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Abstract. A string group generated by involutions, or SGGI, is a pair � D .G; S/, where
G is a group and S D ¹�0; : : : ; �r�1º is an ordered set of involutions generating G and
satisfying the following commuting property: for all i; j 2 ¹0; : : : ; r � 1º, ji � j j ¤ 1 im-
plies .�i�j /2 D 1. When S is an independent set, the rank of � is the cardinality of S . We
determine an upper bound for the rank of an SGGI over the alternating group of degree n.
Our bound is tight when n � 0; 1; 4 .mod 5/.

1 Introduction

Let G be a group and S a subset of G. We say that S is an independent generating
set for G if

G D hSi and s … hS n ¹sºi for all s 2 S:

A string group generated by involutions (SGGI) is a pair � D .G; S/, where G
is a group and S D ¹�0; : : : ; �r�1º is an ordered set of involutions generating G,
satisfying the following property:

for all i; j 2 ¹0; : : : ; r � 1º; ji � j j ¤ 1 H) .�i�j /
2
D 1:

To avoid cumbersome notation, when S is understood, we simply say that G is
an SGGI. The dual of an SGGI is obtained by reversing the order of the string
of generators. A group G is an SGGI of rank r if .G; S/ is an SGGI for some
independent generating set S of cardinality r .

SGGIs play a prominent role in the study of polytopes. In fact, there is a one-
to-one correspondence between abstract regular polytopes and string C-groups,
which are SGGIs whose generating set S D ¹�0; : : : ; �r�1º satisfies the following
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condition, known as the intersection property:

h�i j i 2 J i \ h�i j i 2 Ki D h�i j i 2 J \Ki

for all subsets J;K � ¹0; : : : ; r � 1º. This correspondence is described with detail
in [8].

The maximal rank of the symmetric group of degree n is n � 1 and the bound is
attained, for instance, by the Coxeter generators; see [10]. In this paper, we show
that the maximal rank of an SGGI for the alternating group Alt.n/ of degree n is
quite a bit smaller than n � 1.

Theorem 1.1. The following holds:

� the group Alt.5/ admits SGGIs and they all have rank 3;

� the groups Alt.3/, Alt.4/, Alt.6/, Alt.7/ and Alt.8/ do not admit SGGIs;

� for n � 9, the maximum rank of an SGGI for Alt.n/ is at most b3.n � 1/=5c.
Moreover, this bound is attained when n � 0; 1; 4 .mod 5/.

In Table 2, we present permutation representation graphs of SGGIs for Alt.n/
(see Section 2 for the definition of a permutation representation graph). These
graphs have rank b3.n � 1/=5c when n � 0; 1; 4 .mod 5/ and rank b.3n � 8/=5c
when n � 2; 3 .mod 5/. The constructions depend on the parity of n modulo 5.
Moreover, in Table 2, we require n � 22 when n � 2 .mod 5/ and n � 18 when
n � 3 .mod 5/. When n 2 ¹12; 13; 17º, SGGIs for Alt.n/ of rank b.3n � 8/=5c
have been found with the help of a computer. We are using the computer algebra
system Magma [2] in this paper. Some of our arguments require extensive compu-
tations. We do not include the code for these computations in this manuscript, but
the interested reader can find it in our companion paper submitted to arXiv [1].

Computational evidence suggests that, for n � 2; 3 .mod 5/, the maximum rank
of an SGGI for Alt.n/ is b.3n � 8/=5c. Consequently, Theorem 1.1 might be im-
proved for these two congruence classes modulo 5.

An immediate application of our arguments yields the following result. We are
grateful to the anonymous referee for suggesting the inclusion of this application.

Theorem 1.2. LetG be a transitive subgroup of the symmetric group Sym.n/ with
Alt.n/ — G and let r be the maximal rank of an SGGI for G. Then either

r <
j3.n � 1/

5

k
;

or G is TransitiveGroup.n; g/, where .n; g/ are recorded in Table 1, using the
library of transitive groups in the computer algebra system Magma.
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Degree n Label g Rank r Comments

4 2 2 C2 � C2
3 2 D4

5 2 2 D5

6 3 3 D6
7 3 Sym.4/
8 3 Sym.4/
9 4 h.1 2 3/; .1 2/.4 5/; .1 4/.2 5/.3 6/i

11 4 Sym.2/ wr Sym.3/
12 3 PSL2.5/
13 3 Sym.3/ wr Sym.2/
14 4 PGL2.5/

8 22, 24, 34, 41 4
44 4 Sym.2/ wr Sym.4/
45 5
47 4 Sym.4/ wr Sym.2/

9 18, 24 3
31 3 Sym.3/ wr Sym.3/

10 22 5
32 5 P†L2.9/
37 5
38 5
39 6 Sym.2/ wr Sym.5/
41 5
43 5 Sym.5/ wr Sym.2/

12 117, 139, 195, 219, 239 6
293 6 Sym.2/ wr Sym.6/
299 6 Sym.6/ wr Sym.2/

14 49, 54, 55 7
57 8 Sym.2/ wr Sym.7/
61 7 Sym.7/ wr Sym.2/

18 968 10 Sym.2/ wr Sym.9/

22 53 12 Sym.2/ wr Sym.11/

Table 1. Exceptional cases in Theorem 1.2.
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2 Preliminaries, notation and basic results

2.1 String groups generated by involutions and their friends

We collect here some basic information and notation.
In the case that the group G is a permutation group, we introduce an auxiliary

gadget for graphically representing an SGGI. Let G be a permutation group of
degree n, and let � D .G; ¹�0; : : : ; �r�1º/ be an SGGI. The permutation repre-
sentation graph of � is the r-edge-labeled multigraph with vertex set the domain
of G, and with an edge ¹a; bº having color i , for each a; b such that a ¤ b and
a�i D b, and for each i 2 ¹0; : : : ; r � 1º. For instance, when

� D .h.1 2/.3 4/; .1 3/.2 4/i; ¹.1 2/.3 4/; .1 3/.2 4/; .1 4/.2 3/º/;

the permutation representation graph is the complete graph on 4 vertices, where
to each perfect matching is assigned a distinct color. The permutation representa-
tion graph has n vertices and

Pr�1
iD0 ci edges, where ci is the number of cycles of

length 2 in �i .
Since some of our arguments are inductive, we need some ad hoc notation for

our work. Let
� D .G; ¹�0; : : : ; �r�1º/

be an SGGI and let i; i1; : : : ; ik 2 ¹0; : : : ; r � 1º. We let
Gi1;:::;ik D h�j j j … ¹i1; : : : ; ikºi;

�i1;:::;ik D .Gi1;:::;ik ; ¹�j j j … ¹i1; : : : ; ikºº/;

G¹i1;:::;ikº D h�j j j 2 ¹i1; : : : ; ikºi;

�¹i1;:::;ikº D .G¹i1;:::;ikº; ¹�j j j 2 ¹i1; : : : ; ikºº/;

G<i D h�0; : : : ; �i�1i;

�<i D .G<i ; ¹�0; : : : ; �i�1º/; i ¤ 0;

G>i D h�iC1; : : : ; �r�1i;

�>i D .G>i ; ¹�iC1; : : : ; �r�1º/; i ¤ r � 1:

Finally, since our work builds upon some of the results in [6], we recall the
definition of string C-group. A string C-group is an SGGI .G; ¹�0; : : : ; �r�1º/
satisfying the intersection property

GI \GJ D GI\J for each I; J � ¹0; : : : ; r � 1º:

When � is a string C-group, S is an independent generating set forG and hence �
is an SGGI of rank jS j. For instance, when G is the symmetric group Sym.n/ and
S D ¹.1 2/; .2 3/; : : : ; .n � 1 n/º, we see that .G; S/ is a string C-group and that
the permutation representation graph is the usual Coxeter diagram.
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2.2 Fracture graphs and 2-fracture graphs

Let
� D .G; ¹�0; : : : ; �r�1º/

be an SGGI, where G is a permutation group with domain ¹1; : : : ; nº.
Here, we define fracture graphs when G is transitive and Gi is intransitive for

every i 2 ¹0; : : : ; r � 1º. Therefore, we assume these conditions hold throughout
this section and whenever fracture graphs are used.

For each i , since Gi is intransitive, �i has at least one cycle (of length 2) con-
taining points from different Gi -orbits. Choosing one such cycle for each i , we
construct a graph having vertex set ¹1; : : : ; nº, where each selected cycle defines
an edge. The resulting graph, which has r edges, is called a fracture graph for � .
In general, fracture graphs are not unique, as they depend on the choice of cycles.

Additionally, under the assumption that, for each i , �i has at least two cycles
containing points from different Gi -orbits, then taking (for each i ) two i -edges
between each of these pairs of points, we obtain a graph on n vertices with 2r
edges that we call a 2-fracture graph for � . Observe that, when G is contained in
the alternating group Alt.n/, each �i does have at least two cycles (of length 2).

In [6], the authors proved the following two results. Although [6] focuses on
string C-groups, none of the proofs in [6, Section 4] rely on the intersection prop-
erty. Consequently, these results remain valid for SGGIs as well.

Proposition 2.1 ([6, Proposition 4.12]). Let � D .G; S/ be an SGGI for a permu-
tation group G of degree n admitting at least one 2-fracture graph. If � has no
connected 2-fracture graph, then there exists a 2-fracture graph having at least
one component that is a tree, while all other components are either trees or have
at most one cycle (which is an alternating square).

Corollary 2.2 ([6, Corollary 4.19]). Assume n � 9. Let � D .G; S/ be an SGGI
for a permutation groupG of degree n. If � has a connected 2-fracture graph that
is not a tree, then n is even, � has rank n=2 and, up to duality, � falls into one of
the following two cases:

(a) G is permutation isomorphic to Sym.2/ � Sym.n=2/, and the permutation
representation graph is
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(b) G is permutation isomorphic to Sym.2/ o Sym.n=2/ when n=2 is even, and
G is permutation isomorphic to Sym.2/n=2�1 Ì Sym.n=2/ (which is a sub-
group of index 2 in Sym.2/ o Sym.n=2/) when n=2 is odd. The permutation
representation graph is
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2.3 Splits and perfect splits

Let G be a permutation group of degree n, and let � D .G; S/ be an SGGI with
S D ¹�0; : : : ; �r�1º. Suppose � has a fracture graph.

Suppose that, for some i 2 ¹0; : : : ; r � 1º,

� Gi has exactly two orbits; observe that, under this condition, there exists a par-
tition of ¹1; : : : ; nº into two sets O1 and O2, of sizes n1 and n2 D n � n1 such
that �i is the unique permutation of S swapping elements in different parts of
this partition of ¹1; : : : ; nº; and

� there is exactly one pair of points .a; b/ 2 O1 �O2 such that a�i D b.

