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Abstract

We analyse the p- and hp-versions of the virtual element method (VEM) for the
Stokes problem on polygonal domains. The key tool in the analysis is the existence
of a bijection between Poisson-like and Stokes-like VE spaces for the velocities. This
allows us to re-interpret the standard VEM for Stokes as a VEM, where the test and
trial discrete velocities are sought in Poisson-like VE spaces. The upside of this fact
is that we inherit from Beirdo da Veiga et al. (Numer. Math. 138(3), 581-613, 2018)
an explicit analysis of best interpolation results in VE spaces, as well as stabilization
estimates that are explicit in terms of the degree of accuracy p of the method. We
prove exponential convergence of the 2p-VEM for Stokes problems with regular
right-hand sides. We corroborate the theoretical estimates with numerical tests for
both the p- and hp-versions of the method.
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1 Introduction

The virtual element method (VEM) is an increasingly popular tool in the approx-
imation to solutions of fluido-static and dynamic problems based on polygo-
nal/polyhedral meshes. In particular we recall: the very first paper on low-order
VEM for Stokes [2]; its high-order conforming [11] and nonconforming versions [20,
34]; conforming [12] and nonconforming VEM for the Navier-Stokes equation [33];
mixed VEM for the pseudo-stress-velocity formulation of the Stokes problem [17];
mixed VEM for quasi-Newtonian flows [19]; mixed VEM for the Navier-Stokes
equation [24]; other variants of the VEM for the Darcy problem [18, 45, 47]; analy-
sis of the Stokes complex in the VEM framework [9, 13]; a stabilized VEM for the
unsteady incompressible Navier-Stokes equations [30]; implementation details [23].

Notwithstanding, all the above articles refer to the h-version of the method, i.e.,
when the convergence is achieved by refinement of the underlying mesh while keep-
ing the order of the approximation fixed, and the convergence analysis is performed
assuming enough smoothness of the solutions to the problem under consideration.
This is not the case when the domain of the equation is polygonal/polyhedral. In fact,
even with smooth data, solutions are expected to have singularities at the corners of
the domain; see, e.g., [27, 35]. More precisely, it can be proven that they belong to
Kondrat’ev spaces, i.e., weighted Sobolev spaces with weight given by a function of
the distance from the corners of the domain; see definitions (4) and (5) below.

For this reason, employing hp spaces arises as a natural technique in order to
construct methods, which lead to an exponential decay of the error. This approach
has been investigated in a plethora of works, in the framework of conforming and
nonconforming finite element methods. We recall the following works, which relate
to the hp approximation of problems of Stokes and Navier-Stokes type: hp primal
and mixed methods for the Stokes equation [41, 43]; mixed discontinuous Galerkin
(dG) finite element methods for the Navier-Stokes equation [37]; error indicator for
the Stokes equation [14]; analysis of Stokes flows [25]; mixed ~p-dG methods for
incompressible flows [38—40] and their a posteriori version [29]; spectral elements
for Stokes eigenvalue problems [44].

The main contribution of this paper is given by the development of the analysis of
p- and hp-VEM for the approximation of solutions to the Stokes problem, building
upon the analysis for p- and 2p-VEM for the Poisson problem in [6, 7]. The key tool
in the analysis is the proof of the existence of a bijection between Poisson-like [5] and
Stokes-like [11] VE spaces for the velocities. This allows us to re-interpret the stan-
dard VEM for Stokes [11] as a VEM, where the test and trial discrete velocities are
sought in Poisson-like VE spaces. The upside of this fact is that we inherit from [7]
an explicit analysis of best interpolation results in VE spaces, as well as stabilization
estimates that are explicit in terms of the degree of accuracy of the method.

We prove that the hp-version of the method converges exponentially in terms of
the cubic root of the number of degrees of freedom when the right-hand side of the
Stokes problem in a polygonal domain is analytic. In addition, we also show that the
p-version of the method converges algebraically if the solution is sufficiently regular,
and exponentially in terms of the degree of accuracy when the solution is analytic.
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In the remainder of this section, we introduce some notation, the continuous prob-
lem we are interested in, namely a Stokes problem in a two-dimensional polygonal
domain, and discuss the regularity of solutions to this kind of problems in polyg-
onal domains. Finally, we conclude this section by presenting the structure of the
remainder of the paper.

1.1 Notation

We employ the standard notation for Sobolev spaces [1]. More precisely, given a
domain D C R4, d = 1,2, we denote the Sobolev space of integer order s € N
by H* (D). We endow H* (D) with standard Sobolev inner products, seminorms and
norms:

(s )5, D> |- 1s,p, Il lls,p-

Fractional Sobolev spaces can be defined via interpolation theory. Moreover, we
set P, (D) as the space of polynomials of total degree at most p over the domain D.
As customary, given two positive quantities a and b, we write @ < b meaning that
there exists a positive constant ¢ independent of the discretization parameters such
that a < ¢ b. Moreover, we write a >~ b ifa < b and b < a at once.
We write Ng = NU {0} and Rt = {x e R: x > 0}.

1.2 The continuous problem

Let 2 C R? be a polygonal domain with boundary I" and f € [L?(£2)]>. We want
to approximate the solution to the following problem: find # and s such that

—Au—Vs=f inf
divu =0 in 2 (1
u=>0 onl.

Define the spaces
Vi=[Hy(@)P, — 0:=L§R) = {q € LX) : / q= 0},
Q
and the bilinear forms
a(u,v) := (Vu, Vv)o o, b(w,q) =(ivv,q)oe Yu,veV,Vge Q. (2
The weak formulation of problem (1) reads

find (u, s) € V x Q such that
a(u,v)+b(,s) =(f,v) YveV 3)
b(u,q) =0 Vg € Q.

Problem (3) is well-posed, see, e.g., [15].
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1.3 Regularity of the solution to (1)

The regularity of the solution (u, s) to Stokes problem (1) in the polygonal domain 2
depends on the shape of the domain. In particular, even if the right-hand side f is
analytic, the corners of the domain give rise to corner singularities in the solution,
which limit its regularity in the scale of classical Sobolev spaces. In order to properly
characterize the solution to the Stokes problem, we resort to corner-weighted Sobolev
spaces, of the kind firstly proposed in [31].

Assume that the polygon £2 has n. € N corners, which we denote by € = {¢; €
R2,i=1..., n¢}. Set the amplitude of the internal angles at each corner ¢; € €
as ¢, € (0, 2m)\{r} and the Euclidean norm in RR? by |-|. Then, given the vector y =
{ve, € R, ¢; € €} € R"™ and k € Ny, define the weight function o

ne
rk_Z(x) = 1_[ lx — ci|k_Vfi Vx € £2.

i=1

For £ € Ny and y € R", introduce the seminorm and associated norm

14

2 — § : loe| =y qoe. 112 2 ._§ : 2

|U|IC£(.Q) T ”r 78 UHLZ(_Q)a ||v||l€$(g) R |U|ICI)(/(Q)3
B a=(a1,a2)€[NgI?, |a|=¢ - k=0 =

where we use the notation 9% = 8?11 8?22 We define the homogeneous Kondrat’ev
space as

K@) = {v e LA2) : vliy ) < o0} )

Furthermore, we introduce the class of weighted analytic functions

Ky (2):=ve ﬂ IC?(.Q):EIA € R such that |v|,C£(Q)§A”]€!VZ eNgt. (5
LeNy -

If there exists 8 € R such that y. = g for all ¢ € €, we write ICf; (£2) = ICf, (£2) and
ICZ” (£2) = IC;U (£2).

For each vertex ¢ € € of £, L. denotes the smallest positive solution to the
following equation:

(sin(he;de))” = 22 (singe;)”. (6)

Observe that, for all ¢, € (0, 27) \ {7}, we have A, > 1/2. Furthermore, for all 0 <
¢. < m, i.e., in presence of convex corners, we have A, = 1.

