinguish the shifts. The ∆R80 and
∆R10 between expected and unplanned energies, calculated both for the simulated and the reconstruc-
ted curves, are shown in the bottom part of figure 4. The remaining offset corresponds to the ∆R80 and
∆R10 between simulated and reconstructed dose at the nominal energy.

3.2.3. 1D reconstruction, Phantom1
Figure 5 shows the results for a pristine beam of protons incident on the heterogeneous Phantom1 with
initial energy of 200MeV, while figure 6 shows the results for the delivery of multiple contributions,
forming a SOBP. In tables 5 and 6 the different metrics used to compare the algorithms performance
are shown for the pristine Bragg peak and the SOBP, respectively. As for the homogeneous phantom,
R80, R50 and R10 in the SOBP case were calculated starting from the location of the dose maximum for
the contribution with higher energy. Also, the methods are able to reconstruct each contribution with
its associated weight. The mean ∆w among all the percentage differences between the weights of the
reconstructed and simulated contributions are also reported in table 6. The slight overestimation of the
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Figure 4. Range shifts analysis related to the reconstruction of a pristine Bragg peak (zoomed on the distal area) in REFMAT.
Planned incident proton energy of 200MeV. 5×107 primary protons were simulated per case. Upper row: deconvolution
approach, implemented first as in Remmele et al (2011) (left) and then with the optimization of the Q̃ν function parameters
only (right). Middle row: evolutionary algorithm (left) and MLEM (right) are shown. Lower row: calculated metrics,∆R80 on the
left,∆R10 on the right.

dose proximal to the Bragg peak for the pristine beam noticeable in figure 5 is summed over each con-
tribution for the SOBP, which explains the final overestimation in the reconstructed plateau of the SOBP,
more evident in figure 6.

3.2.4. 3D reconstruction, Phantom2
Phantom2 was used to verify the feasibility of all the dose reconstruction methods analyzed, when the
3D workflow is implemented, prior to application to clinical-like data. The case for a proton beam of σ
of to 4mm, incident angle of 45◦, and initial energy of 150MeV is reported as an example in figure 7.
The values of the metrics used to compare the 3D reconstructed dose distributions with the ground-
truth simulations are summarized in table 7. ∆R% metrics reach a maximum absolute value of the order
of 1.6mm, while the γPR metrics at the stricter condition of 1%/1mm is always above 97%. For the
∆R% and γPR metrics, the error in the table is reported only for the evolutionary algorithm case. This
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Figure 5. Pristine Bragg peak reconstruction in Phantom1, incident proton energy of 200MeV. 5×107 primary protons were
simulated. Upper row, left: deconvolution approach, implemented as in Remmele et al (2011). Upper row, right: deconvolution in
terms of Q̃ν function parameters only. Lower row, left: evolutionary algorithm. Lower row, right: MLEM.

is because only the evolutionary algorithm was repeated 30 times for Phantom2, because of what men-
tioned in section 2.7, and the average value and standard deviation of the calculated metric is reported
in the table.

3.2.5. 3D reconstruction, H&N patient
To investigate the feasibility of the dose reconstruction algorithms toward a more relevant clinical case,
two spots from a H&N plan were reconstructed. The spots differ on the level of heterogeneity of the
traversed path. The results are shown in figures 8 and 9 and the metrics calculated to compare the 3D
reconstructed dose distributions with the ground-truth simulations are summarized in table 8. ∆R%

metrics reach a maximum absolute value of the order of 1.1mm, while the γPR metrics at the stricter
condition of 1%/1mm is always above or of the order of 97%. Analogously to the Phantom2 case, for
the ∆R% and γPR metrics, the error is reported only for the evolutionary algorithm case.

3.2.6. Consideration of different noise levels, patient case
For the H&N patient case, the explored dose reconstruction algorithms were applied to PG distribu-
tions presenting different noise levels, as described in section 2.6. The noise levels applied to the later-
ally integrated depth-PG profile related to each analyzed spot are defined by the considered number of
primary protons before applying the Poisson random distribution, from 103 to 109. Average |∆R80| and
γPR(1%/1mm) are presented in figures 10 and 11.

