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ABSTRACT: It has been recently shown that the celebrated SCFT,/VOAs correspondence
can be bridged via three-dimensional field theories arising from a specific R-symmetry twisted
circle reduction. We apply this twisted reduction to the (A1, A,,) and (A1, D,,) families of
4d N = 2 Argyres-Douglas SCFTs using their N/ = 1 Agarwal-Maruyoshi-Song Lagrangians.
From (Ay, Ay,) we derive the Gang-Kim-Stubbs family of 3d ' = 2 gauge theories with SUSY
enhancement to N' = 4 in the infrared, generalizing a recent derivation made in the special
cases n = 1,2. Topological twists of these theories are known to yield semisimple TQFTs
supporting rational VOAs on holomorphic boundaries. From (Aj, Aa,—1), (A1, Dap+1), and
(A1, Day,), we obtain three new infinite families of 3d N = 2 abelian gauge theories, all with
monopole superpotentials, flowing to N'= 4 SCFTs without Coulomb branch, but with the
same non-trivial Higgs branch as the four-dimensional parent. Their topological A-twist
yields non-semisimple TQFTs related to logarithmic VOAs such as su(2)_4 /3 -
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1 Introduction and summary

Renormalization group (RG) is a foundational concept in quantum field theory, describing
how physical systems change as we vary the energy scale. There are several ways of triggering
an RG flow from a given ultraviolet (UV) conformal field theory (CFT). Conventional
textbook approaches are deformations using relevant local operators and gauging flavor
symmetries. Another mechanism involves dimensional reduction along a compact manifold,
connecting fixed points in different spacetime dimensions. To enrich the dimensional reduction
procedure or make it more controllable, we often turn on non-trivial background gauge fields
coupled to a global symmetry F' along the internal direction, which we refer to as F-twisted
dimensional reduction. Under RG flow, the infrared (IR) fixed point may exhibit more or
fewer symmetries than the UV theory. IR symmetry enhancement occurs when symmetry-
breaking terms become irrelevant in the IR limit, whereas IR theories may exhibit reduced
(faithfully acting) symmetries when some UV symmetries act trivially on IR observables.
The enhancement of supersymmetry, in particular, has garnered significant attention for two
main reasons: (i) it provides examples of (potentially experimentally realizable) emergent
supersymmetry arising from non-supersymmetric systems,’ and (ii) it offers access to exotic
classes of superconformal field theories (SCFTs) that cannot be realized through conventional
means with all symmetries manifest (see e.g. [3, 4]).

In this paper, as a continuation of the previous work in [5], we explore the interplay
between twisted S* reductions and IR supersymmetry enhancements in 4d/3d supersymmetric

'The first historical instance of this in continuum field theory might be the Landau-Ginzburg formulation [1]
of the diagonal tri-critical Ising CFT [2].



gauge theories.

4d N = 1 theories —S— 4d A =2 AD SCFTs
l U(1),-twisted reduction (1.1)

3d N = 2 theories —< 3d A =4 SCFTs or unitary TQFTs

Specifically, we consider the 4d N' = 1 gauge theories [6, 7] that flow to 4d N = 2 Argyres-
Douglas (AD) SCFTs of type (A1, Ay) and (A;, Dy,) [8-10] in the IR with supersymmetry
enhancement and analyze their twisted S!'-reduction using the U(1), factor of the SU(2)g x
U(1), 4d N = 2 R-symmetry.? Unlike conventional Lagrangian theories, AD theories contain
local operators with fractional r-charge, making the U(1),-twisted reduction non-trivial. If
the r-charge is quantized as %Z, there are N inequivalent U(1),-twisted reductions labeled
by v=0,...,N — 1, or equivalently, the N-th roots of unity 627%. An intriguing aspect of
this twisted S! reduction is that one can identify the 2d vertex operator algebras (VOASs)
in [11] associated with 4d A/ = 2 theories as the boundary VOAs of A-twisted 3d theories [12],
obtained from the minimal (y = 1) twisted reduction of the 4d theories [13]. This opens
a pathway to associate more general VOAs with 4d AN/ = 2 theories by varying ~ and
boundary conditions.

