International Journal of Approximate Reasoning 145 (2022) 187-209

Contents lists available at ScienceDirect

International Journal of Approximate Reasoning

www.elsevier.com/locate/ijar

Graded cubes of opposition in fuzzy formal concept analysis n

Check for
updates

Stefania Boffa®*, Petra Murinova?, Vilém Novak", Petr Ferbas ¢

@ University of Milano-Bicocca, Dipartimento di Informatica, Sistemistica e Comunicazione, Viale Sarca, 336-20126 Milano, Italy
b University of Ostrava, Institute for Research and Applications of Fuzzy Modeling, NSC IT4Innovations, Ostrava, Czech Republic
€ Varroc Lighting Systems, Ostrava, Czech Republic

ARTICLE INFO ABSTRACT
Article history: We recently introduced special fuzzy quantifiers named quantifier-based operators to form
Received 5 May 2021 extended fuzzy concept lattices and to construct graded squares, hexagons, octagons and

Received in revised form 14 March 2022
Accepted 16 March 2022
Available online 18 March 2022

decagons of oppositions. This article aims to extend our previous works by organizing
quantifier-based operators in more general structures of oppositions: the so-called graded
cubes of opposition and 5-graded cubes of opposition.

Keywords: © 2022 The Authors. Published by Elsevier Inc. This is an open access article under the CC
Aristotle’s square of opposition BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Cube of opposition

Graded structures of opposition

Fuzzy formal concept analysis

Quantifier-based operators

1. Introduction

The main objective of this paper is a follow-up to a previous publication [8], in which we focused on the construction of
graded polygons of opposition in fuzzy formal concept analysis. In our previous publication, we proposed graded polygons of
opposition with quantifier-based operators that are monotonous and are defined based on evaluative linguistic expressions.
In this article, we aim to study the properties between quantifier-based operators to form generalized graded cubes of
opposition.

1.1. Formal concept analysis

Formal Concept Analysis (FCA) is a mathematical theory originally introduced by Rudolf Wille and widely applied in several
areas such as machine learning, semantic web, software development, chemistry and biology [19,20,39,42,43].

Formal concept analysis is principally based on the notions of formal context and formal concept. A formal context is a
triple composed of a finite set of objects, a finite set of attributes, and a binary relation between objects and attributes.
A formal concept is a pair (A, B) where “A is the set of all objects having all attributes of B” and “B is the set of all attributes being
satisfied by all objects of A”. Analogously to the tradition, A and B are respectively named extent and intent of the concept.

FCA techniques extract a collection of formal concepts from each formal context. Additionally, formal concepts equipped
with the subconcept-superconcept relation, which expresses that a concept can be more specific than another, form an alge-
braic structure called concept lattice [20].
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Fuzzy Formal Concept Analysis (FFCA) extends the formal concept analysis by ideas taken from mathematical fuzzy logic to
be able to capture also vague information. Several approaches have been presented to develop fuzzy formal concept analysis.
Bélohlavek and Pollandt in [3,37] considered a pair of functions called concept-forming operators, where the fundamental tool
to generate concepts is based on the quantifier All.

The first operator transforms a fuzzy set of objects A into a fuzzy set of attributes B such that, given an attribute y, B(y)
is the truth degree to which “y is shared by all objects of A”. Dually, the second one transforms a fuzzy set of attributes B into
a fuzzy set of objects A such that, given an object x, A(x) is the truth degree to which “x has all attributes of B”. Therefore,
the fuzzy formal concept is a pair composed of a fuzzy set of objects and a fuzzy set of attributes, which are obtained from
each other using the concept-forming operators. Our idea is to generalize these concepts by means of intermediate quantifiers
which are natural language expressions such as “almost all, many, most, a few”, and other ones.

1.2. Fuzzy quantifier-based operators

We recently [7,8] introduced the so-called fuzzy quantifier-based operators in fuzzy formal concept analysis to be able to
extract more detailed information from the initial dataset. Fuzzy quantifier-based operators are special fuzzy (intermediate)
quantifiers. Their definition is based on the standard fukasiewicz MV-algebra. We consider expressions of natural language
such as extremely big, very big, and not small, etc. that belong to the class of evaluative linguistic expressions whose semantics
is formalized in the higher-order fuzzy logic (see [29]). The fuzzy quantifier-based operators are viewed as interpretations in
a model of special formulas called intermediate quantifiers of the formal theory of intermediate generalized quantifiers developed
in [27,30], and elsewhere.

Extended fuzzy concepts were formed using the fuzzy quantifier-based operators. If a fuzzy concept (A, B) is given then
an extended concept has the form (A, (B, A*)) or ((A, B*), B), where A* and B* are fuzzy sets generated by one of our
quantifier-based operators. Extended fuzzy concepts have the vantage to capture positive, negative, and intermediate informa-
tion, namely information based on the presence or the absence of a certain amount of properties in objects.

As an example, given an object x and an attribute y. Then B*(x) and A*(y) represent truth degrees to which “x has
almost all attributes of B” and “y is shared by almost all objects of A”, respectively.

Eventually, fuzzy quantifier-based operators were employed to construct graded squares, hexagons, octagons, and
decagons of opposition, which are extensions of Aristotle’s square. This article mainly aims to extend our previous results
by organizing fuzzy quantifier-based operators into more general structures of the opposition called graded cube of opposition
and 5-graded cube of opposition.

1.3. Aristotle’s square of opposition

In this subsection, we will remind the reader the well-known classical square of opposition. Aristotle’s square was an-
alyzed in propositional logic in [23,33] and more deeply elaborated in first-order predicate logic by many other authors,
for example, [10,35,40]. It comprises relations between classical (universal and existential) quantifiers. We will consider a
formula A of the form “All B’s are A” and its negation O “Some B’s are not A”. Another considered formula is E of the form
“No B’s are A”, which is negated by | “Some B’s are A”.

Definition 1.1. We say that

two formulas are contradictory if in any model they cannot both be true and they cannot both be false;

two formulas are contrary if in any model they cannot both be true, but they can both be false;

two formulas are subcontrary if in any model they cannot both be false, but they can both be true;

a formula is subaltern of another one (called superaltern) if in any model, it must be true if its superaltern is true. At
the same time, the superaltern must be false if the subaltern is false.

The relations of the previous definition are schematically depicted in Fig. 1.