The following result is a finite regularity shift result in weighted Sobolev spaces
for solutions to the Stokes problem; see [27, Theorem 5.7] and [32, Section 5]; see
also [35, Proposition 1.8] for the case of homogeneous spaces.
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Theorem 1 Let ¢ € Ny and Zbe suchthat0 <y, —1 < A, forall ¢; € €. Assume

2
that f € [IC)E/Q(.Q)] and let (u,s) € V x Q be the unique solution to (1) with
right-hand side f. Then, there exists C > 0 such that

Il g2y + Isllicest ) < CIF s oy ™

Furthermore, if the right-hand side belongs to analytic weighted spaces, then also
the solution to the Stokes problem belongs to the same spaces, as stated in the
following result; see [27, Theorem 5.7].

2
Theorem 2 Let y be such that O < y. — 1 < A¢ forall ¢ € €. Let f e [IC}?_Z(SZ)]

and (u,s) € V x Q be the solution to (1) with right-hand side f. Then u €
2
(K7 @] ands e k7@,

1.4 Structure of the paper

In Section 2, we construct the VEM for the approximation of solutions to problem (3).
Differently from the standard approach of [11], we show that the VEM for the Stokes
equation can be re-interpreted as a VEM where the velocity space is Poisson-like [5].
Section 3 is concerned with the derivation of a priori estimates on velocities and
pressures. Among the key points here, we prove the validity of a discrete inf-sup
condition and stabilization bounds, which are explicit in terms of the degree of accu-
racy of the method. The exponential convergence for the p- and hp-versions of the
method are theoretically proven in Section 4 and numerically validated in Section 5.
We draw some conclusions in Section 6.

2 Meshes and the virtual element method

In this section, we present the virtual element method for the approximation of solu-
tions to (3). More precisely, we begin by introducing sequences of polygonal meshes
partitioning the domain §2 and their properties in Section 2.1. Next, in Section 2.2, we
recall the virtual element spaces introduced in [11], whereas, in Section 2.3, we con-
struct computable bilinear forms and exhibit the method. We devote, then, Section 2.4
to recalling the standard virtual element method from [5]. Indeed, we show that the
virtual element method for the Stokes equation can be re-interpreted as a method
where the velocity is sought in Poisson-like virtual element spaces. This fact will
play an important role in the analysis presented in Section 3 below.

Notation for the subscripts When referring to a polynomial of degree at most p € N,
we use the p subscript. Instead, when referring to a function in a virtual element
space, we use the n subscript. The “n-notation” is more convenient in view of the
description of the hp-version of the method.
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2.1 Meshes

Here, we introduce the polygonal meshes, upon which we will construct the virtual
element method. Specifically, we consider sequences {7, },en of meshes, which par-
tition the domain §2 into conforming, nonoverlapping polygons. Fix n € N, i.e., fix
one of the meshes in the sequence. We denote the set of vertices and edges in 7,
by V, and &,, respectively. Next, fix K € 7,. We denote its diameter and cen-
troid by kg and xg, respectively. Moreover, £X represents its set of edges. We
define h := maxgeT, hi.

The set of vertices V), and edges &£, can be decomposed into internal and boundary,
i.e., contained in I = 352, ones. We write V!, VB, €I and &P, respectively. We
denote the length of each edge e € &, by h,.

We state the following assumptions on the sequence of meshes: for all n € N,
there exists y € (0, 1) such that

(A0-p) the mesh 7, is quasi-uniform, i.e., for all K| and K> € 7T, there holds
vhi, <hg, <y 'hg;
(A0-hp) the mesh 7, is locally quasi-uniform, i.e., for all neighbouring K
and K> € 7y, there holds yhg, < hk, < y_lhkl;
(A1) forall K € 7,, K is star-shaped with respect to a ball with radius larger
than or equal to yhg;
(A2) forall K € 7, and for all e € £K there holds hx < yh,.

Assumptions (A1) and (A2) will be used throughout the whole paper. Instead,
assumptions (A0-p) and (A0-Ap) will be considered when dealing with the p- and
hp-versions of the method, respectively.

For the sake of exposition, we construct the method for uniform p only, and
postpone to Section 4.2 the variable degree case.

Remark 1 The forthcoming analysis can be also extended to more general geome-
tries; see, e.g., [10, 16, 21]. For the sake of clarity, we stick to the setting detailed

above.

We denote the space of piecewise discontinuous polynomials of degree p € N
over T, by P, (T,).

2.2 The Stokes virtual element spaces
Here, we recall from [11] the virtual element spaces, which we will use in the dis-
cretization of problem (3). Henceforth, p € N denotes the degree of accuracy of the
method. Given K € 7, set

Gp(K) := V(P11 (K)) C [P, (K)P
and introduce the subspace H ,(K) C [P, (K )]1? such that

[P,(K)* =G ,(K) ®H,(K). 8)
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In [11], H,(K) is chosen as the L?(K)-orthogonal complement in [IP’p(K)]2
of G, (K), denoted gﬁ(l( ). In practical computations, see [23], a convenient choice
is provided by the space

P, 1(K),  xt= (‘y).

In what follows, we do not impose orthogonality in (8), but only require that H , (K)
is such that (8) is a direct sum.
Recall that £X denotes the set of edges of the element K and introduce

B,(0K) := {v,, € CODK) | vje € [Py(e)]? Ve € 5’<] .

Define the local bilinear forms:

a® @, v) = (Vu, Vo) g, b, q) == dive,q)ox  Vu, ve [H' (K)]?, g € L>(K).
Consider the following local Stokes problem: Given q;‘?% € Hp(K) and g, €
IP);)—I(I()/IR:

find (v,, s) € H'(K) x L*(K), vn9x € B,(3K) such that
—Av, — Vs = ‘1;‘3—2 in K ©
dive, =qp_1 in K.

Set the local Stokes-like virtual element space for the velocity as follows:
V,u(K) = {vn € [HI(K)]2 | v, solves a problem of the form (9)} .
We introduce the following linear functionals on V,,(K): given v, € V,(K), define
- DV{( (v,,): the point values at the vertices of K
- Dv§ (v,): the point values at the p — 1 internal nodes of the Gauf3-Lobatto
formula of precision 2p + 1 on each edge e € £X;
—  given {g,®} a basis of H ,, the “complementary”” moments
1
Dv5 (vn)o = —f - 4a®; (10)
K| Jk

— given {qo[}(‘;’;ll a basis of P,,_1(K) /R, the “divergence” moments

h
DV (0,0 = /K div (0. (11

Lemma 1 The above linear functionals are a set of degrees of freedom for V,,(K).
Proof See [11, Proposition 3.2]. O]
We define the H'-conforming global Stokes-like velocity space as follows:

V= {v, € [H ()1 : vk € Va(K) forall K € Tp}. (12)
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We endow this space with the set of degrees of freedom, which is obtained by a
standard H '-conforming dof coupling of the local ones.

The above degrees of freedom allow us to compute two projection operators;
see [11, Sections 3.2 and 3.3]. The first one is the H' projector HX’K [HY(K)P? —

[P,(K)]? defined as

{aK(q,,, v, — Y Kv,) =0 Vg, € [P,(K)P 13

V.K
faKv,,—Hp’ v, =0.

We define the global projector IT Z C[HY(T)H)? — [P, (T)1? so that, for all v €
[H (T)]%,
(HZv)‘K —ny% k) VK €T

Furthermore, we can compute the L? projector H(I),’fz : Vau(K) = [Ppa(K )]2
defined as

@povn =000k =0 Vg, 5 € [P, 2(K)I% (14)

These two operators are instrumental in the design of the virtual element methods;
see Section 2.3 below.
For future convenience, introduce the broken Sobolev space

H'(T;) = {v € [L2(2)1 : vk € [H(K)P VK € T] ,
and associate with it the broken Sobolev seminorm and norm

2 . 2 2 . 2 2
[v|{ = IVvlg lolli 7 == 1vlg.e + VT -
T ) T ) T
KeT,

Finally, set the pressure space as

0, = [qn € L3(R2) : quik € Pp_1(K) forall K e T] (15)
2.3 The virtual element method
Here, we design computable discrete bilinear forms and right-hand side and intro-
duce the virtual element method for the approximation of solutions to the Stokes
problem (3).

