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Abstract

The increasing complexity of modern scientific and machine learning applications has
brought renewed attention to black-box optimization, where objective functions are expensive
to evaluate and lack analytical form. In many real-world scenarios, optimization must
simultaneously handle multiple competing objectives, heterogeneous information sources
with different fidelities, and even combinatorial design spaces. This thesis addresses these
challenges by developing novel methods and frameworks that advance the state of the art in
multi-objective and multi-fidelity black-box optimization.

The first contribution of this work concerns the design of Wasserstein-enabled Multi-
Objective Evolutionary Algorithms. By incorporating the Wasserstein distance into key
components of NSGA-II and MOEA/D, the proposed methods improve the balance between
convergence and diversity in Pareto front approximations. A novel binary crossover operator
is also introduced. All algorithms were implemented in the pymoo framework and empirically
validated on standard benchmarks and real-world problems, showing improved performance
over classical counterparts.

The second main contribution extends the Augmented Gaussian Process (AGP) frame-
work to new settings within Bayesian optimization. A combinatorial variant, based on
genetic algorithms for acquisition function optimization, enables AGP to efficiently handle
discrete and constrained spaces. Furthermore, AGP is extended to the multi-objective and
multi-information source case, resulting in the MISO-AGP model, capable of jointly learning
from multiple fidelities and objectives. The AGP has been contributed to the open-source
BoTorch library, extending its usability to a broader class of problems.

A third contribution of this thesis lies in the formulation of several real-world problems
under the proposed optimization paradigms. These include multi-objective formulations of
Optimal Sensor Placement (OSP) and Recommender Systems, multi-fidelity extensions of
Risk-Averse OSP and Binary Quadratic Programming, and a multi-objective multi-fidelity
formulation of Hyperparameter Optimization in machine learning. Such reformulations
demonstrate the flexibility and applicability of the proposed methods across diverse domains.

Comprehensive experimental analyses confirm the effectiveness of the proposed ap-

proaches in terms of convergence, cost-efficiency, and ecological impact. In particular,
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Wasserstein-based MOEAs achieve improved coverage of the Pareto front, while the MISO-
AGP algorithm efficiently leverages multiple information sources to reduce computational
cost. All code and experimental material have been made publicly available, ensuring
transparency and reproducibility.

Overall, this thesis contributes both methodological and practical advances to the fields
of evolutionary and Bayesian optimization. By integrating Wasserstein geometry, Gaussian
process modeling, and multi-fidelity reasoning, it provides a unified and extensible framework
for efficient and sustainable optimization of complex black-box systems.
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Chapter 1

Introduction

1.1 Motivations

In many scientific, engineering, and applied machine learning domains, decision-makers must
optimize functions whose internal structure is unknown or extremely complex. Such functions
are often called black-box functions: one can evaluate them at chosen inputs, but analytic
gradients or closed-form expressions are unavailable, evaluations are expensive, noisy, or
both. Examples include hyperparameter tuning in deep neural networks, simulation-based
design in engineering, environmental models, and control tasks. Because each evaluation may
incur a large computational cost (e.g., hours of training, long simulators, real experiments), it
is crucial to make every query count.

Compounding this difficulty, real-world problems rarely involve only a single criterion.
Often there are multiple conflicting objectives, such as accuracy vs. latency, performance
vs. resource usage, fairness vs. utility, each of which matters. Multi-objective optimization
provides a principled framework for finding trade-offs, represented as Pareto fronts, rather
than collapsing all objectives into one via scalarization, which can hide important trade-offs
or lead to suboptimal choices. There is an extensive literature showing the benefits and
challenges of multi-objective Bayesian optimization, especially where black-box evaluations
are expensive or high-dimensional. For example, researchers in [49] propose methods for
multi-objective BO in high-dimensional spaces, showing both the promise and the limitations
of current approaches in real applications.

Yet another dimension of structure is often available: multiple fidelity levels or informa-
tion sources. In many contexts, one has access to cheaper approximate evaluations (lower
fidelity) that may be faster, coarser, or less accurate, along with high-fidelity, expensive ones.
Multi-fidelity optimization methods exploit these cheaper sources to speed up optimization,

by trading off cost vs. accuracy. For instance, low fidelity may mean fewer training epochs,
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coarser simulation grids, or downsampling data. Using low fidelity sources can dramatically
reduce total cost when done appropriately. Research such as [1] highlights how switching
adaptively among fidelity levels improves efficiency.

The combination of these axes, black-box functions, multiple objectives, and multiple
fidelities, naturally leads to what may be called multi-objective multi-fidelity optimization
(MOMFO). This setting is very relevant in modern machine learning, AutoML, fairness-
aware learning, resource-aware design, and sustainability (where each evaluation may carry
environmental cost). However, existing methods often struggle in this setting: either they
handle only single objectives, or they rely on expensive fidelity models, or they poorly scale
to combinatorial or discrete domains, or they do not properly balance cost vs. information
gain when fidelities are not well correlated with true objectives.

This thesis is motivated by the need to fill these gaps. The goal is to develop algorithms
that are (i) sample-efficient, making sure each expensive evaluation is used wisely, (ii)
multi-objective, capable of constructing rich Pareto fronts in trade-off scenarios, (iii) multi-
fidelity / multi-information source aware, so as to exploit cheaper approximations without
compromising reliability, and (iv) practical and scalable, including for combinatorial
spaces, discrete decision variables, and real applications like sensor placement, recommender
systems, and hyperparameter optimization.

In the following chapters, these motivations guide the methodological contributions.

1.2 Scientific Contributions

The research presented in this thesis advances the field of optimization under multiple
objectives and information sources, with contributions that span both theoretical development

and practical implementation. The main contributions can be summarized as follows.

Wasserstein-enabled evolutionary algorithms and operators. The thesis introduces
new mechanisms to enhance multi-objective evolutionary algorithms through the use of the
Wasserstein distance. Specifically, NSGA-II has been extended with a Wasserstein-based
selection strategy, while MOEA/D has been adapted to exploit the Wasserstein distance
for ordering decomposition weights. In addition, a novel binary combinatorial crossover
operator has been proposed, designed to improve search efficiency in discrete and constrained
domains.

Augmented Gaussian Processes for complex optimization tasks. Building on the Aug-

mented Gaussian Process (AGP) framework, this work extends the methodology in two
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directions. First, a combinatorial variant is developed, employing genetic algorithms to opti-
mize discrete and constrained acquisition functions. Second, a multi-objective formulation
of AGP is proposed, enabling the model to directly address problems involving multiple,
potentially conflicting objectives.

Novel formulations of real-world optimization problems. The thesis contributes to the lit-
erature by reformulating several relevant problems within advanced optimization frameworks.
A multi-objective perspective is adopted for both optimal sensor placement and recommender
systems. Multi-fidelity formulations are proposed for risk-averse sensor placement and binary
quadratic programming. Moreover, a multi-objective multi-fidelity formulation is introduced
for the hyperparameter optimization of machine learning algorithms, bridging theoretical

innovation with pressing applications.

Code contributions and open-source dissemination. All methodological developments
have been supported by software contributions to widely used optimization libraries. In
particular, NSGA-II/W, MOEA/D/W, and the proposed binary crossover operator have been
implemented in the pymoo framework. Furthermore, the MISO-AGP algorithm has been
contributed to BoTorch, ensuring accessibility to the research community and enabling future

developments.

Together, these contributions provide new methods, problem formulations, and tools that
advance the state-of-the-art in multi-objective, multi-fidelity, and multi-information source
optimization, while also ensuring that the results are reproducible and usable by the broader

scientific community.

1.3 Publications

The present dissertation is primarily based on the following three journal papers, which

constitute its main scientific contributions:

e [116] Ponti, A., Candelieri, A., Giordani, I., and Archetti, F. (2023a). Intrusion
detection in networks by wasserstein enabled many-objective evolutionary algorithms.
Mathematics, 11(10):2342

* [129] Sabbatella, A., Ponti, A., Candelieri, A., and Archetti, F. (2024b). Bayesian
optimization using simulation-based multiple information sources over combinatorial
structures. Machine Learning and Knowledge Extraction, 6(4):2232-2247
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* [29] Candelieri, A., Ponti, A., and Archetti, F. (2024b). Fair and green hyperparameter
optimization via multi-objective and multiple information source bayesian optimization.
Machine Learning, 113(5):2701-2731

In addition, several other works closely related to the topics addressed in this thesis have

been published and are cited throughout the subsequent chapters:

* [113] Ponti, A., Candelieri, A., and Archetti, F. (2021a). A new evolutionary approach

to optimal sensor placement in water distribution networks. Water, 13(12):1625

e [115] Ponti, A., Candelieri, A., and Archetti, F. (2021c). A wasserstein distance
based multiobjective evolutionary algorithm for the risk aware optimization of sensor

placement. Intelligent Systems with Applications, 10:200047

* [34] Candelieri, A., Ponti, A., Giordani, I., and Archetti, F. (2022d). Lost in optimiza-
tion of water distribution systems: better call bayes. Water, 14(5):800

* [36] Candelieri, A., Ponti, A., Giordani, 1., Bosio, A., and Archetti, F. (2023g). Distri-
butional learning in multi-objective optimization of recommender systems. Journal of
Ambient Intelligence and Humanized Computing, 14(8):10849-10865

Furthermore, preliminary results and ongoing research were presented at international con-
ferences, contributing to the dissemination and discussion of the work within the scientific

community:

e [114] Ponti, A., Candelieri, A., and Archetti, F. (2021b). Optimal sensor placement by
distribution based multiobjective evolutionary optimization. In International Confer-

ence on Learning and Intelligent Optimization, pages 315-332. Springer

* [20] Candelieri, A., Ponti, A., and Archetti, F. (2021b). Risk aware optimization of
water sensor placement. In Proceedings of the Genetic and Evolutionary Computation

Conference Companion, pages 295-296

* [112] Ponti, A. and Archetti, F. (2023). The unreasonable effectiveness of optimal
transport distance in the design of multi-objective evolutionary optimization algorithms.
In International Conference on Numerical Computations: Theory and Algorithms,

pages 151-164. Springer

* [25] Candelieri, A., Ponti, A., and Archetti, F. (2023b). Multi-objective and multi-
ple information source optimization for fair & green machine learning. In Interna-
tional Conference on Numerical Computations: Theory and Algorithms, pages 49—63.

Springer
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Part of this research has also been published as a Springer Briefs':

* [32] Candelieri, A., Ponti, A., and Archetti, F. (2025¢). Multiple information source

bayesian optimization

Beyond the contributions directly connected to the thesis, the doctoral research activity led
to a number of additional publications in journals and conference proceedings, covering a

wider range of topics in artificial intelligence, machine learning, and optimization:

e [119] Ponti, A., Giordani, I., Mistri, M., Candelieri, A., and Archetti, F. (2022a). The
“unreasonable” effectiveness of the wasserstein distance in analyzing key performance

indicators of a network of stores. Big Data and Cognitive Computing, 6(4):138

* [22] Candelieri, A., Ponti, A., and Archetti, F. (2022b). Explaining exploration—
exploitation in humans. Big Data and Cognitive Computing, 6(4):155

* [26] Candelieri, A., Ponti, A., and Archetti, F. (2023c). Uncertainty quantification and
exploration—exploitation trade-off in humans. Journal of Ambient Intelligence and
Humanized Computing, 14(6):6843-6876

e [35] Candelieri, A., Ponti, A., Giordani, I., and Archetti, F. (2023f). On the use of
wasserstein distance in the distributional analysis of human decision making under
uncertainty. Annals of Mathematics and Artificial Intelligence, 91(2):217-238

* [27] Candelieri, A., Ponti, A., and Archetti, F. (2023d). Wasserstein enabled bayesian
optimization of composite functions. Journal of Ambient Intelligence and Humanized
Computing, 14(8):11263-11271

e [33] Candelieri, A., Ponti, A., Fersini, E., Messina, E., and Archetti, F. (2023e). Safe
optimal control of dynamic systems: Learning from experts and safely exploring new
policies. Mathematics, 11(20):4347

e [118] Ponti, A., Giordani, I., Candelieri, A., and Archetti, F. (2024). Wasserstein-

enabled leaks localization in water distribution networks. Water, 16(3):412

e [131] Sabbatella, A., Ponti, A., Giordani, I., Candelieri, A., and Archetti, F. (2024d).
Prompt optimization in large language models. Mathematics, 12(6):929

I'Springer Briefs are concise summaries of cutting-edge research and practical applications across a wide
spectrum of fields. Featuring compact volumes of 55 to 125 pages, each series covers a range of professional
and academic topics.
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[128] Sabbatella, A., Archetti, F., Ponti, A., Giordani, I., and Candelieri, A. (2024a).

Bayesian optimization for instruction generation. Applied Sciences, 14(24):11865

[31] Candelieri, A., Ponti, A., and Archetti, F. (2025b). Gaussian process regression
over discrete probability measures: on the non-stationarity relation between euclidean

and wasserstein squared exponential kernels. Journal of Global Optimization, pages
1-26

[30] Candelieri, A., Ponti, A., and Archetti, F. (2025a). Bayesian optimization over the
probability simplex. Annals of Mathematics and Artificial Intelligence, 93(1):77-91

[21] Candelieri, A., Ponti, A., and Archetti, F. (2022a). Bayesian optimization in
wasserstein spaces. In International Conference on Learning and Intelligent Optimiza-

tion, pages 248-262. Springer

[120] Ponti, A., Irpino, A., Candelieri, A., Bosio, A., Giordani, I., and Archetti, F.
(2022b). Network vulnerability analysis in wasserstein spaces. In International

Conference on Learning and Intelligent Optimization, pages 263-277. Springer

[23] Candelieri, A., Ponti, A., and Archetti, F. (2022¢). Safe-exploration of control
policies from safe-experience via gaussian processes. In International Conference on

Learning and Intelligent Optimization, pages 232-247. Springer

[117] Ponti, A., Giordani, I., Candelieri, A., and Archetti, F. (2023b). A leak localiza-
tion algorithm in water distribution networks using probabilistic leak representation
and optimal transport distance. In International Conference on Learning and Intelligent

Optimization, pages 31-45. Springer

[24] Candelieri, A., Ponti, A., and Archetti, F. (2023a). Generative models via opti-
mal transport and gaussian processes. In International Conference on Learning and

Intelligent Optimization, pages 135-149. Springer

[17] Candelieri, A. (2023). Resource allocation via bayesian optimization: an effi-
cient alternative to semi-bandit feedback. In International Conference on Numerical

Computations: Theory and Algorithms, pages 34—48. Springer

[130] Sabbatella, A., Ponti, A., Giordani, I., and Archetti, F. (2024c). A bayesian
approach for prompt optimization in llms. In International Conference on Learning

and Intelligent Optimization, pages 348—360. Springer
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* [28] Candelieri, A., Ponti, A., and Archetti, F. (2024a). A constrained-jko scheme
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1.4 Organization of the Thesis

The thesis is organized into five chapters, in addition to the introduction. Chapter 2 provides
the necessary theoretical background to contextualize the research contributions. In particular,
it introduces the main concepts of multi-task learning and illustrates how this framework
naturally connects to multi-objective optimization and multi-fidelity optimization. This
chapter establishes the conceptual foundations upon which the work is built.

The core contributions of the thesis are presented in Chapters 3, 4, and 5. Each of these
chapters originates from a peer-reviewed publication and follows a common structure. They
begin with a background section, reviewing the relevant literature and theoretical aspects;
this is followed by the presentation of the proposed methodological contribution; and finally,
a section devoted to experimental validation is provided, including benchmark studies and

real-world applications.

* Chapter 3 focuses on multi-objective optimization, with particular attention to the

integration of Wasserstein-based metrics within evolutionary algorithms.

* Chapter 4 addresses multi-information source optimization, introducing a Gaussian
process model augmented to handle combinatorial structures and discussing its imple-

mentation and empirical assessment.

» Chapter 5 extends the investigation to the multi-objective multi-fidelity setting, explor-

ing fairness- and sustainability-oriented hyperparameter optimization algorithms.

Finally, the thesis concludes with a dedicated chapter summarizing the main findings,
highlighting the scientific contributions, and outlining possible directions for future research.
This closing discussion emphasizes both the theoretical significance of the proposed methods

and their potential practical impact.






Chapter 2
Multi-Task Learning

This chapter provides a concise overview of Multi-Task Learning (MTL) and its connections
to optimization. It begins by introducing the fundamental concepts of MTL, highlighting
how learning multiple related tasks simultaneously can improve predictive performance and
generalization. The chapter then explores the relationship between MTL and multi-objective
optimization, illustrating how the simultaneous optimization of multiple tasks can be framed
as a multi-objective problem. Finally, it discusses the extension to multi-fidelity optimization,
showing how task evaluations at varying levels of cost or accuracy can be integrated into
the learning process. These perspectives set the stage for the optimization-focused methods
presented in subsequent chapters.

2.1 Multi-Task Learning

The paradigm of Multi-Task Learning (MTL) can be traced back to the seminal work of
Caruana [37], in which it was argued that data from multiple tasks can be jointly exploited
to improve performance over learning each task independently. The fundamental intuition
is that apparently different tasks may share hidden dependencies due to a common data-
generating process. By designing a family of parameterized hypotheses that share part of
their parameters across tasks, MTL enables the transfer of knowledge among tasks while
minimizing a weighted sum of the empirical risks. This mirrors human learning, where skills
acquired in one domain (e.g., tennis) can facilitate learning in another (e.g., padel).

The primary motivation behind MTL is to alleviate the challenge of limited labeled data,
a bottleneck in many machine learning scenarios. By aggregating knowledge across related
tasks, MTL reduces the reliance on extensive manual labeling and improves model robustness
against overfitting. The rise of deep learning has further highlighted the advantages of MTL,

as shared representations have led to significant improvements in large-scale applications.
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MTL is closely related to other learning paradigms: transfer learning focuses on improving
a single target task using auxiliary tasks, whereas MTL treats all tasks equally; continual
learning addresses tasks that arrive sequentially; multi-label learning and multi-output
regression are special cases of MTL where all tasks share the same dataset; and multi-view
learning can be interpreted as a single-task scenario with multiple feature sets.

Zhang and Yang [169, 170] provide a comprehensive categorization of algorithmic
strategies for MTL, which can be broadly divided into five families:

1. Feature learning approaches, which identify common representations through feature

transformation or selection.

2. Low-rank approaches, which enforce low-dimensional structures on the parameter

space to capture shared information.

3. Task clustering approaches, which group related tasks to promote intra-cluster knowl-
edge sharing.

4. Task relation learning approaches, which explicitly model the relationships among

tasks during training.

5. Decomposition approaches, which decompose model parameters into shared and

task-specific components.

MTL can also be extended by combining it with other paradigms such as semi-supervised
learning, active learning, reinforcement learning, and graphical models, further broadening
its applicability.

Depending on the type of task and data availability, several settings of MTL have been
investigated. These include multi-task supervised learning (classification and regression with
labeled data), multi-task unsupervised learning (joint clustering or representation learning),
multi-task semi-supervised learning (leveraging both labeled and unlabeled data), multi-task
active learning (optimizing label acquisition across tasks), and multi-task reinforcement
learning (policy learning across related environments). Online, parallel, and distributed MTL
have been introduced to deal with sequential data streams and large-scale scenarios where
computational efficiency and storage constraints are critical.

MTL has been successfully applied across a wide range of domains. In computer vision,
it has improved tasks such as face recognition and object detection; in natural language
processing, it has been applied to translation, sentiment analysis, and question answering; in
speech processing, it has facilitated joint modeling of recognition and speaker adaptation;

in bioinformatics and health informatics, it has enhanced disease prediction and biomarker
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discovery; in web applications, it underlies modern recommender systems and search engines.
These diverse applications demonstrate the ability of MTL to exploit task relatedness for
better generalization in real-world settings.

The theoretical foundations of MTL have focused on generalization bounds, optimization
guarantees, and conditions under which knowledge sharing leads to improvements. Open
challenges include the principled modeling of task relatedness, the integration of heteroge-
neous tasks involving multiple modalities, and the design of scalable algorithms suitable
for distributed and high-dimensional data. Moreover, the increasing role of deep learning
has raised questions about how to most effectively incorporate MTL into complex neural
architectures. Finally, ethical and fairness concerns in multi-task scenarios are emerging as
relevant research directions, particularly when shared representations may propagate biases
across tasks.

In essence, MTL represents a powerful framework for leveraging commonalities among
related tasks. By sharing knowledge, it reduces overfitting, improves generalization, and
allows efficient use of limited labeled data. Its broad applicability and close connections
with other paradigms make it a central concept in modern machine learning, and a natural
starting point for extending the idea of joint learning into optimization contexts, such as

multi-objective and multi-fidelity optimization.

2.2 From MTL to Multi-Objective Optimization

A typical MTL system is provided with a collection of input points and sets of targets
corresponding to multiple tasks. A standard way to impose an inductive bias across tasks is to
define a parameterized hypothesis class that shares part of its parameters among them. These
shared parameters are then estimated by solving an optimization problem that minimizes
a weighted sum of the empirical risk for each task. While straightforward, this linear
combination is only meaningful when there exists a common parameter configuration that
is simultaneously effective across all tasks. In practice, tasks are often conflicting, which
makes such a formulation inadequate. Minimization of a weighted sum of empirical risks
implicitly assumes task compatibility and neglects the inherent trade-offs among objectives.

When tasks are in conflict, the problem is more naturally formulated in terms of Multi-
Objective Optimization (MOO) [139]. In this setting, the goal is not to minimize a single
aggregate loss, but rather to identify solutions that represent desirable compromises among
tasks. A solution is considered desirable if it is not dominated by any other, in the sense
of Pareto optimality: a point is Pareto optimal if no other solution improves one objective
without deteriorating at least one of the others. Casting MTL as MOO therefore shifts the
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focus from optimizing a scalarized loss to exploring the Pareto front of trade-offs among
tasks. This perspective has been advocated in recent works that highlight the limitations of
linear scalarization and emphasize the need for principled approaches to balance competing
objectives.

The transition from MTL to MOO opens the door to a wide spectrum of algorithmic
strategies. Gradient-based approaches, such as the multiple-gradient descent algorithm
(MGDA) [53], exploit task-specific gradients to compute descent directions that decrease all
objectives simultaneously and converge to Pareto stationary points. While theoretically well-
grounded, such methods face challenges when applied to large-scale models, as they require
the explicit computation of gradients for each task, leading to significant computational
overhead in high-dimensional settings.

An alternative family of methods relies on Evolutionary Algorithms (EAs). Multi-
objective Evolutionary Algorithms (MOEASs) incorporate Pareto dominance directly into
their selection mechanisms [50]. These approaches are simple to implement and do not
require derivative information, making them flexible tools for complex tasks. However, their
main drawback lies in poor sample efficiency, since they typically do not exploit surrogate
models to guide the search, making them unsuitable for problems where evaluations are
computationally expensive.

A third promising direction is represented by Bayesian optimization (BO), which lever-
ages probabilistic surrogate models, most commonly Gaussian processes, to model objectives
and guide the search through an explicit exploration-exploitation trade-off. In the multi-
objective setting, surrogate models can be trained either independently for each task or jointly,
in order to exploit potential correlations among objectives. Methods such as ParEGO [85]
illustrate how uncertainty estimates from Gaussian processes can be used to balance the
discovery of new Pareto-optimal regions with the refinement of already promising ones.
Furthermore, hybrid approaches that integrate surrogate modeling within MOEAs have
recently been proposed to address the efficiency limitations of purely evolutionary methods.

In summary, while traditional MTL relies on scalarized formulations that implicitly
assume non-conflicting objectives, casting MTL as a multi-objective optimization problem
provides a more general and principled framework. This perspective highlights the central
role of Pareto analysis in handling competing tasks and motivates the adoption of algorithmic
strategies that can efficiently approximate the Pareto front. The study of such methods, their
limitations, and their application to learning scenarios constitutes an active and growing

research area.
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2.3 From MTL to Multi-Fidelity Optimization

The analogy between MTL and Multi-Fidelity Optimization (MFO) emerges naturally when
the notion of related tasks is extended to evaluations of the same underlying function at
different levels of fidelity. In MTL, tasks correspond to distinct but related prediction
problems, and the goal is to leverage inter-task correlations to improve generalization. In
MFO, the “tasks” correspond to function evaluations at varying degrees of accuracy and
computational cost. Low-fidelity evaluations are cheaper but biased, whereas high-fidelity
evaluations are more accurate yet costly. The central challenge is to exploit correlations
across fidelities to guide the optimization efficiently.