4. Discussion

Three algorithms already presented in literature to reconstruct the dose profiles from PET signals and,
in one case, PG signals were here applied to PG distributions: the deconvolution approach (in its initial
formulation and an adapted one), the evolutionary algorithm and the MLEM algorithm. Only the evol-
utionary algorithm was applied to PG data so far, in the study carried out by Schumann et al (2016),
Yao et al (2023). In the current work, the feasibility of the methods applied to PG emission distributions
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Figure 6. SOBP reconstruction in Phantom1. 5×107 primary protons were simulated per contribution. Upper row, right: decon-
volution in terms of Q̃ν function parameters only. Lower row, left: evolutionary algorithm. Lower row, right: MLEM.

Table 5.Metrics used for comparison between simulated dose (ground-truth) and reconstructed one with each method. Case study:
pristine Bragg peak reconstruction in Phantom1, incident proton energy of 200MeV. 5×107 primary protons were simulated.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

λ 0.02 — 0.01 0.2
Iterations 324 606 218 1500 21
Time (s) 122 2 231 4
NRMSE (×10−2) 6.46 7.18 6.94 5.63
∆R80 (mm) −0.58± 0.01 −0.70± 0.00a −0.46± 0.07 −0.42± 0.01
∆R50 (mm) −0.74± 0.01 −0.56± 0.02 −0.76± 0.03 −0.36± 0.00a
∆R10 (mm) −0.25± 0.05 −0.26± 0.06 −0.89± 0.05 0.68± 0.04
a Standard deviation lower than the shown digit.

Table 6.Metrics used for comparison between simulated dose (ground-truth) and reconstructed one with each method. Case study:
SOBP reconstruction in Phantom1. 5×107 primary protons were simulated per contribution.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

total iterations 2632 818 2850 16 500 455
total time (s) 971 22 25 951 13
NRMSE (×10−2) 3.92 3.48 3.73 3.87
∆R80 (mm) −0.05± 0.01 −0.44± 0.00a −0.11± 0.07 0.19± 0.01
∆R50 (mm) −0.36± 0.01 −0.50± 0.02 −0.44± 0.03 −0.28± 0.00a
∆R10 (mm) −0.16± 0.05 −0.21± 0.06 −0.51± 0.05 0.50± 0.04
∆pw (%) −2.84 −0.05 −0.71 −0.42
∆w (%) 2.22± 1.04 3.36± 1.13 -2.85± 2.64 3.76± 1.42
a Standard deviation lower than the shown digit.
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Figure 7. Results obtained after 3D reconstruction for Phantom2. A beam with initial energy of 150MeV, 4mm σ, irradiating the
phantom with 45◦ angle of incidence is shown. 5×107 primary protons were simulated. First column from the left: simulated
3D dose distribution. Second column: reconstructed 3D dose distributions. Third column: γ(1%/1mm) passing rate. Fourth
column: relative error. First row: deconvolution algorithm. Second row: deconvolution algorithm in terms of Q̃ν function para-
meters only. Third row: evolutionary algorithm. Fourth row: MLEM algorithm.

Table 7.Metrics used for comparison between 3D simulated dose (ground-truth) and 3D reconstructed one with each method. Case
study: spot dose reconstruction in Phantom2. Protons irradiated the phantom with an initial energy of 150MeV and an incident angle
of 45◦. 5×107 primary protons were simulated.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