2.3.1 Discrete bilinear forms

We introduce the elementwise discrete bilinear form aX given by

ay Wy, vy) = a" (@) Ku,, WK v,) + SK(Ad -0 Fyu,, (=TT 5)v,) Yy, v, € V,(K),
(16)

where, for all K € T,, SX : H'(K) x H'(K) — R is a computable local stabi-
lizing bilinear form, which is computable from the degrees of freedom introduced in
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Section 2.2. We postpone the discussion about further properties of the stabilizing
bilinear forms SX to Section 3.2 below. The global discrete bilinear form reads

K
an(Uy, vy) = Z a, (un\Ks van) Yu,, v, € V.
KeT,

As for the discretization of the bilinear form b(-, -) in (2), we observe that the diver-
gence of functions in the space V,,(K) is polynomial and can be expressed in closed
form in terms of their degrees of freedom. Therefore, no approximation is necessary
for the second bilinear form and we define

bn(Vn, qn) == bWn,qn) V4 € Vi, Yqn € Qn.
2.3.2 Discrete right-hand side
Define the global piecewise L? projector IT 272 as follows: given f € [L?(£2)]?,
(H‘;_zf)lK =m05(fix) VK €T,
2.3.3 The virtual element method

The virtual element method for the Stokes problem (3) reads as follows:

find (u,, s,) € V,, x Q, such that
an (W, ) +b(Vn, 52) = () 5 f.vado.2 You €V, (17)
b(uy, QH) =0 VQn € Oy.

2.4 An equivalent formulation in Poisson-like virtual element spaces

We recall the vector Poisson-like virtual element space, see [5], for this will allow
us to reinterpret method (17) in a way that is more convenient for the analysis in
Section 3 below. Given K € 7,,, set

Vu(K) = (¥, € [H'(K)P? : Vnjox € B,(0K) and AT, € [P)p_2(K)I*).
The global H'! standard Poisson-like virtual element space reads

v, = {m e [H'(K)P : Bk € Va(K) forall K e T,,} (18)

The operators DviK ,i = 1,...,4 introduced in Section 2.2 are unisolvent degrees

of freedom for both V,(K) and ‘N/,, (K), as stated in the following lemma, where we
also prove that such degrees of freedom identify a bijection between the two virtual
element spaces.

Lemma 2 For all K € 7T,, there exists a Stokes-to-Poisson bijection Tgp
V.(K) — V,(K) such that

DvE (v,) = DVE(TEp v2), i=1,23,4, Vv, € Vo(K).  (19)
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Proof Given K € 7Ty, introduce the following auxiliary set of degrees of freedom:
given v, € V,(K),
- 1’)va (v,,): the point values at the vertices if K ;

- ]’)va (v,): the point values at the p — 1 internal nodes of the GauB-Lobatto
formula of precision 2p + 1 on each edge e € £X;
— given {g,®} the basis of H p—2 used in (10), the moments

~ K 1 -
BV @ = e /K B 4a®; 20)

— given {p‘,t}g;1 a basis of G, 5 such that py = Vg, with g, defined in (11), the
moments

~ K h ~
Dv, (vi)e = |7K|/Kvn * Pa- 2n

Since []P’[,_Z(K)]2 = G,_2 ® Hp_2, this is indeed a set of degrees of freedom;
see [5, Proposition 4.1]. Furthermore, l’)\;lK = DviK fori =1,2,3.

For any v,, € V,,(K), introduce v,, = Tlsip v, € ‘7,1 (K) as described below. First,
we require vV, sk = Vpn|ak. In other words, fix DviK W, = Dvl.K(v,,) fori =1,2.
Besides, assume that

~ K ~ ~
Dv; (v,) = DV (3,) = DvE ().

Finally, fora =1, ..., p — 1, let {gy }« be the basis of P,_;(K)/R used in (11). We
require

_ ~ K ~ _
hK] |K|DV4 (Vp)o = _hK] |K|va(vn)oz +/ Uy 'ana' (22)
K

This implies that va (v,) = va (vy,). Indeed, {an}g;% is a basis for G, » and!

— ~ 11 .~ IBP ~ ~
hK1|K|DVf(vn)a (=) fK div(v,)qq (Z) _fK Uy - Vo + fi)K vy - nKCIa

21) _ ~ K ~ 22) . _
D _h KDV @da + Sy v 18 e 2 b [KIDVE (v,)e.

Using that dim(V ,(K)) = dim(17n(K)), we get that Tgtp is a bijection. O]

As an immediate consequence, we have the following result.
Corollary 1 The degrees of freedom DViK , i =1,2,3,4 are unisolvent on f/n (K).
The two next lemmata are instrumental in order to prove Proposition 1 below.

Lemma 3 Let Tgtp be the bijection introduced in Lemma 2. Then, the following
identity is valid:

fK Vo gy = /K (T§p ) Gy You € Va(K). Vg, 5 € [P, 2(K)]*.

'Here and in what follows (IBP) means ‘integration by parts’.
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Proof For any 4p— € []P’p,z(K)]z, there exist unique g,—1 € P, 1(K)/R
and 3[,_2 € Hp—2(K) such that

4p2=Vqp-1 +q, 2, (23)
see, e.g., [23, Proposition 2.1]. Denote v, = Tgtp v, € ‘7,, Using Lemma 2, we

have DviK (vy) = DViK (v, i = 1,2, 3, 4. Therefore, we deduce

23) ~
f[( Un-qp2 E fl( vy - Vgp—1 +f1( Un-qp—2

P) . ~
= — [ div()gp—1 + [y va -8 qp1 + [ va T,
(19) .~ ~ ~ o~ (23) ~
= —fK div(vn)gp-1 +f3K Un ~anp,1 + fK Un-qp—2 = JgVUn qp-2-

O

Lemma4 Let Tgtp be the bijection introduced in Lemma 2. Then, we have

oy (t8pv,) =) Fv,, H?;fz(TgP Vn) = H?;fzv,, Yo, € Vo(K). (24)

Proof Let v, € V,(K) and denote v, = TIS<tP v, € ‘7n An integration by parts
yields

a®(q,. m)*%,) = —/KAq,,-’inJr/aK(qunK)-in Vg, € [P,(K)I.

Since V|9 = vnjak and using Lemma 3, we deduce

aK(qp,HZ’K?;n): _/ qu'vn+'/ (qunk)‘vn :aK(qp,HZ’Kvn),
K dK
The second identity in (24) is a direct consequence of Lemma 3. O

Define the global bijection
Tsp : Vo = Vo (25)

as (Tsip vp) |k = Thp (v k) forallv, € V, and K € Ty,
The following result is a direct consequence of Lemmata 3 and 4.

Proposition 1 Forall v, € V,, we have

b(Tstp vy, gn) = b(vy, gn) Van € O, (26)

and
Oy (Tspv,) = Myv,, M) (Tspv,) =) 5, (27)

Proof The identities in (27) follow from Lemma 4 and the definitions of IT Z
and IT 2_2 directly. In order to show (26), remark that, due to Lemma 2

/ div(Tstp v)qn :/ div(v,)gn VK € Th, Vg, € ]Pp—l(K)/R-
K K

Then, (26) follows from summing up the contributions of each integral in K. O
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In words, Progosition 1 states that, given two functions in the virtual element
spaces V, and V, sharing the same value of the degrees of freedom, their IT Z

and IT 97_2 projections, as well as their evaluations through b(-, g,) for all ¢, € Q,,
are the same.

