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Abstract

In Natural Computing, different real-life processes can appear as the inspiration for a new model of computation. Virus
machines use the spread and replication of biological viruses as an inspiration for a model of computation with three well-
differentiated graphs: the hosts graph, that acts like the memory; the instructions graph, that acts as a program; and the
instructions-channel graph, that controls the flow of information through the system. In previous works, the computational
power and problem-solving capabilities of this model have been demonstrated. In this work, we provide an application
for solving the SAT problem in polynomial time using an EXP-uniform family of super virus machines with OR channel

parallelism.

Keyword Virus machines, SAT problem, EXP-uniform solution

1 Introduction

In the area of Natural Computing, different real-life pro-
cesses can appear as the inspiration for a new model of com-
putation. A paramount example in this respect are Mem-
brane systems (also known as P systems), first introduced
by Paun in [22], that constitute a computational framework
inspired by biological cells, functioning in a parallel and
distributed way. These systems are noted for their decen-
tralized characteristics, with their evolution established by
the rules defined inside different compartments bounded by
membranes.

Significant research has been devoted to investigating this
model, considering many different aspects. Recent studies
have addressed topics such as computational properties [19,
21], efficiency in computation [1, 13, 14], relationships with
other formal models, including Petri nets [4], morphogenetic
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systems [38], and Markov chains [35], as well as applications
to real-world problems [3, 7, 24, 39, 45]. Various adaptations
of P systems have been proposed and thoroughly examined,
such as P systems with active membranes [15, 23, 25, 37],
spiking neural P systems [6, 10, 11, 16, 26, 42, 46], tissue
P systems [20, 44], and P colonies [5, 12]. Recent research
has also focused on simulating P systems using mainstream
hardware [2, 41], developing formal verification methods
[17, 18], and adopting more visual methodologies [8].

In 2015, virus machines [40] were introduced. Besides
being a Turing-complete model, other interesting approaches
have demonstrated their computational power [28, 33, 34].
Their operation is inspired upon the way viruses spread
among various hosts and replicate within an organism. Such
a spread and replication are governed by a specific set of
rules, operating on a network of interacting hosts. In the last
years, some interesting applications of virus machines have
been proposed, such as attacking cryptosystems [27] and
modeling power systems [43].

The basic variant of virus machines, while powerful from
a computational point of view, is quite inefficient, because of
its inherent sequential behavior. In fact, only one instruction
is executed at a time, and that instruction can only open one
single channel, that will move one virus from one host to
another one. To increase the efficiency, some variants have
been proposed in the literature, such as virus machines with
host excitation [29], stochastic virus machines [31], and
more recently, parallel virus machines [30]. In particular,
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in [43] two different semantics are applied while using chan-
nel parallelism. On the one hand, if an instruction opening
different channels needs a virus to pass through at least one
channel to select the path with the highest value, then the
virus machine is said to be using the OR semantics. On the
other hand, if a virus needs to pass through all channels
connected to the instruction, then the virus machine is said
to be using the AND semantics. In this work, we combine
OR semantics with the superchannels defined in [32], and
we present an EXP-uniform family of so-called super virus
machines that solves the SAT problem in linear time with
respect to the number of variables and clauses.

The rest of the paper is organized as follows. The next
section is devoted to introducing some notions and nota-
tions that are needed to make the paper self-contained. In
Sect. 3, the new variant of super virus machines combining
superchannels with OR semantics will be defined, introduc-
ing its computational ingredients. Section 4 will be devoted
to defining the EXP-uniform family of virus machines that
solves SAT, and to give an overview of how the proposed
solution works. The paper ends with some conclusions and
open research lines for future work.

2 Preliminaries

In this section, we recall some notions, to fix the notation
and to make the paper self-contained.

2.1 Basic notions of set theory and formal language
theory

LetN = {0, 1, ...} be the set of natural numbers. An alphabet
2 is a finite and non-empty set of elements, called symbols.
An alphabet that contains only one symbol is called a sin-
gleton alphabet.

A multiset over an alphabet X is an ordered pair (Z, f)
such that f'is a mapping from X to N. For a € X, the value
fla) denotes the multiplicity of symbol a in the multiset. A
multiset (X, f) can be represented as the set {a);(al), ey a’]:(“k) }

or as any permutation of the string a’;(“‘) a’lz(a"), witha; € =
and f(a;) >0 foralll <i<k.If = {a}is a singleton
alphabet, then a multiset can simply be represented as the
string @@ if f(a) > 0, and with the empty string if f(a) = 0.

