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ABSTRACT

Evaluating the importance or centrality of nodes in a graph is a
fundamental issue in network analysis and design. One possible mea-
sure of centrality is Katz-Bonacich’s centrality, which arises both at
the steady state of a dynamical system involving local communica-
tion within an undirected graph, and at the pure Nash equilibrium
of a non-cooperative game on that graph, whose players are its
nodes. Given this context, the present article explores the connec-
tion between vectors of Katz-Bonacich's centralities arising, respec-
tively, in the deterministic and stochastic cases, and its consequences
for network design and for finding the so-called key player, i.e. a
player/node that mostly contributes to raising the equilibrium aggre-
gate level in the network. The theoretical analysis is complemented
by numerical results and by a discussion of its possible extensions to
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other measures of node centrality.

1. Introduction

A relevant issue in network analysis and design consists in quantifying the centrality of
its nodes, thus providing a measure of their importance. This can help designers, for
example, in detecting weak components of the network, identifying and preventing node
failures, and, more generally, in improving network connectivity. Various measures of node
centrality were proposed in the literature, such as degree centrality, closeness centrality,
betweenness centrality, eigenvector (or eigenvalue) centrality [1], and measures of central-
ity inspired by cooperative [2] or non-cooperative game theory [3]. For a very recent survey
on centrality measures, we mention the interesting paper [4], while for an application of
centrality measures to the problem of controlling the spread of epidemics in networks, we
refer to [5]. In the present work, focus is given to one non-cooperative measure of node cen-
trality, namely, Katz-Bonacich’s centrality, which has the advantage, with respect to other
measures of node centrality, of lending itself to a variety of interpretations, since it arises
both at the steady state of a dynamical system involving local communication within an
undirected graph, and at the pure Nash equilibrium of a non-cooperative game on that
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graph, whose players are its nodes. Given this context, the work explores the relationship
between vectors of Katz-Bonacich’s centralities (one component for each node) that arise,
respectively, in the deterministic and stochastic cases, and its consequences for network
optimization problems.

In more detail, the following is a list of the main contributions of the present work:

e The extension to the stochastic case of the connection between the vector of Katz-
Bonacich’s centralities and the vector of pure Nash equilibrium strategies for a linear-
quadratic non-cooperative game model on an undirected graph (see Section 3).

e An investigation of the relationship between the set of admissible vectors of stochas-
tic Katz-Bonacich’s centralities (feasible region), which is a bounded convex polyhedral
set, and the set of admissible vectors of deterministic Katz-Bonacich’s centralities (see
Proposition 4.1 in Section 4).

e An analysis of the connection between the linear optimization of vectors of determinis-
tic (respectively, stochastic) Katz-Bonacich’s centralities (see Remark 4.2 in Section 4).

e An explicit expression for the cardinality of the set of vertices of the feasible region for
the stochastic case (see Proposition 4.2 in Section 4).

e A study of the relationship between two conditions used in the analysis (see Propo-
sition 4.3 in Section 4), where one of these conditions was introduced in a previous
work [6] to define the vector of stochastic Katz-Bonacich’s centralities, whereas the other
is a simpler but stronger condition.

e A Mixed Integer Linear Programming (MILP) formulation (see Proposition 5.1 in
Section 5) and a solution algorithm for the key player problem (see Section 5), which is
the problem of finding a player/node that mostly contributes to raising the equilibrium
aggregate level in the network [3].

The work is organized as follows. Section 2 provides a background on Katz-Bonacich’s
centrality, which arises in the context of either deterministic or stochastic dynamical sys-
tems. Section 3 reports known results about the relationship between Katz-Bonacich’s
centrality and Nash equilibrium for a non-cooperative game-theoretical model on a graph,
whose players are its nodes, and then it extends such a relationship from the determinis-
tic to the stochastic case. Section 4 reports the main theoretical results of the work on
the relationship between the vectors of Katz-Bonacich’s centralities arising in determin-
istic and stochastic cases and its consequences for related optimization problems; then it
complements such a theoretical analysis with numerical results. Section 5 presents a MILP
formulation for the key player problem, and proposes an algorithm to solve it, inspired by
the results of Section 4. Finally, Section 6 discusses possible extensions of the analysis made
in the present work.

2. Background on Katz-Bonacich’s centrality
In the following, we summarize some results from Reiffers-Masson et al. [6] about vectors

of deterministic and stochastic Katz-Bonacich’s centralities.

e Given an undirected! graph (or network) G := (V, A) described by its set of vertices (or
nodes) V :={1,...,|V]|} and its adjacency matrix A € {0, 1JVIXIVI with no self-loops
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(i.e. with Aj;; = O for every i € V), and a scalar p > 0 such that A (pA) < 1, the vec-
tor of classical (deterministic) Katz-Bonacich’s centralities is defined as the steady state
k € RVl of the deterministic dynamical system with state vector x(¢) € RV, whose
components evolve as follows:

x(t+1) =1+ D pAjx(t), VieV. (1)
jev

Such a steady state surely exists when Amax(pA) < 1, and is expressed as

k= (4 —pA) " Ly, 2)

where I}y is the identity matrix of dimension | V|, and 1y isa | V|-dimensional column
vector made of all 1’s. Moreover, all the components of k in Equation (2) are larger
than or equal to 0, since (I;y| — pA)~! = Z;ﬁg (pA)" (ie. it is the limit of a geometric
series of matrices), pA is a non-negative matrix, and 1y is a positive vector. Finally,
convergence for t = +00 to the steady state k in Equation (2) of the state vector x(t)
holds regardless of the initial condition x(0), because the residual error vector r(¢) :=
x(t) — k satisfies

r(t+ 1) = pAr(t),

and, as already stated, one has 4. (pA) < 1.