A graded generalization of Aristotle’s square (from the point of view of many-valued fuzzy logic) was proposed by several
authors (see [15,26]). They proposed generalized definition of contraries, contradictories, subalterns, and sub-contraries
properties to form a generalized Aristotle’s square of opposition.

The Peterson’s square of opposition generalizes Aristotle’s one by adding intermediate quantifiers [34]. Its formalization
using the tools of higher-order fuzzy logic (fuzzy type theory) was introduced in [26].

Fig. 2 represents a square of opposition formed by four operators defined in [13].!

They were introduced as an analogy of the formal concept analysis and possibility theory [14]. Similarly, we can construct
a hexagon and a cube of opposition induced by additional operators underlying formal concept analysis and possibility
theory.

1 Consider Y C X, x € X, and the class R(x) of x w.r.t. an equivalence relation R on X. Then, R™(Y):3y,y e Rx) Ay e Y, RN(Y):Vy,yeR(x) > y €Y,
RY(Y):3y,y ¢RX)Ay¢Y,and R2(Y):Vy,y¢ R(x) > y ¢ Y.
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A:all A’s are B's —————E: all A’s are not B’s

¥ . +

I: at least one in A is a B ==——=0: at least one A is not a B

Fig. 1. Aristotle’s square. The lines ===, ===+ , =, == denote that the corresponding propositions are contraries, contradictories, subalterns, and
sub-contraries, respectively.

RN(Y) RA(Y)

+ O 2

R (Y) RY(Y)

Fig. 2. Aristotle’s square with R™(Y), RN(Y), RV (Y), and R2(Y).

Fig. 3. Moretti’s cube of opposition.

1.4. Cube of opposition

In the related literature, we can find several variants of cubes that generalize classical square of opposition. Among the
most known are Moretti’s [24,25] and Johnson-Keynes cubes [41].

The Aristotle’s square of opposition is formed by two positive and two negative quantifiers that are in the relation of
contraries, contradictories, sub-contraries, and sub-alterns. If we change B and A into their negation, =B and —A respec-
tively, we obtain another similar square of opposition aeio. Hence, formulas A, E, I, O, a, e, i, and o form a cube of opposition,
which require, however, A, B, —A, =B to be non-empty. We can observe that the new logical square of opposition (aeio)
follows from Aristotle’s square (AEIO) by replacing formulas B and A by —B and —A, respectively.
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(o}

Fig. 4. Johnson and Keynes cube of opposition.

Fig. 3 contains Moretti’s cube of opposition, which can be obtained from two squares of opposition AEOI and aeoi. The
other relations require the following constraint to hold:

(AVE) — (iA0).

It means that Moretti’s cube of opposition is based on four vertices A, E, a, e. The obtained cube of opposition is then
formed by six squares of opposition AEIO, AaOo, AeOi, aEol, eEil and aeoi.

The graded extension of Moretti’s cube of opposition is defined by assuming that formulas A,E,O, |, a,e,o,i can be only
partially true. The precise definition can be found in [17].

A more general is Johnson and Keynes cube (see [17]) AEIOaeio, which consists of 4 squares AEIO, aeio, AeOi and aEol
as depicted in Fig. 4. This requires the following additional condition to hold:

(A v a)— (—E A —e).

A graded Johnson and Keynes cube can be formed similarly to Moretti’s one. The details (examples of cubes, precise
definitions, etc.) can be found in [17].

Another graded extension of the cube in the possibility theory with fuzzy events was proposed by Dubois, Prade and Rico
in [16]. The presented cube includes also the possibility to work with Sugeno and Choquet integrals using the Lukasiewicz
operations.

1.5. Structure of the paper

The structure of this paper is the following: in Section 2, we first recall the construction of graded squares of opposition
using the concept-forming operators that satisfy the generalized properties of contrary, contradictory, sub-contrary, and
subalterns introduced in [8]. Then, we repeat definitions of quantifier-based operators with which we form graded decagons,
octagons, and hexagons of opposition in fuzzy formal concept analysis.

Important and new results are given in Sections 3 and 4, in which we construct graded cubes of opposition and gener-
alized graded cubes opposition by employing the concept-forming operators and the quantifier-based operators. Moreover,
we introduce several figures describing the relationships between the considered operators.

Similarly as in the Aristotle’s square, the existential import (presupposition) plays a significant role in the construction
of the graded cube of opposition. It was introduced by Peterson in [36] and is discussed below.

Finally, we underline that the structures of opposition introduced in this paper can be viewed as generalizations of the
cube of opposition constructed using the concept-forming operators of the standard formal concept analysis [12,14].

2. Preliminaries
In this section we introduce notation, preliminary notions and some results, which will be used further in this article.
2.1. Algebraic structures of truth values

In this subsection, we will remind few of the main algebras of truth values, namely complete residuated lattices and
MV-algebras.
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Definition 2.1. A lattice (L, v, A) is called complete if and only if all subsets of L have both a supremum and an infimum.

Definition 2.2. A residuated lattice is an algebra

(Liv,A,® —,0,1)
where
(i) (L, A, Vv,0,1) is a bounded lattice,

(ii) (L, ®, 1) is a commutative monoid,
(iii) a® b <c iff a <b — c, for each a, b, c € L (adjunction property).

We will denote the complete residuated lattice (L, v, A, ®, —, 0, 1) with its support L.

Definition 2.3 ([11,32]). An MV-algebra is a residuated lattice

(Lv,n,®,—,0,1)

where a Vv b= (a — b) — b, for each a, b € L. Furthermore, the following operations are defined on L. Let a,b €L,

(i) —a =a — 0 (negation),
(ii) a ® b = —(—a ® —b) (strong summation),
(iii) a <> b= (a — b) A (b — a) (biresiduation).

The results of this paper are based on the standard Lukasiewicz MV-algebra defined as follows.

Definition 2.4. The standard tukasiewicz MV-algebra is a special MV-algebra

(10,1, v, A, ®,—,0,1)

where for each a, b € [0, 1]

(i) a Ab=min(a, b),

(ii) a v b =max(a,b),
(iii) a ® b=max(0,a+b —1),
(iv) a—> b=min(1,1 —a+b).

Derived operations are negation —a = 1 — a and Lukasiewicz disjunction a & b = min{1, a + b}.
In the following lemma, we list some properties of the standard Lukasiewicz MV-algebra that will be used further.

Lemma 2.5. Let ([0, 1], V, A, ®, —, 0, 1) be the standard tukasiewicz MV-algebra and let I = {1, ..., n}. Then, the following hold for
allay,...,aq, by,...,by,a,b,c,d,ec[0,1]:

(a) ——a = a (double negation law).