λ 0.07 — 0.01 0.03
Iterations 351 943 251 1500 500
Time 118min 18 s 216min 0.6 s
∆R80 (mm) −1.33 −1.21 −1.42± 0.43 −0.96
∆R50 (mm) −1.55 −0.18 −0.38± 0.38 −0.43
∆R10 (mm) −1.50 −0.03 -1.26± 0.03 0.85
γPR(3%/3mm) (%) 99.61 100 99.74± 0.09 99.82
γPR(2%/2mm) (%) 99.42 100 99.53± 0.12 99.49
γPR(1%/1mm) (%) 97.54 99.71 97.24± 0.22 97.12
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Figure 8. Results obtained after 3D reconstruction for the spot which crosses a more homogeneous path in the H&N patient.
The initial energy of the beam is equal to 132.3MeV. First column from the left: simulated 3D dose distribution. Second column:
reconstructed 3D dose distributions. Third column: γ(1%/1mm) passing rate. Fourth column: relative error. First row: decon-
volution algorithm. Second row: deconvolution algorithm in terms of Q̃ν function parameters only. Third row: evolutionary
algorithm. Fourth row: MLEM algorithm. Plots are zoomed to provide a better view in the dose region. The complete anatomy
can be visualized in the lower panel of figure 1.

was successfully verified. This feasibility was first shown exploiting simulated dose and PG 1D profiles in
homogeneous and inhomogeneous phantoms for pristine Bragg peaks and SOBPs (as in sections 3.2.1
and 3.2.3). Then, 3D dose distributions were successfully reconstructed from PG distributions consider-
ing another inhomogeneous phantom and patient data (as in sections 3.2.4 and 3.2.5).

The chosen reconstruction methods are all based on the filtering approach, already verified for PG
(Schumann et al 2016, Pinto et al 2020, Huang et al 2024). Modifications were made in this study (see
appendix A of the supplementary material). Apart from fitting the PG signal with four Q̃ν functions (as
Hofmann et al 2019a did for filtering for carbon ion therapy) instead of three (as done so far in proton
related studies), each filter corresponding to each element composing the target was used and optimized
for the treatment energy window, from 110MeV to 230MeV. Moreover, the same filters can be used for
every scenario and they can be applied to different target compositions than the one they were created
for by stretching/compressing the range exploiting the stopping power relative to a reference, homogen-
eous material and by means of the local gi-factors, as presented in section 2. This, for example, was not
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Figure 9. Results obtained after 3D reconstruction for the spot which crosses a more inhomogeneous path in the H&N patient.
The initial energy of the beam is equal to 106.82MeV. First column from the left: simulated 3D dose distribution. Second
column: reconstructed 3D dose distributions. Third column: γ(1%/1mm) passing rate. Fourth column: relative error. First row:
deconvolution algorithm. Second row: deconvolution algorithm in terms of Q̃ν function parameters only. Third row: evolu-
tionary algorithm. Fourth row: MLEM algorithm. Plots are zoomed to provide a better view in the dose region. The complete
anatomy can be visualized in the lower panel of figure 1.

foreseen in Schumann et al (2016), where the filter was only calculated for water, and it was supposed to
depend on the material and on the proton energy. It also eliminates the need of a pre-calculation of the
filters with the evolutionary algorithm for every specific case, as suggested by Yao et al (2023).

Some deviations are observed at the very beginning of the reconstructed 1D depth-dose profiles
shown in sections 3.2.1 and 3.2.3. These deviations are an artifact of the reconstruction and happen
at the interface that protons meet when entering the phantom. One reason for these artifacts may be the
extension of the convolution beyond the available data at the edges. These deviations are more evident
for the SOBP related results in figure 3 and in figure 6 than for the pristine Bragg peak reconstruction,
because all the artifacts from each single reconstruction are summed up together. It was verified that, if
the reconstruction is performed cutting the first few arbitrary points (about 5mm in depth) from the
PG signal used, these deviations disappear.

Another observed deviation is a slight overestimation of the dose proximal to the Bragg peak, which
can be related to the fitting of laterally integrated depth-dose and depth-PG profiles with Q̃ν functions,
inherent in the forward filtering approach. In fact, PG profiles generated via Geant4 simulations present
an increase in the region proximal to the Bragg peak , due to the transition of nuclear models, which is
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Table 8.Metrics used for comparison between 3D simulated dose (ground-truth) and 3D reconstructed one with each method. Case
study: spot dose reconstruction in the H&N patient for the two considered spots.