3 A priori estimates

In this section, we prove the well-posedness and provide an abstract error analysis of
method (17). To this aim, we first prove that the bilinear form b(, -) satisfies a dis-
crete inf-sup condition independently of the degree of accuracy of the method; see
Section 3.1. Secondly, in Section 3.2, we analyse the discrete bilinear form a,, (-, -)
and show that, under suitable assumptions on the stabilization terms, it is coer-
cive and continuous. Notably, the coercivity and continuity constants are determined
using Poisson-like spaces and are explicit in terms of the degree of accuracy p of
the method. The abstract error analysis on the velocities and pressures is provided
in Sections 3.3 and 3.4, respectively. The bounds herein proven are instrumental in
deducing the rate of convergence of the error of the method, which is the topic of
Section 4 below.

3.1 The discrete inf-sup condition

The discrete inf-sup stability of method (17) has been shown in [11] already. Here,
we recall its proof and show that the discrete inf-sup constant is independent of the
degree of accuracy p.

We start by recalling a classical result on the inf-sup constant for star-shaped
domains.

Lemma 5 Let D C R? be a domain contained in a ball of radius R and star-shaped

with respect to a concentric ball of radius p. Denote the inf-sup constant of bP (-, )
by B(D). Then, the following lower bound is valid:

0
D) > —.
B(D) = R
Proof See [22, Theorem 2.3]. O]
Lemma 6 There exists a positive constant E independent of the element sizes and

of the degree of accuracy p, such that

b
inf (Vs qn)

i S B (28)
an€0n v,ev, [Vnl1,2qnllo. 2
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Proof As is customary, we use the Fortin’s trick, i.e., we show the existence of an
operator IT, : V — V, and a positive constant C independent of p such that

b(ITyv, gn) = b(v, g,) forall g, € Qp
[ Tyvll,e < Clivl,e-

This implies the validity of the inf-sup stability of the spaces V, and Q,; see,

e.g., [15]. We devote the remainder of the proof to showing the existence of such

operator I, and constant C.

Let W,, be a low-order (p = 2) virtual element space for the velocity. By [11,
Proposition 4.2], there exists v, € W, such that

[b@n,an) = b(v,7,) forall g, € Po(T) 29)

lvnllh,e < Clvl,e.
In each element K, we introduce a bubble function w € V,(K) such that
— wXpx =0;
- / wXqe® = 0forall g4® € H,(K);
K
- / div(wX)g,- =f div(v — v,)qp—1 forall g,—1 € P,_1(K)/R.
K K

In other words, we construct w,f such that, in each element K € 7, Dvl.K (w,ﬁ< ) =
0,i = 1,2,3, and va(w,’f) = va(v — v,). Besides, by the definition of the
space V,,(K), there exist s € L?(K) such that

—AwK —vs =0 in K
divwk = ng;’i diviv —v,) inK.

By the standard Well-posedness of the above Stokes problem, we claim that

1
w1k < IIU K divo — B llo.x < vV — V1K (30)
ﬁ(K) - ! B(K) !
In order to show (30), first observe that
i3 ¢ =a® @k w) =K@k s) < 11" divo — B llo.xlIsllo.x-

Next, denote the inf-sup constant of the continuous Stokes problem in K with
homogeneous Dirichlet boundary conditions by B(K). This gives
1 bE (v, 5) 1 akwk, v) 1
Isllo.x < - sup = sup < lwX 1 &,
BUK) yeniixe 1Pk By Ik~ B

whence (30) follows.

Next, consider w,, € V,, defined as w,’f
w;, + v,. By construction, it follows that

b(ITyv, gn) = b(v, gn) Vg, € Ox.

From (29) and (30), we deduce that [T, is H'(£2)-stable, with stability constant
independent of the degree of accuracy p. O

in each element K € 7, and define IT,,v =
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3.2 Stabilization, coercivity, and continuity: well-posedness of the VEM

In this section, we analyse the properties of the discrete bilinear form a,(-, -).
Notably, we show that suitable choices of the stabilization forms yield to a coercive
and continuous bilinear form. Furthermore, the coercivity and continuity constant are
explicit in terms of the degree of accuracy p of the method. The main ingredient is
given by the properties of the bijection Tgtp; see Lemma 2.

In order to investigate the stability of the method, we require an additional property
on the stabilization bilinear forms: For all u,, v, € V,(K) and u,,v, € V,(K)
such that DvK (v,) = DvE(¥,,),i = 1,2,3,4, i.e., D, = Tsp v, with Tgp defined
in Lemma 2,

SK (up, vy) = S8 @y, 9,) (31)

Furthermore, we assume that, for all p € N and K € 7,, there exist two positive
constant @, (p) < a*(p), such that

SK @0 B) = @) Bal} . S5 . B0) <@ (P)nl1 k[Vali.k Vi, Ty € V,(K) Nker(IT )y 5).
(32)

Set
ax(p) = min(1, &4 (p)), o™ (p) = max(1,@*(p)).

Following, e.g., [5], we can prove that a,(p) and o™ (p) are the coercivity and conti-
nuity constants for the discrete bilinear form a,, (-, -). The actual dependence on p of
the two constants hinges upon the definition of the stabilizing bilinear forms SX (., -)
in (16); see Remark 2 below for an explicit choice of the stabilization together with
the explicit dependence in terms of the degree of accuracy.

As in [5], the properties of the discrete bilinear form a,, (-, -) entail that the method
is stable and p-polynomially consistent. We have the following well-posedness
result.

Theorem 3 Method (17) is well-posed.

Proof The assertion follows from the continuity of the bilinear forms a, and b,
the coercivity of a,, the discrete inf-sup condition (28), and standard argument as
in [15]. O

Remark 2 An example of an explicit stabilization § K such that (31) and (32) are
valid is as follows:

2
S, 0) = 55, w0k + /%K ()5 5 0,) | Yt € V().
(33)
All the terms on the right-hand side of (33) are computable via the degrees of free-
dom Dvl.K ,i =1,...,4 explicitly. Furthermore, (31) is valid thanks to Lemmata 2

and 4. On the other hand, the bounds in (32) can be proven as in [7, Theorem 2], with
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explicit stability constants

5 . 1 if K is convex
ax(p) = p~, a*(p) < _x
pz(] oK +€) otherwise,

for all € > 0 and where wg denotes the largest angle of K.
The practical dependence of the stabilization constants in terms of p results to be
much milder numerically; see [6, Section 4.6] and [7, Section 4.1].

3.2.1 Why did we assume (31)?

The reason we have introduced the auxiliary Poisson-like virtual element space ‘7”
in (18) and analysed its relation with the Stokes-like virtual element space V, in (12)
is that we can exploit previous stability bounds that are explicit in terms of the degree
of accuracy p; see [7, Section 4].

Notably, the nonstandard assumption (31), together with (26) and (27), allows
us to analyse method (17) by mapping Stokes-like virtual element functions into
Poisson-like ones.

Remark 3 By concatenating (27), (31), and (26), problem (17) is algebraically the
same as the analogous discrete problem, where test and trial functions are sought
in V,, rather than V,. Besides, in Section 3.2, we have seen that analysing the
stabilization for “Stokes-type” spaces is the same as for the Poisson case, which
is thoroughly investigated in [36]. In this reference, it was observed that, in two
dimensions, the stabilization has no effect on the numerical performance of the
method.

3.3 A priori estimate on the velocity
In this section, we prove upper bounds, which will be instrumental in the analysis of
the convergence for the error on the velocity. ~
Introduce the weakly divergence-free subspace of V,
Z, = {F,, eV, :b(Vy, q,) =0forall g, € Qn}.
For future use, we also introduce the weakly divergence-free subspace of V,
Z, ={v, €V, :bw,,q,) =0forallg, € Q,}. (34)
Moreover, let F,, denote the smallest constant such that

(A —T10_,) f. F)o.el < Fululi7, Vo € Za.