A foundational approach to modeling correlations across outputs is the Multi-Task
Gaussian Process (MT-GP), introduced by [13]. MT-GPs allow the covariance structure to
capture dependencies between tasks, enabling information transfer from related tasks. In
the multi-fidelity setting, this framework can be interpreted as a Multi-Fidelity Gaussian
Process (MF-GP), where fidelities are treated as correlated outputs. Similarly, the classical
co-kriging model of [82] provides an autoregressive formulation for low- and high-fidelity
outputs, forming the basis for many MF-GP constructions.

Bayesian Optimization (BO) can exploit these surrogate models to decide where and at
which fidelity to evaluate the objective function. Multi-Task GPs have been successfully
applied to BO to transfer information between related tasks [145], a perspective that directly
motivates the use of Multi-Fidelity GPs. Modern algorithms, such as MF-GP-UCB and
BOCA [77, 78], extend classical BO to handle fidelity hierarchies, providing theoretical
guarantees while trading off cost and information gain. Information-based approaches such
as MF-PES [168] and deep surrogate models [122, 94] further enhance the flexibility of
MEF-BO by using entropy or neural-network-based surrogates to capture complex correlations
across fidelities.

The connection between MTL and MFO clarifies key algorithmic insights. Just as
linear-scalarization methods in MTL fail when tasks are conflicting, naive fidelity-agnostic
optimization may neglect important fidelity-specific biases. Conversely, joint modeling
through MF-GPs enables efficient transfer of information from cheap, low-fidelity evaluations
to high-fidelity objectives, dramatically improving sample efficiency. Kernel structures, such
as linear models of coregionalization or hierarchical autoregressive kernels, explicitly encode
these correlations and provide a flexible modeling framework for heterogeneous fidelities.

In summary, multi-fidelity optimization can be viewed as a specialization of the multi-
task learning paradigm, where the “tasks” correspond to different fidelity levels rather than
independent learning problems. Multi-task Gaussian processes provide a unifying frame-
work, allowing Bayesian optimization methods to exploit low-cost approximations while
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maintaining accuracy at high-fidelity evaluations. This conceptual bridge motivates further
research into acquisition function design, surrogate modeling, and algorithmic strategies for
efficiently navigating hierarchical or heterogeneous sources of information.



Chapter 3
Multi-Objective Optimization

This chapter provides a comprehensive overview of Multi-Objective Optimization (MOO) and
its application within the scope of this thesis. It begins with a theoretical background, covering
the formulation of multi-objective optimization problems, common solution strategies, and
the use of the Wasserstein distance as a metric for comparing solutions. The chapter then
presents the methodological contributions of the thesis, including the integration of the
Wasserstein distance into evolutionary algorithms and the development of a combinatorial
binary crossover operator. Finally, the chapter illustrates the effectiveness of the proposed
methods through experiments on both benchmark functions and real-world applications, such

as optimal sensor placement and recommendation systems.

3.1 Background

This section provides the theoretical background for multi-objective optimization. Section
3.1.1 introduces the fundamental concepts of multi-objective optimization, followed in
Section 3.1.2 by an overview of the main strategies to address such problems, with particular
emphasis on multi-objective evolutionary algorithms. Finally, Section 3.1.3 presents the

Wasserstein distance, which plays a central role in the algorithms proposed in Section 3.2.

3.1.1 Multi-Objective Optimization Problems

In multi-objective optimization problems, m objective functions, denoted as f(x),.. ., fm(x),
must be simultaneously optimized over a search space Q C R?. A general multi-objective

optimization problem is formulated as:

minF(x) = (F1(x),.., fu(x)) 3.1)

xeQ
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where F(x) is a vector-valued function representing multiple conflicting objectives. In
addition, some multi-objective problems may include equality and inequality constraints that
define a feasible region within the search space. The presence of multiple objectives intro-
duces a fundamental challenge: in most cases, no single solution simultaneously optimizes
all objectives, making a trade-off analysis among competing criteria necessary.

Unlike single-objective optimization, where solutions can be directly ranked based on a
single numerical value, multi-objective optimization requires a different approach to assess
solution quality. The concept of dominance is used to establish a preference order among

solutions.

Pareto Optimality and Dominance

Pareto rationality provides the theoretical foundation for analyzing multi-objective optimiza-
tion problems. Given two solutions x(k),x(h) € Q, the solution x*) is said to dominate x")

(denoted as F (x*)) < F(x(")) if and only if:
o f:(x®) < fi(xW) forall i € {1,...,m}, and
o fi(x®) < £;(x") for at least one index ;.

A solution that is not dominated by any other solution in the feasible space is said to be
Pareto optimal. The set of all such non-dominated solutions forms the Pareto set, and its
image in the objective space defines the Pareto front. Figure 3.1 shows an example of Pareto
set and its associated Pareto front.

The primary objectives of multi-objective optimization are:

* To find a set of solutions as close as possible to the true Pareto front (convergence).

* To obtain a diverse set of solutions well-distributed along the Pareto front (diversity).

Multi-Objective vs. Many-Objective Optimization

Multi-objective optimization typically refers to problems with a relatively small number
of objectives, usually between two and four. In such cases, Pareto dominance remains an
effective criterion for solution comparison, and visual representations of the Pareto front are
feasible.

However, as the number of objectives increases beyond four, the problem enters the

domain of many-objective optimization. This transition introduces additional challenges:
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Fig. 3.1 An example of Pareto Set (left) and its associated Pareto Front (right) considering a
minimization problem.

* Dominance weakening: In high-dimensional objective spaces, the probability of one
solution dominating another decreases significantly, leading to a large proportion of

solutions being non-dominated. This makes Pareto-based selection less effective.

* Computational complexity: Many quality indicators become computationally infeasi-

ble as the number of objectives grows.

* Visualization challenges: The Pareto front can no longer be effectively visualized,

making the interpretation and analysis of solutions more difficult.

To address these issues, many-objective optimization methods often employ alterna-
tive strategies, such as decomposition-based approaches, indicator-based selection, and
dimensionality reduction techniques to facilitate solution evaluation and selection.

The distinction between multi-objective and many-objective optimization is crucial, as
the choice of algorithms and performance metrics must be adapted accordingly to ensure
effective optimization in high-dimensional objective spaces.

Metrics

Evaluating the quality of solutions in multi-objective optimization is inherently more complex
than in single-objective optimization, where a straightforward comparison of objective
function values suffices. In multi-objective problems, performance assessment requires
specialized metrics that quantify how well the obtained set of solutions approximates the true

Pareto front. These metrics typically focus on aspects such as convergence to the true Pareto
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Fig. 3.2 An example of Hypervolume of a Pareto Front.

front, diversity of the solutions, and uniformity of their distribution. For a complete review
of metrics for multi-objective optimization refer to [124].

One of the most widely used quality indicators is the Hypervolume (HV) metric [5],
which measures the volume of the objective space dominated by the obtained Pareto front
while being bounded by a reference point z*. Formally, given a set of solutions § in the

objective space, the hypervolume is defined as:

HV(S8,27) = A (U{ylsjyjz*}), (3.2)

ses

where A(-) denotes the Lebesgue measure (volume) in the objective space, and s <y
indicates that solution s dominates or is equal to point y (Figure 3.2). A higher hypervolume
value indicates a better approximation of the Pareto front, as it suggests that the solutions
cover a larger region of the objective space. However, the main drawback of the hypervolume
indicator is its computational complexity [11], which grows exponentially with the number
of objectives. This makes it impractical for many-objective optimization problems (i.e.,
problems with more than three or four objectives).

To overcome this limitation, an alternative metric commonly used in many-objective
optimization is the Inverse Generational Distance (IGD) [75, 39]. The IGD measures the
distance between the obtained solution set and a set of reference points that approximate the
true Pareto front. Let P* be a set of uniformly sampled points from the true Pareto front, and
let S be the set of solutions found by the algorithm. The IGD is defined as:
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Fig. 3.3 An example of IGD computation.

IGD(S,P")=—= ) d()",S), (3.3)
y*ep*

where d(y*,S) is the Euclidean distance between a reference point y* and its nearest
neighbor in S (Figure 3.3). A lower IGD value indicates better quality, as it implies that the
obtained solutions are close to the true Pareto front and well-distributed. The key advantage
of the IGD over the hypervolume metric is its computational efficiency, making it feasible
for problems with a high number of objectives. However, it is important to note that IGD can
only be used when a reliable reference set P* is available, which may not always be the case
in practical scenarios.

Another commonly used metric is the Generational Distance (GD), that is similar to IGD,
but computes the average distance from the obtained solutions to the true Pareto front instead
of the other way around [148].

Selecting an appropriate metric depends on the characteristics of the problem, the number
of objectives, and the availability of the true Pareto front for reference. In many-objective
optimization, computationally efficient metrics such as IGD are preferred, while for problems

with fewer objectives, hypervolume remains a robust measure of solution quality.

3.1.2 Strategies

Solving multi-objective optimization problems requires specialized strategies capable of
addressing the simultaneous optimization of conflicting objectives. Unlike single-objective

optimization, which seeks a single optimal solution, the goal in the multi-objective setting
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is to approximate the Pareto front by identifying a set of trade-off solutions that balance
convergence toward the front and diversity across it.

A classical approach to multi-objective optimization involves scalarization techniques,
which convert the vector-valued objective into a scalar function that can be minimized using
standard optimization methods. The weighted sum method [55] is the most basic scalarization
technique, where each objective is assigned a weight and the scalar objective is defined as a
convex combination of the original functions. Although simple and computationally efficient,
this method can only identify solutions lying on the convex regions of the Pareto front. Other
scalarization techniques, such as the Tchebycheff method [99] and €-constraint method [90],
offer improved flexibility and can explore non-convex regions by transforming objectives into
constraints or minimizing the worst-case deviation from a reference point. While scalarization
approaches are effective when user preferences are known, they typically require multiple
runs with varying configurations to produce a diverse Pareto front approximation.

Population-based methods, particularly evolutionary algorithms, have emerged as some
of the most popular and effective strategies for multi-objective optimization [173, 171]. Their
inherent ability to maintain and evolve a population of solutions makes them well-suited
to explore a wide range of trade-offs in a single optimization run. Among these, the Non-
dominated Sorting Genetic Algorithm II (NSGA-II) [50] is widely adopted due to its use
of fast non-dominated sorting and crowding distance mechanisms to guide selection. The
Strength Pareto Evolutionary Algorithm 2 (SPEA2) [174] extends this idea by incorporating
an external archive and fitness assignment that combines dominance ranking and density
estimation. Another influential algorithm is MOEA/D (Multi-Objective Evolutionary Algo-
rithm based on Decomposition) [166], which decomposes the problem into a set of scalar
subproblems optimized in parallel, promoting solution diversity across the objective space.
These evolutionary strategies are particularly robust when handling noisy, discontinuous,
or multi-modal objective functions. However, they can be computationally expensive and
require careful parameter tuning.

Surrogate-based optimization, and in particular Bayesian optimization (BO), provides
an attractive alternative for problems where objective function evaluations are costly. BO
relies on probabilistic surrogate models—typically Gaussian Processes—to approximate the
objective functions and uses acquisition functions to sequentially select new evaluation points
[61, 2, 63]. In the multi-objective setting, several extensions of BO have been developed
[83, 89, 155]. One of the most widely used is the Expected Hypervolume Improvement
(EHVI), which quantifies the expected increase in the volume dominated by the Pareto
front upon evaluating a new candidate solution [47]. Other strategies include ParEGO [85],

which repeatedly scalarizes the multi-objective problem using randomly sampled weights
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and applies standard BO on the resulting surrogate, and methods that model correlations
among multiple objectives using multi-output Gaussian Processes. Bayesian multi-objective
optimization offers a compelling trade-off between sample efficiency and global exploration,
making it particularly suitable for expensive black-box functions. Nevertheless, its appli-
cability becomes limited in the many-objective setting due to the challenges in accurately
modeling and selecting among high-dimensional trade-offs.

Other optimization paradigms also exist. Gradient-based methods can be applied when
the objective functions are smooth and differentiable, using multi-gradient descent or
scalarization-based gradients. Preference-based and interactive optimization methods are
suitable when explicit objective functions are not available or when decision makers’ prefer-
ences evolve over time. These methods leverage reinforcement learning or user feedback to
guide the search process.

The choice of optimization strategy depends on various factors, including the charac-
teristics of the objective functions, the dimensionality of the decision and objective spaces,
and the computational budget. In practice, hybrid approaches that combine elements from
different strategies—such as evolutionary algorithms with surrogate modeling or scalarization
with preference learning—are increasingly adopted to balance exploration, efficiency, and
adaptability across diverse multi-objective optimization scenarios.

In this chapter, the focus is on two of the most known Multi-Objective Evolutionary
Algorithms, i.e., NSGA-II and MOEA/D.

Non-dominated Sorting Genetic Algorithm II (NSGA-II)

NSGA-II [50] is a widely used multi-objective evolutionary algorithm that relies on Pareto
dominance and promotes both convergence and diversity in the population through two
core mechanisms: an elitist strategy and a crowding distance-based selection. At each
generation, a population of candidate solutions is ranked according to non-dominated sorting:
solutions are grouped into different non-dominated fronts Fi, F>, ..., where F] contains all
non-dominated individuals, F; includes those dominated only by individuals in F, and so on.

To ensure diversity, NSGA-II uses the concept of crowding distance. For solutions within
the same front, the algorithm calculates the crowding distance of each individual, which
reflects the density of solutions surrounding it in the objective space. The crowding distance

for an individual i is computed as:

i —fii—1) (3.4)

maxycfr fj( )
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Solutions with a higher crowding distance are preferred during selection, encouraging the
maintenance of a well-spread set of solutions. An illustration of the non-dominated sorting
and the crowding distance mechanism is shown in Figure 3.4.
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Fig. 3.4 The mechanism of non-dominated sorting (left) and crowding distance (right).

The general workflow of NSGA-II includes non-dominated sorting, selection based on

rank and crowding distance, and the application of genetic operators such as crossover and
mutation. This process is illustrated in Figure 3.5.
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Fig. 3.5 General framework of NSGA-II.
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Multi-Objective Evolutionary Algorithm Based on Decomposition (MOEA/D)

MOEA/D [166] approaches multi-objective optimization by decomposing the original prob-
lem into a set of N scalar optimization sub-problems. Each sub-problem is defined using a
unique aggregation weight vector A/ and is associated with a specific region of the Pareto
front. The optimization of all sub-problems is carried out simultaneously, and neighborhood
relationships among them are exploited during the variation and selection phases.
A common scalarization technique used in MOEA/D is the weighted Chebyshev ap-
proach:
ming'*(x[2/, = max A/|f(x) (3.5)

where z* is the reference point in the objective space, and A/ = (llj yeen ,M;)T is the aggrega-
tion vector for the j-th sub-problem (Figure 3.6).

During initialization, a set of evenly distributed weight vectors A!,..., A" is generated.
For each weight vector, the T closest vectors (based on Euclidean distance) are identified,
defining the neighborhood B(i). The evolutionary process proceeds by selecting parents from
within the neighborhood, applying crossover and mutation operators, and updating solutions

if improvement is observed.
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Fig. 3.6 An example of problem decomposition.

Unlike NSGA-II, MOEA/D promotes diversity through the decomposition mechanism
itself. Each sub-problem corresponds to a specific region of the Pareto front, and maintaining
one solution per sub-problem naturally leads to a diverse set of solutions. This intrinsic
decomposition provides a structured way to explore and cover the Pareto front, making

MOEA/D particularly effective in problems with a large number of objectives.
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A key advantage of MOEA/D is its scalability, as the computational cost does not depend
on dominance-based comparisons across the entire population. This makes it suitable for
many-objective problems where Pareto-based methods may struggle due to loss of selection

pressure.

3.1.3 Wasserstein Distance

Many evolutionary algorithms rely on distance measures to compare individuals, either to
assess their similarity to other individuals or to evaluate their proximity to reference points
in the objective space. Traditionally, the Euclidean distance has been the most commonly
used metric due to its simplicity and computational efficiency. However, the Euclidean
distance - and more generally, pointwise metrics - have notable limitations, particularly
when comparing sets of points or distributions that are structurally different or exhibit non-
overlapping supports. This raises a natural question: what if a more expressive distance
metric were employed?

Several measures have been proposed in the literature to compare probability distributions.
Information-theoretic metrics such as Kullback—Leibler divergence and Jensen—Shannon
divergence are among the most widely used, but they can become undefined when the
compared distributions do not share identical support. Other measures, such as the total
variation distance or the Hellinger distance, are better behaved but still fail to provide
meaningful values when distributions have little or no overlap.

In contrast, Wasserstein distances possess a solid mathematical foundation, are generally well
defined, and provide an interpretable metric between distributions. Moreover, under most
conditions they are differentiable, which makes them particularly suitable for learning and
optimization. The notion of optimal transport underlying Wasserstein distances can be traced
back to the pioneering works of Gaspard Monge [101] and Lev Kantorovich [80]. In recent
years, the Wasserstein distance [149] - also known as the Earth Mover’s Distance [127] -
has gained increasing attention in the machine learning and optimization communities. Its
strength lies in its ability to measure the discrepancy between probability distributions or
point clouds in a way that accounts for their geometric structure. This property makes it
especially appealing in contexts where solutions are naturally represented as distributions or

sets of points, such as in multi-objective evolutionary optimization.

Definition

Let u and v be two probability measures defined on a metric space (£,d), where d is a
ground distance (often the Euclidean distance). The p-Wasserstein distance between y and v
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(Figure 3.7) is defined as [110]:

1/p
W,(u,v) = inf d(x,y)P dy(x, 3.6
)= (ot [ atrare) 36
where I'(u, v) is the set of all couplings (joint distributions) with marginals ¢t and v. Intu-
itively, y(x,y) describes how much “mass” is transported from point x to point y, and the
Wasserstein distance quantifies the minimal cost of transporting u into v.

Fig. 3.7 A visual representation of the Wasserstein distance between two continuous proba-
bility distributions

When p and v are discrete probability distributions supported on finite sets {xj,...,x,}
and {yy,...,ym}, with associated weights a = (ay,...,a,) and b = (by,...,by,,) such that
Yijai =Y’ bj=1, the p-Wasserstein distance reduces to the solution of the following
optimal transport problem:

V) Tiid(x;, 3.7
([.L Terlr%nalb ,ZijZ’ ij xl y] (3.7)

where 7' € R"*™ is a transport plan such that:

m
Y Tij=ai Vi=1,...,n (3.8)
j=1
n
Y Ti=b; Vj=1,....m (3.9)

N
Il
—

That is, T specifies how much mass is transported from x; to y;, while satisfying the marginal
constraints. This problem can be cast as a linear program and solved with standard solvers,
though it becomes computationally expensive for large n and m. Despite its desirable theoret-
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ical properties, the computation of the Wasserstein distance is significantly more demanding
than that of simpler metrics like Euclidean distance. For two empirical distributions with n
points each, solving the optimal transport problem naively has a computational complexity
of & (n*logn). Recent advances, such as the Sinkhorn algorithm and entropic regularization
techniques, have mitigated this to some extent, making Wasserstein distance more practical
for larger datasets.

When the support is one-dimensional and both u and v are discrete distributions with
sorted values and equal total mass, the 1-Wasserstein distance admits a closed-form expres-

sion. Let:
= Zai6X57 V= Zb,ﬁyi
i=1 i=1

where &, denotes a Dirac delta located at x;, and both (x;) and (y;) are assumed to be sorted

in increasing order. Then, the 1-Wasserstein distance is given by:
. 1
Wi(,v) = Y |Fa (ifn) = Ey (i/m) (3.10)
i=1

where F),~ "'and F,;! are the quantile functions (inverse cumulative distribution functions) of
u and v, respectively. In the case of uniform weights (a; = b; = 1/n), this reduces to:

1 n
Wi (u,v) = ;Z\xi—yi! (3.11)
i=1

This closed-form formula makes the Wasserstein distance particularly attractive for
comparing sorted one-dimensional point sets or distributions, such as individual objectives

or scalarized fitness values in evolutionary algorithms.

Applications

The Wasserstein distance has been successfully applied across a wide range of machine
learning and optimization tasks. In generative modeling, it has played a central role in the
development of Wasserstein GANs (WGANSs) [4], where it stabilizes training and improves
the quality of generated samples by providing a more meaningful notion of distance between
distributions. It has also been employed in clustering [69, 172] and domain adaptation
[42], where comparing data distributions across domains or clusters enables more robust
alignment and transfer of knowledge. Beyond these areas, the Wasserstein distance has

gained increasing prominence in several other domains such as imaging [15, 14] and natural
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language processing [87]. More recent applications include recommender systems [98, 6] and
neural architecture search [79], where its modeling flexibility and computational tractability
have proven advantageous.

In the context of this thesis, the Wasserstein distance is leveraged to enhance both the di-
versity and the quality of solutions produced by evolutionary algorithms. By interpreting sets
of objective vectors as point clouds and evaluating the distance between them in a geometri-
cally meaningful manner, the Wasserstein distance enables a more effective exploration of the
solution space and mitigates premature convergence to suboptimal regions of the Pareto front.
Overall, incorporating the Wasserstein distance into evolutionary algorithms represents a
promising direction for advancing their ability to generate diverse and high-quality solutions,

particularly in complex multi-objective optimization settings.

3.2 Multi-Objective Evolutionary Algorithms with Wasser-

stein

In this section, the main contributions of the thesis to the field of Multi-Objective Optimization
are presented. The first is the NSGA-II/W algorithm (Section 3.2.1), originally introduced in
[113] and then applied to a variety of real-world problems [115, 114, 20, 34, 112, 36]. The
second contribution is the MOEA/D/W algorithm (Section 3.2.2), proposed in [116] and further
investigated in [112]. In addition to these two algorithms, a binary combinatorial crossover

operator (Section 3.2.3) was also developed and first presented in [113].

3.2.1 NSGA-II with Wasserstein

One of the contributions of this thesis is a novel variant of the widely adopted NSGA-II
algorithm, referred to as NSGA-II/W [113, 115], which incorporates the Wasserstein distance
into the selection mechanism. This variant is developed on top of the Pymoo implementation
of NSGA-ITI [12], and introduces a modified parent selection strategy that operates in the
space of objective vectors, viewed as probability distributions.

In NSGA-II/W, the traditional selection operator is replaced by a mechanism that leverages
the Wasserstein distance to promote diversity in the objective space. Specifically, the objective
values of candidate solutions are treated as point clouds (Figure 3.8), enabling the use of the
Wasserstein distance to quantify their dissimilarity. The core idea is to guide mating selection
toward individuals that are more diverse in terms of their positions in the objective space,

potentially improving the exploration of the Pareto front.
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Fig. 3.8 The objective values represented as point clouds.

The mating selection is performed via a binary tournament between two pairs of candidate
parents, denoted as (x{!), (1)) and (x(?),y(?)). These individuals are randomly sampled from
the set of non-dominated solutions in the current population (i.e., the current approximation of
the Pareto set). The pair selected for reproduction is the one that maximizes the Wasserstein

distance between the corresponding objective vectors:

(x®),y®)) = argmax # (F(x(">),F(y(i>)) (3.12)
ic{1,2}

where #/(-,-) denotes the Wasserstein distance between the objective vectors of two
individuals. This selection criterion favors the recombination of parents that are widely
separated in the objective space, encouraging the generation of offspring in under-explored
regions of the Pareto front.

Once the parents have been selected, crossover and mutation operators are applied as
in the standard NSGA-II framework to produce offspring and update the population. All
other components of the algorithm, including non-dominated sorting and crowding distance,
remain unchanged.

By incorporating the Wasserstein distance into the selection process, NSGA-II/W aims
to enhance the diversity of the evolving population without compromising convergence.
Empirical results presented later in this thesis demonstrate that this modification leads to
improved performance, particularly in problems characterized by complex and irregular

Pareto fronts.
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3.2.2 MOEA/D with Wasserstein

The proposed variant of MOEA/D, namely MOEA/D/W [112], is built upon the Pymoo imple-
mentation of MOEA/D [12]. The key difference is to consider the weight vectors as discrete
probability measures and in particular as points in the unite simplex (Figure 3.9). This is
possible due to their nature: the components of each weight vector are non-negative, and they
all sum to one. This enables considering the Wasserstein distance, instead of the Euclidean
distance, to compare the weight vectors.
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2
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Fig. 3.9 The weight vectors represented as discrete probability distributions.