Metric Deconvolution
Deconvolution

Evolutionary MLEM(param. only)

SPOTWITH INITIAL ENERGY= 132.30MeV (more homogeneous)

λ 0.1 — 0.01 0.08
Iterations 261 213 258 1500 500
Time 60min 16 s 188min 0.7 s
∆R80 (mm) −0.18 −0.33 −0.28± 0.03 −0.77
∆R50 (mm) −0.06 −0.08 −0.09± 0.01 −0.68
∆R10 (mm) −0.13 −0.11 −0.17± 0.01 0.30
γPR(3%/3mm) (%) 99.86 100 99.98± 0.05 99.20
γPR(2%/2mm) (%) 99.74 100 99.88± 0.06 98.33
γPR(1%/1mm) (%) 98.61 99.98 99.70± 0.05 97.35

SPOTWITH INITIAL ENERGY= 106.82MeV (more heterogeneous)

λ 0.9 0 — 0.01 0.05
Iterations 255 366 337 1500 500
Time 75min 20 s 367min 0.86 s
∆R80 (mm) 0.09 0.15 0.11± 0.01 −0.11
∆R50 (mm) 0.08 0.35 0.12± 0.01 −0.11
∆R10 (mm) 0.47 1.15 0.49± 0.01 0.14
γPR(3%/3mm) (%) 100 100 100± 0.01 99.53
γPR(2%/2mm) (%) 99.93 100 99.93± 0.01 98.93
γPR(1%/1mm) (%) 98.77 99.57 99.17± 0.12 96.94

not present in the PG profiles analytically calculated via filtering. The algorithms iteratively modify the
dose profile such that the analytical PG profile matches the ground-truth, and the increase in the prox-
imal region is then propagated in the reconstructed dose profile. The overestimation may be also due to
the stretching/compressing of the actual space into reference space and vice versa, and to the application
of the tissue dependent gi factors. These operations can lead to artifacts at the interfaces, similar to the
one at the entrance. The overestimation is more evident when the different pristine contributions are
summed up to form a SOBP.

For all methods, except for the deconvolution in terms of Q̃ν function parameters, where the regu-
larization is not foreseen, one challenge in the 1D reconstruction is the flattening of the peak, present
in all results where regularization is in use, and better noticeable from figures 2 and 5. Since the peak
region is considered more important for range monitoring purposes than the rest of the profile, the flat-
tening could be in principle reduced if, during the optimization, more weight is given to reconstruct
the peak, and less to the rest of the curve. The expected result would be an overall noisier reconstructed
curve, however better matching the peak and falloff region.

The effects of regularization and the artifact at the beginning of the 1D reconstructed curves are not
observed when the deconvolution approach is applied only in terms of Q̃ν function parameters. This
method was introduced to gain in speed, and to eliminate the noise. It is indeed faster than the standard
deconvolution approach. However, since the Q̃ν function is itself an approximation of the signal, devi-
ations from the ground truth curves are inherent, and the overall reconstructed 1D curve matches less
with the simulated curve than the ones obtained with the other methods. This can be observed compar-
ing for example the values of NRMSE from table 3 to table 6.

