PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: November 20, 2020
ACCEPTED: January 13, 2021
PUBLISHED: February 22, 2021

Nonrelativistic near-BPS corners of N = 4
super-Yang-Mills with SU(1, 1) symmetry

Stefano Baiguera, Troels Harmark and Nico Wintergerst
The Niels Bohr Institute, University of Copenhagen,
Blegdamsvej 17, DK-2100 Copenhagen O, Denmark
E-mail: stefano.baiguera@nbi.ku.dk, harmark@nbi.ku.dk,
nwintergerstOgmail.com

ABSTRACT: We consider limits of N = 4 super Yang-Mills (SYM) theory that approach
BPS bounds and for which an SU(1,1) structure is preserved. The resulting near-BPS
theories become non-relativistic, with a U(1) symmetry emerging in the limit that implies
the conservation of particle number. They are obtained by reducing N/ = 4 SYM on
a three-sphere and subsequently integrating out fields that become non-dynamical as the
bounds are approached. Upon quantization, and taking into account normal-ordering, they
are consistent with taking the appropriate limits of the dilatation operator directly, thereby
corresponding to Spin Matrix theories, found previously in the literature. In the particular
case of the SU(1,1—1) near-BPS/Spin Matrix theory, we find a superfield formulation that
applies to the full interacting theory. Moreover, for all the theories we find tantalizingly
simple semi-local formulations as theories living on a circle. Finally, we find positive-
definite expressions for the interactions in the classical limit for all the theories, which can
be used to explore their strong coupling limits. This paper will have a companion paper
in which we explore BPS bounds for which a SU(2,1) structure is preserved.
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1 Introduction

N = 4 super-Yang-Mills (SYM) theory is conjectured to describe strings and gravity on

AdSs5 x S° in its strongly coupled limit. Accessing this regime is a challenging task and

necessitates looking for limits of A" = 4 SYM in which its dynamics simplify. For instance,

in its planar limit one achieves a powerful integrability symmetry that enables to solve

for the spectrum in the strong coupling limit [1]. This can for instance be used to obtain

the Hagedorn temperature at any 't Hooft coupling [2, 3].

However, the planar limit



corresponds to non-interacting strings and gravitons. Thus, even by including corrections
to the planar limit, one would not be able to study phenomena like black holes that involve
strong gravity.

Recently a different approach was advocated [4]. The proposal is to consider certain
non-relativistic corners that arise as near-BPS limits of A/ = 4 SYM [5]. In such limits,
one can maintain a finite number of colors of ' = 4 SYM, and hence strong gravity, but
instead the stringy and gravitational dynamics become non-relativistic [6-9].

One can motivate the interest in the resulting non-relativistic theories from two points
of view. One is that they reveal new insights into the dynamics of N'=4 SYM and hence
into the AdS/CFT correspondence. Another is that these new theories might provide new
non-relativistic realizations of the holographic principle that are important to study on
their own.

In this paper, we continue the investigations of the non-relativistic corners of N’ = 4
SYM set out in [4]. Starting with A/ =4 SYM on a three-sphere, we consider limits that
zoom in close to BPS bounds of the type

3
E>S8+) wQi, (1.1)
i=1
where F is the energy, S7 one of the angular momenta and @;, ¢ = 1,2, 3, are the three
R-charges of N' =4 SYM on a three-sphere. Moreover, w;, i = 1,2, 3, are three constants
that characterize the BPS bounds. One can equally well translate these inequalities to
bounds on the scaling dimensions for N' = 4 SYM on flat space via the state-operator
correspondence.

The near-BPS limits we consider send the 't Hooft coupling A to zero while keeping [5]

3
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i=1

Starting with the classical action for A/ =4 SYM on a three-sphere, we show using sphere
reduction that most of the massive modes on the three-sphere decouple, leaving a subset
of dynamical modes that survive the limit. However, some of the non-dynamical modes,
which we show includes spherical modes of the gauge field of N/ = 4 SYM, can still con-
tribute to the effective interaction of the surviving dynamical modes. Using this procedure,
with reduction on S? and integrating out non-dynamical modes, one obtains a classical de-
scription of the surviving modes, which is the classical description of the near-BPS theory
corresponding to the given BPS bound (1.1).

These classical near-BPS theories provide the effective description of NV = 4 SYM
near the BPS bounds (1.1). We find that all such theories are non-relativistic, in that
antiparticles decouple in the limit. Accordingly, one observes the emergence of a U(1)
symmetry corresponding to a conserved number operator.

Upon quantization of the near-BPS theories, they result in quantum mechanical theo-
ries. As part of the quantization one finds self-energy corrections that are easily computable
from a normal-ordering prescription. We show that the quantized near-BPS theories corre-
spond to the Spin Matrix theories [5] that were found previously by considering the same



near-BPS limits (1.2) taken on the quantized theory of A/ =4 SYM on a three-sphere, as
described by the dilatation operator [10-12]. Indeed, one obtains in this way theories with
only a subset of the states of N/ =4 SYM on a three-sphere, as the rest have decoupled.
Moreover, the interaction is directly related to the one-loop dilatation operator of N’ = 4
SYM. This shows that one can consistently quantize the near-BPS theories that we obtain
in this paper.

Due to the particular form of the BPS bound (1.1), the near-BPS/Spin Matrix theories
that we consider here have SU(1,1) symmetry, possibly as subgroup of a larger global
symmetry. In the free limit the spectrum gives a free energy that goes like temperature
squared, indicating that the theories are effectively (1 + 1)-dimensional. Therefore, one
would expect to find formulations as non-relativistic (1 4+ 1)-dimensional quantum field
theories. Indeed, such formulations exist, albeit not as fully local quantum field theories
and with non-standard features similar to positive energy ghost fields.

In detail we consider four different BPS bounds (1.1) depending on the choice of
(w1, w2, ws). When (w1, ws,ws) = (1,0,0) one obtains a scalar theory with SU(1,1) x U(1)
global symmetry that resemble the positive momentum modes of a scalar field on a circle.

Interestingly, the interactions in this case can be viewed as arising from the coupling to

2 2 2
(5’ 373
finds instead a theory with fermionic modes with the same global symmetry that can be

a non-dynamical scalar field, resembling a gauge field. With (wy,ws,ws3) = ) one
formulated in terms of the positive momentum modes of a chiral fermion on a circle.

For (w1, w2,ws3) = (1,3, 3) one obtains a non-relativistic theory with SU(1,1|1) x U(1)
symmetry that can be regarded as a combination of the two latter theories, with a bosonic
and a fermionic field on a circle. This theory is supersymmetric and one can find a superfield
formulation in which the interactions arise from integrating out the super-multiplet of a
non-dynamical gauge field. This is the case that we are considering in most detail in
this paper, since it is simple to describe but at the same time it contains the bosonic
and fermionic cases with SU(1,1) x U(1) global symmetry as subsectors. Finally, we also
consider the maximal case with (w1, ws,ws3) = (1,1,1) in which one has a theory with two
scalars and two chiral fermions on a circle with PSU(1, 1|2) x U(1) global symmetry .

These four near-BPS/Spin Matrix theories are interesting in their own right since they
are consistent limits of A" = 4 SYM on a three-sphere that describes the behavior of N' = 4
SYM near a BPS bound, or, equivalently, near a zero-temperature critical point if one takes
the planar limit [5]. Indeed, it is intriguing that one obtains non-relativistic behavior in
such limits.

Another important reason to study them is that they have holographic duals. One sees
this as consequence of the AdS/CFT correspondence, since one can take the same near-
BPS limit on the string theory side of the correspondence [5-9, 13, 14]. The philosophy
here is that one can hope to solve this corner of the AdS/CFT correspondence, and then
exploit this to learn about the full correspondence. This goal was realized in case of the
Hagedorn temperature [2, 3, 13] and it is also the spirit of the papers [15, 16].

Alternatively, and even more interestingly, one can view the near-BPS/Spin Matrix
theories as fully consistent and self-contained theories that realize the holographic principle.
Indeed, this is supported by the fact that Spin Matrix theories in the planar limit reduces



to nearest-neighbor spin chains that in a continuum limit are described by sigma-models.
Recently, such sigma-models where interpreted as part of a class of non-relativistic sigma-
model with a structure that resembles ordinary relativistic string theory, and with a new
type of non-relativistic target space geometry called U(1)-Galilean geometry [7-9]. In
this sense one can claim to have shown the emergence of geometry from the Spin Matrix
theories.

The missing piece for having a full-fledged realization of the holographic principle is to
see the emergence of gravity. In this regard, interesting progress has been made on beta-
function calculations [17-20] in the related non-relativistic SNC [21, 22] and TNC [7-9]
string theories, providing the hope that a similar calculation is possible for the string-dual
of Spin Matrix theory that indeed possess a Galilean Conformal Algebra as local symmetry.

This paper is organized as follows. In section 2 we consider the four near-BPS limits
of classical N' =4 SYM on a three-sphere. This uses the sphere reduction of N' =4 SYM
of [23] explained in appendix A and performed in detail in appendix B. In appendix C we
exhibit relevant Clebsch-Gordan coefficients and further properties of spherical harmonics.

In section 3 we quantize the near-BPS theory with SU(1,1|1) symmetry and show
explicitly that the resulting quantum mechanical theory is the same as the SU(1, 1|/1) Spin
Matrix theory limit of N' =4 SYM. This means that whether one first quantizes, and then
takes the near-BPS limit, yields the same quantum mechanical theory as if one does it in
the opposite order. Also, it means that we found a highly efficient way to compute the
one-loop dilatation operator of N'=4 SYM.

In section 4 we find a momentum-space superfield formalism for the SU(1,1|1) near-
BPS theory, showing manifestly the supersymmetry of this theory. In addition it reveals a
very simple formulation of the interactions via a non-dynamical gauge-field multiplet.

In section 5 we discuss in detail how to find a local formulation of our four near-
BPS/Spin Matrix theories. This reveals intriguing results that shows rather simple formu-
lations of the interactions, at least in the SU(1,1|1) case and its two SU(1,1) subsectors.
At the same time, the theories are not fully local and exhibit a ghost-like behavior of the
dynamical fields. As part of this we exhibit the algebraic structure of the global symmetry
groups in appendix D.

Finally, we present our conclusions and outlook in section 6.

2 Classical S reduction and near-BPS limits

In this section we consider the classical Hamiltonian of N'= 4 SYM on a three-sphere in the
near-BPS limits of the type (1.2) and show how to derive the classical effective Hamiltonian
of the surviving degrees of freedom. We consider four different limits. In each limit one has
fields that decouple and do not contribute to the dynamics. However the gauge field, and
in some cases also fermionic fields, can contribute to the resulting dynamics even if they
decouple as degrees of freedom and thus they need to be properly integrated out. This
happens because the corresponding fields are sourced and can be understood in the same
manner as the nondynamical modes of the photon mediating the Coulomb interaction.
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Figure 1. Pictorial description of the procedure performed in sections 2 and 3 to find an effective
quantum Hamiltonian starting from A" = 4 supersymmetric Yang-Mills on a three-sphere.

We summarize with the scheme in figure 1 the main steps of the procedure that we
will perform in sections 2 and 3.

After setting the stage of the computations in section 2.1 we first review in detail in
section 2.2 the limit given only by bosonic modes with a global SU(1,1) symmetry. This
case was considered previously in [4]. Then we proceed in section 2.3 with the limit that
adds fermionic modes to this, providing a theory with SU(1,1|1) symmetry which we show
explicitly in section 4 to be supersymmetric. We proceed with a subcase of this with only
fermionic degrees of freedom in section 2.4. Finally, in section 2.5 we consider the limit
giving the maximally possible amount of bosonic and fermionic modes, which has a global
PSU(1,1|2) symmetry and hence has extended supersymmetry.

In section 3 we show that when one quantizes the four classical near-BPS theories that
we obtain in sections 2.2-2.5, one obtains bosonic SU(1,1) Spin Matrix theory (SMT),
SU(1,1|1) SMT, fermionic SU(1,1) SMT and PSU(1,1|2) SMT.

2.1 N =4SYM on S?

Our starting point is the classical action of N/ = 4 super-Yang-Mills theory compactified
on a three-sphere

1
S = —det g, tr {— ZFZ, — [Du®al* =@ |* — ipla" Dytrt + g Y C4 gt @4, 7]
RXSS A,B,CL
2
=~a g
+g Y CoBylfal k] - ) > (I[%,%HQ + |[<1>a7<I>Z]I2) } (2.1)
A,B,a a,b



From this one can straightforwardly obtain the classical Hamiltonian H of NV = 4 SYM
on S3 by a Legendre transform. In the action (2.1) g is the Yang-Mills coupling constant,
and we introduced complex combinations of the real scalar fields transforming in the 6
representation of the R-symmetry group SO(6) ~ SU(4), defined as &, = %((ﬁga_l +
idq) with a € {1,2,3}. The Weyl fermions * with A € {1,2,3,4} transform in the
representation 4 of SU(4). The action is canonically normalized on the R x S3 background
with the radius of the three-sphere set to unity. The field strength is defined as

Fu =0,A, —0,A, +ig[Au, A, (2.2)
and the covariant derivatives D,, as

qu)a = a,u(I)a + ig[A,uv (I)a] > (2'3)
D = Vbt +ig[A,, 7], (2.4)

where V, is the covariant derivative on the three-sphere, i.e. it contains the spin connection
contribution for the fermions. The C9p are Clebsch-Gordan coefficients coupling two 4
representations and one 6 representation of the R-symmetry group SU(4). All the fields in
the action transform in the adjoint representation of the gauge group SU(N).

One can now decompose all the fields into spherical harmonics on S2. For this, we
follow the procedure and conventions of [23]. We have given the relevant details of this in
appendix A and B.

Before we turn to the individual limits we first discuss the gauge field. In all four
limits, the gauge field degrees of freedom will decouple on-shell. However, it contributes to
the dynamics exactly like an off-shell longitudinal photon does in QED and integrating it
out gives rise to an effective interaction of the surviving mode at order g2. Since this is a
feature that all four sectors share, we make a few remarks about it here.

We will work in Coulomb gauge, corresponding to imposing

VA" =0. (2.5)

In our analysis below, it proves useful to first integrate out, i.e. solve for, all auxiliary
degrees of freedom, here the temporal and longitudinal components of the gauge field.
This procedure is standard, but since it is central to our arguments we display it here in
some detail.

To this end, we focus on the quadratic action for the gauge field, but we also include
a generic source to keep track of the correct constraint structure. We have

1
Sa :/R o —det g, tr <—4F5u —A”ju> ) (2.6)
X

The canonical momenta are

1 0S4 1 054
I = A_o, 1= — Fy;, 2.7
07 /—det g 04q J—det g 6A; " 27)



yielding the Hamiltonian

1 1 . ) .
Hy = / v/=det g tr <2H3 + 5 Ff = Ao(Vill' + jo) + Aji + nviA1> . (28)
RxS3

where we have introduced a Lagrange multiplier 1 to enforce Coulomb gauge. We obtain
the constraints
Vil'+5o=0, V;A"=0. (2.9)

We have chosen to treat Ag as a Lagrange multiplier that enforces the Gauss’ law, and
no longer as one of the dynamical variables.! Thus, we have two second class constraints,
enough to eliminate the remaining unphysical degrees of freedom.

In order to solve the constraints (2.9), it proves useful to decompose all the fields
into spherical harmonics on S? (see appendix A). Inserting all the decompositions into the
Hamiltonian (2.8), we find

1
1 7 1 7 7 ; mm .7 Jmm
Hy=tr» { > G+ > SWAIAGT = <2z\/J(J—|—1)H‘(]O) + b7 )

Jm,m ~ p=—1 p==x1
1
mm ;T Jmm . mm g Jmm
+ D AT = 2T+ DA }
p=—1
(2.10)
while the constraints (2.9) become
: mm TJmm mm
2i\/J(J + DI™ + 517 =0, Af™ =0. (2.11)

Since we can directly solve the constraints for A‘(]g)”m and its symplectic partner H‘(]O’;"”m, we

can insert the solution into the Hamiltonian without changing the Poisson bracket. We
thus obtain the unconstrained Hamiltonian

Ha=w 3 | X (G e + Ao ady e + AR )+ i
Jm,m | p=%1
(2.12)
The form of the currents can now straightforwardly be reconstructed from the full NV = 4
Hamiltonian, and all further interactions can be restored. Instead of doing so in full
generality, we will consider the near-BPS limit individually and reconstruct the interactions
case by case, where they simplify considerably.
We proceed now by considering the four near-BPS limits individually in the following
subsections 2.2-2.5. In each case we will employ the following procedure

1. Isolate the propagating modes in a given near-BPS limit from the quadratic classical
Hamiltonian.

2. Derive the form of the currents that couple to the gauge fields.

IThis is possible because this field has no dynamics (the canonical momentum is vanishing), and the
non-trivial spatial dependence is encoded into the momentum II;.



Sectors | SU(1,1) bosonic | SU(1,1) fermionic SU(1,11) PSU(1,1]2)
S wiQ 1 21+ Q24+Q3) | Q1+3(Q24Q3) | Q1+Q2

Table 1. List of the combinations of the R-charges defining the limits of A/ = 4 SYM theory
towards BPS bounds H > S1 + Y7 w;Q;.

3. Integrate out additional non-dynamical modes that give rise to effective interactions
in a given near-BPS limit.

4. Derive the interacting Hamiltonian by taking the limit.

In all of the four near-BPS limits the single angular momentum S7 is turned on, corre-
sponding to BPS bounds of the form H > S; + Zle w;Q; where H is the Hamiltonian, S}
is one of the angular momenta and Q;, ¢ = 1,2, 3, are the three R-charges of N' =4 SYM
on S3. The coefficients w; in front of the R-charges are given in the table 1. A derivation
of these coefficients can be found in [24]. For each case, the near-BPS limit is

H-S5 - Z?:l wiQ;

g—0 with <
g

fixed . (2.13)

Note that N is held fixed in this limit while g — 0. We find that the surviving degrees of
freedom are described by a Hamiltonian Hjj,;; of the form

H— S Y0 wiQ
Hiimit = Lo + §* Hint, Hing = lim 1= 2 @i (2.14)
g

—0 g2N ’

where L is the Cartan charge of SU(1, 1), Hiy is the part of the Hamiltonian that describes
the interactions and g is the coupling constant of the resulting non-relativistic theory.

2.2 Bosonic SU(1,1) limit — the simplest case

The first BPS bound we consider is H > 51 + Q1. As we shall see, the dynamical theory
that one obtains from the near-BPS limit (2.13) has a global SU(1,1) x U(1) symmetry of
the interactions.

