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Abstract Following notation introduced in the recent paper [41], this paper is aimed
to present in detail an example of a small geometric transition which is not a simple
one i.e. a deformation of a conifold transition. This is realized by means of a detailed
analysis of the Kuranishi space of a Namikawa cuspidal fiber product, which in par-
ticular improves the conclusion of Y. Namikawa in Remark 2.8 and Example 1.11 of
[29]. The physical interest of this example is presenting a geometric transition which
can’t be immediately explained as a massive black hole condensation to a massless
one, as described by A. Strominger [44].
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1 Introduction

Let X be a complex projective threefold with terminal singularities and admitting
a small resolution X ~%+ X such that X is a Calabi-Yau threefold (in the sense of
Definition[l)), where “small” means that the exceptional locus Exc(¢) has codimension
greater than or equal to two. Then it is well known that Exc(¢) consists of a finite
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2 Michele Rossi

disjoint union of trees of rational curves of A-D-E type [37], [21], [33], [27], [7]. In his
paper [29], Remark 2.8, Y. Namikawa considered the following

Problem When does X have a flat deformation such that each tree of rational curves
splits up into mutually disjoint (—1,—1)—curves?

Let us recall that a (—1, —1)—curve is a rational curve in X whose normal bundle
is isomorphic to Opi(—1) @& Op1(—1). It arises precisely as exceptional locus of the
resolution of an ordinary double point (a node) also called a conifold point since it is
an isolated hypersurface singularity whose tangent cone is a non—degenerate quadratic
cone.

Namikawa’s problem is interesting in the context of H. Clemens type problems of
cycle deformations (see e.g. [7], Corollary (4.11)). Moreover, it is of significant interest
in the context of (deformations of) geometric transitions and therefore in the study of
the moduli space for Calabi—Yau threefolds. Let us recall that a geometric transition
(gt) between two Calabi—Yau threefolds is the process obtained by “composing” a bi-
rational contraction to a normal threefold with a complex smoothing (see Definition
. If the normal intermediate threefold has only nodal singularities then the consid-
ered gt is called a conifold transition. The interest in geometric transitions goes back
to the ideas of H. Clemens [5] and M. Reid [38] which gave rise to the so called Calabi-
Yau Web Conjecture (see also [12] for a revised and more recent version) stating that
(more or less) all Calabi-Yau threefolds can be connected to each other by means
of a chain of geometric transitions, giving a sort of (unexpected) “connectedness”
of the moduli space for Calabi—Yau threefolds. There is also a considerable physical
interest in geometric transitions owing to the fact that they connect topologically
distinct models of Calabi—Yau vacua: the physical version of the Calabi—-Yau Web
Conjecture is a sort of (in this case expected) “uniqueness” of a space—time model for
supersymmetric string theories (see e.g. [4] and references therein).

In this context, Namikawa’s problem can then be rephrased as follows

Problem(for small geometric transitions) When does a small gt have the same “de-
formation type” (see Deﬁnition@ of a conifold transition?

Since the geometry of a general gt can be very intricate, while the geometry of a
conifold transition is relatively easy and well understood as a topological surgery [5],
the mathematical interest of such a problem is evident.

On the other hand, conifold transitions were the first (and among the few) geo-
metric transitions to be physically understood as massive black holes condensation
to massless ones, by A. Strominger [44]. Answering the given problem would then
give a significant improvement in the physical interpretation of (at least the small)
geometric transitions bridging topologically distinct Calabi—Yau vacua.

Unfortunately in [29], Remark 2.8, Namikawa observed that a flat deformation
positively resolving the given problem “does not hold in general” and produced an
example of a cuspidal fiber self-product of an elliptic rational surface with sections
whose resolution admits exceptional trees, composed of couples of rational curves
intersecting at one point, which should not deform to a disjoint union of (—1,—1)-
curves. Nevertheless, Example 1.11 in [29], supporting such a conclusion, did not give
a correct argument since the proposed deformation is actually a trivial one.

In the present paper we will overcome this argument by giving a detailed analysis
of the Kuranishi space of the Namikawa cuspidal fiber product, allowing us to go far
beyond his conclusion in [29], Remark 2.8. Moreover this will give rise to an explicit
example of a small gt which is not a simple one i.e. it has not the same deformation
type of a conifold transition: such an example has already been sketched in §9.2 of
[41], without any proof. Here all the needed details will be given.
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The paper is organized as follows.

In Section [2| we introduce notation, preliminaries and main facts needed through-
out the paper. Section [3|is then devoted to present the Namikawa construction of a
fiber self-product of a particular elliptic rational surface with sections and singular
“cuspidal” fibers (which will be called cuspidal fiber product). These are threefolds
admitting six isolated singularities of Kodaira type Il x Il which have been rarely
studied in either the pioneering work of C. Schoen [42] or the recent [I6]. For this rea-
son, their properties, small resolutions and local deformations are studied in detail.
In particular, all the local deformations induced by global versal deformations are
studied in Proposition [6] while all the local deformations of a cuspidal singularity to
three distinct nodes are studied in Proposition [7| They actually do not lift globally to
the given small resolution, as stated by Theorem [4] revising the Namikawa consider-
ations of [29], Remark 2.8 and Example 1.11: see Remark and Theorem The last
section [4] is dedicated to apply Theorem [ to deformations of geometric transitions:
for further details the interested reader is referred to [4I] §7.1.

2 Preliminaries and notation

Definition 1 (Calabi—Yau 3—folds) A smooth, complex, projective 3—fold X is
called Calabi-Yau if

1. Cx =20x ,
2. BLO(X) = h20(X) = 0.

The standard example is the smooth quintic threefold in P*. The given definition
is equivalent to require that X has holonomy group a subgroup of SU(3) (see [15] for
a complete description of equivalences and implications).

2.1 Deformations of complex spaces

Let us start by recalling that a complez space is a ringed space (X, Ox) where X is
a Hausdorff topological space locally isomorphic to a locally closed analytic subset of
some CV and Ox is the induced sheaf of holomorphic functions. A pointed complex
space is a pair (X, z) consisting of a complex space X and a distinguished point z € X.
A morphism f: (X, z) — (Y,y) of pointed complex spaces is a morphism f: X — Y
of complex spaces such that f(z) =y.