As

Take for example the Tchebycheff decomposition. The original multi-objective problems
is decomposed in multiple subproblems as

max Al fi(x) | (3.13)

where z* is a reference point and A is a weight vector such that )" | A; = 1. In MOEA/D/W,
for each weight vector A0, the T farthest weight vectors are chosen as its neighbors
B(AW) = {A(i)l,...,l(i)T}. As suggested in [12], in all experiments, for problems with
m = 2 objectives the Tchebycheff decomposition has been used, while for problems with
m > 2 the Penalty-based Boundary Intersection (PBI) scalarization has been used.

It is important to note that in the standard implementation of MOEA/D the T closest (in terms
of Euclidean distance) weight vectors are chosen as neighbors instead. Then, two indexes k, /
are randomly sampled from B(A()), and a new solution y is generated from x*) and x() by
using genetic operators (crossover and mutation). This process is repeated until a termination

criterion is satisfied, such as the number of generations or the number of function evaluations.



30 Multi-Objective Optimization

3.2.3 Combinatorial Binary Crossover Operator

When decision variables are encoded as binary vectors subject to a maximum number of
active components (i.e., a fixed budget on the number of ones), standard crossover operators
such as single-point or uniform crossover may produce infeasible offspring that violate the
cardinality constraint. This situation arises in various combinatorial optimization problems,
such as sensor placement, where each one in the binary vector represents the placement of a
sensor, and the total number of sensors cannot exceed a given budget.

To address this issue, a problem-specific crossover operator is proposed that directly
operates in the input space and guarantees that the offspring are feasible by design, i.e., they
respect the maximum allowed number of active components [115]. Such tailored crossover
operators have been shown to substantially improve the performance of evolutionary algo-
rithms by preserving feasibility while maintaining diversity.

Let x,x’ € {0,1}9 be two feasible parents such that ||x||; < p and ||¥'||; < p, where p
denotes the maximum allowed number of active components. Define the support sets of
the parents as J = {i | x; = 1} and J' = {i | x, = 1}. The goal is to generate two children
c,c’ € {0,1}4, each satisfying ||c||; < p and ||c||1 < p.

The proposed crossover works as follows:
1. Initialize two empty support sets for the children: K and K’.

2. While both K and K’ have cardinality less than p and at least one of J or J’ is non-empty,
alternate assigning elements to K and K’ as follows:
(a) Sample one index from J, if available, and add it to K; then remove it from J.
(b) Sample one index from J’, if available, and add it to K; then remove it from J'.
(c) Sample one index from J, if available, and add it to K’; then remove it from J.
(d) Sample one index from J’, if available, and add it to K’; then remove it from J’.

3. Continue alternating between K and K’ until both reach p or no more indices are
available.

4. Finally, set the children vectors by defining ¢; =1 ifi € K, and ¢, = 1 if i € K’, and

zero otherwise.

This procedure ensures that both offspring remain feasible by construction, with at most
p components set to one. The alternating sampling strategy ensures that both children inherit
components from both parents in a balanced and diverse way, while preserving feasibility.

Figure 3.10 illustrates an example of this problem-specific crossover operator. It can be
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observed that the tailored operator guarantees feasibility of the offspring while maintaining

diversity between the solutions.

p,[1i0i1i1i0i0 o, [1i0i1i0i0i1

P,|0i1i0i0i1i1 0,]0i1i0i1i1io0

Fig. 3.10 The framework of the proposed crossover operator. The two parents are shown on
the left, while the resulting offspring is shown on the right.

This operator can be applied to any binary-encoded problem with a cardinality (budget)
constraint, not limited to sensor placement. It is particularly useful in contexts where the
feasible set constitutes only a small fraction of the entire search space, and where standard
operators would otherwise generate many infeasible solutions, thus wasting computational

resources and slowing convergence.

3.2.4 Implementation Details

All algorithms presented in this chapter have been implemented using the Pymoo library [12],
an open-source Python framework for single- and multi-objective optimization. Pymoo pro-
vides a comprehensive suite of evolutionary algorithms, performance metrics, visualization
tools, and a flexible interface for customizing operators and workflows. Its modular design
facilitates rapid experimentation with custom variations of existing algorithms as well as the

development of new ones.

NSGA-II/W. The NSGA-II/W algorithm builds upon the standard NSGA-II implementa-
tion in Pymoo, with a key modification to the mating selection process. Specifically, the
standard binary tournament selection is replaced with a Wasserstein-based selection opera-
tor that encourages diversity in the objective space. In this operator, the objective vectors
of individuals are interpreted as empirical distributions (i.e., point clouds), allowing the
use of the Wasserstein distance to quantify the dissimilarity between candidate solutions.
By default, the objective values are used directly as point clouds. However, the selection
operator is implemented to be flexible: users can specify alternative representations for
individuals, enabling better performance in structured real-world problems. Details on these
application-specific adaptations are provided in the subsequent sections.
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MOEA/D/W. Similarly, the MOEA/D/W algorithm is implemented by modifying the neigh-
borhood structure of the base MOEA/D algorithm in Pymoo. In the standard formulation,
the neighborhood of a subproblem is defined based on the Euclidean distances between
weight vectors. In contrast, MOEA/D/W treats weight vectors as discrete probability measures
(points in the unit simplex) and defines neighborhoods using the Wasserstein distance. As
in NSGA-II/W, offspring generation proceeds via crossover and mutation applied to parents
sampled from the Wasserstein-based neighborhood. All other components of the MOEA/D
algorithm, including decomposition strategy and update mechanisms, remain unchanged.

Wasserstein Distance. The Wasserstein distance is computed using the scipy library
[150], which provides an efficient implementation for 1-dimensional discrete distributions. In
this setting, the Wasserstein distance quantifies the minimum cost of transporting probability
mass to transform one distribution into another, where the cost is defined as the product of
mass moved and the ground distance.

3.3 Experiments

The proposed algorithms have been evaluated on a set of widely used benchmark functions
(Section 3.3.1) as well as on two real-world applications: optimal sensor placement (Section
3.3.2) and top-k recommendations (Section 3.3.3). This section reports the experimental
setup and the corresponding results. All code and data used in the experiments are publicly
available on GitHub!.

3.3.1 Benchmark Functions

The results in this section were originally presented at the NUMTA 2023 conference” and
published in its proceedings [112].

Problem Description

The experimental campaign considers three widely adopted families of benchmark problems
in multi-objective optimization: DTLZ, WFG, and DAS-CMOP. These test suites have been
extensively used to assess the performance of multi-objective optimization algorithms due to
their scalability, diversity of Pareto front shapes, and ability to incorporate specific challenges

such as non-separability, deception, and constraints.

Thttps://github.com/andreapontiS/moeaw
Zhttps://www.numta.org/numta2023/
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DTLZ Test Suite. The DTLZ test suite, introduced by Deb, Thiele, Laumanns, and Zitzler
[51], consists of box-constrained continuous problems that are scalable in both the number
of objectives and decision variables. Each problem is characterized by a parameter & that
determines the dimensionality of the decision space, and by M, the number of objectives.
This suite includes a variety of Pareto front shapes and difficulty levels (Figure 3.11):

e DTLZ1: Linear Pareto front.
* DTLZ2: Continuous, unimodal, and non-deceptive.

* DTLZ3: Similar to DTLZ2 but more challenging due to a more complex distance

function.
* DTLZ4: Emphasizes solutions near the boundaries of the objective space.

* DTLZ5-6: Designed to evaluate the ability of algorithms to converge towards a Pareto-
optimal curve; DTLZ6 is harder due to a non-linear distance function.

* DTLZ7: Features disconnected Pareto-optimal regions.
DTLZ1 DTLZ2-4 DTLZ5-6 DTLZ7
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Fig. 3.11 The Pareto Fronts of the DTLZ test functions.

WFG Test Suite. The WFG test suite [71] was designed to address several limitations of
earlier benchmarks, providing problems that are scalable in both the number of objectives
and decision variables, and that include a wide variety of characteristics: non-separability,
multimodality, deception, and mixed Pareto front geometries (Figure 3.12). Nine problems
are defined (WFG1-9), covering convex, concave, disconnected, degenerate, and biased PF
shapes, with varying degrees of separability and modality. For example, WFG1 introduces
weighted parameter significance with a convex mixed PF, WFGS is a deceptive separable
problem, WFG®6 is non-separable and unimodal with a concave PF, and WFG9 combines

multimodality, deception, and non-separability.
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WFG3 WFG4-9

Fig. 3.12 The Pareto Fronts of the WFG test functions.

DAS-CMOP Test Suite. The DAS-CMOP suite (Difficulty Adjustable and Scalable Con-
strained Multi-Objective Problems) suite [58] extends benchmark design to constrained
multi-objective problems, allowing for tunable difficulty through a triplet (1, ¢,7) € [0, 1],
which controls diversity, feasibility, and convergence hardness, respectively (Figure 3.13).
The suite comprises six bi-objective problems (DAS-CMOP1-6) and three three-objective
problems (DAS-CMOP7-9), each defined by a combination of scalable objective functions
and constraint functions. The difficulty triplet allows one to systematically adjust the problem
characteristics, making it suitable for testing algorithms under different constraint levels and
PF shapes (convex, concave, or discrete). The construction of higher-dimensional constrained
problems follows a methodology inspired by the WFG toolkit, ensuring scalability to any
number of objectives.

DASCMOP7 DASCMOPS8,9

DASCMOP1,4 DASCMOP2,5 DASCMOP3,6
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Fig. 3.13 The Pareto Fronts of the DASCMOP test functions.

Overall, these three benchmark families provide a comprehensive set of challenges for
evaluating multi-objective optimization algorithms, including unconstrained and constrained

settings, different Pareto front geometries, and varying levels of problem complexity.
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Experimental Settings

The proposed algorithms, NSGA-II/W and MOEA/D/W, have been compared against their
standard counterparts (NSGA-ITI and MOEA/D) to assess the performance improvements intro-
duced by the Wasserstein-enabled selection operator. All algorithms used simulated binary
crossover and polynomial mutation, with parameter configurations suggested in [12].

For the DTLZ and WFG benchmark families, the number of objectives has been set
to m € {3,5,10,15}. The number of decision variables followed the common settings:
d =m+10—1 for the DTLZ family, and d = 2 x (m — 1) 420 for the WFG family, as
recommended in [92].

The DASCMOP test functions were considered with fixed numbers of decision variables
and objectives: d = 30, m = 2 for DASCMOPI1-6 and d = 30, m = 3 for the remaining
instances. These problems also include a difficulty parameter ranging from 1 to 16. In the
experiments, five configurations of this parameter have been used: {1,2,3,4,13}.

The configuration of generations and population sizes for the DTLZ and WFG families
is summarized in Table 3.1. For the DASCMOP problems, a total of 1000 generations
was performed, using a population of 51 individuals for the bi-objective instances and 136

individuals for the tri-objective instances.

Table 3.1 Configuration of generations and population sizes for the DTLZ and WFG test
families.

m  Generations Population Size

3 300 10
5 500 35
8 800 36
10 1000 55
15 1500 120

Each algorithm was independently executed 10 times for every problem configuration to

account for stochastic variability.

Experimental Results

The experimental results are reported and discussed in this section, focusing on the Inverted
Generational Distance (IGD) metric. For each benchmark family, the IGD values obtained
by the original algorithms (MOEA/D and NSGA-IT) are compared with those achieved by their
Wasserstein-enabled counterparts (MOEA/D/W and NSGA-II/W). A Wilcoxon signed-rank test

with a significance level of 0.05 was performed to assess whether the observed differences
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are statistically significant. The null hypothesis assumes no significant difference between
the compared algorithms.

Results on DTLZ Test Problems Table 3.2 reports the IGD values achieved by MOEA/D,
MOEA/D/W, NSGA-II, and NSGA-II/W on the DTLZ benchmark problems. On average,
the proposed MOEA/D/W algorithm outperformed its standard counterpart in 12 out of 23
cases, corresponding to approximately half of the evaluated problems. Notably, MOEA/D
consistently achieved superior performance on all DTLZ2 instances, suggesting that the
structural characteristics of DTLZ2 favor the original decomposition-based approach. In
contrast to MOEA/D, the Wasserstein-enabled selection operator led to limited improvements
for NSGA-II: better IGD values were obtained in only 6 out of 23 cases (approximately
26%). This indicates that Pareto-based approaches, such as NSGA-II, are already well-suited
to handling the regular Pareto front structures of DTLZ problems, and therefore benefit less
from the introduction of Wasserstein selection. Overall, MOEA/D and MOEA/D/W generally
outperformed NSGA-II and NSGA-II/W, with the exception of DTLZ4, DTLZS5, and DTLZ7,
where the Pareto-based approaches performed competitively. As shown in Figure 3.14, in

some instances the Wasserstein distance also promoted faster convergence.

Results on WFG Test Problems The WFG problems are characterized by complex trans-
formations of decision variables, leading to challenging Pareto front geometries that may be
disconnected, degenerate, or non-separable. As reported in Table 3.3, decomposition-based
approaches benefited more consistently from the Wasserstein-enabled selection. In particular,
MOEA/D/W exhibited improved performance on WFG2 and WFG3, with the advantage
becoming more pronounced as the number of objectives increased. These results suggest
that the Wasserstein distance is especially valuable in situations where decomposition-based
algorithms typically struggle, namely when confronted with highly irregular or complex
Pareto front geometries.

Figure 3.15 shows that the Wasserstein-enabled variants also converge faster, similar to
the observations on the DTLZ benchmarks. In contrast, the performance difference between
NSGA-II and NSGA-II/W remained marginal, further supporting the interpretation that
Pareto-based methods are naturally better equipped to handle complex Pareto fronts. Conse-
quently, the additional contribution of the Wasserstein selection is limited in this case. Indeed,
the results show that both NSGA-II and NSGA-II/W handle the WFG frontiers robustly,
often outperforming decomposition-based approaches despite their additional modeling
complexity.
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Table 3.2 Average IGD values over 10 independent runs, with standard deviations shown
in parentheses, for the WFG problems. For each problem, the best-performing algorithm
within each category (NSGA-based and decomposition-based) is highlighted in bold, while
the overall best result is underlined. p-values are reported for pairwise comparisons, with *
and ** indicating statistical significance at the 5% and 1% levels, respectively.

DILZ d m MOEA/D  MOEA/D/W p-value NSGA-II NSGA-I/W  p-value
1 12 3 1484(5.67) 1234(4.89) 0610  23.20(7.83)  23.84(7.12) 1.000
1 14 5 287268  1.93(1.54) 0221  3828(14.18) 55.15(10.24)  0.019*
1 17 8 029(0.50) 028(0.24) 0308  60.66 (17.39)  86.60 (36.67)  0.126
1 19 10 0.08(0.04) 0.13(0.02) 0011* 60.96(26.21) 74.63(23.16)  0.683 *
1 24 15 0.06(0.01) 021(0.01) 0006* 51.44(1338) 97.47(25.33) 0.011*
2 12 3 0.00(0.000 000000 0683 0.18 (0.02) 0.16 (0.01) 0.019
2 14 5 0.00(0.000 001000 0006  0.35(0.02) 0.37 (0.01)  0.008 **
2 17 8 0.00(0.000 002(0.00) 0.006*  1.02(0.05) 1.09 (0.06)  0.014*
2 19 10 0.00(0.000 0.19(0.00) 0.006*  1.14(0.03) 1.13(0.05)  0.610 ***
2 24 15 0.00(0.00) 064(0.17) 0.006*  1.22(0.04) 1.21 (0.04) 0.083
3 12 3 2741(11.57) 2747(15.34) 0919  55.75(18.94) 57.90 (14.85)  0.919
3 14 5 598(632) 249(1.94) 0308  87.89(24.76) 140.68 (29.77)  0.011 *
3 17 8 147035  093(042) 0011* 126.91(30.20) 220.05 (60.81)  0.006 **
3 19 10 1.14(040)  0.64(0.36)  0.103  123.16 (42.40) 260.34 (72.85) 0.008 **
3 24 15 091(0.61)  081(0.02 1000 158.55(33.47) 250.64(88.61)  0.053
4 12 3 091(0.149 087(0.19)  0.103 0.80 (0.34) 0.80 (0.35) 0.683
4 14 5 087(031)  0.68(0.39)  0.308 0.48 (0.06) 0.50 (0.05) 0.476
4 17 8 0.61(028  0.79(035  0.103 1.01 (0.08) 1.03 (0.05) 0.610
4 19 10 084(030) 033(0.11) 0.006*  1.05(0.07) 1.08 (0.08) 0.683
4 24 15 045(0.19)  048(0.02) 0610 1.07 (0.05) 1.09 (0.06) 0.154
5 12 3 0.12(0.04  0.12(0.05 0476 0.05 (0.00) 0.05 (0.00) 0.262
6 12 3 421(0.80) 3.90(0.62)  0.359 5.90 (0.65) 5.55 (0.86) 0.415
7 12 3 058(0.19  0.64(0.18)  0.760 0.32 (0.08) 0.54(0.22)  0.025*




38 Multi-Objective Optimization

DTLZ1 DTLZ1 DTLZ1
d=17,m=8  d=19,m=10  d=24,m=15
200 ] [
100 {7 mms—yy|  1004SSseny) 100 [ .
0+ : 04, . 0+ .
0 500 0 1000 0 1000
DTLZ2 DTLZ2 DTLZ2
d=17,m=8  d=19,m=10 d=24,m=15

0 1000
DTLZ3
d=24,m=15
\Q
\._‘—_.
0 , 04, , 04, .
0 500 0 1000 0 1000
DTLZ4 DTLZ4 DTLZ4
d=17,m=8 d=19,m=10 d=24,m=15
1.5 1.5
' A  —
1.0-\\-_::::-- 1.0'\‘ T — 1 .O-K‘.
0.5 1 051 "S~___ | 0517==m
0 500 0 1000 0 1000
DTLZ7
d=12,m=3
101
\\ —— MOEA/D NSGA-II
5_
o Nas ——. MOEA/D/W —-—- NSGA-II/W
0 200 0 200 0 200

Fig. 3.14 IGD values across generations for all DTLZ test problems. Lines indicate the
mean over 10 independent runs, while shaded regions represent the corresponding standard

deviation.
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Table 3.3 Average IGD values over 10 independent runs, with standard deviations shown
in parentheses, for the WFG problems. For each problem, the best-performing algorithm
within each category (NSGA-based and decomposition-based) is highlighted in bold, while
the overall best result is underlined. p-values are reported for pairwise comparisons, with *
and ** indicating statistical significance at the 5% and 1% levels, respectively.

WFG d m MOEA/D MOEA/D/W pvalue NSGA-II NSGA-I/W p-value
1 24 3 223(0.08) 226(0.09 0221 0.05(0.11) 2.19(0.06) 0011~
1 28 5 257(0.06) 262(0.02) 0008 234(0.06) 2.42(0.03) 0.019*
1 34 8 440(0.02) 443(0.03)  0.083 3.78(0.04) 3.87(0.05) 0.008 **
1 38 10 4.78(0.03) 4.81(0.02) 0.006* 4.15(0.06) 4.30(0.06) 0.008 **
2 24 3 225(044) 211(0.53) 0.106 1.04(0.37) 1.18(0.55)  0.359
2 28 5 255(048) 254(0.44) 0919 091(029) 1.11(0.34)  0.083
2 34 8 582079 563(0.84) 0097 138(0.04) 1.58(0.12) 0.006**
2 38 10 672(0.65) 523(0.62) 0.006* 1.84(0.12) 1.95(0.09)  0.154
3 24 3 0.77(0.14) 082(0.13) 0221 045(0.08) 0.42(0.10) 0.683
328 5 120005 096 (0.13) 0.006* 0.45(0.10) 0.43(0.08)  0.919
3 34 8 1.49(027) 151(0.14) 0855 0.49(0.12) 051(0.10) 0.610
3 338 10 0.89(0.52) 1.87(0.54) 0789 035(0.12) 041(0.15 0415
4 24 3 091(025 0.82(0.09 0476 0.69(0.02) 0.76(0.12)  0.359
4 28 5 280(038) 276(0.79)  0.838 1.23(0.06) 1.34(0.06) 0.011°*
4 34 8 588(0.72) 4.82(0.28) 0.008** 2.92(0.15) 3.28(0.11) 0.006 **
4 38 10 8.54(0.67) 3.82(0.48) 0.006** 3.53(0.26) 4.24(0.17) 0.006 **
5 24 3 076(0.05 1.03(0.38) 0067 0.60(0.07) 0.64(0.07) 0.067
5 28 5 286(022) 290(031) 0834 1.34(0.03) 136(0.03)  0.154
5 34 8 527(036) 5.03(047) 0.100 3.38(0.08) 3.32(0.10) 0.126
5 38 10 534(028) 520(0.29 0059 424(0.09) 4.17(0.17) 0262
6 24 3 1.16(0.54) 1.19(0.55  0.726 0.61(0.04) 0.64(0.07)  0.053
6 28 5 3.66(0.14) 3.40(0.37) 0.036* 1.49(0.04) 151(0.06) 0.262
6 34 8 683(0.79 647(0.22) 0.126 334(0.15) 3.57(0.14) 0.014*
6 38 10 9.08(0.05) 7.52(0.19) 0.006* 4.78(0.09) 5.12(0.12) 0.006 **
7 24 3 090(0.15 0.84(0.06) 0262 0.68(0.09 0.79(0.08) 0.032~
7 28 5 3.19(049) 297(0.23) 0.185 1.45(0.03) 148(0.06)  0.221
7 34 8 767(045 6.71(0.85) 0014* 359(0.14) 3.87(0.10) 0.006 **
7 38 10 947(0.75) 7.75(0.82) 0.008 ** 4.97 (0.11) 5.23(0.07) 0.006 **
8 24 3 094(0.12) 096(0.15 0541 0.76 (0.08) 0.81(0.06)  0.221
8 28 5 3.10(037) 298(0.53) 0407 1.56(0.03) 1.64(0.06) 0.011*
8 34 8 678(137) 6.07(1.59) 0.185 3.74(0.06) 4.04(0.07) 0.006 **
8 38 10 824(1.87) 6.77(1.81)  0.053 5.03(0.11) 538(0.07) 0.006 **
9 24 3 098(0.17) 1.03(0.18) 0359 0.83(0.16) 0.86(0.15) 0.610
9 28 5 216(0.30) 230(0.32) 0308 205(0.14) 2.00(0.11)  0.541
9 34 8 666(096) 6.61(0.54) 0838 4.79(0.17) 4.89(0.13)  0.221
9 38 10 873(1.77) 17.32(098)  0.103 621(0.25) 6.52(0.16) 0.008 **
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Fig. 3.15 IGD values across generations for all WFG test problems. Lines indicate the
mean over 10 independent runs, while shaded regions represent the corresponding standard

deviation.
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Results on DASCMOP Test Problems Table 3.4 summarizes the IGD results on the
DASCMOP problems. These instances, characterized by two or three objectives and several
constraints, tend to favor Pareto-based approaches. In this setting, NSGA-II/W frequently
outperformed NSGA-II, indicating that the Wasserstein selection can enhance the exploratory
capability of NSGA-II in constrained, low-dimensional scenarios. Conversely, MOEA/D
and MOEA/D/W achieved comparable IGD values on most instances, with only minor
differences between the two.

Figure 3.16 highlights that the Wasserstein-enabled selection generally led to faster
convergence for both algorithms, particularly in the bi-objective cases. This reinforces the
idea that, while the improvements in overall solution quality may be modest, Wasserstein

distance can still accelerate the search dynamics by guiding the exploration more effectively.

Overall Discussion In summary, the incorporation of the Wasserstein-enabled selection
operator yielded mixed but insightful results. MOEA/D/W consistently demonstrated im-
proved or at least comparable performance over MOEA/D, particularly on DTLZ and WFG
problems with irregular or complex Pareto fronts. This confirms that decomposition-based
approaches benefit the most from the Wasserstein distance, which helps mitigate their typical
weaknesses when facing challenging front geometries. In contrast, NSGA-II/W showed
only marginal improvements, primarily in constrained or low-dimensional settings such as
DASCMOP. This can be explained by the fact that Pareto-based methods are inherently
well-suited to handling complex or irregular Pareto fronts and therefore gain less from the
additional Wasserstein-based selection mechanism.