Then ¹a; bº is called a split or i -split of � . We refer to i as the label of a split.
For j 2 ¹0; : : : ; r � 1º n ¹iº, let j̨ be the restriction of �j to O1, and let ǰ be

the restriction of �j toO2. If, up to duality, j̨ D 1 for each j 2 ¹i C 1; : : : ; r � 1º
and ǰ D 1 for each j 2 ¹0; : : : ; i � 1º, then we say that the i -split ¹a; bº is per-
fect. The following illustrates the situation when we have a perfect split having
label i :

�<i �>i
i

If j is the label of an edge adjacent to a i -split, then j 2 ¹i � 1; i C 1º. Hence
if �<i (resp. �>i ) is nontrivial, then it must have a pendent edge with label i � 1
(resp. i C 1).

3 SGGIs admitting a 2-fracture graph

In [4, Proposition 4.9], the authors classify string C-groups � D .G; S/ of rank at
least .n � 1/=2 that admit a 2-fracture graph, where G is a permutation group of
degree n. Since their focus was on string C-groups, they excluded SGGIs that do
not satisfy the intersection property from their classification. However, the proof of
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[4, Proposition 4.9] inherently provides a classification of SGGIs of a permutation
group of degree n with rank at least .n � 1/=2. Therefore, in the following, we
revisit some of the steps in their proof to recover the permutation representation
graphs of the SGGIs omitted from their classification.

Proposition 3.1. Let G be a transitive permutation group of degree n, and let
� D .G; ¹�0; : : : ; �r�1º/ be an SGGI of rank r . If � has a 2-fracture graph, then
r � n=2. Moreover, if r � .n � 1/=2, then up to duality, � has a permutation rep-
resentation graph isomorphic to one of the graphs in Figure 1.

Proof. Assume first that n � 9. Let G be the permutation representation graph
of � . By assumption, � has a 2-fracture graph. If � admits a connected 2-fracture
graph that is not a tree, then Corollary 2.2 shows that n is even, r D n=2 and G is
one of the graphs described in parts (a) and (b). We have reported these two graphs
in the first two rows of Figure 1. Therefore, we may suppose that either � admits
no connected 2-fracture graph, or that each connected 2-fracture graph is a tree.

In this case, from Proposition 2.1, we deduce that � admits a 2-fracture graph
having at least one component that is a tree, while all other components are either
trees or have at most one cycle. Let n1; : : : ; n� be the cardinalities of the connected
components of this 2-fracture graph. From Euler’s formula, the number of edges in
each connected component is at most nj , and there exists a j such that the number
of edges is exactly nj � 1. Since the total number of edges in the 2-fracture graph
is 2r , we deduce that 2r �

P�
iD1 ni � 1 D n � 1. This shows that r � n=2 in all

cases, and hence it remains to prove that if r � .n � 1/=2, then G is isomorphic to
one of the graphs in Figure 1. As r � .n � 1/=2, we deduce that r D .n � 1/=2.

When n � 8, the proof in [4, Proposition 4.9] is via a computer search; a similar
computer search shows that the possible graphs G are listed in Figure 1. Therefore,
we may suppose n � 9.

At this point, in the proof of [4, Proposition 4.9], the authors consider a 2-
fracture graph F with a minimal number of squares, denoted by s. The proof is
then divided into two cases: s > 0 and s D 0. When s > 0, following the proof of
[4, Proposition 4.9], we see that the graph G corresponds to graph (3) in Figure 1.

Now, suppose s D 0, meaning that F is a tree. If every pair of adjacent edges in
F carries consecutive labels, then by the proof of [4, Proposition 4.9], the graph
obtained is a linear graph whose sequence of labels is given by

.0; 1; 0; 1; 2; 3; 2; 3; : : : ; r � 2; r � 1; r � 2; r � 1/:

The resulting graph G corresponds to graph (4) in Figure 1.
Finally, suppose that F contains adjacent edges with nonconsecutive labels.

Then, by the proof of [4, Proposition 4.9], the resulting graphs G correspond to
graphs (5), (6), (7), (8), (9), (10) and (11) in Figure 1.
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Figure 1. Permutation representation graphs relevant for Proposition 3.1.
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.11/ n � 7W '&%$ !"# 0 '&%$ !"# 1 '&%$ !"# 2 '&%$ !"# '&%$ !"#r�2'&%$ !"#r�1'&%$ !"#
'&%$ !"#

1

'&%$ !"#0
2

'&%$ !"#0 '&%$ !"#
r�2

0 '&%$ !"#
r�1

0 '&%$ !"#0

.12/ '&%$ !"# 2
0

'&%$ !"# 1 '&%$ !"# 2 '&%$ !"#
'&%$ !"# 1 '&%$ !"#

2

0 '&%$ !"#0
.13/ '&%$ !"# 2

0

'&%$ !"# 1 '&%$ !"# 2 '&%$ !"#
'&%$ !"#

2

0 '&%$ !"#01 '&%$ !"#

.14/ '&%$ !"# 2
0

'&%$ !"# 1 '&%$ !"# 2 '&%$ !"# 1 '&%$ !"#
'&%$ !"#

2

0 '&%$ !"#0
.15/ '&%$ !"# 1 '&%$ !"# 0 '&%$ !"# 1 '&%$ !"#

'&%$ !"#
0

2 '&%$ !"#
1

2 '&%$ !"#

.16/ '&%$ !"# 1 '&%$ !"# 2 '&%$ !"# 1 '&%$ !"# 2 '&%$ !"#
'&%$ !"#

2

0 '&%$ !"#0
.17/ '&%$ !"# 0 '&%$ !"# 1 '&%$ !"# 2 '&%$ !"#

'&%$ !"#
2

0 '&%$ !"#
1

0 '&%$ !"#

.18/ '&%$ !"# 0 '&%$ !"# 1 '&%$ !"# 2 '&%$ !"# 1 '&%$ !"#
'&%$ !"#

2

0 '&%$ !"#0
.19/ '&%$ !"# 1

3

'&%$ !"# 0
3

'&%$ !"#
3'&%$ !"#

1

'&%$ !"#
2

0 '&%$ !"#
2'&%$ !"#

0

'&%$ !"#

Figure 1 (continued)

4 SGGIs having splits: All of which are perfect

Hypothesis 4.1. Let G be a permutation group of degree n, and let � D .G; S/
be an SGGI of rank r with S D ¹�0; : : : ; �r�1º. Throughout this section, with the
only exception of Proposition 4.4, we assume the following conditions.

� G is a transitive subgroup of Alt.n/.

� For each i 2 ¹0; : : : ; r � 1º, the subgroup Gi is intransitive. These two condi-
tions are equivalent to the existence of a fracture graph for � .

� The SGGI � does not admit a 2-fracture graph. Consequently, by Section 2.3, �
admits at least one split. Let s denote the number of splits in � , so in particular,
s � 1.

� Every split of � is a perfect split.

Lemma 4.2. Assume Hypothesis 4.1. If s D 1, then r � .n � 1/=2.
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Proof. Let x be the label of the unique split of � and let r1 and r2 be the ranks
of the SGGIs �<x and �>x , respectively. Let X1 and X2 be the Gx-orbits that
are fixed pointwise by G>x and G<x , respectively, and let n1 and n2 denote their
cardinalities.

Since � has a unique split and this split is perfect, both �<x and �>x admit
a 2-fracture graph. Furthermore, the groups G<x and G>x are transitive of degree
n1 and n2, respectively. Thus, by Proposition 3.1, we have

r1 �
n1

2
and r2 �

n2

2
:

Up to duality, we may suppose x ¤ r � 1. Assume also x ¤ 0. Since a split
does not belong to a square, the permutation representation graph of �<x or of
�>x has a pendent edge labeled x � 1 or x C 1, respectively. If r1 D n1=2 or
r2 D n2=2, then Proposition 3.1 shows that the permutation representation graph
of �<x or of �>x is one of the graphs in the first two lines of Figure 1; however,
neither of these graphs has a pendent edge of label x � 1 or x C 1. Therefore,

r1 �
n1 � 1

2
and r2 �

n2 � 1

2
:

In particular, to conclude the proof, it suffices to exclude the possibility that

r1 D
n1 � 1

2
and r2 D

n2 � 1

2
:

If r1 D .n1 � 1/=2 and r2 D .n2 � 1/=2, then by Proposition 3.1, �<x and
�>x correspond to one of the graphs in Figure 1. The graphs in Figure 1 that
contain a pendent edge having label x � 1 or x C 1 are (4), (8), (9), (10), (11),
(17) and (18). We now consider each of these possibilities in turn. In this case-
by-case analysis, we must consider each graph in Figure 1 with a pendent edge,
as well as its dual, by relabeling the set of edge labels using either the sequence
.0; : : : ; x � 1/ or .x C 1; : : : ; r � 1/.

As G consists of even permutations, �x has at least two cycles of length 2,
and hence there is a pair of distinct vertices .u; v/ 2 .X1 �X1/ [ .X2 �X2/ such
that u�x D v. Without loss of generality, suppose that .u; v/ 2 X1 �X1. If �<x
is represented by graph (4) with r1 D x, then there is only one possibility for the
x-edge .u; v/, which is as follows:

'&%$ !"# 0 '&%$ !"# 1 '&%$ !"# 0 '&%$ !"# 1 '&%$ !"# '&%$ !"#x�2'&%$ !"#x�176540123u x�2

x
76540123v x�1 '&%$ !"#

But then � has a perfect split with label x � 2, contradicting the hypothesis that �
has a unique split and that the label of this split is x.
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Suppose that �<x is graph (8) with the relabeling of the edges given by

.0; 1; : : : ; r1 � 1/ 7! .x � 1; x � 2; : : : ; 0/:

Then the x-edge .u; v/ must be as follows:

'&%$ !"#x�176540123u x�2

x
76540123v x�1 '&%$ !"#x�2'&%$ !"# '&%$ !"#iC1'&%$ !"# i '&%$ !"#i�1 '&%$ !"#i�2 '&%$ !"#i�3 '&%$ !"# '&%$ !"# 0 '&%$ !"#

'&%$ !"#
i�2

'&%$ !"#
i�3

i�1 '&%$ !"#i�1 '&%$ !"#
0

i�1 '&%$ !"#i�1

Then we get the same contradiction as before. For graphs (9) and (10), we get an
entirely analogous contradiction.

Now, consider graph (11) with the relabeling

.0; 1; : : : ; r1 � 1/ 7! .x � 1; x � 2; : : : ; 0/:

It is not possible to add the x-edge ¹u; vº to this graph without breaking the com-
muting property of the generators. The same happens when we consider graphs
(17) and (18).

Consequently,

r D r1 C r2 C 1 �
n1 C n2 � 3

2
C 1 D

n � 1

2
:

If x D 0, then �>0 has a 2-fracture graph. As before, a case-by-case analysis
shows that �>0 cannot be one of the graphs in Figure 1, leading to

r � 1 D r2 �
n2 � 2

2
:

Since in this case r1 D 0 and n1 D 1, it follows that

r1 C r2 �
n1 C n2 � 3

2
;

as desired.

Proposition 4.3. Assume Hypothesis 4.1. If i is the label of a perfect split of � ,
then i … ¹1; r � 2º.

Proof. Up to duality, we may suppose i D 1. Let X and Y be the two G1-orbits.
In this case, �0 fixes one of the two G1-orbits pointwise, say Y , and it is the
only permutation acting nontrivially on X . This implies that �0 is a transposition,
a contradiction.