Complex space germs are pointed complex spaces whose morphisms are given
by equivalence classes of morphisms of pointed complex spaces defined in some open
neighborhood of the distinguished point. Let (X, z) be a complex space germ and U C
X an open neighborhood of x: then the inclusion map U < X gives an isomorphism
of complex space germs (U, x) 2 (X, z). Then U is called a representative of the germ
(X, x).

A complex space germ is also called a singularity.

Definition 2 (Deformation of a complex space, [31] § 5, [I] §XI.2) Let X be
a complex space. A deformation of X is a flat, holomorphic map f : X — (B, o) from
the complex space X over a complex space germ (B, 0), endowed with an isomorphism
X =2 X, := f~1(0) on the central fibre, for short denoted by f : (X, X) — (B,0). If
X is compact then we will also require that f is a proper map. If X is singular and
the fibre &, = f~1(b) is smooth, for some b € B, then X is called a smoothing family
of X. With a slight abuse of notation, if b # o then the fiber &} is called either a
deformation or a smoothing of X when X is a either a deformation or a smoothing
family of X, respectively.
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Let £2x be the sheaf of holomorphic differential forms on X and consider the Lichtenbaum-—
Schlessinger cotangent sheaves [22] of X, 0% = Ext' (2x,Ox). Then 0% = Hom (2x,0x) =:
Ox is the “tangent” sheaf of X and ©% is supported over Sing(X), for any i > 0.

Consider the associated local and global deformation objects

Ty == H°(X,0%) , Tk :=Ext' (2%, 0x),i=0,1,2.

Then by the local to global spectral sequence relating the global Ext and sheaf £zt
(see [13] and [§] 11, 7.3.3) we get

B39 = HY (X, 0%) — T4

giving that

T(}(nggHO(X,@X)}, | (1)
if X is smooth then T% = H'(X,0Ox), (2)
if X is Stein then 7% = T?% . (3)

Given a deformation family X S Bofx for each point b € B there is a well defined
linear (and functorial) map

Dyf: TyB —— ']Ig(b (Generalized Kodaira—Spencer map)

where T, B denotes the Zariski tangent space to B at b ([1I] Lemma I1.1.20, [32] § 2.4).
For the following terminology the reader is referred to [23] § 6.C, [I1] § 1.3, [31]
Def. 5.1, [32] § 2.6, among many others. A deformation f : (X, X) — (B,0) of a
complex space X is called versal (some authors say complete) if, for any deformation
g:(V,X)—= (C,p) of X, there exists a holomorphic map of germs of complex spaces
h:(C,p) = (B,o) such that g = h*(f) i.e. the following diagram commutes

V=UxpX —>X

In particular the generalized Kodaira—Spencer map «(f) turns out to be surjective
(321, § 2.6). Moreover the deformation f is said to be an effective versal (or miniver-
sal) deformation of X it is versal and x(f) is injective, hence an isomorphism. Finally
the deformation f is called universal if it is versal and h is uniquely defined. This
suffices to imply that f is an effective versal deformation of X ([32], § 2.7.1).

The following result is a central one in the theory of deformation of complex spaces:
it is due to many authors as A. Douady [0], H. Grauert [9] and [I0], V.P. Palamodov
[30], among many others.

Theorem 1 (Existence of a versal deformation)

1. Any representative U of an isolated singularity (X, x) has a miniversal deformation
f:U,U)— (B,o)
(see [9], [T1)).

2. Any (compact) complex space X has an effective versal deformation
[ (X, X) = (B,o)

(see [30] for the non compact case and [G], [10], [F1)] for the compact case).
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3. The germ of complex space (B, o) obtained by the previous parts (1) and (2) is
isomorphic to the germ (q;(l(O)7 0), where qx : T% — T% is a suitable holomorphic
map (the obstruction map) such that gx(0) =0 (see [I1] II.1.5, [32] § 2.5)

In particular if ¢x = 0 (e.g. when T% = 0) then (B, 0) turns out to be isomorphic
to the complex space germ (T%,0).

Definition 3 (Kuranishi space and number) The germ of complex space (B, 0)
of parts (1) and (2) of the previous Theorem [I]is called the Kuranishi space of either
(X, z) or X, respectively: in the first case one can easily check that it does not depend
on the choice of the representative U. The Kuranishi space is said to give an analytic
representative of the deformation functors Def(U) and Def(X), respectively, allowing
one to set the identifications

either (Def(X,z) :=) Def(U) = (B, 0) or Def(X) = (B, 0) , respectively.

The Kuranishi numbers def(X,x) of (X, x) and def(X) of X, are then the maximum
dimensions of irreducible components of Def(X, ) and Def(X), respectively.

Def(X, z) and Def(X) are said to be smooth, or unobstructed, if the obstruction map
qx is the constant map gx = 0. This means that any first order deformation arises to
give a deformation of either U or X, respectively. In this case either Def(X,z) &
(T},0) or Def(X) = (T%,0), respectively, giving either def(X,z) = dimc T}, or
def(X) = dim¢ T, respectively. By a slight abuse of notation, we will write

either Def(X,z) =T, or Def(X)=T) , respectively.

Theorem 2 ([3I] Thm. 5.5) Let X be a compact complex space such that T = 0.
Then the versal effective deformation of X, given in part (2) of Theorem is actually
a uniwersal deformation of X.

Ezample 1 (The germ of complex space of an isolated hypersurface singularity) Let
f:C*"1 — C, n >0, be a holomorphic map admitting an isolated critical point in
the origin 0 € C™*! and consider the local ring Oy of germs of holomorphic function
of C"*! in the origin. It is a well known fact that Qg is isomorphic to the ring of

convergent power series C{z1,...,x,y1}. A germ of hypersurface singularity (Uy,0)
is defined by means of the Stein complex space
Up := Spec(Oy,0) (4)

where Oy = Oy/ (f) and f is the germ represented by the series expansion of the
above given holomorphic function f. Let Jf C C{x1,..., 2,41} be the jacobian ideal
of f i.e. the ideal generated by the partial derivatives of f. Then the following facts
hold:

— since Uy is Stein, gives that T¢ , = Téo ,

— since we are dealing with an isolated hypersurface singularity,

Ty, = Tf, =0, fori>2 (5)

