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Abstract: We extend the theory of topological recursion by considering Airy ideals
(also known as Airy structures) whose partition functions are highest weight vectors
of particular W-algebra representations. Such highest weight vectors arise as partition
functions of Airy ideals only under certain conditions on the representations. In the
spectral curve formulation of topological recursion, we show that this generalization
amounts to adding specific terms to the correlators ωg,1, which leads to a “shifted topo-
logical recursion” formula. We then prove that the wave-functions constructed from this
shifted version of topological recursion are WKB solutions of families of quantizations
of the spectral curve with �-dependent terms. In the reverse direction, starting from an
�-connection, we find that it is of topological type if the exact same conditions that we
found for the Airy ideals are satisfied. When this happens, the resulting shifted loop
equations can be solved by the shifted topological recursion obtained earlier.
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1. Introduction

1.1. Motivation: quantum curves. The Eynard-Orantin topological recursion [1] is a
method to calculate invariants associated to Riemann surfaces by a formula which is
recursive on the negative of the Euler characteristic 2 g − 2 + n. It has as input only
the cases (g, n) = (0, 1), ( 1

2 , 1), (0, 2) where 2 g − 2 + n ≤ 0 – these define the (spec-
tral) curve of the problem – and produces as output a set {ωg,n}g∈ 1

2 N,n∈N∗ of symmetric
multidifferentials on the spectral curve. Topological recursion has applications to matrix
models [2], volumes of moduli spaces [3], Gromov–Witten theory [4–7], Hurwitz num-
bers and hypergeometric KP tau-functions [8–10], and WKB analysis of Lax systems
[11–13], among others.

Topological recursion can be understood as a quantization formalism [14]. The spec-
tral curve can often be understood as an algebraic curve P(x, y) = 0. We then consider
the following question: how can the spectral curve be quantized? I.e., how do we con-
struct a function ψ(�; x) and a differential operator P̂(�; x̂, ŷ) with x̂ = x · and ŷ = �

d
dx

such that

P̂(�; x̂, ŷ)ψ(�; x) = 0, P̂(0; x, y) = P(x, y). (1.1)
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There are many operators P̂ that reduce to P this way, but due to non-commutativity
of x̂ and ŷ, there is no canonical choice. So the real question is: how do we quantize in
a meaningful way?

Topological recursion provides an answer to this question, as was originally suggested
in [14]. Out of the differentials ωg,n produced by topological recursion, one can construct
a wave-function that is annihilated by a quantization of the spectral curve. For genus
0 spectral curves, the wave function ψ is constructed by integrating the ωg,n along a
correctly chosen divisor D of degree −1, and assembling them in a multivalued WKB-
type generating series:

ψ(z) = exp

⎛
⎜⎝

∑

g∈ 1
2 N,n∈N∗

�
2g−2+n

n!
∫
D+[z]

· · ·
∫
D+[z]

(
ωg,n − δg,0δn,2

dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎞⎟⎠ .

(1.2)

For higher genus, the correct wave function is a transseries obtained from this function
as a generalized theta series.

This quantization procedure was proved for a large class of genus 0 curves by
Bouchard–Eynard [15] and for higher genus by Eynard–Garcia-Failde–Marchal–Orantin
[16]. More precisely, in the original formulation of topological recursion, the projection
of the spectral curve to the first coordinate, x : � → P

1, has to be simply ramified.
This was generalized to spectral curves with arbitrary ramification in [17]. The simple
ramification condition is also a requirement in the proof of [16] for higher genus spectral
curves, but not in the proof of [15] for genus 0 spectral curves, which uses the higher
ramification generalization of [17].

This quantization method however raises an intriguing question. There are many
ways to quantize a plane curve as in (1.1) – one needs to choose an ordering of the
non-commutative operators x̂, ŷ, and one could add further �-corrections. Nonetheless,
topological recursion seems to “select” a particular quantization. Moreover, it is often
not the naively expected one, such as the normal-ordered quantization. It may not even
be the quantization in any ordering! (I.e. it may include further �-corrections.) Why is
topological recursion selecting such particular quantizations?

To make things concrete, consider the following spectral curve:

xr−1yr − 1 = 0. (1.3)

This is the s = 1 case in the notation of [18]. This spectral curve falls into the class
considered in [15]. In there, it is shown that the quantization procedure above gives rise
to the following quantum curve:

(
ŷ x̂
)r−1

ŷ − 1, (1.4)

which is of course a quantization of the spectral curve, but a rather strange one! For
instance, it is not the normal-ordered quantization, which one could naively expect to
be singled out by topological recursion. Why is topological recursion selecting this
particular quantization? Is it possible to modify the quantization procedure to obtain
other choices of quantization of the spectral curve?

As explained in [15], there is a freedom in the quantization procedure, which is
in the choice of integration divisor D. For some spectral curves, constructing wave-
functions with different choices of integration divisors does produce solutions to distinct
quantizations of the spectral curve. However, this freedom is rather limited, and is not
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sufficient to obtain all possible choices of quantizations. For instance, in most cases,
one should take D to consist of a pole of x (understood as a meromorphic function on
the normalization of the plane curve); but for the spectral curve (1.3), there is only one
such choice (the pole at ∞), and thus this freedom cannot account for other choices of
quantizations.

The motivation behind this paper is to figure out how we can modify topological
recursion and its corresponding quantization procedure to obtain more general quanti-
zations of spectral curves. We propose a “shifted” version of topological recursion and
loop equations, which, as we show, allows us to reconstruct the WKB solution to more
general quantizations of the spectral curve.

1.2. A trifecta of viewpoints. We will also approach this question from two other dif-
ferent viewpoints: from the point of view of WKB solutions to differential systems, and
from the reformulation of topological recursion as Airy ideals coming from representa-
tions of W-algebras.

On the one hand, it is natural to consider the question of quantization from the
point of view of WKB solutions of differential systems. In this context, we can start
with any quantization of a spectral curve, which produces a differential system. The
question then becomes: for what such quantizations can we reconstruct the WKB solution
through topological recursion? This question was answered in part in [11,13,19]: if the
system satisfies certain conditions, called the topological type property, the solution
is given by topological recursion. In [12], Belliard–Eynard–Marchal formulated a set
of six assumptions that imply the topological type property, and proved that they hold
in many natural examples. In this context, what we show is that we can sharpen one
of the assumptions of [12]; we obtain a larger class of quantum curves for which the
WKB solution can be reconstructed recursively, but it is now via our proposed shifted
topological recursion.

On the other hand, topological recursion was reformulated in an algebraic language by
Kontsevich and Soibelman [20], who showed that the ωg,n can be assembled in a partition
function which is annihilated by a particular set of differential operators called an Airy
ideal (also known as Airy structure). These Airy ideals encode the fact that topological
recursion gives a solution to loop equations [21,22] which only have prescribed poles
and holomorphic components. For the original topological recursion of [1], the Airy
ideal can be obtained as a representation of a number of copies of the Virasoro algebra,
one for each ramification point of the spectral curve. The partition function can then
be thought of as a vacuum vector (or highest weight vector with weight zero) of the
Virasoro algebra. The strength of the Airy ideal formulation is that it gives an immediate
proof that there exists symmetric solutions to topological recursion, something which
otherwise is quite difficult to prove directly from topological recursion.

This approach via Airy ideals was generalized to higher order ramification points
in [18,23] (also allowing poles of y at the ramification points, keeping ω0,1 = y dx
holomorphic). In particular, this approach proves that the topological recursion formulas
obtained in [17,24] have symmetric solutions. Surprisingly, requiring symmetry gave
conditions on the kind of ramification orders r and pole orders r−s of y that are allowed:
one must have r = ±1 (mod s), otherwise already ω0,3 is non-symmetric.

In this generalization, the Airy ideals are obtained as representations of W(glr )-
algebras (one copy for each ramification point of order r ). The partition function is
again a vacuum vector (or highest weight vector with weight zero). From this point
of view, what we show is that our proposed shifted topological recursion (and shifted
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loop equations) arise by simply considering more general partition functions obtained as
highest weight vectors with non-zero weights. We show that those also form Airy ideals,
and thus we know that our proposed shifted topological recursion has a symmetric
solution. As this formulation in terms of Airy ideals is clean and simple, this will be our
starting point.

1.3. Contributions of this paper. We mostly investigate the spectral curves which can
be parametrized by

{
x = zr

y = zs−r (1.5)

for some r ≥ 2, s ≥ 1. These curves are the the local model for any (smooth) ramification
point of a spectral curve, and from the analysis of [18], we know that topological recursion
is well-behaved on these curves if and only if r = ±1 (mod s). Their plane curve
equation is

P(x, y) = x − yr (1.6)

for s = r + 1 and

P(x, y) = xr−s yr − 1 (1.7)

else. We call those curves the (r, s)-spectral curves.
We are particularly interested in possible quantizations of these curves. From the

plane curves (1.6) and (1.7), one may think that in the s = r + 1 case, there is no
ambiguity in quantization, while in the other cases, there are several possible orderings
of the quantization of the monomial xr−s yr .

We find, rather, that if r = 1 (mod s), we can obtain infinite-dimensional families
of quantum curves, whose solutions can be calculated via an explicit and consistent1

modification of the topological recursion formula which we call “shifted topological
recursion”. In the particular case s = 1, this family is even larger than in the other cases.
However, only for s ∈ {1, r − 1} do these families contain all possible orderings of the
naive quantization.

We start our investigation from the point of view of Airy ideals. In Sect. 2, we investi-
gate the theory of Airy ideals for different (r, s). The (r, s)-Airy ideals corresponding to
topological recursion on the (r, s)-spectral curves were constructed in [18] as represen-
tations of W(glr )-algebras. The corresponding partition functions are vacuum vectors
or highest weight vectors with weight zero. We show that we can construct more general
families of Airy ideals, which we call “shifted (r, s)-Airy ideals”, whose partition func-
tions correspond to highest weight vectors with non-zero weights of theW(glr )-algebras
(theorem 2.27).

More precisely, for the cases (r, s) = (r, 1), in the usual construction the partition
function is annihilated by all the non-negative modes Wi

k , k ≥ 0, 1 ≤ i ≤ r of the
generators of the W(glr )-algebra. It is thus a highest weight vector with highest weight
zero. We show that we can construct general highest weight vectors from Airy ideals;
the highest weights, which correspond to the non-zero weights of the zero modes Wi

0,
appear in the differential operators as r scalars Si ∈ �C���, for 1 ≤ i ≤ r . For the cases

1 i.e. producing symmetric multidifferentials.
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r = 1 (mod s) with s ≥ 2, the partition function is now annihilated by some negative
modes of the generators as well as the non-negative modes, and the construction is more
limited. We show that we can construct more general Airy ideals, but the only freedom
is in giving a non-zero weight S1 ∈ �C��� to the zero mode W 1

0 of the conformal weight
1 generator. Finally, for r = −1 (mod s) and s ≥ 3, we show that we cannot introduce
any non-zero weights from Airy ideals.

In Sect. 3, we generalize the translation from Airy ideals to topological recursion (via
loop equations) to these shifted (r, s)-Airy ideals. The shifted Airy ideals are equivalent
to a modification of the loop equations for correlators ωg,n , which we call "shifted loop
equations" (proposition 3.18). We can solve these shifted loop equations in the same
way as topological recursion solves the usual loop equations, and we obtain a variation
on the topological recursion formula, which we call "shifted topological recursion"
(theorem 3.20). The only difference with the usual topological recursion formula is that
the highest weights introduce corrections to the correlators ωg,1, which have to be added
into the topological recursion formula explicitly. Aside from this, the recursive structure
remains the same. Moreover, because we obtain shifted topological recursion starting
from Airy ideals, it is guaranteed to produce symmetric multidifferentials.

Now that we have more general shifted loop equations and topological recursion for
the (r, s)-spectral curves, we can ask whether the corresponding quantization formalism
produces wave-functions for more general quantizations of the (r, s)-spectral curves. We
answer this question in secton 4. We generalize the construction of quantum curves from
[15] to the shifted loop equations. We find the appropriate system of differential equa-
tions and hence quantum curves that annihilate the wave-function constructed from the
correlators produced by shifted topological recursion (theorem 4.16 and theorem 4.17).
In this way, we obtain families of quantizations of the (r, s)-spectral curves. In particular,
for s = 1 and s = r − 1, we obtain families that contain all possible quantizations of
the spectral curve corresponding to distinct choices of ordering of the non-commutative
operators x̂ and ŷ.

Finally, in section 5 we close the loop by considering the converse question: given
a quantum curve, or rather the associated differential system, when can its solution be
constructed by topological recursion? I.e., when is the system of topological type? We
find that after sharpening one of the assumptions of [12], the conditions for this to work
are exactly the same as the ones obtained in the Airy ideals framework, namely that
r = 1 (mod s). In fact, we generalize the construction to allow for highest weight shifts
in the differential systems, and we obtain that the differential system has a WKB solution
constructed from shifted topological recursion under exactly the same conditions as in
theorem 2.27 (theorem 5.30). We identify certain key elements in both constructions,
explaining the correspondence between the two languages.

Moreover, the aim of this paper is also partly expository. We connect several important
viewpoints on topological recursion: the original geometric definition via residues of
multidifferentials, the algebraic formulation via Airy ideals, and the integrable aspect
via the WKB analysis of an �-connection of topological type. The central concept which
connects all of these points of view is that of loop equations, and they will appear in
different guises throughout the paper. This trifecta of viewpoints is represented pictorially
in figure 1.

1.4. Open questions. We have only considered in detail very specific spectral curves,
with a single ramification point relevant for topological recursion. These give all of the
commonly considered local models, but the more general global situation still poses
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Fig. 1. A trifecta of viewpoints

significant challenges, at least at a computational level. We have also not considered
higher-genus spectral curves, as [16], and the required resummations there may also
pose problems.

In the semi-simple case, i.e. the case where all ramifications are of type (r, s) =
(2, 3), local topological recursion is identified [6] with Givental’s reconstruction of
cohomological field theories (CohFTs) [25], which reconstructs all semi-simple CohFTs
from genus 0 data [26], starting from the correspondence between the Airy curve x−y2 =
0 and the unit CohFT. In the cases (r, r + 1) and (r, r − 1), the curves also correspond
to CohFTs, namely the r -spin Witten class [18,27,28] and the class �r [29,30], and
the Givental group action still acts on such CohFTs [28] and can still be identified
with topological recursion by [6]. However, our results show that for r = 1 (mod s),
topological recursion can actually get corrections in positive genus, and this suggests that
in these cases the Givental group action has to be extended as well. Therefore, in these
cases an analogue of Teleman’s reconstruction theorem may not hold, as the Givental
group does not act transitively.

In a similar direction, an open question is to find a geometric interpretation for the
correlators ωg,n calculated by topological recursion on the (r, s)-spectral curves, or
equivalently, for the partition function of the (r, s)-Airy ideals. As mentioned above,
in the cases with s = r + 1 and s = r − 1, such an interpretation is known: the
partition function is the descendent potential of the r -spin Witten class and the class
�r respectively [30]. However, it remains unknown for other choices of s. It is perhaps
even more interesting to study whether there is a geometric interpretation for shifted
(r, s)-Airy ideals, in particular in the case s = 1, where we can shift all zero modes. In
fact, in upcoming work, one of the authors, in collaboration with N. K. Chidambaram, A.
Giacchetto and S. Shadrin, shows that for s = 1, and for a specific choice of the highest
weights, the partition function is the descendant potential of the �r,1-class proposed in
[30] (see Remark 2.10).
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1.5. Notation. We introduce � along the conventions in [31]. To connect to other liter-
ature on Airy structures, cf. [31, Remark 2.16].

We use the convention that N = {0, 1, 2, . . .} and N
∗ = {1, 2, 3, . . .}. We write

[r ] = {1, . . . , r}. For a set N and a variable z, we write zN := {zn | n ∈ N }.
We consider fields in vertex operator algebras as differential forms of degree equal

to the conformal weight of the state. I.e. if in a VOA V , the state v ∈ V has conformal
weight �, then we index its field by

Y (v; x) =
∑
k∈Z

vk
(dx)�

x�+k . (1.8)

We use x for the variable instead of the conventional z, because this conforms with our
interpretation via the spectral curve of topological recursion, cf. [23].

When considering a spectral curve with local coordinate z, and functions x(z) and
y(z), we may write x j = x(z j ) and y j = y(z j ) to lighten notation.

2. Shifted (r, s)-Airy ideals and highest weight vectors

In this section, we explain how Airy ideals [20], by which we mean higher quantum
Airy structures with crosscaps in the sense of [18] (or rather the associated Airy ideals
[31]), can be used to reconstruct highest weight vectors for W(glr ) at self-dual level.
This involves a generalization of the (r, s)-Airy ideals introduced in [18], which we
call shifted (r, s)-Airy ideals. We assume familiarity with the relevant concepts in these
papers, and only refer to main results. We follow the approach to Airy ideals presented
in [32], following [31].

2.1. Airy ideals. Let us start by reviewing the definition of Airy ideals (also called Airy
structures). We follow [32]; proofs of the results stated here can be obtained either there
or in [20,31].

2.1.1. The ReesWeyl algebra Let A be a finite or countably infinite index set. We use the
notation xA for the set of variables {xa}a∈A, and ∂A for the set of differential operators{

∂
∂xa

}
a∈A

. The Weyl algebra C[xA]〈∂A〉 is the algebra of differential operators with

polynomial coefficients. We define the completed Weyl algebra DA to be the completion
of the Weyl algebra, where we allow infinite sums in the derivatives (when A is a
countably infinite index set) but not in the variables.

DA has many filtrations, one of which is the Bernstein filtration (see Definition 2.3
in [32]). Using this filtration, we construct a graded algebra via the Rees construction:

Definition 2.1. The Rees Weyl algebraD�

A associated to DA with the Bernstein filtration
is

D�

A =
⊕
n∈N

�
n FnDA, (2.1)

where the FnDA refer to the subspaces in the Bernstein filtration of DA.

When A is countably infinite, we want to be able to take infinite linear combinations
of operators Pa without divergent sums appearing. To this end, we define the notion of
a bounded collection of differential operators:
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Definition 2.2. Let I be a finite or countably infinite index set, and {Pi }i∈I a collection
of differential operators Pi ∈ D̂�

A of the form

Pi =
∑
n∈N

�
n

∑
m,k∈N

m+k=n

∑
a1,...,am∈A

p(n,k)
i;a1,...,am

(xA)∂a1 . . . ∂am . (2.2)

We say that the collection is bounded if, for all fixed choices of indices a1, . . . , am, n
and k, the polynomials p(n,k)

i;a1,...,am
(xA) vanish for all but finitely many indices i ∈ I .

It is easy to see that for any bounded collection {Pi }i∈I , linear combinations
∑

i∈I ci Pi
for any ci ∈ D�

A are well defined operators in D�

A, regardless of whether I is finite or
countably infinite.

2.1.2. Airy ideals We now define the notion of Airy ideals, which is a particular class
of left ideals in D�

A.

Definition 2.3. Let I ⊆ D�

A be a left ideal. We say that it is an Airy ideal (also known
as Airy structure) if there exists a bounded generating set {Ha}a∈A for I such that2

1. The operators Ha take the form

Ha = �∂a + �pa(xA) + O(�2), (2.3)

where the pa(xA) are linear polynomials.
2. The left ideal I satisfies the property:

[I, I] ⊆ �
2I. (2.4)

2.1.3. Partition function The main reason that Airy ideals are interesting is because they
are annihilator ideals for some partition functions.

Definition 2.4. A partition function in the set of variables xA is an expression of the
form

Z = exp

⎛
⎜⎝

∑

g∈ 1
2 N,n∈N∗

�
2g−2+n

n!
∑

k1,...,kn∈A

Fg,n[k1, . . . , kn]xk1 · · · xkn

⎞
⎟⎠ . (2.5)

We say that it is stable if F0,1[k1] = F0,2[k1, k2] = F1
2 ,1[k1] = 0, semistable if

F0,1[k1] = 0, and unstable otherwise.

Recall the definition of an annihilator ideal:

Definition 2.5. Let Z be a partition function as in (2.5). The annihilator ideal I =
AnnD�

A
(Z) of Z in D�

A is the left ideal in D�

A defined by

AnnD�

A
(Z) = {P ∈ D�

A | PZ = 0}. (2.6)

2 We abuse notation slightly here. We say thatI is generated by the Ha , even though in standard terminology
the ideal generated by the Ha should only contain finite linear combinations of the generators. Here we allow
finite and infinite (when A is countably infinite) linear combinations, which is allowed since the collection
{Ha} :a∈A is bounded.
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The main result in the theory of Airy ideals, which was originally proved in [20], is
the following theorem:

Theorem 2.6. Let I ⊂ D�

A be an Airy ideal. Then there exists a unique partition function
Z of the form (2.5) such that I is the annihilator ideal of Z in D�

A. Moreover, Z is
semistable, and if pa(xA) = 0 for all a ∈ A, then it is stable.

In other words, given any Airy ideal I, there always exists a unique partition function
Z such that IZ = 0. Since the operators Ha that generate I are finite degree in �, the
differential constraints HaZ = 0 for all a ∈ A give rise to recursion relations for the
Fg,n[k1, . . . , kn] that can be used to reconstruct Z uniquely.

Remark 2.7. In the literature on Airy structures, the O(�) terms �pa(xA) are usually
omitted from the operators Ha in definition 2.3. The resulting partition function is then
always stable (that is, the sum in (2.5) starts with 2g − 2 + n > 0). It is straightforward
however to extend the proof of theorem 2.6 (for instance, following step-by-step the
approach in [31]) to the case of non-zero linear polynomials �pa(xA), with the only
difference being that the resulting partition function becomes semistable (i.e. with the
sum starting with 2g − 2 + n ≥ 0).

2.1.4. Airy ideals in universal enveloping algebras Many Airy ideals are constructed
via representations of either Lie algebras or non-linear Lie algebras – see for instance
[18]. We briefly explain the main idea.

Let g be either a Lie algebra or a non-linear Lie algebra (see for instance Section
3 of [33] for a precise definition of non-linear Lie algebras), and U (g) the universal
enveloping algebra. Suppose that there is an exhaustive ascending filtration onU (g) (such
as the filtration by conformal weight); then we construct the Rees universal enveloping
algebra U�(g) = ⊕

n∈N
�
n FnU (g) using the Rees construction as in Definition 2.1.

To construct Airy ideals, we proceed as follows:

Lemma 2.8. Let ρ : U�(g) → D�

A be a representation of the Rees enveloping algebra
in the Rees Weyl algebra, for some index set A. Let IU� ⊆ U�(g) be a left ideal in
U�(g), and I = D�

Aρ(IU�) ⊆ D�

A be the corresponding left ideal in D�

A generated by
ρ(IU�).