We include here a result from [4] which does not require Hypothesis 4.1.
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Proposition 4.4 ([4, Proposition 5.1]). IfG is transitive and � has a perfect i -split,
then G is primitive.

Proposition 4.5. Assume Hypothesis 4.1. If i � 1, i and i C 1 are labels of perfect
splits, then either �<i�1 or �>iC1 has a 2-fracture graph.

Proof. Let X be the Gi�1-orbit that is fixed by G>i�1 pointwise and let Y be the
GiC1-orbit that is fixed by G<iC1 pointwise. As G consists of even permutations,
�i acts nontrivially in one of the two sets X or Y .

X Y
i�1 i iC1

Up to duality, we may suppose that �i acts nontrivially on X . Then, as it com-
mutes with all the elements of G<i�1, G<i�1 is imprimitive. Hence, by Propo-
sition 4.4, �<i�1 has no perfect splits. As all splits of � are perfect, �<i�1 has
a 2-fracture graph.

Corollary 4.6. Assume Hypothesis 4.1. Then � cannot have four consecutive per-
fect splits.

Proof. If i � 1; i; i C 1; i C 2 are labels of perfect splits, then neither �>iC1 nor
�<i has a 2-fracture graph, contradicting Proposition 4.5.

Proposition 4.7. Assume Hypothesis 4.1. Then s � 2r=3.

Proof. Let u D .ui /r�1iD0 be the sequence defined by

ui D

´
1 if i is the label of a perfect split;
0 otherwise:

Thus s is the number of ones in the sequence u.
By Proposition 4.3, an edge with label 1 or r � 2 cannot be a perfect split,

meaning that u1 D ur�2 D 0. Furthermore, by Corollary 4.6, the sequence u can-
not contain four consecutive ones.

Suppose first that u does not contain three consecutive ones. By Proposition 4.3,
the following sequence maximizes the number of ones:

.1; 0; 1; 1; 0; : : : ; 1; 1; 0„ ƒ‚ …
1;1;0 is repeated k times

; 1; : : : ; 1„ ƒ‚ …
x times

; 0; 1/;
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where

x D

8̂<̂
:
2 if r � 0 .mod 3/;
0 if r � 1 .mod 3/;
1 if r � 2 .mod 3/:

In all cases, we obtain s � 2r=3.
Now suppose that u contains a block of three consecutive ones, say at positions

i � 1; i; i C 1. By Proposition 4.5, up to duality, we may assume that uk D 0 for
all k < i � 1. If there are no other triples of consecutive ones, then the following
sequence maximizes the number of ones:

.0; 0; 1; 1; 1; 0; 1; 1; 0; : : : ; 1; 1; 0„ ƒ‚ …
1;1;0 is repeated k times

; 1; : : : ; 1„ ƒ‚ …
x times

; 0; 1/;

where again x depends on r .mod 3/. As shown earlier, this gives s < 2r=3.
If there is a second triple of consecutive ones, then by Proposition 4.5, u must

be constantly zero after this triple. Thus, as before, we conclude that s < 2r=3.

We are finally ready to prove the main result of this section.

Proposition 4.8. Assume Hypothesis 4.1. Then

r �
2nC s � 2

4
and r �

j3.n � 1/
5

k
:

Proof. Let ¹ik j k D 1; : : : ; sº be the set of labels of the perfect splits of � with
i1 < � � � < is . Now, let X0 be the set of points fixed by G>i1 , let Xs be the set
of points fixed by G<is and, for k 2 ¹1; : : : ; s � 1º, let Xk be the set of points
fixed by both G>ikC1 and G<ik . Additionally, let r0 D i1 be the rank of G<i1 ,
rs D r � is � 1 the rank of G>is and, for k 2 ¹1; : : : ; s � 1º, rk D ikC1 � ik � 1
the rank of G¹ikC1;:::;ikC1�1º. Finally, let nk D jXkj for k 2 ¹0; : : : ; sº. The fol-
lowing diagram may help illustrate our argument:

X0 X1 X2 Xs�1 Xs
i1 i2 is

By construction,G>is andG<i1 are either trivial or transitive SGGIs having a 2-
fracture graph. Then, by Proposition 3.1, r0 � n0=2 and rs � ns=2. If r0 D n0=2,
then from Proposition 3.1, we deduce that �<i1 has permutation representation
graph corresponding to graphs (1) or (2) in Figure 1. However, the split with label
i1 must be incident to a pendent edge with label i1 � 1. Since neither (1) nor (2)
has such an edge, we deduce r0 � .n0 � 1/=2. Similarly, rs � .ns � 1/=2.
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Consider the SGGI arising from the permutation group

G.k/ D G¹ikC1;:::;ikC1�1º

acting on Xk for each k 2 ¹1; : : : ; s � 1º. Assume that G.k/ is intransitive. Ob-
serve that this happens when two components of the permutation representation
graph of �ikC1;:::;ikC1�1 are connected by an edge with label ik and an edge
with label ikC1. In this case, the group G¹ik ;:::;ikC1�1º acts transitively on nk C 1
points and has a 2-fracture graph. Moreover, this graph has two pendent edges,
one with label ik and another with label ikC1 � 1. The latter is the edge inci-
dent to the split having label ikC1. Hence the permutation representation graph
of �¹ik ;:::;ikC1�1º is neither graph (1) nor graph (2) of Figure 1. We conclude
that the rank of G¹ik ;:::;ikC1�1º, which is rk C 1, is less than .nk C 1/=2. Thus
rk C 1 � ..nk C 1/ � 1/=2, which gives rk � .nk � 2/=2.

Let us also denote G<i1 and G>is by G.0/ and G.s/. Let k 2 ¹0; : : : ; s � 1º.
Suppose that G.k/ and G.kC1/ are both transitive and let Sk and SkC1 be the
ordered generating sets of G.k/ and G.kC1/, respectively. Consider the SGGI
ˆ D .F; Sk [ ¹�kº [ SkC1/, whereF D hSk; �k; SkC1i. Observe thatF is a per-
mutation group of degree nk C nkC1. By construction, this SGGI has exactly one
split and this split is perfect. Hence, by Lemma 4.2 applied to ˆ,

rk C rkC1 �
nk C nkC1 � 3

2
:

The previous two paragraphs show that at most d.s C 1/=2e ranks rk of the set
¹r0; : : : ; rsº attain the upper bound .nk � 1/=2. Consequently,

r D r0 C � � � C rs C s �
.n0 C � � � C ns/ � .s C 1/ � s=2

2
C s

D
n � s � s=2 � 1

2
C s:

Thus r � .2nC s � 2/=4.
Now, the rest of the proof follows from Proposition 4.7.

5 SGGIs having non-perfect splits

This section is the core of our argument for proving Theorem 1.1 and, as in Sec-
tion 4, we borrow some of the ideas from [4, 6].

5.1 General notation and basic results

Hypothesis 5.1. Let G be a permutation group of degree n, and let � D .G; S/ be
an SGGI of rank r with S D ¹�0; : : : ; �r�1º. Throughout this section, we assume
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the following conditions.

� G is a transitive subgroup of Alt.n/.

� For each i 2 ¹0; : : : ; r � 1º, the subgroup Gi is intransitive. These two condi-
tions are equivalent to the existence of a fracture graph for � .

� The graph � does not admit a 2-fracture graph. Consequently, by Section 2.3, �
admits at least one split.

� There exists some i 2 ¹0; : : : ; r � 1º such that � has a split with label i that is
not perfect.

In what follows, let G be the permutation representation graph of � . Let ¹a; bº
be the split with label i . Let Oa and Ob be the Gi -orbits containing a and b, re-
spectively, and let nA and nB denote the sizes of Oa and Ob . From the definition
of split in Section 2.3, Oa [Ob is equal to the domain of G. Let A and B be the
permutation groups induced by Gi in its action onOa andOb . Observe that A and
B are quotients of Gi , whereas when the split is perfect, A and B are also sub-
groups of Gi . Note that A and B are SGGIs. For each l 2 ¹0; : : : ; r � 1º n ¹iº, let
�l D ˛lˇl , where ˛l and ˇl are the restrictions of �l to Oa and Ob , respectively.
Then

A D h˛l j l 2 ¹0; : : : ; r � 1º n ¹iºi;

B D hˇl j l 2 ¹0; : : : ; r � 1º n ¹iºi:

Let
JA D ¹l 2 ¹0; : : : ; r � 1º n ¹iº j ˛l is not the identityº;

JB D ¹l 2 ¹0; : : : ; r � 1º n ¹iº j ˇl is not the identityº:

In [6, Section 5.1], the authors prove several results where the intersection property
is not required. We recall here some of these results.

Proposition 5.2 ([6, Proposition 5.1]). If A is primitive, then the set JA is an in-
terval. The same result holds for B .

The main result of [6, Section 5.1] gives an upper bound for the rank of � , when
A and B are both imprimitive.

Proposition 5.3 ([6, Proposition 5.7]). If A and B are both imprimitive, then
r � .n � 1/=2.

The following result is one of the most important tools in the proofs of this
section.
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Proposition 5.4 ([6, Proposition 5.18]). If e is an f -edge of G not in an alternat-
ing square, then any path (not containing another f -edge) from e to an edge with
label l , with l < f (resp. l > f ), contains all labels between l and f . Moreover,
there exists a path from e to an l-edge that is fixed by G<l (resp. G>l ).

Observe that Proposition 5.4 applies immediately to the edge e D ¹a; bº, be-
cause a split edge does not belong to any alternating square.

Let us begin with the specific case where ¹0; r � 1º � JA, which, by Proposi-
tion 5.4, implies that JA D ¹0; : : : ; r � 1º n ¹iº.

Proposition 5.5. If ¹0; r � 1º � JA, then r � .n � 1/=2.

Proof. Since ¹0; r � 1º � JA, we have 0 ¤ i ¤ r � 1 and hence it follows that
JA D ¹0; : : : ; r � 1º n ¹iº is not an interval. Thus, by Proposition 5.2, A is im-
primitive. If B is imprimitive, then the result follows from Proposition 5.3. Hence,
for the rest of the proof, we may suppose that JB is an interval and that B is
primitive. We consider two cases separately.
Case G<i is transitive on Oa. Let l > i . As �l commutes with G<i and G<i is
transitive on Oa, it follows that �l is fixed-point-free on Oa. Since ¹a; bº is a split
and splits cannot be contained in alternating squares, �iC1 is the unique involution
in S with label > i not fixing a. We conclude that l D i C 1, i C 1 D r � 1, and
Gi D Gr�2.

Since GiC1 D Gr�1 is intransitive, �iC1 D �r�1 acts nontrivially on Ob , that
is, r � 1 2 JB . As JB is an interval and

JB � ¹0; : : : ; r � 1º n ¹iº D ¹0; : : : ; r � 3º [ ¹r � 1º;

we deduce that JB D ¹r � 1º. Hence nB D 2 and nA D n � 2.
Since �r�1 acts fixed-point-freely onOa and commutes withG<r�2, we deduce

that G<r�2 preserves a system of imprimitivity with nA=2 blocks of cardinality 2.
Hence we obtain an embeddingG<r�2 � Sym.2/ wr Sym.nA=2/, and �r�1 swaps
all pairs of vertices within the blocks of size 2.