(for the case i = 2, which is all what is useful in the following, see e.g. [43] § 3
Example on pg. 26; for ¢ > 2 see e.g. [I1] Prop. C.4.6(3)),

— the Kuranishi space of an isolated hypersurface singularity is then completely
described as follows

Def(Uy,0) = Ty, = Of0/J5 = Cla, ..., zn1}/ ((F) + ) (6)

(the first isomorphism follows by Theorem (1| and the previous ; for the second
isomorphism see e.g. [43] § 3 Example on pg. 24, [11] Corollary I1.1.17).
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Ezample 2 (The deformation theory of a Calabi—Yau threefold) Let us now consider
the case of a Calabi—Yau threefold X. A central result in the deformation theory
of Calabi—Yau manifolds is the well-known Bogomolov-Tian-Todorov—Ran Theorem
[3],[45],[46], [35] asserting that the Kuranishi space Def(X) is smooth, hence Def (X)) =
T and (2)) gives that

def(X) = dime T = b (X,0x) = B> (X) (7)

where the last equality on the right is obtained by the Calabi—Yau condition Cx =
Ox. Applying the Calabi-Yau condition once again gives h°(@x) = h?*°(X) = 0.
Therefore and Theorem give the existence of a universal effective family of Ca-
labi-Yau deformations of X. In particular h?1(X) turns out to be the dimension of
the complex moduli space of X.

2.2 Deformation of a morphism

Let us quickly recall the concept of deformation of a morphism as defined by Z. Ran
in [34].

Consider a morphism ¢ : Y — X of complex spaces and let B be a connected
complex space with a special point o € B such that g : (),Y) — (B,0) and
f:(X,X)— (B,o) are deformation families of Y and X, respectively. Then a defor-
mation family of the morphism ¢ is a morphism & : Y — X such that the following
diagram commutes

Ye Y (8)
¢ &
\X(—>X/g
|
o € B

with Y = g7 1(0), X = f~%(0) and ¢ = Dlg—1(0)-
Given two distinct points by, b € B the morphism ¢ := @|4-1(,) is called a defor-
mation of the morphism ¢; := @|4-1(;,) and viceversa.

2.3 The Friedman diagram

Let ¢ : Y — X be a birational contraction of a Calabi—Yau manifold Y, of dimension
n > 3, to a normal variety X with isolated rational singularities and assume that
the codimension of the exceptional locus F := Exc(¢) is greater than or equal to
2: hence ¢ is what is usually called a small resolution of X. This latter assumption
ensures that the Friedman argument of Lemma (3.1) in [7] still applies to give that
R%$,0y = Ox. Then we get the following commutative diagram, to which we refer
as the Friedman diagram (see [7] (3.4)),

H'(R%,0y) =T} 2> H° (R'$,0y) —= H>(R°$.0y) —=T3  (9)

L -

T, — 2 7} 2(0x) ——=T%

where:
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— the first row is the lower terms exact sequence of the Leray spectral sequence of
¢+Oy, where we can use as Y is smooth;

— the second row is the lower terms exact sequence of the Local to Global spectral
sequence converging to T% = Ext™ (2%, Ox);

— the vertical maps

Ti = Ext'(0y, Oy) O T = Ext’(2x,0x)

arise from the natural map ¢*2x — {2y just recalling that X has rational singu-
larities, hence giving

EXti(QX7OX) = EXtZ(QX7¢*Oy> = EXti((b*QX,OX) 3

Proposition 1 ([7] Prop. (2.1)) Let U, be a Stein neighborhood of the singular
point p € P = Sing(X) and set V), := ¢~1(U,). Let Def(U,) and Def(V},) be the Ku-
ranishi spaces defined in parts 1 and 2 (the non-compact case) of Thm.|1], respectively.
Then, under hypothesis given above, one gets:

1. ’]I‘%,p =~ gl (Vp,va) =~ o (ngb*@‘/p) and H° (ngzb*@y) = EBpePT%/p s the
tangent space to [, p Def(V}),

2. ']I‘lp = Tlljp and T} = D,cr Ttljp is the tangent space to [[ . p Def(Up),

3. morphisms ;o and 41 in the Friedman diagram (@ are injective.

Proof Parts 1 and 2 follow immediately by Prop. (2.1), part 1, in [7], recalling the
previously displayed formulas and . To prove part 3 notice, on the one hand,
that the injectivity of d; follows from the injectivity d;,c, by an easy diagram chase.
On the other hand, ;. is injective by Prop. (2.1), part 2, in [7].

Remark 1 Since Y is a Calabi—Yau 3-fold, the Bogomolov—Tian—Todorov—Ran The-
orem gives that Def(Y) = H!(Oy). Moreover ¢ is a small resolution giving that
Sing(X) is composed at most by terminal singularities of index 1: in [28], Theorem
A, Y. Namikawa proved an extension of the Bogomolov—Tian—Todorov—Ran Theorem
allowing to conclude that Def(X) is smooth also in the present situation, hence giv-
ing Def(X) = TL. By the previous Prop. [1} the localization near to a singular point
p € Sing(X) of the second square on the left of the Friedman diagram (9 can then
be rewritten as follows

Def(Y) & H'(Oy) —2= Def(V,) = HY(R'$,6v,) (10)
\{;1 j\éloc,p
Def(X) =T, — "~ Def(U,) =T},

p

where E, = ¢~ '(p) is the exceptional locus over p. In the following we will refer
to this diagram as the local Friedman diagram. Notice that all the maps involved in
this diagram are compatible with corresponding natural transformations between the
associated deformation functors. For a deeper understanding of this fact the interested
reader is referred to [47, § 1], [7, (3.4)], [20, (11.3-4)] and references therein.
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2.4 Fiber products of rational elliptic surfaces with sections

In the present subsection we will review some well known facts about rational elliptic
surfaces with section and their fiber products. For further details the reader is referred
to [25], [26] and [42].

Let Y and Y’ be rational elliptic surfaces with sections i.e. rational surfaces ad-
mitting elliptic fibrations over P!

r:Y——sP | Y —sP!

with distinguished sections oy and o{), respectively (notation as in [42] and [26]).
Define
X =Y xp V' . (11)

Write S (resp. S') for the images of the singular fibers of Y (resp. Y’) in P!