Given an undirected graph G = (V, A) described by its set of vertices V and its adja-
cency matrix A € {0, VX1Vl with no self-loops, a scalar p > 0 such that A (pA) <
1, and a probability vector p € [0, 1]!V], the vector of stochastic Katz-Bonacich’s cen-
tralities is defined as the (expected) steady state k € RIV! of the stochastic dynamical
system with state vector x(t) € RI!Vl, whose expected components evolve as follows:

Elxi(t+ D]l =pi [ 1+ ZpAijE[xj(t)] , VieV. 3)
jev

This (expected) steady state surely exists when Amax(pA) < 1, since it irnplies2
Amax(p diag(p)A) < 1, where diag(p) is a diagonal matrix of dimension |V| with its
elements taken from p, and is expressed as

k= (Iv, — p diag(p)A) ™" p. (4)

Also in this case, all the components of k in Equation (4) are larger than or equal to
0, since (Ijy) — p diag(p)A)~! = > ;%0 (p diag(p)A)", p diag(p)A is a non-negative
matrix, and p is a non-negative vector. In more detail, the dynamical system (3) refers
to the case in which, for any t = 0, 1,. . ., each vertex i € V is present with probability
pi» and absent with probability 1 — p; (in the latter case, x;(f) = 0). Moreover, for any
finite set of times, the presences/absences of the same vertex at different times and/or
of different vertices at the same or different times form a set of mutually independent
events. Finally, convergence for t — 400 to the (expected) steady state k in Equation (4)
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of the expected state vector E[x(#)] holds regardless of the initial condition E[x(0)],
because the expected residual error vector E[r(¢)] := E[x(¢)] — k satisfies

Elxr(t + 1)] = p diag(p)AE[r(?)],

and, as already stated, one has A, (p diag(p)A) < 1.

It is worth observing that, when p € {0, 1}!V1] the vector of stochastic Katz-Bonacich’s
centralities expressed by Equation (4) can be interpreted as a vector of deterministic Katz-
Bonacich’s centralities, in which the nodes i associated with p; = 0 have been removed from
the graph and assigned by convention a deterministic Katz-Bonacich’s centrality equal to
0, and Equation (2) is used to express the deterministic Katz-Bonacich’s centralities of the
remaining vertices (by reducing appropriately the dimensions of all matrices and vectors).

3. Relationship between Katz-Bonacich’s centrality and Nash equilibrium:
extension from the deterministic to the stochastic case

It is well-known [3] that, when Ama,(pA) < 1, the vector k of deterministic Katz-
Bonacich’s centralities, reported in Equation (2), can be interpreted as the vector of pure
strategies at the unique pure Nash equilibrium [8] of a non-cooperative game model with
| V| players (i.e. the vertices of the undirected graph G), where each player i € V chooses
its pure strategy a; € R with the aim to maximize its individual utility function u;, which
depends on its pure strategy and on the ones of its neighbours in the graph, and is expressed
in the following linear-quadratic form (which is strictly concave with respect to a;, for fixed
choices of the pure strategies of the other players):

1
ui(ay,....av)) = ——a?+ai+ainA,-jaj. (5)
2 £
jev
Indeed, setting g—;‘;(al, ...,ay|) to 0 for each i € V, at a pure Nash equilibrium a* € RI"!
one has
—ai +1+ D pAgai =0, VieV, (6)
jev
hence
-1
a* = (Lvj = pA) " 1y, 7)

which coincides with the expression of k reported in Equation (2). The expression (7) for
the unique pure Nash equilibrium is valid also if one reformulates the non-cooperative
game model in such a way that the constraint a; > 0 holds, too, for every player i € V
because, as already reported in Section 2, all the components of k in Equation (2) are larger
than or equal to 0. Moreover, for this modification of the model, one can easily check that
corner solutions are not part of a pure Nash equilibrium [3] (to do this, it is enough to
check that g—z:(al, ...»ay)) > Owhena; = 0)3.