(b) foreachk eI, \;c;ai <arand ax < \/;¢; a;.

(c) ifa; <b; foreachi eI, then \;c;a; < Ny bi and \/;c;a; < /iy bi.
(d) Vie(@a®bj) =a® \/;g bi.

(e) ad—a=1anda® —a=0.

(f) fa®@b <e, then (anc)® (bAad) <e.

(g) ifa<bandc <d,thena®c<b®danda®c<bdd.

(h) a®b=—-(a— —b)anda — b =—-(a ® —b).

(i) a—b<-b— —a.

(j) ~(a®b)=—a® —band —(adb) =—aQ —b.

Lemma 2.6. Let ([0, 1], V, A, ®, —, 0, 1) be the standard tukasiewicz MV-algebra, and let I = {1, ..., n}. Then, the following hold for
allaqy,...,an, by,...,by, €[0,1]:

(a) /\iel(ai —bj) = /\iel ai — /\iel bi,
(b) /\iel(ai —bj) < \/iel ai — \/iel b;.

From now on, we write A C X to denote that A is a fuzzy set in the universe X, i.e. A is a function A : X — [0, 1].
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PA] - PN]

Fig. 5. Graded square of opposition.
2.2. Graded square of opposition in Fuzzy Formal Concept Analysis

In this subsection, we recall results from [7,8] where we constructed graded squares of opposition with fuzzy concept-
forming operators. The structure of truth degrees is assumed to be the standard fukasiewicz MV-algebra.

In our explanation we must consider properties of elements of some universe, for example tall, young, shallow, etc. In the
predicate first-order fuzzy logic they are represented by special symbols of its language that are in a model interpreted by
fuzzy sets (cf. [21]).

To simplify readability of this paper, in the sequel we will introduce predicates P4, Pg,... and assume that they are
interpreted by the respective fuzzy sets A, B, ... c X, where X is a universe.? For example, if X is a set of roses and P, is
the property fragrant, then it is interpreted by a fuzzy set A CX. If x € X is a rose then A(x) expresses how much fragrant

the rose x is.
The graded square of opposition arises on the basis of the following relations between predicates (i.e. properties).

Definition 2.7. Let P4 and Py be predicates. Then, we say:

(i) P4 and Pp are contraries if and only if A(x) ® B(x) =0 for each x € X,

(ii) P4 and Pp are sub-contraries if and only if A(x) ® B(x) =1 for each x € X,

(iii) Pp is subaltern of P, if and only if A(x) > B(x) =1, i.e. A(x) < B(x), for each x € X,
(iv) P4 and Pgp are contradictories if and only if A(x) =—B(x) for each x € X.

The graded square of opposition is a diagram that shows existing relations between the predicates on its vertices.

Definition 2.8. Let P4,, Py,, P4, and Py, be predicates. The graded square of opposition is a square whose vertices are the
predicates P4,, Pn;, Pa,, Py, and the following conditions hold:

(i) P4, and Py, are contraries,

(ii) Pa, and Py, are sub-contraries,
(iii) Pa, is subaltern of P4, and Py, is subaltern of Py,
(iv) Pa, and Py, as well as P4, and Py, are contradictories.

A graded square of opposition is depicted in Fig. 5.

Remark 2.9. Let Ay, N1, A2, N C X, suppose that the predicates Pa,, Pn,, Pa,, and Py, form a graded square of opposition.
Then, given x € X, the truth values Aq(x), N1(x), A2(x), and N, (x) form a graded square of opposition as defined in [18].

In the previous articles, we proved that a collection of graded squares is associated with some fuzzy formal context
(X,Y,I). Indeed, given a fuzzy set A C X, a square is determined by applying the following concept-forming operators to

A: Let H € {I, —I}? then we put
T _ n —
A= \A®—Hxy) and AGy)=\/(A®H(x, y)) (1)
xeX xeX

forall yeY.

2 More precisely, we first must consider a language of a predicate fuzzy logic which contains the predicate symbols P4, Pg, ... and then a model with
the support X. Each predicate is in this model interpreted by the corresponding fuzzy set in A, B, ...CX.

3 Given I: X x Y — [0, 1], —I is a fuzzy relation given by the membership function —=I(x, y)=1—1I(x,y) forall xe X and y € Y.
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Table 1
Verbal description of AT(y) ATI(y) AM(y), and A2 ().
Truth degree Statement
A,T(y) y is shared by all objects of A
Ai,(y) y is not shared by all objects of A
AT(y) y is shared by at least one object of A
AQ,(y) y is not shared by at least one object of A
PAT ] PAQ,

Fig. 6. Graded square of opposition with concept-forming operators.

Let us recall that L and g were introduced in [3,37,38] to extract two different types of fuzzy concept lattices from

(X,Y, H). Moreover, for a given y € Y, the values A,T(y), Ail(y), AT(y) and AQI(y) correspond to the truth degrees of the
statements listed in Table 1.

Additionally, the following theorem states that the predicates interpreted by the fuzzy sets A,T, Ai,, AT, and AQI can be
organized in a graded square. Its proof can be found in [8].

Theorem 2.10. Let (X, Y, I) be a fuzzy formal context and let A C X. Then, the predicates P PA’n, PAm’ and P A respectively
- =1

Al
interpreted by A, AP, AD, and Aﬁ, form a graded square of opposition as shown in Fig. 6.

Therefore, Theorem 2.10 ensures that PA¢ and P, are contraries, P40 and P4 ~are sub-contraries, P40 is subaltern of

PAm is sub-altern of P and PA¢ and PAm as well as PAm and PA¢ are contradlctorles (see Definition 2.8). On the

P, 1
Al Al
other hand the formulas expressing the relations of contrary, sub contrary and sub-altern carry out an existential import,
which allows us to assume that the universe of quantification must be no-empty.

More precisely, putting A%(x) = A(x) ® A(x), we proved that

(i) AT(y) ®A¢I(y) ® Vyex A2(x) =0, ie. PA¢ and PA¢ are contraries.

(i) AT & A, (1) ® = Vyex A2(0) =1, ie. P4 and PAm are sub-contraries.
(iii) A ) ® Vyex A2(x) < A”(y), i.e. PAn is sub-altern of P
(iv) AT,(y) ® Viex A%(x) < A”,(y) i.e. PAm is sub-altern of P Al

Let us underline that our approach generalizes that proposed in [17] where the hypothesis of normality of A (there is an
element x of X such that A(x) =1) appears instead of the existential import, which here is captured by \/, .y A(x).