Under the U(1),-twisted reduction with v > 1, some Coulomb branches are lifted, and
the UV 4d AD theories flow to IR 3d theories with simpler Coulomb branches. When the
4d AD theory has no Higgs branch and the U(1),-twisted reduction lifts all the Coulomb
branches, we expect that the resulting 3d theories flow to either rank-0 SCFTs or (unitary)
topological field theories (TQFTs), both of which have trivial Coulomb and Higgs branches.
This scenario occurs for the U(1),-twisted reduction of (A1, A2,) AD theories with v coprime
to the N, which is (2n + 3) in the case. In the TQFT cases, extended supersymmetry is
absent, as it acts trivially on all IR observables, which are non-local operators. The TQFT
supports a unitary rational VOA at the boundary. In the rank-0 SCFT cases, A-twisting
results in a (semisimple) non-unitary TQFT that supports a non-unitary rational VOA at the
boundary. Interestingly, unitary and non-unitary TQFTs obtained through the U(1),-twisted
reduction (and subsequent topological twisting) of a 4d AD theory for different values of v are
interconnected by a Galois conjugation operation [5, 14]. Thus, the U(1),-twisted reductions
provide a physical realization of the Galois conjugation.

When the 4d theory has a non-trivial Higgs branch instead, such as for (A, Ag,—1) and
(A1, Dy,), the resulting 3d theory flows to an N' = 4 SCFT with the same Higgs branch.
In such cases, the A-twisted theory is a non-semisimple, non-unitary TQFT that supports
a non-rational boundary VOA.

The reduction technique. To identify 3d UV theories that flow to the IR fixed point of
the twisted reduction of 4d AD theories, we utilize the 4d UV Lagrangian theory proposed
by Agarwal, Maruyoshi, and Song [6, 7]. This 4d UV gauge theory enables us to compute
the fully generalized superconformal index of the AD theories. By analyzing the appropriate

2In this paper we will only refer to the Lie algebra of the symmetries and be cavalier on their global
structure, unless otherwise stated.



Cardy limit of the 4d superconformal index, one can derive a Coulomb branch integral
expression for the partition function on a squashed 3-sphere of the 3d gauge theories. From
this expression, one can extract the effective field theory (EFT) in 3d.

The reduction procedure has been streamlined in [5] for theories with a Lagrangian
description, involving a reductive gauge group G of rank rg and manifesting 4d N' = 1
supersymmetry.

e In the first step, one looks for stationary loci of a piecewise quadratic function Q" €
C1(he) (determined by the gauge and U(1), charges of the matter fields — see (2.10))
on the moduli-space b = (—%, %]’"G of the gauge holonomies around the circle. If these
loci are isolated, they correspond to the 3d vacua. If the stationary loci are extended,
however, they signal gauge invariant BPS monopoles in the 3d theory. These monopole

operators parametrize the perturbatively unlifted 3d Coulomb branch.

e In the second step, one examines the slopes of various piecewise linear functions
L} € C%(ha) (determined by the global F as well as the gauge and U(1),. charges of the
various fields — see e.g. (2.11), (2.18)), along the flat directions of Q7. These slopes give
the global (possibly R-) symmetry charges of the corresponding BPS monopoles. If one
finds monopoles of R-charge 2 and all other global charges 0, they ought to be included
in the superpotential of the 3d theory as non-perturbatively generated corrections.?

These would then further shrink the 3d Coulomb branch, from the stationary loci of

Q" to a smaller subset. In all the examples treated in [5] and the present paper, these

smaller subsets are isolated. Therefore the 3d EFTs do not have Coulomb branches of

vacua.

e In the third and final step, the massless field content supported on the Coulomb branch
of vacua obtained as above, and the various (mixed) Chern-Simons couplings of the
3d EFT, are determined using again the Q7 and L}, functions, as reviewed in the next
section. In fact, the U(1),-twist would generically imply that all KK modes of the
matter fields are massive and integrated out, however this can be compensated by going
on a non-generic point of the 3d Coulomb branch where some fields remain massless.
The price to pay is that the 4d gauge symmetry is broken to a subgroup in 3d, which is
typically the Cartan (however see appendix A for a non-abelian example).

The resulting 3d EFT has only manifest 3d A/ = 2 supersymmetry, but it either undergoes
non-trivial IR supersymmetry enhancement and flow to an A" = 4 SCFT, or dynamically
generates a mass gap and flows to a unitary TQFT. Thus, through the twisted reduction
of 4d N = 2 SCFTs and their N/ = 1 Lagrangians, one can systematically generate 3d
N = 2 gauge theories that exhibit either non-trivial IR SUSY enhancement or a dynamically
generated mass gap.

3That monopole superpotentials can be generated in the circle reduction of 4d A = 1 theories to 3d A = 2
has been discussed in detail in [15, 16], as well as [17] where a holonomy saddle scenario similar to the ones
in this work was treated. One way to understand this is that the monopole superpotentials break in 3d
certain abelian symmetries that were anomalous in 4d (equivalently, the condition of exact marginality of the
monopole in 3d is equivalent to the one of the anomaly cancellation in 4d). See also [18] for a recent discussion
on the fate of these anomalies in the compactifications of 4d theories to 3d and 2d.