In the following, we prove that, for Amax(pA) < 1, a similar interpretation holds for the
vector of stochastic Katz-Bonacich’s centralities reported in Equation (4), under a suitable
modification of the non-cooperative game model detailed above. Specifically, for any given
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(exogenous) vector of probabilities p € [0, 1] VI we still consider a framework where V is
the set of players, but their participation is now governed by mutually independent events,
such that each player i is present with probability p; and absent with probability 1 — p;.
The action available to a player depends strictly on its presence. When player i is absent,
its action is forced to be a; = 0. Conversely, when present, the player chooses an action
denoted by a; € R (without being further informed about the actual presence or absence
of any of the other players). Because the action a; of any given player j is a; if it is present
and 0 otherwise, the expected value of its action is E[a;] = p;ja; + 0(1 — pj) = pja;. When
player i is present, its aim is to maximize the conditional expectation of its individual utility
function expressed by Equation (5). This optimization takes into account that the other
players j are also independently present or absent according to their respective probabilities
pj- Consequently, the expected value of the utility function of player i, conditional on its
specific presence, is expressed as:

E[ui(ai, ..., apv)| presence of player i]

1, . .
= —Eaf +a;+ aig‘;pAijE[aj]

1, . i
_Eaf+ar+m28pAmW@. (8)
jev

Building upon this, we search for a pure Nash equilibrium a* € R!V! of the modified non-
cooperative game in which the set of players is V, the components a; are the pure strategies
of the players i € V and, based on Equation (8), their individual utilities #;(ai, .. .,av|)
are defined as follows:

- - - 1., . . -
ui(ag,. .., a|V|) = —Eaf +a; + a; ZpAijjaj. (9)
jev

It is worth remarking that the Nash equilibrium a* exists and is unique because each utility
function #; defined in Equation (9) is strictly concave with respect to a;, and in this case
imposing the first-order necessary and sufficient conditions for a pure Nash equilibrium
generate the linear system*

a* = 1y + p A diag(p)a*,
ie.

(Lv) = p A diag(p)) 3" = Ljy),

which has a unique solution since, for Amax(pA) < 1, the matrix (I;y| — p A diag(p)) is
invertible®.

At this point, let us define a* € RIV! as the random vector of realized actions at the
equilibrium, where each component a} coincides with the component a} of the Nash equi-
librium described above, assuming player i is present. Should player i be absent, a7 is equal
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to 0. Therefore, for any i € V, one gets the following:

ar =1+ ZpA,jijt; =1+ ZpAijE[a]*], with probability p;,
a. = jev jeV
0, with probability 1 — p;,

Elaf] =pi [ 1+ D pAiEla] |, VieV.
jev

Concluding, the expected value vector E[a*] satisfies the equation

E[a*] = (Iyv) — p diag(p)A) ' p, (10)

which coincides with the expression of k reported in Equation (4).

Remark 3.1: It is worth stressing that while the stochastic model introduced above can be
formally cast as a game with incomplete information in the sense of Harsanyi [11-13],
it operates without hidden payoft parameters or preferences. Indeed, the randomness
concerns strictly the exogenous presence/absence of players, modelled as outcomes of
independent Bernoulli trials governed by the probability vector p € [0,1]!V], which is
assumed to be common knowledge. In this sense, it can be viewed as a “degenerate”
Bayesian game of incomplete information, where each player’s type simply models the
player’s presence or absence, and the absent player takes no decision. Consequently, the
framework can be analyzed directly through the expected actions of the active players,
and solving for pure strategies in this expected-value formulation is sufficient to obtain the
Katz-Bonacich vector in the stochastic case without necessarily relying on a Bayesian-Nash
formalism.

Remark 3.2: With reference to the game-theoretical interpretation presented above, we
observe that, when p; > 0, the action exerted by player i € V at the pure Nash equilib-
rium is expressed either as 1 + ZjeV pA,-jE[an‘] or as E[a]/p;. Otherwise, when p; = 0,
it is expressed only as 1 + ZjeV pAiiEla7] (although in this second pathological case,
that action is played with probability 0). Finally, the expression (10) is valid also if one
reformulates the modified non-cooperative game model in such a way that the constraint
a; > 0 holds, too, for every player i € V because, as already reported in Section 2, all the
components of k in Equation (4) are larger than or equal to 0. Again, for this new vari-
ation of the model, corner solutions are not part of a pure Nash equilibrium, because
Z_Z:(“l’ ...»ay)) > 0 whena; = 0.

4. Main theoretical results of the work

The next result provides a characterization of the feasible set F of admissible vectors
of stochastic Katz-Bonacich’s centralities for an undirected graph and relates it with the
corresponding set of admissible vectors of deterministic Katz-Bonacich’s centralities.
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Proposition 4.1: Given an undirected graph G = (V, A) described by its set of vertices V
and its adjacency matrix A € {0, 1}IVXIVI with no self-loops, and a scalar p > 0 such that
Amax(pA) < 1, the following holds:

(@)

(ii)

Proof:

(ii)

The set of admissible vectors of stochastic Katz-Bonacich’s centralitiesk € [0, +00)!V!
obtained by varying the probability vector p € [0,1]'V] is a bounded convex polyhe-
dral set F.

The vertices of F correspond to classical Katz-Bonacich's centralities, i.e. the compo-
nents of their associated probability vectors are equal to either 0 or 1.

(i) A direct application of [6, Proposition 2]° shows that the set of admissi-
ble vectors of stochastic Katz-Bonacich’s centralities k € [0, 4+00)!"! obtained by
varying the probability vector p € [0, 1]V is the convex polyhedral set

Fi=1kel0,+00)VI: ki <14+ > pAgk, VieVt, (11)
jev

where p and k are related as follows:

ki

=————, VieV. (12)
1+ ZjeV pAijkj

pi

Moreover, it follows by the proof of Reiffers-Masson et al. [6, Proposition 1] that
the relationship between k € F and p € [0,1]!V! is invertible (so, both p = p(k)
and k = k(p) hold).