From the results in figure 4 on the range sensitivity analysis, it can be observed that the methods
are indeed able to detect the presence of a range shift between 0.8mm and 2.5mm in absolute value in
REFMAT, at least in the idealized conditions of our simulation study. These limit values are only due
to the energies chosen to represent range shifts, and smaller shifts can be potentially detected. Sharper
dose tails are noticeable for the deconvolution algorithm and, to a lesser extent, the MLEM algorithm,
especially when the range shift is represented by an energy of 201.5MeV. This behavior, deserving more
investigations in future studies, comes from the changes at each iteration of the laterally integrated
depth-dose profile corresponding to the nominal energy of 200MeV protons in the attempt to match
with its filtering (yielding the laterally integrated depth-PG profile) the ground-truth depth-PG profile,
calculated for different ‘actually delivered’ energies.
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Figure 10.∆R80 between simulated and reconstructed laterally integrated depth-dose profile for the H&N patient case. Six spots
were analyzed. The dose was reconstructed applying different noise levels on the laterally integrated depth-PG profile, identi-
fied by the considered number of primaries on the x-axis. The standard deviation found for the case of deconvolution (blue)
and MLEM (red) algorithms at 103 statistical level is, for most cases, larger than the range considered. The values found for the
deconvolution algorithm were 3.2, 6.7, 0.9, 5.5, 1.3, 5.5mm, for spot 1 through 6, respectively. The values found for the MLEM
algorithm was 5.7, 4.4, 2.8, 7.7, 11.0, 3.7mm, for spot 1 through 6, respectively. The range was limited for better visualization
purposes. The inset aims at zooming in the range from 104 to 109 in the x-axis, and from 0 to 1.5mm on the y-axis.

The above considerations remain valid also when the methods are applied to reconstruct 3D dose
distributions, since the reconstruction of laterally integrated 1D depth-dose profiles is included in the 3D
reconstruction workflow. However, the spread of laterally integrated profiles in 3D makes the artifacts
and the peak reduction less evident.

Different metrics and criteria (i.e. number of iterations and tolerances), which were described in
section 2.2, were applied to define the convergence of the algorithms. The choices were different only
because the exploited parameters were sufficient for testing the feasibility of the algorithms. A comparat-
ive convergence analysis within the different algorithms, based on the same metrics and criteria, is fore-
seen. However, for the same reconstruction approach, the same parameters were kept when reconstruct-
ing for all case studies. For example, for the deconvolution on a bin per bin basis or only in terms of
Q̃ν function parameters, the same optimization algorithm Nelder–Mead was used, always with the same
tolerance of 10−6, to keep the comparison as fair as possible in this testing phase. The choice of a dif-
ferent optimization algorithm, such as Powell or the sequential least squares programming algorithm,
combined with the fine-tuning of the chosen tolerance value, may be more suitable.

A first comparison among the methods could be performed, looking at the metrics included in
this work. The duration of reconstruction is also reported in the results. From a first look, the MLEM
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Figure 11. γPR(1%/1mm) between simulated and reconstructed 3D dose distributions for the H&N patient case. Six spots were
analyzed. The dose was reconstructed applying different noise levels on the laterally integrated depth-PG profile, identified by
the considered number of primaries on the x-axis. The inset aims at zooming in the range from 104 to 109 in the x-axis, and from
95% to 100% on the y-axis.

algorithm seems to be the fastest. This is mainly due to the inherent consideration of tissue composition
and range conversion within the system matrix, while for the other techniques these are considered at
every iteration. The deconvolution approach applied only in terms of Q̃ν function parameters is also
fast, as expected because of the reduced number of parameters in the inherent optimization process.
The MLEM algorithm could be the best candidate when compromising between accuracy and speed.
Nevertheless, code optimization in terms of time is out of the scope for the present work addressing
feasibility, and it will be addressed in future. All the dose reconstruction techniques could be improved
in terms of speed, for example implementing lower level code optimizations, such as reducing I/O oper-
ations or moving towards parallel implementation on accelerators (GPU). That said, this work must be
seen as a first step for dose reconstruction from PG distributions for mono- and polyenergetic beams
(treated, in this work, as sum of monoenergetic contributions), in homogeneous and heterogeneous
scenarios. It is too early to say which algorithm is the best performing. The showed results were obtained
under idealized conditions considering PG at the emission point, without taking into account attenu-
ation in the tissue or detector related factors, such as detector response, efficiency and positioning accur-
acy. Ongoing work, aimed to be published in a future manuscript, foresees the reconstruction from
detected PG data instead of emitted ones. This would allow to study more realistic scenarios, where PG
noise, which depends on proton statistics, has a major impact compared to simulations. At first, a sim-
ulated detection response is going to be implemented, following the behavior of already commercially
available PG cameras. Measurements will be then used for algorithm validation. Once the methods are
validated considering PG at detection level and with measurements, and once the codes go through an
optimization process, a more thorough comparison among the methods could be carried out, especially
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in terms of time. Duration of the algorithms permitting, the best approach could then be chosen for the
final aim of real-time adaptive particle therapy applications.