2.3. Graded decagon of opposition in Fuzzy Formal Concept Analysis

In [7,8], we also introduced a new figure of opposition named graded decagon of opposition and defined as follows. Before
we introduce the definition, let us remark the following.

In the sequel, we will consider 5 positive and 5 negative predicates. Why just 5? The main reason consists in the fact
that our concept of quantifier-based operators is closely related to the theory of intermediate quantifiers. Peterson in his
book [34] introduced 5 of them, namely “all, almost all, most, many, some”; two are classical (V, 3) and three non-classical.
This paper stems from the formalization of their theory suggested in [30] and in detail elaborated in several other papers
(see the citations). Therefore, we naturally consider also just these five quantifiers. Of course, it is possible to introduce
more of them but their number is limited by the linguistic considerations because the definition of intermediate quantifiers
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PA5 ] PN5

Fig. 7. Graded decagon of opposition.

(and thus also the quantifier-based operators) is based on special evaluative linguistic expressions. From it follows that other
quantifiers must be introduced carefully w.r.t. the latter.*

Definition 2.11. Let P4, ..., Pas, Py, ..., Pny be predicates respectively.’
A graded decagon of opposition is a decagon where the vertices are the predicates Pa,,...,Pas, Pn,,...,Pns and the
following conditions hold:

(i) P4, and Py; are contraries, for each i, j € {1, 2, 3,4},

(ii) P4y and Py are sub-contraries,

(iii) Pa,,, is subaltern of P4, and Py, is subaltern of Py;, for each i € {1,2, 3,4},
(iv) Pa, and Py, as well as P4, and Py, are contradictories.

A graded decagon of opposition is depicted in Fig. 7.

Let us observe that the notion of graded decagon of opposition generalizes that of graded square of opposition. Indeed,
observing Fig. 7, it is clear that the predicates Pa,, Pa;, Pn;, and Py, form the graded square of opposition depicted in
Fig. 5.

Remark 2.12. Sub-diagrams of the decagon in Fig. 7 can be obtained by considering two or three intermediate levels less.
More precisely, for each i € {2, 3,4}, Pa,, Pa;, Pas, Pn;, Pn;, and Py form a graded hexagon of opposition, and for each
i,je{2,3,4} with i # j, Pa,, Pa;, PAj, Pas, Py, Pn;, PNj, and Py, form a graded octagon of opposition.

A collection of graded decagons of opposition is determined starting from a fuzzy formal context (X, Y, I). In achieving
this goal, we employed the operators given by (1) and the quantifier-based operators introduced in our previous papers to
create extended fuzzy concepts.®

A special operation called cut of a fuzzy set is fundamental for defining quantifier-based operators:

Let A,BC X. The cut of A with respect to B is the fuzzy set

(AIB)(x) = A(x), if A(x)=B(x), 2)

0, otherwise.

The latter is motivated by the need to form a new fuzzy set from a given one by extracting several elements together with
their membership degrees and putting the other membership degrees equal to 0.

For defining quantifier-based operators, we also need to consider a special measure that expresses how large the size of a
fuzzy set is w.r.t. the size of another one.

4 In strict mathematical sense, we might consider even infinite number of the quantifier-based operators because the semantics of evaluative expressions
is defined over the interval [0, 1]. However, this would hardly have any sense for two reasons: first, we would have to forget natural language and so, such
operators would have no meaning, they would be just mathematical construction. Second, the concept analysis is the technique dealing with data which
are never infinite.

5 To consider a decagon of opposition (so, a figure having ten vertices and five sides), we need the fuzzy sets Aq,..., As and Ny, ..., Ns. We use two
types of letters (i.e. A; and N;) because we have to distinguish the left vertices of the decagon (i.e. P4,,..., P4;) from those on the right (i.e. Py,,...,
Pns ). Indeed, at the end of this section, we will exhibit a concrete decagon of opposition where vertices on the left side and the right side have a different
meaning: the first ones correspond to positive operators (they describe the presence of a property in the objects), and the second ones correspond to negative
operators (they describe the absence of a property in the objects).

6 The next notions are based on the standard Lukasiewicz MV-algebra. Moreover, in our approach, the universe X is the collection of the objects of a
fuzzy formal context. Hence, it must be finite.
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Table 2
Verbal description of A;BiEx(y), A,T_B‘Ve(y), ALSm(y), Ai,»BiEx(y),

AlIABiVe(y)' and AllﬁSm(y)'

Truth degree Statement
A,TvBiEx(y) y is shared by almost all objects of A
A,T_’BiVe(y) y is shared by most objects of A
A?V_Sm(y) y is shared by many objects of A
Ai,vBiEX(y) y is not shared by almost all objects of A
Ai,»BiVe(y) y is not shared by most objects of A
Ai,__Sm(y) y is not shared by many objects of A
Let A,B C X,
1, ifB=@orA=B,
|A|
mp(A) = 1B’ B#@and A C B,
0, otherwise,

where |[A| =), x A(x) and |B| =}, .x B(x) represent the cardinalities of the fuzzy sets A and B, respectively.

The quantifier-based operators are defined as follows by using the evaluative linguistic expressions —Sm, BiVe, and BIEXx,
which respectively model the linguistic expressions not small, very big, and extremely big. Their meaning (extensions) are
fuzzy sets on [0, 1] in the standard context (0, 0.5, 1). Formulas for their computation can be found in [8], and in more
details also in [29,31].

Definition 2.13. Let A C X and let E € {—Sm, BiVe, BiEx}. Then

Al =\ (N AID)®) = 1x, 1) A E(ua(Al2)) (3)
ZNCX xeX
AL s =V A\ A1) = =1, 1) A E(ua(Al2)) (4)
ZCX xeX

for each y €Y.

Let us notice that the quantifier-based operators given by (3) and (4) are constructed by applying ,T and 11 on the cuts of
A. The latter represent universes of quantification smaller than A and their size is characterized by an evaluative expression
from {—Sm, BiVe, BiEx}. Hence, it is easy to see that A,TE(y) is the truth degree to which:

There exists a cut of A such that “all its objects have the attribute y” and “its size is E (not small, very big or extremely big) w.r.t.
the size of A",

and Ai,‘E(y) is the truth degree to which:

There exists a cut of A such that “all its objects do not have the attribute y” and “its size is E (not small, very big or extremely big)
Ww.r.t. the size of A”.