2.2 Propositional Boolean formulas and the SAT
problem

A Boolean variable x is a variable that can take two dif-
ferent values, either 1 or 0, that can be interpreted as the

logical values true and false, respectively. A literal is either
a Boolean variable x or the negation of a Boolean variable
—x. A clause is a disjunction of literals. A propositional
Boolean formula in conjunctive normal form (CNF) is a
conjunction of clauses. Let Var(¢) = {x,, ..., x,} be the set
of variables appearing in a propositional Boolean formula ¢;
then, a truth assignment o to such a formula ¢ is a function
o : Var(p) — {1,0} that assigns a truth value to each vari-
able. Once each Boolean variable has been assigned a truth
value, clauses and formulas can be evaluated by interpret-
ing the logical operators in the usual way. We thus obtain
that a clause is satisfiable if any of its literals is satisfiable,
whereas a CNF formula is satisfiable if all of its clauses are
satisfiable.

SAT is an NP-complete decision problem [9] that can be
formulated as follows: given a CNF Boolean formula
p=C,AC,A...ANC,, where each clause
C=X, VX, V.. Vin/_ is the disjunction of literals
Xj],Xj2, ,in/_ defined over the set of variables

Var(p) = {x,, ..., x,}, determine whether there exists an
assignment ¢ : Var(g) — {1, 0} that satisfies ¢.

In what follows, we write x; € C; (respectively, x; € C;)
to indicate that the literal x; (resp., —x;) appears in the clause
C;.

2.3 Cantor pairing function

The Cantor pairing function (-, -) is a bijective function from
N2 to N, defined as follows:

_ (x+y)-(x+y+1)+y

(%, ) >

For each pair of natural numbers x, y, the Cantor pairing
function produces a unique natural number, thus making it
a good candidate as a size encoding function, that is, a func-
tion that expresses the size of a problem instance through a
single value.

2.4 EXP-uniform solutions for decision problems

Formally, a decision problem X is a pair (Iy, fy) such that
Iy is a language over a finite alphabet (whose elements are
called instances) and 0y is a total Boolean function over /.
In the case of the SAT problem, Iy is the set of strings that
describe all possible CNF Boolean formulas, whereas 6y
maps to true all such formulas which are satisfiable.

A polynomial encoding (cod, s) of X is a pair of functions
that can be computed in polynomial time by deterministic
Turing machines, such that for each instance u € Iy, s(u) is
a natural number and cod(u) is an encoding of u to be fed as
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input to the virus machine V(s(u)). For the SAT problem, u will
be (a string representing a) CNF Boolean formula containing
n variables and m clauses, and we will use the Cantor pair-
ing function (-, -} as the function s, so that s(x) will be (n, m).
The value cod(u) will be an appropriate encoding of the CNF
Boolean formula u, to be fed as input to the virus machine
V(s(u) = V({n,m)).

In what follows, we will build uniform families of virus
machines. This means that for each possible instance size
s(u), the machine V(s(u)) will be able to solve all possible
instances of size s(u). We will specify the instance we want
to solve by giving cod(u) as input to V(s(u)), and we will
denote the resulting virus machine with the embedded input
by V(s(u)) + cod(u).

Precisely, we will use EXP-uniform families of virus
machines to solve the SAT problem. We say that a family
V = {V(n) | n € N} is an EXP-uniform solution for a deci-
sion problem X = (I, fy) if the following conditions hold:

e The family V is exponentially uniform by Turing machines;
that is, for each n € N there exists a deterministic Turing
machine that works in exponential time with respect to n
and constructs the virus machine V(n) from n.

e There exists a polynomial encoding (cod, s) of X in V such
that:

1. The family V is polynomially bounded with respect
to (X, cod, s); that is, there exists a natural number
k € Nsuch that for each instance u € Iy, every com-
putation of V(s(u)) + cod(u) takes, at most, |u|* com-
putation steps.