Overall, these findings suggest that the Wasserstein distance is especially valuable when
integrated with decomposition-based algorithms, where it provides a tangible advantage
in terms of both solution quality and convergence speed. For Pareto-based approaches, its
contribution is more limited, though still beneficial in specific contexts, such as constrained
problems.
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Table 3.4 Average IGD values over 10 independent runs, with standard deviations shown
in parentheses, for the WFG problems. For each problem, the best-performing algorithm
within each category (NSGA-based and decomposition-based) is highlighted in bold, while
the overall best result is underlined. p-values are reported for pairwise comparisons, with *
and ** indicating statistical significance at the 5% and 1% levels, respectively.

DASCMOP  Difficulty m MOEA/D MOEA/D/W  p-value NSGA-II NSGA-II/W p-value
1 1 2 0.37 (0.03) 0.36 (0.03) 0.683 0.37 (0.02) 0.37 (0.02) 0.308
1 2 2 0.34 (0.01) 0.35(0.04) 0.760 0.32(0.04) 0.31 (0.02) 0.359
1 3 2 1.13 (0.26) 0.62 (0.40) 0.019 * 0.38 (0.03) 0.38 (0.03) 0.262
1 4 2 0.61 (0.02) 0.56 (0.09) 0.032 * 0.47 (0.10) 0.43 (0.07) 0.053
1 13 2 0.38 (0.01) 0.38 (0.03) 0.838 0.38 (0.03) 0.37 (0.02) 0.053
2 1 2 0.34 (0.03) 0.33 (0.03) 0.308 0.34 (0.03) 0.34 (0.02) 0.919
2 2 2 0.30 (0.01) 0.29 (0.03) 0.610 0.26 (0.02) 0.28 (0.03) 0.221
2 3 2 0.33 (0.01) 0.36 (0.11) 0.476 0.35(0.02) 0.33 (0.01) 0.019
2 4 2 0.46 (0.20) 0.31 (0.03) 0.103 0.29 (0.02) 0.28 (0.02) 0.541
2 13 2 0.34 (0.01) 0.35(0.03) 0.838 0.34 (0.03) 0.33 (0.02) 0.760
3 1 2 0.38 (0.06) 0.39 (0.05) 0.919 0.33 (0.05) 0.34 (0.04) 0.415
3 2 2 0.24 (0.02) 0.27 (0.05) 0.006 ** 0.24 (0.02) 0.23 (0.01) 0.083
3 3 2 0.32(0.01) 0.31 (0.03) 0.053 0.28 (0.03) 0.28 (0.01) 0.610
3 4 2 0.31 (0.04) 0.38 (0.14) 0.006 ** 0.30 (0.01) 0.30 (0.03) 0.610
3 13 2 0.41 (0.08) 0.39 (0.07) 0.541 0.42 (0.08) 0.34 (0.07) 0.011*
4 1 2 0.09 (0.04) 0.15(0.02) 0.006 ** 0.13 (0.04) 0.12 (0.05) 0.683
4 2 2 0.00 (0.00) 0.09 (0.00) 0.006 ** 0.00 (0.00) 0.00 (0.00) 0.032*
4 3 2 0.35(0.28) 0.32 (0.07) 0.415 0.25 (0.08) 0.31 (0.05) 0.053
4 4 2 0.09 (0.08) 0.10 (0.00) 0.476 0.00 (0.00) 0.01 (0.01) 0.067
4 13 2 0.01(0.008) 0.09 (0.00) 0.006 ** 0.00 (0.00) 0.00 (0.00) 0.103
5 1 2 0.13 (0.07) 0.15 (0.07) 0.185 0.13 (0.05) 0.11 (0.03) 0.415
5 2 2 0.00 (0.00) 0.05 (0.00) 0.006 ** 0.00 (0.00) 0.00 (0.00) 0.041*
5 3 2 0.27 (0.14) 0.42 (0.12) 0.032 * 0.28 (0.11) 0.39 (0.07) 0.053
5 4 2 0.15 (0.43) 0.05 (0.00) 0.103 * 0.00 (0.00) 0.24 (0.43) 0.025 **
5 13 2 0.02 (0.03) 0.05 (0.00) 0.083 0.00 (0.00) 0.00 (0.00) 0.008 **
6 1 2 0.21 (0.09) 0.22 (0.08) 0.760 0.19 (0.09) 0.18 (0.09) 0.919
6 2 2 0.14 (0.06) 0.13 (0.08) 0.683 0.10 (0.11) 0.08 (0.09) 0.683
6 3 2 0.55 (0.49) 0.44 (0.12) 0.838 0.81 (0.34) 0.63 (0.38) 0.359
6 4 2 0.31 (0.31) 0.35(0.25) 0.610 0.24 (0.21) 0.35(0.18) 0.185
6 13 2 0.09 (0.08) 0.18 (0.08) 0.041* 0.09 (0.09) 0.12 (0.09) 0.760
7 1 3 0.09 (0.02) 0.15(0.01) 0.006 ** 0.12 (0.04) 0.12 (0.03) 1.000
7 2 3 0.03 (0.00) 0.12(0.01) 0.006 ** 0.04 (0.00) 0.03 (0.00) 0.041*
7 3 3 0.14 (0.05) 0.15(0.01) 0.683 0.13 (0.04) 0.14 (0.02) 0.308
7 4 3 0.01 (0.05) 0.12 (0.00) 0.006 ** 0.03 (0.00) 0.03 (0.00) 0.476
7 13 3 0.03 (0.00) 0.11 (0.00) 0.006 ** 0.03 (0.00) 0.04 (0.02) 1.000
8 1 3 0.07 (0.07) 0.24 (0.14) 0.008 ** 0.10 (0.02) 0.11 (0.03) 0.359
8 2 3 0.04 (0.00) 0.34 (0.21) 0.006 ** 0.05 (0.00) 0.05 (0.00) 0.541
8 3 3 0.09 (0.08) 0.24 (0.14) 0.011* 0.10 (0.02) 0.11 (0.02) 0.221
8 4 3 0.05 (0.01) 0.23 (0.07) 0.006 ** 0.04 (0.00) 0.04 (0.00) 0.221
8 13 3 0.04 (0.00) 0.22 (0.08) 0.006 ** 0.05 (0.00) 0.05 (0.00) 0.760
9 1 3 0.48 (0.29) 0.64 (0.06) 0.221 0.23 (0.15) 0.31 (0.11) 0.262
9 2 3 0.25 (0.18) 0.62 (0.05) 0.006 **  0.19 (0.0863)  0.2143 (0.0994) 0.415
9 3 3 0.61 (0.19) 0.68 (0.06) 0.067 0.21 (0.20) 0.27 (0.12) 0.308
9 4 3 0.38 (0.22) 0.66 (0.04) 0.006 **  0.23 (0.0784) 0.29 (0.10) 0.126
9 13 3 0.56 (0.08) 0.61 (0.08) 0.262 0.52 (0.06) 0.46 (0.03) 0.011*
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Fig. 3.16 IGD values across generations for all WFG test problems. Lines indicate the
mean over 10 independent runs, while shaded regions represent the corresponding standard

deviation.
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3.3.2 Optimal Sensor Placement

The results presented in this section were originally published in [113, 115].

Problem Description

The sensor placement problem consists of determining the optimal locations of a limited
number of sensors in a water distribution network (WDN) to effectively detect contamination
events (Figure 3.17). The WDN is modeled as a graph G = (V,E), where the nodes V
represent junctions, tanks, reservoirs or consumption points, and the edges E represent pipes,
pumps and valves. A sensor placement is encoded as a binary vector s € {0, 1}|L|, where
L C V is the set of candidate locations, and s; = 1 indicates that a sensor is installed at node i.
The placement must satisfy a budget constraint that limits the number of sensors to at most p,

ie.,|s|i <p.

Fig. 3.17 An example of Water Distribution Network with sensors placed on the orange
squares.

In this work, the objective is to find a feasible placement s that minimizes the impact
of contamination events, assumed to occur uniformly at random across the network nodes.
For each contamination event a € A and each sensor i, the impact d; is defined as the time
until detection or the volume of contaminated water consumed prior to detection if a sensor
is placed at node i. The impact of a placement s for an an event a is given by the minimal

impaonn the installed sensors:

d,(s) = min d,;. (3.14)

iisi=1
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Assuming a uniform probability distribution over contamination events, the two objectives

considered for a placement s are:

1 n
f1(s) = Average impact = — Z dy(s), (3.15)
|A| acA
1 N
f2(s) = Standard deviation of impact = \/ Al Y (da(s)— fi (s))z. (3.16)
acA

These two objectives are computed both for the detection time and for the volume of
contaminated water, resulting in a total of four objectives: minimizing the average and
standard deviation of detection time, and minimizing the average and standard deviation of
contaminated water volume.

For a given placement s, the detection time of an event is defined as the earliest time at
which any of the sensors detects a contaminant concentration above a specified threshold.
Similarly, the contaminated water volume is the total amount of water consumed before
detection occurs. These impact measures are computed by simulating contamination events
at each node and evaluating the response of the network.

The resulting optimization problem is a multi-objective combinatorial problem with
conflicting objectives and a strict cardinality constraint, making it computationally challeng-
ing. The aim is to identify sensor configurations that achieve a good trade-off among the

objectives while remaining feasible.

Distributional Representation. In the context of Optimal Sensor Placement, the distri-
butional representation of objective values adopted in NSGA-II/W can be directly adapted.
Instead of encoding each candidate solution as a vector of m objective values, the distribution
of impact measures across contamination scenarios can be used. Specifically, a sensor place-
ment can be represented by a discrete distribution of detection times and contaminated water
volumes over all contamination scenarios (Figure 3.18). This formulation enables the use of
the Wasserstein distance to compare solutions, capturing differences in the entire distribution
of impacts rather than only in aggregated statistics, and thus providing a more informative

evaluation of candidate placements under uncertainty.

Data. In the experimental analysis, two benchmark networks and two real-world water
distribution networks (WDNs) were considered (Figure 3.19). The Hanoi network is a
commonly adopted benchmark in the literature, consisting of 32 nodes (1 reservoir and 31

junctions) and 34 pipes. The Anytown network is another synthetic benchmark, composed
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Fig. 3.18 Two example of detection times distributions over different contamination scenar-
i0s. The x-axis represents the detection time (in seconds) while the y-axis the number of
contamination scenarios detected.

of 25 nodes (1 reservoir, 2 tanks, and 22 junctions) connected by 46 edges (3 pumps and
43 pipes). As real-world cases, the Neprun network represents the WDN of the Romanian
city of Timisoara, comprising 333 nodes (1 reservoir and 332 junctions) and 339 edges (27
valves and 312 pipes). Finally, the Apulian5 network models the WDN of an Italian town in
Apulia, with 1364 nodes (1362 junctions and 2 reservoirs) and 1518 edges (1475 pipes and
43 valves).

Anytown Hanoi Neptun Apulian5

Fig. 3.19 The four water distribution networks used in the experiments.
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Implementation Details

To evaluate the performance of sensor placements in detecting contamination events, ex-
tensive hydraulic and water quality simulations of the water distribution networks were
performed. The simulations compute, for each potential contamination event and sensor
placement, the time to detection and the volume of contaminated water consumed before
detection. These quantities are derived by simulating contaminant diffusion within the net-
work, assuming that a contaminant is injected at one node at a time and monitoring its spread
throughout the system.

The simulations were implemented in Python using the Water Network Tool for Resilience
(WNTR) [84], a Python library built on top of the EPANET 2.0 simulator. WNTR provides
functionality to compute the hydraulic state of a network and simulate the water quality over
time, tracking the concentration of a contaminant injected at a specific location.

To streamline the simulation workflow and facilitate reproducibility, a dedicated Python
library called WaCo® (WAter COntamination) has been developed. WaCo provides a simpli-
fied interface to set up and run the hydraulic simulations, extract relevant impact measures,
and analyze the results. It is publicly available and can be installed via pip. WaCo consists

of two main modules:

e sim: a wrapper around WNTR that performs hydraulic and water quality simula-
tions. In particular, it generates the so-called trace matrix, which records contaminant

concentration at each node over time for each possible contamination event.

* analyzer: utilities for computing detection times and volumes of contaminated water

from the trace matrix.

The typical workflow begins by reading a water network model in EPANET format
and simulating contaminant propagation for all possible injection points. The sim module
produces the trace matrix as a DataFrame, where rows correspond to simulation times and
nodes, and columns correspond to injection nodes. From the trace matrix, the detection time
at each sensor location is computed as the first time when the contaminant concentration
exceeds a specified detection threshold (default 10%). This information is returned in a
detection time matrix that lists, for each node and injection point, the corresponding detection
time.

In addition to detection times, WaCo can compute the total volume of contaminated water
consumed before detection. This requires, in addition to the trace matrix, the time-dependent

water demand at each node, which is also simulated using the sim module. The analyzer

Shttps://andreaponti5.github.io/waco/
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module then integrates the demands up to the detection time to estimate the contaminated
water volume.

WaCo has been used to generate the impact matrices (detection time and contaminated
water volume) employed in the sensor placement optimization experiments. The library
simplifies the otherwise complex process of configuring, running, and analyzing simulations,
and ensures consistency between simulation parameters (e.g., time step, duration) and
analysis procedures. All simulations were performed with a time step of 1 hour and duration
of 24 hour, chosen to balance computational cost and accuracy, and contamination events

were assumed to occur uniformly at random across all candidate injection nodes.

Experimental Settings

In the hydraulic simulations, the impact of contamination is recorded at each node, while
only junctions are considered as potential injection points. Consequently, the number of
decision variables in the optimization problem corresponds to the number of nodes in the
network. The maximum number of sensors (budget) is set to 4 for Anytown and Hanoi, 8 for
Apulian5, and 25 for Neptun.

For each network, two experimental setups are considered: (i) a bi-objective formulation,
where the objectives are the average and the standard deviation of the detection time, and
(i1) a four-objective formulation, which additionally includes the average and the standard
deviation of the volume of contaminated water. The bi-objective problems are solved with a
population size of 25, whereas the four-objective problems use a population size of 35. The
number of generations is set to 500 for Anytown and Hanoi, 750 for Apulian5, and 1000 for
Neptun.

Its important to note that all the algorithms used the proposed combinatorial binary

crossover operator.

Experimental Results

The results in Table 3.5 reveal different behaviors of the algorithms depending on the size of
the network and the formulation of the problem.

For the smaller benchmark networks (Anytown and Hanot), all algorithms reached equally
good solutions. This confirms that,, for relatively simple instances, the choice of optimization
strategy is less critical, as the Pareto front can be identified with limited computational effort.

When moving to larger and more realistic cases, such as Apulian5 and Neptun, perfor-
mance differences become more evident. In the Apulian5 network, decomposition-based
approaches (e.g., MOEA/D and MOEA/D/W) generally achieved the best performance.
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Table 3.5 Average Hypervolume values over 10 independent runs, with standard deviations
shown in parentheses. For each settings, the best-performing algorithm within each category
(NSGA-based and decomposition-based) is highlighted in bold, while the overall best result
is underlined.

Network m b MOEA/D MOEA/D/W NSGA-TI NSGA-T/W
Anytown 2 4 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000)
Anytown 4 4 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000)
Hanoi 2 4  1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000)
Hanoi 4 4  1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000) 1.0000 (0.0000)
Apulian5 2 8  0.9288 (0.0393) 0.8891 (0.0276) 0.9455 (0.0179)  0.9508 (0.0206)
Apulian5 4 8  0.9348 (0.0255) 0.9228 (0.0372) 0.9779 (0.0189) 0.9591 (0.0101)
Neptun 2 25 0.8615(0.1013) 0.8148 (0.0660) 0.4775 (0.0462) 0.4321 (0.0261)
Neptun 4 25 0.8893(0.0656) 0.8105 (0.0428) 0.2681 (0.0207) 0.2568 (0.0149)

This indicates that when dealing with large-scale and highly complex scenarios, decompo-
sition provides a more robust mechanism for guiding the search, as dominance relations
become less discriminative in very high-dimensional spaces. In contrast, for the Neptun net-
work, dominance-based methods (e.g., NSGA-II and NSGA-II/W) consistently outperformed
dominance-based approaches, especially as the number of objectives increased. This suggests
that for problems of this scale, where the Pareto front remains rich but still manageable,
dominance-based strategies are effective in preserving diversity and capturing trade-offs.

It is worth noting that all algorithms employed the crossover operator introduced in Sec-
tion 3.2.3. Compared to a standard n-point crossover, this operator substantially accelerates
convergence for larger networks, such as Apulian5 and Neptun. For example, when using a
5-point crossover, none of the algorithms were able to identify a feasible solution within the

termination criteria (750 generations for Apulian5 and 1000 generations for Neptun).
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Fig. 3.20 Hypervolume values across generations for the Anytown and Hanoi networks. Lines
indicate the mean over 10 independent runs, while shaded regions represent the corresponding

standard deviation.
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3.3.3 Recommendation Systems

The results presented in this section were originally published in [36].

Problem Description

Recommendation systems are widely used to help users discover items of interest within large
catalogs, by suggesting personalized lists of items based on past interactions, preferences,
and behavior. Formally, consider a set of users U = {uj,...,up} and a set of items O =
{01,...,0n}. The task of the recommender engine is to assign to each user ; alist Sz.(#;) C O
of L items to recommend, known as the top-L recommendation list.

From an optimization perspective, the problem of generating effective recommendations
can be formulated as the search for top-L lists that achieve the best trade-off among several
desirable properties of the recommendations. Among the most common objectives considered
in the literature are:

* Accuracy: how well the recommended items align with the true preferences of the
user, often measured using the ratings r(u;,0;) assigned by users to items. The average
accuracy over all users is defined as:

1
accuracy = 7L Z ; r(ui,0;) (3.17)
w; el

* Coverage: the proportion of distinct items recommended across all users, which

encourages diversity and broader exposure of the catalog:

coverage = U St (u (3.18)
u,EU

* Novelty: the tendency of the recommender to suggest less popular or unexpected items,

which can be quantified through the self-information of the recommended items:

M
novelty = — Z Z =log, — 4 (3.19)

M,GU ()IGSL(M,)
where d; is the number of users who have rated item o;.

These objectives are typically conflicting: for instance, maximizing accuracy often favors
popular items, which may hurt novelty and reduce coverage. Conversely, increasing novelty

and coverage may come at the cost of accuracy. Therefore, the task is naturally posed
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as a multi-objective optimization problem, where the goal is to discover a set of top-L
recommendation lists that represent good trade-offs among these competing objectives. In
this work, the distributions of these objectives over the users are also explicitly modeled and
leveraged to guide the optimization.

Distributional Representation. In this setting, the distributional formulation introduced in
NSGA-II/W can be naturally extended. Rather than summarizing each objective by a single
aggregated value (e.g., the average across all users), each recommendation list is associated
with a distribution of objective values over the users. Concretely, accuracy, coverage, and
novelty are represented as three one-dimensional discrete distributions, each describing how
the objective is realized across the user set (Figure 3.22). This representation allows solutions
to be compared using the Wasserstein distance, which accounts for the full shape of the
distributions rather than relying solely on averages. By doing so, it captures variability and
disparities among users, leading to a more nuanced and informative evaluation of candidate

recommendation lists.
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Fig. 3.22 An example of the distributional representation of the three objective. The y-axis
represents the frequency of the values over different users.

Data. The experiments have been conducted on the well-known MovieLens 100K dataset,
collected by the GroupLens Research Project at the University of Minnesota. This dataset
contains 100,000 ratings (on a scale from 1 to 5) provided by 943 users on 1,682 movies.
Each user has rated at least 20 movies, ensuring a minimum level of engagement. In addition
to ratings, the dataset includes simple demographic information about users, such as age,
gender, occupation, and zip code. The ratings were collected through the MovieLens website
(movielens.umn.edu) over a seven-month period from September 19, 1997 to April 22, 1998.
The data has been preprocessed to remove users with fewer than 20 ratings or missing
demographic information. This cleaned dataset has become a standard benchmark in the

recommender systems literature due to its size, diversity, and accessibility.
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Implementation Details

To set up the optimization problem for finding optimal top-L recommendation lists, it was
first necessary to predict the missing ratings in the user—item matrix. This was accomplished
using the Surprise Python library [72], which is a scikit designed specifically for building
and analyzing recommender systems based on explicit rating data.

Surprise offers a variety of ready-to-use prediction algorithms, including baseline models,
neighborhood-based methods, and matrix factorization techniques such as SVD, SVD++,
PMF, and NMF. It also provides flexible tools for handling datasets, evaluating models, and
performing cross-validation experiments with minimal effort.

In this work, the SVD (Singular Value Decomposition) algorithm has been adopted to
estimate the missing ratings. This algorithm, popularized by Simon Funk during the Netflix
Prize competition, is a matrix factorization technique that approximates the user—item rating
matrix as the product of lower-dimensional latent factor matrices. Specifically, it seeks
to minimize a regularized squared error between the observed ratings and the predicted
ratings by adjusting user and item latent factors, along with optional user/item biases. The
minimization is performed using stochastic gradient descent, where the learning rate and
regularization terms are hyperparameters of the model.

The SVD algorithm estimates the unknown rating 7,; for user u# and item i as:
fm' - .u+bu+bi+qypu

where:
* u is the global average rating.
* b, and b; are the bias terms for user u# and item i, respectively.
* p, and g; are the latent factor vectors for user # and item i, respectively.

The model parameters are learned by minimizing the regularized loss:

‘ A \2
min Z (rui_rui> +A‘(Hp”H2+’lql’|2+b3+blz)
bu,bi,pu.qi (MJ‘)G%

where . is the set of observed ratings and A is the regularization coefficient.

Once trained, the SVD model was used to predict all missing ratings in the dataset. The
resulting fully populated rating matrix — containing both observed and predicted ratings
for every user—item pair — served as the basis for computing the accuracy, coverage, and

novelty metrics used in the optimization problem.
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Experimental Settings

The optimization task is to generate, for each user, a top-L recommendation list that si-
multaneously maximizes the three objectives introduced before. This naturally leads to a
very high-dimensional decision space: each user must be assigned L recommended items,
resulting in a total of M x L decision variables. In the considered dataset, there are M = 943
users, and in the experiments the length of the recommendation lists was fixed to L = 25.
Consequently, the dimensionality of the problem amounts to 23,575 variables. Each variable
corresponds to the identifier of an item included in the recommendation list, and is modeled
as an integer-valued decision variable.

All algorithms were implemented within the same evolutionary computation framework
to ensure comparability. Candidate solutions are represented as integer vectors of length
M x L, where each entry encodes an item identifier. Genetic operators were tailored to this

representation:

* Mutation: an inverse mutation operator was employed, which selects a subsequence
of the recommendation list and inverts its order. This operator is particularly suited to
permutation-like representations, as it preserves the feasibility of recommendation lists

while introducing diversity.

* Crossover: a 4-point crossover operator was applied, exchanging multiple contiguous
segments between pairs of parent solutions to generate offspring. This promotes effec-
tive recombination of building blocks corresponding to user-specific recommendation
sublists.

The population size was set to 66 individuals, and the algorithms were evolved for a total
of 1,000 generations. These parameters were chosen to balance computational tractability
with sufficient evolutionary pressure to explore the high-dimensional search space. To
account for stochastic variability, all results were averaged over 10 independent runs, and

standard deviations were reported to assess robustness.

Experimental Results

The results of the experiments on the MovieLens1k dataset are reported in Figure 3.23, where
the evolution of the hypervolume indicator over 1000 generations is shown for MOEA/D,
NSGA-II, and their Wasserstein-based variants. The shaded regions represent the standard
deviation across independent runs, providing insights into the robustness of each algorithm.
Overall, the results highlight clear differences between decomposition-based and dominance-

based approaches in this high-dimensional recommendation setting. MOEA/D and its variant
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converge relatively quickly to stable solutions but achieve comparatively lower hypervolume
values. This behavior is consistent with the previous findings: while MOEA/D is efficient at
maintaining convergence along predefined directions in the objective space, it often struggles
to achieve sufficient diversity with high-dimensional decision spaces and complex Pareto
fronts. In contrast, NSGA-II and NSGA-II/W exhibit superior performance in terms of
final HV values, suggesting that dominance-based selection is more effective at exploring
the trade-offs among accuracy, coverage, and novelty. The advantage becomes particularly
evident after the early generations, where NSGA-II continues to improve steadily, whereas
MOEA/D tends to plateau.