On the verge of considering PG at detection level, a first assessment of the precision of the evalu-
ated dose reconstruction algorithms is provided. Different levels of noise were considered introducing
Poisson noise in a high-statistics simulation. This approach was preferred to independent simulations
with different statistics, since it allows to produce different noise levels and different configurations for
the same noise level in a shorter amount of time. Although PG are still scored at emission, the noise
levels considered in section 3.2.6 and the related number of primaries allow for extrapolation when con-
sidering collimated detectors and their detection efficiency (lower than 10−3, Krimmer et al (2018). The
results shown in figures 10 and 11 can be potentially already exploited as a tool to estimate the result
of a specific dose reconstruction algorithm when the number of primaries and the detection efficiency
is known. However, such an extrapolation is only applicable to detection methods that roughly preserve
the spatial PG distribution, such as multislit collimator cameras or Compton cameras. Knife-edge slit
cameras would require a different analysis. A correlation between the optimal λ value and the noise level
was identified. Except for the evolutionary algorithm, where the same λ value was kept to remove the
sensitivity of the algorithm to random variations, it was noticed that higher values of λ were found to
be optimal for high noise levels (corresponding to a lower number of protons), as expected since more
regularization is needed when more noise is present.

The initial guess for the reconstruction was always the same, directly from simulations or a single
spot from the treatment plan, for each case study. The initial guess was mutated only to evaluate the
accuracy of the reconstruction, as described in section 2.8 for REFMAT case. In this scenario, almost
no noise was present, and small deviations were introduced. This explains the low error values assigned
and shown in tables from 3 to 6. It could be worthwhile to explore how the algorithms work not only
in presence of different noise levels, as done in this study, but also in combination of larger variations of
the initial guess, in case of a larger effect of uncertainties is present.

Other than the dose reconstruction techniques chosen for the purposes on this work, other ones exist
in the literature which exploit deep learning approaches to reconstruct dose either from PET distribu-
tions, as in the work of Hu et al (2020), Zhang et al (2024), or from PG distributions, as done by Liu
and Huang (2020). A comparison between analytical algorithms and machine learning methods is out-
side the scope of this work, but some considerations can still be made. While machine learning based
frameworks could be easier to use and faster compared to kernel-based models, they are expected to be
patient specific, depending on the anatomical region. Instead, the here presented analytical algorithms
can be used independently on the examined site. Moreover, the same abovementioned factors such as
noise and detector response should be taken into account in the networks’ training, which is also subjec-
ted to the amount of data available. That said, it is still worthwhile to explore analytical reconstruction
algorithms, also because physical relationships between PG emission and dose deposition are considered,
and there is no need of such a large amount of data for validation as the one which would be needed
for network training.

5. Conclusions

PG yields can be exploited to tackle the challenge of dose evaluation in modern proton therapy. Here,
the analytical deconvolution approach, the evolutionary algorithm and the MLEM algorithm, which
allow to reconstruct the dose from secondary radiation, were applied successfully to perform dose recon-
struction from PG spatial distributions in 1D and 3D. Simulated proton beams in homogeneous and
heterogeneous targets were considered in form of pristine Bragg peaks and SOBP and the algorithms
were able to reconstruct 1D profiles as well as 3D dose distributions. With the use of these approaches
it was also possible to discern range shifts even lower than 1mm. This work is thought to be one step
towards monitoring during real-time adaptive proton therapy.
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