2. The family V is sound and complete with respect to
(X, cod, s), that is:

— We say that the family V is sound with respect
to (X, cod, s) if for each instance u € Iy, if there
exists at least one accepting computation of
V(s(u)) + cod(u) then 0y (1) = 1.

— We say that the family V is complete with respect to
(X, cod, s) if for each instance u € Iy, if Oy (1) = 1,
then all the computations of V(s(u)) + cod(u) are
accepting computations.

In this sense, the family V provides devices loaded with an
exponential amount of computational resources. Since these
resources are not built during computation time but rather
while the machine V(s(u)) is being built, we say that the sys-
tems of such a family V use pre-computed resources; that is,
before starting the computation of such devices, a huge (in this
case, exponential) amount of resources has been generated and
can be used to solve the problem.
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3 Super virus machines with OR channel
parallelism

In this section, we give the definition of virus machines
when superchannels [32] and OR semantics in channels [43]
are considered. For simplicity, we will call the resulting
model super virus machines.

A parallel virus machine with superchannels and OR
(channel parallelism) semantics, of degree (p, g), is a tuple

V=(H H,1,Dy, Dy, Geany, . iy hyy)

where:

1. I' = {v}is asingleton alphabet, where the only element
is called a virus;

2. H={hy,...,h,} is the set of hosts, H; C H is the
set of input hosts, and I = {iy,...,i,} U {#} is the
set of control instructions. All these are ordered
sets, such that the following conditions hold:
Hnl=@,v¢gHULh,,¢Tulandi, €1;

3. Dy=HU{h,,},Ey, wy)is aweighted directed graph,
called the hosts graph, where Ej; C H X (HU {h,,,})is
such that (h, h) & E, for all h € H, out-degree(h,,,) = 0
and wy, is a mapping from Ej; to N\ {0};

4. D;=(,E;,wy)is a weighted directed graph, called the
control instructions graph, where E; C I X I, out-degree
(i) £ 2foralli € I, and w, is a mapping from E, toN\ {0}

5. Go =V, Ep) is a directed bipartite graph, called the
instructions-channels graph, where V. = I U E};, being
{1, Ey } the associated partition, and E- € VX V;

6. n; €N, forl <j<p,isthe number of viruses initially
placed in host /;;

7. i, €1 1is the initial control instruction, that is, the first
instruction to be executed at the beginning of the com-
putation;

8. h,, € H is the output host, that is, the host in which the
output is collected.

A parallel virus machine with superchan-
nels and OR semantics for channel parallelism
V=U,H,H,I,Dy,D;,Gc,ny, ... NS i;,h,,) of degree
(p, g) can be seen as a set of p hosts, each host hj contain-
ing initially n; viruses, and a set of g instructions. The hosts
are connected through channels that can be open or closed,
and are initially closed. E}; is defined as Eg U Ey,, such that
E¢Nn Ey =@, where channels from Ey are usual channels
whereas channels from Es are called superchannels. As
it will become clear in a moment, the difference between
the two types of channels is the following: while in a usual
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channel only one virus will pass at a time, in a superchannel
all the viruses contained in the host located at the incoming
end of the channel will transit. In both cases, the number of
passing viruses will be multiplied by the weight (a natural
number) associated with the (super)channel. The instruc-
tions graph marks the flow of the computation, each instruc-
tion having the ability to open the channels it is attached to.

A configuration of a parallel virus machine with super-
channels and OR channel parallelism, in a specific moment
t,denoted C, = (ny, ..., n,,, 1, 1), 1s given by the number
of viruses contained in each host at that moment, the cur-
rently active instruction i;, and the number n;, of viruses in
the environment. The initial configuration of V is thus given
by Cy = (ny, ... ,np,il,()). If an input m € N\ {0} is intro-
duced in a virus machine V, a number of extra viruses will
be placed in the corresponding input host; we will denote
by V + m the virus machine thus obtained. A configuration
is halting if i, = #.