The feasibility region F in Equation (11) can also be written as

F=1keR":0<k <14 pAjk, VieV
jev

= {k e RV, Oy <k <1y +pAk}

_ {k eRV: k > 01y and (Ijy) — pA)k < 1,V|}, (13)

where 0y is a | V|-dimensional column vector made of all 0’s, and the inequalities in
Equation (13) have to be interpreted element-wise. Finally, since (I}y| — pA)~ =
Z;{:& (pA)isa non-negative matrix, one gets

FclkeR": k2 oy andk < (y - pA) " 1], (14)
which proves the boundedness of the feasibility region F.

We prove that the probability vectors associated with the vertices of F have com-
ponents in the set {0,1}. Indeed, by introducing a vector of slack variables s €
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[0, +00)!"1, the set F in Equation (11) can be equivalently represented in the form

F=1keR" :k >0and3s; > 0such that 1

+ D pAjkj=ki+s;, VieVi. (15)
jev

Now, given any vertex k € F and any index i € V, k; and s; cannot be simultane-
ously part of a basis associated with that vertex. Indeed, if this were not the case
(i.e. if, for some i € V, k; and s; were simultaneously part of a basis), then it would
follow by a simple counting argument - e.g. by an application of the pigeonhole
principle [14, Theorem 2.5] — that there would exist i € V' for which both k; and
s; were simultaneously not part of that basis, hence they would be both equal to 0.
However, from Equation (15), one would get

L< 14> pAki=k+s5=0,
jev

obtaining a contradiction. Concluding, since any basis has cardinality |V| (which
is equal to the cardinality of each set of variables k; and s;), it follows that, for any
i € V, one (and only one) between k; and s; is part of that basis. Now, there are two
possible cases:

e If 5; is not part of the basis, then s; =0, k; =1+ Zjev pAiikj, hence p; =

k; -1
1+2 ey pAijkj '
s : o L ki _
o If k; is not part of the basis, then k; = 0, hence p; = ES i 0.
This proves that the probability vectors associated with the vertices of the set F have
components in the set {0, 1}. [ ]

Example 4.1: The following example verifies the validity of Proposition 4.1, by reporting
all the vertices of the feasible region F, for a case (illustrated in Figure 1) in which the
number of vertices is | V| = 4, the adjacency matrix is

—_— - O
S O O =
—_ o O M
S = O =

and p = 0.3. From these data, one gets Amax(pA) = 0.6510 < 1. The enumeration of all
vertices of the feasible region F (obtained using the MATLAB function con2vert.m)’
and of the associated probability vectors provides the results shown in Table 1, which are
in accordance with Proposition 4.1.

Remark 4.1: It is worth noting that part (ii) of Proposition 4.1 implies that any feasible
vector k of stochastic Katz-Bonacich’s centralities can be written as a convex combination
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®2

o1

o4

®3

Figure 1. Graph associated with the adjacency matrix of Example 4.1 (the numbers are used to label the
vertices of the graph).

Table 1. List of all the vertices of the feasible region F of stochastic Katz-Bonacich’s centralities in
Example 4.1, and associated probability vectors.

Vertex no. Vector of Katz-Bonacich’s centralities (k) Associated probability vector (p)
1 [0ooo]" [00oo]"
2 [poo1" 0oo1"
3 00107 00107
4 [001.4286 1.4286] T o117
5 [0100]" [0100]"
6 01017 01017
7 011017 01107
8 [011.42861.4286] " 01117
9 [1ooo]” [nooo]”
10 [1.4286001.4286] " oo’
1 [1.4286 0 1.4286 0] " [mo1o0]"
12 [2.5000 0 2.5000 2.5000] noi11’
13 [1.4286 1.4286 0 0] " n1oo™
14 [1.95121.5854 0 1.5854] T 101"
15 [1.95121.5854 1.5854 0] 11107
16 [3.3042 1.9912 2.8446 2.8446] " m1117

Note: All the vertices correspond with deterministic Katz-Bonacich's centralities.

of feasible vectors of deterministic Katz-Bonacich’s centralities. Although the correspond-
ing probability vector p(k) can be written, too, as a linear combination of vectors belonging
to {0, 1}|V|, the coefficients of these two combinations are generally different since the vec-
tors k and p are non-linearly related through Equation (12)8. This shows that part (ii) of
Proposition 4.1 is a non-trivial result. For instance, in the case of Example 4.1, one has
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k—[%%%%]T=%[1000]T+%[0100] +200010]" +5[0001]T, whereas
pk) =[S 3] =3301000]"+2[0100]"+3[0010]" +3[0001]".