The first result is an upper bound on the error between the solution to the continuous
problem and the discrete solution mapped through the bijection in (25).
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Lemma 7 Let u be the solution to (3), u, € V,, the virtual element solution to (17),
and Tgp the bijection defined in (25). Then, the following bound is valid:

1
ax(p)

[ — Tstp unl1, 7, < (fn-i-(a*(l’)-i-l)( inf |u—Zul1.0+ inf  |u—u:l17,]]-

ZueZy un €[P (To)12
(35)

Proof Intrgduce i, = Tsp uy. Since b(u,, g,) = 0 forall g, € Q,, use (26) to get
that u,, € Z,,. Moreover, by (27) and (31), u,, is the solution to the reduced problem

find %, € Z, such that
an (U, V) = (H(;,,Qf’?;n) Y, € Z,.

In fact, u, solves the Stokes-like counterpart

find u,, € Z,, such that
an(Un, vp) = (H(l)7—2f’ vy) Vv, € Zy.

The analysis proceeds with classical tools for a priori estimates for virtual element
methods; see, e.g., [5]. For any Z,, € Z,,, the triangle inequality yields

lu —unl 7, < |u—=Zul17, + 20 — Unl17,- (36)

Denoting 8, =7, — i, € Zn, forallu, € P, (7)1, we compute,

a*(P)“Snl%,'n =< Z af(ans 8n)
KeT,
= Z (aK(u’ 8n) _af(ﬂn, Sn)) + Z ay{((EYI —uy, 8, + Z aK(un —u,d,)
KeT, KeT, KeT,
< (d-19_) f, 802 +a*(p) D Fn —uxlikldulix + Y lx —ul1x18al1 &
KeTny KeT,
=< (-7:/1 +05*(I7)|'5n - unll,Tn + luy — ull,’ﬁ,) ‘811|l,7;ls

where the last inequality follows from the definition of 7, and the Cauchy-Schwarz
inequality.
Dividing both sides by |3, 11,7, gives

[Zn — tnl1,7, < (Fata™(P)Zn — ul 7, + @ (p) + Dluz —uly 7,). (37)

ax(p)
The assertion follows combining (36) and (37). O]

The next result is an upper bound on the error between the solution to the
continuous problem and the H' projection of the discrete Stokes-like solution.
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Lemma 8 Let u and u, € V,, be the solutions to (3) and (17), respectively. Then,
we have

v
|u 7Hpun|1,7'n

< 1
= @) %70 uz €[B, (Ta)1?

(E,+<a*<p>+1>~in£ —Zule + @+ inf |u—un|.,n>. G8)

Proof Letu, = Tspu, € ‘7,, Use Proposition 1 to get
Mu,x =M, x forallK €T,

The triangle inequality and the stability of the H' projector give

1/2
lw— Myu,l 7, < lu—Myuly g, + | Y )@ -l g 39)
KeT,
<lu—IJuly 7, + |u— Tl 7,
Forall u, € [}P’p(’ﬁ,)]z, we have
ju — M July 7, < = uxl7,. (40)
Combining (35), (39), and (40), the assertion follows. O

Next, we show an upper bound on the best error on the Poisson-like weakly
divergence free subspace Z, in terms of a best error in terms of functions in the
Poisson-like virtual element space V.

Lemma9 Letu € [HO1 (82)1? be such that
b(u.q) =0 Vg e Lj(). @41)

Then, there exists a positive constant ,3~ such that the following upper bound is valid:

. - 11+ (p)\'?) . -
inf |u—2zyl1,0 =< 1+n(J) inf |u—v,| 0.
ZneZn B ax(p) eV,

Proof We begin by proving a discrete “switched” inf-sup condition. Introduce Z,f
the complementary space of Z, defined in (34) in V. In Lemma 6, we proved the
existence of a surjective operator 1, : O, — V, such that

(—[nqna vn)l,.Q = b(vnv qn) an € Zy(ljv VCIn € Qn~ (42)

In particular, the discrete inf-sup condition (28) can be written as

Bllgnllo.e < Twgnlie  Vgu € Q. (43)
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Hence, for all v,, € Z,f , thanks to the surjectivity of 1, we can write

(Vn,0pn) R I (-[nanvn) R
Ploahe =B sup e =B sup G oTE
vnEZ ' Gn€Qn ' (44)
(‘g) Su (-'n%lsvn)l..Q (4_2) S b(vn,l]n)
= S e T Tanllo.2 *
q’lEQn q}lEQn
For each v, € ‘7", define w, € Z,? as the solution to
find w, € Z< such that 5)

b(wy, qn) = b(’i;n’ qn) Vgn € Oy.

This problem has a unique solution due to the continuity and the discrete “switched”
inf-sup stability in (44) of the bilinear form b(-, -); see, e.g., [15]. Furthermore, the
following a priori estimate is valid:

“4 1 b(wy, gn) (41) @s) 1 b(vn U, gn)

[wyl1,0 < sup zfl\)‘ —ule.
" B ane0n llanllo.c Baco, lanloe ~ B
(46)
Next, define
Zn = T)‘n - TStF’ Wy, (47)

where Tgip is the bijection in (25). Thanks to (26), we get

b(zn, qn) = b(in — Tstp wy, gn) = b(?;n —wy,,q,) =0 Vg, € Q.
We deduce thatZ, € Z,,. Then, we have
(27) 31

ap(wy, wn) (1+Ot (p))lwnh_Q
(48)

(32)
2
ax(p)| Tsip wy ILQ < ay(Tstp wy, Tstp wy)

This yields

~ L “8) _ Lia* () \ /2
Zn —ulie < |vp—ulie+|Tstrwyli,e < Ivn—u|1,9+( ) lwy 1,2

ax(p)
(46) * 172\
(1+ (1:;1([25")> >|vn_u|1$97

whence the assertion follows. O]

Remark 4 The last part of the proof of Lemma 9 also gives

inf b0y, qn)
€05y, [Vnl1.2llgnllo.2

> By a.(p)/V/1+a*(p).

3.4 A priori estimate on pressure

In this section, we prove upper bounds, which will be instrumental in the analysis of
the convergence of the error on the pressure obtained by the VEM.
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Lemma 10 Let (u, s) € [H(} ()% x L%(.Q) and (uy, sy) € V, x Q, be the solutions
to (3) and (17), respectively. Recall that the bijection Tsp is defined in (25). Then,
the following bound is valid:

Is=suloz < 3( Fot 4B nf 1= anlos
qn€Qn

(49)
+a*(p)lu — Tsp upl1,@ + (1 + a*(p)) inf Iu—unll,n)-
uﬂe[]})p(n)]z
Proof For all g, € Qy, the triangle inequality yields
ls — sullo,2 < IIs — gnllo,2 + llsn — gullo,2-
By the discrete inf-sup condition (28), there exists v, € V,, such that
~ b(vy, Sn — qn)
Bllsn — QH”O,.Q =< —r=
[val1,2
We have
b(vy, sp — Qn) =b(v,, s — Qn) +b(vy, 5p—5)
and
[b(vn, s — qn)| < |vnl1,2lls — gnllo,2.
For u,, = Tgp u,, we deduce
[b(Vns s — $)| < lau, vy) — an(n, v2)| + |(f — H?,72f, (]
= la@, v) = an @y, vo)| + |(f =15, f. v,)]
<| Y df@—ur, v+ Y af wr =, v+ Falvali e
KeT, KeT,
< (U +a*(p)lu —uz| 7, +a*(p)lu —Unl1.@ + Fa) [vnl1.0.
whence the assertion follows. ]
Define
a*(p)+1
y(p)=———. (50)
ax(p)

Combining Lemmata 7, 8, 9 and 10, we obtain the following result.