A computation step of a virus machine V, currently in
the configuration C, = (ny,...,n,,i.ny,), will occur
as follows. First of all, the instruction i, will open all the
channels it is attached to. From the point of view of the
hosts, if a channel (respectively, superchannel) (4;, hj)
is opened, if n;; = 0 then no viruses will pass through it,
whereas if n;, > 0 then one virus (resp., n;, viruses) will be
removed from the initial host and wy,(h;, h;) viruses (resp.,
wy(h;, by) - n;, viruses) will be added to the receiving host
through the channel (resp., the superchannel). We must take
into account that if k channels coming out of the host #; are
opened, then two different scenarios may arise: on the one
hand, if n, > k, then a virus will pass through each channel
and k viruses will be removed from such a host; on the other
hand, if n;, < k, then all the viruses will be removed from
that host and the channels where the viruses pass through
are selected in a non-deterministic way. In [43] two different
semantics are applied while using channel parallelism. On
the one hand, if an instruction that opens multiple channels
requires a virus to go through at least one channel by select-
ing the path with the highest value, then the virus machine
is said to be using OR semantics. On the other hand, if a
virus needs to pass through all channels connected to the
instruction, then the virus machine is said to be using the
AND semantics. From the point of view of the control
instructions, following the OR channel parallelism behav-
ior described in [43], if a virus passes through at least one
channel that is opened by an instruction i;, then the next
instruction will be i; such that (i;, i;) € E; and there is no
i,, € I'suchthat (i;, i,,) € E;and w;(ij, i) < w;(ij, i,,); that is,
the path with the highest value will be selected. Otherwise,
if the current instruction is not attached to any channel or if
it is attached but there are no viruses to be moved, then the
path with the lowest value will be selected; that is, the next
instruction will be i; such that (i;, i) € E; and there is no

i,, € I such that (i;, i,,) € E; and w,(ij, i) > w;(i;, ). If the
out-degree of i; is 2 and both paths have the same weight,
then the followed path will be selected in a non-deterministic
way. If the out-degree of j; is O then i; will not have a next
instruction; in this case the virus machine will reach a halt-
ing configuration, denoted by i, = #.

A transition or computation step of a super virus machine
with OR channel parallelism V, from configuration C, to con-
figuration C,, |, is performed by executing the instruction 7, as
described above, and it is denoted as C, =, C,,, (or simply
C, = C,,,if Vis clear from the context). A halting computa-
tion of a virus machine V is a finite sequence of configura-
tions C = (Cy, Cy, ..., C,), where C; is the initial configura-
tion of V, the last configuration C,, is a halting configuration
(thatis, i, = #) and, foreach0 <t <n,C, = C,,;. Anon-
halting computation consists of infinitely many successive
configurations C = (C; : i € N).

4 An EXP-uniform solution to SAT

In this section, we provide an EXP-uniform family
V = {V(k) | k € N} of super virus machines with OR chan-
nel parallelism, where each member of the family V({(n, m))
solves all the instances @ of SAT with n variables and m
clauses.

Let @ be an instance of the SAT problem, that is, a CNF
Boolean formula containing m clauses built over the set
Var(p) = {xy,x,, ..., x,} of variables. Let s(¢) = (n, m) be
the size of this instance, and let Cod(¢@) be the following
encoding, that produces the multiset to be given as input to
the virus machine V({n, m)) to specify that it should solve
the instance ¢ of SAT:

e foralll <i<nandl <j < m,cod(p)contains {v} (that
is, one virus) in the host with label (i, j, 1), if the literal x;
occurs in clause C] Here, f denotes the logical value frue;

e similarly, foralll <i<nandl <j < m, cod(g) contains
{v} (that is, one virus) in the host with label (i, j, f), if the
literal —; occurs in clause C;. Here, f denotes the logical
value false.