The existing correlation between evaluative linguistic expressions and intermediate quantifiers suggests us to rewrite the
meaning of A,TBiEX(y), AﬁBiVe(y), A,ﬁﬁSm(y), AiI.BiEX(y), and Ai,,BiVe(y) as in Table 2.

Using the operators defined by (1), (3), and (4), we obtain predicates that can be organized in a graded decagon of
opposition, as shown by the following theorem whose proof is found in [8].
P , P

Theorem 2.14. Let (X, Y, I) be a fuzzy context and let A C X. Then, the predicates P P

P+ ,Pn
A—'I.BiVe A“L—'Sm

+ P
AI,BiEx

,PA’m P At

T
A —I,BiEx

1 t 1
Al 1,BiVe AI,—Sm A—I

,and P A0, form a graded decagon of opposition as depicted in Fig. 8.

The formulas involving the quantifier-based operators and corresponding to the relations of contrary, sub-contrary, and
subaltern established by Theorem 2.14 carry out an existential import. Indeed, we proved that

(i) \/ZO(((A|Z),T(y) AEWA(AIZ)) ® Vyex(A1Z)2 (%) < ANy, ie. PAIm is subaltern of PA,TE'
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Fig. 8. Graded decagon of opposition with quantifier-based and concept-forming operators.

(ii) \/ZSX((A|Z)1,(y) ANE(ua(AlZ) ® \/X€X(A|Z)2(x)) < AQ,(y), i.e. PAQ, is subaltern of Pt

-ILE

(i) V7, cx Vzyox (A1Z0] 0 A E1(a(A120)) @ (C(A1Z2) 1, 0) A E2(1a(A122))) © Vyex (AIZ1) (X © (A1 Z2)(x)) =0, ie.

P and P At are contraries.

t
Alg

(iv) \/zwcx(((mz);(w ANE(UA(A1Z)) ®@ Vyex (AI2)? (%) ® Ai,(l’) =0, ie. PA;E and PAiz are contraries.

(v) \/ZSX(((A|Z)1,(y) A E(,uA(A|Z)))®\/x€X(A|Z)2(x))®A,T(y) =0, ie. PA,T and P,  are contraries.

-I,E

-1,Ey

P P

Remark 2.15. According to Remark 2.12, let E € {BiEx, BiVe, —Sm}, then PAT, Al PAIm, PAT P and PAmI form a graded
I LE =1 —-LLE -
hexagon of opposition. Moreover, let Eq, E; € {BiEx, BiVe, =Sm} with E; # Ep, then P4, P,+ , P,y , Ppyn, P4 , P,» ,
Al AI,E] Al,Ez 1 AL A—~I,E1
P+, and PAm’ form a graded octagon of opposition.
—ILEy -

3. Graded cube of opposition with concept-forming operators

In this section, we construct graded cubes of opposition using the operators provided in Subsection 2.2. Note that a
graded cube of opposition can be viewed as an extension of the square given by Definition 2.8.

Definition 3.1. Let Py,, Pa,, Pn,, Pn,, Pg;, Pay, Pny, Py, be predicates. A graded cube of opposition is a cube where the vertices
are the predicates Pa,, Pa,, Pn,, PNy, Pa;, Pay, Pny, Pn, and the following conditions hold:

(i) P4, and Py, are contraries as well as Py, and Py,, P, and Py,, Pa, and Py,.
(ii) Pa, and Py, are sub-contraries as well as Pq, and Pp,, Pg, and Py,, Pa, and Pp,.
(iii) Pa, is subaltern of P4,, Py, is subaltern of Py,, P4, is subaltern of Py,, Pg, is subaltern of P4,, Py, is subaltern of Py,
Pg, is subaltern of Py, Py, is subaltern of Py, and Py, is subaltern of Py, .
(iv) Pa, and Py, are contradictories as well as P4, and Py,, Pq, and Pp,, Py, and Py, .

A graded cube of opposition is depicted in Fig. 9.

Let us observe that the notion of cube of opposition generalizes the graded square of opposition. Indeed, observing Fig. 9,
it is clear that the predicates Pa,, Pa,, Pn,, Pn, as well as Pg,, Pqg,, Py;, Py, form a graded square of opposition (see Fig. 5).

In the sequel, we prove a list of lemmas, which will allows us to construct graded cubes of opposition with the concept-
forming operators of Subsection 2.2.

Lemma 3.2. Let (X, Y, I) be a fuzzy formal context and let A C X. Then, the predicates P(—|A)T , P(ﬁA)m’, P(ﬁA)Im, P(ﬁA)T form a graded
~ -1 - 1
square of opposition as shown in Fig. 10.”

Proof. This follows from Theorem 2.10. Indeed, we can obtain a new square of opposition by substituting, in the square of
Fig. 6, A and I by —A and —I, respectively. O

7 If AcX then —A is a new fuzzy set on X with the membership function —A(x) =1 — A(x) for each x € X.
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Fig. 9. Graded cube of opposition.

P P

A, A

P(_.A)QI ] P(_.A)T

Fig. 10. Graded square of opposition with the predicates P(ﬁA)i,‘ P(ﬁA)Q,' P(ﬁmlm and P(ﬁA);.

Lemma 3.3. Let (X, Y, I) be a fuzzy formal context. Let A C X and let PP P
~ 1

true:

P, be predicates. Then the following holds
=1

=l eEat,

(a) P,y and P,_, + are contraries,
A (=A);
(b) P(_A)il and PAL are contraries.