Free Hamiltonian and reduction of degrees of freedom. We start from the
quadratic Hamiltonian Hp, in which interaction terms are omitted, and also the R-charge
Q1 and the angular momentum S; of A" = 4 SYM on S2. These are all given in appendix B.
The propagating degrees of freedom can be extracted by considering the near-BPS limit to
lowest order in the coupling, which means we should set Hy — Q1 —S1 = 0. The left hand



side reads

Hy=$1=Qu="Y_ tr{ [IL"™ (5} +m —m)®F/™™ 2 4 (w5 — (8 + 1 — m)?) @)™

Jm,m

{
> (; Wy +m == ) e atinn
e

HM

g) ¢BM,H,A¢?M,K> (215)

1 5. - 7 ~ 7

- Z o (I — iGm — ) AT 2 4 @3 — (m — m)?) AL ) } ,
p=—1,1

with wy = 2J + 1, w? =2J+ % and wa,y = 2J + 2. Equating this expression to zero now

yields a set of conditions on the fields. First of all, since for the gauge field |m—m| < 2J+1,
one finds

Alpm = 0(g), TE™ —i(m —m) AL = O(g). (2.16)
Second, for the scalar field ®; we find for J = —m =m
0 4,877~ 0fg), 217

and for all other eigenvalues of momentum (m,m)
O™ = O(g), ™ = 0(g). (2.18)
The other two scalar fields satisfy for all possible values of (m,m) the conditions
Py = I3 = dyM =TI = O(g). (2.19)

For the fermions, non-trivial degrees of freedom would arise when we are able to make the
prefactor of the quadratic terms in the fields to vanish. However, when « = 1

1
wJ—2J+ |m|§J+§, m| < J, (2.20)
there is no way to make the J-independent constant to vanish. The same phenomenon
happens with k = —1, with the roles of (m,m) exchanged. This tells us that in the bosonic
SU(1,1) sector we have for all choices of the indices (A4, k) the condition

Ve = 0(9)- (2.21)

It is clear that each of the above constraints eliminates a dynamical degree of freedom
from the theory, as one forfeits the choice of freely choosing initial conditions. Instead,
the corresponding fields are entirely determined by the remaining degrees of the freedom,
as encoded by the right hand sides of the above relations. We can make these explicit by
demanding compatibility with Hamiltonian evolution. It is simple to see that eq. (2.18)
weakly commutes, i.e. commutes on the constraint surface, with H, since no linear term



in ® and II are present. The same holds for the first constraint in eq. (2.16), for the
scalars in (2.19) and for the fermionic field in (2.21). On the other hand, the gauge field
does appear linearly, namely through its coupling to the sources, as outlined in eq. (2.12).
Therefore,

{H, ™ — i(m = ) AT} & (W55 = (m—m)?) AL 4 (2.22)

Hence we impose the r.h.s. side as a constraint to have a consistent Hamiltonian evolution.
Finally, one can check that eq. (2.17) does not generate additional requirements. We thus
obtain the set of constraints
1

Jmm _ -Jmm Jmm —
A" = W2, — (m—m)2l) i)™ =0, (2:23)
I =0, I/ = 0, (224)
M — 0, II{™™ =0 (except when J = —m =m), (2.25)
= 4 iwsel 7 =0 (2.26)

Thus, the only dynamical degrees of freedom left are the modes @f’_‘]’”’ that obey the

constraint (2.26). Essentially, (2.26) is responsible for making the limiting theory non-
relativistic as it decouples the anti-particles. Indeed, this condition relates the momentum
with the complex conjugate of the field, implying that at the quantum level the field ®,,
will annihilate a particle and the hermitian conjugate <I>JLI will create it. As we explain
below, this goes in hand with a U(1) global symmetry responsible for the conservation of
particle number. This behavior is standard in the non-relativistic low-momentum limit of
QFTs [25]. Here we see that the same phenomenon happens when focusing on a near-BPS
limit of ' =4 SYM.

Before we turn to the interactions, we consider the free part of the resulting Hamil-
tonian. The quadratic piece is simply obtained by inserting the constraint (2.26) into
the quadratic Hamiltonian (B.4). Before doing so, however, we note that (2.26) implies

a change of brackets, since @‘1]’7‘]"] and (<I>‘1]’7J’J)7L no longer commute on the constraint
surface. The Dirac brackets can be straightforwardly worked out, yielding (with matrix

indices suppressed)

@1, @ o= 550 20
Wy
We make the redefinition
Doy = 2w, 7" (2.28)

in order to have a canonical normalization and to take into account that J both takes
integer and half-integer values. The Dirac bracket (2.27) then becomes canonical

{(q)n)ija (@L,)kl}D - ién,n’dil(skj (229)
With this, we obtain for the quadratic Hamiltonian
Hy=S1+Q1 =) (n+1)tr[®,*. (2.30)
n=0

~10 -



It is important to see how the SU(1,1) symmetry emerges. Consider

o0 oo
Loy=)_ (n + ;) @2, Ly= (L) =)"(n+1) (@], 3,). (2.31)
n=0 n=0
Using the bracket (2.29) one finds that these charges obey the SU(1, 1) brackets {Lo, L+ }p
=+iLy,{Ly,L_}p = —2iLy. The interactions that we find below have vanishing brackets
with Lo and Ly which means that the interactions have a global SU(1,1) symmetry.
The difference between Hy and L is

1. R 0
Hy= Lo+ 3N, szotrcbn\? (2.32)
n=

We notice that N commutes with Hy, Ly and Ly as well as the interaction terms with
respect to the bracket (2.29). This means in particular that N is a conserved charge.
Indeed, N is the number operator when quantizing this theory, and we recognize the fact
that the conservation of the number operator is a hallmark of a non-relativistic theory.
This in turn means we are allowed to switch the free part of the Hamiltonian to be Lg
instead of Hy since they differ by a conserved quantity (one can view this switch as a
time-dependent redefinition of the fields). This will turn out to be a natural choice for all
of the four limits.

Interactions. We now exhibit the interacting part of the Hamiltonian Hi, that arise in
the near-BPS limit. Since Hy — S1 — @1 = 0 by construction, we can define the interacting
Hamiltonian as
Hing = lim 2= 21— @1 ‘21 — @
g—0 g N
Non-trivial contributions to Hi, arise from integrating out the gauge field. On the surface
defined by the constraints (2.23) we find that the contributions to H —S; — Q1 amount to

(2.33)

O B D D v 11 IR CE D

Jm,m p==%1

To these terms we should add contributions from the scalar sector that we will derive
now. To this end, we add the entire scalar sector and work out the form of the currents.
The relevant interaction terms involving scalars in the Hamiltonian H of N = 4 SYM,
eq. (B.40), are

2
Ztr{%cf,JMcﬁ su[@7, o107 o7 ) +igCT? ;) X7 ([@{QT,H{1T1+[¢{1,H{2])

Jm,m
—4g\/ I (I + DRy AN @7, @JQT]} (2.35)

where we used the short-hand notation

T =(J,—J,J), (2.36)

- 11 -



i.e. CIJ{ = (I>‘1]’_J’J, since we can restrict ourselves to the surviving scalar modes. In this
expression the quantities C, D are Clebsch-Gordan coefficients that couple respectively three
scalars or two scalars and one vector harmonics. We define them and show some of their
properties in appendix C. From (2.35), we can directly read off the currents. We have

A = g0 g (107 ] 4 [ 177]) = 29(14 S+ R)CR [0 871), (237)
where the latter equality holds on the constraint surface. Furthermore

Jmm
Erp) = —4gv N1+ 1)D§T,JM,)[‘I>“171, o721, (2.38)

We can now proceed to find the interaction Hamiltonian (2.33). Employing (2.33) we
obtain

4
1 1 1
Hint :m Z Z (1;[1 m) tr<2J(J+1) (1+ J1+J2)(1+J3+J4)le JMCjiJM

Jm,m Jl,J27J3,J4

J- T3
- Z — ) VI + DV I+ DD 10,DF s,
p= :tl
cgf JMC:%TJM) (o, @Y, )[®2,, L] (2.39)

where we used the redefinition (2.28). It is clear that the only nontrivial contributions arise
from m = —m. For notational convenience, we consider M = (—m,m). Inserting this and
making w4, s explicit yields

4
1 (1—|—J1+J2)(1+J3+J4) 7 J
1n t A 5
. Z Z <ZH1 W) r( ( J(J+1) V) C7 omC7iam

Jm J1,J2,J3,Ja

T3
- 21 J+ 1 \/‘]1 Ji+ D)V a(Ja+ 1)D7 JMpDJ4,JMP)
[(I)2J17 CD ][q)QJga (I)£J4] . (2.40)

We can now directly use the crossing relations (C.20) to see that upon a shift J — J —1
in the contribution with p = 1, all terms in the above sum cancel except for a nontrivial
remainder from the lower boundary of summation. We distinguish between AJ = Jo—J; #
0 and AJ = 0 and moreover choose Jy > J; without loss of generality, accounting for the
converse with a factor of 2. In this way we obtain

[e.e]
J1#£J2) 1 1
}Ii(ntlsl’é 2 — 4N tr Z Z q)QJla 2J1+2AJ] [(I)2J4+2AJ, 2J4 2 Z 7 <QZ ql) 3
J1,J4>0 AJ>0 =1
(2.41)
where we defined the SU(/V) charge density
o
q = Z[(I)L’ <I>n-i—l] : (2'42)
n=0
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Next, let us consider the case J; = Jo. Here, the abovementioned trick to shift part of the
expression by J — J — 1 in order to receive contributions only from the lowest boundary
of summation still works. However, the additional subtlety is that the first term in (2.40)
is singular in J = 0, and then it is summed over J > 0. Collecting everything, we get

J (TN +T+1)(2J3+T+1)

= 1 1—4J1J;
Hi' ™ = — +>
SN JTms0 (1+2J1)(1+2J3) 70

(1 (201 — J)(2J5 — J) )

27201 (2J5)1(2]3)!
“ 2 — DT+ D) (205 — D25 + J)!

[®2J17 (p;]lHQQJQ,a (p;]d] ) (243)

which resums into

oo
(i=J3) 1 1—n §

Hint - 87N nz_;] 1+n tr (QO[(I)m q)n]) s (2.44)
where ¢p = ZZOZO[CI)L, ®,,] is the SU(N) charge. The Gauss law on the three-sphere implies
that go = 0 and hence Hi(th1=J2) is zero when taking this into account.

The full Hamiltonian (2.14) then becomes

~9 [e.e]

e = Lo+ 37 3 T (dfa) (2.45)
taking into account that all physical configurations have zero SU(N) charge ¢o = 0 due
to the Gauss law on the three-sphere and with Ly given in eq. (2.31). This is the inter-
acting Hamiltonian describing the effective dynamics of N' = 4 SYM near the SU(1,1)
bosonic BPS bound. It is a non-relativistic theory because of eq. (2.26), which relates the
canonical momentum to the complex conjugate field, as it happens for this class of quan-
tum field theories. In addition, the non-relativistic nature of the system is also clear from
the conservation of the number operator N defined in (2.32) corresponding to a further
U(1) symmetry in addition to the global SU(1,1). Finally, it is straightforward to show
that (2.41) commutes with the SU(1, 1) charges Lo and L (2.31) under the brackets (2.29).
This shows that the interaction term of (2.45) is invariant under a global SU(1, 1) symme-
try. Upon quantization, we show in section 3 that the Hamiltonian (2.45) is equivalent to
SU(1,1) Spin Matrix theory.

2.3 SU(1,1]1) limit — a first glance at SUSY

We turn now to the BPS bound H > S7 + Q1 + %(Qg + Q3). In this case, the theory that
emerges from the limit (2.13) has a SU(1, 1|1) x U(1) symmetry of its interactions. As we
shall see, the additional symmetry compared to the SU(1, 1) case of section 2.2 is related
to the fact that one has fermionic modes in addition to the bosonic modes of the SU(1,1)
case. In sections 3, 4 and 5 we study this theory further, and show among other things
that it is supersymmetric.
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Free Hamiltonian and reduction of degrees of freedom. We follow the same proce-
dure as in section 2.2. Using appendix B we find that the quadratic terms in the left-hand
side of the BPS bound H — 51 — Q1 — %(QQ + Q3) > 0 are given by

Hy— 51— Ql—*Q2+Q3 Ztr{z

k==%1

~ T 1
CUJ +m—-—m — R)wJM,H,leM,K

+ ) (WJ +m —m+ ) YA + (WY +m— m)¢$M,H74w§M,H]

A=23
2
+‘H{M+i(1+m—m)q>{‘””‘ b (w2 — (14 77— m)2)[@IM 2 (2.46)
1 2 1 2
—i—Z /M 4 +m—m ) (@M + (i (s+m—m |pJM |2
a=2,3 2 2

+ > 5 ( [T — im = ) A2 4 (w3 = (m = 1)) | AL 2) } .
p=—1, 1
Imposing that this expression is zero gives a set of constraints. While the combination of
R-charges is different from the bosonic SU(1,1) case of section 2.2, the constraints for the
scalars are given by the same set (2.17), (2.18) and (2.19) because of the inequalities |m| < J
and |m| < J. On the other hand, we have now surviving fermionic modes, corresponding
to the conditions
1

A=1, k=1, m:—J—i, m=.J. (2.47)

All the other fermionic modes, i.e. modes with different SU(4) index A, different value of &,
or with a different choice of momenta m, m, decouple in the g — 0 limit. When requiring the
compatibility of the constraints with Hamiltonian evolution, we do not obtain additional
constraints from the fermionic terms. In fact the Hamiltonian is always at least quadratic
in both the scalars and the fermions, and then weakly commutes with their constraints.
Finally, one sees that the gauge field appears the same way as in section 2.2, namely that it
decouples and only mediates an effective interaction, since it satisfies the constraint (2.23).

We summarize here all the constraints:
1

AL(]/:SW - _WZ\,J " (m— )23({07317”’ HL(]/;?m =0, (2.48)

Y =0, )™ =0, (2.49)

(I)gJ,myé—an;éJ) —0, HgJ,mi—Jﬁ#J) -0, (2.50)
Hi],—J,J n in@J{‘L_J’J —0, (2.51)
¢(Jm;£ J—5.m#A)ik=1 =0 Ulmu=—1 =0, ¢§m§§n4 =0. (252)

We notice again that (2.51) induces a change of the Dirac brackets for the bosonic modes
as in eq. (2.27), while this does not happen for the fermionic modes. For this reason we
again use the redefinition of the scalar modes (2.28). According to this, we define

Oy = V2w 2y = :;l,ilJ—%J;n:l’ (2:53)
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which correspond to the surviving degrees of freedom in the g — 0 limit. The Dirac
anti-brackets for the fermionic modes are

{(T/fn)ija (wl/)kl}D = ién,n’éilékj (254)

Evaluating now the free Hamiltonian Hy of eq. (2.46) on the constraints (2.48)—(2.52)
we find

Hy = tr i [(n +1)|®,)% + <n + 2) \%IQ] : (2.55)

n=0

We record also the SU(1, 1) charges

= tr 3 n L 24 (n 2
to= i 32| (ot g) ol e D) (2.56)
Ly = (L) =tr Z {(” +1) q’ILH(I)n + vV +1)(n+ 2)¢L+1¢n} : (2.57)
n=0

We notice that Hy is related to Ly as

1. ) 0
Hy=1Lo+ 5N, N=tr > (12n]? + 1) (2.58)

n=0

N commutes with Hy, Lo and L4 as well as the interaction terms in terms of the brack-
ets (2.29) and (2.54) thus N is a conserved charge. As for the bosonic SU(1,1) case this
corresponds to the conservation of particle number and it gives an extra U(1) symmetry
which is a signature of non-relativistic theories. Moreover, we can again switch the free
part of the Hamiltonian to be Ly instead of Hy since they differ by a conserved quantity.

Interactions. Following the general steps given in section 2.1 we need to derive the
currents which couple to the matter fields and to integrate out non-dynamical modes which
give non-vanishing quartic effective interactions. The interacting Hamiltonian in this limit

is defined by

. H—81—Q1—3(Q2+Qs3)
Hint_égr%) 92N .

(2.59)

The contribution to H — 51 — Q1 — %(Qg +@Q3) of the currents that couple to the gauge field
is again given by eq. (2.34). In addition to this, one has the interaction terms recorded in
eq. (2.35), and from eq. (B.40), one sees that one has interactions between the surviving
fermionic modes and the modes of the gauge field as well

Z Z tr (gf£7JMXJM{¢;J2?¢2J1} + gg%7JMpA(JpJ‘)J{w;JQ7w2J1 }) ) (2'60)
JM Ju,J>
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where we introduced the short-hand notation?
_ 1
J = (J,J+2,—J,/<c— 1> (2.61)

See appendix C for the definitions of the Clebsch-Gordan coefficients F and G. Finally,
there are Yukawa-type terms that couple fermions and the scalar fields

. g + 52 5 Mk t JM
- l% o Z {( n™" bma—at ]:le —1\142362»7 M <¢J1,M1,51,4[(I)J{ Ut Moo 1]
J,J1,J2

- 7 ﬂ '] ’_My
_(_1) e 2 fJ217M27;21?}7M (¢§17M17’{1 [@{M,w}27_M27H/271]) N (Jl < JZ)} ’ (262)

where the antisymmetrization J; <> Js in the last line is referred to all the terms in the
interaction. Using the properties of F written in (C.24) and (C.25) one finds

- Zitr Z Z 2J1]:JMI£ g {_QbT],M,HA[(I){QTﬂ/}Jl] +¢§,M,m[©{27w31]} ’ (263)

J1,J2 J,M,k

With this, we recorded all the interaction terms in the Hamiltonian of A" =4 SYM on S°
which are relevant for this particular limit.?
From the terms (2.60) which couple to the gauge field we extract the currents

™ = 29(1+ S+ J2)CT a1 @7 o721 + 9-7:“71 JM{1/12J171/1$J2}, (2.64)
J(Tp) = —4g/Ji(J1 +1 D§2 | (@71, 2] +ggj2 JMp{wle,w;h}. (2.65)

We can now use this in eq. (2.34) to find the explicit contributions from integrating out
the gauge field. The purely bosonic part, which combines with the quartic scalar self-
interaction in eq. (2.35), gives as a result the eq. (2.40), and after solving the sum over J
one finds eqgs. (2.41) and (2.43).

The purely fermionic part of eq. (2.34) combined with (2.64)-(2.65) gives instead

1 1 -
TVZ Z tr <_ Z 2 (m—m)? g:%,JMpg:%,JMp

w
IM J1,J2,J3,J4 p=x1"A4AJ

(2.66)
1 _
* m]::% ot 7, JM) {1/}2J2’w2=]1}{¢2j45 Yoy},

where G denotes the complex conjugate of G and we divided with ¢g?NN as in (2.59). To
evaluate this we use the results of appendix C where we expressed all the above terms with

2The F and G Clebsch-Gordan coefficients are evaluated on the momenta corresponding to the surviving
dynamical degrees of freedom of the sector. However, due to the redefinition (B.8) of the fermionic modes
with k£ = 1, which exchanges a field with its hermitian conjugate, the momenta on which the Clebsch-Gordan
coefficients (2.61) are evaluated have opposite signs than the momenta of the modes (2.53). Thanks to this
modification, we observe that the conditions on momenta coming from triangle inequalities of the Clebsch-
Gordan coefficients F, G are consistent with momentum conservation as evaluated directly from the creation
or annihilation of particles dictated by the field content of the interactions.