Remark 4.2: For p € [0,1]!V], let k(p) be the associated vector of stochastic Katz-
Bonacich’s centralities, which corresponds to a vector of classical Katz-Bonacich’s cen-
tralities when p € {0, 1}!V]. Due to Proposition 4.1, the optimal solutions of the following
optimization problem (where ¢ € RIV], and - denotes the inner product):

max ¢ - k(p), (16)
pe{0, 1}Vl

are the optimal vertices of the following continuous Linear Programming (LP) problem:

max c-k,
keR!VI
subjectto 0 <k; <1+ ZpA,-jkj, VieV, (17)
jev

(i.e. maxger c- k), which is associated with the following continuous relaxation of the
optimization problem (16):

max ¢ - k(p). (18)

pelo, 1]Vl

In other words, it follows by an application of Proposition 4.1 that the two optimization
problems (16) and (17) are equivalent. The two optimization problems (17) and (18) are
also equivalent since, given any admissible vector k for problem (17), one can generate
an admissible vector p for problem (18) having the same objective value, and vice versa.
Concluding, the three optimization problems (16), (17), and (18) are equivalent.

Remark 4.3: The equivalence between the two optimization problems (16) and (18) dis-
cussed in Remark 4.2 is a non-trivial result, since the coefficient matrix of problem (17)
in general is not totally unimodular [15, Section 13.2]. It is recalled here that the total
unimodularity of the coefficient matrix (i.e. the fact that the determinant of each of its
square submatrices is either —1, 0, or 1), together with the integrality of the vector of con-
stant terms, provides a sufficient condition for the equivalence between an integer linear
programming problem and its continuous relaxation. Concluding, the two optimization
problems (16) and (18) - which are related to the continuous linear programming prob-
lem (17) — are still equivalent, despite the fact that the coefficient matrix of the problem (17)
in general is not totally unimodular. For instance, the matrix A in Example 4.1 is not totally
unimodular, since its square submatrix obtained by removing its second row and its second
column is

>

I
_—_ o
—_0 -
O =

whose determinant is equal to 2.
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Remark 4.4: When c is a non-negative vector, the optimization problem (16) has the opti-
mal solution p°® = 1;y,. This follows directly from the fact that, as already reported in
Section 2, k(p) = (I;y| — p diag(p)A)~!p = Z;{:S(p diag(p)A)"p. For instance, in the
case of Example 4.1, the optimal solution for either ¢ =[1 11 1T orc=1[1234]"is
p° =[1111]" (with corresponding optimal objective value ¢ - k(p°) equal, respectively,
to 10.9846 and 27.1988). However, for c = [—1 —222]7,itis p° =[101 1]" (with
corresponding optimal objective value ¢ - k(p°) equal to 7.5).

Remark 4.5: The optimization problem (16) refers to the situation in which, for each
i € V, one can decide (by the choice of p;) if each vertex i is either always present in the
graph, or always absent in it (or, more precisely, either present with probability 1, or absent
with probability 1). A result similar to Proposition 4.1 can be obtained by imposing that
certain vertices are either always present in the graph, or always absent in it, which is actu-
ally equivalent to associating, to each such vertex i, either the constraint p; = 1, or the
constraint p; = 0. Indeed, according to [6, Proposition 2], such constraints can be also
written, respectively, as 1 + ZjeV pAijkj = ki, and k; = 0. The only change in the proof
of part (ii) of Proposition 4.1 would be that, in the first case, k; would be constrained to
be part of any basis, whereas, in the second case s; would be constrained to be part of any
basis.

Remark 4.6: A second variation of the optimization problem (16) would be achieved by
replacing the graph G = (V, A) with a second graph G’ = (V’, E'), obtained by replacing
each edge e;; of the original graph with an auxiliary vertex v and two edges linking v with
i and j, respectively. Then, one could formulate a similar optimization problem for the
vector of Katz-Bonacich’s centralities on the new graph, imposing, e.g. that the vertices of
the original graph are always present. In this way, keeping/removing the auxiliary vertices
would correspond with keeping/removing the edges of the original graph.

The next result provides an explicit expression for the cardinality of the set of vertices
of the feasible region ', which coincide with the admissible vectors of deterministic Katz-
Bonacich’s centralities.

Proposition 4.2: Under the assumptions of Proposition 4.1, the feasible region F, expressed
by Equation (11), has exactly 2!V! vertices.

Proof: For each vertex i € V of the graph G = (V, A), the associated variable k; can be
either part of a basis (associated with a vertex of ) or not (in the latter case, the slack
variable s; is part of a basis). When k; is part of a basis, one has

1< 1+ZpAijkj =k;.
jev

Hence, k; > 0 and there are no degenerate bases. This, combined with an application
of Equation (12), implies that each basis is associated in a one-to-one-way to a vector
p € {0, 1}!V]. The proof is concluded by observing that there are 2!V! such vectors (each
associated with a distinct vertex v € JF). |
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Remark 4.7: The number of vertices of the feasibility region JF of Example 4.1 is 2!V1 =
2% = 16, in accordance with Proposition 4.2.

The next result (which is a result of independent interest) investigates the relation-
ship between the condition Apax(pA) < 1, assumed in Proposition 4.1, and a simpler
but stronger condition, i.e. p max;cy deg (i) < 1, where deg (i) := ZjeVAij' This latter
condition becomes p(|V| — 1) < 1 in the case of a complete undirected graph.