Proposition 2

1. The fiber product X is smooth if and only if SN S’ = (. In particular, if smooth,
X is a Calabi—Yau threefold ([42] §2) and x(X) = 0.

2.Y (resp. Y') is the blow-up of P? at the base locus of a rational map o : P? —-» P*
(resp. o' : P? --» P!) ([26] Prop. 6.1).

3. If Y =Y’ is sufficiently general and r(= ') admits at most nodal fibers, then there
always exists a small projective resolution X of X (JA2] Lemma (3.1)). Moreover

-~

if Y has exactly v > 0 nodal fibers then x(X) =v and x(X) = 2v.

Theorem 3 (Weierstrass representation of an elliptic surface with section,
[17] Thm. 1, [25] Thm. 2.1, [14] §2.1 and proof of Prop. 2.1) Letr:Y — C
be a relatively minimal elliptic surface over a smooth base curve C, whose generic
fibre is smooth and admitting a section o : C — Y (then Y is algebraic [18]). Let £

be the co-normal sheaf of o(C) C Y.
Then L is invertible and there exists

Ae HY(C, L% |, BeHYC, L%

such that Y is the minimal resolution of the closed subscheme Y of the projectivized
bundle P(E) :=P(L®? @ LZ2 ® O¢) defined by the zero locus of the homomorphism

(AB): € = L5 & L2 6 O £ (12)
(z,9,2) 2224+ P + Ay + B 23 .

The pair (A, B) (hence the homomorphism (@) is uniquely determined up to the
transformation (A, B) — (c¢*A,c5B), ¢ € C* and the discriminant form

§:=4 A* 4+ 27 B* € H(C, L®'?)
vanishes at a point X € C if and only if the fiber Yy := r=1(\) is singular.

Remark 2 Assume that the elliptic surface r : Y — C is rational. Then C = P! is a
rational curve and the section o(C) is a (—1)—curve in'Y (see [25] Proposition (2.3)
and Corollary (2.4)). In particular £ = Op1(1) and is a homomorphism

(A,B)

E=0p(3)®Op(2) B Ops Op1(6) . (13)
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Consider the fiber product
X =YxmY

of the Weierstrass fibration defined as the zero locus Y C P(€) of the bundle homo-
morphism . Hence, for generic A, B, the rational elliptic surface Y has smooth
generic fiber and a finite number of distinct singular fibers associated with the zeros
of the discriminant form § = 443 + 27B2. In general the singular fibers are nodal and
Sing(X) is composed by a finite number v = 12 of distinct nodes. We can then apply
Proposition (3) to guarantee the existence of a small resolution X — X whose
exceptional locus is the union of disjoint (—1, —1)—curves, i.e. rational curves C = P!
in X whose normal bundle is N¢|x = Op1(—1) ® Op1 (—1).

Anyway, if either A and B have a common root or A = 0, the Weierstrass fibration
Y may admit cuspidal fibers: in this case the existence of a small resolution for X is
no more guaranteed by Proposition [23).

3 The Namikawa fiber product

In [29], §0.1, Y. Namikawa considered the Weierstrass fibration associated with the
bundle homomorphism

(0, B) &= O[p:l (3) © O]pl (2) S5 O]pl —_—> O[p:l (6) (14)
(ZL',y,Z) — *I22+y3+B()\) 23

i.e. its zero locus Y C P(£). The associated discriminant form is 6(\) = 27B(\)? €
H(Op:1(12)) whose roots are precisely those of B € H°(Op1(6)). Hence, for a generic
B, the rational elliptic surface Y — P! has smooth generic fiber and six distinct
cuspidal fibers.

Proposition 3 The fiber product X :=Y Xp1 Y is a threefold admitting 6 threefold
cups whose local type is described by the singularity

X2 -U?-Y*+V3eClX,Y,U,V]. (15)

In the standard Kodaira notation these are singularities of type II x IT ([I8], Theorem
6.2).

Proof Our hypothesis give
PE) x PN DY : 222 =y + B(\)2* . (16)
Then its fiber self-product can be represented as follows

2%z = y3 + B()\)23

u?w = v3 + B(\)w? (17)

P:=PE) xPE) x PN\ DX : {

Since the problem is a local one, let us consider the open subset A C P defined by
setting

A={(z:y:2)x (u:v:w)x No: M) | z-w-\ £0}=C(X,Y,U,V,t) (18)

where X = 2/2,Y = y/2,U = u/w,V = v/w and t = A\g/A;. Then AN X can be
locally described by equations

{X2 =Y?3+ B(t)

U?=V*+DB(t) ’ (19)
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where B(\) = MSB(t). If ¢, is a zero of the discriminant §(¢) = 27B(t)? then p;, =
((0:0:1),(0:0:1),(to : 1)) € X is a singular point, whose local equations are
obtained from by replacing B(t) with its Taylor expansion in a neighborhood of
to, giving
X2 =Y3 4 BO(ty) /il + o(t")
2 3 i) , i (20)
U =V?+1t'BW(tg) /il + o(t)

where 4 is the minimum order of derivatives such that B (ty) = dB*(to)/dt* does not
vanish. Then the germ described by equations turns out to be the same described
by the local equation X2 —U? — Y3 + V3 =0.

As already observed above, Proposition 3) can then no more be applied to

guarantee the existence of a small resolutions X — X. In this case Y. Namikawa
proved the following

Proposition 4 ([29] Example in §0.1) The cuspidal fiber product X =Y xp1 Y
associated with the Weierstrass fibration Y, defined as the zero locus in P(E) of the
bundle homomorphism , admits six small resolutions which are connected to each
other by flops of (—1,—1)-curves. The exceptional locus of any such resolution is
given by six disjoint couples of (—1,—1)—curves intersecting in one point.