Proof. (a) Let y € Y, by Lemma 2.5, (i)
AX) = I(x, y) < —=l(x, y) > —ARX)
as well as

—ARX) = I(x,y) < —I(x, y) = AKX)

for each x € X.
By the adjunction property, we have

(Ax) —> I(x, y)) ® =I(x,y) < —AX)
as well as
(—AX) = 1(x,y)) @ ~I(x,y) < A(X).
Then, by Lemma 2.5 (g) and by the associativity and the commutativity of ®,
(A = 1(x,¥) ® (=AX) = 1(x, y)) ® (=1(x,¥))* < A(x) ® ~A(X)

where (=I(x, y))? = =I(x, y) ® =I(x, ).
This means that

(AX) = 1(x, ) ® (=AX) — 1(x, ) ® (=I(x, y))* <0
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from Lemma 2.5 (e).
Also, we get

(AX) = 1(x, ) < (~AX) = 1(x, y)) = (-(x, )* = 0),

for each x € X, by applying the adjunction property twice.
By Lemma 2.5 (c),

NA® = 1x. ) < \(FAX) > 1%, y)) = (=1(x, y))* = 0)).
xeX xeX

By Lemma 2.6 (a), (b), we obtain
NA® = 1x.y) < \ AR > 1x ) > (\/ (=1 y))* > 0).
xeX xeX xeX

Using the adjunction property again, we conclude that

JN\NAE > 1) ® [\ (A0 — 1(x, ) ® \/ (=1(x, y)* =0.

xeX xeX xeX

Namely, A} (¥) ® (=A)] () ® V/yex (~1(x. )2 = 0.
(b) Analogous to item (a), we can prove that

N\EA® = =1xy) @ N\ (AK - —1x y) © \/ & y)> =0.

xeX xeX xeX

Namely, (—A)],(») ® AL,;(1) ® VVyex 1, y)? =0.

Remark 3.4. Observe that, in every model of classical predicate logic, when the set B interpreting the formula B(x) is equal
to the universe X, i.e. its complement X \ B interpreting —B(x) is empty, the formulas (Vx)(A(x) = B(x)) and (Vx)(—A(x) =
B(x)) are both true. Consequently, these are not contraries. For such reason, the contrary requires to assume the existence
of at least an element in X \ B, i.e. the existence of at least an element that does not belong to B. In mathematical logic, as we
mentioned above, this is called existential import and it can be captured by the formula (3x)—B(x). Since in fuzzy logic the
existential quantifier 3 is interpreted by the supremum Vv, in order to prove that PA’T and P(ﬁA); are contraries, we need to

verify that
A,T(y) ® (ﬁA),T(y) ® \/(—-I(x, y)?=0 foreachyeY.
xeX

Let us recall that we have already addressed the presupposition in the last publication [8]. Furthermore, another group of
authors elaborated a presupposition, not only from a logical but also from a philosophical point of view (see [1,2,22,36]).
Analogously, the following condition

EaLhmeal,me\/ 1xy?=o.
xeX

where \/,x I(x, y)? plays the role of existential import, must hold to ensure that P(ﬁ At and P,y are contraries. O
-1 -1

Lemma 3.5. Let (X, Y, I) be a fuzzy formal context. Let A C X and let PAm’, P(ﬁA)n’, PA’m, and P(ﬁA)Im be the predicates interpreted by
AD,, (=A)2,, A}, and (=A)"), respectively. Then,

(a) PAml and P(ﬂA)ml are sub-contraries,
(b) Pan and P gy are sub-contraries.

Proof. (a) Let y € Y, by Lemma 3.3 (a),

JN\NAE > 1) ® [\ (A0 — 1(x, ) ® \/ (=1(x, y)* =0.

xeX xeX xeX

Then,

=(\NAX > 1xy)® \ AR > 1x,y) @ \/ (=1, y))*) =1.

xeX xeX xeX
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By Lemma 2.5 (j),
= N\NA@ = Ix )y &— \A® = 1xy) &= \/ (-l y))* =1.

xeX xeX xeX
Finally,
VA @-1xy) e \/ (CAx @ -Ix y)e&—\/(-Ix ) =1
xeX xeX xeX

from Lemma 2.5 (h) and De Morgan’s law (—(a A b) = —a Vv —b, for each a,b € [0, 1]).
Namely, A2, () ® (=A)2;(1) ® = Vyex (CI(x, y)?* = 1.
(b) Analogous to item (a), we can prove that

VAwelxy) e \/—Ax 1x y)e—\/I1x y*=1.

xeX xeX xeX

Namely, A7'(y) ® (=A)]'(¥) & =V, ex [x. y)*=1. O

Remark 3.6. In a model of classical predicate logic, when the set X \ B interpreting the formula —B(x) is empty then the
formulas (3x)(A(x) A —=B(x)) and (Ix)(—A(x) A —~B(x)) are both false. Consequently they are not sub-contraries. Therefore,
also in this case the existential import is necessary. Since we deal with fuzzy sets, we have shown that

AL @ A @ = \/ (-l y)? =1 foreachy e Y,

xeX

in order to prove that P40 and P__4)n are sub-contraries.
Analogously, the relation of sub- contrary of P AD and P, A is expressed by

Al e AT me—\ Ik y?=1

xeX

where the subformula =/, I(x, y)? plays the role of existential import.

Lemma 3.7. Let (X, Y, I) be a fuzzy formal context. Let A C X and let PbA)m', P PAT’ and P,_, + be predicates. Then

Al A2,

(a) P(ﬂA)Q’ is subaltern of P
(b) PAT is subaltern of P

1
Al

(_‘A)ill
Proof. (a) Let y € Y, by Lemma 2.5(i),

AX) — Ix,y) <—=Ix,y) = —AX)

for each x € X.
By Lemma 2.5(b),

Al ) <=1, y) = —A®X).

From the adjunction property, we have A,T(y) ®—I(x,y) < —A(X).
By Lemma 2.5 (g),

Al () ®@=1(x, y)? < —AX) @ =l (x, y).
By Lemma 2.5 (c), (d),
Al e \/ ~1x.y)? < \/ (A0 @ —I(x.y)).
xeX xeX

Namely, A,T(y) ® Vyex ~Ix, ¥)? < (=A, ().
(b) Analogous to item (a), we can prove that

\—A® = =1xy) @ \/ 1x. 1) < \/ (AR ® I, ).

xeX xeX xeX
Namely, (=A)], (1) ® Vyex I )2 <A (y). O
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% Py

P
AT,

PA‘;’
Fig. 11. Graded cube of opposition with the concept-forming operators.

Lemma 3.8. Let (X, Y, I) be a fuzzy formal context. Let A C X and let PAQ’, P
AD,, (—-A)I, (=A)7, and Ai,, respectively. Then,

=) P(ﬁA)In, and PA:’ be the predicates interpreted by

(a) Pyn is subaltern OfP(_'A)’T,

(b) P(ﬁA)P is subaltern OfPAi,'

Proof. (a) Analogous to the proof of Lemma 3.7 (a), we can prove that

N\ (—AX) = 1x, ) @ \/ (=1, ) < \/ (AX) & =I(x. y)).

xeX xeX xeX

Namely, (=A)/ (¥) ® \/yex (<1(x, y)* < AL, ().
(b) Analogous to the proof of Lemma 3.7 (a), we can prove that

N\NA® = =1, ) \/1x, 9 < \/(mA@ & 1(x, y)).

xeX xeX xeX

Namely, AT, (y) ® VVyex I, )2 < (=A] (). D

Remark 3.9. Also for the subaltern relations given by Lemma 3.7 and Lemma 3.8, an existential import is necessary. This is
represented by the subformula \/,_y (—=I(x, y))? for item (a), and by the subformula Vex T, y)? for item (b).