Theorem 4 Let (u, s) € [H (2)>xL3(2) and (uy, s1) € V,x Qy, be the solutions
to (3) and (17), respectively. Recall that y (p) is defined in (50). Then, there exists a
constant C > 0 independent of the discretization parameters such that

lu — MY uyli.7, + Blls — sullo.e < C y(p)(fn + By () _inf |u -yl
v, eV, (51)

+ inf lu —uyly,7, + inf ||s—q,,||0__q).
uz €[P,(To)1? aneQ,

n
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4 The convergence rate of the p- and hp-versions

In Section 3, we have established an abstract error analysis for method (17). Notably,
we have proven that the error on the velocity and the pressure can be estimated from
above in terms of best polynomial approximation and best interpolation results in
virtual element spaces. With this at hand, in this section, we state the convergence
of the p- and hp-versions of method (17) for analytic, weighted analytic, and finite
Sobolev regularity solutions; see Sections 4.1 and 4.2, respectively.

4.1 p-VEM

Since all the necessary best approximation results have been proven in [6], we state
the main convergence result only. We begin with a result in classical unweighted
Sobolev spaces.

Theorem 5 Let k € RT be such that (u, s) € [Hy(2) N H*1(2)1* x [HY(2) N
L%(.Q)] and (uy,, sy) € V, x Q, are the solutions to (3) and (17), respectively. Let
assumptions (A0-p), (A1), and (A2) be valid. Recall that y (p) is defined in (50).
Then, there exists a positive constant C independent of the discretization parameters
such that

v - ; hmin(k,p)
lu— I ju,li,7, + Blls — sullo,e < CV(P)ZT (lulxrr.2 + Islee) - (52)

Furthermore, if u and s are the restrictions of suitable analytic functions over an
extension of the domain® $2, then there exist two positive constants Ci and C»
independent of the discretization parameters such that

lu — Y uyly 7, + Blls — sullo.e < Crexp(—Ca p). (53)

Proof Starting from the abstract error analysis in Theorem 4, it suffices to show A-
and p-upper bounds on the four terms appearing on the right-hand side of (51). We
can show an upper bound on them using [6, Lemmata 4.2, 4.3, and 4.4] for the finite
Sobolev regularity case, and [6, Lemmata 5.2, 5.3, and 5.4] for the analytic regularity
case.

Bound (52) follows in a straightforward manner, whereas, we apply similar results
as in [6, Theorem 5.2], in order to prove (53). O

A consequence of Theorem 5 is the following results, which states the p-
convergence of the method in weighted Sobolev spaces; see Section 1.

Corollary 2 Let k € N and y > k + 1. Furthermore, let (u, s) and (u,,s,) €
V, x O, be the solutions to (3) and (17), respectively, with right-hand side f €

2See [6, Section 5] for more details on this point.

@ Springer



Adv Comput Math (2021) 47: 24 Page210of 31 24

2
[K)]i__;(ﬂ)] . Under assumptions (A0-p), (Al), and (A2), there exists a positive
constant C independent of the discretization parameters such that

v ~ 3 min(k, p)
lw —1II ju,li,7, + Blls — sullo,2 < CV(p)ZTIIfII,Ci—_Iz(Q)-

Proof Since y > k + 1, there exists a constant C; such that ||ry_e||LOO(Q) < Cg, for
all ¢ € {0, ..., k+ 1}. Therefore, we have

lellitr.2 = Callullgrg) and lslce = Calislig_ () (54)

i—1 2 2
By Theorem 1, f € [le‘_z(.Q)] implies that (, s) € [;CI;H(Q)] x K5 ().

From (54), we obtain (u, s) € [Hk+1([2)]2 X Hk(KZ) and that there exists C; > 0
such that

< —
kst + lslik.e = Crll fllc-1 )

The assertion follows applying Theorem 5. O

From Theorem 5, we have that the p-version of the method converges exponen-
tially for analytic solutions and algebraically for solutions with sufficiently high finite
Sobolev regularity. However, since solutions to the Stokes problem are in general sin-
gular, as detailed in Theorem 1, we are also interested in analysing the convergence of
the hp-version of the method. Indeed, it is known that such approach allows for expo-
nential convergence with respect to a suitable root of the total number of degrees of
freedom for singular solutions as well. We postpone the design of hp-virtual element
spaces for the Stokes problem, as well as the convergence of the error, to Section 4.2
below.

Remark 5 An additional reason why the 2 p-version is more suited than the p-version
for the approximation of singular solutions to the Stokes problem is that the algebraic
rate of convergence in (52) contains the suboptimal term y (p) due to the stabilization
of the method. We will observe an influence of this factor also in the numerical
performance of the method; see Section 5.2 below.

Remark 6 In Theorem 5, we proved upper bounds for errors of the form
lu — Y uuli 7, + Blls — sullo.2. (55)

which differ from those that are typically investigate in the VEM literature, i.e.,

lu — un|l,7;, + Blls — Sn”O,.Q-

The reason is that we need to resort to Poisson-like spaces, when performing the
theoretical analysis, and, from Proposition 1, we know that functions in Poisson-like
and Stokes-like virtual element spaces sharing the same degrees of freedom have the
same IT Z projection. In turn, we had to resort to Poisson-like virtual element spaces,
because we are not able to construct a stabilization on Stokes-like virtual element
spaces with p-explicit bounds. On the positive side, the the two errors, on which we

@ Springer



24 Page 22 of 31 Adv Comput Math (2021) 47: 24

prove upper bounds, are those that we actually compute in the numerical experiments
presented in Section 5 below.

4.2 hp-VEM

In the present section, we construct ip-virtual element spaces for the approximation
of nonsmooth solutions to the Stokes problem (3). The main idea of the construction
hinges upon employing

— geometric refinement of the mesh towards the singular points;
—  p-refinement in the elements where the solution is smooth.

For the sake of exposition, assume that the right-hand side f in (3) is smooth.
Thanks to Theorems 1 and 2, the solution (u, s) to (3) consists of two functions
that are smooth everywhere but at neighbourhoods of the vertices of the polygo-
nal domain §2. There, the Sobolev regularity is known a priori and depends on the
amplitude of the angle.

The first step in the construction of Ap-virtual element spaces resides in introduc-
ing the layer of the mesh associated with the set of vertices €. We assume that the
mesh 7, consists of n + 1 layers, where the first one is given by

LS := {K € 7T, | there exists a unique ¢ € € such that ¢ € eky,

and the others are defined recursively as
L,J; ={KeT,|K ¢ Ué;éLﬁ; EII?EL,/;_1 such thatfﬂ?;é(/)} vVi=1,...,n.

Furthermore, for each K € 7,,, we denote any of the closest corner of the domain to
K, i.e., any of the ¢ € € such that dist(c, K) < dist(c, K) forall ¢ € €\ {c}, by ck.
For the sake of simplicity, we assume the uniqueness of such a vertex.

With this at hand, we say that the sequence of meshes {7, },en is geometrically
refined towards ck if there exists a grading parameter o € (0, 1) such that, foralln €
N,

hg ~dist(ck, K) ~ 0"/ VKeL), Vj=1,...,n (56)
and
hg ~o" VK e L. (57)
Conditions (56)—(57) assert that the elements abutting the vertices in € are small,
whereas the elements in the layers with large index j have fixed size asymp-
totically. Note that assumption (A0-Ap) is satisfied automatically. We require an
additional assumption, which is necessary to show the exponential convergence result
of Theorem 6 below; see [7, Assumption (D4)].

(A4-hp) Foralln € N, let 7;1 =T\ LS. There exist a collection of squares Q)
such that

- card(Q,) = Card(’7;,1); for each K € 7;,1, there exists Q = Q(K) €
Q, such that K C Q and hx ~ hg. Additionally, dist(cx, Q(K)) =~
hk;

— every x € §2 belongs at most to a fixed number of squares Q,
uniformly in the discretization parameters.
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In addition, for all K € LS, K is star shaped with respect to cx and the
subtriangulation obtained by joining cx with the other vertices of K is
shape regular.