We now define the super virus machine with OR channel
parallelism

V(<n9m>)=(FvHalaDH5D[7GC7n]9"‘9np9i1’hgut)’
where:
1. T'={v},

H= {{i,j,1),{(i,j,f), {i,j,aux) | 1 <i<n,1 <j<m}u
2. {G.k)| 1 <j<m,ke {0,1}"}u

{k1ke{0,1}"} U {yes}
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I=A{r|1<r<2n+2} U {formula; |1 <j<m}u
{assignments, output, end }
4. Dy=MHU{h,,} Eg,wy), Ey =EqUE)y
Eg= (((ifut), (i amnx)), ((if, aux), (i.j, 1)),
«i,J. ), (i J, aux)), (i, j, aux), (i, /. f))
Ey= E\ UE,,
E\= EJ'VE/,
Ey' = ((is 1), Gk, (i, aux), o k)
[1<i<ml1<j<mke {01}k =1}
E\ = {((i.jif). G k). (o aux), . k))
[1<i<nml<j<mke{0,1}" k =0}
Ey = ((,k), k), (k,yes), (yes,env) | 1 < j < m,k € {0,1}"}
w(e) =2fore € Eg, w(e) = 1fore € Ey
5. D=, E;,wy)
E ={(rr+1]|1<r<2n+1}u
{(2n + 2, assignments), (assignments, formula,)} U
{(formula;, formula;, ) | 1 <j<m—1}U
{(formula;, end) | 1 <j < m}u
{(formula,,, output)}
w(e) =2 for e € {(formula;, formula;, ;) | 1 <j<m—1}u
{(formula,,, output)}, w(e) = 1otherwise
6. Go=(EyULE.)
Ec={@r+1,((i.j. 1), (i.j.aux)) | 1 <i<n,
1<j<m0<r< [%J}U
{@r, (i, j,aux), (i.j, 1)) | 1 <i<n,
1<j<ml<r<|[5]}v
{(n+14+2r+1,i,5.f) (i), aux))
l1<isnl<j<m0<r<|[®]}u
{(n+ 1+ 2r, (i, ], aux), (i, j./)))
[1<i<nl<j<ml<r<|[3]}u
{(n+1,e)|e € EY'} U {@n+2,e) | e € EY)
{(assignments, ((j,k),k)) | 1 <j<m,ke {0,1}"}uU
{(formula;, (k,yes)) | 1 <j <m,k € {0,1}"} U
{(output, (yes, env))}
7. n;=0,foralll <i<gq
8. h,, = env (the output is sent to the environment)
4.1 Anoverview of the computation

The computation of the virus machine V(s(¢)) + cod() is
divided into four stages, that can be described as follows.

4.1.1 Generation stage

In this stage, 2" viruses are going to be created in the origin
hosts, where the input has been introduced. For this purpose,
2n + 2 computation steps are performed as follows. The first
n steps generate 2" viruses in the corresponding hosts (i, j, t),
in such a way that 2" viruses will be located either in those
hosts or in (i, j, aux). This is obtained through the applica-
tion of rules r, for 1 < r < n. Next, instruction n + 1 will
send a virus to each host (j, k) in such a way that a virus
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will appear in such a host if and only if the corresponding
truth assignment (denoted in the second part of the label k)
makes true the clause C;. In the same way, the next n steps
are devoted to creating 2" viruses either in hosts (i, j, f) or in
hosts (i, j, aux). Since all the viruses from the previous task
have been sent to other hosts, we are confident that they
do not interfere with these steps. Instruction 2n + 2 works
similarly to instruction n + 1, but while the previous one
sends a virus to those hosts whose truth assignment assigns
1 to variable x;, in this case, it sends a virus to those hosts
whose corresponding truth assignment assigns O to variable
x;. This stage takes 2n + 2 steps. The corresponding process
is depicted in Figs. 1 and 2.

4.1.2 Assignments stage

In this stage, if a host (j, k) contains at least one virus, it
means that the clause C; is satisfied by the corresponding
truth assignment encoded in k. Thus, the viruses are sent
through the application of instruction assignments. This
stage takes 1 computational step. For this, a single step is
taken, represented in Fig. 3.

4.1.3 Formula checking stage

At this point, hosts k will have as many viruses as the num-
ber of clauses which are satisfied by the corresponding truth
assignment. If there are exactly m viruses, it means that
the corresponding truth assignment makes true exactly m
clauses, hence it satisfies the whole formula ¢. This case is
obtained through the application of m consecutive instruc-
tions formula;, for1 < j < m. The semantics of OR channel
parallelism ensures that even if one host runs out of viruses,
the other hosts can still send their viruses to the yes host. In
this sense, if at least one host contains m viruses, then the
instruction formula,, will move the last virus to the host yes,
going to the instruction output. Otherwise, at some point, an
intermediate instruction formula; will not move any virus,
bringing the computation to the instruction end. This stage
takes at most m steps, and it is depicted in Fig. 4.