3The full interacting Hamiltonian of A" = 4 SYM action after reduction on the three-sphere is given in
eq. (B.40).
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Clebsch-Gordan coefficients using only the C Clebsch-Gordan coefficient. It is important
in this to keep properly track of the constraints on the momenta. All terms in the sum
should have

m:—m:JQ—lejg—J4EAJ. (267)

On the other hand, the triangle inequalities fix the range of summation of the momentum J
and slightly differ for the various terms. The quadratic combinations in F impose |J;—Ja| <
J < min(J; + Jo, J3+ Jy) while the quadratic expressions in G impose the same conditions
when p = 1, and the different constraints |J; — Jo| < J < min(Jy + Jo — 1,J3+ Jy — 1)
when p = —1. A remarkable simplification comes now from applying eq. (C.47), which
upon a shift J — J — 1 in the contribution GG with p = —1, allows to cancel all the terms
in the sum except for a single contribution coming from the lower boundary of summation.
This allows to explicitly compute the sum over J, the only remaining term coming exactly
from GG with p = —1 evaluated at the boundary value A.J. In conclusion, (2.66) gives the
following four-fermion contributions to Hiyt
1 -1 i 1 P
v 2 7 )~ g > (tvh vndo) - (2.68)

n=0

where we defined the SU(NN) charge density

Z \/W{d)mwn-&-l} (2.69)
Note that the first term in (2.68) arise from AJ # 0. Instead the second term arise from
AJ = 0 and one sees that it is zero on singlet states and therefore does not contribute.
Note also that an important difference from the case AJ # 0 is that the FF term in (2.66)
has a singular prefactor when J = 0, which means that the only remaining contribution
from the entire interaction comes from the GG term with p =1 evaluated at J = 0.

Finally, the mixed bosonic-fermionic part of eq. (2.34) combined with (2.64)—(2.65)
gives the following contribution to Hipyt

1

N 2 X 22
JM Ji,J2,J3,Js4 | p==%1 A,J
I+ do+1
4J(J+1)

2 (VAP JMPQJZ; sty VB(RADDE, 5,08 )

— (m_m>2

7 5
(C;h,JMf vom T CnanF 7]

1 t t
T, JM T, JM)} mtr ([®2J1,@2J2]{¢2J37¢2J4}>.

(2.70)
Notice that the two pieces mediated by the gauge field come in pairs, with the constraints

m:—m:AJEJl—J2:J4—J3 V m:—ﬁ’L:—AJEJQ—leJg—J4.(2.71)

For this reason, it is possible to split the result in two parts. For both of them, the sum over
J can be analytically computed with a similar trick as in the previous cases: we shift the
terms with p = —1 in the sums over DG to find that the sum vanishes due to (C.57), and
then we conclude that there is only a contribution from the lower extremum of summation.
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Collecting these results and adding the quartic bosonic terms egs. (2.41) and (2.43) and
quartic fermionic terms (2.68) one finds the simple result

1 1 ; I« 1
LS b (ata) - Ly — tr ([®f <I>nA>, 2.72
N &1 r (i) - gy @b )+4Nz;)n+1 r (2], i (2.72)

where we defined the total SU(N) current density §; = ¢;+¢;. This expression is the quartic
scalar self-interaction of eq. (2.35) plus eq. (2.34) with the current given by (2.64)—(2.65).
We see that only the first term in (2.72) contributes to the interactions since the Gauss
law on the three-sphere means that §g is zero.

Finally, we should consider the Yukawa-type terms (2.63). The presence of these
interactions imply that the field 4 is sourced, and should thus be integrated out. After
doing that, we find the following further contribution to Hint

2( 1)2J4 2J1]:J1

Ja
1 TMrsTa T T M T < + t
DY tr (@20, 65, [0an, ®1,)) - (273)
2N A T ERW (kWY — (m — ) 4 )

We consider the sum over J by splitting between the cases J; < Jo, J1 > Jo. It turns out

that the argument of the sum vanishes once we shift J — J — % in the term with x = —1.
Then the result reduces to a boundary term when J; > Jo, while it vanishes when J; < Jo,
since in the two cases the extremes of summation change. The result is*

1 Z tr ([(1)2J37 ¢§J3+2AJ] (V214200 @£J2]> o
N, R0 VR AN DR T AT 1) '

where we defined AJ = J; — Jo = Jy — J3.
In summary, the effective Hamiltonian in the g — 0 near-BPS limit towards the BPS
bound H > S + Q1 + 5(Q2 + Q3) is

Hiimit = Lo + §° Hing (2.75)

with the interaction Hamiltonian (2.59) given by

s 1 i
Hin = 5 ?1 i (ql ql) o ?0 tr (FIF). (2.76)

where we defined

Tr[}m-i-la
Z m 21

In eq. (2.76) we took into account that all physical configurations have zero SU(N) charge
Go = 0 due to the Gauss law on the three-sphere. Note that Hj,; is manifestly positive.

4We observe that the physical consequence of having different extremes of summation is that the inter-
action only contains a particular assignment of momenta: in the quantized theory we annihilate a boson
and create a fermion with higher momentum, and at the same time we annihilate a fermion to create a
boson with lower momentum. The reverse possibility is forbidden.
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One can check that the interacting Hamiltonian Hj,; commutes with the number oper-
ator N of eq. (2.58) as well as the SU(1,1) charges Lo and Ly in (2.56)—(2.57) with respect
to the Dirac brackets (2.29) and (2.54). This means the theory has a global SU(1, 1) x U(1)
invariance. However, this can be enhanced to SU(1,1|1) xU(1) by considering the conserved
supercharges. We define

-3 W tr (0nss + BLun) - (2.78)

One can now show

Lo={2,Q"p, {Hu,Qp=0, (2.79)

using the Dirac brackets (2.29) and (2.54). This reveals that the near-BPS theory is
supersymmetric.

The non-relativistic nature of the near-BPS theory is apparent from the conservation
of the number operator N, which is related to the decoupling of anti-particles in the limit
as one can see from the constraint eq. (2.51). In addition, it is seen by the fact that
the surviving dynamical fermion appears with only a fixed choice for the chirality x = 1,
thus giving a description in terms of a single Grassmann-valued field. This phenomenon
also happens when considering the non-relativistic limit of the Dirac equation in 3 + 1
dimensions, since after sending ¢ — oo one of the Weyl spinors composing the Dirac fermion
becomes heavy and decouples from the theory, leaving only a single Weyl spinor entering the
Schroedinger-Pauli equation. Such a result can be found by requiring Galilean invariance
from first principles and can be generalized to other dimensions [26]. It also applies in
the context of null reduction, a procedure that allows to find Bargmann-invariant theories
starting from relativistic systems in one higher dimension [27]. This mechanism works
naturally also for non-relativistic supersymmetric theories built from null reduction [28].

In section 3 we quantize this theory and find that it is equivalent to SU(1,1|1) Spin
Matrix theory. In section 4 we show that the natural presence of the supercharge Q is
related to the fact that one can formulate it in terms of a momentum-space superfield
formalism. Finally, in section 5 we consider a local formulation of this near-BPS theory
and comment on this.

2.4 Fermionic SU(1,1) limit — a subcase of SU(1,1|1)

For completeness we consider here briefly the BPS bound H > S; + %(Q1 + Q2+ Q3). The
near-BPS limit gives in this case a subsector of the SU(1, 1|1) near-BPS limit in which only
the fermionic modes survive. The global symmetry of this theory is SU(1,1) x U(1).
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Considering the quadratic terms on the left-hand side of the BPS bound H — 57 —
2(Q1+ Q2+ Q3) > 0 we find

HO_Sl_g(Q1+Q2+Q3):
2 5 2 ~
= Z tr{ +<w%—<3+ﬁ1—m>>|¢imml2

T . K
+ Z ((w? +m—-—m— /ﬁ) ¢EM,»¢,1¢§M,R + Z (wz’ +m—-m++ g) th]Mﬁ’A%Z}?M’H)

- 2 _
I 4 (3 +m— m) of/mm

k=1 A=2,34
1 mm . ~ mm ~ mm
+ Y 5 (yn{p) —i(m — )AL 2 4 (@ — (m - )| AL 2) } . (2.80)
p=—1,1

As in sections 2.2 and 2.3 this provides a set of constraints. Comparing to section 2.3 we
find that the constraints are (2.48), (2.49) and (2.52) with the additional constraints

Jmm — fmm =0, (2.81)

which means that all scalar fields decouple. The only surviving modes are thus s; =
A=1

wJ,—J—%,J;n:l

same way as in the SU(1, 1|1) case of section 2.3 the terms that one obtains from integrating

with the Dirac anti-bracket given by (2.54). Since the gauge field enters in the

out the gauge field are the same. Thus, one can obtain the interacting Hamiltonian Hij,
of this near-BPS limit simply by be setting the modes ®,, = 0 in the SU(1,1|1) case. We
find therefore Hy;my = Lo + §2Hmt with

o0

1 &1
Hip = m;ltr ( jq,> . (2.82)

where the SU(V) charge density is defined by (2.69) and we took into account that all
physical configurations have zero SU(N) charge gy = 0 due to the Gauss law on the
three-sphere. The properties of this theory are now inherited from the SU(1,1|1) case. In
particular, Hiys has the global symmetry with respect to SU(1,1). Moreover, the number
operator N is conserved which again is in accordance with this being a non-relativistic
theory.

2.5 PSU(1,1]2) limit — the maximal case

The last BPS bound that we consider is H > 51 + Q1 + Q2. The theory emerging from the
limit (2.13) contains interactions with global invariance PSU(1,1|2) x U(1). In particular,
it is supersymmetric and includes a SU(2) residue of the original R-symmetry: this means
that we will find again both bosonic and fermionic modes, but now both of them will
transform as a doublet under this group. In section 3 we quantize this theory, while in
section 5 we show that it can be described in terms of local fields.
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Free Hamiltonian and reduction of the degrees of freedom. Given the free Hamil-
tonian Hy and the Cartan charges derived in appendix B, we consider the near-BPS bound
at lowest order in the coupling, i.e. we impose Hy — S1 — @1 — @2 = 0. The left hand
side reads

Hy—S1—Q1—Qa =

DS

4
S (@Y + = ) () W — 5SRO + fe(w?M?n)w;‘M?J

JM k=41 LA=1
+ ) M i+ = m)(@5)M)? + (W5 — (14— m)?) @M
a=1,2

F M i — m) @M+ (W3 — (1 — m)?) g M|

1 mm . ~ mm ~ mm
+ Y3 (|H‘(]p) —i(m — ) AL 4+ (w3 — (m— 1)) ALY 2) } (2.83)
p=—1,1

The vanishing of this expression gives a set of constraints. The common feature with
the other cases is that the gauge field is non-dynamical, since it appears again with the
same combination as in section 2.2, and then gives rise to the same constraints (2.23).
On the other hand, now there is more space for scalars and fermions, indeed we find the
generalization of eq. (2.26)

= 4@l H=7 =0 (a=1,2), (2.84)
and there are no constraints on the fermionic modes with
A=1, k=1, m=—J— = m=J, (2.85)

A=2, k=—1, m=—J, m=J+ . (2.86)

All the other scalars and fermionic modes decouple in the g — 0 limit. In addition,
the compatibility with Hamiltonian evolution works in the same way as in the previous
cases, i.e. no additional constraints are generated, except for the non-trivial Dirac bracket
involving the new scalar surviving the limit, in complete analogy with eq. (2.27)

{237, (@ "o = =8 (2.87)

wJ
The entire set of constraints is given by (2.48)—(2.52), the only difference being that we need
to apply all the previous identities involving the scalar ®; and the fermion 1 to the new
dynamical modes ®, 1, t00.> Indeed, the dynamical bosons and fermions form a doublet
under the residual SU(2) R-symmetry. We remark this explicitly, and we canonically

5Strictly speaking, the identities involving the two fermions are not the same, because the dynamical
modes differ. However, here we mean that all the fermionic modes vanish except for the cases selected
by (2.85) and (2.86).
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normalize the Dirac brackets of the scalar fields, by introducing the notation

32 = (\/2%@{""7{\/szq>§"J’J) , (2.88)
vgr= (A7, e ), (2.89)

J—J=5.m=1"" I = J 45 k=

They will be the dynamical modes entering all the interactions of the sector, with brackets
given by eq. (2.29) and (2.54) for all the fields in each doublet.
The evaluation of the free Hamiltonian Hy in eq. (2.83) on the constraints gives

[e.o]

o=ty [(n +1) )00 + <n + g) \W] , (2.90)

n=0

which is the natural generalization of the quadratic Hamiltonian of the SU(1,1|1) sector.
The SU(1,1) generators similarly generalize with a SU(2) structure and read

— tr = n 1 a|2 n a|2
to= w32 (nrg) o+ e ) (2.91)
Ly = (L) =t Y [0 4 D@D + Vi DT D] - (292)
n=0

This shows that the free Hamiltonian and Lg are related with a shift by a number operator
N such that

1. R [e'e]
Hy=Lo+ 5N, N=tr > (128 + [pa]?) (2.93)

n=0

The number operator N is a conserved charge because it commutes with Hg, Lo, L+ and the
interactions, due to the brackets (2.29) and (2.54). Hence we can define the free part of the
Hamiltonian to be Lg; the charge N and the corresponding invariance of the Hamiltonian
correspond to the particle number symmetry typical of non-relativistic theories.

Interactions. The interacting Hamiltonian in this sector is defined by

. H-=5-Q1—Q2
Hint:;% g2N .

(2.94)

Following the general strategy outlined in section 2.1, we identify the following interactions:
e Contribution of the currents for the coupling to the non-dynamical gauge field.
e Quartic scalar self-interaction.

e Yukawa term, which gives rise to effective quartic interactions after integrating out
one of the non-dynamical fields.

In principle these possibilities are the same allowed for the SU(1,1|1) sector, the difference
being that from a technical point of view there are more possibilities among the non-
dynamical fields to integrate out, and the interactions have an additional SU(2) structure.
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We start from the generalization of the currents (2.64) and (2.65), which now read
= g PR (g ()]
0 N (2.95)
+ 9F T A (0L, + 0F R s, (09)) )

1
jHmn g Ji(+1)
(p) W W,

g:% JMp{lp%Jl’ (7/)1);12} gg:;f JM, p{qzz)gjp (¢2);J2}'
Here we used eq. (C.29) and (C.39) to express the result only in terms of the short-

hand Clebsch-Gordan coefficients introduced in eq. (2.36) and (2.61), and we immediately
rescaled the scalar fields according to the definition (2.89).

5710 ()}
\717JMp[ 2J1 ( )2]2] (296)

These currents are singlets under SU(2) and contributes to the interactions via
eq. (2.34). Using techniques analog to the method explained in section 2.3 for the SU(1,1|1)
sector by means of the identities given in appendix C, we reduce all the sums over inter-
mediate momenta J to a boundary term.

In order to perform this method for the purely scalar part, however, we also need to
include the quartic bosonic self-interaction, which partially contribute to this result. The
corresponding term in the general N'= 4 SYM Hamiltonian is

2 1
2t (51,00 + [22,00) + [0, 822 + 21,002 (2.97)
which we can equivalently write as
2
g 1
ot (51100 (ODIP + [, 20]1 ) (2.98)

The first term contributes to the effective interactions mediated by the gluons, having
the structure of a product of SU(2) singlets, i.e. it has a SU(2) double trace structure.
Combining such a term with the formula (2.34) with currents (2.95) and (2.96), we obtain

Lt (T) (2.99)
— —tr .
2N l QZ QI )
I=1
where the charge densities are ¢; = ¢q; + ¢; with

=3 S (@ (@), Ty m{(w)n,wa)”“} (2.100)

n=0a=1,2 n=0a=1,2

The other term included in the quartic scalar self-interaction (2.98) requires some additional
care. It is a SU(2) single trace operator, and as such it cannot can be mediated by a SU(2)
singlet. Consequently, it gives rise to a genuinely new interaction of the form

JM  pd,—M
1 CJl \72CJ3,J3,—J3;J47J4,—J4 tr ([@2]1 (I)2J2} [((I,T)ZJ;; ((I)T)QJALD
> b b ’ a

AN oo @A+ DA+ D+ D)2L+]) "

o

_i ; m+l gn Ty\n4l tym
=N Zom+n+l+ltr<@a L op[(@])" ", (@h)™)).

l,m,n=

(2.101)
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In this case the sum over J in the first line is trivial because the conditions on momenta
saturate the triangle inequalities, and this fixes J = J; + Jo = J3 + J4. The second line is
then obtained with straightforward shifts and rescalings of the labels.

The remaining interactions of the sector all arise from the Yukawa cubic term in the
N = 4 action, and they generalize eq. (2.62). Due to the broader field content of the
sector with respect to the previous cases, it is now possible to obtain effective quartic
interactions which survive the limit by integrating out three different non-dynamical fields:
3,9t or @s.