Proposition 4.3: The following statements hold:

(i) The condition p max;ey deg(i) < 1 implies the condition Amax(pA) < 1.

(ii) The two conditions p max;cy deg(i) < 1 and Amax(pA) < 1 are equivalent, mean-
ing that Amax(A) = max;cy deg (i), if and only if the undirected graph G =
(V,A) contains a connected component which is a k-regular subgraph with k =
max;ey deg(i).

Proof: (i) The Gershgorin’s circle theorem [7, Theorem 6.1.1] guarantees that all the
eigenvalues of the matrix A are within the circle (in the complex plane) with centre
0 and radius max;cy ZjeV i |Ajj| = max;cy deg (i). Since all the eigenvalues of
the symmetric matrix A are real, we get

Amax(A) < maxdeg(i), (19)
eV

hence p max;ey deg(i) < 1 implies Apmax(pA) < 1.

(ii) Suppose that the graph G contains a connected component (whose set of nodes

is indicated as U C V) which is a k-regular subgraph with k = max;cy deg(i). If
we define the vector v as follows: v; = 1 ifi € Uand v; = 0 if i € V' \ U, then we
get Av = kv, i.e. k is an eigenvalue of A and thus Ap,x(A) = max;ecy deg(i) follows
from (19).
Suppose that A;max(A) = max;ey deg(i) andletv e R!VI be an associated eigenvec-
tor. Moreover, let i* € arg max;ey |v;| and U the subset of nodes of the connected
component of G containing i*. Since v # 0y}, one gets |v;| > 0. Then, since the
elements of the adjacency matrix A are either 0 or 1 and there are no self-loops, one
gets

* . *
deg (i) |vix| < |Vz*|IiIée%/xdeg(z) = |(Av)| = jezVA,*]v] < deg (i")|vi<|. (20)
Hence, we get deg (i) = max;ey deg(i) and the second inequality in (20) holds
as an equality, thus |vj| = |v;s| for any j € V such that Ajxj = 1. Thus, deg (j) =
max;ey deg(i) holds for any neighbour j of i*. Repeating the same reasoning for
the neighbours of i*, we get that all the nodes of U have degree equal to k =
max;ecy deg(i), i.e. this connected component is a k-regular subgraph. |

Remark 4.8: In Example 4.1, the graph is connected but not regular, and Ap.x(A) =
2.17 < max;ey deg (i) = 3. Thus, for p = 0.3,0nehas Amax(pA) = 0.65 < p max;ey deg (i) =
0.9, in accordance with parts (i) and (ii) of Proposition 4.3.
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5. A MILP approach to find a key player

A well-known notion related to the Katz-Bonacich’s centrality is that of key player [3], i.e.
a player of the first game described in Section 3 that mostly contributes (when included
as a player) to raising the equilibrium aggregate level in the network. Equivalently, it is the
player that mostly decreases the equilibrium aggregate of the network, when it is removed.

Definition 5.1: Ifa*(V \ {i}) € RIVI=! denotes the pure Nash equilibrium (7) of the game

where player i is removed from the network G and S; = Zjev\ (i) a]*(V \ {i}) is the corre-

sponding equilibrium aggregate, then a key player of the game is a player 7 € V such that

S; = miniev S,‘.

A straightforward method to find a key player numerically is solving | V| systems of
linear equations of the form (6). On the other hand, the discussion in Section 4 allows us
to formulate the key player problem as the following single nonlinear integer program:

min 1,y - k(p),

subject to Zp,' =|V|—-1,
ieV

p e {0, 1}V,

which is a variation of the optimization problem (16) obtained by imposing the constraint
that exactly one of the components of p equals 0. This latter problem can be reduced to an
equivalent continuous linear programming problem having a form similar to that of prob-
lem (17), by replacing the feasible region F of the latter problem with the convex hull of the
set of points {k(p®), for i € V} (where each p® e {0,1}!"! satisfies pl@ = 0and p}i) =1
for any j # i), which is a subset of F. For instance, in the case of the undirected graph
G = (V,A) of Example 4.1, the optimal solution of the key player problem is [0 1 1 1]T
(with corresponding optimal objective value equal to 3.8572).

In order to avoid the explicit computation of such points k(p?) and speed up the search
for a key player, we propose a Mixed Integer Linear Programming (MILP) reformulation
of the key player problem.

Proposition 5.1: Let p > 0 be such that Amax(pA) <1 and M > 0 a sufficiently large
constant. Consider the following MILP problem:

min ki, (21a)
(kp)eRIVIxRIV] ; ’
subjectto k; <1+ ZpA,-jkj, VieV, (21b)

jev
ki< Mp;, VieV, (21¢)
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1+ pAyki—M(1—p) <k, VieV, (21d)
jev

> pi=1VI-1, (21e)

ieV

ki>0, VieV, (21f)

pi€f0,1), VieV. (21g)

Then, i € V is a key player of the game if and only if there exists an optimal solution (k, p)
of (21) such that p; = 0.