A second important observation concerns the robustness of the results. The shaded areas
indicate that both Wasserstein-enhanced variants (MOEA/D/W and NSGA-II/W) display
markedly lower variability across independent runs compared to their baseline counterparts.
This suggests that the incorporation of the Wasserstein distance contributes to more stable
search dynamics and less sensitivity to stochastic effects, which is a desirable property in
large-scale and noisy recommendation problems. The impact of the Wasserstein distance
itself on the absolute HV values depends on the underlying optimization paradigm. In
MOEA/D, the inclusion of the Wasserstein distance slightly improves stability but does not
significantly alter the final performance plateau. In NSGA-II, instead, the Wasserstein variant
sacrifices some of the asymptotic HV gains observed in the baseline NSGA-II, but it achieves
much narrower confidence intervals, making it more reliable across runs. This points to a
trade-off between maximizing the average performance and ensuring robustness, with the
Wasserstein-based methods offering a more conservative but stable exploration of the search
space.
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In summary, the experimental results suggest that dominance-based methods (NSGA-II)
are more effective than decomposition-based methods (MOEA/D) in tackling the three-
objective, high-dimensional recommendation problem. Moreover, the integration of the
Wasserstein distance consistently enhances robustness, reducing variability across runs, and
providing more predictable performance, albeit sometimes at the expense of the highest
attainable HV values.






Chapter 4
Multi-Information Source Optimization

This chapter provides a theoretical and practical overview of Bayesian optimization, em-
phasizing the distinction between multi-fidelity and multi-information source optimization.
It begins with foundational concepts, including Gaussian Process modeling, acquisition
function optimization, and extensions to handle multiple sources of varying cost and accu-
racy. The chapter then presents the thesis contribution: an Augmented Gaussian Process
framework designed for combinatorial structures, along with novel acquisition strategies and
their implementation within BoTorch. Finally, the effectiveness of the proposed methods
is demonstrated through experiments on benchmark functions and real-world problems,

including binary quadratic programming and risk-averse optimal sensor placement.

4.1 Background

This section provides the theoretical background for multi-information source optimization.
Section 4.1.1 introduces the fundamentals of Bayesian optimization, while Section 4.1.2
focuses on its formulation with Gaussian processes. Section 4.1.3 then discusses the optimiza-
tion of acquisition functions, a crucial component in Bayesian optimization. Finally, Section
4.1.4 presents the concepts of multi-fidelity and multi-information source optimization, which
form the basis for the methods developed in the following sections.

4.1.1 Bayesian Optimization

Bayesian Optimization (BO) is a powerful framework for solving global optimization prob-
lems where the objective function is expensive to evaluate, black-box (i.e., lacking a closed-
form expression or gradient), and potentially non-convex and multi-modal [60, 2, 63]. It has
found wide applicability in domains such as engineering design, machine learning hyperpa-
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rameter tuning, robotics, and scientific experiments: anywhere evaluations are costly and
sample efficiency is paramount.

Formally, the goal is to find a solution

x* € argmin f(x), 4.1)
xeZ CR4

where the search space 2~ is typically defined as a box-bounded domain, i.e., 2 =

H?Zl (lj,u;], with [; and u; denoting the lower and upper bounds of the j-th variable.
BO builds and iteratively updates a surrogate model of the true function f(x), using
a limited set of evaluations. At a generic iteration n, the information collected so far is
encapsulated in the set of observed inputs X = {x(i)}?zl and their corresponding outputs
y = {y}"_,, where each y() = f(x(!)) under the assumption of a noise-free setting. The

next query point, x("+1)

, is selected by maximizing an acquisition function <7 (x; i (x), o (x)),
which depends on the predictive mean p(x) and uncertainty o (x) returned by the surrogate
model:

x") € argmax; o (x; 1 (x), 0(x)). (4.2)
xex

This reformulation turns the outer, expensive optimization problem in (4.1) into a se-
quence of inner, inexpensive problems involving only the surrogate model. As a result, BO
balances the trade-off between exploitation (i.e., choosing points expected to yield good
objective values) and exploration (i.e., sampling uncertain regions to improve the model).

The choice of acquisition function is critical. Various acquisition strategies have been

proposed in the literature and are typically categorized into two main families [140]:

* Improvement-based functions, such as Expected Improvement (EI), Probability of
Improvement (PI), and Upper/Lower Confidence Bound (UCB), which focus on rapidly

finding the minimum function value f(x*).

* Information-based functions, such as Predictive Entropy Search (PES) and Max-value
Entropy Search (MES), which focus on reducing the uncertainty about the optimizer
x* itself.

Although both approaches are valid, information-based acquisition functions are generally
more sample-efficient, at the cost of higher computational overhead. They are particularly
suited for problems where function evaluations are extremely costly, and only a small number
of queries are feasible.

A recent and unifying view is proposed in [103], showing that most acquisition functions,
regardless of their family, can be interpreted as instances of a generalized decision-theoretic
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framework based on entropy reduction. This insight not only connects existing strategies but
also guides the design of new acquisition mechanisms.

Regardless of the acquisition function, BO fundamentally relies on the predictive capabil-
ities of the surrogate model. The standard choice in the BO literature is Gaussian Process
(GP) regression, which provides a closed-form posterior for both (x) and (x), and offers
principled uncertainty quantification.

GP models are particularly effective for low- to moderate-dimensional continuous do-
mains. Nevertheless, recent research has extended GP-based BO to handle discrete, categori-
cal, and high-dimensional search spaces [126, 46, 57, 105, 106], broadening its applicability.

4.1.2 Bayesian Optimization with Gaussian Processes

Central to BO is the use of a surrogate probabilistic model that approximates the unknown
objective function based on past observations and quantifies the uncertainty of the predictions.
A common and effective choice for this surrogate model is the Gaussian Process (GP).

A Gaussian Process is a non-parametric, probabilistic model defined as a collection of
random variables, any finite number of which have a joint Gaussian distribution. In the
context of regression, a GP defines a distribution over functions, fully specified by a mean
function u(x) and a covariance function k(x,x’). This makes GP regression particularly
suited for BO, as it provides both a prediction for each input x and an associated uncertainty.

From a machine learning perspective, GP regression is a kernel method [141, 70], where
the covariance function is given by a valid kernel k(x,x"). Common kernel choices include the
Squared Exponential (Gaussian), Matérn, Exponential (Laplacian), and Rational Quadratic
kernels [158, 67]. The choice of the kernel determines the structural assumptions about the
unknown function f(x), such as smoothness or periodicity.

Given a set of observed input-output pairs (X,y), training a GP consists of estimating
the hyperparameters of the kernel function, typically via Maximum Likelihood Estimation
(MLE) or Maximum A Posteriori (MAP) inference.

Once the hyperparameters are learned, the GP defines a posterior predictive distribution

for any new input x. The predictive mean and variance are given by:

w(x) = m(x) +k(x,X) [K+A2] " (y—m(X)) 4.3)
02 (x) = k(x,x) —k(x,X) [K+A21] " 'k(x,X) " (4.4)

where:

* m(x) is the prior mean function (typically assumed to be zero),
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» m(X) is the vector of prior means at the training inputs,
* k(x,X) is the vector of kernel evaluations between x and the training inputs X,
« K is the n x n kernel matrix with entries K;; = k(x!, x)),

* A2 is the variance of a Gaussian noise model, capturing observation noise el ~
A (0,A?) in the data.

In noise-free scenarios, the function is typically assumed to be deterministic yi = f (x(i)),
and one may set A = 0. However, in practice, even in the absence of observation noise, a
small artificial noise term is often introduced (i.e., A > 0) to improve numerical stability.
This regularization is particularly important when two training points are very close to each
other, which could lead to an ill-conditioned or non-invertible kernel matrix K.

The predictive distribution provided by the GP enables BO to balance exploration (sam-
pling in uncertain regions) and exploitation (sampling near known optima). A detailed
summary of the standard BO procedure is presented in Algorithm 1 and an example is shown
in Figure 4.1.

Iteration 0 Iteration 1 Iteration 2 Iteration 3
10 10 10 10

Fig. 4.1 Three iterations of BO for the Forrester test function. The GP on top and the
acquisition function values on the bottom.

4.1.3 Optimizing the Acquisition Function

In many cases, acquisition functions are non-convex and, as dimensionality increases, they
can become prohibitive to optimize efficiently. The combination of non-convexity and
high dimensionality poses a significant challenge, particularly for non-myopic acquisition

functions. In the following, several approaches to address this problem are analyzed.
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Algorithm 1: vanilla BO algorithm

N, the overall number of queries
ng, the number of initial random queries

X= {x(i)}izl;no with x) ~ 2 (e.g., via Latin Hypercube Sampling, Sobol sequence,
etc.)

Y = {0 }iz1, with yO = £(xD) (if noise-free, y) = f(x) + ), otherwise)

n < no

while n < N do

t(x),o(x) learned from (X,y) (i.e., u(x),o(x) < fitGP(x,y) in GP-based BO)

x("t1) € argmax o (x; u(x), o(x))
xeZ

y(n+1) — f( (n+1) ) (ory (n+1) — f(x(”“)) + &) in the noisy setting)
X XU {x(+D}

y < yu{yrty

n<—n+1

end

Result: (x*,y") € (X,y) : y" = argmin{y"}
i=1:N

Gradient-Based Optimization of Monte Carlo Acquisitions

A common strategy is to estimate the acquisition function using Monte Carlo (MC) methods.
Assume that the acquisition 7 is defined as an expectation over a multivariate normal
distribution p(y|X,Z) = A (y; u, L) specified by a Gaussian Process surrogate. Let build
an unbiased MC estimator of the acquisition & (X) ~ ,(X) := - Y ¢ (y\). Given this
estimator it is necessary to verify whether:

1 m
Vo (X) =~V :E; (4.5)
where V/ denotes the gradient of the utility function with respect to X. The process of
differentiating through an MC estimator to its generative distribution’s parameter is called
reparameterization trick [123, 160] and consists of two components.
The first step consists in reparameterizing samples from the generative distribution p as
draws from a simpler distribution p. If the generative distribution p is a multivariate normal

with parameters 6 = (u,X), then the corresponding mapping is ¢(z;0) = u + Lz, where
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7~ A (0,1) and L is the Cholesky factor of ¥ such that ¥ = LL”. Rewriting Equation 4.9 as
a Gaussian integral and reparameterizing, it becomes

b/

d )= [ A Dy = [ dpr o @e)

a

Then, for a given draw y(i) ~ AN (u,XL), the sample path derivative of £ w.r.t. X is

dy(’) d#(X) dX

4.7)

where y()) = ¢ (z();.# (X)) and .# is the surrogate model. Therefore, reinterpreting y as a
function of z poses the problems of individual MC sample’s differentiability.

The second step consists in interchanging differentiation and integration by taking the
expectation over sample path derivatives. It is necessary to find out if the average sample

gradient V.47, is composed by differentiable terms, as the MC estimator .7,
?
Vidu(X) = VE,[€(y)] = Ey[VE(y)] = V. (X) (4.8)

The necessary and sufficient conditions that make this interchange true are that integrand ¢
must be continuous and its first derivative /' must exist and be integrable. In [154] has been
shown that these conditions are met using a Gaussian Process with a twice differentiable
kernel when there are no duplicates in the set X. The authors in [159], starting from this
result, demonstrated the differentiability of a broad class of MC acquisition functions. In
particular, they analyzed all the acquisitions that can be written as expectations.

Optimization of Myopic Maximal Acquisitions

For myopic maximal (MM) acquisition functions, greedy optimization strategies are espe-
cially effective. These acquisitions are defined as the expected maximum of a point-wise
utility 7, i.e.,

o (X) = Ey[max(y)]. (4.9)

Examples include Expected Improvement (EI) and Probability of Improvement (PI). Greedy
strategies iteratively select the point with the largest immediate expected utility, making them
efficient in practice [38, 52].

These strategies are particularly powerful for submodular functions, which exhibit a
diminishing returns property: adding a new element yields less gain when the existing set is

larger. In [159], the authors proved that the class of MM acquisition functions is inherently
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submodular. Consequently, greedy optimization yields near-optimal results with theoretical
guarantees [86].
A related approach reformulates the acquisition as a marginal acquisition function [40,
140], such as:
Ey_ 12 [ (xj:2))], (4.10)

where ; = 2 U{(x;,i) }i< is a “fantasy state”. Monte Carlo integration is typically used to
estimate these expectations. Moreover, any joint acquisition function .7 (as in Equation 4.9)
can be expressed as a marginal one %/ using the expected discrete derivative of the utility.
This reformulation often results in differentiable, closed-form expressions that are cheaper to

evaluate and have lower sample variance.

Bayesian Optimization via Sample Average Approximation

An alternative to standard gradient-based optimization using the reparameterization trick
is the Sample Average Approximation (SAA) approach. This is employed in the BoTorch
framework [7]. Instead of drawing new samples from the reparameterized distribution at
each iteration, a fixed set of base samples is drawn once and reused throughout the entire
optimization process. Conditioned on this sample set, the acquisition function estimate
becomes deterministic:

X* € argmax @, (X: 2, y). (4.11)

XeZ1

The gradient V., (X; 2, y) can be computed as an average over sample-level gradients via
auto-differentiation.

In [7], convergence results for the SAA approach were provided in the context of Bayesian
Optimization with randomized quasi-Monte Carlo (RQMC) methods. Under relatively weak
assumptions, they show that the optimizer X converges almost surely to the optimizer of the
true acquisition .o/, with convergence in probability occurring at an exponential rate.

The main advantage of SAA is that it enables the use of deterministic optimization
algorithms, which tend to converge faster and are typically less sensitive to hyperparameters
than stochastic first-order methods.

4.1.4 Multi-fidelity and Multi-Information Source

Although Bayesian Optimization (BO) is known for its sample efficiency, in many real-world
scenarios the cost to evaluate the objective function f(x) can be prohibitively high. This
limits the number of allowable queries to the point that even BO may fail to identify a good
solution within a feasible budget.
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In such contexts, the notion of cost is problem-dependent. It may refer to time, monetary
expenses, energy consumption, or physical resources. For example, the evaluation of f(x)
may involve performing wind tunnel tests in aerodynamics, running high-fidelity simulations
in computational engineering, fabricating new materials, or training deep neural networks on
large datasets. In all these cases, the query cost can be substantial and must be minimized.

Fortunately, many of these applications allow for the use of cheap-to-evaluate approxi-
mations of the expensive objective function f(x), commonly referred to as the ground-truth.
These approximations, denoted by { f;(x) }sc &, can arise from coarser simulations, reduced
datasets, or surrogate models. Examples include using simulation software prior to conduct-
ing physical experiments [66, 68], or relying on digital twins [95, 104] to emulate physical
systems.

The goal is to optimize the ground-truth f(x) while leveraging cheaper approximations to
reduce the overall cost. Formally, this leads to the following budget-constrained optimization

problem:

x* €argmin  f(x)
xeZ
N (4.12)

where c ;) 18 the cost to query the information source s\ € . at iteration i, and C is the total
budget.

At each iteration, the algorithm must select a source-location pair (x,s) to query. The
response y; = fy(x) + & is collected, incurring a cost c¢s, and used to update the surrogate
models. Importantly, the final solution must be evaluated on the ground-truth f(x) to ensure
its validity.

The nature of the source space . dictates the specific optimization setting. When . C R
and admits a known ranking of fidelities, the problem is typically framed as Multi-Fidelity
Bayesian Optimization (MFBO). Conversely, when .7 is a finite set with no inherent ordering
or when fidelity varies across 2, it is called Multiple Information Source Optimization
(MISO).

MFBO assumes that each information source has a known, fixed fidelity level, enabling a
hierarchical organization. In contrast, MISO relaxes these assumptions and allows for sources
with unknown or input-dependent fidelity, better reflecting many real-world scenarios.

The following sections explore these two paradigms in detail.
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Multi-Fidelity Bayesian Optimization

Multi-Fidelity Bayesian Optimization (MFBO), introduced in [82], assumes that all sources
are ordered by their fidelity and cost. A key example is provided in [145], where a multi-task
GP model is used to jointly model function evaluations at different fidelity levels, enabling
efficient hyperparameter tuning for machine learning algorithms.

MFBO methods generally rely on GP-based surrogates that incorporate fidelity as an
additional input dimension. Notable contributions include [59, 108, 162, 76, 143, 146, 102].
These methods report substantial efficiency gains, but are also subject to failure when their
assumptions do not hold.

For example, [143] showed that MFBO can underperform standard BO when low-fidelity
sources are poor approximations of the ground-truth. Similarly, [100] and [97] highlighted
the risks of assuming a strict fidelity hierarchy.

Continuous Fidelity When . C R, the acquisition function <7 is defined over the joint
space 2" x .7

(x) sHDY € argmax o (x,s5;1(x,5),0(x,5)) (4.13)
(x8)eX xS

Here, it and o are the predictive mean and standard deviation of a GP defined over R4*!,

allowing seamless integration into standard BO algorithms.

Discrete Fidelity When . is a finite set, e.g., . = {s1,...,5s}, each source is treated
as a discrete fidelity level. While BoTorch suggests using the same GP structure as in the
continuous case, it may be preferable to use a multi-task GP [13] if no natural ordering exists.
The acquisition function is evaluated separately for each s € .%:

Xy = argmax/ (x,s; U(x,s),0(x,s)) (4.14)
xeZ
The final selection is:
(x(”“),s("“)) = (X5,5) where §= argmax.</(Xy,s) 4.15)
se.

One of the most known multi-fidelity acquisition functions is the Knowledge Gradient
(XG) [62, 161-163]. The core idea of the Knowledge Gradient acquisition function is to
evaluate the value of sampling a point by considering how much it improves the posterior

distribution of the function over the entire domain. This principle can be extended to also
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consider fidelity, choosing points and fidelity levels that provide the highest value per unit
cost. In a multi-fidelity setting, the KG acquisition function measures the trade-off between
the information gained from sampling at a specific point and fidelity and the cost associated
with that evaluation.

Another famous approach is based on a multi-fidelity extension of the Max-value Entropy
Search acquisition function [157]. The key idea in behind the Multi-Fidelity Max-value En-
tropy Search (MF-MES) [146] acquisition function is to focus on the entropy of the maximum
value of the highest fidelity function f| rather than the input points x*. MF-MES computes
the information gain from querying different fidelity levels to maximize the high-fidelity
function with lower costs. The entropy computation is reduced by considering the optimal
function value rather than its location, which simplifies calculations to involve mainly one-
dimensional integrals. The mutual information measures how much a query at any fidelity
level reduces the uncertainty in the maximum value of the highest fidelity function, and
it is selected in a cost-efficient manner by maximizing the information gain per unit cost.
Additionally, MF-MES can be parallelized to handle asynchronous queries, enabling efficient
use of computational resources across multiple fidelities.

The General-purpose Information-Based Bayesian Optimization (GIBBON) acquisition func-
tion [102], builds upon the MF-MES framework but with the goal of generalization across more
complex optimization problems. It is designed to work across various complex optimization
problems such as noisy, multi-fidelity, and batch BO over continuous or discrete search
spaces. The main idea of GIBBON is to approximate the information gain that each evaluation
provides about the unknown maximum value of a function. By efficiently calculating this
information gain, GIBBON directs evaluations to regions of the search space that are expected
to improve optimization. Unlike other MES-based methods, GIBBON simplifies the process
by avoiding the need for complex numerical integration, resulting in significantly reduced
computational overhead.

Multiple Information Source Optimization

Multiple Information Source Optimization (MISO) relaxes the assumptions of MFBO and is
suitable when the sources cannot be ranked or exhibit location-dependent fidelity. This setting
is common in real-life applications where simulations, experts, or experimental data may vary
in quality across 2. The first work in this direction was [88], addressing input-dependent
fidelities. Follow-up methods include [111, 65, 18, 29], all relying on GP regression but
using separate GP models for each source.

In MISO, each source s € . is modeled independently with its own GP using the observed

data (X, ys). Let ug(x) and o5(x) denote the predictive mean and standard deviation from
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the GP associated with source s. These are fused into a single model:

(D) sy = argmax o (x, 531 (x), 0(x)) (4.16)
(x5)eX xS

The fused predictions u(x) and o(x) can be computed via reification or other ensemble
strategies.
Reification combines multiple GPs into a single predictive model. For reference locations

X, the fused mean and variance are computed as:

Brusea () = k(x, X) [R+2(X)] " tink (X) 4.17)
OPuseal) = ki) — k(x, %) [R+2(R)] k(%) (4.18)
where Lyink(x) and 02,  (x) are defined as:
e R u) 1
Hwink (x) = T (e Oink (X) = T E (e (4.19)

The covariance matrix X(x) includes pairwise source correlations based on:

5 () = 04(x)
Pas(x) V (Ua(x) = tp(x))2 + 02 (x)

In addition to reification, other fusion methods exist, such as co-kriging [59, 54], orig-

(4.20)

inally used in engineering design. Though effective in some applications, these methods
inherit the limitations of MFBO when the assumptions on source correlation or hierarchy fail.
Recent work, such as [153], explores the applicability of co-kriging in settings like inertial
confinement fusion. Lastly, strategies from transfer learning and multi-task optimization may
also be adapted to MISO, especially when auxiliary tasks or objectives can help improve the

learning process.

4.2 Augmented Gaussian Process on Combinatorial Struc-

tures

This section presents the main contributions of the thesis to the field of Multi-Information
Source Optimization. Sections 4.2.1 and 4.2.2 provide the foundations, introducing the
Augmented Gaussian Process and its corresponding acquisition function, originally proposed
in [18]. Building on this framework, the MISO-AGP algorithm is extended to combinatorial
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optimization problems, leveraging genetic algorithms to handle discrete and constrained
acquisition functions (Section 4.2.3) [129]. Furthermore, a risk-averse formulation of the
optimal sensor placement problem is developed as a practical application of the proposed
methodology. Finally, the MISO-AGP algorithm has been integrated into the open-source
Python library BoTorch (Section 4.2.4), ensuring its accessibility and facilitating further
research.

4.2.1 Augmented Gaussian Process

The Augmented Gaussian Process (AGP) originally proposed in [18] and further applied in
[19, 29], relies on Gaussian Process sparsification to select a subset of informative queries.
This subset, drawn from all the queries collected across multiple information sources, is used
as inducing locations to construct an AGP that approximates the ground-truth function f(x).

GP sparsification techniques aim to restrict the full Gaussian Process model to a smaller
representative set of inducing locations. This set should provide sufficient coverage of the
input space to avoid variance starvation [156], while also remaining small enough to ensure
the scalability of the GP model on large datasets. A range of sparsification strategies has been
proposed [152, 44, 142, 45, 138, 137, 134]. Among them, the approach in [142] offers high
accuracy but suffers from high computational demands. Its improved variant [81] reduces
computational time at the cost of increased memory requirements.

Earlier contributions to this field focused on developing criteria for insertion [45] and
deletion [44] of observations from the set of inducing locations (also referred to as the basis
vector set), enabling exact model updates.

Subsequently, [138] proposed a method for selecting inducing locations, referred to as
support patterns, using information-theoretic measures such as Information Gain and the
Kullback—Leibler divergence, thereby providing a stable approximation to the marginal
log-likelihood of the training data.

A unifying framework for sparse GP approximations was proposed in [121], which
demonstrates equivalence with Bayesian models and encompasses various sparsification
techniques. One of these is the Deterministic Training Conditional (DTC), closely related to
the work of [44, 45].

Further contributions by [137] argue for the importance of Bayesian modelling beyond
mere scalability, particularly in high-level decision-making or experimental design tasks
where data collection is sequential and actively managed. The paper highlights that Gaussian
Processes do not inherently model sparsity and proposes the use of Laplace priors to enhance
performance, despite the increased complexity of inference. Inducing location selection
is guided by expected information gain, with a computationally efficient approximation
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suggested for its estimation. Once the inducing points are identified, a Gaussian posterior is
used to restore the GP structure, closely aligning with BO, which is itself an active learning
strategy.