Suppose that IU� satisfies the property [IU�, IU� ] ⊆ �
2IU� , and that there exists

a generating set {Ha}a∈A for IU� such that ρ(Ha) = �∂a + �pa(xA) + O(�2), where
the pa(xA) are linear polynomials, and such that the collection {ρ(Ha)}a∈A is bounded.
Then I is an Airy ideal.

In this construction we see that the two conditions in the definition of Airy ideals,
definition 2.3, are obtained independently. The condition [IU�, IU� ] ⊆ �

2IU� is a
condition on the left ideal IU� ⊆ U�(g) in the Rees universal enveloping algebra,
while the second condition that there exists a generating set {Ha}a∈A for IU� such that
ρ(Ha) = �∂a + �pa(xA) + O(�2) depends on the choice of representation.

The condition [IU� , IU�] ⊆ �
2IU� is in fact fairly easy to satisfy. We first define an

operation that maps elements of U (g) to elements of U�(g):

Definition 2.9. Let p ∈ U (g), and let i = min{k ∈ N | p ∈ FkU (g)}. We define the
homogenization h(p) of p to be h(p) = �

i p ∈ U�(g). We define the homogeniza-
tion h(IU ) of a left ideal IU ⊆ U (g) to be the left ideal in U�(g) generated by all
homogenized elements h(p), p ∈ IU .
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Then we have the following simple lemma:

Lemma 2.10. Let IU ⊆ U (g) be a left ideal. Then its homogenization h(IU ) ⊆ U�(g)
satisfies [h(IU ), h(IU )] ⊆ �

2 h(IU ).

Thus any left ideal IU� ⊆ U�(g) that is obtained as the homogenization of a left
ideal in U (g) automatically satisfies [IU�, IU� ] ⊆ �

2IU� . This gives a clear recipe on
how to obtain Airy ideals from universal enveloping algebras.

1. We start with a left ideal IU ⊆ U (g) or, equivalently, a cyclic left module M �
U (g)/IU generated by a vector v whose annihilator is IU = AnnU (g)(v).

2. We construct the homogenization IU� = h(IU ), which is a left ideal in U�(g). By
construction, we know that [IU�, IU�] ⊆ �

2IU� . From the point of view of modules,
we obtain a cyclic left module M[�] � U�(g)/IU� generated by the vector v and
where � acts by multiplication; the annihilator of v in U�(g) is IU� = AnnU�(g)(v).

3. We find a representation ρ : U�(g) → D�

A, for some index set A, such that there
exists a generating set {Ha}a∈A for IU� with ρ(Ha) = �∂a + �pa(xA) + O(�2) and
the collection {ρ(Ha)}a∈A bounded.

By Lemma 2.8, the left ideal I ⊆ D�

A generated by {ρ(Ha)}a∈A is an Airy ideal.

2.2. (r, s)-Airy ideals. In this section we apply the ideas of the previous section to
construct Airy ideals from the universal enveloping algebra of the modes of the strong
generators of the W(glr )-algebra at self-dual level. We follow the three-step approach
explained above. This construction was originally presented in [18].

2.2.1. The W(glr )-algebra at self-dual level Let us introduce the W(glr )-algebra at
self-dual level via its realization as a subalgebra of the Heisenberg VOA H(glr ).

Let h ⊂ glr be the Cartan subalgebra with orthogonal canonical basis {χ j }rj=1. The

Heisenberg VOA is the vertex operator algebra freely generated by the vectors χ
j
−1|0〉,

j = 1, . . . , r , where |0〉 is the vacuum vector. We define the fields

J j (z) = Y (χ
j
−1|0〉, z) =

∑
n∈Z

J j
n

dz

zn+1 . (2.7)

The W(glr )-algebra at self-dual level is the VOA strongly freely generated by the
vectors

w j = e j (χ
1−1, . . . , χ

r−1)|0 , j ∈ [r ], (2.8)

where e j denotes the j’th elementary symmetric polynomial. The corresponding fields
take the form

W j (z) = Y (e j (χ
1−1, . . . , χ

r−1)|0 , z) = e j
(
J 1(z), . . . , Jr (z)

)
=
∑
n∈Z

W j
n
dz j

zn+ j
.

(2.9)

This gives the explicit relation

W j
n =

∑
1≤i1<...<i j≤r

∑
m1+...+m j=n

⎛
⎝

j∏
k=1

J ikmk

⎞
⎠ . (2.10)
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The modes {W j
n } j∈[r ],n∈Z of the strong generators span a non-linear Lie algebra. Let

us denote by Ur the universal enveloping algebra of the modes.
There is a natural filtration onUr by conformal weight, where the modes W j

n have de-
gree j . More precisely, the subspaces in the filtration FnUr consist of sums of monomials
of the forms W j1

n1 · · ·W jk
nk with j1+. . .+ jk ≤ n. We use this filtration to construct the Rees

universal enveloping algebraU�
r , which in essence amounts to redefining W j

n 
→ �
jW j

n .

2.2.2. A few preliminary lemmas We prove a few preliminary lemmas that will be use-
ful shortly. We first prove a simple result about partitions and elementary symmetric
polynomials.

Definition 2.11. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r , that is, λ1 ≥ λ2 ≥
. . . ≥ λp ≥ 1 and

∑p
i=1 λi = r . We define the partial sums μk = ∑k

i=1 λi for k ∈ [p].
By convention we set μ0 = 0.

Lemma 2.12. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . Let e j be the j’th
symmetric polynomial. Then:

e j (x1, . . . , xr ) =
λ1∑
j1=0

· · ·
λp∑
jp=0

δ j1+...+ jp, j

p∏
k=1

e jk (xμk−1+1, . . . , xμk ), (2.11)

where δm,n is the Kronecker delta.

Proof. This follows directly from the generating function for elementary symmetric
polynomials. We know that

G(z; x1, . . . , xr ) :=
r∏

i=1

(1 + xi z) =
r∑
j=0

e j (x1, . . . , xr )z
j , (2.12)

where e0(x1, . . . , xr ) = 1. But:

G(z; x1, . . . , xr ) =
p∏

k=1

G(z; xμk−1+1, . . . , xμk ) (2.13)

=
p∏

k=1

⎛
⎝

λk∑
jk=0

e jk (xμk−1+1, . . . , xμk )z
jk

⎞
⎠ (2.14)

=
r∑
j=0

⎛
⎝

λ1∑
j1=0

· · ·
λp∑
jp=0

δ j1+...+ jp, j

p∏
k=1

e jk (xμk−1+1, . . . , xμk )

⎞
⎠ z j .

(2.15)

��
Using this lemma we can exploit the realization of the W(glr )-algebra at self-dual

level in terms of elementary symmetric polynomials to see that there is a natural embed-
ding of W(glr ) in W(glλ1

) × . . . × W(glλp
) for any integer partition λ of r .
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Lemma 2.13. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . Let W j (z), j ∈ [r ]
be the strong generators ofW(glr ) and W j

m their modes. There is a natural embedding
W(glr ) ⊂ W(glλ1

) × . . . × W(glλp
) given by the explicit formula for the modes:

W j
m =

λ1∑
j1=0

· · ·
λp∑
jp=0

δ j1+...+ jp, j

∑
m1+...+mp=m

( p∏
k=1

Xk, jk
mk

)
, (2.16)

where the Xk, jk
mk , jk ∈ [λk], mk ∈ Z are themodes of the strong generators of theW(glλk )

factors. By convention we set Xk,0
mk = δmk ,0.

Proof. This follows from lemma 2.12. By (2.9), and using lemma 2.12, we get:

W j (z) =e j
(
J 1(z), . . . , Jr (z)

)
(2.17)

=
λ1∑
j1=0

· · ·
λp∑
jp=0

δ j1+...+ jp, j

p∏
k=1

e jk (Jμk−1+1(z), . . . , Jμk (z)) (2.18)

=
λ1∑
j1=0

· · ·
λp∑
jp=0

δ j1+...+ jp, j

p∏
k=1

Xk, jk (z), (2.19)

where by convention we set Xk,0(z) = 1 (and thus Xk,0
mk = δmk ,0). Then the explicit

formula (2.16) for the modes follows directly. ��
Next we introduce a few simple definitions:

Definition 2.14. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r , and consider the

embedding from lemma 2.13. For d ∈ [p], we say that the mode W j
m is non-negative

of level d with respect to λ if either m ≥ 0, or for m < 0, all terms in the sum over
m1 + . . . + mp = m in (2.16) satisfy one of the following two conditions:

(a) mk > 0 for at least one k ∈ [p];
(b) there are at least d distinct k1, . . . , kd ∈ [p] such that mki = 0 and jki > 0 for all

i ∈ [d].
To put it simply, a mode W j

m with m < 0 is non-negative of level d with respect
to λ if all monomials in the sum (2.16) contain either one positive mode or at least d
non-trivial zero modes.

Definition 2.15. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . For j ∈ [r ], we
define

λ( j) = min{s ∈ [p] | λ1 + . . . + λs ≥ j}. (2.20)

The notions are related as follows:

Lemma 2.16. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . For d ∈ [p], the
mode W j

m is non-negative of level d with respect to λ if and only if m ≥ 0 if λ( j) ≤ d
and m ≥ d − λ( j) if λ( j) > d.
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Proof. Equation (2.16) expresses the modeW j
m as a sum of terms of the form

∏p
k=1 Xk, jk

mk ,

with
∑p

k=1 jk = j and
∑p

k=1 mk = m. Since by convention Xk,0
mk = δmk ,0, we define

the degree of a term
∏p

k=1 Xk, jk
mk to be the number of non-zero jk’s (which counts the

number of X ’s in the product after replacing Xk,0
mk = δmk ,0). It is clear that for any given

j , all terms that appear in the sum (2.16) will have degree greater than or equal to λ( j).
As a result, given any j and m, for W j

m to be non-negative of any level, we must have
m > −λ( j), otherwise the sum would contain a term with only negative modes. For
W j

m to be non-negative of level d, if λ( j) > d, we must have m ≥ d − λ( j), so that all
terms contain either at least d zero modes or at least one positive mode. For the cases
with λ( j) ≤ d, the only modes that are non-negative of level d are those with m ≥ 0,
since whenever m < 0 there will be terms with fewer than d zero modes and no positive
mode. ��

We can rewrite the condition above in terms of a new partition of r .

Lemma 2.17. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . For d ∈ [p], define
a new partition λ̃ = (λ̃1, . . . , λ̃p−d+1) = (μd , λd+1, . . . , λp), where μd = ∑d

i=1 λi .

The mode W j
m is non-negative of level d with respect to λ if and only if m ≥ 1 − λ̃( j).

Proof. First, we note that λ̃( j) = 1 for all j ∈ [μd ], and λ( j) ≤ d if and only if
j ∈ [μd ]. Therefore the condition m ≥ 0 for all j such that λ( j) ≤ d is reproduced.
For j > μd , we need to show that 1 − λ̃( j) = d − λ( j), that is, λ̃( j) + d − 1 = λ( j),
which is clear by construction of the partition λ̃. ��

2.2.3. Step 1: constructing left ideals IUr (λ) ⊂ Ur We move on to the construction of
the Airy ideals. The first step is to construct a family of proper left ideals IUr ⊂ Ur in
the universal enveloping algebra of modes associated to partitions of r . The construction
presented here is from Section 3.3 of [18]. We provide a proof of the main result so that
we can generalize it in the next section.

Proposition 2.18. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . Let IUr (λ) be

the left ideal generatedby themodesW j
m,with j ∈ [r ]andm ≥ 1−λ( j). ThenUr/IUr (λ)

is a cyclic left module generated by a non-zero vector v. Furthermore, W j
m /∈ IUr (λ) for

all j ∈ [r ] and m < 1 − λ( j).

Proof. We start with the embeddingW(glr ) ⊂ W(glλ1
)×. . .×W(glλp

) from lemma 2.13,
with the explicit formula (2.16).

Let vk be a highest-weight vector with highest weight zero for W(glλk ). That is,

Xk, j
m vk = 0 for all j ∈ [λk] and m ≥ 0, and the cyclic module generated by vk is

spanned by elements of the form Xk, j1
m1 · · · Xk, jn

mn vk with m1, . . . ,mn < 0. Construct the
tensor product v = v1 ⊗· · ·⊗vp. v generates a cyclic module for Ur via the embedding

(2.16). It is annihilated by all the modes W j
m that are non-negative of degree one with

respect to λ (see definition 2.14), since all monomials in (2.16) contain at least one
non-negative mode. From lemma 2.16, we know that W j

m is non-negative of degree one
with respect to λ if and only if m ≥ 1 − λ( j) for all j ∈ [r ].

Furthermore, for each mode W j
m with m < 1 − λ( j), there will be at least one

monomial that will only involve negative modes. Since the Xk, j
m form a PBW basis for

the W(glλk ) factors, this means that these terms will act non-trivially on v, and therefore
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we conclude that the cyclic module generated by v is spanned by elements of the form
W j1

m1 · · ·W jn
mnv with mi < 1 − λ( ji ). We conclude that the left ideal IUr (λ) generated

by the W j
m , with j ∈ [r ] and m ≥ 1 − λ( j), is the annihilator ideal of v, and that

W j
m /∈ IUr (λ) for all j ∈ [r ] and m < 1 − λ( j).

��
Let us clarify the statement of the proposition with a couple of examples.

Example 2.19. Pick λ = (r). Then λ( j) = 1 for all j ∈ [r ]. The idealIUr (λ) is generated
by all non-negative modes, that is W j

m with j ∈ [r ] andm ≥ 0. The corresponding vector
v is a highest weight vector with weight zero, as it satisfies W j

mv = 0 for all j ∈ [r ] and
m ≥ 0.

Pick λ = (1, 1, . . . , 1). Then λ( j) = j . The ideal IUr (λ) is generated by all modes
W j

m with j ∈ [r ] and m ≥ 1 − j . The corresponding vector v is the vacuum vector,
which satisfies W j

mv = 0 for all j ∈ [r ] and m ≥ 1 − j .

2.2.4. Step 2: determining the homogenization of IUr (λ) Associated to a partition λ of
r we constructed a left ideal IUr (λ) in the universal enveloping algebra of modes. The
homogenization IU�

r
(λ) := h(IUr (λ)) ⊂ U�

r of IUr (λ) is obtained by homogenizing
all elements of IUr (λ). By lemma 2.10, we know that

[IU�
r
(λ), IU�

r
(λ)] ⊆ �

2IU�
r
(λ).

For the ideals that we constructed above, the homogenization is easy to describe.
Since the modes W j

m form a PBW basis for Ur , and W j
m ∈ IUr (λ) for m ≥ 1 − λ( j) but

W j
m /∈ IUr (λ) for m < 1 − λ( j), we conclude that the homogenization IU�

r
(λ) ⊂ U�

r is

generated by the homogenization of the modes, that is, by W�, j
m := �

jW j
m for j ∈ [r ]

and m ≥ 1 − λ( j).

2.2.5. Step 3: finding a good representation of U�
r in D�

A To a partition λ of r we
constructed a left ideal IU�

r
(λ) ⊂ U�

r that satisfies the condition [IU�
r
(λ), IU�

r
(λ)] ⊆

�
2IU�

r
(λ). For each of those, can we find a representation ρ : U�

r → D�

A, for some
index set A, such that there exists a generating set {Ha}a∈A for IU�

r
with ρ(Ha) =

�∂a + �pa(xA) + O(�2) and the collection {ρ(Ha)}a∈A bounded?
One way to do that for a subset of those ideals is to consider representations of

U�
r that come from Zr -twisted representations for the Heisenberg VOA H(glr ). This

construction was proposed in [18]. We will not explain it in detail here, but simply state
the final result, which is the following proposition:

Proposition 2.20 ([18, Proposition 4.5 & Corollary 4.7]). There exists a representation
μ : U�

r → D�

N∗ that takes the form

μ(W�,i
k ) =

(
�

r

)i � i
2 �∑

j=0

i !
2 j j !(i − 2 j)!

∑
p2 j+1,...pi∈Z∑

pl=rk

�
( j)
r (p2 j+1, . . . , pi ) :

i∏
l=2 j+1

Jpl :,

(2.21)
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where, with ϑ = e2π i/r ,

�
( j)
r (a2 j+1, . . . , ai ) := 1

i !
r−1∑

m1,...,mi=0
ml �=mk

j∏
k=1

ϑm2k−1+m2k

(ϑm2k−1 − ϑm2k )2

i∏
l=2 j+1

ϑ−mlal ,

(2.22)

and

Jm =

⎧⎪⎨
⎪⎩

∂xm m > 0
0 m = 0
−mx−m m < 0

. (2.23)

In (2.21), for cases such that j = i/2 the condition
∑

pl = rk is understood as the
Kronecker delta δk,0.

This is not yet in the form that we want though, since for i ≥ 2 the μ(W�,i
k ) are

O(�i ). However, for s ∈ [r +1] and s coprime with r , we can define a new representation
ρ : U�

r → D�

N∗ via conjugation:

ρ(W�,i
k ) = T̂sμ(W�,i

k )T̂−1
s , with T̂s = exp

(
− Js

s�

)
. (2.24)

One can calculate that, if we keep only the modes such that k ≥ −� s(i−1)
r �, we get that

ρ(W�,i
k ) = �Jrk+s(i−1) + O(�2), (2.25)

which is in the right form.
Combining Steps 2 and 3, we need to find partitions λ of r such that 1 − λ(i) =

−� s(i−1)
r �. As shown in Appendix B of [18], the result is that there exists a partition λ

of r such that 1 − λ(i) = −� s(i−1)
r � if and only if r = ±1 (mod s). For s = 1, the

partition is λ = (r). For 2 ≤ s ≤ r − 1, we can write r = r ′s + r ′′ with r ′′ ∈ {1, s − 1},
and the partition is given by λ = (λ1, . . . , λs) with

λ1 = . . . = λr ′′ = r ′ + 1, λr ′′+1 = . . . = λs = r ′. (2.26)

For s = r + 1, the partition is λ = (1, 1, . . . , 1).
We can summarize this in the following theorem:

Theorem 2.21 ([18, Theorem 4.9]). Let r ≥ 2, and s ∈ [r + 1] such that r = ±1
(mod s). Let ρ : U�

r → D�

N∗ be the representation defined in (2.24). Let IU�
r

⊂ U�
r be

the left ideal generated by the modes W�, j
m with j ∈ [r ] and m ≥ −� s(i−1)

r �, and I the
corresponding left ideal inD�

N∗ generated by ρ(IU�
r
). Then I is an Airy ideal, which we

call the (r, s)-Airy ideal.

Since I is an Airy ideal, there exists a unique partition function Z such that IZ = 0.
Concretely, what this means is that

ρ(W�,i
m )Z = 0 for i ∈ [r ],m ≥ −� s(i − 1)

r
�. (2.27)

This set of differential constraints can be used to uniquely reconstruct Z recursively.
This is equivalent to topological recursion on the (r, s) spectral curves xr−s yr − 1 = 0,
as shown in [18].
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2.2.6. More general representations We can generalize the construction of the Airy
ideals in theorem 2.21 by constructing more general representations ρ : U�

r → D�

N∗ .
The idea is simple: instead of conjugating by Ts as in (2.24), we conjugate by more
complicated operators. This idea was explored in [18] – see also [23, Section 4.1].

Pick a collection of complex numbers

F0,1[−k], k ≥ min{s, r}, F1
2 ,1[−k], k > 0, F0,2[−k,−l], k, l > 0,

(2.28)

such that F0,1[−s] �= 0 and F0,2[−k,−l] = F0,2[−l,−k]. Define the operators

T̂ := exp
(∑

k

(
1

�
F0,1[−k] + F1

2 ,1[−k]
)

Jk
k

)
, (2.29)

�̂ := exp
(1

2

∑
k,l>0

F0,2[−k,−l] Jk Jl
kl

)
. (2.30)

We define a new representation ρ′ : U�
r → D�

N∗ via conjugation:

ρ′(W�,i
k ) = �̂T̂μ(W�,i

k )T̂−1�̂−1. (2.31)

Then it is not too difficult to show that theorem 2.21 generalizes to this new class of
representations:

Proposition 2.22 ([18, Proposition 4.14] & [23, Theorem 2.14]). Let r ≥ 2, and s ∈
[r + 1] such that r = ±1 (mod s). Let ρ′ : U�

r → D�

N∗ be the representation defined in

(2.31). Let IU�
r

⊂ U�
r be the left ideal generated by the modes W�, j

m with j ∈ [r ] and
m ≥ −� s(i−1)

r �, and I the corresponding left ideal in D�

N∗ generated by ρ′(IU�
r
). Then

I is an Airy ideal, which we call the deformed (r, s)-Airy ideal.

2.3. Shifted (r, s)-Airy ideals. The construction of the previous section can be naturally
generalized by starting with highest weight vectors with non-zero weights. This gives
rise to new left ideals that can be used to construct Airy ideals. We continue using the
three-step approach.

2.3.1. Step 1: constructing left ideals IUr (λ; S) We start by generalizing the previous
construction, but now starting with highest weight vectors.

Lemma 2.23. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . For d ∈ [p], define
a new partition λ̃ = (λ̃1, . . . , λ̃p−d+1) = (μd , λd+1, . . . , λp), whereμk = ∑k

i=1 λi . Let
S j ∈ C for j ∈ [μd−1] and S j = 0 for j > μd−1.

Let IUr (λ̃; S) be the left ideal generated by the shifted modes W j
m − S jδm,0, with

j ∈ [r ] and m ≥ 1 − λ̃( j). Then Ur/IUr (λ̃; S) is a cyclic left module generated by a

non-zero vector v. Furthermore, W j
mv �= 0 for all j ∈ [r ] and m < 1 − λ̃( j), and thus

W j
m /∈ IUr (λ̃; S) for all j ∈ [r ] and m < 1 − λ̃( j).
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Proof. The proof goes along the same lines as for proposition 2.18. The main difference
is that we consider highest weight vectors with non-zero weights. We use again the
embedding of W(glr ) in W(glλ1

) × . . . × W(glλp
), with the explicit formula from

(2.16).
Let v1 be a highest weight vector with highest weight Q1 = (Q1

1, . . . , Q
1
λ1

) for

W(glλ1
). That is, X1, j

m v1 = δm,0Q1
jv1 for all j ∈ [λ1] and m ≥ 0, and the cyclic

module generated by v1 is spanned by elements of the form X1, j1
m1 · · · X1, jn

mn v1 with
m1, . . . ,mn < 0.