Proof: Constraint (21e) imposes that all binary variables p; are equal to 1 except one, rep-
resenting the node being eliminated from the network. Constraints (21c)-(21d) are big-M
constraints linking variables k and p. In particular, if p; = 0, then (21c) and (21f) imply k; =
0, while if p; = 1, then (21b) and (21d) imply k; = 1 + ZjeV pAijk;. Hence, Equation (12)
holds foranyi € V,i.e. kisthe vector of (deterministic) Katz-Bonacich’s centralities associ-
ated with p. Since Proposition 4.1 guarantees that the set F of all stochastic Katz-Bonacich’s
centrality vectors is bounded, then there exists a positive constant M sufficiently large such
that constraints (21c) hold for any i € V with p; = 1 and constraints (21d) hold for any
i € Vwith p; = 0. Therefore, the feasible solutions of the optimization problem (21) are the
pairs (k, p), where p € {0, 1}!V1 selects all the nodes of the network exceptoneandk € RIVI
is the vector of (deterministic) Katz-Bonacich’s centralities associated with p. Since the
objective function (21a) represents the equilibrium aggregate, it is clear that solving (21) is
equivalent to finding a key player of the game. [ |

Remark 5.1: In general, the constant M in problem (21) can be chosen equal to maxjcy lAv,

where k = (Ijv| — pA) "1y, is the vector of (deterministic) Katz-Bonacich's centralities
associated with 1;yy. In fact, given any p € [0, 111, the inclusion (14) guarantees that the
vector k(p) of Katz-Bonacich’s centralities associated with p satisfies the inequality k(p) <
k. Hence, for any i € V we have:

ki(p) < ki < maxk;,
jev
1+ Z pAiki(p) < 1+ Z pAk; = ki < maxk
jev jev

In the special case where condition p max;ey deg(i) < 1 holds, the constant M can be
chosen equal to 1/(1 — p max;cy deg(i)), thus avoiding solving the linear system to com-
pute the vector k. In fact, if for any p € {0, 1}Vl we write £ = £(p) to denote an arbitrarily
chosen element of argmax;_ ki(p), then, we have

ke@) =pe [ 1+p D Agkip) | <1+ > Auki(p)
jev jev

< 1+ pke(p) deg(f) < 1+ ke(p)p max deg().



OPTIMIZATION 15

Thus, for any i € V we have:

1
ki(p) < k ’
(p) < ke(p) < 1 — p maxjey deg(i)
p deg(i) p ey deg)
1 Alk <1 =1
+ ZP ijki(p) < 1+ 1 — p maxjey deg(i) ~ tp maiey deg()

jev
1
1 — p maxey deg(i)

Some preliminary numerical tests showed that the direct solution of (21) can be com-
putationally demanding, especially in the case of large-scale networks. In order to speed
up problem resolution, we propose the simple approach described in Algorithm 1. First,
the continuous relaxation of (21) is solved (line 1). Then, we find the set P of variables p;
equal to 1 in the latter optimal solution (line 2). If P is nonempty (line 3), then a restricted
version of the MILP problem (21) is solved to find a good feasible solution and this solution
is used as a warm start to solve (21) (lines 4-5). Otherwise, if P is empty (line 6), problem
(18) is solved without any warm start (line 7).

In the following, we report some numerical experiments to compare the performance of
Algorithm 1 and the standard approach based on the solution of | V| linear systems to find a
key player. Algorithm 1 was implemented in MATLAB R2024b and the Gurobi solver (with
default options) was used to solve the LP and MILP programs. The linear systems of the
standard approach were solved by exploiting the MATLAB function \ (i.e. the left division).
Instances were produced exploiting the generator of uniformly distributed pseudo-random
numbers of MATLAB. The adjacency matrix A of any random network was generated
according to the following rule: for any pair of nodes (i, j) with i <j, we set A;; = Aj; =1

Algorithm 1: MILP approach

1 Find an optimal solution (k*, p*) of the continuous relaxation of (21)
2 P« {ieV:p/=1}/* Find the subset of variables p* equal to 1
*/
3 if P # ) then
/* Solve problem (21) with additional constraints to get a
warm start */

4 Find an optimal solution (E, p) of the MILP problem

minkp) ey ki

s. t. (21b) — (21g) (22)
pi=1 VieP
5 Use (E, P) as a warm start to solve (21)
¢ else
7 ‘ Solve (21) without warm start
s end
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Table 2. Finding a key player: comparison between the MILP approach of Algorithm 1 and the standard
approach based on the solution of |V| linear systems (CPU times in seconds).

0=02 =05 0=038
V| Algorithm 1 Standard approach ~ Algorithm 1 Standard approach  Algorithm 1 Standard approach
100 0.14 0.02 0.30 0.02 0.62 0.02
200 0.36 0.16 0.59 0.19 3.05 0.17
300 0.86 0.83 1.15 0.87 1.18 0.80
400 0.84 2.06 1.52 233 213 2.10
500 1.34 4.22 241 4.56 3.64 4.25
600 2.00 7.11 436 8.02 493 8.14
700 3.00 12.61 5.72 13.66 7.10 12.46
800 4.27 15.67 748 18.25 9.63 18.08
900 6.18 25.97 11.92 28.05 13.08 25.89
1000 9.40 33.36 15.28 36.61 16.55 33.65
2000 42.07 270.84 61.33 293.62 104.77 277.83
3000 127.97 1079.49 258.37 1147.50 308.56 1097.72
4000 282.14 2947.34 561.93 3046.48 773.94 2916.73
5000 679.27 6457.70 1044.05 6756.47 1270.57 6443.85