The GP sparsification strategy introduced in [18] adopts an insertion-based approach.
The set of inducing locations is initialized using queries from the ground-truth information
source, denoted as f(x) = f1(x). The set is then augmented by including additional queries
from alternative sources, based on a criterion that accounts for both the discrepancy between
their respective GPs and the predictive uncertainty of the ground-truth GP.

Let n(¥,%’,x) denote the discrepancy between two Gaussian Processes ¢ and ¢ at a
point x € Z". This discrepancy is defined as the absolute difference between their predictive

means:
(9.9 x) = ux) — ' (x)] (4.21)

This formulation avoids the need for learning an additional discrepancy model, such as a
separate GP as proposed in [111].
The complete set of inducing locations, denoted 13, is obtained as the union of the

ground-truth queries D and a selected subset D:

D= :%S{(x, y) € Dy : N(4,%,x) < aoi(x)} (4.22)
Here, « is a user-defined threshold parameter, with a suggested default value of o« = 1 [18].
This selection mechanism includes only those queries from cheaper information sources that
fall within the confidence bounds of the ground-truth GP, thereby enhancing the informative
content of the training set without significantly compromising accuracy. The resulting
inducing set D effectively augments the available ground-truth data. This strategy incurs a
computational cost of O(1), which matches the efficiency of the most scalable methods in
[138, 134].

Finally, the AGP % is trained on the selected set D, yielding predictive mean and variance
functions fi(x) and 62 (x), respectively. This model differs from previous approaches that
either combine all queries into a unified discrepancy model or directly merge the outputs
of the individual GPs. The AGP, by contrast, relies on a strategically selected subset of

informative queries, yielding a sparse yet accurate surrogate of the ground-truth function.

4.2.2 Augmented Confidence Bound

In the MISO-AGP framework, the proposed Augmented Confidence Bound acquisition func-
tion selects the next source-location pair by evaluating, for every source s € . and location
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x € 27, an optimistic improvement over the current augmented best seen value y*, and
penalizing this improvement according to both the cost ¢, of querying the s-th information
source and the discrepancy between its associated GP ¥%;, and the augmented GP 4. The
acquisition function is formally defined as:

(x 1) s+ € argmax =
) e, ses cs(1+M(4,%,x))

o] (4.23)

v =&

The numerator captures the potential improvement, where ¥ is the lowest value observed
so far within the set of AGP inducing locations D, and [i(x) — £G(x) corresponds to the
Lower Confidence Bound (LCB) of the AGP at location x, with & regulating the exploration-
exploitation trade-off.

This formulation encourages exploration by prioritizing source-location pairs that are
both promising according to the AGP and associated with low cost and discrepancy. The

addition of 1 in the denominator ensures numerical stability, avoiding division by zero. Since

y*

to minimizing the AGP’s LCB normalized by the penalization term ¢(141(%,%,,x)).

is constant for each iteration, maximizing the acquisition function in (4.23) is equivalent

The discrepancy 1 (g?\ , 9, x) is calculated as the absolute difference between the predictive
means of the two GPs at location x, as defined in Equation (4.21). This simple formulation
avoids the need to model the discrepancy as a separate GP, as is done in other multi-source
optimization strategies [111].

To determine the next query point, the acquisition function in (4.23) is maximized
independently for each source s = 1,...,S, yielding S candidate solutions. Among these,
the one attaining the highest value determines the next query pair (x(”“),s(”“)). This
procedure is analogous to that adopted in multi-fidelity Bayesian optimization with discrete
fidelity levels, although in the MISO-AGP framework the model is defined over the original
d-dimensional domain 2, rather than the extended (d + 1)-dimensional space 2" x .%
(Figure 4.2).

Upon selection, the function value y("“) =f

e (1) is observed at a cost ¢ (1),

and the corresponding dataset is updated:

D 1) <= Dyini1y U { (x("“),y(nﬂ)) }

The process is repeated until the total query cost exceeds a predefined budget.
It is important to note that the best augmented observed y* evolves differently from the
best seen values that are typically used in Bayesian Optimization or other MISO approaches

that rely on fused GPs. Since y* is computed based on the set of inducing locations D, which
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Fig. 4.2 Three iterations of the MISO-AGP algorithm considering the Forrester test function
on two different sources. The GPs and AGP on top and the acquisition function values of the
two sources on the bottom.

is re-evaluated at each iteration according to Equations (4.21) and (4.22), the sequence of y*
values may be non-monotonic. That is, a previously best-performing point may be excluded
from D in future iterations, causing an increase in y.

For completeness, the definitions of various best-seen values are reported below. In a

vanilla BO settings (ground-truth only), the best seen is given by:
y* = min {y(i) LDy epy,i=1,... n} . (4.24)
In the context of MISO using a fused-GP the best seen is:
yt = min{y@ (D YDy e Dy, i=1,...,n5, 5= 1,...,3} . (4.25)

Finally, using the MISO-AGP algorithm, the best seen is given by:

-~

5+ :mm{y("> (D, yDyeD, i= 1,...,p}. (4.26)

In Equations (4.24, 4.25, 4.26), n is the total number of queries on the ground-truth, r;
the number of queries for source s, and p the number of inducing locations in D. Unlike the
sequences generated by Equations (4.24) and (4.25), which are monotonic in minimization
(or maximization) problems, the sequence defined by Equation (4.26) may be non-monotonic
due to the dynamic update of the inducing locations. The complete MISO-AGP algorithm is

summarized in Algorithm 2.
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Algorithm 2: MISO-AGP algorithm
set MISO-AGP’s parameter
C < maximum cost
N <+ maximum number of function evaluations
n<0
c+0
while ¢c < CAND n < N do

# updating GPs on all the sources
fors=1,...,Sdo

| Us(x), 05(x) learned from Dy
end

# generating the augmented GP
D < Dy UD, with D as defined in 4.22
[i(x),5(x) learned from D)
# computing the augmented best seen
y* - miny;, with ; : (X;,3:) € D

i

# selecting the next source-point to query

(xt1) s +1D)) e argmax ?—[ﬁ(x):éa(x)]
xeX s€ Cs (1+n(’(/p’gﬁx))

# query at (s(”+1 ,x(”+1)) and observe y" 1)

y(n—i-l) <_fs(n+1) (x(n+1))

# updating the dataset associated to st t1)

D ui1) < Doy U{ (x+D yln 1)1
# updating cost and function evaluations

n<n+1
€<= Cc+Cynt1)

end

# providing the best solution observed on the ground-truth

Result: (x*,y") e Dyt = f}lllg ‘{)’i}
i=1:|D;
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4.2.3 Optimizing Combinatorial Acquisition Functions

In contrast to standard MISO problems, which typically involve box-bounded continuous
search spaces, many real-world applications require solving combinatorial optimization
problems. In such cases, solutions lie in discrete domains.

As discussed in [64], several strategies allow the handling of discrete or integer variables
without altering the underlying Bayesian Optimization (BO) framework. A common ap-
proach treats the discrete components as continuous during modeling, while restricting the
acquisition function optimization to feasible discrete configurations only. This enables the
use of standard surrogate models (e.g., AGPs) and acquisition functions without modification.
The only adaptation required is in the optimization strategy for the acquisition function, since
traditional gradient-based methods are not applicable in discrete domains.

When additional constraints are present (e.g., cardinality limits or domain-specific re-
strictions), the problem becomes a constrained combinatorial optimization task. In such
contexts, derivative-free algorithms such as Genetic Algorithms (GAs) have been widely
adopted. GAs allow the integration of problem-specific heuristics, making them suitable for
optimizing acquisition functions over discrete, constrained search spaces.

In the proposed framework, the Pymoo implementation of GA [12] is employed to per-
form acquisition function optimization. This design maintains feasibility across generations

and facilitates efficient exploration of the discrete solution space.

4.2.4 MISO-AGP in BoTorch

The MISO-AGP approach was initially developed in R, as introduced in [18]. A subsequent
Python implementation has been released in the well-known Bayesian optimization Python
library BoTorch [7].

It is important to note that the term augmented had already been used in BoTorch in a
distinct context. Specifically, it referred to test functions whose search space dimensionality
was augmented by including an additional fidelity dimension. This usage is unrelated to the
AGP model considered here.

The Model

The SingleTaskAugmentedGP model extends the standard SingleTaskGP from BoTorch
by incorporating data from multiple sources within the AGP framework (see Section 4.1).
The model is constructed using the modular components of BoTorch and GPyTorch, enabling

efficient development of custom Gaussian Process (GP) models.
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The core functionality of SingleTaskAugmentedGP consists of enhancing the predictive
performance of a GP model trained on high-fidelity data by augmenting it with selected
observations from lower-fidelity sources. The selection is based on a discrepancy criterion
that compares predictive means and uncertainties across fidelity-specific GPs. Only the most
reliable low-fidelity observations are used for augmentation. The training process involves
the following steps:

1. A SingleTaskGP is independently fitted to each information source.

2. A discrepancy function is evaluated between each source and the high-fidelity GP to

identify reliable samples.

3. Selected low-fidelity points are merged with high-fidelity observations to construct the

augmented training set.
4. A final GP is trained on the augmented dataset.

The implementation supports automatic hyperparameter tuning via marginal log-likelihood
maximization using the fit_gpytorch_mll function. Thanks to GPyTorch’s scalable vari-
ational inference and BoTorch’s differentiable programming interface, the model remains
efficient and scalable. Moreover, compatibility with BoTorch’s infrastructure allows easy

customization of mean and kernel modules.

The Acquisition Function

Although the discussion in this work refers to minimization problems, BoTorch follows a
maximization convention. This does not pose conceptual issues, since minimization of a

function f(x) over 2" is equivalent to the maximization of its negation, i.e.,

min f(x) = max (—f(x)).

As a consequence, in the BoTorch implementation, the acquisition function is expressed
in maximization form, and observed function values are stored as y(i) =—f (x(i)), with no
loss of generality.

The AugmentedUpperConfidenceBound (AUCB) is an acquisition function specifically
designed for use with the AGP model. It extends BoTorch’s standard UpperConfidenceBound
by accounting for multi-source settings. In particular, AUCB penalizes the acquisition score
based on both the cost of querying a source and the discrepancy between the AGP model and
the source-specific GP model.
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At each iteration, the next evaluation point and source are selected as:

(x5 1)) ¢ argmax

, 4.27)
XEX, s€S ¢y (1

where:

e U(x) and o(x) are the posterior mean and standard deviation estimated by the AGP
model.

o

* y" is the current best value (in the maximization setting).

* ¢, 1is the cost associated with querying source s.
] (ff, 9, x) is the discrepancy between the AGP and the source-specific GP ¥;.

o & > 0 is the exploration-exploitation trade-off parameter.

To align with the minimization framework adopted in the previous sections, note that:

H(x)~—f(x), ¥ =~—minf(x),

and thus the numerator in (4.27) becomes:

[—HE) +Eo()]+5T =" — (h(x) - £ (x)),

which corresponds to the standard form of the Lower Confidence Bound (LCB) acquisition
function used for minimization. The denominator remains unaffected by the problem’s
direction.

Consequently, the BoTorch implementation is fully consistent with the theoretical frame-
work of MISO-AGP as presented in the earlier sections.

4.3 Experiments

The proposed MISO-AGP algorithm has been evaluated on a set of widely used benchmark
functions (Section 4.3.1) as well as on a real-world applications: binary quadratic program-
ming (Section 4.3.2) and optimal sensor placement (Section 4.3.3). This section reports the
experimental setup and the corresponding results. All code and data used in the experiments
are publicly available on GitHub!2.

'https://github.com/andreapontiS/miso-bocs
Zhttps://github.com/andreaponti5/miso-agp


https://github.com/andreaponti5/miso-bocs
https://github.com/andreaponti5/miso-agp
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4.3.1 Benchmark Functions
Problem Description

To evaluate the performance of the proposed multi-information source optimization algorithm,
a set of benchmark problems was considered. These include both functions natively available
in the BoTorch library and additional test functions commonly used in the literature. The
chosen problems exhibit diverse dimensionalities, landscapes, and fidelity structures, thus
providing a comprehensive testbed for assessing algorithmic performance.

The first problem is the Branin function [163], a two-dimensional benchmark widely

used in optimization. It is characterized by three global minima located at
x* = (—m,12.275),(n,2.275),(9.42478,2.475),

each attaining a function value of f(x*) = 0.397887. The multi-fidelity extension of this
function is obtained by introducing a fidelity parameter s that modifies the quadratic term, as
shown in Equation 4.28. Figure 4.3 illustrates the behavior of the function across the three
information sources.

2
flx,s) = (xz— (%—0.1 (1 —s)) x%—i—%x] —6>

| (4.28)
+10 (1 — %) cos(xy)+ 10

Branin [S=1] Branin [S=2] Branin [S=3]

.5 7.5 2.5 7.5 2.5 7.5
15.0 10.0 15.0 10.0 15.0 10.0

Fig. 4.3 The three considered fidelities of the Branin test function.
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The second BoTorch-native benchmark is the six-dimensional Hartmann function [163].

This problem has a unique global minimum located at
x*=(0.20169,0.150011,0.476874,0.275332,0.311652,0.6573)

with an associated function value of f(x*) = —3.32237. Similar to the Branin function, its
multi-fidelity structure is introduced by perturbing one of the coefficients in the exponential
terms, as defined in Equation 4.29.

SR

f(x,s):—(al—O.l(l—s))exp <— Alj (Xj—Plj)z)

/ (4.29)

M=~

4
+ Z o; exp (—
= 4

l J

Aij (x) —13,,-)2) :

1

Beyond the BoTorch benchmarks, additional test functions were selected to further
challenge the algorithms. The Forrester function, a one-dimensional benchmark defined on
[0, 1], is a common choice in multi-fidelity optimization. Its global minimum is located at
x* =0.75724876, where the function value is f(x*) = 6.020740. In this case, three sources
are available: the ground-truth function, together with two lower-fidelity variants that provide

biased approximations (Equation 4.30). Figure 4.4 depicts the three information sources.

f(x,1) = (6x—2)*sin(12x — 4),
f(x,2) =0.5f(x,1)+10(x —0.5) 45, (4.30)
f(x,3) =0.5f(x,1)+10(x—0.5) — 5.

Another widely studied test function is Rosenbrock’s function [96], which presents a global
minimum inside a long, narrow, parabolic-shaped valley. The function is unimodal, with
the minimum located at x* = (1,...,1) and f(x*) = 0. While the valley is relatively easy to
locate, convergence to the exact minimum is notoriously difficult. Multi-fidelity variants of
Rosenbrock have been proposed in [16, 151], where medium- and low-fidelity approximations
are constructed to model reduced accuracy evaluations. These lower-fidelity sources are
described in Equation (4.31) and illustrated in Figure 4.5.
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Forrester

Fig. 4.4 The three considered sources of the Forrester test function.

d—1
Foe1) = Y100 (xy — )+ (1—x:)?,

i=1

d—1
=Y 50 (x;01 —2) 4 (—2—x;)? Zo 5xi, (431
=1
filx)—4—=Y4 0.5x
f(X,3) — ( ) i i—=1 .
10+ Y%, 0.25x;
Rosenbrock [S=1] Rosenbrock [S=2] Rosenbrock [S=3]

7.5 7.5 7.5 7.5 7.5 7.5
10.0 10.0 10.0 10.0 10.0 10.0

Fig. 4.5 The three sources considered for the Rosenbrock test function.

Taken together, these benchmark problems provide a diverse set of test cases, ranging
from low-dimensional functions with multiple global minima to high-dimensional landscapes

with narrow valleys and complex fidelity structures. This variety ensures that the evaluation
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of multi-fidelity optimization algorithms captures both the opportunities and challenges

inherent in real-world applications.

Experimental Settings

Each experiment began with an initial design consisting of d + 1 observations, generated
using Latin Hypercube Sampling to ensure a well-spread coverage of the search space. After
initialization, 20(d + 1) sequential queries were performed to iteratively refine the solutions.
To obtain statistically reliable results, 30 independent runs were conducted for MISO-AGP,
MF-MES, and MF-GIBBON, while the MF-KG method was executed only once due to its
significantly higher computational cost. For fairness, all algorithms shared the same initial
random design in each run. It is worth noting that, with the exception of MISO-AGP, fidelity
was modeled both as a continuous and as a discrete variable in separate experiments.

Each function was evaluated under different dimensional settings and fidelity configura-
tions, as summarized in Table 4.1. The Branin function was tested in two dimensions with
two- and three-fidelity variants. The Hartmann function was evaluated in six dimensions,
again under two- and three-fidelity settings. Finally, the Rosenbrock function was examined

in both two and ten dimensions, with three fidelities in each case.

Table 4.1 Benchmark functions and experimental configurations.

Function Search space Dimensions (d) Fidelities
Forrester [(0,1)] 1 {0.5,0.75, 1.0}
Branin [(=5,10),(0,15)] 2 {0.5, 1.0}, {0.5, 0.75, 1.0}
Hartmann [(0, 1)]d 6 {0.5, 1.0}, {0.5,0.75, 1.0}
Rosenbrock [(—2,2)]" 2,10 {0.5,0.75, 1.0}

An important distinction must be made between MISO-AGP and the BoTorch-based
methods (MF-MES, MF-GIBBON, MF-KG). MISO-AGP operates directly on the original
d-dimensional search space of the objective function, whereas the BoTorch implementations
augment the search space by including fidelity as an additional dimension, resulting in a
(d 4 1)-dimensional formulation. This design choice reflects different modeling assumptions
regarding fidelity and may influence the comparative performance of the algorithms.

Since the fidelity parameter in these experiments was discrete, two alternative strategies
were employed for optimizing the acquisition function. In the first approach, fidelity was
treated as a continuous variable during the optimization and subsequently rounded to the
nearest discrete value. In the second approach, fidelity was explicitly handled as a discrete

attribute: the acquisition function was optimized separately for each fidelity level, and



82 Multi-Information Source Optimization

the candidate point corresponding to the highest acquisition value across all fidelities was
selected.

Experimental Results

Figure 4.6 reports the evolution of the best observed value (i.e., best seen) as a function of the
accumulated query cost, when fidelity is modeled as a continuous variable. Under this setting,
the MF-KG consistently achieves the strongest performance across all benchmark problems.
MISO-AGP emerges as the closest competitor, maintaining results that are comparable
in quality while requiring significantly less computational effort. This difference in wall-
clock time highlights a crucial trade-off: although MF-KG is theoretically appealing and
empirically powerful, its computational overhead severely limits its practical applicability,
especially when moving from synthetic benchmarks to expensive real-world scenarios.

Figure 4.7 presents the results obtained when fidelity is treated as a discrete parame-
ter. In this case, both MF-MES and MF-GIBBON show notable improvements over their
continuous-fidelity counterparts, narrowing the performance gap with MISO-AGP. Never-
theless, MISO-AGP retains its position as the second-best performer after MF-KG, and
becomes the most attractive option once computational efficiency is taken into account. This
finding suggests that the way fidelity is modeled can substantially impact the effectiveness of
certain acquisition functions, particularly for entropy-based methods such as MF-MES and
ME-GIBBON.

Overall, the experimental evidence highlights two main insights. First, MF-KG is largely
insensitive to how fidelity is represented: it consistently delivers the most cost-effective
solutions in terms of query cost. However, this advantage comes at the price of excessive wall-
clock time, which makes the method impractical for many real-life applications involving
costly evaluations. Second, MISO-AGP achieves a favorable balance between performance
and efficiency. While slightly less effective than MF-KG in terms of query cost, its computa-
tional requirements remain manageable, making it the most practical alternative among the
tested approaches. This result is particularly important in view of applying Multi-Fidelity
Bayesian optimization to real-world scientific and engineering problems, where both query

cost and wall-clock time are critical factors.
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Fig. 4.6 MISO-AGP against multi-fidelity approaches (which treat fidelity as a continuous
variable). Contrary to MISO-AGP, the three multi-fidelity approaches work on a space
having d’ = d + 1 dimensions, with d the dimensionality of the original search space.
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Fig. 4.7 MISO-AGP against multi-fidelity approaches (which treat fidelity as a discrete
variable). Contrary to MISO-AGP, the three multi-fidelity approaches work on a space
having d’ = d + 1 dimensions, with d the dimensionality of the original search space.
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4.3.2 Binary Quadratic Programming

The results presented in this section were originally published in [129].

Problem Description

The Binary Quadratic Programming (BQP) [8] problem consists of maximizing a quadratic
function with ¢;-regularization, defined as

f(x)=AP(x) =x" Qx—A|jx|l;, xe€{0,1}%

Here, Q € R?*¢ is a random matrix with independent standard Gaussian entries, which is
multiplied element-wise by a correlation matrix K € R?*“, where each entry is defined as
K;j= exp( —(i—j)?/ Lg) The correlation length L. controls the decay of correlations: for
small values of L., Q is nearly diagonal, whereas larger values of L. produce denser matrices,
thereby increasing the complexity of the optimization task. The BQP problem was extended
to the multi-information source optimization (MISO) setting by associating different sources

with different numbers of realizations of Q. Two scenarios were considered:

1. A ground-truth source based on 50 realizations and a cheaper source based on 25

realizations (50% of the computational cost).

2. A ground-truth source based on 50 realizations and a cheaper source based on 5

realizations (10% of the computational cost).

In both scenarios, each algorithm was run 10 times on each instance for every realization
of Q. Experiments were conducted for two parameter settings: (L, = 10,A =0) and (L. =
100,A = 1) with fixed dimensionaly d = 10 as suggested in [8]. Figure 4.8 shows the
distributions of BQP values for the different sources.

Experimental Results

The performance of MISO-AGP, MF-MES, and MF-GIBBON was evaluated across the
four configurations of the Binary Quadratic Programming problem, obtained by varying the
regularization parameter A, the correlation length L., and the relative cost (and fidelity) of

the cheap source.

Case 1: A =0, L. = 10, cheap source at 50% of the ground truth. As shown in
Figure 4.9, MISO-AGP achieves, on average, both a lower best-seen value (left) and a smaller
accumulated query cost (right) compared to MF-MES and MF-GIBBON. Although the final
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Fig. 4.8 Distribution of BQP values across the three information sources, for each considered
setting.

best-seen of MISO-AGP was lower, the difference was not statistically significant according
to the Wilcoxon test (p-value > 0.05). Nevertheless, MISO-AGP proved significantly more
efficient in terms of cumulative cost. In this setting, MISO-AGP queried the ground truth in
79% of the total evaluations, while MF-MES and MF-GIBBON relied on it only 25% and
20% of the time, respectively. This behavior reflects the AGP’s ability to detect discrepancies
between sources and to discard cheap observations when the correlation with the ground

truth is weak.
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Fig. 4.9 The best seen of the BQP problems given by the tested algorithms over the cumulated
query cost (left) and the wall-clock time (right). The figure refers to the case of the cheap
source at 50% of the ground truth
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Case 2: AL =0, L. = 10, cheap source at 10% of the ground truth. In this case (Fig-
ure 4.10), MISO-AGP again outperforms the competitors in terms of both best-seen and
accumulated query cost. The algorithm relied on the ground truth in 91% of the total queries,
compared to 29% for MF-MES and 20% for MF-GIBBON. Interestingly, both MISO-AGP
and MF-MES increased their reliance on the ground truth even though the relative cost of
the cheap source decreased from 50% to 10%. This behavior indicates that, although the
algorithms initially exploit the cheap source due to its low cost, they rapidly identify its poor
correlation with the ground truth and subsequently favor the expensive but more reliable

source.
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Fig. 4.10 The best seen of the BQP problems given by the tested algorithms over the
cumulated query cost (left) and the wall-clock time (right). The figure refers to the case of
the cheap source at 10% of the ground truth

Case 3: A = 1, L. = 100, cheap source at 50% of the ground truth. Under this more
challenging configuration (Figure 4.11), MISO-AGP shows worse results than MF-MES and
MEF-GIBBON in terms of final best-seen, with statistically significant differences (Wilcoxon
test: against MF-MES, p = 0.0143; against MF-GIBBON, p = 0.0141). However, MISO-
AGP still maintained a lower cumulative runtime, confirming its computational efficiency.
Despite the performance gap, MISO-AGP queried the ground truth in 83% of the total
evaluations, compared to 31% for MF-MES and 20% for MF-GIBBON. This again highlights
the AGP’s tendency to rely on the expensive source when the cheap source provides poor

local approximations.