We start by integrating out the fermion fields ¢3,*, which works conceptually in
the same way as for the SU(1,1|1) sector and brings to an effective interaction analog to
eq. (2.73). Since there is an additional SU(2) structure, we find more possible combinations
of the fields. The sum over intermediate momenta J can be performed with a shift J —
J - % in appropriate terms, leading again to a contribution coming from the boundary of
summation. We find

i tr ((@D)ms (Do) [(0)] 10 (@)
oyl Vim+l+1)(n+1+1)

\/Weacebd tI‘ T/}a)ma ((Db)m+l+1][(¢i)n+la ((Pd)N}) (2 ]_02)
Z I m+n+l+2 .

m,n,l 0

\/m—Hﬁacebd tl" O )11 (V)] (@), (T/Jd)nJrl])
2N Z n+l+1 m+n+1+2 '

m,n 7l7

The last interaction comes from integrating out the non-dynamical scalar ®3 from the
Yukawa term. This gives rise to a new quartic combination of purely fermionic fields,
whose explicit expression can be worked out by similar manipulations as above, giving

a1t ({dme @) D @hm})
2N Z (m+14+1)(n+1+1) m+n+1+42 )

m,n,l=0

(2.103)

This concludes the treatment of the interacting Hamiltonian of the PSU(1, 1]|2) theory. The
full Hamiltonian of the system in the near-BPS limit ¢ — 0 with bound H > S1+ Q1+ Q2 is

Hiimit = Lo + §° Hint - (2.104)

The interacting Hamiltonian is obtained by using the definition (2.94) and collecting all
the previous terms. Remarkably, the final expression can be written in a convenient form
showing that it is manifestly positive definite by means of the property

tr ({¢1,¢2}[‘I’J{,‘I’£]> = tr <W1aq’“[¢27<b£]> ~tr ([wl,cbé][%,cb{]) . (2.105)

Thus we obtain

o= 5y 3o r (1) + 5 Ztr [Eah) + 530 D (Gan)] (Gl
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where we defined

o T
(Faw,:n;[%%m], (Gath = (2.107)
IDEDY ( ﬁ{(%)m,(%)n}é(mnﬂ—l)+[(cba)m,(@b)n]é(m+n+1—1)>.
m,n=0

(2.108)

The expression (2.106) is invariant under the global group SU(1, 1) x U(1), as can be checked
explicitly by computing the commutators with the particle number operator N and with
the charges Lo, L1+. In addition, it is also invariant under extended supersymmetry, with

supercharges
Q1= 3 >y e (D@ + @)
e - (2.109)
Qs = Z Z ﬁeab tr ((wl)n(@b)m—l + ((DZ)n(wa)n) .
a,b=1,2n=0
satisfying
Lo=1{01,Ql}p ={Q2Q}p.  {Huw, Qu}p = {Hi, Q2}p = 0. (2.110)

This can be shown to be true by using the Dirac brackets (2.29) and (2.54) for all the copies
of the fields. The same comments given in section 2.3 about the non-relativistic nature of
the model are true. In addition, we observe that the broader field content of this near-BPS
limit allows for a set of new interactions in the last two lines of eq. (2.106), where the
distribution of momenta between the bosonic and fermionic degrees of freedom is shifted
by unity. This aspect is related to the fact that the scalars transform under the j = 1/2
representation of SU(1, 1), while the fermionic field under the j = 1 representation. We
will investigate in more details the consequences of this observation in section 5, where this
will play an important role to determine the local description of the sector.

3 Quantization of near-BPS theories

In section 2 we found non-relativistic theories that describe the effective dynamics of NV = 4
SYM near BPS bound, when taking the near-BPS limit (2.13). These theories are classical,
as they arise from limits of the classical Hamiltonian of N'=4 SYM on a three-sphere. In
this section we consider the quantization of the near-BPS theories that we have obtained.

In section 3.1 we quantize the SU(1,1|1) near-BPS theory and find its full quantum
mechanical Hamiltonian and the Hilbert space on which it acts. We show that the quantized
theory includes normal-ordering effects that can be viewed as self-energy corrections. With
these effects included, we review in section 3.1 that the quantized SU(1,1|1) near-BPS
theory is equivalent to SU(1, 1|1) Spin Matrix theory [5]. As we explain in section 3.2, this
means that taking the near-BPS limit (2.13) on the level of the classical Hamiltonian of
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N =4 SYM on a three-sphere, as we did in section 2, and then quantizing the resulting
near-BPS theory, is equivalent to first quantizing N' = 4 SYM on a three-sphere, and
then taking the near-BPS limit (2.13) of the quantum Hamiltonian, which is equivalent to
the dilatation operator of N' = 4 SYM. Thus, one gets the same result whether one first
quantizes, and then takes the near-BPS limit, or if one first takes the near-BPS limit, and
then quantizes.

We stress that since one can view the bosonic and fermionic SU(1, 1) near-BPS theories
as truncations of the SU(1, 1|1) near-BPS theory, the conclusions we draw for the SU(1,1|1)
case will hold for these cases as well. We furthermore comment on the extension to the
PSU(1,1]2) case.

3.1 Quantization of SU(1, 1|1) near-BPS theory

We perform now the complete quantization procedure for the SU(1, 1|1) near-BPS theory.
This theory is rich enough to show the appearance of non-trivial contributions from the
normal ordering of both the bosonic and fermionic terms in the Hamiltonian, and it is also
the simplest case where supersymmetry arises. The procedure can be straightforwardly
generalized to include the new interactions of the PSU(1, 1|2) sector as no additional sub-
tleties arise.

First of all, we replace all the Dirac brackets with (anti)commutators

{'?'}D _>Z[7}7 (31)

where we denoted with {}p in the Lh.s. the classical brackets and in the r.h.s. the no-
tation stresses that the symmetry depends from the bosonic or fermionic nature of the
fields involved. Then we introduce raising and lowering operators obeying the canonical
commutation relations

[(ar) ]a( ) = 52 5" ‘5rs ) {(br)i]v (bl)kl} = 5i15kjdrs’ (3.2)

where a; = Py, as <I>Jr are bosonic, and b = 1y, b = ws are fermionic. These oscillators
carry indices ¢,j for the internal SU(N) symmetry and an index s corresponding to a
representation of the spin group SU(1, 1|1).

Using this dictionary, we directly promote the classical result (2.76) to a quantum-
mechanical Hamiltonian

(9) 1 §2 0 1
5=

s=0

I o0 1 (3.3)
+ 2 tr ([a ,b* Isssval,])
2N $,81,52=0 \/(81 + s+ 1)(52 +s+ 1) e
where we defined the quantum version of the charge densities as
(0.9]
q = Z : [(Ll, a5+l] 5 Z \/W {b57 bs—i—l} a=q+q. (34)

w
Il
o

— 96 —



At the classical level, the zero mode of the total current gy vanishes due to the Gauss law
on the three-sphere. At the quantum-mechanical level, §g is zero when acting on physical
states
Golphys) = 0. (3.5)

Hence, the Hilbert space of the quantum theory corresponds to the states which are singlets
with respect to the SU(NN) symmetry. Now we show that normal ordering is responsible
for the appearance of the self-energy corrections. The result for the SU(1, 1) bosonic sector
was derived in [4], but here we review and generalize the procedure including also the
fermionic partner.

For the bosonic part, the following result can be obtained by using the commutation
relations (3.2) in the explicit evaluation of the normal ordered interaction:

Z S tr <q2q5> = Z 5 tr (: alqs :) + 2NZ h(s) tr (alas> -2 Z h(s)tr (al) tr (as) .
s=1 =1 s=0 s=0
(3.6)
Here we defined the harmonic numbers as h(s) = >} _, % . An analog computation applied
to the fermionic part of the Hamiltonian gives the similar relation

i % tr (ggqs> :i % fr (: Gtds :) +2N§: h(s+1)tr (bgbs> +2§: h(s+1) tr (b1) tr (bs) .
=1 s=0 s=0

(3.7)
In this case, the different argument of the harmonic numbers comes from the identity
o
1 s+1
-————=h 1 3.8

which in turn arises from the normalization of the fermionic ladder operators. In the
SU(1,1|1) sector there are also mixed bosonic-fermionic interactions, but they do not con-
tribute to self-energy corrections, as can be checked explicitly:

=1 =1
>t (alds +alas) =Y ~tr (salds+dlas ) (3.9)
S S
s=1 s=1

To proceed further, we need to work out the implication of the SU(NN) singlet constraint,
which implicitly enters the Hamiltonian as the term with s = 0 in the quartic interactions

mediated by the non-dynamical gauge field. For the bosonic case, we need to use the
identity®

i h(m) tr (: [al  am] : q0> = i h(m) tr (: {almam} [al,a”} :)
m=0

m,n=0

+2N ) h(m)tr (af,a™) — 2> h(m)tr(al,) tr (a™),
m=0 m=0

(3.10)

SStrictly speaking, the singlet constraint involves the total charge density go and not the single terms
qo, Go- However the mixed terms do not have normal ordering issues because the bosonic operators commute
with the fermionic ones, hence it is not restrictive to consider only the diagonal terms in the computation
of the self-energy corrections.
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while for the fermionic case the analog expression is

i h(m + 1) tr (; {bin,bm} : qo) - i h(m + 1) tr (: {bjn,bm} {bL,b”} :)

m=0 m,n=0

+2N Y h(m+ 1) tr (b],0™)

m=0

o0
+2) " h(m+ 1) tr (f,) tr (07) . (3.11)
m=0
No additional self-energy corrections arise instead from the mixed bosonic-fermionic inter-
action. The crucial observation is that all the self-energy terms cancel when summing the
right-hand side of egs. (3.6), (3.7), (3.9) with egs. (3.10) and (3.11).
The quartic interaction which was mediated by the non-dynamical fermionic field (as

explained in section 2.3) is already normal-ordered. In this way the quantum Hamiltonian
of the near-BPS SU(1, 1|1) theory becomes

0o 1 (%) 2 1
_ 1 t T 9 + Lata
Hyn =Y <s+ 2) tr (asas> +§(s+ 1) tr (bsbs) +on Z; _tr ( G1ds )

= >
"y fﬁohmtr (: [eh, ] ol ] ©)
By

A e (o b))

& 81,220 (3.12)
+ N Slgzoh(sl +1)tr (; 5} al 0] :)
+ fjv i nsn)tr (- faf, a¥](6], 0% )

) o |

+ tr (¢ [0y, 0Lyl lb sl ] 1) -

2N $,581,52=0 \/(Sl + s+ 1)(82 + s+ 1)
We will see in the following that this is equivalent to SU(1,1|1) SMT [5].

3.2 Quantization vs near-BPS limit

Above in section 2 we have taken near-BPS limits (2.13) of classical N = 4 SYM on a
three-sphere, to obtain a classical description of the near-BPS dynamics close to certain
BPS bounds. Subsequently we quantized the resulting near-BPS theory, specifically in the
SU(1,1|1) case, to obtain the quantum Hamiltonian (3.12) in section 3.1. This was done by
using a standard normalordering prescription. In this way we found a quantum Hamiltonian
that effectively describes a lower-dimensional theory with non-relativistic symmetries. The
route to obtain this result is illustrated in one of the paths in the diagram of figure 2.

As we shall see in this section, there is another route to the same result, also illustrated
in figure 2. In this case, we start by quantizing N’ = 4 SYM on a three-sphere. The quantum
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| quantization ( ] ]
‘ Classical N' =4 SYM | LDlla‘catlon operator D
near-BPS limit near-BPS limit

— (Quantum Hamiltonian H gy,
quantization L

‘ Classical Hamiltonian Hijp;t J

Figure 2. Commutative diagram representing two different ways to obtain the same quantum
theory. One path is to first take the near-BPS limit classically, and then to quantize the theory.
That is the path of this paper performed in sections 2 and 3.1. The other path is to first quantize
N =4 SYM and then take the near-BPS limit. This corresponds to the Spin Matrix theory limit
of [5]. Both paths yield the same result.

Hamiltonian is then given by the full dilatation operator D of N' =4 SYM on R* [10-12]
(by the state/operator correspondence). One can then subsequently take the same near-
BPS limit (2.13) as for the classical description. Amazingly, as we show in detail below,
this will reveal the exact same quantum theory. Thus, in short, quantizing and taking

near-BPS limit commute with each other.

The alternative route, with quantizing first and then taking the near-BPS limit, has
been previously explored in [5] and in references therein. In these works, the near-BPS
limit is known as the Spin Matrix theory (SMT) limit and the resulting quantum theory as
Spin Matrix theory (SMT). Thus, we show in this paper a different route to obtain SMT.

That quantization and near-BPS limit commutes, as illustrated in figure 2, is not a pri-
ori evident. The commutativity of the limits is particularly non-trivial for non-relativistic
theories: in fact it is known that procedures like the ¢ — oo limit or null reduction do not
commute a priori with the quantization of the theory, or with other generic limits that one
can perform in such systems. For our near-BPS limits, however, we show that the diagram
in figure 2 is commutative, i.e. the two prescriptions lead to the same result. A posteriori,
this matching justifies the prescription given for the quantization of the classical result
coming from the sphere reduction.

To exhibit the connection to the SMT /near-BPS limits of the full dilatation operator
D of N' =4 SYM we focus on the SU(1,1|1) case for which we found the quantum Hamil-
tonian (3.12). The focus here is on the interacting part which should be compared to the
SU(1,1|1) sector of the one-loop contribution to the full dilatation operator D. Writing

Hym = i (5 + ;) tr (alas) + i(s + 1) tr (blbs> + §2‘quvint (3.13)
s=0 s=0

we are interested in the quantum interacting Hamiltonian Hgp, int. It is convenient to write
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it in terms of renormalized four-point vertices,

1_55 S
Hunin =gy 3 32 (- o]l =] 2) (s (h(50) s = ) — =222

s=0 s1,52=0 |Sl_82|

g (81+1)(52—s+1) '
I L e st JQURVLESRRY

1-— 53 s
X <5s1782 (h(Sl + 1) + h(52 — s+ 1)) _ 1,2)

|81 — 82
g?
WZ Z
OO

178+1 1_55 ,S
) \/;tr 517(152 {bsl —s7 52 s} >< 51,82 ( ) FIS;
=0 s1,52=0
9> s2+1 s
+ 4N \/T {bsl’ 32}[ Ag)—g9 Asa— 8] :> <581,52h(51+1)—s’1’52)
|51 —s2]

s= 05132 0

]
+ﬁz

s,51,52=0

tr :as,bi <J1bs S,ai o).
\/31+s+1)(32+s+1) <[ 22 Doyl b 1])

(3.14)
The terms in the right parenthesis for each vertex correspond exactly to the one-loop
dilatation operator in the SU(1,1|1) sector [11]. Thus, we have shown the commutativity
in the diagram of figure 2. This means that the quantum Hamiltonian (3.12) indeed is that
of SU(1,1|1) SMT.

It is interesting to note that the computation of (3.14), from point of view of the one-
loop dilatation operator of N' =4 SYM, is quite involved. One has to compute divergent
Feynman diagrams for N'= 4 SYM and perform dimensional regularization for two-point
functions. Instead, we have found the same result from a classical computation, i.e. the
near-BPS limit of the sphere reduction of the action on R x $3, along with a simple normal-
ordering prescription to obtain the Hamiltonian at the quantum level.

Generalization to the PSU(1,1|2) sector. Here we comment on the generalization
of the result to the PSU(1,1|2) sector. In this case, the bosonic and fermionic fields are
both supplemented by an additional SU(2) index due to the residual R-symmetry of the
system. We then define the ladder operators as

(aa)s = (Pa)s (a:rz)s = (@2)87 (ba)s = (Ya)s » (bz)s = (wl)s (3.15)

The prescription to quantize the Hamiltonian coming from the sphere reduction is still to
directly promote the result at quantum level, without further changes. This implies that
the interacting part is given by

N‘)—l
8

Homne = 50 2t e )+ D e (E () + gy D i (Can)] (Gl
=1 =0
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where now we have

0= > e @) =30 > L 0 8" (1)

a=1,2n=0 a=1,2n=0
_ = [(ba)mﬂa(ab)jn] _ i )
(Fab)l—mzo \/m , (Gab)l— ﬂ(jab)l, (3.18)
(hm=:23< :ifﬂ%%(@dﬂm+n+2—0+K%MJ%MMm+n+LJa'
m,n=0
(3.19)

Working out the SU(N) singlet condition and writing all the expressions in terms of normal
ordered quantities allows to recast the result in a form where the vertices are renormalized
in the same way as computed from the one-loop corrections to the dilatation operator in
this sector. The procedure is completely analog to the SU(1,1|1) case, and we simply need
to complement the result with the additional SU(2) structure.

4 Momentum-space superfield formalism

The spin group of the SMT Hamiltonian in the SU(1,1|1) limit is supersymmetric, i.e. it
admits the existence of a complex supercharge relating the bosonic and fermionic dynam-
ical degrees of freedom surviving the near-BPS limit of N’ =4 SYM. It is then reasonable
to expect that there exists a suitable superspace formulation which makes this invari-
ance manifest and allows to reproduce the field content and the Hamiltonian in terms of
superfields.

Indeed, we now show in detail that this is possible. We stress that while we will give a
semi-local description of this model in section 5, it should be considered as a complementary
way to describe the system, but not as a necessary step. In fact, all the expressions that we
are going to introduce in this section can be considered independently as a way to obtain
the classical Hamiltonian (2.75).

Following the discussion of section 2.3, it is convenient to use Ly as the free part of
the Hamiltonian; this reads

Lo = /dt 2 > tr <(5+ ><I>T<I> +(s+1)ww)3> . (4.1)

The eigenvalues are explicitly given by s + 1 — R, with R = ( 0) being the U(1)g charge
of bosons and fermions,” respectively.

Since the sector contains only a single complex supercharge, a corresponding super-
space formulation accordingly requires the introduction of a single complex Grassmannian
coordinate (G,HT). Moreover, the requirement that the anticommutator of supercharges
closes on L fixes their expressions to be

0 0
= — f — [
Q 69+ 9(3—1—1 R), Q o907

"See appendix D for more details on the R-charge and the generators in the oscillator representation.

+%ﬂs+1—R% (4.2)
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which indeed satisfy
(0,01} =s+1-R=1L,. (4.3)

The most general superfield that we can define in a superspace with one complex Grassmann
coordinate is given by

X, (,0,07) = Ay(t) + 0By(t) + 0TCy(t) + 00T Dy(t) . (4.4)

The component modes appearing in the definition of the superfield can have a priori both
bosonic or fermionic statistics. In particular, in two dimensions both choices are allowed.
We will distinguish the two possibilities by calling the superfields either bosonic or fermionic
depending from the behaviour of the lowest component. In fact, fixing the statistics of A4(t)
is sufficient to fix the statistics of all the other component fields in the expansion.

Given the general expression of the superfield, it turns out that the number of com-
ponent fields in the multiplet is too big, and we need some constraints in order to find an
irreducible representation. This task can be achieved by defining the covariant derivatives

0 0 i
;2 tat _ R T _
D= 289 29 (s+1—R), D 289T+20(8+1 R), (4.5)
which satisfy the following commutation relations:

In this way we define the notion of chiral >, and anti-chiral Zl superfields by requiring the
conditions

D'y, =0, Dxl=0. (4.7)

We will show that the only matter field needed to build the Hamiltonian in superfield
language is a chiral fermionic superfield ¥ plus its hermitian conjugate ¥T. For this reason,
we directly consider the case where the bottom component of the supermultiplet is a
complex fermion and we impose the (anti)chirality constraints to get

U (t,0,01) = S 4 00,(t) — 30015+ To(t), (4.8)
it 0,00 = # +0t®l(t) — Loot /s + Tyl(t). (4.9)

Notice that the particular normalization of the fermionic components reflects the definition
of the charge densities, see egs. (2.42) and (2.69). This will play an important role to deter-
mine the correct form of the interactions. The constrained superfield gives an irreducible
matter supermultiplet, since it only contains a single complex scalar and the fermionic
partner, which are the surviving degrees of freedom of the near-BPS limit. No auxiliary
fields are needed.

The supersymmetry transformations of all the modes can be found by computing

SV, = (EQ n ETQT> v, (4.10)
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and then projecting the result on the various components. We find that the free Hamilto-
nian Ly can be written as

Lo = /dt/dedm i tr (\Ifg(s +1- R)\IJS> . (4.11)
s=0

Working out the rules of Berezin integration, this is easily shown to correspond in compo-
nent formalism to eq. (4.1).