Proof Let us first of all sketch the idea of the proof. The resolutions of X are con-
structed by considering the strict transform of X into a successive double blow up of
the projectivized bundle P := P(€) x P(£) x P! in which X is embedded. Then the
cusps of X are firstly resolved to nodes and then finally resolved to smooth points.
The key point of the construction is that Sing(X) is contained in the diagonal locus
A of P; moreover X turns out to be invariant under the action of a cyclic group of
order 6 acting on P. Then the six resolutions of X are constructed by a successive
blow up of suitable couples of images of A under the action of this cyclic group.
Give X by equations and consider the following cyclic map on P

T PE)xPE)xP! P(E) x P(E) x P! (21)
(x:y:2),(u:v:w), )—=(z:y:2),(—u:ev:w),\) ,

where € is a primitive cubic root of unity. The second equation in ensures that
7X = X. Since 7 generates a cyclic group of order 6, the orbit of the codimension 2
diagonal locus

A={((z:y:2),(u:v:w),\) EPE)xPE)xP | (z:y:2)=(u:v:w)}

is given by six distinct codimension 2 cycles {7°A | 0 < i < 5}. For any 4, 7' A cuts
on X a Weil divisor D; := 7"AN X containing Sing(X): in fact

Sing(X)={((0:0:1),(0:0:1),\) e P| B(A\) =0} C
Di={((z:y:2),(-1)'z:€ey:2),A) €P |2’z —y> - B(\)z* =0} .

Then
5

Sing(X) = () D -
i=0
Let P; be the blow—up of P along 7'A: the exceptional divisor is a P'~bundle over
T'A. Let X; be the strict transform of X in the blow—up P; — P. Since Sing(X) is
entirely composed by singularities of type , X is singular and Sing(X;) contains
only nodes. Moreover X; — X turns out to be a small partial resolution whose
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exceptional locus is a union of disjoint (—1, —1)—curves, one over each singular point
of X. N
Consider the strict transform (7i7*A); of 7+ A in the blow—up P; — P. Let P; be
the blow—up of P; along (7°t1A); and X; be the strict transform of X; in P;. Then

— )?Z — X is a smooth small resolution satisfying the statement, for any 0 < i < 5.
To prove this fact we have to check that:

1. the exceptional locus of the resolution Xi — X is actually composed by disjoint
couples of (—1,—1)—curves intersecting in one point,
ii. the resolutions X; — X are to each other connected by flops of (—1, —1)—curves.

Let us prove i locally, by explicitly computing the induced resolution of a singular
point of type over the open subset A C P defined in . Up to an isomorphism
we may always assume that B(1 : 0) # 0, implying that Sing(X) € AN X. Let us
assume that B(to : 1) = 0, then

Pro = ((0:0:1),(0:0: 1), (tg : 1)) € Sing(X)
is a threefold cusp whose local equation can be factored as follows

(X -U)(X+U)=Y -V)Y —eV)(Y - V). (22)
Let A’ be the section of A with the hyperplane ¢t = t. Then

ANTA={(X,Y,UV,t) eC°| X — (-1)'U=Y — €'V =0} 2C*.
Rewrite as zy = uwv[(1 + €)v — eu], where
r=X—-(-1)U, y=X—(-1)"*U ,
u=Y -V ,v=Y -tV w=Y -T2V .

The blow up P; — P of 7'A induces over A’ the blow up A, — A’ of the plane
x = u = 0. The strict transform X; is then locally given by

ANnX; : mx = potl
’ {Noy = pv[(1+ €)v — eu]

where P![ug, p1] is the small exceptional locus of A; N X; — A’ N X. Notice that
A} N X is still singular admitting a node in the point ((0,1o), (0: 1)) € A} x P*. On
the other hand, the strict transform (771 A); of 771 A is locally given by

H1T = Hot
The blow up P; — P; of P; along ("t A); induces over A/ the blow up A, — Al
along . Then the strict transform X; of X is locally described as the following
codimension three closed subset of A’ x P![u] x P[]

PN H1T = ot
ANX; : Yy = yu
tovo = pv1[(1 4 €)v — eul

Observe that:

— AN X, is smooth,
- AN X, — A’'N X is an isomorphism outside of (0,¢y) € A" N X, which locally
represents py, € Sing(X),
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— the exceptional fiber over (0,%y) € A’ N X is described by the closed subset
{uovy = 0} C Pu] x P[v], which is precisely a couple of P!’s meeting in the
point ((0,%0), (0:1),(0:1)) € A/ NX; C A’ x P! x P! |

— by construction any exceptional P! is a (—1, —1)—curve.

To prove iz, it suffices to show that:

— for any 0 < ¢ < 5 the following flops of (—1,—1)—curves exist:

As before rewrite the local equation as
xy =uwv[(l1+€v—eu| inClz,y,u,v].

Then locally X; corresponds to blow up the plane 2 = v = 0 of C* while X; o
corresponds to blow up the plane x = v = 0. Ignore the term [(1 + €)v — eu]: then our
situation turns out to be similar to the well known Kolldr quadric ([I9] Example 3.2)
giving a flop

3.1 Deformations and resolutions

Let X =Y Xp1 Y be the Namikawa fiber product defined above, starting from the bun-
dle’s homomorphism . For a general b € H°(Op:1(6)), the singular locus Sing(X) is
composed by six cusps of type . Let us rewrite the local equation of this singularity
as follows

-yt =22 —w? (24)

It is a singular point of Kodaira type II x II. Moreover it is a compound Du Val
singularity of cAs type i.e. a threefold point p such that, for a hyperplane section H
through p (in the present case assigned e.g. by w = 0), p € H is a Du Val surface
singularity of type As (see [30], §0 and §2, and [2], chapter IIT).

Recalling @, the Kuranishi space of the cusp is the C—vector space

T' 2 T' = Opo/Jr = Cla,y, z,w}/ (F) + Jr) = (1,y,w,yw)c (25)

where F' = 22 —y3 — 22 +w? and Jp is the associated Jacobian ideal. Then a miniversal
deformation of is given by the zero locus of

Fy ¢ 2? =y 224wl py—vwtoyw € Cla, y, z,w], A= (\, p, —v,0) € T'. (26)
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The fibre X4 = {F4 = 0}, of the miniversal deformation family X — T!, is singular
if and only if the Jacobian rank of the polynomial function F, is not maximum at
some zero point of F4. Singularities are then given by (0,y,0,w) € C* such that

3y  —ow—p=0 (27)
3w +oy—v=0
oyw + 2py — 2vw +3A =0

where the first two conditions come from partial derivatives of 4 and the latter is ob-
tained by applying the first two conditions to the vanishing condition F4(0,y,0,w) =
0.

Proposition 5 A fibre of the miniversal deformation family X — T' of the cusp
admits at most three singular points.

Proof Tt is a direct consequence of conditions . Fix a point
A=(l,pu,~v,0) €T .