We claim that, for every j < i , the group h�0; : : : ; �j�1; �jC1; : : : ; �i�1i acts
intransitively on the system of imprimitivity preserved by G<i . Assume the con-
trary, and let j < i be such that h�0; : : : ; �j�1; �jC1; : : : ; �i�1i is transitive on the
system of imprimitivity. Now, the group

h�0; : : : ; �j�1; �jC1; �jC2; : : : ; �r�4; �r�3; �r�1i

acts transitively on the system of imprimitivity of G<i and, via �r�1, acts transi-
tively on the two points within each block. Therefore,

h�0; : : : ; �j�1; �jC1; : : : ; �r�3; �r�1i
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has orbits Oa and Ob on the domain of G. Finally, since �r�2 swaps a and b, we
deduce that

h�0; : : : ; �j�1; �jC1; : : : ; �r�3; �r�2; �r�1i D Gj

is transitive, which contradicts Hypothesis 5.1.
The previous claim shows that the set ¹�0; : : : ; �r�3º generates the block action

independently. The maximal size of an independent set of degree nA=2 is at most
nA=2 � 1 (see [10]). Therefore,

j¹�0; : : : ; �r�3ºj �
nA

2
� 1 �

n � 2

2
� 1:

Assume now that r > .n � 1/=2. Then it follows that

j¹�0; : : : ; �r�3ºj >
n � 1

2
� 2:

Combining these inequalities forces nA D n � 2 and

j¹�0; : : : ; �r�3ºj D
n � 2

2
� 1:

The independence of ¹�0; : : : ; �r�3º, together with the string condition, implies
that the permutation representation graph of the group generated by �0; : : : ; �r�3
in its action on the blocks is as in the following picture:

'&%$ !"# 0 '&%$ !"# 1 '&%$ !"# '&%$ !"# r�4 '&%$ !"# r�3 '&%$ !"#
From [10], this implies that r � 2 � nA=2 � 1, leading to r � n=2. If r < n=2,
then the result follows. Assume then r D n=2, that is, r D nA=2C 1.

Observe that h�0; : : : ; �r�4i fixes one block, namely the block containing the
point a, and acts as the full symmetric group of degree r � 3 on the remaining
blocks. As G � Alt.n/, �i D �r�2 cannot be a transposition, meaning that it acts
nontrivially on Oa. Since �i D �r�2 commutes with h�0; : : : ; �r�4i, we deduce
that �i fixes r � 3 blocks setwise. As there are r � 2 blocks in total, we conclude
that �i D �r�2 also fixes the remaining block setwise, that is, �i lies in the kernel
of the action on the blocks. However, this leads to the contradiction that either
�r�2 or �r�1 is an odd permutation, as illustrated in the following graph:

'&%$ !"#
r�2 r�1

0 '&%$ !"#
r�2 r�1

1 '&%$ !"#
r�2 r�1

'&%$ !"# r�3
r�2 r�1

76540123a r�2

r�1

?>=<89:;b r�1 '&%$ !"#

'&%$ !"#
0

'&%$ !"#
1

'&%$ !"# '&%$ !"#
r�3

'&%$ !"#
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Case G<i is intransitive on Oa. Recall that

JA D ¹0; : : : ; i � 1º [ ¹i C 1; : : : ; r � 1º:

LetA<i D h˛l j l < ii andA>i D h˛l j l > ii. Observe thatA<i andG<i induce
the same action on Oa. We have A D hA<i ; A>i i and A<i commutes with A>i .
Thus A<i E A. Since G<i is intransitive on Oa, so is A<i . Hence the orbits of
A<i on Oa give rise to a system of imprimitivity for A. In particular, there exists
an embedding A � Sym.k/ wr Sym.m/, with G<i fixing all the blocks setwise.

Let ˇ denote the block containing the vertex a. Since ¹a; bº is an i -split, the
only permutation in S with label > i not fixing a is �iC1. Therefore, �iC1 is the
only permutation in S with label > i that does not fix the block ˇ. Hence ˇ�iC1
is a G<i -orbit disjoint from ˇ. By Proposition 5.4, there exists a path P1, whose
vertices are in ˇ, from a 0-edge to the vertex a, containing all labels from 0 to
i � 1. Similarly, there is a path P2 in the block ˇ�iC1 containing all labels from 0

to i � 1.
Subcase: There is an edge with label l > i inside ˇ�iC1 (or ˇ). Since ˇ�iC1 is
a block, this implies that �l fixes ˇ�iC1 setwise. Since G<i is transitive on ˇ�iC1
and since G<i centralizes �l , we deduce that �l acts fixed-point-freely on ˇ�iC1.
Moreover, since a split cannot belong to an alternating square, we deduce that
�iC2 is the only permutation that acts nontrivially on a�iC1 2 ˇ�iC1. This implies
l D i C 2 and r � 1 D i C 2. From the definition of the system of imprimitivity,
G<i D h�0; : : : ; �r�3i fixes ˇ�iC1 setwise. Since �l D �r�1 also fixes ˇ�iC1 set-
wise, we deduce that GiC1 fixes ˇ�iC1 setwise. From this, we deduce that ˇ and
ˇ�iC1 are the only two blocks.

From the previous paragraph, �iC2 D �r�1 centralizes G<i and acts fixed-
point-freely on ˇ�iC1. Therefore, we obtain a homomorphism of G<i into

Sym.2/ wr Sym.k=2/:

Moreover, as GiC2 is intransitive, �iC2 D �r�1 acts nontrivially on Ob . Since
JB is an interval and i D r � 3, we have JB D ¹r � 2; r � 1º and nB � 3. In
addition, arguing as in the previous case, since Gj is intransitive for every j , the
set ¹�0; : : : ; �i�1º generates the block action (for the block system with k=2 blocks
of size 2) independently. Hence, by [10],

i D r � 3 �
k

2
� 1 D

nA

4
� 1 �

n � 3

4
� 1:

This gives r � .n � 1/=2 (note that n is necessarily at least 4C 3 D 7).
Subcase: ˇ and ˇ�iC1 do not contain edges with label l > i . By Proposition 5.4,
there is a path P3 inOa containing edges with all labels from r � 1 to i C 1. Using
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the commuting property between �i�1 and �l with l > i , applying �i�1 to P3, we
obtain a second path P4 disjoint from P3 and containing edges with all labels from
r � 1 to i C 1. Therefore, P1, P2, P3 and P4 have no edge in common, as shown
in the following figure:

'&%$ !"# r�1 P3
/o/o/o/o/o/o/o/o/o/o

i�1

iC1 76540123a
i�1

i ?>=<89:;b
'&%$ !"#

r�1 P4

/o/o/o/o/o/o/o/o/o/o

P2

�O
�O
�O
�O
�O
iC1

P1

�O
�O
�O
�O
�O

'&%$ !"#
0

'&%$ !"#
0

The inequality 2.r � 1/ � n � nB holds. Equality is achieved if and only if there
are no points outside the paths P1, P2, P3, P4. This implies that i 2 ¹1; r � 2º,
and that the permutation representation graph of A is one of the following:

'&%$ !"#
r�1

0 '&%$ !"#
r�1

1 '&%$ !"#
r�1

'&%$ !"# r�3
r�1

76540123a
r�1

'&%$ !"#
0

'&%$ !"#
1

'&%$ !"# '&%$ !"#
r�3

'&%$ !"#

'&%$ !"#
0

r�1 '&%$ !"#
0

r�2 '&%$ !"#
0

'&%$ !"# 2

0

76540123a
0

'&%$ !"#
r�1

'&%$ !"#
r�2

'&%$ !"# '&%$ !"#
2

'&%$ !"#

Assume first that nB � 3. Then 2.r � 1/ � n � 3, and hence r � .n � 1/=2.
Now assume nB D 1. Suppose first that the equality 2.r � 1/D n� nB D n� 1

holds. Since allGj are intransitive, �i must be the transposition swapping a and b,
contradicting the assumption �i 2 Alt.n/. Thus 2.r � 1/ < n � 1 and therefore
r � n=2. If n is odd, then r � .n � 1/=2. If n is even, then A has odd degree
and hence cannot have a block system with blocks of even size or with an even
number of blocks. Since nB D 1 and G � Alt.n/, we deduce that A consists of
even permutations. We conclude that there are at least two vertices not in the paths
P1, P2, P3 and P4. Hence 2.r � 1/C 1 � n � 2, and therefore r � .n � 1/=2.

Finally, assume nB D 2. If 2.r � 1/ < n � nB , then r � .n � 1/=2. Suppose
instead that 2.r � 1/ D n � nB D n � 2. Assume that A has the permutation rep-
resentation graph on the left above, that is, i D r � 2. Then the graph G is as
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follows:

'&%$ !"#
r�1r�2

0 '&%$ !"#
r�1r�2

1 '&%$ !"#
r�1r�2

'&%$ !"# r�3

r�1 r�2

76540123a
r�1

r�2 ?>=<89:;b r�1 '&%$ !"#

'&%$ !"#
0

'&%$ !"#
1

'&%$ !"# '&%$ !"#
r�3

'&%$ !"#

Then either �r�2 or �r�1 is odd, a contradiction. A similar conclusion is reached
if we consider the other possible permutation representation graph for A.

Hypothesis 5.6. Observe that if A and B are both imprimitive, then Theorem 1.1
follows by Proposition 5.3. In particular, from Proposition 5.2, we may suppose
that either JA or JB is an interval. Without loss of generality, we may assume that
JB is an interval.

Up to duality and applying Proposition 5.4 with a path from an .r � 1/-edge in
Ob to the i -split ¹a; bº, we may suppose that

JB D ¹i C 1; : : : ; r � 1º:

Now, applying Proposition 5.4 to the indices in JA, we deduce that

JA D ¹0; : : : ; hº n ¹iº

for some h 2 ¹0; : : : ; r � 1º. When i ¤ 0, from Proposition 5.5, we have either
r � .n � 1/=2 or h ¤ r � 1. Similarly, when i D 0, from [6, Proposition 5.19], we
have either r � .n � 1/=2 or h ¤ r � 1. In either case, for the rest of the argument,
we may suppose that h ¤ r � 1. Thus i < h < r � 1.

With this setting, [6, Propositions 5.20–5.23] establish that the permutation rep-
resentation graph of � satisfies the following properties.

� If i D 0, there exists a path fixed by G>h that contains the 0-split and that has at
least two edges for each label j 2 ¹1; : : : ; hº.

� If i ¤ 0 and h ¤ i C 1, the group G<i acts intransitively on Oa, and A embeds
into a wreath product where the blocks correspond to the G<i -orbits. Moreover,
if r > .n � 1/=2, then no generator �j with j > i fixes the �<i -orbits. In this
case, the permutation representation graph of G<i contains, in each connected
component, a path with all labels in the set ¹0; : : : ; i � 1º; thus there are at least
two such paths, P1 and P2. Additionally, there exist at least two disjoint paths,
P3 and P4, each containing all labels in the set ¹i C 1; : : : ; hº, and each of these
paths intersects P1 [P2 in at most two points.