Let v2, . . . , vp be highest weight vector with weight zero as in the proof of proposi-
tion 2.18. Construct the tensor product v = v1 ⊗· · ·⊗vp. We want to find the annihilator

of v in W(glr ). It is clear that v is annihilated by all modes W j
m that are non-negative

of degree two with respect to λ (see definition 2.14) and such that j > λ1, since all
monomials in those modes will contain either a positive mode or two zero modes from
different factors (and only the zero modes from the first factorW(glλ1

) act non-trivially).

Furthermore, it is clear that the zero modes W j
0 for j ∈ [λ1] act as W j

0 v = Q1
jv. Let us

set S j = Q1
j for j ∈ [λ1] and S j = 0 for j > λ1. Using lemma 2.17, we conclude that

the annihilator is the left ideal generated by the modes W j
m −δm,0S j , with m ≥ 1− λ̃( j),

for the new partition λ̃ = (λ1 + λ2, λ3, . . . , λp) of r . This is the case d = 2.
If we started instead with a highest weight vector vk for any other factor 2 ≤ k ≤ p,

we would reach the conclusion (we leave this as an exercise) that the annihilator is the
left ideal generated by the modes W j

m −δm,0S j withm ≥ 1− λ̃( j), for the same partition
λ̃ as above, but this time with only the weights S j for j ∈ [λk] ⊆ [λ1] being non-zero.
Thus we can see it as a subcase of the previous one. This concludes the case d = 2.

For general d ∈ [p], consider highest weight vectors v1, . . . , vd−1 with non-zero
weights for W(glλ j

) with j ∈ [d − 1], and highest weight vectors vd , . . . , vp with zero

weights. The tensor product v = v1 ⊗ · · · ⊗ vp is annihilated by all modes W j
m that are

non-negative of degree d with respect to λ and such that j > λ1 + . . . + λd−1 = μd−1,
since all monomials in these modes contain either a positive mode or d zero modes from
distinct factors. Further, the zero modes W j

0 for j ∈ [μd−1] will act as W j
0 v = S jv for

some constants S j that are obtained as polynomials in the highest weights of the vector
v1, . . . , vd−1. Set S j = 0 for j > μd−1; we conclude that the annihilator is the left

ideal generated by the modes W j
m − δm,0S j , with m ≥ 1 − λ̃( j), for the new partition

λ̃ = (μd , λd+1, . . . , λp) of r . As in the d = 2 case, considering the tensor product of
d − 1 other highest weight vectors is a sub-case of this one. ��

Looking at the statement of the lemma, we notice that in the end, the ideal IUr (λ̃; S)

is almost entirely defined in terms of the new partition λ̃; the original partition only
appears in the choice of non-zero weights. So we can think of the partition λ̃ as our
starting point. After renaming λ̃ as λ for simplicity, this leads to the following simpler
reformulation of the result.

Theorem 2.24. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . Let S j ∈ C for
j ∈ [λ1 − λ2] and S j = 0 for j > λ1 − λ2. Let IUr (λ; S) be the left ideal generated by

the shifted modes W j
m − S jδm,0, with j ∈ [r ] and m ≥ 1 − λ( j). Then Ur/IUr (λ; S) is

a cyclic left module generated by a non-zero vector v. Furthermore, W j
mv �= 0 for all

j ∈ [r ] and m < 1 − λ( j), and thus W j
m /∈ IUr (λ) for all j ∈ [r ] and m < 1 − λ( j).



Highest Weight Vectors, Shifted Topological Recursion and Quantum Curves Page 19 of 71   274 

Proof. Consider the statement of lemma 2.23, but think of the partition λ̃ = (λ̃1, . . . , λ̃q)

as the starting point. The ideal IUr (λ̃; S) is the left ideal generated by the shifted modes
W j

m − S jδm,0, with j ∈ [r ] and m ≥ 1 − λ̃( j). But which of the shifts are non-zero? If
we think of λ̃ as the starting point, then it can be realized as λ̃ = (μd , λd+1, . . . , λp) for
a number of distinct partitions λ of r . For each such choice, the non-zero shifts are S j
for j ∈ [μd−1]. In the end, those are all subcases of the choice for which μd−1 is largest.
But μd−1 = μd −λd is largest when λd is smallest. Since λd ≥ λd+1, the maximal value
of μd−1 is μd −λd+1 = λ̃1 − λ̃2. Therefore, the maximal number of non-zero shifts that
we can allow is λ̃1 − λ̃2; that is, the shifts S j for j ∈ [λ̃1 − λ̃2] can be non-zero.

Replacing λ̃ by λ in the final result we get the statement of the theorem. ��
Remark 2.25. In essence, what this means is that, given any partition λ of r and left ideal
generated by the modes W j

m with j ∈ [r ] and m ≥ 1−λ( j), we can shift the zero modes
W j

0 for j ∈ [λ1 − λ2], and the shifted modes generate a new left ideal such that all W j
m

with m < 1 − λ( j) are not in the ideal. In the language of [34], one can say that the
modes W j

0 for j ∈ [λ1 − λ2] are extraneous.

2.3.2. Step 2: determining the homogenization of IUr (λ; S) By lemma 2.10 the homog-
enization IU�

r
(λ; S) := h(IUr (λ; S)) ⊂ U�

r satisfies

[IU�
r
(λ; S), IU�

r
(λ; S)] ⊆ �

2IU�
r
(λ; S). (2.32)

Just as for the (r, s)-Airy ideals, the homogenization is easy to describe. By the same
argument as in section 2.2.4, the homogenization IU�

r
(λ; S) is generated by the homog-

enization of the shifted modes, that is, by W�, j
m (S) := �

j (W j
m − δm,0S j ) for j ∈ [r ] and

m ≥ 1 − λ( j).

2.3.3. Step 3: finding a good representation of U�
r in D�

A For the modes W�, j
m (S) with

m > 0, we use the same representation μ : U�
r → D�

N∗ as before from (2.21). We
extend it to the shifted modes by

μ(W�,i
0 (S)) = μ(W�,i

0 ) −
∞∑
n=1

�
n Si,n, (2.33)

where the Si,n ∈ C for i ∈ [λ1 − λ2] and Si,n = 0 for i > λ1 − λ2. It is easy to see that
mapping the shifts �

i Si to the series
∑∞

n=1 �
n Si,n still produces a representation of the

universal enveloping algebra.
As before, for s ∈ [r + 1] and s coprime with r , we define a new representation

ρ : U�
r → D�

N∗ via conjugation:

ρ(W�,i
k (S)) = Tsμ(W�,i

k (S))T−1
s , with Ts = exp

(
− Js

s�

)
. (2.34)

If we keep only the modes such that k ≥ −� s(i−1)
r �, we get that

ρ(W�,i
k ) = �Jrk+s(i−1) + �Si,1 + O(�2), (2.35)

which is in the right form.
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As before, a partition λ of r such that 1 − λ(i) = −� s(i−1)
r � exists if and only if

r = ±1 (mod s). For s = 1, the partition is λ = (r). For 2 ≤ s ≤ r − 1, we can write
r = r ′s + r ′′ with r ′′ ∈ {1, s − 1}, and the partition is given by λ = (λ1, . . . , λs) with

λ1 = . . . = λr ′′ = r ′ + 1, λr ′′+1 = . . . = λs = r ′. (2.36)

For s = r + 1, the partition is λ = (1, 1, . . . , 1).
We notice that, for s ≥ 2, if r = 1 (mod s), λ1 = λ2 + 1, which means that the

only non-zero shifts are S1,n ; that is, we can only shift the zero mode W 1
0 . For s ≥ 3, if

r = −1 (mod s), λ1 = λ2, and all shifts are zero; we are back to the (r, s)-Airy ideals.
In the case s = 1, things are more interesting. The partition is λ = (r). We are then

allowed to shift all zero modes, that is, Si,n �= 0 for all i ∈ [r ] and n ≥ 1.
To summarize these conditions, we define the notion of a set of s-consistent shifts:

Definition 2.26. Let S = {Si,n}i∈[r ],n∈N∗ be a set of complex numbers. We say that it is
s-consistent if the following two conditions are satisfied:

• If s ≥ 2 and r = 1 (mod s), then Si,n = 0 for all 2 ≤ i ≤ r , and:
• If s ≥ 3 and r = −1 (mod s), then Si,n = 0 for all i ∈ [r ].
We then obtain the following theorem:

Theorem 2.27. Let r ≥ 2, and s ∈ [r+1] such that r = ±1 (mod s). Letρ : U�
r → D�

N∗
be the representation defined in (2.34). Let IU�

r
(S) ∈ U�

r be the left ideal generated by

the shifted modes W�, j
m (S) with j ∈ [r ] and m ≥ −� s(i−1)

r �, where the set of shifts S
is s-consistent, and I(S) the corresponding left ideal in D�

N∗ generated by ρ(IU�
r
(S)).

Then I(S) is an Airy ideal, which we call the shifted (r, s)-Airy ideal.
For s = 1, all zero modes are shifted, that is,

ρ(W�, j
0 (S)) = ρ(W�, j

0 ) −
∞∑
n=1

�
n S j,n . (2.37)

For s ≥ 2 and r = 1 (mod s), only the first zero mode is shifted, that is,

ρ(W�, j
0 (S)) = ρ(W�, j

0 ) − δ j,1

∞∑
n=1

�
n S1,n . (2.38)

For s ≥ 3 and r = −1 (mod s), no shifts are allowed.

The s = 1 case is particularly interesting. Since I(S) is an Airy ideal, there exists a
unique partition function Z such that I(S)Z = 0. Explicitly, this means that

ρ(W�, j
m (S))Z = 0 for j ∈ [r ],m ≥ 0. (2.39)

In other words, this means that

ρ(W�, j
m )Z =

( ∞∑
n=1

�
n S j,n

)
Z for j ∈ [r ],m ≥ 0. (2.40)

Thus we can think of the partition function Z for the shifted (r, s)-Airy ideals as being
a highest weight vector for W(glr ) at self-dual level.

Remark 2.28. In the language of [34], the statement of theorem 2.27 is that for the (r, s)-
Airy ideals, there are extraneous zero modes only for the cases s = 1 or r = 1 (mod s).
For s = 1, all zero modes W j

0 , j ∈ [r ], are extraneous, while for r = 1 (mod s) only
the zero mode W 1

0 is extraneous.
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2.3.4. More general representations Just as for the (r, s)-Airy ideals, we can construct
more general shifted (r, s)-Airy ideals via conjugation. As before, we construct a new
class of representations ρ′ : U�

r → D�

N∗ via conjugation:

ρ′(W�,i
k (S)) = �̂T̂μ(W�,i

k (S))T̂−1�̂−1. (2.41)

with T̂ and �̂ defined in (2.29).
Following the same arguments as in [18] and [23], theorem 2.27 generalizes to this

new class of representations:

Proposition 2.29. Let r ≥ 2, and s ∈ [r + 1] such that r = ±1 (mod s). Let ρ′ : U�
r →

D�

N∗ be the representation defined in (2.41). Let IU�
r
(S) ∈ U�

r be the left ideal generated

by the shifted modes W�, j
m (S) with j ∈ [r ] and m ≥ −� s(i−1)

r �, where the set of shifts S
is s-consistent, and I(S) the corresponding left ideal in D�

N∗ generated by ρ′(IU�
r
(S)).

Then I(S) is an Airy ideal, which we call the deformed and shifted (r, s)-Airy ideal.

2.4. Other shifts. In the previous section we showed that we can shift some zero modes
to get new shifted (r, s)-Airy ideals. But are we allowed to shift other modes that are not
zero modes? The answer is no, because of the following simple lemma.

Lemma 2.30. Let λ = (λ1, λ2, . . . , λp) be an integer partition of r . Fix a pair (α, β),

with α ∈ [r ] and 0 �= β ∈ Z. Let I be the left ideal generated by the modes W j
m −

Sδ j,αδm,β with j ∈ [r ] and m ≥ 1 − λ( j), where 0 �= S ∈ C. In other words, we shift
only one mode, but it is a non-zero mode. Then I � Ur . That is, the left ideal is not
proper.

Proof. The Virasoro zero-mode W 2
0 is always in the ideal I. Thus, for any mode W j

m ,
we have

[W 2
0 ,W j

m] = mW j
m . (2.42)

This means that if we shift the mode Wα
β , we get

[W 2
0 ,Wα

β − S] = [W 2
0 ,Wα

β ] = βWα
β = β(Wα

β − S) + βS. (2.43)

The left-hand-side is clearly in the ideal I, and thus the right-hand-side must be too.
Since the first term on the right-hand-side is in the ideal, we conclude that βS ∈ I. But
βS ∈ C, and we conclude that I � Ur . ��

The upshot of this simple lemma is that the homogenization of I is the whole Rees
universal enveloping algebra U�

r . It is thus impossible to find a representation that maps
its generators to operators of the required form in a Rees Weyl algebra, and we conclude
that we cannot obtain Airy ideals in this way.

Remark 2.31. In the language of [34], lemma 2.30 can be reformulated as the statement
that for the (r, s)-Airy ideals, only zero modes can be extraneous. As we already clas-
sified in theorem 2.27 what zero modes are extraneous, this concludes the analysis of
extraneous modes for the (r, s)-Airy ideals.
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3. Shifted loop equations and shifted topological recursion

In section 2 we constructed new Airy ideals, which we called “shifted (r, s)-Airy ideals”.
In the case s = 1, the partition function associated to these shifted (r, 1)-Airy ideals is
a highest weight vector for the W(glr )-algebra at self-dual level.

In general, as shown in [18], the differential constraints associated to the (r, s)-
Airy ideals can be reformulated as loop equations for a system of correlators on the
(r, s)-spectral curves. Along similar lines, in this section we show that the differential
constraints associated to the shifted (r, s)-Airy ideals can be recast as “shifted loop
equations” for another system of correlators on shifted (r, s)-spectral curves. We then
find a recursive formula that solves these shifted loop equations; it turns out to look
like the usual topological recursion formula, but with some correlators appropriately
shifted. Unsurprisingly (or perhaps uncreatively) we call this recursive formula “shifted
topological recursion”.

3.1. Spectral curves, loop equations and topological recursion. We refer the reader to
[35] for a careful treatment of spectral curves, loop equations and topological recursion.
An introduction to these concepts is also available in [32]. Here we summarize the main
concepts.

We start with the general definition of spectral curves.

Definition 3.1. An admissible local spectral curve S = (C, x, ω0,1, ω 1
2 ,1, ω0,2) is a

collection of small disks C = ⊔N
j=1 C j for some positive integer N together with maps

x : C j → P
1 : z 
→ zr j + x j for distinct x j ∈ P

1, two one-forms ω0,1 and ω 1
2 ,1 which

on each C j have expansions

ω
j
0,1(z) =

∑
k≥s j

F j
0,1[−k]zk−1dz , (3.1)

ω
j
1
2 ,1

(z) =
∑
k≥0

F j
1
2 ,1

[−k]zk−1dz , (3.2)

where F j
0,1[−s j ] �= 0 and s j ∈ [r j + 1] such that r j = ±1 (mod s j ), and a fundamental

bidifferential of the second kind

ω0,2 ∈ H0(C2; K�2
C (2�))S2 (3.3)

with biresidue 1 on the diagonal.

Given a spectral curve, we construct a particular basis of one-forms that will play an
important role in the following.

Definition 3.2. LetS be an admissible local spectral curve. For each componentC j with
j ∈ [N ], we define a basis of one-forms:

ξ
( j)
k (z) := zk−1dz , (3.4)

ξ
( j)
−k (z) := Res

w=0

( ∫ w

0
ω0,2(·, z)

) dw

wk+1 =
(

1

zk+1 + holomorphic

)
dz . (3.5)

We also introduce the notation:
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Definition 3.3. LetS be an admissible local spectral curve. For each componentC j with

j ∈ [N ], we define f(z) = {ϑk z}k∈[r j ], where ϑ = exp
(

2π i
ri

)
. f(z) is the set of sheets

of the branched covering x : C j → P
1 near the ramification point z = 0.

The main object of study is a system of correlators.

Definition 3.4. A system of correlators on an admissible local spectral curve S is a
collection {ωg,n}g∈ 1

2 N,n∈N∗ such that ω0,1, ω 1
2 ,1, and ω0,2 are the ones given as part of

the data of the spectral curve, and all ωg,n for 2g−2+n > 0 are symmetric meromorphic
n-differentials on Cn , with only possible poles at the origins of the C j with vanishing
residue.

We will single out particular systems of correlators that satisfy the projection property.

Definition 3.5. Let {ωg,n}g∈ 1
2 N,n∈N∗ be a system of correlators on an admissible local

spectral curve S. We say that it satisfies the projection property if for all 2g−2 +n > 0,

ωg,n(z[n]) =
∑
j

Res
z=0∈C j

( ∫ z

0
ω0,2(·, z1)

)
ωg,n(z, z2, . . . , zn) (3.6)

It is easy to see that the basis of one-forms introduced in definition 3.2 is well suited
to study systems of correlators that satisfy the projection property:

Lemma 3.6. Let {ωg,n}g∈ 1
2 N,n∈N∗ be a system of correlators on an admissible local

spectral curve S. The system of correlators satisfies the projection property if and only
if it has an expansion of the form

ωg,n(z1, . . . , zn) =
∑

j1,..., jn∈[N ]

∑
k1,...,kn∈N∗

Fg,n

[
j1 . . . jn
k1 . . . kn

]
ξ

( j1)
−k1

(z1) · · · ξ ( jn)
−kn

(zn),

(3.7)

where only a finite number of coefficients are non-zero. Note that only the one-forms
ξ

( j)
k (z) with negative k appear in the summation.

For the purpose of formulating loop equations and topological recursion, we introduce
the following particular combinations of correlators.

Definition 3.7. Let {ωg,n}g∈ 1
2 N,n∈N∗ be a system of correlators on an admissible local

spectral curve S. For any i ∈ N
∗, we define the objects:

Wg,i,n(z[i];w[n]) :=
∑
P�z[i]⊔

S∈P NS=w[n]∑
S∈P (gS−1)=g−i

∏
S∈P

ωgS ,|S|+|NS |(S, NS) , (3.8)

W ′
g,i,n(z[i];w[n]) :=

′∑
P�z[i]⊔

S∈P NS=w[n]∑
S∈P (gS−1)=g−i

∏
S∈P

ωgS ,|S|+|NS |(S, NS) , (3.9)

where the sum is 1) over set partitions P of z[i], 2) over all possible splittings of w[n] into
possibly empty disjoint subsets NS where S runs over all parts of P and

⊔
S∈P NS =
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w[n], 3) over all sets of non-negative half-integers {gS}S∈P such that
∑

S∈P (gS − 1) =
g − i . The difference between the first and second object is that the prime over the
summation symbol means that the terms with ω0,1 are omitted from the sum.

For each component C j , with j ∈ [N ], and for i ∈ [r j ], we also define the objects

E i,( j)
g,n (x; z[n]) =

∑
Z⊆f(z)
|Z |=i

Wg,i,n(Z; z[n]). (3.10)

We can now define so-called loop equations, which are particular equations satisfied
by systems of correlators.

Definition 3.8. Let {ωg,n}g∈ 1
2 N,n∈N∗ be a system of correlators on an admissible local

spectral curve S. We say that the system of correlators satisfies the loop equations if,
for all j ∈ [N ], i ∈ [r j ], and 2g − 2 + n > 0,

E i,( j)
g,n (x; z[n]) ∈ O

(
x

� s j (i−1)

r j
�+1

)(
dx

x

)i

. (3.11)

The main result of relevance here is that, given an admissible local spectral curve S,
there always exists a single system of correlators that satisfies both the loop equations and
the projection property, and this system of correlators can be reconstructed recursively
from the data of the spectral curve.

Theorem 3.9. ([35, Theorem 2.17]) For an admissible local spectral curve S, there
exists exactly one systemof correlators that satisfies the loop equations and the projection
property. It can be calculated recursively by the topological recursion formula

ωg,n+1(z0, z[n]) = −
∑
j∈[N ]

Res
z=0∈C j

∑
Z⊆f′(z)

K 1+|Z |(z0; z, Z)W ′
g,1+|Z |,n(z, Z; z[n]),

(3.12)

where f′(z) = x−1(x(z)) \ {z} and the recursion kernels are

K 1+|Z |(z0; z, Z) :=
∫ z

0 ω0,2(·, z0)∏
z′∈Z

(
ω0,1(z′) − ω0,1(z)

) . (3.13)

3.2. The (deformed) (r, s)-spectral curves. From now on we will focus on admissible
local spectral curves with only one component (N = 1); we will therefore drop the
superscript ( j) from the various expressions.

A particular example of the construction can be obtained from the (r, s)-Airy ideals
of section 2.2. One can show that finding the partition function of the (r, s)-Airy ideals
of theorem 2.21 is equivalent to topological recursion on the (r, s)-spectral curve (see
[18]), which is defined as follows:

Definition 3.10. Let r ∈ Z such that r ≥ 2, and s ∈ [r + 1] with r = ±1 (mod s). The
(r, s)-spectral curve is given by S = (C, x, ω0,1, ω 1

2 ,1ω0,2), where C is a small disk,

x = zr , ω0,1 = r zs−1 dz, ω 1
2 ,1 = 0, and

ωstd
0,2(z1, z2) = dz1dz2

(z1 − z2)2 . (3.14)
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If we define the meromorphic function y on C by ω0,1 = y dx , then y = zs−r . For
s ∈ [r − 1], we can then think of x(z) and y(z) as a parametrization of the algebraic
curve

xr−s yr − 1 = 0. (3.15)

For s = r + 1, we get a parametrization of the r -Airy algebraic curve

yr − x = 0. (3.16)

We call these algebraic curves the (r, s)-algebraic curves.
In fact, the correspondence applies more generally to the deformed (r, s)-Airy ideals

of proposition 2.22, so let us explain it in this more general setting. We define the
deformed (r, s)-spectral curves in terms of the data introduced in (2.28).

Definition 3.11. Let r ∈ Z such that r ≥ 2, and s ∈ [r + 1] with r = ±1 (mod s). Pick
complex numbers:

F0,1[−k], k ≥ min{s, r}, F1
2 ,1[−k], k > 0, F0,2[−k,−l], k, l > 0.