If 0 = 0 then conditions (27)) become conditions below. The argument given in
the proof of Proposition [6{ shows that common solutions of cannot be more than
two.

Let us then assume that o # 0. The first equation in gives

ow = 3y> — 1 (28)
and the third equation multiplied by o gives
o?yw + 2uoy — 2wow + 3o =0 . (29)
Put in to get
30y — 6vy? + poy + 2uv + 3 0 =0 .

Fixing A = (I, u, —v,0) € T!, the latter is a cubic polynomial in the unique unknown
variable y. Then the common solutions of equations cannot be more than 3.

For any p € Sing(X) let U, = Spec O, be a representative of the complex space
germ locally describing the singularity p € X. By Theorem 1 Definition and

(126])
Def(U,) = T! =~ (1,y,w, yw) (30)

Recalling the local Friedman diagram , consider the localization map
Ay : Def(X) = Ty — Def(U,) = T' .

Proposition 6 The deformations of the cusp induced by localizing a deformation
of the fiber product X are based on a hyperplane of the Kuranishi space T in .
More precisely, using coordinates introduced in (@),

Vp € Sing(X) Im()\,) =S:={c=0}CT.

In particular every deformation parameterized by S may admit at most 2 singular
points which are

— ordinary double points if p-v # 0,
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— compound Du Val of type cAg if - v =0 and precisely of Kodaira type

ITxIlifp=v=0,

11 x II  otherwise.
Proof Let X =Y Xp1 Y be the Namikawa fiber product given by equations .
A deformation family ) of the rational elliptic surface r : ¥ — P! comes equipped
with a natural morphism R : Y — P! such that R|y = r. Then a deformation family
of X is obtained as the fiber product X = Y xp1 )V’ of two deformation families of
Y (this fact is explained in several points of the Namikawa’s paper [29], e.g. in the
Introduction and in Remark 2.8). The Kuranishi space of the cusp {z? — y3 = 0} is
given by

Teusp = Cl{z,y}/(@® — y*,2,9%) = (Ly)e
meaning that a deformation of Y can be locally given by the germ
"E2_y3+>‘+/1’y_tlBl(t0):0 ) ()‘7/1’) e’]I‘iusp )

where g is a zero of B(t) and B'(to) has the same meaning as in . Therefore, by
applying an analogous local analysis as that given in the proof of Proposition [3| and
recalling , it turns out that a deformation of the threefold cusp induced by
localizing a deformation of X, is given by the germ of complex space

{ 22—y  + M+ py —t'Bi(to) =0
22 —w + Xg +vw — t'Bi(ty) =0
giving the following local equation
22—yt Mty =22 —w+ dFrw .
Then all such deformations span the subspace
{M =Xy, —1,0)} ={oc =0} C T .
Setting o = 0 in conditions gives the following equations
3y° — =0 (31)
3w —v =0
2uy —2vw + 32 =0
which can be visualized in the y, w—plane as follows:

— the first condition as two parallel and symmetric lines with respect to the y—axis;
they may coincide with the y—axis when p = 0;

— the second condition as two parallel and symmetric lines with respect to the w—
axis; they may coincide with the w-axis when v = 0;

— the last condition as a line in general position in the y, w—plane.

Clearly, fixing the point A = (I, u, —v,0) € TL, it is not possible to have more than
two distinct common solutions of with respect to the variables y, w.
To analyze the singularity type, let py = (0, y,,0,w,) be a singular point of

Fp:a?—yy® 224w+ A+ py—vw=0
and translate p4 to the origin by replacing
Yr—y+yy , W= wWFW, .
Then conditions impose that the translated Fy is
fA:mQ—y3—22+w3—3y# y? + 3w, w?

giving the classification above.
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Corollary 1 If the deformation X, of the cusp , associated with A € T', admits
three distinct singular points then A € T\ S, which is

A=A\ p,—v,0) witho #0 .

Proposition 7 The locus of the Kuranishi space T in , parameterizing defor-
mations of the cusp to 3 distinct nodes, is described by the plane smooth curve

C={c®-2\=p=v=0}CT!

transversally meeting the hyperplane S in the origin of T*. In particular, (0,0,0,1) €
T generates the tangent space in the origin to the base of a 15—order deformation of
the cusp to three distinct nodes.

Proof Consider conditions : since, by Corollary (1| we can assume o # 0, the first
equation gives
3y —u
w=———"""
o
Putting this in the second equation gives that

Ry = 2Ty* — 18uy® + oy + 3% —vo? =0,
and in the third equation gives that
Ry =30y — 6vy® + poy + 2uv + 3o =0 .

Therefore, fixing A = (I,u,—v,0) € T, consider Ry and R, as polynomials in
C[l, p, v, o][y], i-e. in the unique unknown variable y. Then admit three com-
mon solutions if and only if R divides R;. Since the remainder of the division of R
by Ry in C[l, u, v, o][y] is
27 o 2v.2 , Lo g 1 2 2 4 2
§(4y — po)y + g(a —36ur — 27X\o)y + ﬁ(?’“ 0° —vo® — 36uv° — 54 vo)
it turns out to be 0 if and only A satisfies the following conditions
4° — po® =0 (32)
ot —36ur —27Ao =0
3p0? — vot — 36pr? — 5dve =0

Then the first equation gives
2

v
=4— .
H o2
Putting this in the second equations we get
o 160°

27 303

Then, from the third equation in , we get the following factorization
v(dv — o%)(4v — ed?)(4v — €20%) = 0

where € is a primitive cubic root of unity. All the solutions of are then the
following

1 5 .1 1
AO = (ﬁ03707070) ’ Al = (7m037 1027 7102a0) ) (33)
5 € € 5 € €2
Ao = (— — 3~ 2 2 —(_ 2 3 -2 = 2
2 ( 1080 "4 g, 40 7U> ) 3 ( 1080 740 ) 4 a 70)
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Let us first consider the second solution A;. In this particular case Ro becomes

3 1 1 o\3
Ry = 30y® — 5023/2 + 10331 — 504 =30 (y — E) ,

meaning that Ay is actually the base of a trivial deformation of since the fiber
associated with o admits the unique singular point (0,0/6,0,—c/6) which is still a
cusp of type . Moreover solutions Ay, and Ag give trivial deformations too, since
they can be obtained from A; by replacing

either y —— ey , w — 2w (giving As)
or yr—= €y, wr— ew (giving A3) .