Further details about these paths can be found in the cited propositions, which
together yield the following result.
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(A) '&%$ !"# h '&%$ !"# h�1 '&%$ !"# '&%$ !"# 1 76540123a 0 ?>=<89:;b 1 '&%$ !"# '&%$ !"# h�1 '&%$ !"# h '&%$ !"#
(B) '&%$ !"# 0

iC1 k

'&%$ !"# 1

iC1 k

'&%$ !"#
iC1 k

'&%$ !"# i�1
iC1

76540123a i

iC1

?>=<89:;b iC1 '&%$ !"#
'&%$ !"#

0

'&%$ !"#
1

'&%$ !"# '&%$ !"#
i�1

'&%$ !"#
h D i C 1;

for some
1 < k < i

(C) '&%$ !"# 0

iC1

'&%$ !"# 1

iC1

'&%$ !"#
iC1

'&%$ !"# i�1
iC1

76540123a i

iC1

?>=<89:;b iC1 '&%$ !"#
'&%$ !"#

0

'&%$ !"#
1

'&%$ !"# '&%$ !"#
i�1

'&%$ !"#
h D i C 1

Figure 2. Permutation representation graphs for Proposition 5.7.

Proposition 5.7. If r > .n � 1/=2, then for each ` 2 ¹i C 1; : : : ; hº, we have

` �
n � jX`j � 1

2
; where X` D ¹1; : : : ; nº n Fix.G>`/:

Moreover, if ` ¤ h and ` D .n � jX`j � 1/=2, then i D 0 and �<` has a permu-
tation representation graph containing the 0-split, that is, a path, fixed by G>ell ,
with the sequence of labels

Œ` � 1; ` � 2; : : : ; 1; 0; 1; : : : ; ` � 2; ` � 1�:

If h D .n � jXhj � 1/=2, then �<hC1 has permutation representation graph iso-
morphic to one of the graphs in Figure 2, possibly with some additional edges with
label i (the unique i -edge represented is the split ¹a; bº).

Together with the notation in Hypotheses 5.1 and 5.6, for the rest of this section,
we reserve the letters h and X D Xh for the meanings we have just established.

Note that X is a subset of Ob , as illustrated in the following figure:

�>h

X

h i h

Lemma 5.8. The permutation representation graph of �>h has a pendent edge
labeled hC 1 which is incident, in G , to an edge labeled h.

Proof. Let hC 1 be the label of an edge e D ¹u; vº in G such that the distance
between e and the split ¹a; bº is minimal. By Proposition 5.4, there exists a path
connecting e to the split ¹a; bº that is fixed by G>h. Let this path be

b D u0; u1; : : : ; u` D u for some `:
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By minimality and by the fact that edges whose labels differ by two (or more)
form an alternating square, e is incident in this path to an edge labeled h, that is,
¹u`�1; u`º has label h.

If e is not a pendent edge in the permutation representation graph of �>h, then
u` is on an edge having label � � hC 2. Since G>h fixes the above path, we have

u
�h
`
D u`�1 D u

��
`�1
D u

�h��
`
D .u

��
`
/�h :

Thus u��
`
D u`, contradicting the fact that u` is on an edge having label �.

Since Proposition 5.7 (applied with ` D h) gives an upper bound on h, it al-
lows us to reduce the problem of determining an upper bound for the rank of
� D .G; S/ to that of finding an upper bound for the rank of the SGGI �>h. How-
ever, G>h is not necessarily transitive on X D ¹1; : : : ; nº n Fix.G>h/. To address
this, we require an extension of the definition of fracture graph, as given in Sec-
tion 2.2, to the case of intransitive SGGIs.

An intransitive SGGIˆ D .H; ¹˛0; : : : ; ˛w�1º/ of rankw is said to have a frac-
ture graph if, for each l 2 ¹0; : : : ; w � 1º, the number of orbits of Hl exceeds
that of H . An l-edge ¹x; yº of a fracture graph is defined as a pair ¹x; yº, where
y D x�l and where x and y belong to the same H -orbit but not to the same Hl -
orbit.

If, for each l 2 ¹0; : : : ; w � 1º, there are at least two possible choices for the
l-edge of a fracture graph, then ˆ admits a 2-fracture graph. On the other hand, if
e is the unique choice for an l-edge of a fracture graph, then e is called a split.

5.2 The SGGI �>h admits a 2-fracture graph

Proposition 5.9 ([6, Proposition 5.27]). Let � D .G; S/ be a transitive SGGI of
rank r . If t 2 ¹0; : : : ; r � 2º is such that

� t � .n � jU j � 1/=2, with U D ¹1; : : : ; nº n Fix.G>t /,

� �>t has a 2-fracture graph,

� G>t acts intransitively on U ,

then r � .n � 1/=2.

By combining the previous proposition with the results from Section 3, we com-
plete the analysis of the case when �>h admits a 2-fracture graph.

Proposition 5.10. Assume Hypotheses 5.1 and 5.6. If �>h has a 2-fracture graph,
then r � .n � 1/=2.
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Proof. Suppose that �>h has a 2-fracture graph. If G>h is intransitive on X , then
by Propositions 5.7 and 5.9, we have r � .n � 1/=2. If G>h is transitive on X ,
then by Propositions 3.1 and 5.8, we obtain r � h � 1 � .jX j � 1/=2. Now, Propo-
sition 5.7 implies that r � n=2. Moreover, when equality holds and r D n=2, the
permutation representation graph of �>h must be one of the graphs from Figure 1
that contains a pendent edge, and the permutation representation graph of �<hC1
is one of the graphs from Figure 2.

A case-by-case analysis combining all possible graphs for �<hC1 and �>h
shows that there exists a unique i -edge – namely, the split ¹a; bº. However, this
contradicts the fact that �i is an even permutation.

5.3 The SGGI �>h does not admit a 2-fracture graph: Notation

Now assume �>h does not have a 2-fracture graph. Suppose that j , for j > h, is
the label of a split ¹c; dº for �>h, which may or may not be perfect. In addition,
suppose that i and j are labels of consecutive splits.

For the j -split, we follow the notation in Section 5.1. Let ¹c; dº be the split with
label j . Let Oc and Od be the Gj -orbits containing c and d , respectively, and let
nC and nD denote the sizes ofOc andOd . Let C andD be the permutation groups
induced by Gj in its action on Oc and Od . For each l 2 ¹0; : : : ; r � 1º n ¹j º, let
�l D 
lıl , where 
l and ıl are the restrictions of �l to Oc and Od , respectively.
Then

C D h
l j l 2 ¹0; : : : ; r � 1º n ¹j ºi;

D D hıl j l 2 ¹0; : : : ; r � 1º n ¹j ºi:

Let
JC D ¹l 2 ¹0; : : : ; r � 1º n ¹j º j 
l is not the identityº;

JD D ¹l 2 ¹0; : : : ; r � 1º n ¹j º j ıl is not the identityº:

In the remainder of this section, we consider two cases, depending on whether the
split ¹c; dº is perfect or not.

5.4 The split ¹c; dº is not perfect

In this section, we make an additional assumption.

Hypothesis 5.11. We assume that i is the maximal label of an l-split satisfying the
following property: there exists a permutation �x , with x > l , that acts nontrivially
on bothGl -orbits. This assumption is compatible with the fact that ¹a; bº is a non-
perfect i -split, as well as with Hypotheses 5.1 and 5.6.
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Note also that if �g is a permutation that acts nontrivially on both Gj -orbits,
then g < j . Indeed, since j is the label of a non-perfect split and j > i , the max-
imality of i implies that g < j .

Assume further that g is the minimal label of a permutation acting nontrivially
on both Gj -orbits.

We may summarize some of the information in Hypotheses 5.1, 5.6 and 5.11 in
the following figure:

a b c d

i j

Lemma 5.12. Assume Hypotheses 5.1, 5.6 and 5.11. If r > .n � 1/=2, then

(a) JC D ¹0; : : : ; j � 1º and JD D ¹g; : : : ; r � 1º n ¹j º;

(b) g > 0;

(c) for each ` 2 ¹g; : : : ; j � 1º,

r � ` � 1 �
n � jY`j � 1

2
;

where Y` D ¹1; : : : ; nº n Fix.G<`/ and Yg � Oc;

(d) if r � g � 1 D .n � jYg j � 1/=2, then �gC1 has permutation representation
graph isomorphic to one of the graphs in Figure 3, possibly with some addi-
tional edges with label j (the unique j -edge represented is the split ¹c; dº);

(e) if ` ¤ g and r � ` � 1 D .n � jY`j � 1/=2, then j D r � 1 and �>` has a
permutation representation graph containing the .r � 1/-split, that is, a path,
fixed by G<`, with the sequence of labels

Œ`C 1; `C 2; : : : ; r � 2; r � 1; r � 2; : : : ; `C 2; `C 1�:

Proof. We start by proving (a). As JC contains JA [ ¹iº, 0 2 JC ; see the picture
above. If j D r � 1, then by Proposition 5.4, JC D ¹0; : : : ; r � 2º; thus JC is an
interval. Assume that j ¤ r � 1. Suppose that JC is not an interval. Hence, by
Propositions 5.2 and 5.3, JD is an interval. Hence, as g is the minimal label of
a permutation acting nontrivially on Od ,

JD D ¹g; : : : ; j � 1º:

Then ¹0; r � 1º � JC , which gives a contradiction by Proposition 5.5, because
r > .n � 1/=2. Hence JC is an interval and, applying Proposition 5.4, we get
JC D ¹0; : : : ; j � 1º. Now, Proposition 5.4 implies JD D ¹g; : : : ; r � 1º n ¹j º.
This shows part (a).
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(A0) '&%$ !"# g '&%$ !"# gC1 '&%$ !"# '&%$ !"# r�2 76540123c r�1 ?>=<89:;d r�2 '&%$ !"# '&%$ !"# gC1 '&%$ !"# g '&%$ !"#
(B0) '&%$ !"# j�1 76540123c j ?>=<89:;d jC1

j�1

'&%$ !"#
j�1

'&%$ !"#
j�1 k

r�2 '&%$ !"# r�1
j�1 k

'&%$ !"#
j�1 k'&%$ !"#

jC1

'&%$ !"# '&%$ !"#
r�2

'&%$ !"#
r�1

'&%$ !"#
g D j � 1;

for some
j < k < r � 2

(C0) '&%$ !"# j�1 76540123c j ?>=<89:;d jC1

j�1

'&%$ !"#
j�1

'&%$ !"#
j�1

r�2 '&%$ !"# r�1
j�1

'&%$ !"#
j�1'&%$ !"#

jC1

'&%$ !"# '&%$ !"#
r�2

'&%$ !"#
r�1

'&%$ !"#
g D j � 1

Figure 3. Permutation representation graphs for Proposition 5.12 (d)

Next, we prove part (b). Arguing by contradiction, suppose g D 0. In particular,
0 2 JC and 0 2 JD . When j ¤ r � 1, we must have r � 1 2 JD . Hence we obtain
a contradiction from Proposition 5.5, because r > .n � 1/=2. When j D r � 1, by
[6, Proposition 5.19] (applied to the dual SGGI), we get r � .n � 1/=2, which is
again a contradiction.