Now we move to the interacting part of the Hamiltonian. Having at disposal the
fermionic superfield containing all the dynamical fields of the theory, in principle we can
build higher-order terms with appropriate combinations of the superfield. However, it turns
out that the choice of the fermion as the lowest component of the supermultiplet and the
Grassmannian nature of the superspace coordinates are responsible for the identities

=0, (¥)?=o0, (4.12)

S

which are a natural supersymmetric generalization of the concept of Grassmann variable.
In particular, this fact rules out the construction of a superpotential, i.e. an expression
holomorphic in the superfields, which is the natural candidate for renormalizable inter-
actions in standard relativistic theories. While this fact forbids to build the SU(1,1|1)
Hamiltonian only in terms of the fermionic superfield, on the other hand it shows that
another kind of supermultiplet is required to specify the theory, and in fact we will need to
add a bosonic (anti)chiral superfield. The necessity to integrate in a new field also arises at
the level of components, as we will show. This is justified by the fact that the theory still
contains remnants of the original gauge symmetry of the A/ = 4 SYM action, which in the
near-BPS limit are non-dynamical and mediate the interactions via the currents associated
to the matter fields.
Using the component formalism, we define the modes of the current to be

g1 = Si::.oo (\/ siJlril {@ﬂﬁsﬂ} + [‘I’L ‘EHD : (4.13)

Notice that this definition is exactly the total current® §; = ¢;+¢; written in terms of bosonic
and fermionic currents of egs. (2.42) and (2.69). Now we introduce a gauge contribution to
the Hamiltonian given by a kinetic term for a complex scalar mode Ag(t) and the minimal
coupling between such field and the current:

oo oo
S5 /dt (- Y st (A§A5> +3> (Agjs + Agi)) . (4.14)
s=0 s=0
The equation of motion for the constrained gauge field A; in Fourier space is

sAs — §js =0, (4.15)

8We change here the notation of the current as j; instead of §; to avoid confusion with supersymmetry
charges and to stress that it plays the role of a current in a QFT coupling to a mediator gauge field.
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and after integrating it out, the term added to the Hamiltonian becomes

/dt iitr (jjjs> . (4.16)
s=1

This shows that by integrating in an auxiliary gauge mediator we get precisely this term
entering the Hamiltonian. The quartic interaction between two scalars and two fermions
in eq. (2.76) can be obtained in component formalism by simply combining the fields as

HD>D /Clt Z ! )tI‘ ([@527wl2+l][w51+l’¢ll])) : (4‘17)

51 5310 (s1+1+1)(so+1+1

How is possible to obtain this term from the superfield perspective if we cannot build
holomorphic combinations of fermionic superfields? It turns out that the supersymmetriza-
tion of the gauge mediator will solve the problem at once, accounting for both the term
containing the currents and the quartic mixed interaction.

In fact, we define the following bosonic (anti)chiral superfield

()1
$(£,0,07) = A (t) + 6 — —00TsA,(t 4.1
As(t,60,07) (t) + g 200 (t), (4.18)
t(1.0.00 = At RN OIS ST
Al(t,0,00) = Alt) — 0T 2220 ZpatsAl(r). (4.19)
s+1 2

Since the theory is supersymmetric, we had to introduce in the definition a complex fermion
As, which we will interpret as a residual gaugino mediating another interaction. In this
way, we can write the complete Hamiltonian of the sector as

H:/dt/dedm tr{i(AiAs—ng(sH—R)\ys)
=0

) (4.20)
+9 Z [ so—s1+R— 1 ’ \IISQ} +9g Z \I/L ["451—52—1—1%—%’ \1152] }
51,52=0 s1,52=0

Although this is not manifest, the terms in the second line can be interpreted as a covariant
derivative iD, written in momentum space, as we will see with a local formulation in
section 5.3. The previous expression in component formalism is

H:/dt i tr <<s+;> @L(I)s+(s+1)wi¢sf§:sAlAs
:0 = (4.21)
+5> (Alis+ Addl) -3 S At S M.l
s=0 $,51,52=0 5,51,82=0

The first line contains all the kinetic terms, while the second line all the couplings with
the currents. The remarkable fact is that the gaugino As is not dynamical, and can be
easily integrated out giving a quartic interaction which corresponds exactly to eq. (4.17).
Then we see how the superfield formulation solves the problem: the fermionic partner of
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the remnant gauge field allows to build a term using minimal coupling without resorting
to any (anti)holomorphic superpotential. At this point we observe that the field A is also
non-dynamical, and following the step in eq. (4.15) we integrate out this field to get the
quartic interaction (4.16).

5 Local formulations

In section 2 we have presented non-relativistic near-BPS theories that arise from limits of
classical N' = 4 SYM on a three-sphere. In section 3 we have quantized these theories
employing a normal-ordering prescription. The quantized theories are the Spin Matrix
theories (SMTs) considered in [5] and references therein, that also can be obtained directly
from limits of quantized N’ =4 SYM.

In this section we find local formulations of the quantized near-BPS theories/SMTs.
Our main focus is on SU(1,1|1) SMT, but we also comment on the other cases with SU(1, 1)
symmetry as well. In particular, we initially present the bosonic SU(1,1) sector as a simple
setting to introduce the procedure, and we finally comment on the PSU(1,1|2) case, being
the one with richest structure.

5.1 Local representations on fields

In all of the four cases that we consider in this paper we have a SU(1,1) subalgebra of
the bosonic part of the algebra. This SU(1, 1) is the non-compact part of the algebra, and
the SU(1,1) representations that we have are infinite dimensional. For this reason, one
can find a local representation of the states that we have with respect to their SU(1,1)
representations. We shall do this below for the SU(1,1|1) SMT by considering just the
free Hamiltonian. Subsequently we include the interactions: in section 5.2 we start from
the SU(1,1) bosonic SMT, we then consider in section 5.3 the full SU(1, 1|1) SMT and we
finally comment on the PSU(1,1|2) case in section 5.4.

In the SU(1,1|1) SMT limit of N' =4 SYM the surviving states are |d}Z) and |d}x1)
with n > 0 [24]. The goal here is to find a local representation of the SU(1, 1) representation
of these states. SU(1, 1) has three generators Ly, Ly and L_ with algebra

[Lo,Ly]=+Ly, [L_,Li]=2Ly. (5.1)
Acting with the three generators on the surviving states one finds
1
Lol 2) = (n+ 3 ) 82). Loldia) = (n+ Dldtal,
5.2
LoldiZ) =+ DI Z), Lyldina) =it D+ 2l ), 52
L_|d'Z) =n|d}1Z), L_|d}{x1) = v/n(n+ 1)|d} " x1),
with n > 0. One can compare this to a general spin j representation of SU(1,1)

Lylj.j+n)=+(n+1)(n+2j)j,j+n+1), (5.3)
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This shows that the bosonic states |d}Z) are in the j = 1/2 representation while the
fermionic states |d}x1) are in the j = 1 representation of SU(1,1).

The idea is now to find a representation of Ly and L in terms of differential operators
on a local field. Since we have only one quantum number m in the j = 1/2 and j =
1 representations it should be a one-dimensional spatial direction. Moreover, since it’s
quantized, one should put it on a circle. Hence we introduce the spatial coordinate x,
periodic with period 27, to parametrize this circle.

Consider first the bosonic states |d}Z). We introduce the bosonic complex field

O(t,z) =Y Du(t)elmta)7, (5.4)
n=0

Note that we are in the Heisenberg picture. Identifying Lo = n+% one sees that Lo = —i0,.
This means that as a quantum operator @L acting on the vacuum creates the state |d}'Z).
Note that ® is antiperiodic on the circle due to the half-integer momentum on the circle. As
we shall see below, ® shares some features with S-+ ghost fields, and thus has a mixture of
bosonic and fermionic characteristics. A consistent representation on ® (¢, z) of the SU(1,1)
generators is
Lo = —idy, Li=e""@ Y (-9, +R), (5.5)
1
2

since this reproduces the algebra (5.1). Here R is the U(1) charge which is R =

bosons and R = 0 for fermions. The time-dependence in (5.5) will be addressed below. An
11
272
normalized. Hence one can read off this normalization from the action with Ly in (5.2).

important question is the normalization of the mode ®,,. The states |d}Z) = | +n) are

This shows that ®,, is normalized and we have
[CDWH (I)L] = 10mn - (5.6)
One can now evaluate the equal-time commutators of ®(t, z) giving the result

[®(t,z),®(t,2")] =0, [®(t, ), @(t,x')T] =iSi(z — 1), (5.7)

1
2
where

Si(x) = eltmti (5.8)
n=0

This points to the fact that ®(¢,2) does not have the standard behavior of a local field.
In particular, even if one can find a quantum state that is an eigenstate of the momentum
along the circle, one cannot find a quantum state which is an eigenstate of the position
along .

Turning to the fermionic states |d}x1) we introduce the Grassmann-valued complex
field

— - 1 i(n+1)z
U(t, x) ;} \/mwn(t)e . (5.9)

Identifying Ly = n + 1 we have again the representation (5.5) of the SU(1,1) algebra on
¥ (t,x). The field ¥(t, z) is periodic in the = direction. Upon quantization, the mode 1/1;2
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acting on the vacuum gives the state |d{x1). Again, one should check the normalization
of 1, with the action of Ly in (5.1) and (5.2). With the 1/v/n + 1 factor in (5.9) one gets
that ¢, is normalized, hence in the quantized theory we have

With this, the equal-time anti-commutators of ¢ (¢, z) are

{0t z),(t,z)}y =0, {Pt,x),idpp(t,a)T} =iSy(x — '), (5.11)
Again, this is not a standard anti-commutator for a local fermionic quantum field.

5.2 Local formulation of bosonic SU(1,1) SMT

We start discussing the basic procedure to build a QFT description for the simplest near-
BPS limit, i.e. the SU(1,1) bosonic sector. The main task is to reproduce the interacting
Hamiltonian in eq. (2.45), which is given in momentum space, in terms of a local field
theory containing the complex scalar field (5.4) satisfying the equal time commutator (5.7).
The presence of the singlet constraint in the Hamiltonian implies that the SU(N) remains
gauged. Moreover, we need to integrate in an additional auxiliary field in order to reproduce
the interactions. We can interpret this step as the position space version of the mediation
given by the non-dynamical gauge field in the sphere reduction procedure described in
section 2.

Consider the following (1+1)-dimensional field theory on a circle of unit radius
parametrized by the spatial coordinate x with periodic indentification x ~ x + 27

S = /dtdx tr (icp*(ao £ 0,)® +iATO, A+ G (ATj + AjT)) : (5.12)
where j(t,x) is the charge density associated to the SU(N) symmetry defined by
j(t,z) = [®F(t,z), D(t, x)] . (5.13)
The expression (5.12) can be justified from symmetry principles by observing that it is
invariant under the action of the generators of the SU(1,1) group in position space given
in eq. (5.5).

In addition, we show that the previous local action gives rise to eq. (2.45) with an
appopriate decomposition of the auxiliary field in momentum space. We require

Alt,z) = iAn(t)emx. (5.14)
n=0

Combining this expansion with the scalar one in eq. (5.4) we obtain

> 1
S=> :/dt tr (i@L@@n + <n + 2) D, +nAl A, +§ (ALjn + Anjl)) . (5.15)
n=0
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where the modes of the charge density j,(t) are given by eq. (2.42). Since A(t, z) is non-
dynamical, its equations of motion give rise to the constraint

nAn(t) + Gjn(t) = 0. (5.16)

For n = 0, this coincides with the SU(N) singlet constraint jo = 0. When n > 0, the
constraint can be solved and inserted into the action to get

% 0 0
] 1 . 1., ~ .
S:/ﬁm1§zﬂ@%+§j@+£ym%_f§:ﬁhﬁwmwwmm.(mn
n=0 n=0 n=1

The corresponding Hamiltonian is easily derived via the Legendre transform and corre-
sponds exactly to eq. (2.45).

We conclude the analysis of the SU(1,1) bosonic limit with some comments on the
action (5.12). The form of the kinetic term is unusual, being linear in both the time and
space derivatives. In the standard relativistic case the Klein-Gordon operator is quadratic,
while in the Schroedinger-invariant case the action is linear in the time derivative, but
quadratic along the spatial directions. Instead, this kinetic term corresponds to an ultra-
relativistic dispersion relation between energy and momentum F = P, typical of Carrollian
theories [29]. In this case, however, there is the non-trivial constraint P > 0, which
makes the theory non-relativistic. From this perspective, we see that the momentum
constraint and the non-standard Dirac brackets become necessary to get a non-relativistic
interpretation of the result.

Finally, we remark that the scalar must necessarily be complex, otherwise the kinetic
term would be a total derivative. In this connection, it is amusing to note that upon
introducing two real scalar fields (8,7) as

i (5.18)
the kinetic term Lo = i®T(dy + 0,)® of the action (5.12) becomes
Lo = —25(80 + 675)7 . (5.19)

This shows that the bosonic part of the action can be viewed as a -y CFT.? Exploring
this intriguing connection further is a matter for future work.

5.3 Local formulation of SU(1,1|1) SMT

We extend the QFT description of the section 5.2 to include to the SU(1,1|1), which
contains a fermionic partner for the scalar field. In particular, we present the result in
a manifestly supersymmetric way by giving the position space version of the superspace
formulation introduced in section 4, and then we will comment on the result in terms of
component fields.

9We stress that here we are discussing the connection between the kinetic term of the action (5.12)
with a 8-y CFT before imposing the positivity constraints on the modes. There, both systems are still
relativistic.

— 38 —



Having identified the free part of the Hamiltonian with Ly = —i0,, we need to search
for a representation of the supercharge such that {Q, @'} = —id,. The presence of a single
complex supercharge implies that superspace is composed by one complex Grassmann
variable #, a common feature with the momentum space description. It is simple to check
that the following representation satisfies the correct anticommutator:

o 1 0 i

_ 9yt o9 _ 1
Q=7 — 5010, Ql=on — 560, (5.20)

Consistency between the left and right multiplication in defining superspace implies that
we can define the supersymmetric covariant derivatives as

o 1
_,9 1y f_ 1
D=izs— 560, D imgr + 5000 (5.21)

satisfying the commutators

{D,0}={Df, 0"y = (D, oty = (D}, 0 =0, {D,DY} =i, =-Ly. (522

These expressions correspond in momentum space to eq. (4.2) and (4.5).

The annihilation under the action of the covariant derivatives of a generic superfield
allows to define (anti)chiral superfields. We direcly introduce the quantities that are suf-
ficient to build an action in superspace formalism: the (anti)chiral fermionic superfields
containing the dynamical modes of the SU(1,1|1) sector

U(t,2,0,01) = P(t,x) + 0B(t, z) + %99*8351/;@, z), (5.23)
Ul(t,2,0,00) = ot(t,z) + 0Tt (t,2) — %GQT&C@Z)T(LI‘) , (5.24)
and the bosonic (anti)chiral superfield containing the auxiliary fields

Alt,z,0,01) = A(t,z) + OA(t, z) + %GOT&EA(L‘, z), (5.25)
Al(t,2,0,0T) = Al(t,2) — 0TAT(t,2) — %GGT&CAT(t,x) . (5.26)

When expanding in modes the component fields, we obtain eq. (4.8), (4.9), (4.18) and (4.19).
The gauge superfield (5.25) is composed by fields that we will call a gauge field A(t, x)
and a gaugino A(¢, z) in the sense that they play the role of mediators of other interactions,
and they are remnants of the original gauge invariance of the N’ = 4 SYM action before
imposing Coulomb gauge and performing the sphere reduction. We can further push on
this interpretation by defining derivatives covariant with respect to the gauge superfield

Do =y, D, =8, —igA —igA'. (5.27)
When applied on the fermionic superfield, it acts as

D,V =0,V —ig[A, U] —ig[Al, U], (5.28)
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where in component formalism the brackets are commutators or anticommutators depend-
ing from the statistics of the specific field they are acting on.

In this way we obtain a compact expression for the action describing the effective field
theory of the SU(1, 1|1) sector

S = / dtdz / dotde tr (—iqﬁ (Do +Dx)\II+ATA) : (5.29)

This proposal is very natural: the matter part is a simple generalization of the two-
dimensional Dirac action, with the Dirac spinor replaced by a fermionic superfield. The
coupling with the auxiliary field is also straightforward: there is a minimal coupling via the
introduction of a covariant derivative containing the real part of the gauge superfield, while
the kinetic term is standard for a chiral bosonic superfield. Notice that while in standard
cases, e.g. for the relativistic N' = 1 chiral superfield in (3+1)-dimensions, a kinetic term
of kind A" A is dynamical, here the specific expansion in superspace (5.25) shows that no
time derivative appears, i.e. the gauge field and the gaugino are non-dynamical. We notice
that the set of interactions built in this way are quite general, since the Grassmannian
nature of the fermionic superfield implies

vi=0, (¥H2=0, (5.30)

so that higher-order (anti)holomorphic terms are forbidden.

We further comment on the supersymmetry invariance of the action (5.29). The inter-
acting part of the action is manifestly invariant under supersymmetry because it is built
only using the superfield formulation, and it is the non-trivial content of the SU(1,1|1)
sector. On the other hand, the kinetic term is not supersymmetric invariant: it is given
by Lo and is defined using a derivative which is covariant with respect to the gauge su-
perfield (5.25), but not under supersymmetry. Since the free Hamiltonian given by Hy
in eq. (2.55) is instead supersymmetric invariant and it differs from Ly by the conserved
charge N in (2.58), it is easy to obtain a manifestly supersymmetric kinetic term by simply
adding a mass shift of 1/2 in the differential operator —i(Dgy + D).

It is instructive to decompose the action (5.29) in component fields. Since it turns out
that the gaugino (¢, x) appears simply as a Lagrange multiplier, we immediately solve the
corresponding constraint to integrate it out. We find

S = / dtdax tr {@T(ao +8,)® — 9,01 (8p + 0,)0 +iATD, A
+g4j + gt + gdle, v, o1}, (5.31)

where the scalar field is defined in eq. (5.4), the fermionic field in (5.9), the gauge field
in (5.14) and the current is now given by

it x) = {7, ¥} + [@F, ®]. (5.32)

When expanding it in momentum space, we obtain the charge density ¢, = ¢, + ¢, defined
from eq. (2.42) and (2.69). Putting the decomposition of all the fields in momentum space
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inside the component field action (5.31), we get the Legendre transform of the Hamilto-
nian (2.75), with interactions (2.76).