(3.17)

The deformed (r, s)-spectral curve is given by S = (C, x, ω0,1, ω 1
2 ,1ω0,2), where C is

a small disk, x = zr ,

ω0,1(z) =
∑
k

F0,1[−k]zk−1dz , (3.18)

ω 1
2 ,1(z) =

∑
k

F1
2 ,1[−k]zk−1dz , (3.19)

ω0,2(z1, z2) = ωstd
0,2(z1, z2) +

∑
k,l

F0,2[−k,−l]zk−1
1 zl−1

2 dz1dz2 . (3.20)

The (r, s)-spectral curve of definition 3.10 is recovered for the choice of numbers:

F0,1[−k] = rδk,s, F1
2 ,1[−k] = 0, F0,2[−k,−l] = 0. (3.21)

To extract the loop equations from the deformed (r, s)-Airy ideal, we start with
proposition 2.22. The claim is that the differential constraints for the partition function
of the deformed (r, s)-Airy ideal can be recast as the statement that there exists a system
of correlators on the deformed (r, s)-spectral curve that satisfies the loop equations and
the projection property.

For clarity of notation, let us introduce the notation:

Hi
k := ρ′(W�,i

k ) (3.22)

for the operators (2.31) generating the deformed (r, s)-Airy ideal. The differential con-
straints then take the form

Hi
k Z = 0, i ∈ [r ], k ≥ −� s(i − 1)

r
�. (3.23)



  274 Page 26 of 71 R. Belliard, V. Bouchard, R. Kramer, T. Nelson

We first introduce the following fields constructed out of the differential operators Hi
k :

Hi (x) :=
∑
k∈Z

Hi
k
dxi

xk+i . (3.24)

We also introduce the following notation, recalling the definition of the modes Jk in
(2.23) and the basis of one-forms from definition 3.2:

J−(z) :=
∑
k>0

Jkξ−k(z) , (3.25)

J+(z) :=
∑
k>0

J−kξk(z) . (3.26)

Using this notation, we can rewrite the differential operators Hi
k more explicitly in terms

of the data of the deformed (r, s)-spectral curve from definition 3.11.

Proposition 3.12 ([23, Section 4.1]). For a set S, let P(S) be the set whose elements
are disjoint sets of pairs in S, and for P ∈ P(S), write �P = ⊔

p∈P p ⊆ S. Then

r Hi (x) =
∑

Z⊆f(z)
|Z |=i

∑
(�P)�A0�A 1

2
�A+�A−=Z

P∈P(f(z))

∏
{z′,z′′}∈P

�
2ω0,2(z

′, z′′)
∏
z′∈A0

�ω0,1(z
′)

∏
z′∈A 1

2

�
2ω 1

2 ,1(z
′)

∏
z′∈A+

J+(z′)
∏

z′∈A−
J−(z′).

(3.27)

While this shape may not look very appealing at first, it is a useful form for extracting
loop equations.

Next, out of the partition function

Z = exp

( ∑

g∈ 1
2 N,n∈N

∗
2g−2+n>0

�
2g−2+n

n! Fg,n[k1, . . . , kn]
n∏
j=1

xk j

)
(3.28)

associated to the deformed (r, s)-Airy ideal, we construct a system of correlators on the
deformed (r, s)-spectral curve.

Definition 3.13. Let Z be the partition function associated to the deformed (r, s)-Airy
ideal. For 2g − 2 + n > 0, we construct the following symmetric n-differentials on the
deformed (r, s)-spectral curve:

ωg,n(z1, . . . , zn) :=
∞∑

k1,...,kn=1

Fg,n[k1, . . . , kn]
n∏
j=1

ξ−k j (z j ). (3.29)

Since the correlators have finite expansions in the ξ−k j (z j ) with k j > 0, it is clear
that the system of correlators satisfies the projection property (see lemma 3.6):

Lemma 3.14. The system of correlators {ωg,n}g∈ 1
2 N,n∈N∗ constructed above satisfies the

projection property.
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What we need to show is that this system of correlators also satisfies the loop equa-
tions, which is the key result:

Proposition 3.15. ([23, Sections 4.3-4]) Let Z be the partition function associated to
the deformed (r, s)-Airy ideal, and define the system of correlators {ωg,n}g∈ 1

2 N,n∈N∗ on

the deformed (r, s)-spectral curve as in definition 3.13 . Let

Gi (x) := Z−1Hi (x)Z , i ∈ [r ]. (3.30)

Decompose the Gi (x) in terms homogeneous separately in � and the x j by

Gi (x) =:
∑
g,n

�
2g+n

n! Gi
g,n(x), (3.31)

where Gi
g,n(x) is a homogeneous polynomial of degree n in the variables x j . Then

n∏
j=1

ad�−1J−(z j ) G
i
g,n(x) = E i

g,n(x; z[n]), (3.32)

where E i
g,n(x; z[n]) is the object defined in definition 3.7 from the system of correlators

{ωg,n}g∈ 1
2 N,n∈N∗ constructed from Z. Moreover, the system of correlators satisfies the

loop equations:

E i
g,n(x; z[n]) ∈ O

(
x� s(i−1)

r �+1
)(dx

x

)i

. (3.33)

Proof. A proof of this proposition can be found in [18] and [23]. Basically, the differential
constraints

Hi
k Z = 0, i ∈ [r ], k ≥ −� s(i − 1)

r
�, (3.34)

can be recast as the statement that

Gi (x) ∈ O
(
x� s(i−1)

r �+1
) (dx

x

)i
. (3.35)

The rest follows combinatorially using proposition 3.12. ��
What we have found is that, out of the data of the partition function Z associated to

the deformed (r, s)-Airy ideal, we can construct a system of correlators on the deformed
(r, s)-spectral curve that satisfies both the loop equations and the projection property.
Therefore, it can be calculated recursively from the data of the spectral curve by the
topological recursion formula, see theorem 3.9.
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3.3. Shifted loop equations and shifted topological recursion. We will now consider
what happens to the story if we consider instead the shifted (r, s)-Airy ideals of the-
orem 2.27, or, more generally, the deformed and shifted (r, s)-Airy ideals of proposi-
tion 2.29.

What we will show is that, out of the data of the partition function of the deformed
and shifted (r, s)-Airy ideals, we can construct a new system of correlators on a shifted
version of the deformed (r, s)-spectral curve of definition 3.11. This system of correlators
still satisfies the projection property, but it does not satisfy the usual loop equations.
Instead, it satisfies a new set of equations, which we call “shifted loop equations”. We
then show there is a unique system of correlators that satisfies the shifted loop equations
and the projection property, and it can be constructed recursively from the data of the
spectral curve by a shifted version of the topological recursion formula.

We use the notation from the previous section. Let us first define a shifted deformed
(r, s)-spectral curve:

Definition 3.16. Let r ∈ Z such that r ≥ 2, and s ∈ [r + 1] with r = ±1 (mod s). Pick
complex numbers:

F0,1[−k], k ≥ min{s, r}, F1
2 ,1[−k], k > 0,

F0,2[−k,−l], k, l > 0, Si,1, i ∈ [r ]. (3.36)

Assume that the set of shifts {Si,1}i∈[r ] is s-consistent (see definition 2.26).
The shifted deformed (r, s)-spectral curve is given by S = (C, x, ω0,1, ω 1

2 ,1ω0,2),

where C is a small disk, x = zr ,

ω0,1(z) =
∑
k

F0,1[−k]zk−1dz , (3.37)

ω 1
2 ,1(z) =

∑
k

F1
2 ,1[−k]zk−1dz +

r∑
i=1

(−1)i−1Si,1
dz

zs(i−1)+1
, (3.38)

ω0,2(z1, z2) = ωstd
0,2(z1, z2) +

∑
k,l

F0,2[−k,−l]zk−1
1 zl−1

2 dz1dz2 . (3.39)

We note that the only difference with definition 3.11 is that ω 1
2 ,1(z) is shifted by terms

linear in the constants Si,1, which are the O(�) terms in the shifts of the differential
operators of the shifted (r, s)-Airy ideals. We define the shifted (r, s)-spectral curve as
being the particular case with:

F0,1[−k] = rδk,s, F1
2 ,1[−k] = 0, F0,2[−k,−l] = 0. (3.40)

That is, we set the deformations to zero, and recover a shifted version of the original
(r, s)-spectral curves of definition 3.10. We can still think of the shifted (r, s)-spectral
curve as a parametrization of the (r, s)-algebraic curves of (3.15) and (3.16), but with a
non-trivial ω 1

2 ,1(z) introduced by the shifts.

We start with the differential constraints from proposition 2.29. For simplicity of
notation, we write

Hi
k := ρ′(W�,i

k (S)) = (Hi
k )

unshifted − δk,0

∞∑
�=1

�
�Si,�, (3.41)
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where we assume that the set of shifts is s-consistent. Here, (Hi
k )

unshifted refers to the
unshifted differential operators of (3.22); we just wanted to highlight the fact that the
only difference with the previous (r, s) case is that we shift the differential operators Hi

0
(the zero modes) by the set of s-consistent shifts {Si,�}i∈[r ],�∈N∗ .

We write

Z = exp

( ∑

g∈ 1
2 N,n∈N

∗
2g−2+n>0

�
2g−2+n

n! Fg,n[k1, . . . , kn]
n∏
j=1

xk j

)
(3.42)

for the partition function associated to the deformed and shifted (r, s)-Airy ideal. It
satisfies the differential constraints

Hi
k Z = 0, i ∈ [r ], k ≥ −� s(i − 1)

r
� . (3.43)

As in definition 3.13, out of the partition function we construct a system of correlators
on the shifted deformed (r, s)-spectral curve. As before, it is clear that the system of
correlators satisfies the projection property:

Lemma 3.17. The system of correlators {ωg,n}g∈ 1
2 N,n∈N∗ on the shifted deformed (r, s)-

spectral curve constructed from the partition function Z as in definition 3.13 satisfies
the projection property.

The question is whether it satisfies loop equations, which is the subject of the next
proposition.

Proposition 3.18. Let Z be the partition function associated to the deformed and shifted
(r, s)-Airy ideal. Let

Gi (x) := Z−1Hi (x)Z =:
∑
g,n

�
2g+n

n! Gi
g,n(x) (3.44)

where the Gi
g,n(x) are homogeneous polynomials of degree n in the variables x j . Then

n∏
j=1

ad�−1J−(z j ) G
i
g,n(x) = E i

g,n(x; z[n]) − δn,0Si,2g
(dx
x

)i
, (3.45)

where E i
g,n(x; z[n]) is the object defined in definition 3.7 from the system of correlators

{ωg,n}g∈ 1
2 N,n∈N∗ constructed from Z. Moreover, the system of correlators satisfy the

shifted loop equations:

E i
g,n(x; z[n]) − δn,0Si,2g

(dx
x

)i ∈ O
(
x� s(i−1)

r �+1
)(dx

x

)i

. (3.46)

Proof. The proof is completely analogous to [23, Sections 4.3-4]. As the only difference
between Hi

k and (Hi
k )

unshifted is an additive constant, i.e. central element, the conjugation
by Z just keeps this constant.

When decomposing Gi (x) into Gi
g,n , the shifts are in polynomial degree zero, so

they only contribute to n = 0, and the �
� should be matched to �

2g+n , so � = 2 g (which
is also why the Si,1 shifts, i.e. with g = 1

2 , contribute to the initial condition ω 1
2 ,1(z) in

definition 3.16). Then the calculation of the E i
g,n is the same as in the unshifted case –

the adjunctions adJ−(z j ) only act on the unshifted modes. ��
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What we have shown is that the differential constraints of the deformed and shifted
(r, s)-Airy ideals are equivalent to the existence of a system of correlators on the shifted
deformed (r, s)-spectral curve that satisfies both the projection property and the shifted
loop equations. As the shifted loop equations are not the same as the usual loop equations,
a natural question then is to determine whether these correlators can be reconstructed
recursively via a modification of the topological recursion formula.

We start with the following combinatorial lemma, which is essential for proving
topological recursion.

Lemma 3.19 ([36, Lemma 7.6.4]).Given a system of correlators {ωg,n}g∈ 1
2 N,n∈N∗ on an

admissible local spectral curve (with N = 1), defineW ′
g,i,n(z[i];w[n]) and E i

g,n(x; z[n])
as in definition 3.7. Then

∑
{z}⊆Z⊆f(z)

W ′
g,|Z |,n(Z; z[n])

∏

z′∈f′(z)

(
ω0,1(z′) − ω0,1(z)

)
=

r∑
i=1

E ig,n(x; z[n])
( − ω0,1(z)

)r−i

(3.47)

In the usual proof that the topological recursion formula reconstructs the unique
solution of the loop equations satisfying the projection property, that is, theorem 3.9, a
key step is to use the fact that the right side of equation (3.47) has a certain vanishing
order, which causes it to drop out of a residue formula. For the case of the shifted loop
equations, this is no longer the case, because of the extra shift in the shifted loop equations
(3.46). As a result, we must add these shifts to the topological recursion formula.

Theorem 3.20. Let S be the shifted deformed (r, s)-spectral curve of definition 3.16. Let
S = {Si,�}i∈[r ],�∈N∗ be a set of s-consistent shifts. Then there exists exactly one system
of correlators {ωg,n}g∈ 1

2 N,n∈N∗ that satisfies the shifted loop equations (3.46) and the

projection property. It can be calculated recursively by the shifted topological recursion
formula (for 2g − 2 + n > 0):

ωg,n+1(z0, z[n]) = − Res
z=0

( ∑
Z⊆f′(z)

K 1+|Z |(z0; z, Z)W ′
g,1+|Z |,n(z, Z; z[n])

−
r∑

i=1

δn,0Si,2gK
r (z0; f(z))

(
r
dz

z

)i ( − ω0,1(z)
)r−i

)
.

(3.48)

In particular, this formula does produce symmetric correlators.

Proof. We again emulate [23, Proposition 5.10].
Since by definition W ′

g,1,n = ωg,n+1, the projection property, the definition of the
recursion kernel, and equation (3.47) yield
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ωg,n+1(z0, z[n])

= Res
z=0

( ∫ z

0
ω0,2(·, z0)

)
W ′

g,1,n(z; z[n])

= Res
z=0

Kr (z0; f(z))W ′
g,1,n(z; z[n])

∏
z′∈f(z)\{z}

(
ω0,1(z

′) − ω0,1(z)
)

= − Res
z=0

Kr (z0; f(z))
( ∑

{z}�Z⊆f(z)

W ′
g,|Z |,n(Z; z[n])

∏
z′∈f(z)\Z

(
ω0,1(z

′) − ω0,1(z)
)

−
r∑

i=1

E i
g,n(x; z[n])

( − ω0,1(z)
)r−i

)

= − Res
z=0

Kr (z0; f(z))
( ∑

{z}�Z⊆f(z)

W ′
g,|Z |,n(Z; z[n])

∏
z′∈f(z)\Z

(
ω0,1(z

′) − ω0,1(z)
)

−
r∑

i=1

({
E i
g,n(x; z[n]) − δn,0Si,2g

(dx
x

)i} + δn,0Si,2g
(dx
x

)i)( − ω0,1(z)
)r−i

)

(3.49)

The terms in curly brackets in the last line do not contribute, because by the shifted
loop equations (3.46) and standard order counting they give holomorphic terms to the
integrand. As for the term in the second last line, the kernels can be simplified as usual,
giving

ωg,n+1(z0, z[n]) = − Res
z=0

( ∑
{z}�Z⊆f(z)

K |Z |(z0; Z)W ′
g,|Z |,n(Z; z[n])

−
r∑

i=1

δn,0Si,2gK
r (z0; f(z))

(
r
dz

z

)i ( − ω0,1(z)
)r−i

) (3.50)

We finally change the meaning of Z to not include z to give the statement of the theorem.��
Remark 3.21. We wrote the derivation of shifted topological recursion from shifted loop
equations only for the deformed (r, s)-spectral curves, but it can easily be generalized
to arbitrary admissible local spectral curves.

The upshot of the story is the following. On the one hand, from the partition function of
the deformed (r, s)-Airy ideal, we can construct a system of correlators on the deformed
(r, s)-spectral curve that satisfies the usual topological recursion formula. On the other
hand, from the partition function of the shifted and deformed (r, s)-Airy ideal, we can
also construct a system of correlators, this time on the shifted deformed (r, s)-spectral
curve (which is the same spectral curve as before but with ω 1

2 ,1(z) shifted), but it satisfies
a shifted version of topological recursion. The only difference in the shifted topological
recursion formula is that we shift the correlators ωg,1(z) (including the initial condition
ω 1

2 ,1(z)) by extra terms – but of course, the shifts propagate through the recursion
formula and produce an entirely different system of correlators. It is worth noting that
both systems of correlators (shifted and unshifted) satisfy the projection property.

In particular, for the case s = 1, in which case all shifts are allowed, as we saw in
section 2.3 the partition function Z is a highest weight vector for the W(glr )-algebra at
self-dual level. What we have shown is that the highest weights appear in the topological
recursion formula as extra shifts of the correlators ωg,1(z). Neat!
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4. Quantum curves

In this section, for simplicity we focus on the shifted (r, s)-Airy ideals of theorem 2.27
and the corresponding system of correlators on the shifted (r, s)-spectral curve from
definition 3.16 where the deformations are set to zero.

To recap: in section 2 we constructed a new class of Airy ideals, which we called
“shifted (r, s)-Airy ideals”, see theorem 2.27. For s = 1, the partition function of those
shifted Airy ideals gives a highest weight vector for the W(glr )-algebras at self-dual
level. We then showed in section 3 that out of the partition function Z of a shifted (r, s)-
Airy ideal we can construct a system of correlators that lives on a shifted version of the
(r, s)-spectral curve. We showed that this system of correlators is the unique solution
that satisfies the projection property and a variation of the usual loop equations, which
we called “shifted loop equations” (see proposition 3.18). Finally, we proved that this
solution can be reconstructed recursively from the data of the spectral curve via a “shifted
topological recursion” formula (see theorem 3.20)

In this section we show that shifted topological recursion on the shifted (r, s)-spectral
curve reconstructs the WKB solution to a quantum curve, where the particular quanti-
zation depends on the shifts.

4.1. The topological recursion/quantum curve correspondence. Let us start by briefly
reviewing the topological recursion/quantum curve correspondence. The intuition is that
topological recursion should provide a procedure for quantizing the spectral curve. The
statement originates from matrix models [14] but can be formulated abstractly in terms
of topological recursion itself.

We focus on spectral curves that are constructed as parametrizations of an algebraic
curve:

C = {P(x, y) = 0} ⊂ C
2. (4.1)

Topological recursion produces a system of correlators {ωg,n}g∈ 1
2 N,n∈N∗ on the spectral

curve. Out of those, one can construct the wave function:

ψ(z) = exp

⎛
⎝ ∑

g∈N,n∈N∗

�
2g−2+n

n!
(∫ z

α

· · ·
∫ z

α

ωg,n − δg,0δn,2
dx(z1)dx(z2)

(x(z1) − x(z2))2

)⎞
⎠ ,

(4.2)

where α is a base point on the normalization of C (that is not a ramification point of x)
– it is usually taken to be a pole of x . Here we are integrating the correlators ωg,n in all
variables from α to the same variable z.

To state the TR/QC correspondence, we introduce the notion of a quantum curve.

Definition 4.1. Let C = {P(x, y) = 0} ⊂ C
2 of degree d in y. A quantum curve P̂ of

C is an order d linear differential operator in x , such that, after normal ordering, it takes
the form

P̂

(
x, �

d

dx
; �

)
= P

(
x, �

d

dx

)
+
∑
n≥1

�
n Pn

(
x, �

d

dx

)
, (4.3)

where the leading term P is the original polynomial defining the spectral curve, and
the Pn are (normal-ordered) polynomials of degree < d. We usually impose that only
finitely many correction terms Pn are non-vanishing.
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This is a quantization of the spectral curve, as it amounts to replacing (x, y) 
→
(x̂, ŷ) = (

x, �
d
dx

)
. But of course, this process is not unique, since the operators x̂ and ŷ

do not commute, and hence the quantization may include � corrections.
The claim of the TR/QC correspondence is that, given a spectral curve C , there exists

a quantum curve P̂ such that

P̂ψ = 0, (4.4)

where ψ is the wave function constructed by topological recursion via (4.2).
This correspondence has been studied in many papers for various spectral curves

relevant to enumerative geometry. More generally, the correspondence was proved in
[15] for a large class of genus zero algebraic spectral curves with arbitrary ramification
(the class corresponds to all genus zero spectral curves whose Newton polygon has no
interior point and that are smooth as affine curves). More recently, it was proved in [16]
for all algebraic spectral curves (any genus) that only have simple ramification points
(for spectral curves of genus ≥ 1, the definition of the wave function must be modified
to take into account non-perturbative contributions). As a generic spectral curve only
has simple ramification points, and in principle spectral curves with higher ramification
can be obtained as limit points in families of curves with only simple ramification (see
[35]), the correspondence is expected to hold in full generality for all algebraic spectral
curves.3

4.1.1. Choices of ordering in the quantum curve It is important to note that given a
spectral curve, the construction of a quantum curve P̂ is not unique; since the operators
x̂ = x and ŷ = �

d
dx do not commute, there is an inherent choice of ordering. Topological

recursion seems to select a particular choice of ordering. This is however not quite true;
as shown in [15], for a given spectral curve, different choices of integration divisors in
the definition of the wave function (4.2) lead to quantum curves in various choices of
orderings.

Nevertheless, if we focus on the (r, s)-spectral curves of definition 3.10 (or the shifted
(r, s)-spectral curves of definition 3.16, as it comes from the same (r, s)-algebraic curves
(3.15) and (3.16)), there is only one choice of integration divisor that works, namely the
unique pole of x at z = ∞. Thus, it seems that topological recursion selects a particular
ordering for the quantization of the (r, s)-spectral curve. In fact, as shown in [15], this
quantization is not the one that you would obtain by simple normal ordering of the
operators x̂ and ŷ; instead, the result is a particular quantization in a peculiar choice
of ordering. This raises an interesting question: how can we obtain other choices of
ordering for these spectral curves, since we cannot consider other integration divisors?

Interestingly, what we will show is that shifted topological recursion produces wave
functions that are WKB solutions of quantizations of the (r, s)-algebraic curve in other
choices of ordering. In particular, for the cases s = 1 and s = r − 1, through shifted
topological recursion we obtain all possible choices of ordering of the quantum curve.

4.2. The quantum curve. Let us now calculate the quantum curves associated to shifted
topological recursion on the shifted (r, s)-spectral curves. The calculation will primarily
follow the same steps as in [15, Sections 3-5], and we will simply fill in the details

3 It is also expected to hold for (at least some) non-algebraic spectral curves, and it has been proved in
some such cases relevant to enumerative geometry.
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that differ. For each lemma, corollary or theorem that we generalize, we write in square
brackets the corresponding statement in [15] so that the reader can easily follow and
compare.