if rand(1) < dand A;; = Aj; = 0 otherwise, where the parameter é € (0, 1) represents the
density of the network, e.g. d = 0 corresponds to an empty network while 6 = 1 to a com-
plete network. We considered a set of random instances, generated as described above,
where the number of nodes | V| varies from 100 to 5,000 and the density J equals 0.2, 0.5,
or 0.8. In all instances we set p = 0.8/(|V| — 1) and M = 5 according to the second part
of Remark 5.1. The numerical tests were performed on an Apple M1 Max system with 64
GB of RAM running under macOS 15.2.

Table 2 shows the CPU times (in seconds) of the two solution approaches for any value
considered of | V| and ¢. The figures reported are the average values obtained on a set of
ten random instances. We note that in all numerical tests performed, the set P defined in
Algorithm 1 was never empty, allowing problem (21) to be efficiently solved with the warm
start solution obtained by solving the restricted problem (22). Indeed, the results show that,
for large-scale problems, our approach outperforms the standard approach by 5 to 10 times
in terms of CPU time.

6. Possible developments

One relevant research direction concerns the possibility of extending the analysis made in
this present work to other measures of node centrality, such as the Shapley value, which
is associated with suitable cooperative game models whose players are the nodes of an
undirected graph (see, e.g. [16]). For instance, one could develop a suitable stochastic
cooperative game model on an undirected graph and determine the feasible region of
the resulting vectors of Shapley-value centralities obtained by varying a vector of prob-
abilities of node presences, then examine possible relationships between the vectors of
Shapley-value centralities arising, respectively, in the stochastic model and in its determin-
istic counterpart. Another promising research avenue is represented by the vulnerability
analysis of congested networks, see, e.g. [17].
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Notes

1. We recall that a graph (also called network) is a collection of nodes (also called vertices) and
edges (also called links) that connect pairs of these nodes. The presence/absence of an edge
between two nodes i and j is represented by the element A;; of the adjacency matrix A of the
graph. Such an element equals 0 if the edge is absent, otherwise it equals a nonzero real number.
For simplicity and to make the presentation uniform, only undirected (unweighted) graphs are
considered in this work, i.e. graphs whose edges have no associated direction (nor weights).
Such graphs are represented by symmetric adjacency matrices with binary (i.e. either 0, or 1)
entries. However, at least part of the analysis could be extended to undirected weighted graphs
and directed (unweighted or weighted) graphs.

2. Indeed, bounding from above the spectral radius Apyax(p diag(p)A) of the matrix p diag(p)A
with its spectral norm ||p diag(p)All2, and using properties of the spectral norm and the
symmetry of the matrices diag(p) and A [7, Chapter 5], one gets

Amax(p diag(p)A) < H/J diag(p)A”2 <p ”diag(p) H2 lAll; = pAmax(diag(p)) Amax(A)

3. Alternatively, finding the unique pure Nash equilibrium for this non-cooperative game can be
restated as a variational inequality problem (see, e.g. Passacantando and Raciti [9] and Raciti
[10]).

4. We observe that, differently from other equations reported in the article, in this case the
expression A diag(p) arises, instead of diag(p)A.

5. Indeed, proceeding likewise in Footnote 2, one gets

Amax(pA diag(p)) < |pA diag(p)|, < p I All, |diag(p)],
= p/max(A)Amax(diag(p)) < pAimax(A) = Amax(pA).

Hence, when Amax (pA) < 1, the matrix (Ijy] — p A diag(p)) cannot be singular.

6. We remark that the problem formulation considered in [6] - hence, the statement of [6,
Proposition 2] - includes some additional constraints expressed in terms of various exogenous
parameters. Namely: for each i € V, there are a lower bound p, = Oonp, and an upper bound
pi < 1 onit; the graph G contains C non-overlapping subsets of vertices (regions), and the sum
of the stochastic Katz-Bonacich’s centralities of the vertices in each region c is larger than or
equal to a certain level ¢, > 0. In general, the presence of such restrictions further constrains
the set of feasible stochastic Katz-Bonacich’s centralities. Here, in our application of [6, Proposi-
tion 2], we make, for all these exogenous parameters, the simplifying choices p, =0 pi=1,and
¢ = 0 (effectively removing such additional constraints) with the aim to relate the sets of fea-
sible stochastic and classical Katz-Bonacich’s centralities, in such a way that the former includes
the latter. The same remark holds for our successive application of [6, Proposition 1].

7. Michael Kleder (2024). CON2VERT - constraints to vertices (https://www.mathworks.com/
matlabcentral/fileexchange/7894-con2vert-constraints-to-vertices), MATLAB Central File
Exchange. Retrieved on December 8, 2024.
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8. We remark that, for each i € V, the relationship between k; and p; provided by Equation (12) is
actually linear, if the other components k; of the vector k are taken as fixed. This is due to the
absence of self-loops in the graph G. However, the overall map k — p(k) is non-linear in the
full vector k.
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