Case 4: A =1, L. = 100, cheap source at 10% of the ground truth. Finally, in this

scenario (Figure 4.12), MISO-AGP regains its advantage, achieving on average both a lower
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Fig. 4.11 The best seen of the BQP problems given by the tested algorithms over the
cumulated query cost (left) and the wall-clock time (right). The figure refers to the case of
the cheap source at 50% of the ground truth

best-seen value and a smaller accumulated query cost. The final best-seen of MISO-AGP
was significantly better than those obtained by MF-MES and MF-GIBBON (Wilcoxon test).
Here, MISO-AGTP relied on the ground truth in 87% of the total queries, slightly more than
in the previous case, while MF-MES and MF-GIBBON used it 33% and 20% of the time,
respectively. The explanation is consistent with earlier cases: even when the cheap source is
inexpensive, the AGP identifies its weak correlation with the ground truth and prioritizes the

expensive source to guide the search more reliably.
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Fig. 4.12 The best seen of the BQP problems given by the tested algorithms over the
cumulated query cost (left) and the wall-clock time (right). The figure refers to the case of
the cheap source at 10% of the ground truth
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Overall, the experiments highlight the robustness of MISO-AGP. While its performance
can degrade under certain conditions (large L. and A = 1), it consistently demonstrates
superior efficiency and a principled mechanism for balancing multiple sources of information,

discarding unreliable ones when necessary.

4.3.3 Risk-Averse Optimal Sensor Placement

The results presented in this section were originally published in [129].

Problem Description

The optimal sensor placement (OSP) problem can be adapted to a risk-averse formulation,
where the objective is to minimize the impact of contamination events under worst-case
or tail-risk considerations. Unlike the multi-objective setting introduced in Chapter 3,
where aggregated statistics such as the average and standard deviation of detection time or
contaminated water volume were considered, the focus here is on the Conditional Value-
at-Risk (CVaR) of detection times. CVaR is a widely used risk measure that captures the
expected value of the worst ot% outcomes of a random variable, thus penalizing solutions
that perform poorly in extreme scenarios.

As before, a water distribution network (WDN) is represented as a graph G = (V,E),
where nodes correspond to junctions, reservoirs, or consumption points, and edges represent
pipes and other hydraulic components. A sensor placement is encoded as a binary vector
x €40, 1}‘”, with L C V the set of candidate locations. The budget constraint enforces
that at most b sensors can be installed, i.e., Zlﬂl x; < b. Given a placement x and a set of
contamination events A C V, the detection time for each event a € A is defined as the earliest
time at which any installed sensor detects the contaminant. The distribution of detection
times over all scenarios in A is then used to compute CVaR, which serves as the impact
measure to minimize.

In the multi-information source setting, the stochasticity of the problem is exploited
through the use of different sets of contamination scenarios with varying costs. Let A} =V
denote the complete set of contamination events, representing the high-fidelity (ground-truth)
source, and Ay C A a reduced subset of scenarios, representing a cheaper but less accurate
source. In the following, |A;| = |A1|/2, so that evaluating a candidate placement on A,

incurs approximately half the computational cost of evaluating it on A;. Accordingly, the
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optimization problem can be formulated as:

x* = argmin CVaR(x | A)
x€{0,1}IE
Z (4.32)

S.t. in <b,
i=1

where CVaR (x | A1) denotes the CVaR of detection times computed from the full scenario
setAj.

Since direct optimization with A; is computationally demanding, the MISO framework
enables a sequential strategy in which solutions are evaluated alternately using the expensive
source (A;) and the cheap source (A>). Let {(s("),x(1),... (s, x(")} denote the sequence
of queries, where xU) is the Jj-th candidate solution and st) e {1,2} indicates the information
source. Querying s\/) = 1 corresponds to computing CVaR(x\/) | A;) at unit cost, while
querying st =2 corresponds to computing CVaR(x(j ) | A2) at half cost. The objective is to
converge to x* while minimizing the total accumulated query cost.

This formulation highlights how the OSP problem can naturally be embedded into the
MISO setting, where trade-offs between evaluation accuracy and cost must be explicitly

balanced.

Experimental Settings

To account for the stochasticity, each of the three algorithms was executed over five indepen-
dent runs. Within each run, the algorithms shared the same initial random solutions to ensure
a fair comparison.

The maximum number of deployable sensors b was set according to the size of the
network, with smaller budgets for the benchmark cases and larger budgets for real-world
networks: b = 4 for Anytown and Hanoi, b = 10 for Neptun, and b = 15 for Apulian5.

The experiments were conducted on the four water distribution networks already in-
troduced in Chapter 3, namely the two synthetic benchmarks (Anytown and Hanoi) and
the two real-world systems (Neptun and Apulian5). Contamination events were simulated
using WNTR [84], a Python wrapper of EPANET [125]. Each simulation spanned a 24-hour
period, with contaminant concentrations recorded hourly at each node. Sensors were allowed
only at junctions, excluding tanks and reservoirs. In the two small benchmark networks, all
nodes were eligible sensor locations, whereas in the larger Neptun and Apulian5 systems the

candidate locations L were restricted to subsets of nodes chosen by uniform spatial sampling,
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ensuring adequate coverage of the entire network while keeping the dimensionality of the
optimization problem manageable.

Figure 4.13 illustrates the four water distribution networks, with the admissible sensor
locations highlighted in red. Table 4.2 summarizes the main characteristics of the networks,
including the number of nodes, the size of the candidate location set, and the contamination
scenarios associated with the two information sources: the high-fidelity source (A) corre-
sponding to all possible contamination events, and the cheap source (A;) obtained by halving
the number of scenarios.

Anytown Hanoi Neptun Apulian_5

Fig. 4.13 The four water networks considered in the experiments. Red points indicate the
candidate sensor locations.

Table 4.2 Main characteristics of the four water distribution networks used in the experiments.
The last column reports the number of contamination scenarios for the two information
sources (high fidelity |A|| and cheap fidelity |A5|).

Network Nodes Candidate locations Contamination events |A;|/|A2|

Anytown 25 25 22/ 11
Hanoi 32 32 31/16
Neptun 333 51 332/ 166
Apulian5 1364 63 1364 / 682

An important aspect in the multi-information source setting is the discrepancy between
the two sources. The more accurate the approximation provided by the cheap source, the
more effective it can be in guiding optimization at a reduced cost. Figure 4.14 reports the
distribution of the CVaR of detection times across the two sources, showing close agreement
for most networks, with the exception of Anytown, where a noticeable gap is observed.

Differently from standard MISO problems, which are usually defined over box-bounded
continuous search spaces, the risk-averse OSP formulation is inherently combinatorial. The
search space is given by {0, 1} x {1,2}, where the first |L| dimensions represent the binary

sensor placement vector x, and the last dimension indicates the information source used for
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Fig. 4.14 Distribution of CVaR values of detection times (hours) across the two information
sources, shown separately for each of the four networks.

evaluating the objective function. An illustrative example of a candidate solution at a generic

iteration of the optimization process is reported in Figure 4.15.

150505150509
~ h'd

Sensor Placement Source

Fig. 4.15 Example of a solution in the MISO framework for the OSP problem. Two sensors are
deployed at locations i = 1 and i = 4, with the CVaR computed using the cheap information
source s = 2, corresponding to the reduced scenario set A;.

As discussed in Section 4.2.3, several strategies exist for handling combinatorial or integer
variables without altering the general BO framework. In this work, the acquisition function
has been optimized through the Genetic Algorithm (GA) available in the pymoo library
[12]. For mutation, a standard bit-flip operator has been employed with probability 1/|L|.
For crossover, the problem-specific operator previously introduced in [115] and described
in Section 3.2.3 has been adopted. This operator ensures that offspring remain feasible
whenever the parents are feasible, i.e., the number of deployed sensors is preserved across

generations.

Experimental Results

The comparison among the three approaches has been carried out in terms of the best-seen
objective values with respect to both query cost and wall-clock time (Figure 4.16). Overall,
MISO-AGP and MF-GIBBON exhibit comparable performance trends, while MF-MES
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consistently achieves lower performance. An important observation is that MISO-AGP shows
a markedly lower variability across independent runs, indicating greater robustness compared
to the other methods. This property becomes increasingly relevant as the dimensionality of
the problem grows, since the performance gap between MISO-AGP and the other approaches
appears to widen in larger networks. This suggests that the proposed method is particularly
well suited to handle high-dimensional instances of the OSP problem.

A limitation of MISO-AGP emerges in terms of computational efficiency. In two of
the four test cases, namely Hanoi and Neptun, the wall-clock time required by MISO-AGP
exceeds that of the competing methods. This additional cost is mainly due to the need to
fit two single-fidelity GPs and the AGP at every iteration. However, when considering the
lowest cumulative time across the approaches, the best-seen values achieved by MISO-AGP
are consistently lower or at least very close to those obtained by the other methods. This
indicates that, despite the higher computational burden per iteration, MISO-AGP is able to
make more effective use of evaluations.

A possible explanation lies in the different use of the information sources. Both MF-
GIBBON and MF-MES tend to overexploit the cheap source, which may lead to suboptimal
trade-offs in terms of query efficiency. In contrast, MISO-AGP appears to maintain a more
balanced exploration between the cheap and expensive sources, enabling more reliable

convergence toward high-quality solutions.
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Fig. 4.16 Comparison between the best seen (i.e., the lowest observed CVaR of the detection
times) over the cumulative cost (left) and the wall-clock time (right). The shadow represents
the standard deviation while the line the mean over 5 independent runs.



Chapter 5

Multi-Objective Multi-Fidelity
Optimization

This chapter addresses the integration of multi-objective and multi-fidelity optimization
within the context of Bayesian optimization. It begins by introducing the foundations of
multi-objective Bayesian optimization and its extension to multi-fidelity settings. The chapter
then discusses the concepts of fairness and energy efficiency in machine learning, presenting
strategies for fair and green model development. Building on these principles, the thesis
contribution is introduced: an extension of the Augmented Gaussian Process framework
to handle multi-objective problems. Finally, the chapter illustrates the performance of the
proposed approach through experiments on various machine learning algorithms and datasets,

evaluating both predictive accuracy and fairness metrics.

5.1 Background

5.1.1 Multi-Objective Bayesian Optimization

Multi-objective optimization addresses problems involving the simultaneous optimization of
multiple, typically conflicting, objective functions. Formally, the general MO problem can
be expressed as:

min f(x) (5.1)

xex

where 2 C R is the search space, typically assumed to be box-bounded (e.g., 2~ = [0, l]d ),
and f: 2 — RM is a vector-valued objective function, with M denoting the number of
objectives.
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Due to inherent trade-offs among the objectives, a single optimal solution rarely exists.
Instead, the aim is to approximate the Pareto front, i.e., the set of non-dominated objective
vectors, along with the corresponding Pareto set in the input space. A solution x € 2" is said
to dominate another solution x' € 2 if the following two conditions are satisfied:

fn(x) < fu(®) Vme{l,... .M} (5.2)
EUE{I,...,M}Z fj(x)<fj(x’) (5.3)

This relation is usually written as f(x) < f(x/).

When the objective functions f are expensive-to-evaluate black-box functions, computing
the full Pareto front becomes intractable. In such contexts, Multi-Objective Bayesian Opti-
mization (MOBO) provides a sample-efficient approach by modeling the objectives using
probabilistic surrogate models (typically Gaussian Processes), and by employing acquisition
functions to guide the search toward informative and diverse solutions.

The design of acquisition functions in MOBO must account for multiple objectives.
Several strategies have been proposed in literature, which can be broadly classified into the

following categories:

* Scalarization-based methods: These approaches transform the vector-valued objective
function f(x) into a scalar function via a parameterized aggregation function. Each
scalarized instance can be solved using standard single-objective BO. By varying
the scalarization parameters, different regions of the Pareto front can be explored
[107, 167]. However, scalarization may fail to capture the geometry of the Pareto front,

especially in non-convex cases.

* Hypervolume-based method: These methods directly aim at maximizing the dominated
hypervolume, i.e., the volume in objective space covered by the Pareto front approx-
imation with respect to a reference point. The corresponding acquisition function,
called Expected Hypervolume Improvement (EHVI), quantifies the expected increase
in hypervolume resulting from evaluating a new point. EHVI has become a standard
choice in MOBO due to its ability to balance convergence and diversity [56, 164, 41].

* Information-theoretic methods: These approaches aim to reduce the uncertainty over
the Pareto set or front. Acquisition functions are derived from mutual information or
entropy reduction criteria, and tend to favor regions of the input space that are expected
to yield significant information gain about the optimal front [9, 10, 144].

Among the most established MOBO methods, the following two are widely adopted and

representative of the scalarization and hypervolume-based paradigms:



5.1 Background 97

Pareto Efficient Global Optimization (ParEGO): ParEGO [85] is a scalarization-based
approach that models a randomly weighted scalarization of the objectives. Specifically, at
each iteration, a weight vector A € R is sampled from the unit simplex, and the objective
function is scalarized using a function such as the augmented Tchebycheff norm:

M
f) = max Alfn() =zl +p Y Al () — 23 54
m=1,..., el

where z* is a reference (typically ideal) point and p is a small positive scalar that ensures
sufficient exploration. This scalarized objective is modeled via a standard GP, and optimized
using any single-objective acquisition function (e.g., Expected Improvement). By changing

the weights over iterations, ParEGO approximates the full Pareto front.

Expected Hypervolume Improvement (EHVI): EHVI extends the Expected Improve-
ment acquisition function to the multi-objective case by measuring the expected increase in
dominated hypervolume:

EHVI(x) = E [A(f(x))] (5.5)

where A7Z denotes the improvement in hypervolume when the predicted outcome f(x) is
added to the current Pareto front approximation. The expectation is taken with respect to
the predictive posterior distribution provided by the GP models. EHVI can be computed
analytically in low-dimensional cases (e.g., M < 3), while various approximation schemes
exist for higher-dimensional problems [164].

Both ParEGO and EHVI are fully compatible with the Bayesian optimization framework
and have demonstrated strong performance across a variety of multi-objective benchmarks.
The choice between scalarization and hypervolume-based methods typically depends on the

characteristics of the Pareto front and computational considerations.

5.1.2 Multi-Objective Multi-Fidelity Bayesian Optimization

In many real-world decision-making problems, multiple conflicting objectives must be
optimized simultaneously. When each objective evaluation is costly - as is often the case
in scientific experiments, engineering simulations, or real-world deployments - Bayesian
Optimization offers a principled approach to sample-efficient search. However, in such
settings, it is also common for multiple fidelity levels of the objectives to be available. These
fidelities may represent, for instance, coarser simulations, subsampled data, or simplified

models that provide cheaper but less accurate evaluations.
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Multi-Fidelity Bayesian Optimization leverages these heterogeneous sources to acceler-
ate optimization by selectively querying cheaper approximations when appropriate. When
combined with the challenges of multi-objective optimization, where the goal is to ap-
proximate the entire Pareto front of trade-off solutions, the result is the Multi-Objective
Multi-Fidelity Bayesian Optimization (MOMFBO) problem. In this setting, the optimizer

must simultaneously manage:
* Trade-offs between competing objectives;
* Trade-offs between cost and accuracy across fidelity levels;
« Efficient approximation of the Pareto front within a limited budget.

A typical MOMFBO algorithm consists of three main components: (i) a surrogate model that
jointly captures the behavior of all objectives across all fidelities (e.g., using multi-output
or hierarchical Gaussian Processes), (ii) an acquisition function that selects the next query
point and fidelity level, and (iii) a fidelity-aware optimization strategy that balances cost and
informativeness.

Several algorithms have been recently proposed to address this complex setting. Below, a

few representative strategies are discussed.

Trust Region-Based Multi-Fidelity Multi-Objective BO Trust Region-Based Multi-
Fidelity Multi-Objective BO (Trust-MOMF) [74] introduces a trust-region framework into
the MOMFBO setting. The method decouples exploration and exploitation spatially by
restricting candidate generation to a local region around previously evaluated high-quality
solutions. Within this trust region, a multi-objective acquisition function, such as Expected
Hypervolume Improvement (EHVI), is optimized. Low-fidelity evaluations are used to
inform and expand the trust region, while expensive high-fidelity queries are limited to
regions where predictions are deemed sufficiently reliable. This approach offers several

advantages:

* It focuses high-fidelity evaluations in promising subregions, enhancing sample effi-
ciency;
* It allows broader exploration via low-fidelity queries without compromising the quality

of Pareto front estimates;

* It maintains compatibility with existing multi-objective acquisition functions, requiring

minimal structural modifications.
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MOMF with Decoupled Evaluations A class of sequential algorithms [73] tackles
MOMFBO by decoupling the selection of the fidelity level from the selection of the in-
put location. At each iteration, the algorithm first determines the most informative fidelity to
use, based on a cost-benefit trade-off, and subsequently selects the input configuration that
maximizes the acquisition function under the chosen fidelity. This stage-wise decomposition

offers increased modularity and transparency:

* The fidelity selection can be guided by information-theoretic criteria, expected cost, or

model uncertainty;

* The location selection can leverage standard acquisition strategies, such as EHVI or

Pareto-aware variants of Expected Improvement;

* The decoupled structure facilitates extensions to asynchronous or resource-constrained

settings.

Hypervolume-Based Knowledge Gradient The Hypervolume-Based Knowledge Gra-
dient (HV-KG) algorithm [48] extends the Knowledge Gradient (KG) framework to multi-
objective optimization using the hypervolume indicator as a utility metric. In the multi-fidelity
variant, the acquisition function quantifies the expected gain in hypervolume that would result
from querying a point at a given fidelity level. This results in a fidelity-aware, information-
theoretic acquisition function that directly targets improvements to the Pareto front. Key

properties of HV-KG include:

» Explicit integration of fidelity cost into the acquisition function, allowing budget-aware

optimization;
* Focus on improving the Pareto frontier via hypervolume gains;

* Applicability in the presence of noisy or biased lower-fidelity data.

While several promising methods have been developed, the field of MOMFBO remains

nascent, and multiple open challenges remain. These include:

* Designing acquisition functions that scale to high-dimensional Pareto fronts and large

fidelity hierarchies;

» Capturing complex correlations and biases across objectives and fidelity levels in

surrogate models;

* Handling heterogeneous fidelities with varying noise levels, missing outputs, or un-

known cost functions.
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Addressing these challenges is essential to broaden the applicability of Bayesian Opti-
mization to real-world problems involving multi-criteria decision-making and hierarchical
simulations. Applications include engineering design, robotics, environmental monitor-
ing, and hyperparameter tuning in machine learning, all of which often involve multiple

competing goals and evaluation modalities.

5.1.3 Fair and Green Machine Learning

Recent years have witnessed a growing concern regarding the sustainability and ethical im-
plications of Machine Learning systems. In response, two key paradigms have emerged: Fair
Machine Learning, which focuses on mitigating algorithmic bias, and Green Machine Learn-
ing, which emphasizes the reduction of computational and environmental costs associated
with model training and inference.

Fair machine learning aims to prevent discriminatory behaviors in algorithms, particularly
in sensitive applications such as hiring, lending, and criminal justice. Achieving fairness typ-
ically involves incorporating fairness metrics, such as demographic parity, equal opportunity,
or equalized odds, into the model selection or optimization process. These fairness criteria
often stand in trade-off with traditional performance measures like accuracy or precision,
requiring algorithms that can explicitly model and explore such trade-offs.

Green machine learning, on the other hand, seeks to reduce the energy consumption
and carbon footprint of ML pipelines. This can involve minimizing training time, limiting
the number of model evaluations, or selecting architectures that are less resource-intensive.
Energy and resource metrics, such as GPU hours or estimated CO, emissions, are thus
increasingly treated as optimization objectives alongside task performance.

Both fairness and sustainability naturally lead to the need for Multi-Objective Optimiza-
tion frameworks. When evaluations are expensive, either due to the use of large models,
real-world data pipelines, or resource-consuming simulations, Bayesian Optimization be-
comes a suitable strategy. In such contexts, MOMFBO provides a principled approach to
efficiently navigate trade-offs while leveraging cheaper but less accurate approximations of
the objectives.

MOMFBO extends traditional multi-objective Bayesian optimization by incorporating
information from multiple sources or fidelities, such as smaller datasets, fewer training
epochs, or simplified model architectures. These low-fidelity sources provide inexpensive
but noisy estimates of target objectives like accuracy, fairness, or energy consumption. By
modeling the correlations between fidelities using Gaussian Processes or surrogate models,

MOMFBO is able to allocate resources adaptively across fidelities and objectives.
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In the context of Fair and Green Machine Learning, lower-fidelity evaluations can be
defined using reduced datasets to minimize the carbon footprint, while fairness may be
treated as a competing objective to traditional performance metrics such as accuracy.

Using MOMFBO, it becomes possible to:

* Efficiently approximate the Pareto front between competing objectives such as fairness

and accuracy.
* Explore the trade-off between performance and resource consumption.

* Prioritize high-fidelity evaluations only when necessary, thereby reducing overall cost.

5.1.4 AutoGluon

AutoGluon is an open-source AutoML framework developed by AWS that provides a uni-
fied environment for automated model development, emphasizing empirical performance,
reproducibility, and scalability. Unlike traditional machine learning pipelines that require
extensive manual intervention, AutoGluon systematically explores model architectures, hy-
perparameters, and ensembling strategies using algorithmic search techniques. At its core,
the framework employs multi-layer stacking ensembles, combining diverse model families
such as gradient-boosted trees, neural networks, and k-nearest neighbors, which enhances
robustness and predictive performance.

AutoGluon leverages adaptive hyperparameter optimization methods, including Bayesian
optimization and multi-fidelity evaluation, to efficiently allocate computational resources
and accelerate convergence. It further integrates mechanisms such as early stopping, meta-
learning for warm-starting configurations, and automatic feature preprocessing, which reduce
human bias and improve generalization. Its modular design supports tabular, text, image, and
multimodal learning, making it a versatile tool for benchmarking AutoML algorithms and
conducting large-scale experimental studies under a consistent and reproducible framework.

Several approaches for fairness-aware Bayesian optimization have been implemented
within AutoGluon. One example is Fair Constrained Bayesian Optimization (FairCBO)
[109], which extends classical Bayesian optimization to incorporate fairness constraints.
This enables model-agnostic optimization of opaque functions while ensuring compliance
with user-defined fairness criteria. FairCBO models both the target objective f(x) and the
fairness metric ¢(x) as Gaussian processes, allowing probabilistic predictions of performance
and constraint satisfaction across the hyperparameter space. Optimization is guided by a

constrained acquisition function, the constrained Expected Improvement (cE), defined as

cEI(x) = EI(x)P(c(x) < ég),
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where E1(x) is the standard Expected Improvement and P(c(x) < €) represents the probability
of satisfying the fairness constraint. Initially, the algorithm emphasizes exploration of feasi-
ble regions by greedily maximizing the probability of satisfying the constraint until the first
fair configuration is identified. Afterward, the full cEI criterion directs the search. FairCBO
naturally extends to multiple simultaneous fairness constraints by assuming independence
and combining their satisfaction probabilities. By focusing the search on hyperparame-
ters that satisfy fairness requirements, FairCBO achieves data-efficient optimization while
avoiding the computational overhead of multi-objective approaches, offering a practical and
theoretically grounded solution for fairness-constrained hyperparameter tuning.

Another approach, proposed in [133] and building on advances in multi-objective hyper-
parameter optimization (MO-HPO) [132], adapts bandit-based resource allocation strategies
to the multi-objective setting. Classical Hyperband [93] efficiently allocates a small initial
resource r( to randomly sampled configurations, terminates unpromising candidates early,
and reallocates larger resources to promising configurations in successive rounds. To extend
Hyperband to multi-objective optimization, some methods employ random linear scalariza-
tion, reducing each configuration’s performance vector to a single scalar to enable ranking.
While scalarization simplifies candidate selection, it has limitations: it may fail to recover
the full Pareto front, restricts exploration to certain directions, and is sensitive to rescaling
of objectives. These approaches also replace Hyperband’s synchronous scheduler with the
asynchronous successive halving (ASHA) scheduler, which immediately reallocates workers
to new configurations as soon as current evaluations finish.

In this work, this second approach has been leveraged as a baseline for comparison with
the proposed MISO-AGP framework.