We start with the shifted (r, s)-spectral curve of definition 3.16, with the deformations
set to zero. We can still think of the shifted (r, s)-spectral curve as a parametrization of
the (r, s)-algebraic curves (3.15) and (3.16), but with a non-zero initial condition

ω 1
2 ,1(z) =

r∑
i=1

(−1)i−1Si,1
dz

zs(i−1)+1
(4.5)

specified by the O(�) terms in the shifts.

Remark 4.2. In fact, it will be important for us that the correlators ωg,n , which in principle
from our definition of admissible local spectral curves are only defined onCn whereC is
an open disk, can be extended to symmetric differential forms on the compact Riemann
surface � = P

1, where we think of z as a projective coordinate on �. In other words, we
think of the correlators as symmetric differential forms on �n with only poles at z = 0
in each variable. This is standard in the theory of topological recursion, see for instance
[35].

We are now in a position to carry out the steps of the calculation. It proceeds in four
steps:

1. From the shifted loop equations, we construct recursion relations for the objects U i
g,n

defined in the next section.
2. We integrate these relations and sum over �.
3. We rewrite the resulting recursion relations as a system of differential equations.
4. We show that the system is equivalent to a single differential equation for the wave

function ψ(z), which defines the quantum curve.

4.2.1. Recursion relation for the U i
g,n Let us start by defining the objects U i

g,n from the
correlators of the shifted (r, s) spectral curve:

Definition 4.3. For i = 1, . . . , r − 1 and all g, n ≥ 0,

U i
g,n(z; z[n]) =

∑
Z⊆f′(z)
|Z |=i

Wg,i,n(Z; z[n]), (4.6)

where the Wg,i,n(Z; z[n]) were defined in definition 3.7, and we set

U0
g,n = δg,0δn,0. (4.7)

Recall also the objects E i
g,n(x; z[n]) from definition 3.7. For consistency, we define

E0
g,n = δg,0δn,0. (4.8)

Remark 4.4. Note that here and throughout this section, we use the notation x to mean
x(z), and x j to mean x(z j ) for j ∈ [n].

We follow the calculation in [15]. The first deviation from the original calculation
appears in [15, Lemma 3.25] which now reads:
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Lemma 4.5. (see [15, Lemma 3.25]) For 2g − 2 + n ≥ 0,

E1
g,n(x; z[n]) = δn,0S1,2g

dx

x
, (4.9)

and the remaining cases are given by

E1
0,0(x) = − p1(x)

p0(x)
dx, (4.10)

E1
1
2 ,0

(x) = S1,1
dx

x
, (4.11)

E1
0,1(x; z1) = dxdx1

(x − x1)2 . (4.12)

Proof. Nothing has changed for the cases (g, n) = (0, 0), (0, 1). For 2 g − 2 + n ≥ 0,
the shifted loop equations (3.46) tell us that

E1
g,n(x; z[n]) − δn,0S1,2g

dx

x
∈ O(1) dx . (4.13)

By remark 4.2, the correlators ωg,n are defined on �n where � = P
1 and only have poles

at z = 0. This means that E1
g,n(x; z[n])− δn,0S1,2 g

dx
x is holomorphic everywhere except

potentially at z = ∞ where dx
x has a simple pole. But the residue here is clearly zero since

� = P
1. Thus, E1

g,n(x; z[n])− δn,0S1,2 g
dx
x is bounded and entire, so it must be constant.

However, if we examine the form of E1
g,n in definition 3.7, it is clear that the constant is

simply zero, and then the result follows immediately. Finally, when (g, n) = ( 1
2 , 0) we

have

E1
1
2 ,0

(x) =
∑

z′∈f(z)
ω 1

2 ,1(z
′)

=
∑

z′∈f(z)

r∑
k=1

(−1)k−1Sk,1
dz′

z′s(k−1)+1

=
r∑

k=1

(−1)k−1Sk,1
dz

zs(k−1)+1

r∑
m=1

ϑms(1−k)

=
r∑

k=1

δk,1(−1)k−1Sk,1r
dz

zs(k−1)+1

= S1,1
dx

x

(4.14)

as desired. ��
We thus obtain:
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Corollary 4.6. (see [15, Corollary 4.6]) For i = 1, . . . , r and all g, n ≥ 0,

E ig,n(x; z[n]) − δn,0Si,2g
(dx
x

)i = U i
g,n(z; z[n]) + U i−1

g−1,n+1(z; z[n], z)

−
∑

N1�N2=z[n]

∑
g1+g2=g

U i−1
g1,|N1|(z; N1)U1

g2,|N2|(z; N2) − p1(x)

p0(x)
dx U i−1

g,n (z; z[n])

+
g∑

h= 1
2

S1,2h
dx

x
U i−1
g−h,n(z; z[n]) +

n∑
j=1

dxdx j
(x − x j )2 U

i−1
g,n−1(z; z[n]\{ j})

− δn,0Si,2g

(
dx

x

)i
.

(4.15)

Proof. A simple argument in combinatorics (cf. [15, Lemma 4.5]) yields that

E i
g,n(x; z[n]) = U i

g,n(z; z[n]) + U i−1
g−1,n+1(z; z[n], z)

+
∑

N1�N2=z[n]

∑
g1+g2=g

U i−1
g1,|N1|(z; N1)ωg2,|N2|+1(z, N2),

(4.16)

which directly implies that

ωg,n+1(z, z[n]) = E1
g,n(x; z[n]) − U1

g,n(z; z[n]). (4.17)

Substituting this into the previous expression, applying lemma 4.5, and adding the shifts
gives the statement of the corollary. ��
Before we can find the recursion relations for the U i

g,n to replace [15, Lemma 4.13], we

need to modify [15, Lemma 4.8] and add the case (g, n) = ( 1
2 , 0).

Lemma 4.7. (see [15, Lemma 4.8]) For i = 1, . . . , r ,

E i
0,0(x) = (−1)i

pi (x)

p0(x)
dxi (4.18)

and

E i
1
2 ,0

(x) = Si,1
(dx
x

)i
. (4.19)

Proof. For (g, n) = (0, 0), there are no shifts so [15, Lemma 4.8] is unchanged. For the
remaining case, we have

E i
1
2 ,0

(x) =
∑

Z⊆f(z)
|Z |=i

∑
z′∈Z

ω 1
2 ,1(z

′)
∏

z′′∈Z\{z′}
ω0,1(z

′′)

=
∑

Z⊆f(z)
|Z |=i

∑
z′∈Z

(
r∑

k=1

(−1)k−1Sk,1
dz′

z′s(k−1)+1

) ∏
z′′∈Z\{z′}

ω0,1(z
′′)

=
r∑

k=1

∑
z′∈f(z)

(−1)k−1Sk,1
dz′

z′s(k−1)+1

∑
Z⊆f′(z′)
|Z |=i−1

∏
z′′∈Z

ω0,1(z
′′)

=
r∑

k=1

∑
z′∈f(z)

(−1)k−1Sk,1
dz′

z′s(k−1)+1
U i−1

0,0 (z′).

(4.20)
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Moreover,

U i−1
0,0 (z) = (−ω0,1(z))

i−1 (4.21)

for the shifted (r, s)-spectral curve (cf. [15, eq. (4.8)]), and therefore

E i
1
2 ,0

(x) − Si,1
(dx
x

)i

=
r∑

k=1

(−1)k−1Sk,1
dz

zs(k−1)+1
(−r zs−1dz)i−1

r∑
m=1

ϑms(i−k) − Si,1

(
dx

x

)i

=
r∑

k=1

δk,i (−1)i+k Sk,1

(
r
dz

z

)i

zs(i−k) − Si,1

(
dx

x

)i

= Si,1

(
dx

x

)i

− Si,1

(
dx

x

)i

= 0

(4.22)

as desired. ��
This brings us to [15, Theorem 4.12] which has a slight modification from the previous
lemma. It will be the last piece needed to derive the desired recursion relations.

Lemma 4.8. (see [15, Theorem 4.12]) For i = 1, . . . r and all g, n ≥ 0,

p0(x)

x�αr−i+1�

(
E i
g,n(x; z[n])

dxi
− δn,0

Si,2g
xi

)

=
n∑
j=1

dz j

⎛
⎝ p0(x j )

x�αr−i+1�
j

1

x − x j

U i−1
g,n−1(z j ; z[n]\{ j})

dxi−1
j

⎞
⎠

+ δg,0δn,1(−1)i−1dz1

(
1

x − x1

(
pi−1(x)

x�αr−i+1� − pi−1(x1)

x�αr−i+1�
1

))

+ δg,0δn,0

(
(−1)i pi (x)

x�αr−i+1�

)
.

(4.23)

Here, dz j means taking the differential only with respect to the variable z j .

Proof. The proof for the case (g, n) = (0, 1) is the same as in [15, Theorem 4.12], while
the other two unstable cases are a result of lemma 4.7. For all other cases, the proof is
completely analogous to [15, Theorem 4.12] and the result is the same. This is because
the shifts only affect terms with n = 0 which contribute nothing to these expressions
for 2g − 2 + n ≥ 0. ��
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Lemma 4.9. (see [15, Lemma 4.13]) For i = 1, . . . , r ,

p0(x)

x�αr−i+1�
U i
g,n(z; z[n])

dxi
= − p0(x)

x�αr−i+1�dx
U i−1
g−1,n+1(z; z[n], z)

dxi−1
+

p1(x)

x�αr−i+1�
U i−1
g,n (z; z[n])
dxi−1

+
p0(x)

x�αr−i+1�
∑

N1�N2=z[n]

∑
g1+g2=g

U i−1
g1,|N1|(z; N1)

dxi−1

U1
g2,|N2|(z; N2)

dx

−
n∑
j=1

⎛
⎝ p0(x)

x�αr−i+1�
dx j

(x − x j )2

U i−1
g,n−1(z; z[n]\{ j})

dxi−1
−dz j

⎛
⎝ p0(x j )

x
�αr−i+1�
j

1

x − x j

U i−1
g,n−1(z j ; z[n]\{ j})

dxi−1
j

⎞
⎠
⎞
⎠

− p0(x)

x�αr−i+1�+1

g∑

h= 1
2

S1,2h
U i−1
g−h,n(z; z[n])

dxi−1
+ δg,0δn,0

(−1)i pi (x)

x�αr−i+1�

+ δn,0Si,2g
p0(x)

x�αr−i+1�+i
+ δg,0δn,1(−1)i−1dz1

⎛
⎝ 1

x − x1

⎛
⎝ pi−1(x)

x�αr−i+1� − pi−1(x1)

x
�αr−i+1�
1

⎞
⎠
⎞
⎠ . (4.24)

Proof. We simply equate the expressions in corollary 4.6 and lemma 4.8 and rearrange
the terms appropriately. ��

4.2.2. Integrating and summing over � Next step: we integrate lemma 4.9. We first
define:

Definition 4.10. For i = 0, . . . , r − 1 and all g, n ≥ 0,

Gi
g,n(z; z[n]) =

∫ z1

∞
· · ·

∫ zn

∞
U i
g,n(z; z′[n]) (4.25)

where the integrals are with respect to the z′[n] variables. We also define the following
shorthand notation:

Gi
g,n(z) = Gi

g,n(z; z) := Gi
g,n(z; z, . . . , z). (4.26)

When necessary, we will assume the integrals are regularized.

We now integrate lemma 4.9 to get a recursion for the Gi
g,n .

Lemma 4.11. (see [15, Lemma 5.5]) For i = 1, . . . , r , the integral
∫ z
∞ · · · ∫ z

∞ with
respect to z[n] of lemma 4.9 yields

p0(x)

x�αr−i+1�
Gi
g,n(z)

dxi

= − p0(x)

(n + 1)x�αr−i+1�
d

dx

(Gi−1
g−1,n+1(z

′; z)
dx ′i−1

)

z′=z

+
p1(x)

x�αr−i+1�
Gi−1
g,n (z)

dxi−1

+
p0(x)

x�αr−i+1�
n∑

m=0

∑
g1+g2=g

n!
m!(n − m)!

Gi−1
g1,m(z)

dxi−1

G1
g2,n−m(z)

dx

−n
d

dx ′

(
p0(x ′)

x ′ �αr−i+1�
Gi−1
g,n−1(z

′; z)
dx ′ i−1

)

x ′=x

− p0(x)

x�αr−i+1�+1

g∑

h= 1
2

S1,2h
Gi−1
g−h,n(z)

dxi−1
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+δg,0δn,0
(−1)i pi (x)

x�αr−i+1� + δn,0Si,2g
p0(x)

x�αr−i+1�+i

+δg,0δn,1(−1)i−1 d

dx

(
pi−1(x)

x�αr−i+1�

)
. (4.27)

Proof. For the most part, this is a very simple integration. However, there are a couple
terms that we go into more detail on. On the one hand, integrating the first term on the
right-hand-side of (4.24), we get:

− p0(x)

x�αr−i+1�dx

∫ z

∞
· · ·

∫ z

∞

U i−1
g−1,n+1(z; z[n], z)

dxi−1

= − p0(x)

r zr−1x�αr−i+1�
d

dzn+1

(Gi−1
g−1,n+1(z; z[n+1])

dxi−1

)

z1,...,zn+1=z

= − p0(x)

(n + 1)r zr−1x�αr−i+1�
d

dz

(Gi−1
g−1,n+1(z

′; z)
dx ′i−1

)

z′=z

= − p0(x)

(n + 1)x�αr−i+1�
d

dx

(Gi−1
g−1,n+1(z

′; z)
dx ′i−1

)

z′=z
(4.28)

where the second equality used the fact that the Gi
g,n are symmetric with respect to

interchange of z1 . . . , zn . On the other hand, integrating the last term on the right-hand-
side of (4.24) we get:

δg,0δn,1(−1)i−1
∫ z

∞
dz1

(
1

x − x1

(
pi−1(x)

x�αr−i+1� − pi−1(x1)

x�αr−i+1�
1

))

= δg,0δn,1(−1)i−1 lim
z1→z

(
1

x − x1

(
pi−1(x)

x�αr−i+1� − pi−1(x1)

x�αr−i+1�
1

))

= δg,0δn,1(−1)i−1 d

dx

(
pi−1(x)

x�αr−i+1�

)
. (4.29)

A similar computation can be done for the fourth term on the right-hand-side of (4.24). ��
Next, we define:

Definition 4.12. For i = 0, . . . , r − 1,

ξ i (z) = (−1)i
∑
g,n

�
2g+n

n!
Gi
g,n(z)

dxi
. (4.30)

Multiplying lemma 4.11 by (−1)i �
2g+n

n! and summing over all g and n, we get a
recursive relation for ξ i . The result is:
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Lemma 4.13. (see [15, Lemma 5.8]) After summing, lemma 4.11 becomes

p0(x)

x�αr−i+1� ξ i (z) − pi (x)

x�αr−i+1�

= − p1(x)

x�αr−i+1� ξ i−1(z) +
p0(x)

x�αr−i+1� ξ i−1(z)ξ1(z)

+
p0(x)

x�αr−i+1�+1 ξ i−1(z)
∑

g≥ 1
2

�
2gS1,2g +

(−1)i p0(x)

x�αr−i+1�+i

∑

g≥ 1
2

�
2gSi,2g

+ �
d

dx

(
p0(x)

x�αr−i+1� ξ i−1(z) − pi−1(x)

x�αr−i+1�

)
. (4.31)

4.2.3. A system of differential equations Recall the definition of the wave function:

Definition 4.14. Consider the shifted (r, s)-spectral curve of definition 3.16, and let
{ωg,n}g∈ 1

2 N,n∈N∗ be the system of correlators constructed from shifted topological re-
cursion. We define the wave function as:

ψ(z) = exp

(∑
g,n

�
2g−2+n

n!
∫ z

∞
· · ·

∫ z

∞

(
ωg,n+1(z0, z[n]) − δg,0δn,1

dx0dx1

(x0 − x1)2

))
,

(4.32)

where the integrals of ω0,1 and ω0,2 need to be regularized. We also define

ψi (z) = p0(x)ξ i (z) − pi (x)

x�αr−i � ψ(z) (4.33)

for i = 1, . . . , r . Here, the functions pi (x) are defined by

r∑
i=0

pi (x)y
r−i = xr−s yr − 1, (4.34)

and the numbers αi are4

αi = i(r − s)

r
. (4.35)

Lemma 4.13 can be used to produce a system of differential equations for the ψi (z)
which will in turn be used to construct the quantum curve. But before we can go ahead
with this construction, we recall that

ψr (z) = − pr (x)

x�α0� ψ(z) (4.36)

from [15, Lemma 5.10], and we also require a similar expression for ψ1(z), which is
found in the next lemma.

4 We refer the reader to [15, eq. (2.3)] for the definition of αi in the case of a general admissible spectral
curve.
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Lemma 4.15. (see [15, Lemma 5.10]) Given the definition of ψi (z) in equation (4.33),
we obtain

ψ1(z) = p0(x)

x�αr−1�

⎛
⎜⎝�

d

dx
− 1

x

∑

g≥ 1
2

�
2gS1,2g

⎞
⎟⎠ψ(z). (4.37)

Proof. We start with the expression in the last line of [15, eq. (5.15)]:

p0(x)�
d

dx
ln ψ(z)

= p0(x)

dx

∑
g,n

�
2g+n

n!
∫ z

∞
· · ·

∫ z

∞

(
ωg,n+1(z, z[n]) − δg,0δn,1

dxdx1

(x − x1)2

)
(4.38)

where the integrals act only on z[n], and use the fact that

ωg,n+1(z, z[n]) = −U1
g,n(z; z[n]) − δg,0δn,0

p1(x)

p0(x)
dx + δn,0S1,2g

dx

x

+ δg,0δn,1
dxdx1

(x − x1)2

(4.39)

as seen in equation (4.17). Substituting this into the previous expression, we find that

p0(x)�
d

dx
ln ψ(z) = p0(x)ξ

1(z) − p1(x) +
p0(x)

x

∑

g≥ 1
2

�
2gS1,2g. (4.40)

Finally, using the definition of ψ1(z) and then rearranging leads to the statement of the
lemma. ��

We finally obtain a system of differential equations for the ψi (z).

Theorem 4.16. (see [15, Theorem5.11]) For i = 2, . . . , r , the following systemof linear
differential equations holds:

�
d

dx
ψi−1(z) = x�αr−i �

x�αr−i+1� ψi (z) − pi−1(x)x�αr−1�

p0(x)x�αr−i+1� ψ1(z)

− pi−1(x)

x�αr−i+1�+1 ψ(z)
∑

g≥ 1
2

�
2gS1,2g +

(−1)i−1 p0(x)

x�αr−i+1�+i ψ(z)
∑

g≥ 1
2

�
2gSi,2g.

(4.41)

Proof. First, we multiply lemma 4.13 by ψ(z), which produces

x�αr−i �

x�αr−i+1� ψi (z) = x�αr−1�

x�αr−i+1� ξ i−1(z)ψ1(z)

+
p0(x)

x�αr−i+1�+1 ξ i−1(z)ψ(z)
∑

g≥ 1
2

�
2gS1,2g +

(−1)i p0(x)

x�αr−i+1�+i ψ(z)
∑

g≥ 1
2

�
2gSi,2g

+ �ψ(z)
d

dx

(
p0(x)

x�αr−i+1� ξ i−1(z) − pi−1(x)

x�αr−i+1�

)
(4.42)
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for i = 2, . . . , r . The last term can be written as

�
d

dx
ψi−1(z) − �

p0(x)ξ i−1(z) − pi−1(x)

x�αr−i+1�
dψ(z)

dx
(4.43)

and then the previous lemma implies that this is equal to

�
d

dx
ψi−1(z) − x�αr−1�

x�αr−i+1�

(
ξ i−1(z) − pi−1(x)

p0(x)

)
ψ1(z)

− p0(x)ξ i−1(z) − pi−1(x)

x�αr−i+1�+1 ψ(z)
∑

g≥ 1
2

�
2gS1,2g.

(4.44)

Putting it altogether, we obtain the statement of the theorem. ��
The main difference between theorem 4.16 and theorem 5.11 in [15] is the appearance

of the terms on the second line of (4.41) which depend on the shifts Si,2g .
(4.41) can be simplified significantly by noticing that pi (x) = 0 for i = 1, . . . , r − 1

and p0(x) = xr−s , pr (x) = 1. Therefore, we have

�
d

dx
ψi−1(z) = x�αr−i �

x�αr−i+1� ψi (z) +
(−1)i−1xr−s

x�αr−i+1�+i ψ(z)
∑

g≥ 1
2

�
2gSi,2g (4.45)

for i = 2, . . . , r .

4.2.4. The quantum curve Finally, we can write the system of differential equations
(4.45) as a single r th-order differential equation for the wave function ψ(z), which will
be the desired quantum curve.

In the following theorem, we define the shorthand notation

Di := �
x�αi �

x�αi−1�
d

dx
(4.46)

for i = 1, . . . , r .

Theorem 4.17 (see [15, Lemma 5.14]). The system of differential equations in theo-
rem 4.16 is equivalent to the rth order differential equation

⎛
⎜⎝D1 · · · Dr +

∑

g≥ 1
2

r∑
i=1

(−1)i�2gSi,2gD1 · · · Dr−i
xr−s

x�αr−i �+i − 1

⎞
⎟⎠ψ(z) = 0

(4.47)

for the shifted wave function ψ constructed from shifted topological recursion on the
shifted (r, s)-spectral curve. Each set of s-consistent shifts {Si,�}i∈[r ],�∈N∗ provides a
different quantization of the (r, s)-algebraic curve.
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Proof. Let’s rewrite equation (4.45) to get

ψi (z) = Dr−i+1ψi−1(z) +
(−1)i xr−s

x�αr−i �+i ψ(z)
∑

g≥ 1
2

�
2gSi,2g (4.48)

for i = 2, . . . , r . In particular, we have

ψ2(z) = Dr−1ψ1(z) +
xr−s

x�αr−2�+2
ψ(z)

∑

g≥ 1
2

�
2g S2,2g = Dr−1

⎛
⎜⎝ xr−s

x�αr � Dr − xr−s

x�αr−1�+1

∑

g≥ 1
2

�
2g S1,2g

⎞
⎟⎠ψ(z) +

xr−s

x�αr−2�+2
ψ(z)

∑

g≥ 1
2

�
2g S2,2g =

⎛
⎜⎝Dr−1

xr−s

x�αr � Dr − Dr−1
xr−s

x�αr−1�+1

∑

g≥ 1
2

�
2g S1,2g +

xr−s

x�αr−2�+2

∑

g≥ 1
2

�
2g S2,2g

⎞
⎟⎠ψ(z)

(4.49)

where the second equality used lemma 4.15. Iterating until ψr (x) using equation (4.48),
we find that

ψr (z) =
⎛
⎜⎝D1 · · · Dr−1

xr−s

x�αr � Dr +
∑

g≥ 1
2

r∑
i=1

(−1)i�2gSi,2gD1 · · · Dr−i
xr−s

x�αr−i �+i

⎞
⎟⎠ψ(z),

(4.50)

and then the fact that ψr (z) = ψ(z) as implied in equation (4.36) and αr = r − s leads
to the statement of the theorem. ��
If all constants Si,2g are zero as in the unshifted case, then we only get one specific
quantization of the (r, s)-curve – and it is a rather non-trivial one. This is the only
possibility if r = −1 (mod s), because we require the shifts to be s-consistent, see
definition 2.26, so that shifted topological recursion produces symmetric correlators.
If r = 1 (mod s), other shifts produce other quantizations of the spectral curve. In
particular, as we now show, for the cases s = 1 and s = r − 1, we obtain all possible
orderings of the operators x̂ = x and ŷ = �

d
dx as particular choices of the shifts.