Although necessary in the proof of Theorem 6, condition (A4-Ap) is not necessary in
practice. For instance, the hp-version of the method converges exponentially also on
meshes, as those depicted in Fig. 2 (right); see Section 5.3 below.

Next, we introduce a distribution of degrees of accuracy, by picking a high degree
on large elements, where the solution is smooth, and decrease such degree lin-
early while decreasing the size of the elements. More precisely, given a positive
parameter u, set ne := card(7,) and introduce p € N as follows:

pr =n(+ 1] WhereKeL,j; Vi=0,....,n+ 1. (58)

The vector p represents the distribution of the degrees of accuracy over a mesh 7,,.
Given negge := card(&,), we also introduce a vector pS" € N'edzewhich represents
the distribution of polynomial degrees over the skeleton of the mesh, and is defined
as

& max(pk,, pk,) ife¢€ 5,{ and K] N K,
Pe” = PK ife € P and e € X for some K € 7,.

We now define the hp-space for the velocities as the space of functions that are
piecewise polynomials with distribution pEn over the skeleton of the mesh and solve
problems of the form (9) with right-hand side being polynomials of degree py — 2
(vector) and px — 1, respectively, on K. On the other hand, we define the hp-virtual
element space for the pressure as the space of piecewise polynomials of degree p g
on K.

Using the abstract analysis in Theorem 4 together with the tools in [7, Section 5],
we state the following result.

Theorem 6 Let {7,},cN be a sequence of geometrically refined meshes satisfy-
ing assumptions (Al), (A2), and (A4-hp), with grading parameter o satisfying (56)
and (57). Let the virtual element spaces V, and Q,, be constructed in an hp-fashion
with suitable choice of the parameter  in (58). Suppose that there exist ¢, > 0 and
k € R such that, forall p € N, y(p) < c,,pk, with y (p) defined in (50).

Let the right-hand side f be analytic in §2 and let (u, s) and (uy, sp) € V, X Qp
be the solutions to (3) and (17), respectively. For alln € N, define Ny := card(V )+
card(Qy,). Then, there exist two positive constants C and b such that

lu — HX”"“% + lIs = sullo,2 < Cexp(—by/Ny).

Proof Starting from the abstract error analysis in Theorem 4, it suffices to be able
to show hp-upper bounds on the four terms appearing on the right-hand side of (51).
More precisely, from Theorem 2, it follows that there exists y > 1 such that

2
u,s) e [/Cf’(.(z)] x KZ_1(82).
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Then, from [7, Lemmata 2 and 3], there exist constants C; and b; > 0 such that, for
alln e N,

inf lu —uzli 7, < Crexp(—bin)
ur €[Py(T)1?

Furthermore, noting that the pressure s has the same regularity as the components
of the gradient of the velocity u, with similar arguments, we deduce that there exist
constants Cp and by > 0 such that, forall n € N,

inf |Is —gqullo,e < C2exp(—ban).
qn€Qn

Then, we deduce from [7, Lemmata 4 and 5] that there exist constants C3 and b3 > 0
such that, for all n € N,

Fn < Czexp(—b3n).
Finally, the estimate

inf |u—"7,]1,0 < Csexp(—bsn),
F}levﬂ

for positive constants Cy, b4, independent of n, is a consequence of [7, Lemmata 6
and 7].

We remark that (56), (57), and (58) imply card(7,) = n; see, e.g., [28, Equation
(5.6)]. Since dim(V,,(K)) =~ p% and dim(P,, (K)) ~ p% for each K € Ty, (58)
gives Ny ~ n>. Since y (p) grows at most algebraically in terms of p, we absorb the
term y ( p)% appearing on the right-hand side constants. This concludes the proof. [

The assumption in Theorem 6 that y (p) grows at most algebraically in terms of p
is fulfilled, e.g., by the stabilization introduced in Remark 2.
5 Numerical results
In this section, we present numerical results, which validate the theoretical predic-
tions of Theorems 5 and 6, see Sections 5.2 and 5.3, respectively.

We perform the numerical experiments on the two following test cases.
5.1 Setting

5.1.1 Testcase 1

Given £2; := (0, 1)2, we consider the analytic solution

_ 2 _ .
u1'=< 0.5cos*(r x— %) cos( y) sin(rr y)

0.5cos?(r y — ) cos(mr x) sin(r x)) ’ s1:=sin(x x) —sin(x y). (39)

The boundary conditions of the velocity are homogeneous on the whole boundary.
The right-hand side f is computed accordingly.
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5.1.2 Test case 2

As a second test case, see, e.g., [46, p. 133], we consider a singular function on the
L-shaped domain §2; := (—1, D2\ [0, 1) x (=1, 0]. Let

w :=3m/2, o = 0.54448373678246 . .. (60)

Note that « is the smallest positive solution to equation (6), with ¢ = (0, 0) and
¢. = w. Given (r, 0) the polar coordinates at the re-entrant corner (0, 0), introduce
the auxiliary function

V(. 0) = sin((1 4+ «)0) cos(aw) — cos((l +a)8) — sin((1 — «)0) cos(aw) +cos((1 — a)B).
1+« l -«

The singular solution we approximate is

"y = (r"‘ ((1 + &) sin(0) ¥ (6) + cos(0) ¥’ (9))

-l 2.0 3) —
r“(sin(&)z[/(@)f(1+a)cos(9)1/f(€))>’ = (4@ O + 10 O) 10 -,

(61)

This solution is such that the Stokes equation is homogeneous, i.e., f = 0. Moreover,
the Dirichlet boundary conditions are homogeneous along the edges abutting the re-
entrant corner.

5.1.3 Meshes

We are interested in the p- and hp-versions of the method. The specific construction
of the mesh is not central to the convergence properties of the p-version. Therefore,
we only employ uniform Cartesian meshes both on the square domain £2; and on the
L-shaped domain £2,. As for the meshes to employ for the hp-version, we postpone
their construction to Section 5.3 below.

5.1.4 Stabilization

In Remark 2, we introduced a stabilization with explicit bounds in (32) in terms of the
degree of accuracy p. Notwithstanding, in the forthcoming numerical experiments,
we resort to the so-called D-recipe; see [23]. Given K € 7T,, introduce the local
canonical basis {¢ j}(]i.’:ml(v"(K)) of the space V,(K), which is dual to the degrees of
dim(V, (K

freedom {dof; introduced in Section 2.2. We define

dim(V,(K))
Sph @, va) = Y max(l, [Ty ;|1 x)dof;(u,)dof;(v,).
j=1
It is known [8, 36] that stabilizations of this sort lead to effective performance of the
method.
We tested the method with stabilization (33) and this leads to results comparable
to those that we present in the forthcoming sections.
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5.1.5 Polynomial bases

We refer to [23], as for the choice of the polynomial bases. We underline that this
choice could be improved; see Remark 8 below.

5.1.6 Errors

We are interested in the convergence rate of the two following quantities:

v
lu— I ju,li,7, ls — sullo,x
luly, 77 '

Indeed, Theorems 5 and 6 provide upper bounds on such two quantities.

lIsllo.2

5.2 The p-version of the method

In this section, we present numerical results validating the theoretical predictions of
Theorem 5 for the p-version of the method. We consider the exact solutions (u1, s1)
and (u>, s7) in (59) and (61), respectively. We employ a coarse mesh of 4 x 4 uniform
squares on the domain £2; and a mesh consisting of thrice 4 x 4 uniform squares on
the L-shaped domain £2;.

As expected from the theoretical predictions, in Fig. 1, we observe exponential
convergence for the test case with smooth solution, and only algebraic convergence
for the singular solution case.