The first statements in (c), (d) and (e) are the dual of Proposition 5.7. The inclu-
sion Yg � Oc follows from the minimality of g.

Lemma 5.13. Assume Hypotheses 5.1, 5.6, 5.11. We have n � 6 and, if r > n=2,
then g > h.

Proof. The existence of two non-perfect splits implies n � 6.
Suppose that r > n=2 and g � h. By Hypothesis 5.6, �h is defined as the maxi-

mal permutation acting nontrivially on both Gi -orbits. In particular, h 2 JA \ JB .
By Hypothesis 5.6, �g is defined as the minimal permutation acting nontrivially
on both Gj -orbits. Moreover, by Lemma 5.12 (a),

JC D ¹0; : : : ; j � 1º and JD D ¹g; : : : ; r � 1º n ¹j º:

In particular, we also have h 2 JC \ JD . Therefore, �h acts nontrivially in each
of the three Gi;j -orbits. By Proposition 5.7 (applied with ` D h), we have

h �
n � jX j � 1

2
; (5.1)

where X D ¹1; : : : ; nº n Fix.G>h/. We consider separately the cases hC 1 ¤ j
and hC 1 D j .
Case hC 1 ¤ j . As g � h < hC 1 < j , from Lemma 5.12 (c), we have

r � .hC 1/ � 1 �
n � jLj � 1

2
; (5.2)
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where LD ¹1; : : : ; nº n Fix.G<hC1/. Let NLD ¹1; : : : ; nº nLD Fix.G<hC1/. We
claim that NL � X . Indeed, if p 2 NL, then p 2 Fix.G<hC1/. So

p … Fix.G�hC1/ D Fix.G>h/ D ¹1; : : : ; nº nX

and hence p 2 X . Combining (5.1) and (5.2), we get

r �
n � jX n NLj C 2

2
: (5.3)

Let us now prove that X n NL D Fix.G>h/ [ Fix.G<hC1/ is nonempty. Observe
that the permutation representation graph G of � contains at least one pair of adja-
cent edges with labels h and hC 1, for otherwiseG would be a direct product. Let
p be the meeting point of such a pair of edges. Then p … Fix.G>h/[ Fix.G<hC1/.
This implies that ¹1; : : : ; nº ¤ Fix.G>h/ [ Fix.G<hC1/, and hence X ¤ NL. In
particular, jX n NLj � 1.

Since we are assuming r > n=2, from (5.1) and (5.3), we deduce jX n NLj D 1,
r � .hC 1/ � 1 D .n � jLj � 1/=2 and h D .n � jX j � 1/=2.

From the equality r � .hC 1/ � 1 D .n � jLj � 1/=2, it follows from Lem-
ma 5.12 (e) that j D r � 1, and the permutation representation of �>h is a path P ,
fixed by G<hC1, with the sequence of labels

ŒhC 1; hC 2; : : : ; r � 2; r � 1; r � 2; : : : ; hC 2; hC 1�:

Since �r�1 must be even, it must act nontrivially on L. This is only possible
if hC 1 D r � 2. Hence G>h D h�r�2; �r�3i. As G is even, this implies that
jX j � 5. From the equality h D .n � jX j � 1/=2, we then obtain r � n=2, which
is a contradiction.
Case hC 1 D j . From the previous case applied dually, we may assume that
g � 1 D i . This implies g D h D j � 1 D i C 1.

There are two possibilities for JD . Either JD D ¹r � 2º (when h D r � 2) or
JD D ¹hº [ ¹hC 2; : : : ; r � 1º (when h < r � 2).

If JD D ¹r � 2º, then G>h D h�r�1i. Since G consists of even permutations,
we deduce jX j � 4. Then (5.1) gives r � 2 � .n � 4 � 1/=2, which is a contradic-
tion. A dual argument gives JA ¤ ¹1º.

It remains to consider the case

JA D ¹0; : : : ; h � 2º [ ¹hº and JD D ¹hº [ ¹hC 2; : : : ; r � 1º:

Then there are two disjoint paths P1 and P2, in Oa, with all labels from 0 to
h � 2. In Od , there are also two disjoint paths, P3 and P4, containing all labels
from hC 2 to r � 1. We deduce that

2.r � 3/ � .jP1j � 1/C .jP2j � 1/C .jP3j � 1/C .jP4j � 1/:
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Since P1 [P2 [P3 [P4 � ¹1; : : : ; nº n .Ob \Oc/, we get

2.r � 3/ � n � 4 � jOb \Ocj:

Since jOb \Ocj � 2 (as �h permutes a pair of vertices in this set), we obtain

2.r � 3/ � .n � 2/ � 4:

Hence r � n=2, contradicting the assumption that r > n=2.

In light of Lemma 5.13, we may assume h < g and hence the following figure
illustrates the situation we need to address, where G¹hC1;:::;g�1º acts on X \ Y ,
where X D ¹1; : : : ; nº n Fix.G>h/ and Y D ¹1; : : : ; nº n Fix.G<g/. In addition,
as i and j are labels of consecutive splits, �¹hC1:::;g�1º has the following 2-
fracture graph:

� � � � � � � � � � � �
h i h g j g

Y X

Similarly to the proof of Proposition 5.9 given in [6, Proposition 5.27], let us
prove the following.

Proposition 5.14. Let � D .G; S/ be a transitive SGGI. Suppose that there exist
u; v 2 ¹0; : : : ; r � 1º such that

(a) 0 < u < v < r � 1;

(b) u � .n � jU j � 1/=2 with U D ¹1; : : : ; nº n Fix.G>u/;

(c) r � v � 1 � .n � jV j � 1/=2 with V D ¹1; : : : ; nº n Fix.G<v/;

(d) �¹uC1;:::;v�1º has a 2-fracture graph and

(e) G¹uC1;:::;v�1º acts intransitively on U \ V .

Then r � .n � 2/=2.

Proof. Suppose that u and v satisfy the hypotheses of this proposition and that
v � u is minimal. Define H D G¹uC1;:::;v�1º, ˆ D �¹uC1;:::;v�1º, and let G be
the permutation representation graph of � .

In what follows, X1; : : : ; Xc denote the nontrivial H -orbits, while the corre-
sponding group actions of H on each of these sets are denoted by G.1/; : : : ; G.c/.
Furthermore, let G .1/; : : : ;G .c/ be the corresponding permutation representation
graphs.
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Consider a (simple) fracture graph F of ˆ, i.e., a graph with jU \ V j ver-
tices, where the number of edges is equal to the rank of ˆ. Each l-edge of F

connects vertices in different Gl -orbits within the same H -orbit. For each set Xs ,
with s 2 ¹1; : : : ; cº, denote by Is the set of labels of edges in Xs , and by Fs the
set of labels of edges of F within Xs . Clearly, we have Fs � Is . Choose F such
that it satisfies the following property.

(P) If l 2 Fs is the label of the unique l-edge in one component swapping vertices
in different Gl -orbits, then no other component has more than one pair of
vertices in different Gl -orbits.

When (P) holds, another component must contain exactly one l-edge connecting
different Gl -orbits. These l-edges are splits within each Gl -orbit, ensuring the
existence of paths with consecutive labels, which are crucial to the proof.

We have that G.s/ is generated by a set of involutions (not necessarily indepen-
dent) with labels in Is . The subset of involutions with labels in Fs is independent,
since Fs corresponds to a subset of labels of edges in F .

Let us bound the set of labels of each component of the fracture graph F . If
G .s/ admits a 2-fracture graph with set of labels Fs , then by Proposition 3.1, we
have

jFsj �
jXsj

2
:

When two components have exactly the same (labeled) permutation representation
graph, since Is D Is0 and jXsj D jXs0 j, we have

jFs [ Fs0 j D jFsj � jXsj � 1 D
jXsj C jXs0 j

2
� 1:

Now, suppose that a component G .s/ is not a copy of any other component and
does not admit a 2-fracture graph. Then there exists an edge e with label l 2 Fs
such that �l swaps only one pair of vertices of Xs , in different Gl -orbits. Let
x and y denote, respectively, the minimal and maximal label of an edge in G .s/.

By Proposition 5.4, there exist two paths P1 and P2 in Xs such that P1 con-
tains all labels from l � 1 to x, and P2 contains all labels from l C 1 to y. In
particular, we have Is D ¹x; x C 1; : : : ; y � 1; yº. Define P as the set of vertices
of P D P1 [ ¹eº [P2.

Now, let G .s
0/ be a component adjacent to G .s/ in G . Since G .s/ cannot be a copy

of G .s
0/, using (P), it follows that x 2 ¹uC 1; uC 2º or y 2 ¹v � 1; v � 2º.

In what follows, we show that, when x 2 ¹uC 1;uC 2º, we get a contradiction.
Moreover, a dual argument also leads to a contradiction when y 2 ¹v � 1; v � 2º.
We analyze the cases x D uC 2 and x D uC 1 separately.
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Case x D uC 2. In this case, G .s
0/ contains a path P 0 that is a copy of P .

'&%$ !"# uC2
u

'&%$ !"# uC3
u

'&%$ !"# /o/o/o/o/o/o/o/o

u

'&%$ !"# y

u

'&%$ !"#
u

G .s/

76540123˛
uC1

'&%$ !"#
uC2

'&%$ !"#
uC3

'&%$ !"# /o/o/o/o/o/o/o/o '&%$ !"#
y

'&%$ !"# G .s
0/

Let C be the set of vertices of P [P 0. We have 2.y � .uC 1// � jC j � 2;
hence, by hypothesis (b), we have y � uC jC j=2 � .n � jU n C j � 1/=2.

The vertex ˛ is fixed by G>y and ¹1; : : : ; nº n Fix.G>y/ � U n C (recall that
y is the maximal label of G .s/). This shows that y and v satisfy all the hypotheses
of this proposition. Thus we obtain a contradiction with the minimality of v � u.

Case x D uC 1. Assume that any component containing a unique l-edge be-
tween vertices in different Gl -orbits has minimal label uC 1. Let y be the maxi-
mal label in G .s/ and let P be as previously defined.

Since ˆ has a 2-fracture graph, there exists another component G .s
0/ (which

might not be adjacent to G .s/) containing an l-edge e0 between vertices in different
Gl -orbits. By (P), this l-edge cannot be in an alternating square inside Xs0 . By
assumption, the minimal label in Xs0 is also uC 1. Let y0 be the maximal label
in Xs0 . Without loss of generality, assume y0 � y. Then, by Proposition 5.4, there
exists a path P 01 containing all labels from l � 1 to uC 1 and another path P 02
containing all labels from l C 1 to y, both in G .s

0/. Define P 0 D P 01 [ ¹e
0º [P 02.

Since an l-edge in Xs0 is not in an alternating square, ˇ (see the picture below)
is the unique vertex in P 0 that is not fixed by G>y . Let C 0 be the set of vertices of
P [P 0.