Example 4.18. (s = 1) For this curve, we have αi = i(r−1)
r which satisfies

i − 1 ≤ αi < i (4.51)

for i = 1, . . . , r , and therefore �αi� = i − 1 while �α0� = 0. Hence, the quantum curve
is
⎛
⎜⎝�

r
(

d

dx
x

)r−1 d

dx
+
∑

g≥ 1
2

(
r−1∑
i=1

(−1)i�r−i+2gSi,2g

(
d

dx
x

)r−i−1 d

dx

+(−1)r�2gSr,2g
1

x

)
− 1

)
ψ = 0.

(4.52)



  274 Page 44 of 71 R. Belliard, V. Bouchard, R. Kramer, T. Nelson

If we now take Si,2 g = 0 for all i, g except when i = 2 g ≤ r − 1, then we obtain the
following quantization of the (r, 1)-spectral curve

(
�
r
(

d

dx
x

)r−1 d

dx
+ �

r
r−1∑
i=1

(−1)i Si,i

(
d

dx
x

)r−i−1 d

dx
− 1

)
ψ = 0, (4.53)

which again produces all reorderings by making different choices of S1,1, . . . , Sr−1,r−1.

Example 4.19. (s = r−1) In this case, we have αi = i
r , so �αi� = 0 for i = 0, . . . , r−1

and �αr� = 1. The only s-consistent shift is S�

1 (unless r = 2, in which case we can use
the previous example). Hence, the quantum curve is

⎛
⎜⎝�

r dr−1

dxr−1 x
d

dx
−
∑

g≥ 1
2

�
r−1+2gS1,2g

dr−1

dxr−1 − 1

⎞
⎟⎠ψ = 0. (4.54)

If we assume S1,2 g = 0 for all g except 2g = 1, then we get a quantization of the
(r, r − 1)-spectral curve of the form

(
�
r dr−1

dxr−1 x
d

dx
− �

r S1,1
dr−1

dxr−1 − 1

)
ψ = 0, (4.55)

which leads to all possible reorderings of the curve for different choices of S1,1. Indeed,
if we choose S1,1 = m for any m ∈ {−1, . . . , r − 1}, we will get the quantum curve

(
�
r dr−m−1

dxr−m−1 x
dm+1

dxm+1 − 1

)
ψ = 0. (4.56)

However, in the other cases, we do not get all the orderings.

Example 4.20. (Other r = 1 (mod s)) For s-consistency, we can again only allow non-
trivial S�

1 , so the spectral curve is

⎛
⎜⎝D1 · · · Dr −

∑

g≥ 1
2

�
2gS1,2gD1 · · · Dr−1 − 1

⎞
⎟⎠ψ = 0, (4.57)

and since Dr = �x d
dx , this can be rewritten as

⎛
⎜⎝D1 · · · Dr−1

(
�x

d

dx
−
∑

g≥ 1
2

�
2gS1,2g

)
− 1

⎞
⎟⎠ψ = 0. (4.58)

But now, as we assume 1 < s < r − 1, at least one more of the Dj must equal �x d
dx ,

and the commutator of this x with any �
d
dx cannot be expressed through S�

1 any more.
So we find that in this case, there are reorderings of the normal-ordered quantization
that are not covered by s-consistent shifts.
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5. Determinantal formulas and non-perturbative loop equations

In this section we turn the tables around and start directly from the general quantum
spectral curve of (r, s)-systems, in the differential system form that previously appeared
as an intermediate step. We will prove that by defining generating functions with formal
genus-counting parameter � for the topological recursion invariants of (r, s)-systems,
these generating functions can be identified with the non-perturbative amplitudes as-
sociated to the differential system obtained by analytic continuation of the quantum
curve under consideration. As such, we will be able to express them via determinantal
formulas.

We will set up the WKB analysis of the quantum curve, introduce the corresponding
non-perturbative invariants in the form of well-known determinantal formulas, albeit as
� → 0 asymptotics directly, as well as the collection of non-perturbative loop equations
we require them to satisfy. A such, the coefficients of these semi-classical expansions
will be identified with the topological recursion invariants of interest.

5.1. Rational formal �-connections and their WKB analysis. In this section, we will
consider the setup of �-connections for our problem. We will give a definition here that
fits our needs.

Definition 5.1. A rational formal �-connection is an �-connection

∇� := �d − ��, (5.1)

on the trivial principal bundle E := P
1 × GLr (C) over the Riemann sphere with general

linear structure group GLr (C), where �� is a power series in � with rational one-form
coefficients, satisfying the deformed Leibniz rule

∇�( f σ) = f ∇�(σ ) + �(d f )σ (5.2)

for all possibly �-formal rational functions f ∈ C(x), and local sections σ of E .
The Higgs field of a rational �-connection is the leading order

ϕ := �0 (5.3)

and the corresponding spectral curve is

� = {E(x, ω) = det(ωId − ��(x)) = 0} ⊂ T ∗
P

1. (5.4)

The Higgs field fits into the following short exact sequence of sheaves

0 −→ N ↪→ E [ϕ,•]−−−→ E ⊗ �1 −→ 0, (5.5)

where we have denoted the commutant of ϕ by N := Ker[ϕ, •] ⊂ E . This short exact
sequence is one of vector bundles away from the locus of branch points where the rank
of N jumps.

We are mainly interested in the following example.
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Example 5.2. Let us consider the quantum curve equation of the previous section, in
its differential system form of theorem 4.16 with unknown vector function (ψ,ψ1, . . . ,

ψr−1)
T . Explicitly,

��(x) :=
∞∑
k=0

�
k�k(x) :=

⎛
⎜⎜⎜⎜⎜⎜⎝

(−1)0 S�

1
x · x�αr �

x�αr �
x�αr−1�
x�αr � · · · 0

... 0
. . .

...

(−1)r−2 S�

r−1
xr−1 · x�αr �

x�α2�
...

. . . x�α1�
x�α2�

(−1)r−1 S�
r
xr · x�αr �

x�α1� + 1
x�α1� 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠
dx,

(5.6)

where we have introduced the �-series S�

k := ∑∞
g� 1

2
�

2 gSk,2 g , for each k ∈ {1, . . . , r}.
Recall from equation (4.35) also the rational values αk = k

r (r − s) of which the floors
appear in each non-trivial coefficient of the matrix.

Since all S�

k are of order at least 1 in �, we get the Higgs field

ϕ(x) = �0(x) =

⎛
⎜⎜⎜⎜⎝

0 x�αr−1�
x�αr � · · · 0

...
. . .

. . .
...

0 · · · 0 x�α1�
x�α2�

1
x�α1� 0 · · · 0

⎞
⎟⎟⎟⎟⎠
dx, (5.7)

as well as the spectral curve

E(x, ω) = ωr − xs−r dxr . (5.8)

Interpreting ω as ω0,1 = y dx , we find that E(x, y dx) = (yr − xs−r )dxr .

Lemma 5.3. In the setting of example 5.2, after restricting toC
× ⊆ P

1 and pulling back
along x : C

× → C
× : z 
→ zr , ϕ can be diagonalized as ϕ(x(z)) = V (z)Y (z)V (z)−1,

where we have introduced

Y (z) :=
⎛
⎜⎝

ϑ0 0
. . .

0 ϑr−1

⎞
⎟⎠ r zs−1dz , (5.9)

and

V (z) := ϑz
(r−s)(r+1)

2

∏
1≤a<b≤r

(ϑb − ϑa)
1
r

⎛
⎜⎝
zr�α1� · · · 0

...
. . .

...

0 · · · zr�αr �

⎞
⎟⎠

⎛
⎜⎜⎝

ϑ0

zr−s · · · ϑr−1

zr−s

...
...

( ϑ0

zr−s )
r · · · (ϑr−1

zr−s )r

⎞
⎟⎟⎠ , (5.10)

where Y (z) is a diagonal-matrix valued one form of eigenvalues Y and V (z) is the
corresponding invertible Vandermonde matrix of eigenvectors, with a fixed primitive
root of unity ϑr = 1. The inverse of V (z) is

V (z)−1 =

∏
1≤a<b≤r

(ϑb − ϑa)
1
r

rϑz
(r−s)(r+1)

2

⎛
⎜⎜⎝

zr−s

ϑ0 · · · ( z
r−s

ϑ0 )r

...
...

zr−s

ϑr−1 · · · ( zr−s

ϑr−1 )r

⎞
⎟⎟⎠

⎛
⎜⎝
z−r�α1� · · · 0

...
. . .

...

0 · · · z−r�αr �

⎞
⎟⎠ . (5.11)
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These matrices have monodromy

Y (ϑz) = τ−1Y (z)τ, and V (ϑz) = V (z)τ, (5.12)

with the permutation matrix defined by

τ :=

⎛
⎜⎜⎝

0 1 · · · 0
...

. . .
. . .

...

0 · · · 0 1
1 0 · · · 0

⎞
⎟⎟⎠

s

. (5.13)

The spectral covering x extends to the origin and infinity where it fully ramifies as
x : � = P

1 → P
1 : z 
→ zr .

Proof. Explicit standard calculations. ��
Remark 5.4. As usual, the diagonalization is not unique: we can reorder the eigenspaces
by the Weyl group action by permutation. Similarly, we have a choice, given a point in
the base P

1, of ordering of the sheets of the spectral curve by deck transformations. The
monodromy relation (5.12) equates these two groups, so we do not actually introduce
more freedom into our system by passing to the spectral curve.

We will formally construct an all-order WKB-type solution to the equation ∇��� =
0. This is an extension of the method used for r = 2 in [37].5

Lemma 5.5. There is a unique sequence of rational matrix-valued u�(z) with trivial
diagonal coefficients, for z ∈ C

×, such that defining

Û�(z) := V (z)
→∏
�≥1

exp
(
�

�u�(z)
)

= V (z)
(
Id + O(�)

)
, (5.14)

the expression

Ŷ�(z) :=
∑
�≥0

�
�Y�(z) := Û�(z)−1��(z)Û�(z) − �Û�(z)−1dÛ�(z), (5.15)

with Y0 := Y , is diagonal and rational at each order in its �-expansion.
This is equivariant under deck transformations:

Ŷ�(ϑz) = τ−1Ŷ�(z)τ and Û�(ϑz) = Û�(z)τ. (5.16)

Proof. We construct the solution step by step, using the ordered partial products given by

U (L)
�

(z) := V (z)
→∏L

�=1 exp(��u�(z)). The condition that Ŷ�(z) be rational is equivalent
to defining the uL ’s by imposing, recursively on L ≥ 0, the triviality of the off-diagonal
coefficients of

YL+1(z) = �
(L)
L+1(z) +

[
Y0(z), uL+1(z)

]
, (5.17)

5 We would like to thank J. Hurtubise for explaining this extended method to us.
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where du0 := V−1
0 dV0 by convention, and we have introduced the intermediate con-

nection potentials

�
(L)
�

:=
∑
�≥0

�
��

(L)
� := (U (L)

�
)−1��U

(L)
�

− �(U (L)
�

)−1dU (L)
�

= Y (L)
�

+ O(�L+1),

(5.18)

with Y (L)
�

:= ∑L
�=0 �

�Y�.
This procedure requires [Y0(z), ·] to be invertible on matrices with trivial diagonal

coefficients, and is therefore valid everywhere away from zero and infinity, over which
it has a non-trivial kernel.

Rationality of the u�(z) and the Y�(z) follows by induction: du0 is rational because
V0 is, �

(L)
L+1 is an algebraic combination of the rational �� and u j for j ≤ L , and the

inverse of [Y0(z), ·] preserves rationality.
Equivariance follows from the initial step du0 := V−1

0 dV0 together with the explicit
form of (5.17). ��
Corollary 5.6. The formal connection ∇̂� defined by

∇̂� := Û−1
�

∇�Û� = �d − Ŷ�, (5.19)

is abelian, with formal gauge transformation, and diagonal connection potential respec-
tively satisfying

Û�(ϑ z) = Û�(z)τ, and Ŷ�(ϑ z) = τ−1Ŷ�(z)τ. (5.20)

In turn, each Y� is rational on the spectral curve with a unique singularity at the origin,
with a pole order that is easily seen to grow as a function of �. In particular, this means
that the divergent integrals in

∫ z

0
Ŷ� =

∞∑
�=0

�
�

∫ z

0
Y� (5.21)

can be regularized term by term in the �-expansion by adding and subtracting a finite
number of counter-terms. This is a fairly standard procedure in topological recursion,
cf. e.g. [1,38]. More details can be found in [39, Section 3.2]. For us, the exact method
of regularization is not important. We denote this regularized integral as

Ĵ�(z) := /

∫ z

0
Ŷ� =

∑
�≥0

�
� /

∫ z

0
Y�. (5.22)

Corollary 5.7. The expression

��(z) := Û�(z) e
1
�
Ĵ�(z) = Û�(z) exp

(1

�
/

∫ z

0
Ŷ�

)
(5.23)

is a formal solution to ∇���(z) = 0. It can alternatively be expressed in WKB form as

��(z) = V (z)�̂�(z) exp
(1

�

∫ z

0
Y0

)
, (5.24)
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where �̂�(z) takes the form of a product of a formal �-series whose coefficients are ratio-
nal matrix-valued functions of z by the exponential of a formal �-series each coefficient
of which is the regularized integral of a rational one-form. This solution is equivariant:

��(ϑz) = ��(z)τ. (5.25)

Proof. The first statement is a direct consequence of corollary 5.6. The WKB form can
be found by equating (5.23) and (5.24), and solving for �̂�(z). This yields the claimed
rational coefficients, as well as the integrals of rational one-forms by lemma 5.5. ��
Remark 5.8. Given a fundamental solution �� of ∇� as above, ��C is still a fundamental
solution for any invertible constant matrixC . However, the equivariance of (5.25) reduces
this freedom: if we also want ��(ϑz)C = ��(z)Cτ , we need that τC = Cτ .

5.2. Determinantal amplitudes and loop equations. In this subsection, we will explain
how to use the formal WKB solutions constructed above through the associated formal
solutions

M�(z, E) := ��(z)E��(z)−1, (5.26)

of the adjoint differential system

�dM = [��, M], (5.27)

for any E ∈ End(Cr ) encoding choices of ‘initial conditions’.6

By construction, M is also equivariant order by order:

M�(ϑz, τ−1Eτ) = M�(z, E). (5.28)

In particular, if ea is the a-th diagonal basis matrix,

M�(z, ea) = M�(ϑz, τ−1eaτ) = M�(ϑz, ea+s), (5.29)

so if ã is the unique solution modulo r of a + ãs = r , then we get

M�(z, ea) = M�(ϑ ã z, er ). (5.30)

This is an implementation of the relation between the Weyl group and the group of deck
transformations of remark 5.4.

Since the only possibly non-rational terms featuring in the WKB solution appear as
diagonal multiplicative factors from the right, we get the following proposition.

Proposition 5.9 ([12, Remark 3.2]). The construction via the WKB-type solution equa-
tion (5.24) is equivalent to the expansion of M�(z, ea) in powers of � taking the following
shape:

M�(z, ea) = V (z)eaV (z)−1 +
∞∑
k=1

M (k)(ϑ ã z)�k, (5.31)

where the M (k)’s are rational functions of z.

6 Strictly speaking, we do not impose that there is an ‘initial point’ z0 such that ��(z0) = Id, so E is not
quite an initial condition, but it fulfils the same role.
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We will use this adjoint system to define non-perturbative connected amplitudes via
formulas that are independent of the fact that M� is �-formal, objects that therefore
satisfy non-perturbative loop equations [19]. Under certain assumptions, namely the
topological type property of [12] (following [11] for the q-Gelfand–Dickey hierarchy),
the �-expansions of these amplitudes yield correlators computed by topological recur-
sion, and we will see exactly when such a topological type property is verified in the
setup of the present work.

Recall that we use shorthand notation x j = x(z j ) for z j ∈ �.

Definition 5.10. The Cauchy kernel associated to the WKB solution (5.24) is

K�(z1, z2) := √
dx1

��(z1)
−1��(z2)

x2 − x1

√
dx2. (5.32)

It has simple poles at each of the pre-images of the diagonal in C
× × C

× by the map
x : � → C

×, as well as singularities at the origin in each of its variables. We will use
matrix elements of the kernel (5.32) to build the non-perturbative amplitudes. We will do
so in a symmetric way involving choices of initial conditions, and such that all diagonal
singular contributions cancel each other when the corresponding matrices are diagonal.
The singularities at the origin will however remain at each order in �, to be expected in
the context of topological recursion.

In the setup of example 5.2, the expansion of K� near inverse images of the diagonal
is given by

K�(z1, z2) = r zr−1
1 dz1

zr2 − zr1
− ��(z1)

−1��

(
x(z1)

)
��(z1)τ

k + O(z2 − ϑk z1),

(5.33)

valid in the regimes where z2 → ϑk z1 for some integer k ∈ {1, . . . , r}, and where we
have used the equivariance (5.25).

On the diagonal itself, where it is not defined, we prescribe the value of the kernel
to be given by the next-to-singular term appearing in the asymptotics (5.33) for k = 0,
that is

K�(z, z) := −1

�
��(z)−1��

(
x(z)

)
��(z). (5.34)

Definition 5.11. Define for every n ≥ 2, the nth non-perturbative connected amplitude
as functions of z1, . . . , zn ∈ �, and any choice of matrices E1, . . . , En , to be given by
the expressions

Wn(
E1
z1, . . . ,

En
zn) := (−1)n−1

∑
σ∈S′

n

Tr
→∏

1≤i≤n
M�(zσ i , Eσ i )

(x1 − xσ 2) · · · (xσ n − x1)

n∏
i=1

dxi , (5.35)

involving the set S′
n of all permutations σ = (σ 1 = 1, σ 2, . . . , σ n) of {1, . . . , n}

consisting of a single cycle, and the non-commutative products that are always computed
in reading order from left to right, as indicated by the arrow.
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By the cyclic property of the trace, they can be expressed in terms of the Cauchy
kernel, which we use to extend the definitions to points with same base-point projections.
For n = 1, we use this to define

W1(
E
z ) := 1

�
Tr

(
M�(z, E)��(zr )

) = − Tr
(
K�(z, z)E

)
. (5.36)

Non-connected amplitudes are defined via the cumulant formula

Ŵn(J ) :=
∑

μ∈part(J )

length(μ)∏
i=1

W|μi |(μi ), (5.37)

summing over set partitions of any given J := {E1
z1, . . . ,

En
zn
}
.

Remark 5.12. The connected amplitudes are non-perturbative in the sense that the defi-
nition work both for a genuine solution M� of the differential system or a formal one.

Both cases have singularities at pre-images of the diagonal, but in the formal case, the
�-expansions coming from considering WKB solutions imply additional singularities at
the origin.

These amplitudes (both connected and disconnected) are still equivariant in the same
way as M� is:

Wn+1(
τ−1E0τ

ϑz0 , J ) = Wn+1(
E0
z0, J ). (5.38)

Let us now introduce the non-perturbative loop equations, identities between the
various Wn’s that imply hierarchies of necessary relations at each order in �. This con-
struction is formally similar to the twist-field construction of section 2.2, and again
makes use of the Casimir elements of the Lie algebra glr , cf. equation (2.8). These iden-
tities encode the invariance of certain combinations of non-connected amplitudes under
the combined action of parallel transport by ∇� around the origin and spectral curve
deck transformations. We will interpret the corresponding constrained singular profiles
in terms of the data of a representation of the W-algebra W(glr ).

Denoting by {ei, j }ri, j=1 the standard vector-space basis of r×r matrices, we consider

the algebraic generators C (1), . . . ,C (r) of the center of U (glr ),

C (k) =
∑

1�i1, j1,...,ik , jk�r

C (k)
(i1, j1),...,(ik , jk )

ei1, j1 ⊗ · · · ⊗ eik , jk (5.39)

=
∑

1�a1<···<ak�r

ea1 ⊗ · · · ⊗ eak , (5.40)

whose coordinates are obtained as coefficients of the characteristic polynomial function

det
(
ωId − E

) =:
r∑

k=0

(−1)kωr−k
∑

1�i1, j1,...,ik , jk�r

C (k)
(i1, j1),...,(ik , jk )

Ei1, j1 · · · Eik , jk ,

(5.41)

for E = ∑r
i, j=1 E

i, jei, j , and whose diagonal expression (5.40) readily follows from
expressing E in Jordan normal form.
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Proposition 5.13. For every positive integer n � 1, any generic J = {E1
z1, . . . ,

En
zn
}
, and

any point z ∈ �\{0,∞, z1, . . . , zn}, the amplitudes constructed as �-expansions from
copies of the WKB solution necessarily satisfy the non-perturbative loop equations,

r∑
k=0

(−1)kωr−k Ŵk+n
( C(k)︷ ︸︸ ︷
z, . . . , z, J

) = [δ1 · · · δn] det
(
ωId − ��

(
x(z)

) − M(n)

δ

(
x(z); J)

)

=: Pn(x(z), ω; J ), (5.42)

where the k first variables of Ŵk+n are linearly evaluated at the kth Casimir over the
same point, δ := (δ1, . . . , δn) is a vector of formal variables,

M(n)

δ

(
x; J) :=

n∑
k=1

∑
1≤i1 �=···�=ik≤n

δi1 · · · δik

→∏
1≤ j≤k

M�(zi j , Ei j )

(x − xi1) · · · (xik − x)
dx

k∏
i=1

dxi ,

(5.43)

and [δ1 · · · δn]P(δ) equals the coefficient of the monomial δ1 · · · δn in the polynomial
expression P(δ) of δ.