We now have enough tools to construct graded cubes of opposition using the concept-forming operators. Indeed, the
following theorem can be proved.

Theorem 3.10. Let (X, Y, I) be a fuzzy context and let A C X. Then, the predicates P ,;, P

P A form a graded cube of opposition as shown in Fig. 11.

PA?' PAD]' P P );, P(_,A)er and

Alr Al Ml H=a

Proof. The theorem immediately follows from Theorems 2.10 and 2.14, and Lemmas 3.2, 3.3, 3.5, and 3.8. O

Remark 3.11. It is important to underline that the cube from Fig. 11 can be understood as an extension of the cube of
opposition constructed using the concept-forming operators in the standard formal concept analysis. In fact, let (X, Y, I) be
a formal context such that ] € X x Y and A C X. Then, A,T, Ail, AP, AT, (—|A)1,, (—-A),T, (=A)7;, and (=A), are classical
sets. More precisely, we get

AIT:{er|VxeA, (x,y)el}andA?:{erlElxeA | x,y) € I}.

Moreover, if (X x Y)\I={(x,y)eXxY | (x,y) ¢ 1} and X\ A denotes the complement of A w.r.t. X, then Ai, = A?XXY)\,,
ALy = ATy CAL =Dy GAT =X\ AP, (AT, = (X\ A),y),» and (=A)] = (X\ A)]. Then, our cube

of opposition coincides with that presented in [12,14].
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m
-7 - ! P - I
-7 ! e !
- | - |
Pay -------~ e Pn, !
: |
| Py, | P,
| w | !
I ! I 1
P4, ! P, |
3 Py, 3 Py,
: 1 : 1
| |
Pf“a | PT“’Z |
| Pa, | Py,
| ‘ | ‘
I ! I !
| |
Pa, | Pn, |
| |
3 Pog ----mmmmmmm oo ﬂ:”’””jpns
| -7 - | - -
- .-
Ppg ——---mmmm e Pns

Fig. 13. Relations of contradictory on a 5-graded cube of opposition.

Remark 3.12. Fixing y € Y and assuming the so-called normalization conditions (there exist X1, X, X3,X4 € X such that
A(x1) =1, A(x2) =0, I(x3,y) =1, and I(x4,y) = 0), we obtain an example of graded cube of opposition as defined in
[16]. Therefore, we here adopt a more generic approach, where the normalization condition is replaced by the “existential
import”.

4. 5-Graded cube of opposition with concept-forming and quantifier-based operators

In this section, we construct a 5-graded cube of opposition with the concept-forming and quantifier-based operators.
A 5-graded cube of opposition can be understood as an extension both of the graded cube and the graded decagon described
above.

Definition 4.1. Let Pa,, ..., Pag, PNy, ..., Pns, Pays ..., Pas, Py, ..., Pny be predicates. A 5-graded cube of opposition is a cube
such that the predicates Pa,,...,Pas, PNy, ..., PNs, Pays - .-, Pag, Pnys ..., Pyg are organized on its surface as shown in Fig. 12.
Moreover, the following properties hold:

(i) P4, and Py, are contradictories as well as Py, and Py, Ps, and Py, Py; and Py, (see Fig. 13).
(ii) Pa, and Py are sub-contraries as well as Py; and Py, Pa; and Pyg, Py and P, (see Fig. 14).
(iii) P4y is subaltern of Pq, Pgg is subaltern of P4, Py, is subaltern of Pp;, Pps is subaltern of Py,, P4, is subaltern of Py,
and Py,,, subaltern of Py, for each i € {1, 2, 3, 4} (see Fig. 15).
iv) Py, and Py; are contraries for each i, j € {1,2, 3, 4} (see Fig. 16).
(v) Pg; and Py; are contraries for each i, j € {1, 2, 3, 4} (see Fig. 17).
) P4, and Pp; are contraries for each i, j € {1, 2, 3, 4} (see Fig. 18).
) Py, 2,3,4)

1

and PNj are contraries for each i, j € {1, 2, 3, 4} (see Fig. 19).
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Pa, - Py, !
| | Py,
| | !
I U I |
| | !
Pa, : Pn, !
| i Py,
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| |
| ! | :
| |
| |
Pa, ‘ Pn, :
| |
! Pgg - Ao Png
| ,/’/ | -
- L
Pps ——---mmmm e Pns

Fig. 16. Relations of contrary on a 5-graded cube of opposition.

Remark 4.2. Notice that Definition 4.1 implies that the predicates Py, ..

 Pas, PNy, ..., Png as well as Pqy, ..., Pag, Py

Pn, form a graded decagon of opposition (see Definition 2.11). Furthermore, the predicates Pa,, Pas, Pas, Pns, Pays Pn;, Pas,

Pn, form a graded cube of opposition (see Definition 3.1).

The following lemmas will be used below.

202



S. Boffa, P. Murinovd, V. Novdk et al. International Journal of Approximate Reasoning 145 (2022) 187-209

Fig. 19. Relations of contrary on a 5-graded cube of opposition.