Looking at the fermionic kinetic term in the action (5.31), we notice that the structure
of derivatives is peculiar, containing the product of one time and one spatial derivative in
addition to the standard contribution quadratic in spatial derivatives. Notice that had we
taken the fermionic field to be real, the kinetic term would have been a total derivative.
Note further that the structure of the fermionic kinetic term is in complete agreement with
that of a complex chiral boson (see e.g. [31]), only that the field is Grassmann valued.
Again, this unveils a curious correspondence with ghost fields with nonstandard statistics.
Despite these non-standard features, we stress that the structure of constraints, which only
keeps positive modes, ensures that the theory defined in eq. (5.31) is unitary.

It is also interesting to observe that we obtain a natural superfield description of
the model with action (5.29) by defining a gauge superfield, which requires the inclusion
of a fermionic partner for the gauge field. However \(¢,z) turns out to be completely
auxiliary, and in fact it is not necessary to introduce it when considering a component
field formulation. In this sense, it plays the same role of the auxiliary field F' entering the
relativistic N’ = 1 bosonic chiral superfield in 3+1 dimensions.

5.4 Local formulation of PSU(1,1|2) SMT

It is straightforward to extend the QFT description of section 5.3 in order to obtain the
full PSU(1,1|2) sector. We work in component field formulation and require the following
decomposition of the fields:

o0 o0 1

Palt) = D (@)U () = 30—
n=0 n=0

At ) =) An(t) e, Buy(t,z) =
n=0

(Ya)n(t) €TV (5.33)

(Bap)n(t) €. (5.34)

M8

n=0

In addition to the doublet structure of bosons and fermions under SU(2), we introduced
another bosonic field Byy(t,z) which will mediate the interactions; the difference with
A(t,x) is that it will give rise to single trace structures, while the latter will contribute to
double trace interactions.

We then consider the total action

5— / dide tr {i®} (3 + D) ®a — 0] (3o + 1) oy — iA10,4
(5.35)
—iB},00Bay — §AT = AT — 3B, - Giw B, — 300 viIP}

with currents

j(@) = i{0u0f (2), Ya(@)} + (@, @a(@)].  Jup(2) = —i{0sva(@), Yo(2)} + [Pa(z), Bp(x)] -
(5.36)
The matching of the kinetic terms in (2.104) with the double trace interactions in (2.106)
is straightforward and works as in section 5.3. We briefly show how the matching of the
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single trace structure works: the current j,;(¢, ) in Fourier space reads

OEDY ( B (W (90)}3(m + 1 +25) + (B, ()] +1—s>>.

m,n=0

(5.37)
This is exactly the expression (2.108). Notice that the mode expansion for the dynamical
bosonic and fermionic fields is shifted by R, which takes the values %, 0 respectively. This
behaviour is responsible for the different support of the delta functions and is a consequence
of the fields belonging to the representations j = %, 0 of the SU(1,1) group. The equations
of motion for the non-dynamical field B, in Fourier space are

S(Bab)s - g(jab)s =0, (538)

and integrating out this field we get the interaction
(o.9]
1 f .
>t (G| - (5.39)
which is exactly eq. (2.106).

6 Conclusions and outlook

In this paper we have shown how to take the near-BPS limits (1.2) directly of the classical
formulation of N' = 4 SYM on a three-sphere, following [4]. The BPS bounds we considered
were all of the form (1.1) giving a surviving SU(1, 1) global symmetry along with a U(1)-
symmetry corresponding to conservation of the number operator. In the SU(1,1|1) and
PSU(1,1|2) near-BPS theories the SU(1,1) symmetry is a subgroup of a larger symmetry.
The techniques used for taking the limits include the spherical reduction of N’ =4 SYM on
a three-sphere, following [4], as well as integrating out non-dynamical fields that in some
cases contribute to the interaction of the surviving modes.

We have shown explicitly how to quantize the near-BPS theories, and shown that the
result is equivalent to taking the near-BPS limit directly of the quantized N = 4 SYM.
This means the quantized near-BPS theories corresponds to the Spin Matrix theories [5].

Finally, we found a superfield formulation of SU(1,1|1) in momentum space, and we
have explored a way to represent the near-BPS/Spin Matrix theories as local non-relativistic
quantum field theories. This has revealed interesting and surprisingly elegant structures
for the interactions, in particular in the SU(1, 1|1) case and its two SU(1, 1) subcases. The
quantum fields we found are not fully local and have ghost-like features in that the bosonic
fields have fermionic features, and the fermionic fields have bosonic features.

As explained in the introduction, near-BPS/Spin Matrix theories are interesting in
view of their possible realization of the holographic principle, and, related to this, also as
a possible way to access new regimes in the AdS/CFT correspondence that have yet to be
explored. For this reason, it is highly interesting to observe that the form of the interactions
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in the SU(1, 1|1) theory makes it possible to access the strong coupling. Indeed, we find a
classical Hamiltonian of the form (see section 2.3)

~9 o o
1 o A
Hyimit = Lo + QQW (Z 7 <qqul> + ; tr (FITFZ)> - (6.1)

We see that since the terms in the interaction are positive definite, we notice that in the
strong coupling limit ¢ — oo the leading contribution is given by §¢;+1 = F; =0 for [ > 0.
Thus, one can solve the strong coupling limit in this way, at least in the semi-classical limit.
Indeed, this was also noticed in [16] for the fermionic SU(1,1) case.

A similar argument can be applied to the Hamiltonian of the PSU(1, 1|2) sector

, (6:2)

S (dfa) + 3w (Fa)](Fad) + Y tr (G (G
=0 =1

suggesting that the strong coupling limit § — oo corresponds to a leading contribution
where §i11 = (Fap); = (Gap)ie1 = 0 for I > 0. It will be illuminating to understand better
the SU(1, 1|1)-algebraic structure of the interactions in (6.1), and the analog problem for
the maximal case in eq. (6.2).

Since we can access the strong coupling limit of these near-BPS theories it is interesting
to ask what holographic dual one should compare this to. In the planar limit, the answer is
presumably the string theory duals of [7-9]. For instance, in the bosonic SU(1,1) case one
finds a dual U(1)-Galilean geometry which is basically R times a cigar-geometry, where R is
the time-direction. It will be vital to explore this further, also in view of the non-standard
features of the SU(1,1) theory formulated as local quantum field theories. Moreover,
beyond the planar limit, the BPS bounds (1.1) examined in this paper are related to
limits of black holes in AdS5 x S°® with vanishing entropy. There is also the intriguing
possibility that one can observe the emergence of dual D-branes, in the form of Giant
Gravitons, similarly to what was found in [14].

We found an interesting connection to the -y ghost CFT for the kinetic term of the
scalar fields, see eq. (5.19). This would be interesting to explore further as it possibly could
provide another view point on the P > 0 constraint.

Other representations of SU(1,1) may allow for a more natural field theoretic formu-
lation of our near-BPS theories. We note that SU(1, 1) representations are also realized on
AdSs and on the hyperbolic plane.

Finally, we would like to advertise our companion paper [32] in which we explore a
class of near-BPS limits with a SU(1,2) global symmetry present. Among these near-
BPS theories are the theory with PSU(1,2|3) symmetry that captures the behavior of
N =4 SYM near the BPS bound E > S; + So + J; + Jo + J3, a bound saturated by the
supersymmetric black hole in AdSs x S° [33].

Acknowledgments

We thank Yang Lei for many interesting discussions and useful comments on the draft
of this paper. We acknowledge support from the Independent Research Fund Denmark

43 —



grant number DFF-6108-00340 “Towards a deeper understanding of black holes with non-
relativistic holography”.

A Spherical harmonics on S3

In this appendix we review the decomposition of fields on R x S into a basis of spherical
harmonics following [23].

Any field on this background can be factorized into a part depending only from the
time direction, and another term living on the three-sphere. We focus on the latter factor.

The three-sphere has isometry group G = SO(4) and local rotational invariance under
H = S0O(3), hence it can be defined by the coset G/H = SO(4)/SO(3). For convenience, we
use the local isometry SO(4) ~ SU(2) x SU(2) to split the irreducible representations of G
into products of the irreducible representations of SU(2), which are labelled by integer and
half-integer spins J,.J. A basis for such a representation will be denoted by |J,m)|J,m),
with |m| < J and |m| < J. For the local invariance, we denote the spin of the irreducible
representation as L and the states as |Ln), with the constraint |n| < L.

If we denote the generators of G with J;, J; and the generators of H with L; (in both
cases i € {1,2,3}), they are related by L; = J; + J;. In this way, we can introduce SU(2)
Clebsch-Gordan coefficients to obtain the representations of H from the sum of the two
representations SU(2) composing G, yielding the expression

|Ln; Ty = CI | Jm)|Tm) (A1)

Jm;Jm
m,m

with the triangle inequalities
J—J <L<J+J. (A.2)

Spherical harmonics on S® are defined starting from these basis and from the choice of a
representative element of G/H. While most of the results do not depend from the specific
choice of this representative, the rotation charges will. For this reason, we specify that we
parametrize the unit three-sphere with coordinates

dQ2 = dyp? + cos? 1 dg? + sin® ) de3 . (A.3)
In this way we find the group element
Q) = o~ i91(J3—J3) id2(J3+J3) p—ito(J1—J1) , (A.4)
and the corresponding inverse
T—l(Q) — eiw(Jl—jl)ei(ﬁl(J3—j3)e—i¢2(J3+j3) . (A5)

The spherical harmonics are defined as

(@) = \/ BT DCLED (s g T @) i), (A.6)

with m, 7 being the eigenvalues of the generators Js, J3, respectively.
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At this point, we specify the previous decomposition for the fields of interest on the
three-sphere: scalars, fermions and gauge fields. Since a scalar field is a singlet under the
local rotations SO(3), its spin is L = 0 and this immediately implies that J = J. The
decomposition is easily given by

Z@“ HY’M@Q),  el,Q) = Z@JMa HY"M (), (A7)

where we denoted
yIM =y, (A.8)

In the previous sums we collected the eigenvalues of the momenta as M = (m,m), both
running from —J to J, while J itself runs over positive integers and half-integers.

Spinor fields have L = 5, which allows for the possibilities to take momenta (.J —|— ,J)
or viceversa, i.e. (J,J + 2). In this case the mode expansion reads

At D) = D i O)Vara(9), aAtQ > ZwJMnA O)Vira(Q),

k=+1 JM k=+1 JM
(A.9)
where we defined
1
_ 2,04 k=—1 _ L=35,a
yJMOf yJ+ m;Jym Vira —yJ,m;JJr%,m (A.10)

While J runs again over positive integers and half-integers, now the momenta (m,m) are

summed from —U to U and —U to U, respectively, with U = J + l“fT” and U = J 4 L=
The gauge fields are vectors, and then they have L = 1. This allows for even more

possibilities, i.e. we can take (J + 1,J),(J,J) or (J,J + 1). Then their decomposition is

At = Y DY ANV, (A.11)

p=—1,0,1 JM
with
_ L=1, L=1, p=—1 _ L=1,
yJMz - J+1m;Jm yJMz yJ,m;J,ﬁL’ yJM,'i = Jm;J+1m * (Alz)

In this case (m,m) run from —Q to @ and —Q to Q, respectively, with Q = J + w and
Q=J- ’J(IT_‘)), and J is summed over positive integers and half-integers.

Notice that while the components along the three-sphere of the gauge field A; are
vectors, instead the temporal component Ay behaves as a scalar. Consequently, its decom-
position only involves the harmonics with L = n = 0, and reads

Ao(t, ) = x(t.2) = S M OV (©). (A.13)

J.M

In view of the manipulations with the Hamiltonian formalism, we also introduce the mode
expansion of the momenta, which we denote as II¥), being F € {®,1), A} the field whose
the specific momentum is associated to. Since the orthonormality of the basis involves an
inner product between spherical harmonics and their complex conjugate, it is convenient to
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choose!” a decomposition of spherical harmonics for the corresponding canonical momenta

given by
ZHJM yJM( ), HT(<I>) t,9Q) ZHJMa yJM( ) (A.14)
A(P) (4) JM(A
(. 9) Z ZHJM/-; WVina(Q), IL7(tQ) Z ZH OV ar4(Q) -
r=+1JM p=—1,0,1 JM
(A.15)

We also specify the mode expansion of the current and the Lagrange multiplier entering
eq. (2.8), where we apply the same convenient choice:

ZJ“M 7M@), = > i OV Q). (A16)
J,M,p
- ZnTJM(t)yJM(Q). (A.17)
J,M

B Hamiltonian and conserved charges of N/ = 4 on S3

In view of the evaluation of BPS limits for the various sectors of N' =4 SYM, we collect
the conventions about the relevant rotational and internal charges on the three-sphere S3.
We mostly follow the same notation as [23].

The free part of the action on R x S? is given by

1
So = / —det g, tr {—(VM@Q)TVMCI)“ — i — WL‘?“V;WA - 2F“”FW} , (B.1)
RxS3

where we remind that V denotes the covariant derivative containing only the gravity con-
tributions, without the minimal coupling with the gauge fields. We stress that excluding
the gauge coupling from the free action is not restrictive to compute the conserved charges.
In fact the Noether currents are defined up to total derivatives and we can always consider
the canonical current associated to a particular symmetry, which is independent from the
gauge coupling.

The canonical momenta associated to scalars ®, Weyl fermions ¢ and gauge fields A
are respectively given by

O SR TSRS |/ S
v/ —det g, 6@ (@) v/ —det g, 5@2
(¥) 1 ) ot
II — = , .
A /_det g‘uy 6¢A ZQIZ)A (B 2)
H(()A) 1 6S ~0. A _ 1 oS — Ry

- v/ —det g, 6 A L /=det Juv 57141

10Tn principle we can expand the fields on the three-sphere in terms of the spherical harmonics ) or in

terms of their complex conjugate ). The difference between them amounts to a phase and some change of
the labels, as shown in (C.26). Therefore, the two choices correspond to a redefinition of the modes defining
the expansion of the field.
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From now on, we will avoid specifying the field F' associated to the momentum I#), since
this will be clear from the context. Notice that the first order nature of the fermionic action
is responsible for obtaining a proportionality between the Weyl fermion and the hermitian
conjugate of the corresponding momentum. This allows to choose if we want to express
the Hamiltonian and the charges of interest in terms of squares of the fields or of their
momenta, or if we want mixed products of them.

These momenta allow to compute the free Hamiltonian of the system by means of the
Legendre transform, giving

: 1
Hy = / %tr{|nay2+\vina|2—wza’viw/‘+ﬂf+QF%}~ (B.3)
RxS3

The issues related to imposing the Coulomb gauge and the corresponding constraints,
which require to introduce the Dirac brackets, are discussed in section 2. Here we report
the result of such discussion: the p = 0 mode of the gauge field A; is vanishing, and the
temporal component Ag can be integrated out.

In this way, after using the mode expansions (A.7), (A.9) and (A.12), we find the free
Hamiltonian

Ho= % & {\H;JWW T 1L ZC S TSR
k==%1

Jm,m

(B.4)
+ 3 (R el Al }
p==%1
where 5
wy=2J+1, wﬁzzwri, wag=2J+2. (B.5)

A peculiarity of this free Hamiltonian is that while the scalar and gauge terms are manifestly
positive-definite, instead the fermionic part is apparently negative-definite when x = 1, i.e.
we have
H(()w) = Z tr <—W?¢§L,,{:1¢§M,n:1 + W%ﬁﬁ@{:_ﬂbf‘mmz—l) . (B.6)
JM
The reason for this apparent negativity of the fermionic term arises from the conventions
in [23], because after quantization it is required that the two chiralities of the fermions are
decomposed as follows:

A A jw® A A —iw®
wJM,HZ]. == dJ,tM€ZWJ y w]M,KZ—l = bJMe Wy . (B?)
Since one polarization acts as a creation operator and the other one as an annihilation
operator, in the end the Hamiltonian is positive definite.
We find a manifestly positive definite expression even at the level of the classical action
if we redefine

A A A A
VM =1 — wJ,EM,Kzl ; wJJL,Nzl = VT Mog=1 - (B.8)

It is important to notice that the redefinition also involves a change of sign for the orbital
momentum eigenvalue M = (m,m). This change can be easily understood if we think that
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the creation of a particle with momentum M is now interpreted as the annihilation of an
antiparticle of momentum — M, ad viceversa.

In this way, using the Grassmannian nature of the fermions, we find in terms of the
redefined quantities that

P A A A A
H(g ) = Z tr (—W§¢J,—M,n:1¢JLM,H:1 + W%Z’JJLI,H:—WJM,HZA) =
JM

A A A A
= Z tr (wfl/}J]]:/[,nzleM,n:l + W?QpJL,n:fWJM,n:fl) (B.9)

JM
A
= Z Z tr (wz}wjf]M’mA@bJMﬁ) .

k=x1JM

In the first step we sent the index M — —M due to the symmetry of the range of summa-
tion. We observe that the sign given by the factor —k in the free Hamiltonian disappears,
and the map from the previous notation to the new conventions implies

Z Z ng,ﬁ’Awa,n - Z Z _Rw3M7,{7A¢§M,N' (BlO)

JM k==+1 JM k==+1

From now on, all the quantities involving fermionic fields will be computed after applying
the prescription (B.8). We will add some additional comments on these terms only when
computing the Cartan charges associated to rotation and R-symmetry.

Now we compute the relevant currents corresponding to the symmetries of the ac-
tion (B.1). We start with the canonical energy-momentum tensor

T =T® + T + T + I (B.11)

V=5

where L is the Lagrangian density and

T = (9,94)'0,0% + (8,2,)19,0°, (B.12)
i i .
T = —5ehou (V) + 5 (Vo) o, (B.13)
A o
T = FiFy. (B.14)

The conserved charges corresponding to the commuting rotation generators Si,.S2 on the
three-sphere are defined as

S; = / aQT°,, (B.15)
S3

being df2 the volume form on the three-sphere. Introducing the decomposition of the fields
into spherical harmonics from appendix A, we get

S = 8@ 1 gW g (B.16)
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where

S =S (- m) tr (@JMHJM - @TJMHLJM) , (B.17)
J.M
S =303 = mytr (W4t (B.18)
JM k==£1
(4) _ . JmnyrJmm T Jmmt Jmin
Jmm p=—1,1
and
S = 3 ilm i) tr (@M — @ ML (B.20)
JM
¥ = DD (mtm)t (d}:l-]M,H,AT/]?M,H) ; (B.21)
JM k==+1
(A4) _ i ~ JmanyrJmim t Jmipyt Jmim

Jmm p=—1,1

In order to derive the previous action of the derivatives on the spherical harmonics, it
is crucial to use the specific group elemen on the three-sphere G/H = SO(4)/SO(3) in
eq. (A.4), since derivatives along the angular directions are required.

Notice that the expression for the fermionic charge is exactly the same before and after
the redefinition (B.8), as can be seen by direct evaluation. For this equivalence to hold it
is crucial to use the flipping of M.