4.1.4 Output stage

If instruction formula,, sent a virus to the host yes, then
the instruction output will be activated, and will send a
virus to the environment. On the other hand, if an instruc-
tion formula;, for1 < j < m, does not move any virus, then
there are no truth assignments that satisfy the original for-
mula, and the computation halts without sending any virus
to the environment. This process is performed by the module
depicted in Fig. 5.
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Fig. 1 Process for the genera-

tion of the viruses needed for

the next stage

3
oS
o
H

&

h(?,z‘aux)

|

h<1,4,r>

4,00...1...00

j11..1..11

in 7’71,+l 7’71,+2

Fig.2 The 2" viruses from hosts /;; . are moved to the 2" hosts A,

4.1.5 Computational resources

For this solution, the following computational resources are
required:

e Number of initial hosts: 3nm + m2" + 2" + 1 € O(m2").
e Number of initial

m2" 4 2nm + 2" £ 2" 4 1 € O(m2" 4 2"+ + n2").
e Maximum weight of channels: 2 € O(1).

e Number of initial instructions: 2n +m + 5 € O(n + m).

channels:

h(4.4,auz>

1 o Ip—1 in In+t1

hoo...o0 hi1.a1

hin.00...00 Hman.n

“2n+2

Fig.3 All the viruses corresponding to the same truth assignment k
are moved to the same host £,

e Number of initial instruction connections:

2n+2m+3 € O(n + m).

e Number of host-instruction control connections:
2mn* + m2™ 2" 4+ 2" 4+ 1 € O(m2™).

e Number of initial viruses (apart from those given as
input): 0 € O(1).

e Maximum number
2n+m+4 € O(n + m).

of computation steps:
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Fig. 4 If there exist m viruses in the host 4, then the instruction i
will be reached. Otherwise, the instruction i,,; will be reached

output

lend Loutput

Fig.5 If the instruction i,,,, is reached, then we know that there

exists at least one truth assignment that makes the formula true, and
therefore at least one virus is present in the host &,

Notice that the number of hosts, channels and host-
instruction control connections is exponential with
respect to the size of the input formula. Although we
do not show it formally, it should be clear that the virus
machine V(s(¢)) + cod(¢), in its initial configuration, can
be built by a deterministic Turing machine in exponen-
tial time with respect to n, the number of variables in the
SAT instance to be solved. The precomputed resources
contained in this virus machine then allow it to solve the
specified SAT instance in linear time with respect to the

@ Springer

number 7n of variables and the number m of clauses. This
can be considered a time-space trade-off, much like it can
be found in P systems with active membranes [25].

4.2 An example

To exemplify the computation process of the pro-
posed super virus machine, let us consider the follow-
ing instance of SAT: ¢ = (x; Vx,) A (x; Vix,). Since
this formula has n =2 variables and m =2 clauses,
the corresponding recognizer virus machine solv-
ing such an instance is V(s(p)) + cod(¢), that is,
V((2,2)) + cod((x; V x3) A (x; V 7x,)). This recognizer
virus machine is depicted in Fig. 6, where a virus is intro-
duced as an input in hosts k¢ 1y, o1y oy and Ao gy

In the configuration Cg4, exactly at the end of the
generation stage, the number of viruses in the hosts
hi (1 <j<2ke{0, 1}?) are described in Table 1. These
numbers match exactly the number of literals that make true
the clause j with the corresponding truth assignment k.

At the end of the assignments stage, only hosts /,, and
h;, will contain 2 viruses, that match exactly with the need
of x, to take the value true for the formula to be satisfied.
Since these two hosts have 2 viruses, instructions i, ,,,,;, and
Uormula, Wil take the highest-weight path. Therefore, i,,,,
will be selected and one virus will be sent to the environ-
ment, reaching a halting configuration in the next computa-
tion step.

5 Conclusions and future work

In this work, an efficient (linear time) EXP-uniform solu-
tion to the SAT problem has been presented by means of a
family of super virus machines with OR channel parallelism.
This solution exploits the classical schema of a brute-force
algorithm, taking advantage of the OR channel parallelism
present in this model. Taking into account that the provided
solution needs an exponential number of hosts and chan-
nels from the beginning of the computation as precomputed
resources, it would be interesting to look for ways to create
such an exponential working space through other methods,
such as the mitosis of the hosts, like it happens with division
rules in membrane systems [36].
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Table 1 Number of Vi.ruses in k 00 01 0 11
hosts h;, at configuration Cg
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