'&%$ !"# uC1 '&%$ !"# /o/o/o/o/o/o/o/o '&%$ !"# y '&%$ !"# P in Xs;

'&%$ !"# uC1 '&%$ !"# /o/o/o/o/o/o/o/o '&%$ !"# y ?>=<89:;ˇ /o/o/o/o/o/o/o/o '&%$ !"# y0 '&%$ !"# P 0 in Xs0 :

Therefore, G>y fixes the set C 0 n ¹ˇº. Hence 2.y � u/ � jC 0j � 2, leading to

y �
n � jU n .C 0 n ¹ˇº/j � 1

2
:

Consequently, ¹1; : : : ;nº n Fix.G>y/�U n .C 0 n ¹ˇº/, contradicting as in the pre-
vious case the minimality of v � u.

By the previous two cases, the minimal (respectively maximal) label of a com-
ponent that does not have a 2-fracture graph is neither uC 1 nor uC 2 (respec-
tively, neither v � 1 nor v � 2).



SGGIs for alternating groups 31

Since G>u fixes ¹1; : : : ; nº n U , there exists a component G .s1/ that has a pen-
dent edge with label uC 1. Hence this component must have a 2-fracture graph;
then, by Proposition 3.1,

jFs1 j �
jXs1 j � 1

2
:

Similarly, there is another component G .s2/ that has a pendent edge with label
v � 1, and therefore

jFs2 j �
jXs2 j � 1

2
:

Consequently,

v � u D

cX
sD1

jFsj �
jU \ V j � 2

2
:

Therefore, from this inequality and from (b) and (c), we have

r �
2n � .jU j C jV j � jU \ V j/ � 2

2
D
n � 2

2
:

Proposition 5.15. Assume Hypotheses 5.1, 5.6 and 5.11. If ¹c; dº is not perfect,
then r � n=2 and n � 6.

Proof. The existence of two non-perfect splits implies n � 6.
We proceed by contradiction and assume that r > n=2. Recall from Hypothe-

sis 5.11 that �g is the permutation with the minimal label acting nontrivially on
both Gj -orbits. By Lemmas 5.12 and 5.13, we have

r � g � 1 �
n � jY j � 1

2
;

where Y D ¹1; : : : ; nº n Fix.G<g/, Y � Oc and h < g.
If G¹hC1;:::;g�1º acts intransitively on X \ Y , then by Proposition 5.14, we

obtain r � .n � 2/=2, contradicting the assumption r > n=2. Therefore, we see
that G¹hC1;:::;g�1º must act transitively on X \ Y .

Since i and j are consecutive splits, the group �¹hC1;:::;g�1º has a fracture
graph. Then, by Proposition 3.1, either g � h � 1 < .jX \ Y j � 1/=2 or the per-
mutation representation graph of �¹hC1;:::;g�1º corresponds to one of the graphs in
Figure 1. This graph must contain two pendent edges labeled with the minimal and
maximal values, namely hC 1 and g � 1, respectively. The only graph in Figure 1
satisfying this condition is graph (4). Hence

g � h � 1 �
jX \ Y j � 1

2
:

Furthermore, since h � .n � jX j � 1/=2 (from Proposition 5.7) and

n D jX j C jY j � jX \ Y j;
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we deduce that r � .nC 1/=2. Hence r D .nC 1/=2. This implies

h D
n � jX j � 1

2
; r � g � 1 D

n � jY j � 1

2
; g � h � 1 D

jX \ Y j � 1

2
:

However, the permutation representation graph of � can be constructed as follows:
� connect a pendent h-edge from the graph in Figure 2 with the pendent .hC 1/-

edge of graph (4) in Figure 1, whose labels are hC 1; : : : ; g � 1 and
� connect the pendent .g � 1/-edge of graph (4) to a pendent edge from one of the

graphs in Figure 3.

This construction leads to a contradiction with the evenness of G. Indeed, only
graphs (B) and (C) permit the addition of i -edges distinct from a; b, and only
graphs (B0) and (C0) permit the addition of j -edges distinct from c; d . Neverthe-
less, it is impossible for both �i and �iC1 to be even, as well as for both �j and
�jC1 to be even, a contradiction.

Corollary 5.16. Assume Hypotheses 5.1, 5.6 and 5.11. If none of the splits is per-
fect, then either r � .n � 1/=2, or r � n=2 and n � 6. In both cases, we have
r � b3.n � 1/=5c.

5.5 The split ¹c; dº is perfect

We proceed by induction on the number p of perfect splits of � . The base case
(that is, p D 0) is given by Corollary 5.16.

Corollary 5.17. Assume Hypotheses 5.1, 5.6 and 5.11. If at least one of the splits
is perfect, then r � b3.n � 1/=5c.

Proof. From Proposition 5.15, we may assume that ¹c; dº is a perfect split. Thus
the number of perfect splits of �>j is smaller than p. Hence, by induction,

r � j � 1 �
3nD � 3

5
:

By construction, �¹hC1;:::;j�1º has a 2-fracture graph, which must have two
pendent edges with labels hC 1 and j � 1. Hence, by Proposition 5.10,

j �
nC � 1

2
:

Therefore,

r �
6nD C 5nC � 1

10
:

Now, note that r � 3.n � 1/=5 whenever n � nD C 5, which always holds. In-
deed, if nC � 4, then �i must be an odd permutation, a contradiction.
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6 The group Gi is transitive for some i 2 ¹0; : : : ; r � 1º

In the previous sections, we proved that r � 3.n � 1/=5 if � has a fracture graph.
We now turn to the remaining case, where � does not admit a fracture graph.
This implies that there exists an index i 2 ¹0; : : : ; r � 1º such that the group Gi is
transitive.

We first deal with the case that Gi is primitive. Here, we actually prove some-
thing slightly stronger.

Proposition 6.1. Let G be a finite primitive group of degree n and let r be the
maximum rank of an SGGI for G. Then either r < b3.n � 1/=5c � 1 or one of the
following holds:

(a) G contains the alternating group Alt.n/;

(b) n D 5, G D D5 and r D 2;

(c) n D 6, G D PSL2.5/ and r D 3, or G D PGL2.5/ and r D 4;

(d) n D 7, G D D7 and r D 2;

(e) n D 8, G D PGL2.7/ and r D 3;

(f) n D 9, G D Sym.3/ wr Sym.2/ or G D PSL2.8/, and r D 3;

(g) n D 10, G D Sym.5/ and r D 4, or G D P†L2.9/ and r D 5.

Proof. Our proof is based on the following result of Maróti; see [7]. Let G be
a primitive permutation group of degree n. Then one of the following holds:

(a) G is a subgroup of Sym.m/ wr Sym.t/ containing the socle .Alt.m//t , where
the action of Sym.m/ is on k-element subsets of ¹1; : : : ; mº and the wreath
product has the product action of degree n D

�
m
k

�t ;
(b) G DM11, M12, M23, or M24 with their 4-transitive action;

(c) jGj � n �
Qblog2.n/c�1
iD0 .n � 2i /.

We deal with each of these cases in turn. Assume that part (b) holds. We have
verified, with the auxiliary help of a computer, that M11 and M23 do not admit
SGGIs, that the maximal rank of an SGGI for M12 is 4 < 5 D b3.12 � 1/=5c � 1
and that the maximal rank of an SGGI for M24 is 5 < 12 D b3.24 � 1/=5c � 1.

Assume that part (c) holds. Since G admits an independent generating set of
cardinality r , we deduce that

r � log2jGj � log2 nC
blog2 nc�1X
iD0

log2.n � 2
i /:
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An elementary computation shows that the right-hand side of this inequality is
less than b3.n � 1/=5c � 1, except when n � 72. The rest of the proof is compu-
tational: for n � 72, we have selected all the primitive groups G of degree n not
containing Alt.n/ and with log2.jGj/ � b3.n � 1/=5c � 1, and we have computed
the maximal rank of an SGGI for G. The only examples where the rank is at least
b3.n � 1/=5c � 1 are reported in the statement of the result.

Finally, assume that part (a) holds. As above,

r � log2jGj � log2.mŠ
t t Š/ D log2.mŠ/t C log2.t Š/

� log2.m/mt C log2.t/t D .log2.m/mC log2 t /t:

If r � b3.n � 1/=5c � 1, then

.log2.m/mC log2 t /t �
j3��m

k

�t
� 1

�
5

k
� 1 �

j3.mt � 1/
5

k
� 1:

A computation shows that either t D 1, or t D 2 with m � 12. Assume first that
t D 2 and m � 12. By implementing the exact value of n D

�
m
k

�2 and refining the
upper bound on jGj using

jSym.m/ wr Sym.2/j D mŠ2 2;

we deduce that r � b3.n� 1/=5c � 1 only when k D 1 andm 2 ¹5; 6º. These two
cases can be resolved computationally to determine the exact value of r , and no
exceptions arise in this case. Now, assume t D 1. Then Alt.m/ � G � Sym.m/
and n D

�
m
k

�
. Moreover, from [10], we have r � m � 1. The case t D k D 1 is

the main exception listed in (a); therefore, we may suppose k � 2. Recall that the
binomial coefficient

�
m
k

�
increases with k when 1 � k � m=2. The inequality

m � 1 �
j3��m

2

�
� 1

�
5

k
� 1

holds only when m D 5. When G D Sym.5/, we obtain one of the exceptions
listed in (g). When G D Alt.5/, the rank is 3 < 4 D b3.10 � 1/=5c � 1.

Proposition 6.2. Let G D Alt.n/ be the alternating group of degree n and let
� D .G; S/ be an SGGI of rank r . If Gi is primitive for some i 2 ¹0; : : : ; r � 1º,
then either r � b3.n � 1/=5c, or n D 5 and r D 3.

Proof. Suppose r > b3.n � 1/=5c. As Gi is a proper subgroup of G D Alt.n/, by
Proposition 6.1, we deduce that Gi is one of the groups listed in parts (b)–(g).
Now, we have verified the correctness of the result using a computer.

We now prove Theorem 1.2.
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Proof of Theorem 1.2. Let � D .G; S/ be an SGGI for G of rank r . If G is prim-
itive, then the result follows from Proposition 6.1. Therefore, for the rest of the
proof, we may suppose that G is imprimitive.

As G is imprimitive, it admits a nontrivial system of imprimitivity. We choose
a nontrivial system of imprimitivity such that the action of G on the blocks is
primitive. Let m be the number of blocks and let k be the cardinality of a block.
In particular, G is a transitive subgroup of the wreath product Sym.k/ wr Sym.m/
endowed with its imprimitive action of degree km D n. Let � WG ! Sym.m/ be
the projection given by the action of G on the system of imprimitivity and let J
be the image of � . Let K be the permutation group induced by the action of the
stabilizer of a block on the block. Thus K is a transitive subgroup of Sym.k/ and
G � K wr J . We now follow closely the argument of Whiston in [10, Section 5],
refining the argument by using the fact that S is an independent generating set
consisting of involutions. The same idea can also be found in [5, page 471].