Remark 7 For the exact solution (u>, s7), the L? error on the pressure stagnates at
around p = 4 and then grows. We observe a loss of convergence also for the H'-
error on the velocity. This cannot be traced back to any sort of ill-conditioning. In
fact, the system matrices in the numerical experiments in Fig. 1 (left) and (right) are
the same. Rather, we deem that the reason of this phenomenon is due to the error

p-version, solution (uy, s1) p-version, solution (uy, s2)
10° T T T T T - T T T T T 3
2 g 2 ;
—— L? error pressure o013 | —— L? error pressure| ]
107 F —— H! error velocity |4 012 b —— H" error velocity| ]
011 F
1072
01 f
109 0.09 F
0.08
10
0.07
1 -5
° 0.06
10
0.05 F
10'7 L L L L L L L L L L L
2 3 4 5 6 7 8 9 2 3 4 5 6 7 8 9

degree of accuracy degree of accuracy
Fig. 1 p-version of the method. We consider the exact solutions (uj,s;) and (up,sp) defined

in (59) and (61) in the left and right panel, respectively. We plot the errors |ls; — sullo,2/llsjllo,2
and |uj —uj,l1,7,/lujh e, for j =1,2. We employ a coarse mesh of 4 x 4 uniform squares
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bound (52) and notably to the presence of the suboptimal factor y (p). To the best of
our knowledge, there are no theoretical stabilizations, which improve the behaviour
of y(p) detailed in Remark 2. Thus, in order to approximate solutions with finite
Sobolev regularity, we suggest to employ hp-refinements, rather than the p-version
of the method; see Section 5.3 below.

5.3 The hp-version of the method

As predicted in Theorem 5 and observed in Fig. 1 numerically, the method converges
in terms of the degree of accuracy p algebraically, whenever the exact solution is
not analytic. However, as discussed in Theorems 1 and 2, solutions to the Stokes
problem (3) on polygonal domains with smooth data belong to the Kondrat’ev
spaces IC;f’ (£2) in (5). In general, for solutions (u, s) to the Stokes problem in a non-

convex domain §2, we can expectu € [Hk ([2)]2 ands € H*-1(£2) fora givenk < 2
only.

Exponential convergence can be recovered for weighted analytic functions, by
employing hp-approximation spaces as proven in Theorem 6; see also, e.g., [3, 4, 42]
and the references therein.

Thus, in this section, we validate the theoretical predictions of Theorem 6. To
this aim, we consider the test case with exact solution (u;, s») in (61). We construct
the distribution of the degrees of accuracy by picking u = 1 in (58). Moreover, we
employ hp-virtual element spaces based on geometric meshes as those depicted in
Fig. 2. There, we depict meshes with three layers, which are geometrically refined
towards the re-entrant corner (0, 0) in three different ways. The numbers within the
elements represent the local degrees of accuracy of the method. In all three cases,
given the mesh 7, at step n, we obtain the subsequent one by refining only the
elements abutting the re-entrant corner (0,0).

In Figs. 3, 4, and 5, we depict the decay of the errors in (55) employing hp-virtual
element spaces based on meshes as those in Fig. 2. We pick different choices of the
grading parameter o, namely 1/2, v/2 — 1, and (v/2 — 1)2. The last choice of o is
the optimal one for the approximation of solutions of the form x*, « > —1/2, in 1D;
see [26].

1 1 1
1 1

Fig. 2 Examples of meshes that are geometrically refined towards the re-entrant corner (0, 0). Here, the
grading parameter o satisfying (56) and (57) is 1/2. The numbers in the elements denote the local degree
of accuracy. In particular, we have picked © = 1 in (58)
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L? error on the pressure H' error on the velocity

g—:(\/ﬁ—l)z 101 F

4 6 8 10 12 14 16 18 20 22 4 6 8 10 12 14 16 18 20 22
(Ndofs)i (Ndofs)t

Fig. 3 hp-version of the method. We consider the exact solution (3, s2) defined in (61). Left panel:
lls2 = snllo,2/lIs2llo,2. Right panel: |uy —uy,|1,7;/|u2l1,2. We employ meshes that are geometrically
refined towards the re-entrant corner as those in Fig. 2 (left). We pick three different choices of the
parameter o satisfying (56) and (57), namely o = 1/2,0 = /2 — 1, and o = (v/2 — 1)2

We observe exponential decay of the errors. The error saturation due to ill-
conditioning manifests itself earlier for some of the meshes depicted in Fig. 2; see
Remark 8 below for further details on this point.

Depending on the type of mesh under consideration, the choice of the grading
parameter o has different effects. For the sequence of meshes in Fig. 2 (left), the
method performs better for the choice o = (\/5 — 1), whereas for the sequence of
meshes in Fig. 2 (centre), it seems preferable to pick larger values of o. Apparently,
there is not a strong effect of the choice of the parameter o on the performance of the
method, when employing the sequence of meshes in Fig. 2 (right).

Remark 8 In the above numerical results, especially those in Fig. 3, we observe a
stagnation of the errors on the pressure and the velocity. This behaviour can be traced

L? error on the pressure H* error on the velocity

1 1
2 2

—=v2-1 —=v2-1
0:(\/571)2 :7:(\/571)2

—_— = —_— =

4 5‘1 (‘3 7 é f; 10 1‘1 1‘2 13 4 5 é ‘7 8 5; 1‘0 11 1‘2 13
(Ndofs)s (Ndofs)s

Fig. 4 hp-version of the method. We consider the exact solution (u7, s2) defined in (61). Left panel:

[ls2 = snllo,2/ls2llo,2- Right panel: |uy —uy,|1,7,/|u2l1,2. We employ meshes that are geometrically

refined towards the re-entrant corner as those in Fig. 2 (centre). We pick three different choices of the
parameter o satisfying (56) and (57), namely o0 = 1/2,0 =2 — 1,and 0 = (/2 — 1)?

@ Springer



Adv Comput Math (2021) 47: 24 Page29of 31 24

L? error on the pressure . H* error on the velocity
10
—_— = % —0 = %
—o0=v2-1 —0=v2-1
o= (vV2-1)? o=(vV2-1)?

4 5 6 7 8 9 10 11 12 13 4 5 6 7 8 9 10 11 12 13
3 1 r 1
(Ndofs)s (Ndofs)s

Fig. 5 hp-version of the method. We consider the exact solution (3, s2) defined in (61). Left panel:
lls2 = snllo,2/ls2llo,2. Right panel: |uy —u,|1,7;/|u2l1,2. We employ meshes that are geometrically
refined towards the re-entrant corner as those in Fig. 2 (right). We pick three different choices of the
parameter o satisfying (56) and (57), namely o = 1/2,0 = /2 — 1, and o = (v/2 — 1)2

back to the ill-conditioning of the resulting linear system, which is mainly due to the
choice of the polynomial bases in the definition of the degrees of freedom and in the
expansion of the polynomial projectors. A possible remedy to this problem might be
an orthogonalization process of the polynomial bases; see, e.g., [36]. We postpone to
future works the investigation of such modification of the bases.

6 Conclusions

We have analysed the p- and hp-versions of the virtual element method for a 2D
Stokes problem on polygonal domains. In particular, we have shown that the hp-
VEM converges with exponential rate to the solution of Stokes problems in polygonal
domains, with smooth right-hand side. In addition, we have proven algebraic and
exponential convergence rate of the p-version of the method for solutions with suf-
ficiently high finite Sobolev regularity and for analytic solutions, respectively. The
novel technical tool we introduced in this work is the proof of the existence of a
bijection operator between Poisson-like and Stokes-like virtual element spaces for
the velocity. This allows us to leverage known results from the analysis of the Poisson
problem in a straightforward manner. The numerical experiments we performed val-
idate and extend the theoretical results. Future investigations will cover the analysis
of p- and Ap-VEM for the Navier-Stokes equation and three-dimensional problems.
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