Proof. This collection of identities follows from the manipulations introduced in [19]
in the proof of Theorem 4.3 of that paper, for amplitudes defined from genuine solutions
of differential systems. This proof is still valid in the present context of formal WKB
solutions, when understood as manipulations of formal �-expansions. ��
Remark 5.14. Generally speaking, the validity of those equations follows from an ex-
pansion of the determinant in powers of ω. The interesting content of this collection of
identities is that certain algebraic combinations of non-connected amplitudes exhibit the
analytical structure of the expressions appearing in the right-hand side of (5.42).

5.3. Topological type property. According to [11], solutions of (5.42) that are of topo-
logical type can be computed by topological recursion. Furthermore, there exist sets of
sufficient conditions on the differential system ∇� that ensure that this is the case, see
[12]. Our setup satisfies all those sufficient conditions except one. In this section, we
recall those sufficient conditions that are satisfied, and describe how to supplement them
in order to save the day, showing that the corresponding solutions are indeed computed
by a topological recursion, albeit a shifted one.

The topological type property was defined in [11, Definition 3.3] and refined in [19,
Definition 5.1]. Here we give a restricted definition that suffices in our context.

Definition 5.15. A collection {Wn}n≥1 of meromorphic symmetric n-form sections of
the trivial bundle glr × P

1 satisfies the topological type property if

1. There exists a cover x : � → P
1 over which each Wn admits an �-expansion whose

coefficients are rational functions;
2. Apart from [�−1]W1 and [�0]W2, the coefficients of the Wn may only have poles at

the ramification points of x . Moreover, [�0]W2 has a residueless double pole over the
diagonal and no other singularity;

3. The �-expansion of each Wn has first non-trivial coefficient at order O(�n−2).
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Remark 5.16. One condition is missing here in comparison to [11,19]. This condition
concerns the parity of the construction under a sign change of �, ensuring that no half-
genus invariants appear. We do not mind half-genus terms, since they appear generically,
and play no specific role here.

The reason the topological type property was introduced, is the following theorem.

Theorem 5.17 ([11, Corollary 3.6]). If a collection of connected amplitudes satisfies
the non-perturbative loop equations and the topological type property, and the cover
x : � → P

1 of definition 5.15 has only simple ramification, then the evaluations of the
expansion coefficients of the amplitudes at diagonal basis matrices can be calculated
by topological recursion, i.e.

Wn(
er
z1, . . . ,

er
zn) =

∑

g∈ 1
2 N

�
2g−2+nωg,n(z1, . . . , zn). (5.44)

By equivariance of the amplitudes, equation (5.38), this in fact determines the Wn on
the entire Cartan.

Let us then prove the topological type property. We start with the following lemma.

Lemma 5.18. The leading order of W2 in �, ω0,2, is the unique rational symmetric bi-
differential on the spectral curve � that has a residue-less double pole on the diagonal
with unit biresidue. Namely, it is the Bergman kernel on the Riemann sphere, given by

ω0,2(z1, z2) = dz1dz2

(z1 − z2)2 . (5.45)

Proof. This follows from two steps. The first is a direct computation of the leading
term of W2 in the WKB approximation, yielding near coinciding point asymptotics. The
second step uses the explicit formula for the invertible matrix of eigenvectors of the
Higgs field ϕ to calculate the pole order at ramification points.

Indeed, although V (z) does not have the required form to satisfy Assumption 4 of
[12], it is given by the simple expression (5.10), which in particular implies its equiv-
ariance under deck transformations. We start by noticing that the leading order WKB
approximation

ω0,2(z1, z2) = Tr(er V (z1)
−1V (z2)er V (z2)

−1V (z1))
dx(z1)dx(z2)

(x(z1) − x(z2))2 (5.46)

has possible singularities only at the origin, infinity, and along the pre-image of the
diagonal over the base. We first study the vicinity of the latter, using the expansions

V (z1)−1V (z2) ∼
z2∼ϑ pz1

τ p +
x(z2) − x(z1)

x ′(z1)
V (z1)−1 dV (z1)

dz
τ p + O(x(z2) − x(z1))2 ,

(5.47)

V (z2)−1V (z1) ∼
z2∼ϑ pz1

τ−p − x(z2) − x(z1)

x ′(z1)
τ−pV (z1)−1 dV (z1)

dz
+ O(x(z2) − x(z1))2 .

(5.48)
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Introducing the Maurer–Cartan form � := V−1 dV
dz , we immediately get

ω0,2(z1, z2) ∼
z2∼ϑ pz1

Tr(erτ
perτ

−p)
dx(z1)dx(z2)

(x(z1) − x(z2))2

+
(Tr(erτ perτ−p�(z1))

r zr−1
1

− Tr(er�(z1)τ
perτ−p)

r zr−1
1

) dx(z1)dx(z2)

x(z1) − x(z2)
+ O(1),

(5.49)

which simplifies to

ω0,2(z1, z2) ∼
z2∼ϑ pz1

δp,0
dx(z1)dx(z2)

(x(z1) − x(z2))2 +
Tr([er , τ perτ−p]�(z1))

r zr−1
1

dx(z1)dx(z2)

x(z1) − x(z2)
+ O(1). (5.50)

Since the commutator appearing in the numerator of the second term of the right-hand
side is between two diagonal matrices, it vanishes. So we obtain the equivalence

ω0,2(z1, z2) ∼
z2∼ϑ pz1

δp,0
dx(z1)dx(z2)

(x(z1) − x(z2))2 + O(1), (5.51)

implying that ω0,2 has a residue-less double pole with unit biresidue on the diagonal
over the spectral curve, but is regular at each other pre-image of the diagonal over the
base for which the Kronecker delta vanishes.

It could however still have poles over the origin and infinity; but we will show that it
does not. Consider the matrix product

[V (z1)
−1V (z2)]i, j = 1

r

r∑
k=1

ϑk( j−i)( z2

z1

)r�αk�−k(r−s)
, (5.52)

and replace this expression in that of ω0,2 (5.46). The trace evaluation yields

ω(z1, z2) = [V (z1)
−1V (z2)]r,r [V (z2)

−1V (z1)]r,r dx(z1)dx(z2)

(x(z1) − x(z2))2

=
( r∑
k=1

( z2

z1

)�αk�−k(r−s)
)( r∑

�=1

( z2

z1

)�α��−�(r−s)
)r zr−1

1 dz1r z
r−1
2 dz2

(zr1 − zr2)
2

(5.53)

upon minor simplifications. Furthermore, by definition of the floor, αk −1 < �αk� ≤ αk ,
which implies that the pole order of this expression as a function of z1 near the origin is
at most

(r − 1) + 0 − (r − 1) = 0, (5.54)

accounting for each factor of the right-hand side of the last expression. So ω0,2(z1, z2)

is regular at z1 = 0 and generic z2. This same inequality also implies ω0,2 is regular
at z1 = ∞ at generic z2, as well as z2 = 0 and z2 = ∞ at generic z1 respectively.
Therefore, ω0,2 only has the singularities appearing in (5.51) on �2. Since the spectral
curve has genus zero, there is a unique symmetric bidifferential with this pole behaviour,
and it is the one given in the lemma. ��
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Lemma 5.19. In the setting of example 5.2, conditions (1-2) of definition 5.15 are sat-
isfied.

Proof. The Wn have an �-expansion whose coefficients are rational functions in z, the
coordinate on the cover x : � → P

1, by definition 5.11 and proposition 5.9 – this makes
sense because g(�) = 0. This proves condition (1).

The shape of [�0]W2 was considered in lemma 5.18. For the further pole structure,
we see from definition 5.11 that poles can only be at diagonals or at poles of M�. By
the argument in [12, p. 3230], diagonal poles do not appear. On the other hand, poles of
M� must come from poles or zeroes of ��, i.e. the ramification points 0 and ∞, proving
condition (2). ��

Therefore, in our context and as is usually the case in such problems, the hardest part
in proving that the conditions of definition 5.15 are satisfied is to determine the leading
order of the Wn (condition 3).

Over the years, different methods have been devised to prove this leading order
property. Let us mention a few of them. The first method is the enumerative one, cf. e.g.
[1–3,38], using of the interpretation of the amplitudes as generating functions of certain
quantities, e.g. in enumerative geometry, when available.

In situations where such an interpretation of the amplitudes of a �-connection is not
available, [11] introduced a recursive process, using a differential Galois theory approach
by integrable loop-insertion operators, when available. This approach was simplified to
a combinatorial method in [12], which is the approach we shall extend in the present
work. It uses the combinatorial structure encoded in the loop equations (5.42), together
with a certain assumption on the expression on the right side of this equation, to prove
the leading order property by induction.

This assumption was stated as [12, Assumption 5], as a sufficient condition for the
leading order property to hold, and it is not satisfied by the differential system of ex-
ample 5.2. However, we will adapt it, leading to our notion of shifted perturbative loop
equations, and corresponding shifted topological recursion. Let us note additionally that
the four assumptions [12, Assumptions 1–4] preceding this fifth one are satisfied or
unnecessary in our situation:

1. Assumption 1 states that �� has a formal power series expansion in � with coefficients
rational functions of x . We assume this;

2. Assumption 2 states that the associated spectral curve is genus 0. We also assume
this;

3. Assumption 3 is only used to control the behaviour of the spectral curve involved.
As our spectral curve is well-behaved already, we do not need it;

4. Assumption 4 is not satisfied in our context by the invertible matrix of eigenvectors
V (z), since it does not take the form required by [12]. There, however, this assumption
was only used to determine analytic properties of ω0,2 that are relevant to topological
recursion, cf. [12, Remark 2.6]. We already calculated this in lemma 5.18, hence
bypassing Assumption 4.

There is also an Assumption 6 [12, Assumption 6], but it is only relevant to the parity
condition, which following remark 5.16, we ignore.

As the leading order property deals with the �-expansion of the amplitudes, it is only
natural that the assumption allowing us to derive it involves the �-dependence of the
connection ∇� seen as �-corrections to the Higgs field ϕ.

Definition 5.20. ([12]) The �-connection ∇� satisfies Assumption 5 if the following two
statements hold:



  274 Page 56 of 71 R. Belliard, V. Bouchard, R. Kramer, T. Nelson

• The set of singularities of each �k , k ≥ 1, featuring in the �-expansion of �� is
included in that of ϕ,
• For any r × r matrix C , and any generic base-points x0, x1 ∈ C

×, the �-series of
rational expressions of the pair (x, ω) given by

(
det

(
ωId − ��(x) − C

(x − x0)(x − x1)

) − det
(
ωId − ϕ(x)

)) 1

Eω(x, ω)

(5.55)

restricts to a one-form on � that is analytic at each singularity of ϕ, with Eω = ∂
∂ω

E
and E defined in (5.4).

The assumptions are used in [12] in the following way.

Theorem 5.21 ([12, Theorems 3.1 & 3.2]). For a rational Lax pair system satisfying
Assumptions 1, 2, and 4, M�(z, D) has an expansion of the shape (5.31).

If the system also satisfies Assumption 3, then the M (k) may only have poles at branch
points or poles of ϕ.

Theorem 5.22 ([12, Section 4]). If a system satisfies Assumptions 1, 2, and 5 and the
conclusion of theorem 5.21, then it satisfies the topological type property.

If it also satisfies Assumption 6, then moreover Wn
∣∣
�→−�

= (−1)nWn (this is part
of the topological type property in that paper).

We reach the same conclusion as theorem 5.21 by combining corollary 5.7 and
proposition 5.9.

Proposition 5.23. In the situation of example 5.2, M� has an expansion of the shape
(5.31). By construction, the expansion coefficients may only have poles at 0 and ∞.

We will however see explicitly in equation (5.67) that (5.55) is not satisfied by the
connection potential (5.6) if the S�

j are non-zero. So we will need to relax the conditions
of the assumption.

A first hint that it might be too restrictive is that the right-hand side of the non-pertur-
bative loop equations (5.42) does not feature the expression appearing as second term in
the numerator of (5.55), but only particular coefficients of some polynomial expressions
of δ = (δ1, . . . , δn), for each n ≥ 0.

An important subtlety is then that when n = 0, the generic matrix C in (5.55) can be
taken to be trivial, but when n �= 0, the right-hand side of (5.42) can only have lower pole
order at x = 0 than that of the values of the Casimir operators on ��. The refinement
we propose focuses on this particular point, is satisfied by (5.6), and does not affect the
sequence of steps in which the assumption is used.

Since the correlators satisfying the (perturbative) shifted abstract loop equations can
be computed inductively by the corresponding shifted topological recursion, and since
the underlying Airy ideal partition function is unique, it follows that an assumption im-
plying the reduction of the non-perturbative loop equations to the shifted perturbative
ones will identify the topological expansion of the non-perturbative connected ampli-
tudes associated to the differential system that constitutes the quantum curve. Let us
therefore formulate the sufficiently refined assumption and check that it is indeed satis-
fied in our case.

The first step is to notice that the (perturbative) shifted loop equations (3.46) are
indexed by two labels n, g ≥ 0 corresponding, from the quantum curve point of view, to
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the number of spectator variables and order in the �-expansion respectively. Multiplying
each combination E i

g,n by the relevant power of � and summing over all values of the
genus label then reproduces the left-hand side of the non-perturbative loop equations,
albeit up to the subtraction of the order i differential S�

i

( dx
x

)i in the n = 0 case. This
re-summed shift exactly matches the value of the i th Casimir on ��, encoded in the
asymptotic equivalence

Pn
(
x(z), ω(z); J) =:

∑
k

�
k P(k)

n (x(z), ω(z); J)

∼
∞∑
g=0

�
2g−2+n

∑r

i=0
(−1)iω(z)r−iE i

g,n

(
x(z); J) ,

(5.56)

with E i
g,n defined combinatorially in definition 3.7. This asymptotic equivalence follows

directly by comparing definition 3.7 and equatios (5.37) and (5.42).
In [12], Assumption 5 (definition 5.20) is used only in the form of the following

corollary:

Corollary 5.24. ([12, Corollary 4.4]) The non-perturbative loop equations, proposi-
tion 5.13, and Assumption 5, definition 5.20, imply the following property: for every
(k, n) ∈ N \ {(0, 0)} and for every generic x1, . . . , xn, the function

P(k)
n (x(z), ω(z); x1, . . . , xn)

1

Eω(x(z), ω(z))
(5.57)

is a one-form on the Riemann sphere, whose poles may only be at coinciding points or
at double points.7

As the shifts contribute only to the E i
g,0, Assumption 5, or rather its corollary 5.24,

is naturally refined by distinguishing the n = 0 and n �= 0 cases of the non-perturbative
loop equations, as follows.

Definition 5.25. A formal rational �-connection written ∇� = �d − ��, with �� =∑
�≥0 �

���, satisfies Assumption 5* if the following statements are true.

• For all � > 0, all the singularities of �� are among those of ϕ = �0.
• For any number n ≥ 1 of spectator variables, every expression of the form

[δ1 · · · δn] det
(
ωId − ��

(
x
) − M(n)

δ

(
x(z); J)

) 1

Eω(x, ω)
(5.58)

restricts to a one-form on the spectral curve � that is analytic at each singularity of
ϕ.
• There are constants S�

i = ∑
g Si,2g�

2g ∈ C��� such that

det
(
ωId − ��

(
x(z)

) −
r∑

i=1

(−1)i S�

i ωr−i (dx
x

)i
) 1

Eω(x, ω)
(5.59)

restricts to a one-form on the spectral curve � that is analytic at each singularity of
ϕ.

7 Which are absent in our situation.



  274 Page 58 of 71 R. Belliard, V. Bouchard, R. Kramer, T. Nelson

As stated before, definition 5.25 is given to fit the following proposition, adapting
known results to our shifted setting.

Proposition 5.26. If a rational �-connection has a smooth genus 0 spectral curve and
satisfies

1. Assumption 5*;
2. The conclusion of theorem 5.21;
3. [�0]W2 is the Bergman kernel dz1 dz2

(z1−z2)2 ,

then it satisfies the topological type property.

Proof. Condition (1) of the topological type property, definition 5.15, is a consequence
of the definition of the amplitudes, (5.35), and theorem 5.21.

Again by the definition of the amplitudes, they can only have poles at poles of the
M� and at coinciding points. The poles at coinciding points only contribute to [�0]W2
by the argument in the second bullet point of [12, Section 4.4.], which proves condition
(2).

Condition (3) is the hardest to prove. We postpone it to the appendix: see proposi-
tion A.2, which clearly implies the leading order property. ��
Proposition 5.27. If a rational �-connection has a smooth genus 0 spectral curve, sat-
isfies Assumption 5* and the conclusion of theorem 5.21, and has the Bergman kernel as
leading order of W2, then its non-perturbative connected amplitudes can be expanded
in powers of �, and the coefficients satisfy the shifted loop equations (3.46). Hence, if
the shifts are s-consistent, definition 2.26, they can be calculated by shifted topological
recursion.

Proof. By proposition 5.26, such an �-connection satisfies the topological type property,
definition 5.15. Together with equations 5.38 and (5.30), this means that its amplitudes
on the Cartan can be expanded as

Wn(
er
z1, . . . ,

er
zn) =

∑

g∈ 1
2 N

�
2g−2+nωg,n(z1, . . . , zn) (5.60)

and that the ωg,n for 2g − 2 + n > 0 may only have poles at the ramification points.
Because the spectral curve is smooth of genus 0, this means exactly that they satisfy the
projection property, definition 3.5.

Moreover, comparing proposition 5.13 definition 5.25 and equation (5.56), and using
that r and s are coprime, we see that each term

ω(z)r−i

Eω(x(z), ω(z))
E i
g,n(x(z); J ) (5.61)

with n > 0 is analytic at singularities, i.e.

E i
g,n(x(z); J ) ∈ O(

Eω(x(z), ω(z))

ω(z)r−i
dz) = O(

ω(z)r−1

ω(z)r−i
dz) = O(zs(i−1)+1(dx(z)

x(z)

)i
).

(5.62)

But because it only depends on z through x , we rather have

E i
g,n(x; J ) ∈ O(x� s(i−1)+1

r �(dx
x

)i
) = O(x� s(i−1)

r �+1(dx
x

)i
), (5.63)
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which is exactly the shifted loop equation (3.46) for these n.
For n = 0, we do the same thing for

ω(z)r−i

Eω(x(z), ω(z))

(
E i
g,n(x(z); J ) − Si,2g

(dx(z)
x(z)

)i)
(5.64)

to get the shifted loop equation (3.46) for n = 0.
We then use theorem 3.20 and remark 3.21 to conclude that the ωg,n can be calculated

by shifted topological recursion. ��

5.4. The main example. Let us now return to our main case, example 5.2. Requiring
Assumption 5* constrains the values of the parameters r and s, as well as the values of
the expansion coefficients of the �-series S�

i , i ∈ {1, . . . , r}.
Proposition 5.28. Let r and s be coprime, and write r = r ′s + r ′′ for division with
remainder 1 < r ′′ < s – so r ′ = � rs �. Consider the spectral curve x(z) = zr and
y(z) = zs−r , and given r integers {a1, . . . , ar } with a1 = r − s, consider �� given by

��(x) :=
∞∑
k=0

�
k�k(x) :=

⎛
⎜⎜⎜⎜⎝

(−1)0S�

1 · xa1−a1−1 xa2−a1 · · · 0
... 0

. . .
...

(−1)r−2S�

r−1 · xa1−ar−1−(r−1)
...

. . . xar−ar−1

(−1)r−1S�
r · xa1−ar−r + x−ar 0 · · · 0

⎞
⎟⎟⎟⎟⎠
dx,

(5.65)

Then, consider the expression

D(z, M) := det(y(z) dx(z)Id − ��(x(z)) − Mdx(z))
1

Eω(x(z), y(z) dx(z))
(5.66)

with M considered as a matrix of formal variables, with no pole at z = 0. Then

D(z, 0) =
r∑
j=1

(−1) j S�

j z
(1− j)s−1dz. (5.67)

Moreover, if

• either for some j ∈ [r ], a j+1 − a j < −18;
• or there are more than r ′ consecutive j such that a j+1 − a j = −1;
• or there are more than r ′′ disjoint subsequences of r ′ consecutive j such that a j+1 −
a j = −1,

then for any shifts S�

j , there is an M such that D(z, M) has a pole at z = 0. Therefore,
D(z, M) − D(z, 0) is holomorphic at z = 0 only if there are exactly r ′′ disjoint subse-
quences of r ′ consecutive j such that a j+1 − a j = −1 (which we call large blocks, and
s − r ′′ subsequences of r ′ − 1 consecutive j such that a j+1 − a j = −1 (which we call
small blocks. The remaining differences are a j+1 − a j = 0.

Assuming the optimal shape from above, the non-constant terms of D in M have pole
order at most

8 We use the convention ar+1 = 0 here.
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• (r ′′ − s
2 )2 − (1 − s

2 )2 if they do not contain any S�

j ;

• 0 if s = 1 and they do contain S�

j ;

• r2 − sr + js if s > 1 and they contain S�

j for j > r ′ + 1;

• s(2 − j) + (r ′′ − s+1
2 )2 − 1 − ( s+1

2

)2
if s > 1, r ′′ �= 1, the first block is large, and

they contain S�

j for j ≤ r ′ + 1;

• s(1− j) if s > 1, r ′′ = 1, the first block is large, and they contain S�

j for j ≤ r ′ + 1;

• s(1− j)+ (r ′′ − s)r ′′ −1 if the first block is small, and they contain S�

j for j ≤ r ′ +1

Hence, D(z, M) − D(z, 0) is holomorphic at z = 0 if and only if r ′′ ∈ {1, s − 1} and
one of the following three conditions holds:

1. s = 1;
2. r = 1 (mod s), the unique large block is in the top left, and S�

j = 0 for j > 1;

3. all S�

j = 0.

This proposition calculates the pole orders involved in the non-perturbative loop
equations, proposition 5.13, though Assumption 5*. The first two cases found actually
recover cases from example 5.2. The last one seems slightly more general, as the blocks
need not be in the same order. However, because r ′′ ∈ {1, s − 1}, all but one of the
blocks are small (resp. large), and therefore if all S�

j = 0 the blocks can be reordered
by conjugation with a constant matrix, which is a power of τ from equation (5.13). So
up to a simple gauge transformation, all matrices of the shape equation 5.65 that satisfy
Assumption 5* are of the shape example 5.2.