It remains to consider the first solution Ag. In this case Ry becomes
R—3+03—(+U)(+60) +e2a

then the deformation X,, o # 0, turns out to admit three distinct nodes given by

(o) g €O 620' 620' €0
~2.0,2 ~=Z 0,2 —=20,2) . 4
<O, 3707 3) b (07 3 307 3 > K (07 3 707 3 > (3 )

Notice that the base curve Aqg C T! = C* is actually the plane smooth curve C' =
{03 — 27\ = u = v = 0} meeting the hyperplane S = {oc = 0} only in the origin,
where they are transversal since a tangent vector to C' in the origin is a multiple of
(0,0,0,1). The statement is then proved by thinking T! as the tangent space in the
origin to the germ of complex space Def(Up) and representing the functor of 15*—order
deformation of the cusp .

Let X -%5 X be one of the six small resolutions constructed in Proposition [4| and
consider the localization near to p € Sing(X)

[7p = ¢
lsa
U, := Spe

and consider the associated local Friedman diagram , which is the following com-
mutative diagram between Kuranishi spaces

YUy ——=X (35)
&

C Op’p(—> X

Def(X) = H'(Og) —> Def(0,) = HO(R'$.6; ) (36)

B o

Def(X) =T, — " - Def(U,) = T

Theorem 4 The image of the map Sioc,p in diagram (@/ is the plane smooth curve
C C T defined in Proposition @ In particular this means that

(a) def(U,) =1,
(b) Im(Ay) NIm(Sjep) =0,
(c) Im(Ag,)=0.
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Proof By the construction of the resolution X5 x , Im(816c,p) C T parameterizes
all the deformations of U, induced by deformations of ﬁp. Then a fiber of the versal
deformation family of U, over a point in Im(8j,c,,) C T* has local equation respecting
the factorization of the local equation . A general deformation respecting
such a factorization can be written as follows

(X -U+X4+U40) =Y -V4+a) (Y —eV+B)(Y -2V +4)  (37)
for (&,v,a, B,7) € C°. By means of the translation
E+v E—wv
— U U
y 0 VTPt
the left part of becomes X2 — U?2. After some calculation on the right part,
can then be rewritten as follows

Fo:=F—(a+B8+)Y2—(a+EB+en)V:—(a+ef+ )YV (38)
—(ay+aB + BY)Y + (By + eay + EaB)V —afy =0

where F := X2-U?-Y3+V3and a := (o, 3,7) € A= C3. Consider the deformation
f:U — (A,0) defined by setting

VacA Uy:=fa)={F.=0}.

X— X

The following facts then occur:

1. the fibre U, is isomorphic to the central fibre Uy if and only if a is a point of the
plane ™ = {a+eB+e2y =0} C A; in particular U|, — T is a trivial deformation;

2. the open subset V := A\ 7 is the base of a deformation of the cusp Uy = {F = 0}
to 3 distinct nodes;

3. there exists a morphism of germs of complex spaces g : (A,0) — (T',0) to the
Kuranishi space T described in , such that Im g turns out to be precisely the
plane smooth curve C' defined in Proposition[7 and parameterizing the deformation

of the cusp to three distinct nodes.

Let us postpone the proof of these facts to observe that fact (3) means that the
deformation U — A is the pull-back by g of the versal deformation V — T! i.e.
U = Axm1 V. Then C = Im(dj0¢,p) proving the first part of the statement. Part (a) of
the statement then follows by recalling that d;.c p is injective. Moreover Propositions
[6] and [7] allow one to prove part (b). Finally part (c) follows by (b), the injectivity of
0loc,p and the commutativity of diagram .

Let us then prove facts (1), (2) and (3) stated above.

(1), (2) : this facts are obtained analyzing the common solutions of
Fo=0xFa=0vF,=0yFa=0vF,=0.

Since 0x Fy = 2X and Jy F, = 2U, we can immediately reduce to look for the common
solutions (0,Y,0,V) of

Fa(0,Y,0,V) =0y Fa =0vFa=0. (39)
After some calculations one finds that these common solutions are given by
p = (0.55.0. 475 (40)
2
p2= (0,550, 1%)

b3 = (07 6?:618707 %)
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which have to be necessarily distinct since

B— a— a—r a*ﬂ(:)afﬂ B -

= = =
e(l—g) 1—¢g2 1—e2 1-¢ 1—e e(l—¢)
= a+ef+ey=0.

On the other hand, if o + €3 + €2y = 0 then we get the unique singular point p; =
p2 = p3 which is still a threefold cusp.

(3) : Look at the definition of F, and construct g as a composition g =i0p
where

— p:(A4,0) = (C30) — (A,0) = (C3,0) is a linear map of rank 1 whose kernel is
the plane m C A defined in (1),

—i:(A,0) = (C3,0) — (T 0) = (C*0) is the map (a, B,7) — (A, pu, —v,0) given
by

A=—-aBy , p=—-ay—af - By,

v=—fBy—cay—eaf , 0 =—a—ef—e;

then, by (2) and Proposition |7, necessarily Imi = C and i|imp s the rational
parameterization Ay given in .

The linear map p has to annihilate the coefficients of Y2 and V2 in ie.
a+B+y=a+eB+ey=0.
Then we get the following conditions
Imp = <(e, 1, 62)>C CA, kerp=m= <(fe, 1,0), (—€2,0, 1)>C CA

which determine p, up to a multiplicative constant k € C, as the linear map repre-
1 € é
sented by the rank 1 matrix k- [ €2 1 € |. Then
2
e et 1

p(a) = k(eQa +0+ey)- (e, 1, 62)
and

gla) =iop (a) = (—k*(a+ eB + €7)*,0,0, —3k(a + € + €*7))

which satisfies equations 0® — 27T\ =y =v =0 of C C T'.