Lemma 4.3. Let (X, Y, I) be a fuzzy formal context. Let A C X and let E1, E; € {—Sm, BiVe, BiEx}. Let Py, P(ﬂA)T Pt and
~ LEq I.Ey

—1LEq

P be predicates. Then

(_'A)il,Ez

(a) P and P are contraries,

4
1.Eq (_'A)I.EZ

b) P and P are contraries.
(b) ALg Al
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Proof. (a) Let Z1,Z, C X and let y € Y. Then, by Lemma 2.5 (b), (i),
(A1Z1)] (y) <=I(x, y) = —(A|Z1)(x) and
(—'Alzz),T(y) ==Ix, y) > ~(—A|Z2) (%)
for all x € X. Hence, the inequality

(A1Z1)] (1) ® (—AIZ2)] () ® (=1 (x, y))* < =(AlZ1)(X) ® —~(—A|Z2) (X)

holds by the adjunction property and Lemma 2.5 (g).
Note that —=(A|Z1)(x) ® =(—A|Z32)(x) =0 from (2) and Lemma 2.5 (e). Hence,

(AIZ)] (1) ® (—AI1Z) ] (1) ® (=1(x, y))? =0.
Then, by Lemma 2.5 (f), (d),

(AIZD)] () A E1(1a(A1Z1) ® (—A1Z2)] (1) A Ea(pa(=A1Z2)) ® \/ (~1(x, ))? = 0.

xeX
Finally, using Lemma 2.5 (c), we obtain
\ V (AIZ)] ) A Ex(ea(A1Z1)) ® (—AIZ2)] (1) A Ea(11a(=A1Z2)) ® \/ (=1 (x. y))* =0. (5)
Z]SX ZZNCX xeX
(b) Analogously to item (a), we can prove that
V V (@IZ01,0) A E1(ua(A1Z1)) ® (FAI1Z)],(0) A Ea(ua(-AIZ) @ \/ 1, y)*=0. o (6)
ZlSX ZZNCX xeX

Remark 4.4. Lemma 4.3 has important consequences on the behavior of the corresponding quantifier-based operators. Note
the subformula

\/ =Ix. )? (7)
xeX
in (5). We can understand it as a common presupposition® of the quantifier-based operators A; £ and (—-A){ Ey- Analogously,
the subformula \/,_y I(x, ¥)? in (6) can be viewed as a common presupposition of the quantifier-based operators Ai, £
and (-A)T, ;.

Lemma 4.5. Let (X, Y, I) be a fuzzy formal context. Let A C X and let E € {—Sm, BiVe, BiEx}. Let P ,+, P be

predicates. Then the following holds true:

AIT' (ﬁA)IT,E, PAil' and P(ﬁA)il,E

(a) PAIT and Pﬁ“)}.s are contraries,

(b) P and P are contraries.
=l

(_'A)il,E

Proof. (a) Let y € Y, by Lemma 2.5 (b), (i),
Al (9) = =IRx, y) > =ARX) and (=A|Z)] (y) < =1 (x, y) = =(=A|Z)(x)
for all x € X. Then, the inequality

Al ® (—AIZ)] (1) ® (=1(x, ¥))? < —AX) ® =(—A|Z) (%)

holds from the adjunction property and Lemma 2.5 (g).
Note that =A(x) ® =(—A|Z)(x) =0 follows from (2) and Lemma 2.5 (e).
Hence,

Al (1) ® (—AID)] () ® (=1 (x. y)* =0.

8 Recall that the concept of common presupposition was introduced by the authors in [28].
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Fig. 21. Relations of contradictory with the concept-forming operators and the quantifier-based operators.

Then, by Lemma 2.5 (f), (d),

Al @ \/ (A1) () A E(ua(=A12) @ \/ (=1, y)* =0.
zcX xeX

(b) Analogously to item (a), we can prove that

AL ® \/ (AID!, (1) A E(ua-=AIZ) ® \/ I(x.y)* =0. O
ZNCX xeX

International Journal of Approximate Reasoning 145 (2022) 187-209

(9)

Remark 4.6. The subformula \/,_x (—I(x, y))? related to (8) represents the existential import, which is essential to be able

to show the contrary of P,+ and P +
Ap =M

existential import related to the relation of contrary between the predicates P+ and P(ﬁ nl
=1 =LE

The previous lemmas allow us to obtain the main result of this paper.

Theorem 4.7. Let (X, Y, I) be a fuzzy formal context and let A C X. Then, the predicates

P, P ,P , P ,Psn, P, P ,P , P ,Pan , P ,P , P ,P ,P._ ,
AIT AIT,BiEx AIT,BiVe AIT,HSm AT Ail AII.BiEx AII.BiVi Ail,ﬂSrn AQ' (_'A)il (_‘A>11.BiEx (_'A)il,BiVe (_'A>1I.—|Sm ( A)Ql
Pem] Pemise: Penl g Pen] g, M4 Peay

form a 5-graded cube of opposition as shown in Figs. 21-27 (see also Fig. 20).
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Fig. 22. Relations of sub-contrary with the concept-forming operators and the quantifier-based operators.

Al
t t
~1.BiEX l ~A)] Biex

P
Al giex AL g
P P
l (ﬁA)II.B\Ve l (ﬁA)ITBlve
P
A VT Bive Jv Al
AL em -sm

Al-s Al s
L R PR b SR Peayp
PA‘;’ ************************* PAE,

Fig. 23. Relations of subaltern with the concept-forming operators and the quantifier-based operators.
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Fig. 24. Relations of contrary with the concept-forming operators and the quantifier-based operators.

206



S. Boffa, P. Murinovd, V. Novdk et al. International Journal of Approximate Reasoning 145 (2022) 187-209

eml,
e |
- - I
P I
Py i N
| P p
! (W‘UL,,B‘EX ' (ﬁA)IT.BvEx
|
I I
I
I
P ! |
Al giex | ZIe !
| P ! P
: AL e A e
I |
I
1 : :
Algve ' Jy !
| R |
! (A —sm : A _gn
I i i i
P ! P |
N
AV.*SV" : All.*sm :
I n !
‘ Py =g Peayp
I P | P
| -7 ! 7
PAlv D _____ PAﬂ,

Fig. 25. Relations of contrary with the concept-forming operators and the quantifier-based operators.

Fig. 26. Relations of contrary with the concept-forming operators and the quantifier-based operators.
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Fig. 27. Relations of contrary with the concept-forming operators and the quantifier-based operators.
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Proof. The theorem follows from Theorem 3.10, Theorem 2.14,° and Lemmas 4.3 and 4.5. O

5. Conclusion and future directions

This article follows previous publication where we constructed graded polygons of opposition using the quantifier-based
operators, which we defined as extensions of the fuzzy concept-forming operators.

Additionally, the graded cubes and 5-graded cubes of opposition here are presented as extensions of graded polygons of
opposition, which in turn are generalizations of Aristotle’s square.

As a future work, we plan to address the construction of a generalized hexagon ([4-6]) and to define new quantifier-
based operators in the fuzzy formal concept analysis. Moreover, we intend to construct new structures of opposition with
the so-called fuzzy scaling quantifiers, which are introduced in [9] to extend the Relational Concept Analysis using fuzzy logic.
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