The other relevant charges are associated to the Cartan subalgebra of the global R-
symmetry of the action. They can be written as

Qo =Q® + QW) (B.23)
where
QWP =i tr(@MIM — of MMy (B.24)
J,M
QY = > > ktr (ﬂ’erM,n,A(Ta)ABw?M,n) : (B.25)
K=t1 JM

The matrices of the Cartan subalgebra in the fundamental representation of SU(4) are

T = %diag{l, -1,-1,1}, Tp= %diag{l, -1,1,-1}, 1T3= %diag{l,l, -1,—1}.
(B.26)
Notice that in the end all the explicit £ dependence in the Hamiltonian and the other
conserved quantities is only isolated to the R-charges.

Weights. In order to sistematically explore the near-BPS limits of N' = 4 SYM on
R x S3, it is convenient to list the set of letters of the theory, which is composed by 6
complex scalars, 16 complex Grassmannian fields and 6 independent gauge field strength
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7Z X %% 7 X W
(1,0,0) (0,1,0) (0,0,1) (-1,0,0) (0,-1,0) (0,0,—1)

Table 2. Scalar SU(4) weights in the notation of [24].

X1, X2 X3, X4 X55 X6 X7, X8

(3-3-3) (33-3) (3-33)

Xlui? XS)XZL )ZE))XG X?)XS
(-3-3-3) (253 G-53) (53-3)

Table 4. Fermionic SU(4) weights for fermions x in the notation of [24].

components, plus the descendants obtained by acting with the 4 components of the co-
variant derivatives. We assign weights under the subgroups SO(4) (rotations) and SU(4)
(R-symmetry) of PSU(2,2|4), following the conventions of reference [24]. We start with
the weights under SU(4), which are reported in table 2, 3 and 4. The field strength and
the covariant derivatives dy,ds, d,ds are uncharged under this symmetry.

In order to make contact with the notation used in this work, we read off the SU(4)
R-symmetry weights of all fields using (B.24), (B.25) and (B.26). We list them in tables 5
and 6, respectively. By looking at the dynamical modes that we describe in the sectors
of section 2, we verify that the results are consistent with the list of surviving field in the
limits given in reference [24], see subsection below.

It is also convenient to compare this notation with the conventions of the paper [23],
where the antisymmetric representation 4 is instead used for the scalar fields. In eq. (2.19)
of reference [23] the transformation properties of the antisymmetric tensor and of the
fermions under R-symmetry are reported:

(SRXAB _ iTACXCB + TBCXAC7 6RwA _ iTABwB ) (B27)

The weights of scalars can be immediately deduced from this rule and from the basis for
the generators (B.26). The transformation of the fermionic fields is the same used here
to derive the expression (B.25), and then they agree. The comparison is consistent if
we choose

= X1y, Oy=XJ,, ®3=X1,. (B.28)

This is the dictionary that we will use throughout all the computations in the present work.

In addition, the fields also carry charge under SO(4) rotations, except for the scalars.
We list their quantum number in the subsection below, referring to the specific sectors
where we take the limits.
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P, P Pg
(1,0,0) (0,1,0) (0,0,1)

Table 5. Scalar SU(4) weights.

() o )3 Py
k=1 (323030  (2-23) (333 (3:-3-3)
k=-1 (~3-3-3) (333 (3-33) (323

Table 6. Fermionic SU(4) weights.

Charges for the specific near-BPS limits. From eq. (B.16) applied to the specific
cases, we identify
Si=—-m+m, So=m+m (B.29)

Here we list the rotation and the R-symmetry charges for all the limits considered in this

work.

e In the bosonic SU(1, 1) sector we have a surviving dynamical scalar with derivatives
d}Z. The associated momenta and charges are

—m:ﬁl:J, 51:2J, 52:0, (B.?)O)
(Q17Q2)Q3) = (17070)7 (B31)
with 2J € N and n = 2J.

e In the fermionic SU(1, 1) limit we have the fermion with derivatives d}x; with quan-

tum numbers

1 1 1
p=1, m=—J—g, m=-J, Si=2/+5, S2=-5,  (B32)
111
@1.2@9 = (353) (8.33)

with 2J € N and n = 2J.

e The SU(1,1|1) sector simply contains the union of the degrees of freedom in the
SU(1,1) bosonic and fermionic sectors. Then, the field content and the quantum
numbers are the same reported above.

e In the PSU(1, 1]2) sector, in addition to the abovementioned fields d}Z, d} x1, there
are one more scalar field with derivatives d7'X and one more fermion with deriva-
tives di'x7.

The additional scalar has the same quantum numbers as d}'Z, i.e.
—m:m:J, 31=2J, SQZO, (B.34)
(leQQ,Q?)) = (17030) ) (B35)
with 2J € N and n = 2J.
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The fermion d7} 7 has instead different momenta and charges, given by

1 1 1
H:—l, ’m:—J, fn:J—l—§, 51:2J+§, 52:—57 (B36)
11 1
Y B.
(QlaQ27Q3) (2a2a 2)7 ( 37)

with 2J € N and n = 2J.

Interacting Hamiltonian. Using the decomposition into spherical harmonics on the
three-sphere, we derive the interacting Hamiltonian of A" =4 SYM on R x S3. The entire
expression can be found in [23], but we report here the result using our notation. Due to
the redefinition of fermions (B.8) and the dictionary (B.28), it is convenient to introduce
the notations

(P1)gnmr
(Za)gm = | (=1~ m(cpg)J vl (B.38)
(=)™ (@) n
(Wa)snrnmt = (@) g mrwmts  (Ua)snsme—1 = (a)s0ne—1 - (B.39)

Notice that these definitions account precisely for the different interpretation of scalars
and fermions with respect to reference [23], see i.e. the action of complex conjugation on
spherical harmonics described in eq. (C.26).

The result is:

. a a(P
Hue= ) {chfl\]\gf;JM XM ([(ZDJzMQv (TIEPT) gyan, ] + [ZJlMlaHJifv)fz])

Ji, M, Ki,0i
Jo M:
_49\/WDJ§M§0 JMp (p) [ZJlMl’ (Z})5201.]
JIM
]:J;M;:; JM XJM{(‘I'A)JlMl“I’ \I}J2M2'€2}

JIM JM A
"‘ggJQlMQl:Ql;JMp Al {(\IJTA)JIMU@I s U Mo b

2
9" »Js M. J3 M. b
+5CJ12M3~JMCJ2MZ JM[ZglMla (ZT)J2M2][ZJ3M37 (ZJ)J4M4]

. J1,— M, JM
_\/57’9(_ ) m1+m1+ ‘FJQIMQ,{; :‘;lengMQI{Q[(Za) \IjglMllil]
. — Jy,— My, JM
+\@Zg<_ ) m1+m1+ FJQIMgngl ;]1\4 6abC\IIJ1M1,‘-c1[(Zl]:) lIIJQMQI‘Q]
. J1 M
+\/§Zg(_ )m2 mat 2 F 21_}\ZI{;,RQ,JM(\IIT)JQM252[(Z(DJ ( )J1M1fi1]
(1)

—\fZig _
M JMy 4 Jo M
+29DJ1M1p1'J2M2P2 XJIM [H(pll) E A(2 ) ’]

J1 M
ma— m2+ .7'—‘]21 —11\521 Ko J M Eabc( )J1M1H1[( ) ) ( T)J2M2”‘2]

J3 M-
+92CJ2M2 Ja, —M4DJM J1M1p1;J3M3p3 [A(pl) ZggMz][A(; )5 (Z(DJ4M4]

AJ1M1 [AJQMQ AJSMJ]

+2igp1(J1 + 1)E5 M pu3Jo Mopa;Js Msps (1) “*(p2) (p3)
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2
9 M JiMy gJoaMayr g JsMs g JaM.
_?DJ1M1p1;JgMgpgDJM§J2M2l)2§J4M4P4 [A(;l) 17A(;2) ’] [A(§3) % A(§4) ‘]

—29/J1(J1 4 1)D gy by My 0256 p Xy My [X o, ALY (B.40)
.40

JM J:

2
g 2 Mo JaMy
+?CJlMl;J3M3DJM;J2M2P2;J4M4P4 [XJlMlaA(pQ) HXJsMst ]

(p4)
+g%Crly C [ 25,0l (Z8) a0
9 UMy ;o Mo IM;J3 M3 Ja Ma | X J1 My s £ Jy Mo IX T3 M35 \4q) JaMy .

The notation used is the following. The initial sum represents a summation over all con-
tracted indices: momenta (.J, M), labels for the spherical harmonics involving fermions s
and gauge fields p, and indices of the fields under SU(4) R-symmetry. The Yukawa term
contains sums of the spinors over only the subset a € {1,2,3} and the Levi-Civita symbol
€abe 1s defined in such a way that €193 = 1. In order to avoid confusion, we specified that Hg’
are the canonical momenta associated to the scalar fields ®,, while I, is the symplectic
partner of the gauge field A,).

The terms involving the gauge fields, except for the terms contributing to the bosonic
and fermionic currents, are not needed for the near-BPS limits included in this work, but
are put for completeness. In order to derive from this expression the relevant contributions
to the interacting Hamiltonians in section 2, few simplifications still need to be performed,
in order to obtain the fields ®,,1 4 from the variables (B.38) and (B.39). The simplified

expressions are written explicitly in section 2 for each case considered.

C Properties of spherical harmonics and Clebsch-Gordan coefficients

Definition of the Clebsch-Gordan coefficients. We give the explicit definitions of
the Clebsch-Gordan coefficients which are used to compute the interacting Hamiltonians

in section 2. They were previously given e.g. in [23].

A M 2J+1)(2J+1) o
ChaMyiam :\/ ohr 1 ComaamChmsim (C.1)
+
DI iy = (1) 320 4 1)(2 + 203 +1)(27 + 1)(27 + 2% + 1)
y L Q2 Qs 1
1M M ~
X CoymamCommam ) @ @ 17 (C.2)
Ji J1 0

5J1M1p1;12M2p2;JM,)=\/6(2J1+1)(2J1+2p§+1)(2J2+1)(2J2+2p§+1)(2J+1)(2J+2p2+1)
Q1 Q1 1 -~
g gt (4@ 9) (BB 0) ey
Q Q1
Fpahe v =) T S 1) (20 + 1)(272 + 2)

X C'Ul,m1 CUl’ml ql Ul % (C 4)
Uama; Jim =0 s don | Uy Uy J [ |
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GranE o, =(—1)EV/6(20 + 1)(20 + 2)(2] + 1)(2] + 202 + 1)
U, Uy

1
" 5o 12 (C.5)
X Cll]];,’m;;Q,nggl:ﬁzzl;Q,m Uz U~2 % ’
Q Q1
where we defined the quantities
1 - 1— 1 ~ -1
U;J+“I =g+ 4“, Q:J+p(p2+), Q=J+p(p2>. (C.6)

Properties of 9-j and 6-j Wigner symbols were used to write the coefficient F in this form,
but the expression is still completely general.

In view of the crossing relations that we will derive, it is also useful to record the
integral representation of the previous Clebsch-Gordan coefficients as products of spherical
harmonics on the three-sphere. Precisely, they are given by

Cfi%;m = /3 dQ Yy v Visrs Vo (C.7)
S

JIM -
D Mapa:aMp = /53 AQY 100 Y5 0V s (C.8)
EnMip1:JaMapa:TMp = /S A€V Y YTk (C.9)

JIM -
F i Marmd M = . AV oY ey IM (C.10)
ngMll’»l _ dQ Uz’ j)m yng yp (C 11)

JoMaka; JMp g3 afY Jy Mo Jo MaBY JMi o .

where ) denotes the complex conjugate of the harmonics ). We reported here the coefficient
& for completeness, but it will never enter in any interacting Hamiltonian for the near-BPS
limits considered in this work because it only couple terms containing dynamical gauge
fields, while in the SU(1,1) sector and its generalizations the gauge field always decouples.

At this point we start specializing these definitions to the cases of interest for the near-
BPS limits. The crossing relations between them will allow to analitically solve the sums
over intermediate momenta J appearing in the computation of the interacting Hamiltonian.

We start from C, which enters all the computations of the various sectors only via the
prescription of momenta (2.36). Using the definition (C.1) and specializing to this case,
we easily obtain by direct computation

J1 — CJ1,—J17J1
T2 JM — Y J2,—Ja,J2;Jmm
_ (—1) (27 +1)(2/2 +1) (21 + 1)!(2.15)! (€13
21 +1 (J1+J2—J)!(J+J1+JQ+1)!. '
Crossing relations at saturated angular momenta — C and D. We consider the

definition (C.2) and we specialize the momenta to the assignments in eq. (2.36) with p = £1.
In fact, these are the only two cases of interest for the computation of the interacting part of
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the Hamiltonian mediated by the non-dynamical gauge field. The explicit expressions are

Ji o ovd—ntde QA+ DT +AT4+1)(J - AT +1)
Jo;Jmim,p=1 = - 7’(_1)
Jo(J +1)(J2 +1)(2J2 + 1)

(C.13)
y (2J)!(2J2 + 1)!
2 +1+J1+ ) (S +Jo—J—=1)
where AJ = J; — Js, and
T _ T
D7 gminp=—1 = ~ P i pe1 - (C.14)

It is convenient for the following manipulations to factorize from this formula appropriate
factors of the Clebsch-Gordan coefficient C computed above. We find

7 ;(J_Jl_JZ)\/(J+AJ+1)(J—AJ+1) 7

Jo(J +1)(2J + 1)(Jg + 1) TzJmm

J2;Jmm,p=1 =

(C.15)
(J+AT+1)(J—AT+1) 7

Jo(J +1)(2J +3)(Jo + 1) J2s/+Lmm?

:;(J+J1+J2+2)\/

At this point, we consider appropriate quadratic combinations of the Clebsch-Gordan coef-
ficients C, D in view of finding simplifications which allow to solve the sum over intermediate
momenta J. We define the quantities

AT T mn = (1 plent :}?}ﬁ; ”J4))c§;Jmmc§;Jmm (C.16)
and
BE et = o= (li ) VI + DI+ DDP, s o DR g (C17)
which for p = +1 reads
B Trminp=t = — b(?fi?))(gj:g;r e J4)C%,J+1mm6£’,J+1mm ;o (C18)
B T pm = Wit (Jj — i]))((;j i f)‘l —Nep o, (C.19)
Simple algebraic manipulations now give rise to the relation
BT Tetmipmt + BE T g A mimpmt = AL Fos s (C.20)

valid for J > 1.
As a particular application, we find

(W +wp) (W +wi)\ »7 J
Z ((1 + : 4J(2J_|_ 13) - ij,JmfnCJj,Jmfn

Jmm

16 _
-y Py V(N —I—1)J4(J4+1)D§3;Jmmpl)§jﬂmmp>
p=+1 A J

_ J2,T3 J2,T3 J2,T3
= > (AJhJAL;J,fAJ,AJ — B3 70 —ana0=-1 Bﬁ,ﬂ;J,—AJ,AJ,pﬂ) ;o (C21)
Jszm(P)

— 55 —



where here AJ = Jo— J; = J3— Jy. In general, if we also define Am = mo —m1 = ms—my
(and similarly for the m), we should be careful in distinguishing the cases |AJ| < |Am)|
and |AJ| > |Am|, because the triangle inequalities and the constraints on the eigenvalues
of momenta imply that the lower bound of summation for J changes.

In this case, however, all the momenta are fixed and we notice that Am = —Am =
—AJ, so there is only one case to consider. The egs. (C.16)—(C.18) imply that Jyni, = |AJ]
for all the terms in (C.21). Shifting J — J — 1 thus only cancels the terms in the sum with
J > |AJ|, leaving the final expression

Z .,4‘72"73 _ BJZ;JS _ Bjmjs
J1,Ja;J,— AT, AT J1,Ja;d,— AT, AT p=—1 J1,Ja;J,—AJ, AT p=1

J>|Ad|

_ J2,T3
- BJ1,J4;|AJ\—1,—AJ,AJ,p:1 ) (C.22)

where we have used eq. (C.20) to simplify the result.
Explicit evaluation yields

J2,T3
J1 ,\74§|AJ|*1:*AJ:AJ7P:1

(1+|AJ|+J1+J2)(1+‘AJ’+J3+J4)

= T2 T
B IAJ|(2|AJT] + 1) CT 1ag) -asasCTi a0 —asas - (C:23)
Crossing relations at saturated angular momenta — C and F. We start by

deriving a couple of properties which relate Clebsch-Gordan coefficients F with different
assignments of momenta, useful to obtain the simplification in eq. (2.63):

fj;’,M1751 (_1)m—ﬁl J2,—M2,K2 (C.24)

—Ma,ko;J M = J1,M1,k1;J,—M >
J1,My K — my—iy+ma—ig+ 2 2o — Ma ko
Jo,Mo,ko;JM (_1) 2 ‘FJ17—M1,:‘€1;JM' (025)

These identities can be easily derived by using the integral representation (C.10) combined
with the properties of spherical harmonics under complex conjugation, i.e.

Vs = (O™ Vs Py = (COTEREYE L (C.26)

Now we focalize instead to the specific cases of interest for the computation of the Hamil-
tonian in the near-BPS bounds of interest. Contrarily to the bosonic case, the Clebsch-
Gordan coefficients involving spherical harmonics of fermions appear in the sectors with
two different possibilities, see the analysis of the PSU(1, 1]2) sector: with chirality x = 1

and momenta (m,m) = (—J — 3, J) or with x = —1 and momenta (—J, J + 3). Due to the
redefinition of the former in eq. (B.8), we get the two quantities

Jl,J1+%,—J1,/i1=1 Jl,—J1,J1+%,I€1=—1

Ja,Jo+ %= J2 k=1;Tmm’ Jo,—J2,Jo+ % k=—1;Tmim (C.27)

Looking at the definition (C.4), we notice that the two expressions are related. In fact,
the two factors of SU(2) Clebsch-Gordan coefficients C' entering the definition of F are
simply exchanged in the two cases, while the Wigner 6-j symbols are the same due to the
symmetry under the interchange of two elements of a line with the other one

J1+% J1 % _ Ji J1+%% (C.28)
Jy Jo+iJ Jot+3 S J[° '
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Finally, the triangle inequalities and the conditions on integer sums of momenta coincide
in the two cases, thus we conclude that

Ji,Ji+5,—J1,k1=1 =Lt ei=—1

Jo,Jat 3, —Ja k=Ldmin ¥ Ja,—Ja, ot 3 k=—1;Jmin (C.29)

More generally, the interactions of the PSU(1,1|2) sector also involve terms where the
chiralities k1, ko entering the definition of F assume both values +1. In such case, it is
convenient to find additional crossing relations between the coefficients with various as-
signments of momenta and chiralities.