Let L be a subset of S forming an independent generating set for the permuta-
tion group J , that is,L� is an independent generating set for J . LetC be the subset
of S n L consisting of the elements commuting with L, and let R be S n .C [ L/.
Clearly,

r D jLj C jC j C jRj: (6.1)

Suppose first that J admits two distinct commuting proper normal subgroups
A and B with J D AB . Since J is primitive, A and B are both transitive. Since
A and B centralize each other, we deduce that A and B are both regular. Thus
J D A � B and m D jAj. The primitivity of J implies that A and B are non-
abelian simple groups. Since L is independent, we get 2jLj � jJ j D m2 and hence
jLj � 2 log2.m/, where m � 60. As the center of J is the identity, CKwrJ .hJ i/ is
contained in the base group Km of K wr J . Since hLi acts transitively on the
blocks, CKm.hLi/ is a diagonal subgroup of the base group Km of K wr J , that
is, there exist group automorphisms '2; : : : ; 'mWK ! K such that CKm.hLi/ is
a subgroup of ¹.k; k'2 ; : : : ; k'm/ j k 2 Kº. As C � CKm.hLi/, the main result
of Whiston [10, Theorem 1] implies

jC j � k � 1: (6.2)

Finally, from the structure of J we have described above, R has cardinality at
most 4. From (6.1), we get

r � 2 log2mC k � 1C 4 D 2 log2mC k C 3:

Using m � 60, it follows from a computation that

2 log2mC k C 3 <
j3.n � 1/

5

k
:
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For the rest of the argument, we may suppose that J does not admit a decompo-
sition J D AB , with A and B as above. In particular, this implies that the set of
labels of the elements in L forms an interval, say L D ¹�a; �aC1; : : : ; �aC`�1º,
where ` D jLj and .�aCi�aCiC1/2 ¤ 1 for all i 2 ¹0; : : : ; ` � 2º. From this, it
also follows that

jRj � 2: (6.3)

Applying [10, Theorem 1] to J , we get

jLj � m � 1; (6.4)

where the equality can be attained if and only if J D Sym.m/. Arguing exactly as
above with CKwrJ .hLi/, we deduce that (6.2) holds true also in this case; more-
over, if the equality is attained, then K D Sym.k/ and hC i projects surjectively
to K.

From (6.1), (6.2), (6.3) and (6.4), we obtain

r � mC k: (6.5)

The inequality mC k < b3.n � 1/=5c holds, except in the following cases:

� m D 2 and 2 � k � 17, or 2 � m � 17 and k D 2, or

� m D 3 and 3 � k � 5, or 3 � m � 5 and k D 3.

With the aid of a computer, we have computed the maximum rank of an SGGI for
G for every n � 15. The cases where r � b3.n � 1/=5c are reported in Table 1.
In particular, for the remainder of the argument, we may assume that m D 2 and
9 � k � 17, or 9 � m � 17 and k D 2.

Case k D 2. Here, G is a subgroup of Sym.2/m Ì Sym.m/. Again, using a com-
puter computation, we have verified that, except for the symmetric group Sym.m/,
the maximum rank of an SGGI for a primitive group of degreem is at mostm � 3.
In particular, by refining (6.5), we deduce r � m D n=2 < b3.n � 1/=5c, where
the last inequality follows from the fact that m � 9. Therefore, we may assume
that J D Sym.m/.

Let V D Sym.2/m and regard it as a module for J over the field with two
elements. The space V has two natural J -submodules: the 1-dimensional module
V1, consisting of the constant vectors, and the .m � 1/-dimensional module V2,
consisting of the vectors whose entries sum to 0. Clearly, V D V1 � V2 whenm is
odd, and 0 < V1 < V2 < V when m is even. Mortimer [9] shows that V1 and V2
are the unique nontrivial J -submodules of V . After this digression, we are ready
to conclude the proof of the case k D 2.
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Recall that L D ¹�a; �aC1; : : : ; �aC`�1º with ` D m � 1. Let � 2 R [ C . As
hLi projects to J , there exists some �0 2 hLi such that f D ��0 2 V . The in-
dependence condition implies that f ¤ 1. When m is even, since the lattice of
J -submodules of V forms a chain, the irredundant generating sets of G must
contain only one further element besides those in L. Hence jR [ C j D 1 and
r � m D n=2 < b3.n � 1/=5c. The same argument applies when m is odd (lead-
ing to the same conclusion), except in the case G D V Ì Sym.m/, where an irre-
dundant generating set of G containing L could possibly include two additional
elements. Thus, in this case, we obtain r � mC 1 D n=2C 1. For odd m, the
bound mC 1 < b3.n � 1/=5c holds, except when m 2 ¹9; 11º. Indeed, for these
two cases, we have verified by computer that r D mC 1, and these two examples
are recorded in Table 1.
Case m D 2. Here ` D 1, L D ¹�aº and G � Sym.k/ wr Sym.2/. We write the
elements of Sym.k/ wr Sym.2/ as .x; y/.1 2/", where x; y 2 Sym.k/, " 2 ¹0; 1º
and .1 2/ is the generator of J . Replacing �a and G by a suitable conjugate via
an element of Sym.k/ wr Sym.2/, we may suppose that �a D .1 2/. The set C
contains

¹�0; : : : ; �a�2; �aC2; : : : ; �r�1º:

For each j 2 ¹0; : : : ; a � 2; aC 2; : : : ; r � 1º, we may write �j D .xj ; xj /.1 2/"j ,
where xj 2 Sym.k/ and "j 2 ¹0; 1º. Set V D hxj j j 2 ¹0; : : : ; r � 1º n ¹aºi.

If R D ;, then by refining (6.5), we deduce that r � k D n=2 < b3.n � 1/=5c.
Therefore, for the rest of the argument, we may suppose R ¤ ;.

Assume V transitive and V ¤ Sym.k/. We have determined with Magma the
maximum rank of every transitive proper subgroup of Sym.k/ and we have verified
that it is at most k � 3. In particular, if V is transitive, then by refining (6.5), we
deduce that r � k D n=2 < b3.n � 1/=5c.

Assume V D Sym.k/. Suppose jRj D 2. In this case, up to duality, we may
suppose L D ¹�r�1º, R D ¹�0; �r�2º and C D ¹�1; : : : ; �r�3º. Now,

�0 2 CG.�r�1/ D h�r�1;Diag.Sym.k/ � Sym.k//i D hL [ C i;

contradicting the fact that S is an independent generating set. Thus jRj D 1. Again,
up to duality, we may supposeL D ¹�r�1º,R D ¹�r�2º andC D ¹�0; : : : ; �r�3º.
If jC j D k � 2, then r D k D n=2 < b3.n � 1/=5c. Suppose then jC j D k � 1
and hence r D k C 1. Thus [3, Theorem 2.1] implies that x0; : : : ; xr�3 are Cox-
eter generators for Sym.k/. Therefore, without loss of generality, we may sup-
pose that xi D .i C 1 i C 2/ for every i 2 ¹0; : : : ; r � 3º. In particular, we have
hx0; : : : ; xr�4i Š Sym.k � 1/. Using this explicit description for xi and hence
for �i , we deduce that CG.h�0; : : : ; �r�4i/ D h�r�1i. As �r�2 commutes with
�0; : : : ; �r�4, we get �r�2 2 h�r�1i, which is clearly a contradiction.
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Assume V intransitive. If V has at least three orbits or V does not induce
the whole symmetric group in its action on one of its orbits, then [10, Proposi-
tion 1] implies that jC j � k � 3 and hence we reach the same conclusion as in
the previous paragraphs. Therefore, V has two orbits and V induces the whole
symmetric group on both of its orbits. In particular, V is a subdirect subgroup of
Sym.�/ � Sym.k � �/ for some 1 � � � k=2. Suppose

V ¤ Sym.�/ � Sym.k � �/:

With the aid of a computer, we have determined the maximum rank of an SGGI for
every proper subdirect subgroup of Sym.�/ � Sym.k � �/; in all cases, the rank
is at most k � 3. Therefore, in this case, we can argue as above. Thus

V D Sym.�/ � Sym.k � �/:

In particular, jC j � k � 2 and hence

r D jC j C jLj C jRj � k C 1:

Now, k C 1 < b3.n � 1/=5c for k 2 ¹14; 15; 16; 17º. Therefore, we may suppose
k 2 ¹9; 10; 11; 12; 13º and jC j D k � 2. Observe that there exists some � 2 C
such that R [ L � CG.�/ and hence G D hC;CG.�/i. The proof here again re-
lies on the use of a computer. For every 1 � � � k=2, we determined all the SGGI
N� D . NG; NC/ where

NG D Diag
�
.Sym.�/ � Sym.k � �// � .Sym.�/ � Sym.k � �//

�
and j NC j D k � 2. We then selected only the cases where there exists some � 2 NC
such that h NC ;CSym.k/wrSym.2/.�/i is transitive. In all such cases, � D 1. This im-
plies V D Sym.k � 1/ and that the labels of the elements in C form an interval.
Therefore, up to duality, we may suppose that

C D ¹�0; : : : ; �k�3º; R D ¹�k�2; �kº; L D ¹�k�1º:

Since jC j D k � 2 and V D Sym.k � 1/, [3, Theorem 2.1] applied to V implies
that x0; : : : ; xk�3 are Coxeter generators for Sym.k � 1/. Therefore, without loss
of generality, we may suppose that xi D .i C 1 i C 2/ for every i 2 ¹0; : : : ; k � 3º.
In particular, hx0; : : : ; xk�4i Š Sym.k � 2/. Using this explicit description for xi
and hence for �i , we deduce that

h�r�2; �r�1; �ri � CG.h�0; : : : ; �r�4i/

� CSym.k/wrSym.2/
�
Diag.Sym.k � 2/ � Sym.k � 2//

�
Š D4:

However, this is a contradiction, because the dihedral group of order 4 does not
contain any subgroup generated by 3 independent involutions.
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Corollary 6.3. Let G D Alt.n/ be the alternating group of degree n and define
� D .G; S/ to be an SGGI of rank r . IfGi is transitive for some i 2 ¹0; : : : ; r � 1º,
then r � b3.n � 1/=5c, or n D 5 and r D 3.

Proof. When Gi is not one of the groups in Table 1, the result follows from The-
orem 1.2. When Gi is one of the groups in Table 1 with Gi � Alt.n/, we have in
particular n � 14. The result for n � 14 has been verified with the auxiliary help
of a computer.

7 Proof of Theorem 1.1

We are now ready to bring together the threads of our argument.

Proof of Theorem 1.1. Let G D Alt.n/ and let � D .G; S/ be an SGGI for G of
maximum rank. When n � 9, the proof follows with a computation on small alter-
nating groups. Therefore, for the rest of the argument, we may suppose n � 10.

Suppose first that � has a 2-fracture graph. Then, by Proposition 3.1, we deduce
r � n=2. Using n � 10, it follows that n=2 � b3.n � 1/=5c. Suppose next that �
satisfies Hypothesis 4.1 and hence we may apply the result from Section 4. In
this case, the result follows from Proposition 4.8. Suppose next that � satisfies
Hypothesis 5.1. In this case, the result follows from Corollaries 5.16 and 5.17.
Finally, whenGi is transitive for some i , the result follows from Corollary 6.3.
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