Remark 3 Propositions[6] and [7] and Theorem [4 give a detailed and revised version of
what observed by Y.Namikawa in [29] Examples 1.10 and 1.11 and Remark 2.8. In
fact point (c) of Theorem [4] proves the following

Theorem 5 In the notation introduced above, every global deformation of the small
resolution X induces only trivial local deformations of a meighborhood of the excep-
tional fibre ¢~ (p) over a cusp p € Sing(X).
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4 A small and non-simple geometric transition

Finally we propose an example of a small geometric transition which is not a simple
gt i.e. it is not a deformation of a conifold transition, as defined in the following. This
example has been already sketched in §9.2 of [41]. Thanks to the detailed analysis of
the Kuranishi space of a Namikawa fiber product presented above, all the following
statements are now completely proved.

Let us first of all recall the main definitions.

Definition 4 (see [39] and references therein) Let X be a Calabi-Yau threefold
and ¢ : X — X be a birational contraction onto a normal variety. Assume that
there exists a Calabi-Yau smoothing X of X. Then the process of going from X to
X is called a geometric transition (for short transition or gt) and denoted either by
T(X, X, X) or by the diagram

XXX (41)

A gt T()?, X, )Z') is called conifold if X admits only ordinary double points (nodes or
o0.d.p.’s) as singularities. Moreover a gt T'(X, X, X') will be called small if codim ¢ Exc(¢) >
1, where Exc(¢) denotes the exceptional locus of ¢.

The most well known example of a gt is given by a generic quintic threefold X c P*
containing a plane. One can check that Sing(X) is composed by 16 nodes. Look at
the strict transform of X, in the blow—up of P* along the contained plane, to get
the resolution X while a generic quintic threefold in P* gives the smoothing X. Due
to the partlcular nature of Sing(X) the gt T(X X, X) is actually an example of a
conifold transition and hence of a small gt, too.

Remark 4 Let T()A(7 X, )~() be a small gt. Then Sing(X) is composed at most by ter-
minal singularities of index 1 which turns out to be isolated hypersurface singularities
(actually of compound Du Val type [36], [37]). The exceptional locus Exc(¢ : X — X)
is then composed by a finite number of trees of transversally intersecting rational
curves, dually represented by ADE Dynkin diagrams [21], [33], [27], [1].

Moreover [28, Thm. A] allows us to conclude that Def(X) is smooth. Therefore

def(X) = dim¢ TY . (42)
Moreover the Leray spectral sequence of the sheaf ¢.0¢ gives
h0(Ox) = h%(¢.05) = h°(O5) = h*°(X) =0

where the first equality on the left is a consequence of the isomorphism Ox = ¢,O
(see [7] Lemma (3.1)) and the last equahty on the right is due to the Calabi-Yau
condition for X. Then Theorem [2 I and allow to conclude that X admits a unique
smoothing component giving rise to a umversal effective family of Calabi—Yau defor-
mations.

In the case of small geometric transitions we may then set the following
Definition 5 Two small geometric transitions

Tl()?lel)jZl) ) TQ()?QaX27X2)
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are direct deformation equivalent (i.e. direct def-equivalent) if the associated birational
morphisms ¢; : )/(\'Z — X, , i=1,2, are deformations of each other as defined in §
The equivalence relation of small geometric transitions generated by direct def-equivalence
is called def-equivalence (or deformation type) of small geometric transitions.

In particular a small gt T()A( X, X ) is called simple if it is def-equivalent to a conifold
transition.

Actually def-equivalence of geometric transitions is a more complicated concept
which reduces to the given Definition [5|in the case of small geometric transitions. The
interested reader is referred to [41] §8.1 for any further detail.

A direct consequence of Theorem H4|is then the following

Corollary 2 There exist small geometric transitions which are not def-equivalent to
a conifold transition.

Proof Consider the Namikawa fiber product X := Y Xp1 Y, a smooth resolution
o : X - X, as_defined in Proposition {4] and a fiber product of generic rational
elliptic surfaces X:=Y' xpY"”. Then T (X,X, X ) is a small gt which can’t be direct
def-equivalent to a conifold transition for what observed in Remark [3

Assume now that T(X X, X ) is def-equivalent to a conifold transition. This means
that there exists a finite chain of morphism deformations connecting the resolution
¢ : X — X with a conifold resolution. Hence there exists at least one of those
morphism deformations locally inducing a non-trivial deformation of the exceptional
locus, so violating condition (c) of Theorem

Remark 5 (The Friedman diagram of the Namikawa fiber product) As a final result
let us give a complete account of the Friedman diagram @D in the case of the small
resolution ¢ : X > Xofa cuspidal Namikawa fiber product X =Y xp1 Y.

Let us start by computing the Kuranishi number def(X), by an easy moduli compu-
tation. In fact the moduli of the elliptic surface Y are 8 since they are given by the
moduli of an elliptic pencil in P2. Moreover the 6 cuspidal fibers are parameterized by
the roots in P! of a general element in HY(Op:1(6)) up to the action of the projective
group P GL(2). Then

def(X) =2 - def(Y) + h°(Op1(6)) — dim GL(2,C) =2 -8+ 7—4=19 .

Recalling the existence of the small geometric transition T()/(\' , X, X ), described in the
proof of Corollary [2] it turns out that

def(X) = def(X) = hV?(X) = 19 = RV (X)
since X is a Calabi-Yau 3—fold with x(X) = 0 ([42] §2). Recalling that

— the small resolution ¢ : X — X is obtained as a composition of 2 blow-ups,
— the exceptional locus Exc(¢) has 12 irreducible components,
— every cusp of X has Milnor (and Tyurina) number 4,

then Calabi-Yau conditions on X and Theorem 7 in [40] gives that
def(X) = ' (O5) = h'?(X) = A"*(X) — 16 = 3
dim T% = h*(O@5) = ' (X) = kM (X) +2=21
Moreover recall that:

— by Proposition I(l ) and Theorem l(a h°(R'¢.O <) =6,
— by Theorem I(c the localization map lg in @ is trlvial,
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— by Proposition 2) and relation , dim T} = 24,

— the last horizontal maps on the right in the Friedman diagram @D are, in this case,
surjective since both related with spectral sequences having EL! = E%? = 0.

Putting all together, the Friedman diagram @D becomes the following one

Ar=0 da

(C3 (C3 (CGC (C27 C21
{{\ 0 / Sioc 02
0 3¢ 19 Ap 24 27 C19 0

In particular notice that
hH(X,0x) =h'(X,05) =3

contradicting the sufficient condition (13) in Proposition 32 of [41] which has to be
satisfied by a simple gt. This is consistent with the previous Corollary
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