We follow the same steps depicted above, but now we notice that when x1, ko are not
fixed the triangle conditions on momenta imply J + J; + Jo € Z, while when k1 = —k9 we
have J + J; + Jo + % € 7Z. This gives only two possibilities for the overall sign, which are

J1,m1,ma,—k1 . B
Jimimik = fJ2777~”027m2,—f$2;J7ﬁm if K1 = ko (C.30)
Jomaomako;Jmm T m, " - )
Jo ,faa,ma,—keJim LK1= —k2.

In fact, the relation (C.29) corresponds to the first case with k; = ko = 1.
We observe that under the exchange m <> m, k — —&, the following identity holds:

KW' — (m — 1) — — (my — (m— m)) . (C.31)

This expression appears at the denominator of a relevant interaction in the PSU(1,1|2)
sector. We thus study in details the following expression when k1 = Ky

]_-Jh—ml,—ﬁ%m Ja,—ma4, =My, K4 FJ17—ﬁ117—m1,—n1 Ja,—Ma,—m4,—Kq
Z Jmmr;Jomame ¥ Jmmk;J3msms . Z Jmme;Jamama Jmmek;Jzmams (C 32)
Y ~ - ¢ - ) .
k=41 Kwy — (m —m) r==1 Kwy — (m —m)
and when kK1 = —ku4
JrJh—ml,—ﬁn,m Ja,—ma,—M4,Ka _7:J1,—T711,—m17—f€1 Ja,— M4, —my,—kK4
Z Jmmer;Jomameo ¥ Jmmek;Jzmams Z Jmmek;Jomaoma Jmme;Jamszms (C 33)
P ~ B P ~ ’ )
11 kw; — (m —m) —t1 kw; — (m —m)

Summarizing, we found that there is only one independent assignment of momenta which
is relevant to derive the interacting Hamiltonians of section 2, identified by the short-hand
notation (2.61). We use the definition (C.4) to find
T _ T
'szl;Jm'rh = CJ;;JW% . (C.34)
Surprisingly, when momenta are saturated in this way, we find an equivalence between the
Clebsch-Gordan coefficients involving only scalar harmonics, and this one involving mixed
products between scalar and spinorial harmonics.

Crossing relations at saturated angular momenta — C and G. The Clebsch-
Gordan coefficient G only appears in the computation of terms involving the fermionic
current. This restricts the assignments on momenta of interest to the two cases

JiJi+5,—J1 k=1 Ju,—J1, 1+ 5 k=1

Jo,Jo+%,—Ja k=1;Jminp’ Ja,—Ja,Jo 4 k=—1;Tminp (C.35)
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The strategy is to consider the general definition (C.5) and apply the symmetry properties
of SU(2) Clebsch-Gordan and Wigner 9-j symbols to find a relation between the two pos-
sibilities. Then, putting the assignments of momenta, we will relate the specific cases with
p = £1 to the scalar coefficient C.

For convenience, we write here the two explicit expressions:

J1,J1+%,—J1,H1:1

P
gJ27J2+%7_J27:‘€2:1§JMp - (_1) ’ \/6(2J2 T 1)(2J2 t 2)(2J + 1)(2J * 3)
S+ C.36
% CJH-%,JH-% J1,—J1 J +i J. i ( )
Jot i n+3Qu—Jo T Ja—J2;Quda—d1 ) V2 T 2 QQ i ’
and the other one
Ji,—J1,J1+1 ki=—1 P
Jg,—Jg,J21+%2,n1:—1;Jmﬁzp = (—1)2/6(2J2 + 1)(2J2 + 2)(2J + 1)(2J + 3)
J Ji+3L C.37
X CJh_Jl J1+%’J1+% J J % % ( )
Jo=Jei QI =h C gyt biGn-n |22 T2 2 0
Q 1

where in both cases we used the labels (C.6).
Interestingly, the two expressions are almost the same: the prefactors coincide and the
9-j symbol satisfies the property

J1+%J1% J1J1+%%
Jy +% J~2 % _ (_1)2(J+J1+J2) Jo Jo :‘_% % (C.38)
Q Q1 Q@ Q@ 1

Since for all the admitted choices of p we have J + J; + J2 € Z, the prefactor is 1 and
the two expressions coincide. Thus the only difference between the two cases is due to the
SU(2) Clebsch-Gordan coefficients, which however are simply exchanged if we also send
Q Q.

Since the interacting Hamiltonian contains only these quantities with p = 41, we have
that @, Q assume in the two cases the values J + 1, J. This implies the simple relation

Ji,Ji+5,—J1,k1=1 . Ju,—J1, i+ 5 k=1

Jo,Jat i — o ka=Lidminp T Ja,—Ja,Jotd ko=—1;Tmin—p (C.39)

The different sign arises due to the factor (—l)g, which gives an opposite sign to the
imaginary unit when considering p = +1.

Then we can simply focus on one specific choice of the momenta and compute explicitly
the coefficient G, e.g. in the case in eq. (2.61). We find

T U +FATH )T -ATH1) L4,

jzl;Jmm,pzl o Z\/ (J+1)(2J+1) ng;Jm7 (C.40)
T U+ AT+ DT -AT+1T) 4 L
R (J +1)(2J +3) T2/ +1m (C-41)
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Crossing relations at saturated angular momenta — F and G. In this section we
put together the identities between F,G with C in order to obtain a simplification for the
terms involving fermions mediated by the non-dynamical gauge fields. The interaction of
interest is
1 T T4 T 574
JJZn;m 8J(J +1) iz,Jmm]:jg,Jmm B p;l 2(@‘7] — (m —m)2) gjz;Jmmpgjs;Jmmp
(C.42)

Using the relations (C.34), (C.40), (C.41) and splitting the sum over p = +1 we obtain

§ : 1 le ~ C‘74 o 1 le ~ CJ4 ~
8J(J + 1) J2;Jmm™ Js;Jmm 8(J € 1)(2J i 3) J2;J+1mm™~ J3;J+1,m,m
Jm,m (C43)

_ 1 le ~C°74 e
8(J + 1)(2J + 1) J2s/mm=TssJmin

Now we define the convenient quantities

. 1
J1;J. _ J J:
Pasgsmm = 3707 3 1) CesmimCsomm (C.44)
. 1
J1;J. _ T J.
Qj;;j;Jmﬁl:P:—l - 8(J + 1)(2J + 3) C\721;J+1,m,ﬁICJ§;J+1,m,7h ’ (045)
. 1
J1;J. _ T J.
QJ;;Ji;Jmﬁz,pzl - _8(J i 1)(2J i 1>Cjzl;Jm7th§;erh . (0‘46)

It can be shown that

J1;T4 J13;T4 J1;T4 o
P Tasamin + Qi —1mip=—1 F Qi Ty smimp=1 = 0 (C.47)

The sum (over an appropriate interval) of the previous quantities exactly gives the term
mediated by the non-dynamical gauge field for the SU(1,1) fermionic sector, see eq. (2.66):

J1;Ta J1;Ta J1;T4
Z (sz;J:a;JrAJ,AJ + QJz;J;;;J,—AJ,AJ,p:—l + QJQ;Jg;J,—AJ,AJ,pzl) ) (0‘48)
JZ']mm(p)

where we defined
AJ:Jl—J2:J4—J3, Am:ml—m2:m4—m3. (0.49)

The lower extremum of summation plays a crucial role for the simplifications below. As in
the previous cases considered in this appendix, the assignments of momenta completely fix
Am = —Am = —AJ, which implies that we need to consider only one possibility for the
endpoints of summation.

Indeed, all the sums start from the same value J, = |AJ|, and the shift J — J — 1
in the term Q,—; changes the lower endpoint of its summation to Jyi, = |AJ|— 1. In this
way, using eq. (C.47), we get a remarkable simplification which only leaves a non-vanishing
term coming from the boundary of summation

J13;4 J1;74 J1374 _
> (PR -asart QR aranm + QR T aranm) =
J=|AJ)| (C.50)

_ le;J4
- J2;T3;80—1,—AJ,AJ,p=—1"
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In particular, we can explicitly evaluate this last term to obtain an expression in terms of
the coefficient C, i.e. we obtain

; 1
J1;04 _ T J.
~ QR TiAI 1, - AT AL p=—1 = 8|AJ|(2|AT| + 1)C.721;\AJI,—AJ,AJCJ;I;IAJL—AJ»AJ' (C.51)

Due to eq. (C.39), it is clear that the same procedure can be applied to the case with a
dynamical fermion having x = —1. The difference in such case is that the shift J — J—1 and
the surviving terms come from the Clebsch-Gordan coefficients with p = 1. The symmetry
of the problem guarantees that the final result is the same, as it is explained for the sphere
reduction in the PSU(1, 1]2) sector.

Crossing relations at saturated angular momenta — products of C, D, F and G.
In this subsection we show another remarkable simplification for the sum over J of the
mixed bosonic-fermionic term mediated by the non-dynamical gauge field.

We refer to eq. (2.70), where however due to symmetry reasons it is sufficient to
consider only half of the terms. We thus define

8‘71“74 _ it a+1 Ji T3 ((152)

TooTsiI M= g (] 1) T I M7 JuIM

Jo(Jo + 1) _ > _ 7
J1,J4 — 2\J2 T T J: T
J2,J3;JMp — w% S —(m— )2 (DJ;;JMngj,JMp + Dj;,JMngz;JMP) ’ (C.53)

We can write these combinations only in terms of the Clebsch-Gordan coefficient C by
means of the crossing relations proved in this appendix. The result is

nag St d+l g Ts

TenJsiIM = g F(] 1 1) TmIMETnIM (C.54)
J1,J4 _ J+Ji+Jo+2 T o (C.55)
J2,J53 I Mp=-1 4(J +1)(2J + 3) TnIHLME T+ 1M :

ToTaidMp=1 = RS CVES) TsamCpan (C.56)

As we learnt from previous example, the strategy is to send J — J — 1 in the term with
p = —1 and observe that the following relation holds:

J1,T4 J1,J4 J1,T4 _
sz,js;JM + Tj2,j3;J—1,Mp:—1 + Tj2“73;JMp:_1 =0. (C.57)

In this way, we find that the sum over J required in eq. (2.70) reduces to a boundary term.
Indeed, we obtain

J1;T4 J1;T4 J1;Ta _
Z (SJQ;JBM*AJ»AJ + T323733J7*AJ7P=*1 + TJQ§~73m3;JﬁAJ7P=1> -
JzIAd] (C.58)
T _ S+ htAT g T4
T2 T AT =L =Adp==1 " g\ J|(2|AJT| + 1) T=IAI" T A

The same result also applies to the analog term involving fermions with kK = —1 relevant
for the PSU(1, 1]2) sector, as can be seen by applying (C.14), (C.29) and (C.39). The only
difference for the fermions with opposite chirality is that we need instead to shift the terms
with p = 1, but the procedre is formally the same, as well as the final result that we obtain.
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D Algebra and oscillator representation

The oscillator representation [12] is a convenient way to represent the set of letters of
N =4 SYM and its superconformal algebra u(2,2|4). In this appendix we review such a
representation, following the conventions of [24].

We consider two sets of bosonic oscillators a®, b* with four dimensional spinorial in-
dices a, & € {1,2} and one fermionic oscillator ¢® with a € {1,2, 3,4} satisfying the canon-

ical commutation relations
[a%al] = a5, [b%bl] =65, {emclr =05 (D.1)
We conveniently introduce the following notation to denote the number operators:
a®=ala®, b= b];bd, A =clc?, (D.2)

with no sum over the indices.
These oscillators can be combined in order to define the generators of the algebra and
the physical states. We have the 6 generators of the so(4) subalgebra

L% = ala® - ol ; @ 53, L4 =blbi- o+ 5. (D.3)
and 15 generators for the su(4) subalgebra
4
R = cha - %(5;} Z . (D.4)
d=1

For the purposes of this work, we need to take BPS bounds given by combinations of
charges in the Cartan subalgebra of u(2,2|4). Among the previous set, they are given by
the rotation ones

Si==(a'—a®+b" =v*), Sy==(-a'+a>+b" -, (D.5)

N —
N =

and of the su(4) Cartan charges'!

lel(—cl—cg—i—c‘g—i—c‘l), Jo =

5 (1—02—C3+C4).

(D.6)
In addition, the u(2,2|4) algebra contains three u(1) charges: the bare dilatation operator

N | —

(_C1+62_C3+C4)7 Jy =

N |

Dy, the central charge C and the hypercharge B, given by

1
D0:1+§(a1+a2+b1+62), (D.7)
1
C’:1—5(—a1—a2+bl+b2—cl—02—03—c4), (D.8)
1
B = 5(a1+a2—b1—b2). (D.9)

11p this appendix, we call J; the su(4) Cartan generators instead of the notation @; used in the main
text to avoid confusion with the supercharges.

— 61 —



All the letters of N = 4 SYM satisfy C' = 0, then they correspond to a representation of
psu(2,2[4).
The complete algebra also contains the generators for translations and boosts

P ;= agbj3 . K =a’, (D.10)

and the fermionic generators for supersymmetry plus the superconformal partners:
@ —alct, Qaa = bgcl, (D.11)
S =cla®, S4a — p¥ce, (D.12)

Among the entire set of generators, an important role is played by the su(1, 1) subalgebra
spanned by

1
Lo=5(1+ a' +0), Ly =albl, L_=ajb, (D.13)
which is common to all the near-BPS limits considered in section 2. They satisfy the

commutation relations
[Lo,Ly]|=+Ly, [L_,L4y]=2Lg (D.14)

The letters of ' = 4 SYM are composed by the bosonic and fermionic fields listed in
table 2, 3 and 4, plus the gauge fields strengths and the covariant derivatives. Schematically,
they are given by
® : (ch?|0), x :alcl|oy, ¥ :bi(ch?o), (D.15)
F: (aT)2|O> , F: (bT)2(cT)2|0> , d: aTbT|0> . (D.16)
Normalization factors are omitted, while the precise labelling of the indices depends from
the specific letter; this can be easily found by considering the Cartan generators and the

fields surviving the various near-BPS limits. In this appendix we focus on the main cases
considered in this paper: the su(1,1|1) and psu(1,1|2) algebras.

su(1,1|1) algebra. The BPS limit in the SU(1, 1|1) sector reads
1 1
Dy — <51+J1+2J2+2J3> =0, (D.17)

which implies
a2=0=0, =2=0, f=1. (D.18)

Moreover, the vanishing of the central charge gives the additional condition

A=1—a +0b'. (D.19)
The letters in this sector are
1 1
a7y = —(alb))ctel|0), |dix1) = ————(alb!)"alcl|0), D.20
|di Z) n!(ll) 34‘> Y x1) n!(n—l—l)!(ll) 1¢410) ( )

where the factors are chosen to achieve unity normalization:
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The generators of the algebra are the following: there are four bosonic generators, gener-
ating the algebra su(1,1) x u(1), given by the set (D.13) plus the additional u(1) generator

R=—c. (D.22)
Then we have four fermionic generators, that we collect using the notation
Q= alc;;, Qf = aIc;g, S =bies, ST= bJ{cg. (D.23)

The generators of this sector satisfy the following commutation relations:

{Q,QT}:L()—I—R, {SaST}:LO_Ra {ST7QT}:L+7 {SaQ}:Lfv (D24)
L0.Ql=3Q,  [L@=30",  [LoSl=-35. [LsT=35", (D)
[Q.Ly] = ST, [Q.L_]=0, Q. L] =0, QT,L_]=-S, (D.26)
S, L] = QT, [S,L]=0, [ST,L,] =0, [S,L]=-Q. (D.27)

A typical feature of supersymmetric-invariant theories is that the anticommutator of the
supercharges closes on the free Hamiltonian. Looking at eq. (D.24), this points towards
the identification

Hy=Ly+R=51+J1. (D28)

On the other hand, we remark in section 2 that a more natural choice for all the near-BPS
limits is to take Ly to be the free part of the Hamiltonian, see e.g. eq. (2.75). Indeed,
following the near-BPS limit (2.46), the free Hamiltonian of the system would naturally be

1 1 1
S1i+ i+ =Jo+=-J3=Lyg+ =, (D.29)
2 2 2
and then the choice of take instead Lg to represent the free part simply corresponds to a
convenent mass shift.
In order to follow this interpretation, we introduce a linear combination of the original

supercharges which closes on Lj instead of the combination S7 + J;. We define

1 1

Q= 5(@+3), QTZE(QHST). (D.30)
Since
{Q.5y=0, {Qf,s}=0, (D.31)
we obtain
{9, Q" = Lo = <51+J1+;J2+;J3> —%. (D.32)

This representation of the supercharges is used in section 2 and to build the superfield
formulation in section 4.
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psu(1,1]|2) algebra. The BPS limit in this sector reads
Dy —(S14+J1+J2) =0, (D.33)

which implies
a?=0"=0, =0, =1 (D.34)

The vanishing of the central charge in the representation gives

A+ =1—a +0b'. (D.35)
The set of letters of the sector is!?
1 1
n N PN VSN | n _ Tty T .1
|diZ) = oy (a1b1) C4|0> | x1) = Wl(n+ 1)!(a1b1) a1C4|O> (D.36)
@ X) = S (albl)yrededloy  ldixn) = ————(alb) by (D.37)
1 ol 10 2C4 1 LRSI 2C3C4 .

where the prefactors ensure a unit normaliztion

<d71nZ’d?Z> = 5mn7 <d71nX1’d711X1> = Omn , (D'38)
(7" X|d7 X) = dmn (di*X7|dX7) = Smn - (D.39)

The bosonic generators of the su(1,1) subalgebra are the same as in the su(1,1|1) sector.
The R-symmetry generators form now a su(2) subalgebra, given by

1
R?%, =cic?, R’ =clc’, R= 5(c3 — ). (D.40)
The fermionic generators can be collected in the convenient basis

Q= alc;r, Qf = aicg S = bic3 St = b];c}; (D.41)
Q= alc; Qf = aJ{cQ S = by St = b{cg ) (D.42)

They satisfy the following commutation relations:

{QQY=Lo+R {957} =Lo—R (D.43)
{QQY=Li-R {55} =L+R (D.44)
{Q,Q"} = R {5,5} =-R%  {Q,Q"}=R%, {5,857} =-R%. (D4j)

Similarly to the su(1,1|1) sector, we would like to identify the free part of the Hamiltonian
to be Ly, and define a linear combination of the supercharges such that they close on this
generator. This is also motivated by the fact that Lg differs by the combinations of Cartan
charges defining the PSU(1, 1|2) by a constant:

1
51+J1+J2:L0+§. (D.46)

12Notice that we are choosing conventions such that the fermion field 12 creates the state —|x7).
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We then define

Q) = 7 Q+S), Q, = 7 (Q + S) (D.47)
ol =~ (@t +s1). o} = 7 (@1 +51), (D.48)
which satisfy
{01,001} = {2y, 01} = Lo (D.49)
(01,00} = % (R% —R?Y) , (D.50)
{Q1,0:} ={9]. o} =0. (D.51)

They correspond to the supercharges defined in (2.109).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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