The proof strategy of this proposition is straightforward: for each of the cases, we just
try to get as high a pole as we can with the given conditions. However, writing it down
in general obscures the intuition, so we will give an example to explain the features.

Example 5.29. All �� as in 5.6 fall in the scope of this proposition, with a j = �αr+1− j�.
We will look at some of these cases. Let us first consider the case (r, s) = (5, 2). Then

(5.68)

For the case (r, s) = (7, 4), we find

(5.69)

In both of these matrices, all of the possible pole contributions are in the indicated blocks.
The sizes of the blocks are either r ′ or r ′ + 1, and there are s − r ′′ of the first case and r ′′
of the second. In the first case, the diagonal will give a higher pole order, while in the
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second case, the off-diagonal (supplemented by a non-pole from M) will give a higher
pole order.

The blocks are ordered by size, with larger ones coming first, but this only happens
if r = ±1 (mod s). It is related to the result of [18], cf. 2.21, that only for these we
get partitions (i.e. non-increasing tuples of numbers). As an example, consider the case
(r, s) = (7, 5):

(5.70)

For ωId − ��, the S�

j also contribute. These are all in the first column. This requires
a bit more analysis, but it turns out that these contributions are only allowed if they fit
in the top-left block anyway.

Proof. Rewrite �� =: F�dx . Then

D(z, M) = det(y(z)Id − F� − M)
dx(z)

Py(x(z), y(z))
. (5.71)

The last factors can be calculated to give

dx(z)

Py(x(z), y(z))
= dzr

r y(z)r−1 = r zr−1dz

rz(r−1)(s−r)
= z(r−1)(r+1−s)dz = zr

2−1−rs+sdz.

(5.72)

Now for the determinants. Write Y = y(z)Id. Its non-zero entries are clearly Yk,k =
y(z) = zs−r . The matrix F�(x(z)) has non-zero entries

F1, j = (−1) j−1S�

j x
a1−a j− j + δ j,r x

−ar = (−1) j−1S�

j z
r(a1−a j− j) + δ j,r z

−rar

(5.73)

Fk+1,k = xak+1−ak� = zr(ak+1−ak ) . (5.74)

To calculate det(Y − F�(x(z))), we first develop with respect to the first column. Given
our entry there, we develop successively by rows, starting at the top: all of these choices
will be unique. This gives
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det(Y − F�(x(z)) =
r∑
j=1

(−1) j−1
(

− F1, j + δ j,1Y1,1

) j−1∏
k=1

−Fk+1,k

r∏
l= j+1

Yl,l

=
r∑
j=1

(
− S�

j z
r(a1−a j− j) − δ j,r (−1)r−1z−rar + δ j,1z

s−r
)

·
( j−1∏
k=1

−zr(ak+1−ak
)
z(s−r)(r− j)

=
r∑
j=1

(
− S�

j z
r(a1−a j− j) − δ j,r (−1)r−1z−rar + δ j,1z

s−r
)

· (−1) j−1zr(a j−a1)z(s−r)(r− j)

= z(s−r)r +
r∑
j=1

(−1) j
(
S�

j z
−r j + δ j,r (−1)r−1z−ra1

)
z(s−r)(r− j)

= z(s−r)r +
r∑
j=1

(−1) j S�

j z
−r j+(s−r)(r− j) − z−r(r−s)

=
r∑
j=1

(−1) j S�

j z
r(s−r)−s j

(5.75)

Combining this with equation (5.72) gives equation (5.67).
Now let us consider the part of D(z, M) that is not constant in M , i.e. D(z, M) −

D(z, 0). Any term contributing to the development of this difference of determinants
has to have at least one factor Mj,k , which does not contribute a pole.

In case there is a j ∈ [r ] such that a j+1 − a j < −1, the product

Fj+1, j M j, j+1

∏
k �= j, j+1

Yk,k, (5.76)

or in the case j = r , the product

F1,r Mr,1

r−1∏
k=2

Yk,k, (5.77)

has pole order

2r + (r − 2)(r − s) = r2 − rs + 2s, (5.78)

which is larger than the vanishing order of equation (5.72). So taking a matrix M with
only non-zero entry Mj, j+1 will yield a pole.

In case there are r ′ + 1 consecutive entries x−1, we again complete to a block by
using the right Mj,k to get a pole order

r(r ′ + 1) + (r − s)(r − 1 − r ′ − 1) = r2 − rs − r + s(1 + r ′ + 1) ≥ r2 − rs + s,

(5.79)
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which is again greater than the vanishing order of equation (5.72). So we get the same
conclusion.

In case there are more than r ′′ disjoint subsequences of r ′ consecutive j such that
a j+1 − a j = −1, we can complete all of these by a non-zero element Mj,k and take Yk,k
for the remainder, to obtain a pole order

r(r ′′ + 1)r ′ + (r − s)
(
r − (r ′′ + 1)(1 + r ′)

)

= (r − s)r +
(
r2 − 1 + s − r ′s(r − 1)

)
r ′ − (r + 1)

> (r − s)r + (r − 1 + s)r ′ − (r + 1)

≥ (r − s)r + 2r − 2, (5.80)

which is again greater than the vanishing order of equation (5.72). So again we get the
same conclusion.

To get the exact sizes of the blocks, we note that the exponents of the superdiagonal
are all x≥0 or x−1, and we need at least r − s of the latter. The only way we can do
this with at most r ′′ times r ′consecutive entries x−1 is to have that exactly r ′′ times, and
s − r ′′ times r ′ − 1 consecutive entries x−1, because of the identities

r ′′(r ′ + 1
)

+ (s − r ′′)r ′ = r (5.81)

r ′′r ′ + (s − r ′′)
(
r ′ − 1

) = r − s . (5.82)

In particular, this means we need exactly r−s times x−1, and hence all other coefficients
are x0.

Now, assume that there are exactly r ′′ large blocks, and s − r ′′ small blocks.
Let us consider the S�

j -independent part. We see that the maximal pole order comes
from taking the product of Fk+1,k in the large blocks and Yk,k in the small blocks. So the
pole order of the determinant becomes

y(s−r ′′)r ′
x−r ′′r ′ = z

(
(s−r)(s−r ′′)−rr ′′)r ′

= z(s−r−r ′′)sr ′

= z−(r−(s−r ′′))(r−r ′′)

(5.83)

and the total highest pole is

z(r−1)(r+s−1)−(r−(s−r ′′))(r−r ′′)dz = z(r
′′+ s

2 )2−(1− s
2 )2

dz (5.84)

as was to be proved. This power of z is non-negative if and only if |r ′′ − s
2 | ≥ |1 − s

2 |,
which combined with the fact that 1 ≤ r ′′ ≤ s − 1 gives r ′′ ∈ {1, s − 1}.

Then, we will consider terms that do contain S�

j .
First take s = 1. In this case,

F1, j = (−1) j−1S�

j z
−r + δ j,r (5.85)

Fk+1,k = z−r . (5.86)
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We see that in any column, the pole contributions is at most z−r . As we need an Mj,k in at
least one column, the maximal pole order in the determinant is z−r(r−1). As dx

Py
= z(r−1)r

in this case, this proves that for s = 1, D(z, M) − D(z, 0) is holomorphic.
Now, assume that s > 1. For j > � rs �, the term

F1, j

k1−1∏
k=1

Fk+1,k · Mk1+1,k

j∏
k=� r

s �+1

Fk+1,k

r∏
l= j+1

Yl,l
dx

Py
(5.87)

has pole order r2 + js − sr > 0.
If j ≤ r ′ + 1, we use the same argumentation as for the S�

j -independent term, to
divide the determinant into s blocks, of which s − r ′′ are diagonal products of Yl,l and
r ′′ are products of Fk+1,k and a Mkl−1+1,kl . However, now for the first block we will use

F1, j

j−1∏
k=1

Fk+1,k

r ′(+1)∏
l= j+1

Yl,l , (5.88)

with the (+1) depending on whether the first block is large or small. In case of a large
first block, the total vanishing order is now (first line for the special block, second line
is analogous to the S�

j -independent term)

r(a1 − a j − j) + r(a j − a1) + (r ′ + 1 − j)(s − r)

+ (s − r)(s − r ′′)r ′ − r(r ′′ − 1)r ′ + (r + 1 − s)(r − 1)

= −r j + (1 − j)(s − r) + (s2 − rs − r ′′s + s)r ′ + (r + 1 − s)(r − 1)

= −s j + (s − r) + (s2 − rs − r ′′s + s)r ′ + (r + 1 − s)(r − 1)

= s(1 − j) − r + (s − r − r ′′ + 1)(r − r ′′) + (r + 1 − s)(r − 1)

= s(1 − j) − r + rs − r2 − rr ′′ + r − (s − r − r ′′ + 1)r ′′ + r2 − 1 − rs + s

= s(2 − j) + (−s + r ′′ − 1)r ′′ − 1

= s(2 − j) + (r ′′ − s + 1

2
)2 − 1 − ( s + 1

2

)2
. (5.89)

We see that this is always negative: the maximal value we can obtain with 1 ≤ r ′′ ≤ s−1
requires |r ′′ − s+1

2 | to be maximal, i.e. r ′′ = 1, so that we get

s(1 − j) − 1 < 0. (5.90)

However, in case that r ′′ = 1, and a large first block, the term we considered was
actually constant in M : the only block that contained M and F wast the first one, and
we exchanged the M for F1, j . To obtain a term with at least one M while keeping the
maximal pole order, we should add one more F block, trading r ′ factors of y for r ′ − 1
factors of x−1 to obtain

s(1 − j) − 1 + r ′(r − s) − (r ′ − 1)r = s(1 − j), (5.91)

which is non-negative only if j = 1.
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In the case that the first block is small, we get

r(a1 − a j − j) + r(a j − a1) + (r ′ − j)(s − r)

+ (s − r)(s − r ′′ − 1)r ′ − rr ′′r ′ + (r + 1 − s)(r − 1)

= − jr + − j (s − r) + (s2 − r ′′s − rs)r ′ + (r + 1 − s)(r − 1)

= − js + (s − r ′′ − r)(r − r ′′) + r2 − 1 − rs + s

= s(1 − j) + (r ′′ − s)r ′′ − 1. (5.92)

Here, we see even more clearly, because 1 ≥ r ′′ ≥ s and j ≥ 1, that this is always
negative. ��

From all of this, we find the following result.

Theorem 5.30. Let r and s be coprime, andwrite r = r ′s+r ′′ for divisionwith remainder
1 < r ′′ < s. Consider the spectral curve x(z) = zr and y(z) = zs−r , with rational
�-connection �d + �� as in equation (5.65), which includes all cases of equation (5.6).
Then the �-expansions of the non-perturbative amplitudes of this connection can be
computed by shifted topological recursion of theorem 3.20 if one of the following three
conditions hold:

1. s = 1;
2. r = 1 (mod s), the unique large block is in the top left,9 and S�

j = 0 for j > 1;

3. s > 2, r = −1 (mod s), and all S�

j = 0.

Proof. We first prove that Assumption 5*, definition 5.25, holds in this setting. The first
part of the assumption evidently holds: the singularities of �� are at z = 0, which is
also a singularity of ϕ.

The conditions given are those needed in proposition 5.28 to prove that D(z, M) −
D(z, 0) is holomorphic for any matrix M with no pole at z = 0. This in particular means
that it holds for M(n)

δ
(x(z); J ) in the second part of Assumption 5*. In that second part,

we only consider n ≥ 1, which means that we need to take a non-constant coefficient in δ
in the determinant, which in turn means that we may consider D(z, M)−D(z, 0) instead
of just D(z, M). Therefore, proposition 5.28 implies the second part of Assumption 5*.

For the third part of Assumption 5*, we note that

ω(z)r−i

Eω(x(z), ω(z))
Si,2g

(dx(z)
x(z)

)i = ω(z)1−i

r
Si,2g

(dx(z)
x(z)

)i

= Si,2gz
s(1−i)−1dz.

(5.93)

so that equations (5.59), and (5.67) match, and the third part of Assumption 5* is satisfied.
We conclude by invoking propositions 5.23 and 5.18, and lemma 5.27, noting that

the numbered conditions in the theorem are exactly s-consistency. ��
Note that the particular shape of the n = 0 loop equation, or rather the n = 0 condition

in Assumption 5*, equation (5.59), dictates through equation (5.67) the exact shape of
the entries in the first column of ��; any other powers of x would yield a wrong shape.

9 The unique large block is always top left for equation (5.6).
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Remark 5.31. Interestingly, we note that the conditions that we obtained in theorem 5.30
are used twice: to invoke theorem 2.27 and proposition 5.26. However, we used these
conditions in very different ways. On the one hand, in proposition 5.26 the conditions
are required to get Assumption 5* to obtain the topological type property, so that the
�-expansion of the non-perturbative amplitudes of the �-connection can be computed
by shifted topological recursion. On the other hand, in theorem 2.27 the conditions are
required for the left ideal to be an Airy ideal, which is in turn equivalent to showing that
shifted topological recursion produces symmetric differentials. It is quite satisfying that
the two sets of conditions are precisely the same!
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Appendix A Topological Type from the refined Assumption 5

In this appendix we give a proof of the topological type property based on Assumption 5*.
This is a modification of an argument previously published in [12]. We follow the exact
same steps, albeit not repeating them all, to explain how our refinement, distinguishing
between the absence and presence of spectator variables in the loop equations, does not
spoil the proof of the leading order property.
The validity of the non-perturbative loop equations (5.42) imply that the only steps of the
proof that require being checked are those where Assumption 5 (5.55) was applied, that
is to obtain equation (4.39) and the direct consequence of equation (4.45) in the original
paper [12]. They correspond to equations (A10) and (A14) below, but to reach them we
will first need to introduce some notations, and derive some intermediate results.

In this appendix, we write z.E for
E
z as arguments of Wn .

Definition A.1. For every n ≥ 1, define the primed correlators by

W ′
n := Wn − 1

�
δn,1ω0,1, (A1)

http://creativecommons.org/licenses/by/4.0/
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as well as the partially disconnected correlators, given for all n ≥ 0 by

W ′|I |,n(I ; J ) :=
∑

(I1,...,Il )�I
J1�···�Jl=J

l∏
i=1

W ′|Ii |+|Ji |(Ii , Ji ), (A2)

for any subset I ⊂ D := {
z.e1, . . . , z.er

}
, where (e1, . . . , er ) is still the canonical basis

of r × r diagonal matrices, and J = {
z1.E1, . . . , zn .En

}
is generic. We again use the

equivariance property (5.38) to identify the evaluation at the subset I with evaluations
at different points in the fiber f(z), now all evaluated at the same diagonal matrix er .
This is equivalent to the identification D = {ϑ 1̃z.er , ϑ 2̃z.er , . . . , ϑ r̃ z.er } � f(z) with
the notation of (5.30). Furthermore, in this last expression, none of the Ii featuring the
underlying set partitions are allowed to be empty.

The original proof of the topological property was done by (nested) induction, and we
now adapt it in the form of the following proposition. It implies the leading order property
as a particular case, and its proof will make use of two intermediate lemmas, and one
proposition.

Proposition A.2. In the situation of proposition 5.26, the proposition Pk given by

Pk : For all j ≥ k, Wj = O(�k−2), (A3)

holds for every k ≥ 1.

Proof. We see that P1 and P2 are trivial. Indeed, by definition W1(z1.E1) is of order
�

−1 while all other correlation functions Wn(z1.E1, . . . , zn .En) with n ≥ 2 are at least
of order �

0.
We now assume as induction hypothesis that each proposition from P1 up to Pn for
some n ≥ 2 holds. Let us estimate the order of the second term of the right-hand side of
(4.28) in [12]. The equation reads

Pn(x(z), ω(z); J ) = �Wn+1(z.er , J )Eω(x(z), ω(z))

+
∑

{z}�I⊂f(z)

�
|I |W ′|I |,n(I ; J )

∏
z′ /∈I

(ω(z) − ω(z′)). (A4)

Its topological expansion will eventually yield (3.47).
As in [12], there are three different cases to consider, depending on the set I over which
the underlying sum runs.

1) |Ii | = 1 and Ji = ∅: this corresponds to a single term of the form W ′
1(ϑ

ã z.er ) which
is of order at least �

0, because in W ′
1 the leading order term has been removed.

2) 1 < |Ii | + |Ji | ≤ n: here we can apply the induction hypothesis: P|Ii |+|Ji | is assumed,
so we get an order of �

|Ii |+|Ji |−2.
3) |Ii | + |Ji | > n: closely related to the previous case, we apply Pn , from which we get

an order of �
n−2.

Putting those three estimates together, it follows that

W ′|Ii |+|Ji |(Ii , Ji ) = O
(
�

min(n,|Ii |+|Ji |)−2+δ|Ii |+|Ji |=1
)
. (A5)
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In turn, for any integer l ≥ 1 labelling the length of the set partition featuring in the
definition (A2),

�
|I |

l∏
i=1

W ′|Ii |+|Ji |(Ii , Ji ) = O
(
�

∑l
i=1

(
min(n,|Ii |+|Ji |)−2+δ|Ii |+|Ji |=1

)
+|I |). (A6)

Controlling this term then follows from a lemma, the proof of which we do not repeat
here.

Lemma A.3. ([12, p. 3232]) For any l ≥ 1, the inequality

l∑
i=1

(
min(n, |Ii | + |Ji |) − 2 + δ|Ii |+|Ji |=1

)
+ |I | − n ≥ 0, (A7)

holds whenever
∑l

i=1 |Ji | = n, |Ii | ≥ 1 and
∑l

i=1 |Ii | = |I |.
Returning to (A6) and inserting (A7) implies that the second term of the right-hand side
of the identity (A4) is at least of order O(�n). It follows that for any positive k ≥ 1, the
order �

n−k+1 component of (A4) reads

P(n−k+1)
n (x(z), ω(z); J ) = W (n−k)

n+1 (z.er , J )Eω(x(z), ω(z)). (A8)

From Pn it follows that Wn+1 = O(�n−2), and therefore that the right-hand side of (A8)
vanishes for k > 2. Hence we find that the first possibly non-vanishing term is actually
for k = 2, which leads to

P(n−1)
n (x(z), ω(z); J )

1

Eω(x(z), ω(z))
= W (n−2)

n+1 (z.er , J ). (A9)

Our knowledge on the pole structure of the non-perturbative correlators and their expan-
sions, from the first part of the proof of proposition 5.26, guarantees that W (n−2)

n+1 (z.er , J )

can only have poles at singularities of ϕ, while Assumption 5*, definition 5.55, implies
that the left-hand side cannot have poles there. Thus, we get that W (n−2)

n+1 (z.er , J )dx
defines a rational one-form without any poles. The only holomorphic one-form on P

1 is
zero, so

W (n−2)
n+1 (z.er , J ) = 0. (A10)

Therefore, Wn+1(z.er , J ) is at least of order �
n−1, concluding the first part of the proof.

The second part of the proof consists in extending the previous argument to higher
correlators of the form Wn+p, with p > 1, and is also proved by induction, making use
of the following proposition.

Proposition A.4. The proposition Pn,m defined by

Pn,m : Wm = O(�n−1)

holds for m ≥ n + 1.
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Proof. The last identity (A10) is equivalently formulated as proposition Pn,n+1, so the
initial step of this second induction process holds.
Now withm ≥ n+1, let us assumePn,n+1, . . . ,Pn,m to hold, and prove thatPn,m+1 holds
as well. In order to do so, consider a set of m distinct points J = {

z1.E1, . . . , zm .Em
}
,

and recall (A4).
Similarly to the previous proof, there are now four cases to consider, three of which
already appeared above. Only the third one is new.

1) |Ii | = 1 and Ji = ∅: this corresponds to a single term of the form W ′
1(ϑ

ã z.er ) which
is still of order at least �

0, by definition.
2) 1 < |Ii | + |Ji | ≤ n: again the situation in which P|Ii |+|Ji | applies, yielding an order

of �
|Ii |+|Ji |−2.

3) n < |Ii | + |Ji | ≤ m: In that case, we can apply Pn,|Ii |+|Ji | and thus we get an order
of �

n−1

4) |Ii |+ |Ji | > m: this again corresponds to the case where we can Pn , yielding an order
of �

n−2.
Again following [12], denote by L1 the set of subscript labels for which 1 < |Ii |+ |Ji | ≤
n, by L2 the set of those for which n < |Ii | + |Ji | ≤ m, and finally by L3 that for which
|Ii |+ |Ji | > m. Introducing the cardinalities l1 = |L1|, l2 = |L2|, and l3 = |L3|, they are
non-negative integers that satisfy l1 + l2 + l3 = l. With those notations in hand, gathering
the conclusions of considering the four distinct cases now yields

�
|I |

l∏
i=1

W ′|Ii |+|Ji |(Ii , Ji ) = O
(

�

∑
i∈L1

(|Ii |+|Ji |−2+δ|Ii |+|Ji |=1)+
∑
i∈L2

(n−1)+
∑
i∈L3

(n−2)+|I |)
,

(A11)

that is again controlled by making use of a lemma that we recall without proof.

Lemma A.5. ([12, p. 3234]) The inequality∑
i∈L1

(|Ii | + |Ji | − 2 + δ|Ii |+|Ji |=1) + l2(n − 1) + l3(n − 2) + |I | − n ≥ 0 (A12)

holds whenever we have
∑l

i=1 |Ji | = m, |Ii | ≥ 1,
∑l

i=1 |Ii | = |I |, with l1 + l2 + l3 = l.

Inequality (A12) together with (A11) now implies that the expression �
|I |W ′|I |, j0(I ; J )

has at least order �
n . Since m + 1 > m ≥ n + 1 > n, and by proposition Pn (A3), we also

have that Wm+1(z.er , J ) is of order at least O(�n−2). Writing the order �
n−1 component

of (A4) then leads to

P(n−1)
m (x(z), ω(z); J )

1

Eω(x(z), ω(z))
= W (n−2)

m+1 (z.er , J ). (A13)

The argument that was used to obtain (A10) from (A9) still applies, allowing us to
conclude that

W (n−2)
m+1 (z.er , J ) = 0. (A14)

We have finally obtained that assuming each Pn, j for n + 1 ≤ j ≤ m, it follows
that Pn,m+1 also holds. Since we had already proved the initial proposition Pn,n+1, we
conclude by induction on m that for all m ≥ n + 1, Pn,m is in fact true. ��
Returning to the proof of equation (A3), this means that for all m ≥ n+1, Wm+1(z.er , J )

is of order at least �
n−1, which is precisely the statement of proposition Pn+1. We finally

conclude by induction on n that proposition Pn is valid for all n ≥ 1. ��
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