5.1.5 Fair-by-Design Machine Learning Algorithms

In addition to fairness-aware optimization approaches, another class of methods explicitly
incorporates fairness constraints directly into the model design, often referred to as fair-by-
design algorithms. These methods enforce fairness during model training rather than treating
it as an external constraint applied post-hoc. Two representative examples implemented
within the fairml R package are zlrm and fgrrm.

z1lrm implements the Fair Logistic Regression with covariance constraints proposed in
[165]. This method introduces linear constraints on the covariance between the sensitive
attributes and the model’s decision boundary, ensuring that predictions are statistically in-
dependent of protected characteristics. By embedding fairness directly into the objective

function, z1rm provides a model that balances predictive performance with fairness guaran-
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tees in a principled manner, making it suitable for binary classification tasks where fairness
is a critical requirement.

fgrrm extends this concept to generalized linear models with ridge regularization, as
proposed in [136]. The Fair Generalized Ridge Regression Model supports a wide range of
outcome families, including Gaussian, binomial, Poisson, multinomial, and Cox (proportional
hazards) models. Fairness constraints are integrated directly into the regularized optimization
problem, allowing the model to achieve fair predictions across diverse statistical settings
while maintaining flexibility in handling various response types. This approach is particularly
useful in applications where outcomes are not limited to binary labels and may involve
counts, categorical variables, or survival data.

Overall, fair-by-design methods offer a complementary strategy to fairness-aware hyper-
parameter optimization: rather than adapting the search process to satisfy fairness, they build
fairness guarantees into the model itself. In practice, these approaches provide interpretable
and theoretically grounded mechanisms for producing fair predictions across a variety of

machine learning tasks.

5.2 Multi-Objective AGP

5.2.1 Extending MISO-AGP to Multi-Objective Settings

The MISO-AGP framework can be naturally extended to handle multi-objective optimization
problems, resulting in a method referred to as MOMISO-AGP (Multi-Objective Multi-
Information Source Optimization via Augmented Gaussian Processes). This extension
enables the optimization of vector-valued objective functions under query cost constraints,
leveraging multiple information sources with varying fidelities and associated costs.

Formally, the problem can be expressed as follows:

x* €argmin  f;(x)
xeZ
N (5.6)

where f(x) is the vector-valued ground-truth objective, and f(x) for s € 2,...,S are the
cheaper approximations from auxiliary information sources. The query cost for each source
sW is ¢ S()» IV 1s the total number of queries, and C is the maximum total cost budget. Each

objective m € 1,...,M and each information source s € 1,...,S is modeled independently
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with a Gaussian Process (GP), resulting in S x M individual models:

{om (), 030 )}

s=1:S,m=1:M

where each pair L, (x), Oy, (x) denotes the GP predictive mean and uncertainty for objective
m from source s, conditioned on the respective observation set X, Y. For each objective m,
an AGP model is built by augmenting the ground-truth observations with reliable observations
from the cheaper sources. Reliability is defined per objective-source pair using a discrepancy-
based criterion:

T = {i : } (D) = /.Lsm(x(i))) < o1 (xD), x) ¢ x}

(5.7)
Vse{2,...,8}, Vme {l,... .M}
Using these indices, the AGP for objective m is trained on the augmented dataset:
)A(m<—X1U{x(i) eXs:iefsm,Vs;él} (5.8)

where [m] denotes the m-th column of the output matrix. Each AGP yields a predictive
mean L,,(x) and uncertainty G;,(x) for objective m. To determine the next query, a two-step

procedure is adopted:

1. Selecting the input location x’: the next input point is selected by maximizing the
Expected Hypervolume Improvement (EHVI), a widely used acquisition function in

multi-objective Bayesian optimization:

x' = argmax EHVI(x, Z,r) (5.9
xeZ
where & is the current approximated Pareto front and r is the Nadir point in the
objective space.

2. Selecting the information source s': the source to query at x’ is selected by minimizing
the product of its cost and cumulative discrepancy from the ground-truth across all
objectives:

M
s' = argmin ¢ Y [Him(x') — thon (x')] (5.10)
se{l,....S}  m=1

To ensure that AGP models are not overly biased by cheap sources, a safeguard mech-

anism is included: if, for any objective, the number of augmenting observations exceeds
the number of ground-truth observations, then the ground-truth (s’ = 1) is queried directly.
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Once the (s',x") pair is selected, fy(x’) is queried, potentially with noise, and the relevant
GP models for source s’ are updated. This iterative process continues until the budget C is
exhausted.

The MOMISO-AGP algorithm provides a principled and cost-aware strategy for opti-
mizing multiple competing objectives using multiple information sources, without requiring
correlation assumptions among objectives or sources. The framework is generic and can be
applied to a variety of application domains, including those where objectives reflect fairness,

robustness, environmental impact, or other competing performance criteria.

5.3 Experiments

5.3.1 Experimental Setup

This section describes the experimental framework employed to evaluate multi-objective
hyperparameter optimization (HPO) approaches, incorporating predictive performance, fair-
ness, and computational efficiency. The experimental design ensures reproducibility and

comparability across all considered methods.

Problem Description

The main problem under investigation is multi-objective hyperparameter optimization of
machine learning algorithms, with three objectives considered:

1. Predictive performance, quantified via the misclassification error over a validation set:

1 N
MSC (x Zl x) # yi), (5.11)

l:1

where x represents a hyperparameter configuration, N is the number of validation
instances, y; is the true label, and §;(x) is the predicted label.

2. Fairness, measured as the Difference in Statistical Parity (DSP) between groups defined

by sensitive features:
DSP(x) = |[P(Y =1]5=0x)—P(Y =1|S=1,x)], (5.12)

where S denotes the sensitive attribute (e.g., gender or race), and ¥ is the predicted
label.
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3. Carbon footprint, approximated via a computational cost proxy associated with each
evaluation. Multi-fidelity evaluations are performed on smaller subsets of the dataset

to reduce this cost, thereby providing energy-efficient estimates of the objectives.

The multi-fidelity setup allows reduced-cost evaluations to inform the optimization while

minimizing the environmental impact associated with full dataset computations.

Datasets

Four benchmark datasets widely employed in fairness-related research were considered:
ADULT, COMPAS, GERMAN CREDIT, and LAW SCHOOL ADMISSIONS [29, 91]. Each

dataset poses a non-trivial trade-off between predictive accuracy and fairness.

* ADULT: Predicts whether personal income exceeds $50K/year from the 1994 U.S.

Census data (30,162 instances, 14 features; sensitive features: gender, race).

* COMPAS: Predicts recidivism within two years for offenders in Florida (2013-2014;
5,855 instances, 16 features; sensitive: gender, race).

* GERMAN CREDIT: Predicts consumer loan defaults in Germany (1,000 instances, 21

features; sensitive: gender).

* LAW SCHOOL ADMISSIONS: Predicts passing the bar exam on the first try from a

1991 U.S. survey (20,800 instances, 11 features; sensitive: gender, race).

Prior to hyperparameter optimization, all categorical features were one-hot encoded,

increasing the final number of features.

Machine Learning Algorithms

Four supervised machine learning algorithms were considered for hyperparameter optimiza-

tion:
* Multi-Layer Perceptron (MLP), 10 hyperparameters.
* Random Forest (RF), 2 hyperparameters.
» eXtreme Gradient Boosting (XGB), 7 hyperparameters.
* Support Vector Machine (SVM) with RBF kernel, 2 hyperparameters.

The hyperparameter search spaces for each algorithm are reported in Table 5.1. For MLP
and XGB, the search spaces follow [132], while RF and SVM were defined specifically for
this study.
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Table 5.1 Search space for the algorithms’ hyperparameters. The range of the hyperparameter
max_features of RF depends on the dataset: |F| denotes the number of features in the
dataset, excluded the target one.

Algorithm Hyerparameter Type Domain Scaling
n_layers integer {1,2,3,4} linear
layer_1 integer {2,...,32} linear
layer 2 integer {2,..,32} linear
layer_3 integer {2,...,32} linear
layer_4 integer {2,...,32} linear

MLP alpha real [1076,1071] logio
learning_rate_init real [10_6, 10~ 1] logio
beta_1 real [0.001,0.99] logio
beta_2 real [0.001,0.99] logio
tol real [107°,1072] logio

RE n_estimators integer  {100,...,1000} linear
max_features integer  {2,...,|F|} linear
n_estimators integer {1,...,256} linear
learning_rate real [0.01,1.0] logio
gamma real [0.0,0.1] linear

XGBoost  reg_alpha real [1073,107] logio
reg_alpha real [1073,10%] logio
subsample real [0.01,1.0] linear
max_depth integer {1,2,...,16} linear

SVM C real [0.0001,10000]  logio
gamma real [0.0001,10000]  logio

Experimental Settings

The experimental evaluation included three multi-objective, energy- and fairness-aware HPO

approaches:

* FanG-HPO [29]: The multi-information source Bayesian optimization approach using
Augmented Gaussian Processes (AGPs) for each objective and EHVI-based acquisition

functions as described in Section 5.2.

* BoTorch-MOMF [74]: A multi-objective, multi-fidelity Bayesian optimization method
employing multi-output Gaussian Processes jointly modeling misclassification error,

DSP, and evaluation cost as described in Section 5.1.2.
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* AutoGluon-FairBO0 [133]: A fairness-aware implementation of HyperBand using
successive halving and random scalarization to reduce the multi-objective problem to

a single scalar objective as described in Section 5.1.4.
Additionally, two fairness-by-design algorithms were considered for comparison:

* z1rm [165]: Fair Logistic Regression with covariance constraints.

e fgrrm[135]: Fair Generalized Ridge Regression Model supporting Gaussian, binomial,

Poisson, multinomial, and Cox outcome families.

To ensure an unbiased comparison, all HPO methods were initialized using the same set

of hyperparameter configurations and were constrained to a common evaluation budget.

Multi-Fidelity Setup Two information sources were considered for BoTorch-MOMEF and
FanG-HPO:

» High-fidelity (full dataset), nominal query cost ¢ = 1.

* Low-fidelity (50% stratified sample), nominal query cost c; = 0.5.

AutoGluon-FairBO relies on successive halving over 10-fold cross-validation (10FCV).
Queries early-stopped before completing all folds are assigned a cost c; = ny/10, where ns
is the number of folds completed. Completed 10FCV runs correspond to ¢; = 1. Fairness-
by-design algorithms do not involve hyperparameter optimization and have no associated

query costs.

Termination Criterion AutoGluon-FairBO was executed with a maximum of 200 hyper-
parameter evaluations per run. The cumulative query cost from each run defined the budget
for BoTorch-MOMF and FanG-HPO, ensuring a consistent comparison. The first 2(d + 1)
configurations evaluated by AutoGluon-FairBO were used to initialize the two other methods,
with d being the number of hyperparameters for the respective algorithm.

Evaluation Protocol For each ML algorithm — dataset pair:

1. Run AutoGluon-FairBO with a limit of 200 queries and compute cumulative query

cost.

2. Initialize BoTorch-MOMEF and FanG-HPO using the first two sets of configurations
evaluated by AutoGluon-FairBO.
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3. Terminate BoTorch-MOMF and FanG-HPO when the cumulative query cost reaches
the same budget observed for AutoGluon-FairBO.

4. Perform ten independent runs per ML algorithm — dataset pair. For z1rm and fgrrm,
five independent runs were performed, using an unfairness constraint of 0.1 for each

sensitive feature.

Energy-Efficiency Mechanisms The approaches differ in their strategy for energy-efficient
optimization [147]:

* AutoGluon-FairBO0: Early discarding of unpromising configurations via HyperBand

successive halving.

* BoTorch-MOMF: Multi-fidelity performance measurements explicitly model the query

cost and fidelity as part of the acquisition function.

* FanG-HPO: Multi-information source optimization using AGPs with a two-step EHVI

acquisition function balancing objective performance and evaluation cost.

5.3.2 Experimental Results

This section reports and discusses the most relevant results of the experimental analysis.
To ensure clarity, each result is explicitly stated and followed by a short commentary. The
presentation is organized into four parts: (i) a comparison between Fairness-aware ML
and Fairness-aware AutoML algorithms, (7i) an evaluation of the cost-effectiveness of the
considered BO-based approaches, (iii) an analysis of their ecological performance profiles,
and (iv) additional observations regarding the usage of information sources.

Fairness-related Results

A first set of experiments aimed at comparing Fairness-aware ML algorithms with Fairness-
aware AutoML methods. The comparison was carried out in terms of Pareto optimality. For
each dataset—-ML algorithm pair, all dominant hyperparameter configurations obtained by the
three BO-based approaches over 10 independent runs were collected. Only configurations
evaluated on the full dataset were considered, and the resulting set of non-dominated solutions
was referred to as the super Pareto front. Figure 5.1 illustrates the super Pareto fronts together
with the MCE-DSP trade-offs of Fairness-aware ML algorithms. The following main findings

were derived.
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* Fairness-aware AutoML dominates Fairness-aware ML algorithms. Across all four
datasets, at least one super Pareto front obtained via AutoML dominates the trade-offs
achieved by Fairness-aware ML baselines. This observation is consistent with recent
findings in the literature, which reported that post-processing of Fairness-aware ML

algorithms is often insufficient to achieve competitive Pareto trade-offs [43].

* Bi-objective HPO of RF produces super Pareto fronts that are systematically smaller
than those obtained for other ML algorithms. Both the hypervolume and the number of
Pareto-optimal configurations are limited. In particular, the DSP values of RF solutions
remain consistently high, indicating that RF, although accurate, is less competitive in

terms of fairness.

* The bi-objective HPO of XGBoost (XGB) yields the best overall outcomes. For all
datasets, the super Pareto front associated with XGB is larger than those of the other

algorithms, both in terms of HV and in the number of Pareto-optimal solutions.

Cost-effectiveness of Fairness-aware HPO Methods

When comparing AutoML systems, it is not sufficient to evaluate only the final performance
after the budget is exhausted. Instead, the evolution of the best observed hypervolume
with respect to the cumulative query cost provides a more informative assessment of cost-
effectiveness. In this analysis, the HV was computed from the approximated Pareto front
consisting of dominant configurations evaluated on the full dataset, at increasing values of
the cumulative query cost. The costs were defined according to the two information sources
introduced in Section 5.3.1. Representative results are reported in Figures 5.2, 5.3, 5.4 and
5.5.

* For MLP, successive halving (AutoGluon-FairBO) is less cost-effective than multi-
fidelity and multiple-information source BO methods (BoTorch-MOMF and FanG-
HPO). Although AutoGluon-FairBO initially achieves higher hypervolume values
due to its initialization strategy, both BoTorch-MOMF and FanG-HPO surpass it at

relatively low cumulative costs.

* The pathological behaviour of RF, noted earlier, persists across all three BO-based
approaches. Despite gradual improvements, neither BoTorch-MOMF nor FanG-HPO
consistently close the gap with AutoGluon-FairBO, except for BoTorch-MOMEF on the
GERMANCREDIT dataset. This effect is explained by the degenerate Pareto fronts
produced for RF.
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* For XGB, multi-fidelity and multiple-information-source approaches (BoTorch-MOMF
and FanG-HPO) again prove more cost-effective than AutoGluon-FairBO. The trend
mirrors the one observed for MLP.

* For SVM, FanG-HPO consistently outperforms the other approaches in terms of
cost-effectiveness, emerging as the most reliable choice across all datasets.

Ecological Performance Profiles

Nominal query cost provides only an indirect proxy of resource efficiency. To better approxi-
mate environmental impact, cost-effectiveness curves were redrawn in terms of cumulative
runtime, following the ecological performance profile framework proposed by [147]. Run-
time was measured exclusively for hyperparameter evaluations (i.e., queries), as the overhead
of the optimization algorithms was negligible in comparison. Results are shown in Figures
5.6,5.7,5.8 and 5.9.

* Overall, successive halving (AutoGluon-FairBO) is less ecological than multi-fidelity
and multiple-information-source methods. BoTorch-MOMF and FanG-HPO achieve
significantly lower cumulative runtimes, except for RF, where BoTorch-MOMF per-

forms worse due to the pathological nature of RF Pareto fronts.

* XGB is the most promising algorithm in terms of fairness-aware HPO. Its Pareto fronts
are consistently rich, and when optimized with FanG-HPO, it achieves both the best
ecological profiles and the largest sets of Pareto-optimal models. From the perspective
of developers and practitioners, this represents one of the most valuable outcomes of
the study.

Additional Observations

Finally, the behaviour of the BO-based approaches with respect to their usage of the expensive
(high-fidelity) source was examined. Table 5.2 reports the average frequency of expensive
queries across datasets and algorithms.

FanG-HPO is the approach that most frequently queries the expensive source. This
behaviour is expected given its design, but it is noteworthy that despite more frequent use of
the ground-truth source, its cumulative runtime remains comparable to (and often smaller
than) that of BoTorch-MOME. This suggests an efficient and adaptive exploitation of available

sources.
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Across datasets and algorithms, FanG-HPO consistently provides the largest sets of

Pareto-optimal models, further confirming its effectiveness as a fairness-aware AutoML

approach.

Table 5.2 Percentage of hyperparameter configurations evaluated on the entire dataset: mean

and standard deviation on 10 independent runs.

ML algorithm Dataset

\autogluon-FairBO BoTorch-MOMF

FanG-HPO

MLP

ADULT

COMPAS

GERMAN CREDIT

LAW SCHOOL ADMISSIONS

3.64% (0.90%)
3.97% (0.36%)
3.74% (0.37%)
4.36% (0.48%)

40.47% (3.86%)
40.37% (4.05%)
41.20% (4.04%)
41.52% (3.82%)

60.24% (6.68%)
55.33% (8.72%)
61.36% (7.28%)
58.12% (5.34%)

RF

ADULT

COMPAS

GERMAN CREDIT

LAW SCHOOL ADMISSIONS

4.91% (0.97%)
4.55% (0.66%)
4.09% (0.33%)
4.41% (0.94%)

41.30% (4.28%)
45.67% (6.58%)
40.43% (4.45%)
43.12% (4.85%)

91.25% (1.88%)
92.69% (0.81%)
84.18% (4.50%)
90.17% (1.76%)

XGB

ADULT

COMPAS

GERMAN CREDIT

LAW SCHOOL ADMISSIONS

3.73% (0.82%)
4.22% (0.66%)
3.84% (0.24%)
4.85% (0.74%)

44.88% (6.30%)
41.55% (5.56%)
38.28% (6.61%)
41.60% (5.25%)

84.09% (3.71%)
73.28% (10.62%)
53.73% (9.78%)
66.38% (14.78%)

SVM

ADULT

COMPAS

GERMAN CREDIT

LAW SCHOOL ADMISSIONS

5.67% (0.13%)
4.78% (0.35%)
4.67% (1.30%)
5.28% (1.03%)

8.05% (6.77%)
16.23% (7.41%)
8.33% (3.52%)
11.12% (7.45%)

68.06% (13.65%)
53.50% (6.38%)
47.87% (1.69%)
52.14% (7.54%)
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Fig. 5.1 Comparison between MCE-DSP trade-offs of Fairness-aware ML algorithms and
the super Pareto fronts obtained through HPO of four ML algorithms. The super Pareto
fronts are constructed by pooling together all non-dominated configurations identified by the
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Chapter 6
Conclusions

This thesis has addressed the general problem of optimizing expensive, black-box functions
under realistic conditions where multiple objectives, multiple information sources, and
complex decision spaces coexist. Such scenarios arise naturally in modern scientific and
machine learning applications, including model selection, resource-aware optimization,
sensor placement, and recommender systems.

The common thread connecting all contributions is the development of methods that are
both efficient (i.e., able to learn from few costly evaluations) and expressive (i.e., capable of
capturing multi-objective trade-offs, multi-fidelity structures, and discrete or combinatorial
design spaces). To this end, the work integrates concepts from Bayesian optimization,
Gaussian processes, and evolutionary multi-objective algorithms, while introducing novel
theoretical and algorithmic components.

The research developed in this dissertation can be grouped into four main areas of

contribution.

Wasserstein-enabled Multi-Objective Evolutionary Algorithms

A first line of work focused on enhancing evolutionary algorithms through the use of the
Wasserstein distance. Specifically, an extension of the NSGA-II algorithm was proposed,
where the selection mechanism relies on Wasserstein distances among individuals, promot-
ing a more geometrically informed diversity preservation in the Pareto front. Similarly, a
Wasserstein-based variant of MOEA/D was introduced, in which the decomposition weights
are ordered using the Wasserstein distance, leading to a smoother coverage of the objective
space. Finally, a novel binary crossover operator was designed, exploiting the Wasserstein
metric to blend parent solutions in a way that preserves diversity while maintaining con-

vergence pressure. All these extensions were implemented within the pymoo framework
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and experimentally validated on standard benchmarks and real-world problems, showing

consistent improvements in terms of convergence speed and Pareto front diversity.

Augmented Gaussian Processes for Combinatorial and Multi-Objective Optimization

A second major contribution lies in the extension of the Augmented Gaussian Process
(AGP) model to broader and more challenging settings. First, the AGP framework was
extended to handle combinatorial and discrete domains by integrating genetic algorithms for
the optimization of acquisition functions. This approach allows the Bayesian optimization
framework to tackle discrete search spaces while retaining the uncertainty-aware nature of
Gaussian processes. Second, AGP was extended to the multi-objective case, leading to the
formulation of the MISO-AGP (Multi-Information Source Optimization with Augmented
Gaussian Processes). This extension enables the joint modeling of multiple fidelities and
objectives in a coherent probabilistic framework. Both formulations were implemented and
evaluated within the BoTorch library, and the combinatorial version was contributed to its

open-source codebase, thus making the method available to the research community.

Multi-Objective and Multi-Fidelity Formulations of Classical Problems

A further contribution concerns the reformulation of several classical optimization problems

under the proposed frameworks. In particular:

* the Optimal Sensor Placement (OSP) problem and the Recommender System problem
were reformulated as multi-objective optimization tasks, allowing to explicitly model

and explore the trade-offs among competing goals;

* the Risk-Averse OSP and Binary Quadratic Programming problems were extended to
multi-fidelity settings, where different sources of information or simulation accuracies

can be adaptively combined;

* the Hyperparameter Optimization of machine learning algorithms was formulated as a
multi-objective, multi-fidelity problem, providing a unified view of fairness, accuracy,

and computational efficiency.

These formulations not only expand the modeling flexibility of traditional problems, but
also demonstrate the practical applicability of the proposed methods in diverse and realistic

scenarios.
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Experimental Validation and Software Contributions

The methodological advances presented in this thesis were supported by extensive experimen-
tal campaigns. For evolutionary algorithms, benchmark results confirmed the effectiveness
of Wasserstein-based mechanisms in improving convergence and diversity. For Bayesian
optimization, the proposed AGP extensions demonstrated robustness and scalability on both
synthetic and real-world problems, including those with combinatorial structures. Moreover,
the thesis has contributed two significant open-source implementations: (i) the Wasserstein-
enabled evolutionary algorithms integrated in pymoo, and (i) the AGP module for BoTorch,
which extends the library’s capabilities to multi-fidelity and combinatorial settings. These
software releases ensure reproducibility and foster future developments by the research

community.

Perspectives and Future Work

While this thesis provides several advances in the field of Bayesian and evolutionary opti-
mization, many promising directions remain open for future investigation.

First, the integration of Wasserstein-based metrics within Bayesian optimization itself,
e.g., for defining acquisition functions that measure distances in objective space, could
unify evolutionary and probabilistic perspectives. Second, scaling the proposed methods
to very high-dimensional or large-scale problems remains a challenge; sparse Gaussian
processes, neural surrogate models, and distributed optimization schemes offer potential
solutions. Finally, extending multi-objective, multi-fidelity frameworks to streaming or
dynamic environments, where objectives and sources evolve over time, represents an exciting

frontier with strong connections to continual learning and adaptive control.

Closing Remarks

Overall, this dissertation contributes to bridging key gaps in modern optimization by combin-
ing principles of efficiency, adaptability, and interpretability. It introduces new algorithms,
reformulates classical problems, and provides open-source implementations that aim to make
multi-objective and multi-fidelity optimization more practical and generalizable. Beyond
specific technical results, the broader message of this work is that intelligent optimization,
rooted in probabilistic modeling and geometry-aware diversity, can play a crucial role in

making data-driven decision processes more fair, efficient, and sustainable.
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