The new 3d SUSY enhancing families. In this paper, we consider the 3d A/ = 2 SUSY
enhancing gauge theories that arise from the U(1),-twisted circle reduction of the 4d V' =1
Lagrangians for the 4d N/ = 2 SCFTs of type (A1, Ay) and (A1, D), focusing on v = 1. The
3d theories resulting from v = —1 are obtained via simple conjugations of those arising from
~ =1, as explained in subsection 3.5. An example with v = 2 is treated in appendix A.

From the (Aj, A2y,) family, we obtain the Gang-Kim-Stubb 7,, theories [19], generalizing
the derivation made in the special cases n = 1,2 in [5]. From the remaining three families we
obtain abelian SUSY enhancing gauge theories somewhat similar to the Gang-Kim-Stubb
family, as follows.

From (A1, Ag,—1), we obtain a 3d A" = 2 U(1)"~! gauge theory, with matter content
as in table 2, the matrix of gauge-gauge CS couplings

1, n =2,
231 ...13%
3 3 :
2 2 3
K. — 3 . 1.2
ij 13 L "33, (1.2)
: 31
"2 32
3
1...1 521
1 1
5o 5 11
and superpotential
Wy =Vi 10,0t Vor,-10..0t -+ Vo 01 (n — 1 terms), (1.3)
where lef"’mm denotes the BPS monopole with magnetic gauge fluxes my,...,m, .

From (A1, Dap+1), we obtain a 3d N/ = 2 U(1)™ gauge theory, with matter content as
in table 5, the matrix of gauge-gauge CS couplings

1, n=1,
3 1
310 .0
K 3 1 (1.4)
Y 0" ol n>2, '
. 1
1 5
11
0.0 L1
monopole superpotential
Wy =Vi_1p0,..0+Vo,1,-10,.,0+ Vo,.01,-1+ Vo,.01 (n terms), (1.5)

and matter superpotential as in (3.55).



From (A1, Da,,), we obtain a 3d A/ = 2 U(1)"~! gauge theory, with matter content as
in table 8, the matrix of gauge-gauge CS couplings

0, n=2,
1
15 0...0
1
Kij=<|? (1.6)
0 0 n =3,
1
)
0...0 31
monopole superpotential
Wy =Vi1,..0+V1-1,...0+V,.01-1+W, .01+ V-10..0 (n terms),  (1.7)

and matter superpotential as in (3.84).

Outline of the paper. We begin in section 2 by reviewing the U(1),-twisted 4d—3d
reduction, given a 4d AN/ = 1 gauge theory description of the 4d N/ = 2 SCFT.

In section 3 we apply the reduction procedure with v = +1 to the (A1, 4,) and (A, Dy,)
Argyres-Douglas theories. From the (Aj, Ag,) family we recover the Gang-Kim-Stubbs
theories. From the remaining three families (A1, A2,—1), (A1, Dant1) and (A1, Day,), three
new infinite families of SUSY enhancing 3d gauge theories with monopole superpotentials
are derived. The first two members of each of the new families are treated in detail: in most
cases their extra SUSY current operators are determined, and in all cases their Higgs and
Coulomb branch Hilbert series are matched with the expectations of the reduction from
4d (namely, trivial 3d Coulomb branch and the 3d Higgs branch identical to the 4d one),
using appropriate limits of the 3d superconformal index [20]. The simplest new theory is
the one arising from (A, A3), which we discuss in detail in subsection 3.2.1. For this we
present a dual description with manifest N/ = 3 supersymmetry, obtained by gauging the
SU(2) symmetry on the Coulomb branch of the T[SU(2)] theory [21, 22] with Chern-Simons
level £ = 3 along with a topological sector.

In section 4, the TQFT arising from A-twisting the simplest new SUSY enhancing theory,
namely the one arising from twisted reduction of (A;, As), is studied. In particular, its
modular data are determined using Bethe roots and BPS surgery techniques and matched
with those expected for the corresponding su(2)_,4 /3 boundary VOA.

Section 5 outlines some future directions. It also discusses an observation on the
possibility of systematically obtaining unitary TQFTs from A = 2 preserving superpotential
deformations of 3d A/ = 4 SCFTs with trivial Coulomb branch but non-trivial Higgs branch,
such as those devised in the present work.

Appendix A exemplifies the exploration of the higher sheets |y| > 1 of Argyres-Douglas
theories, finding specifically a 3d N' = 2 — N = 4 SUSY enhancing non-abelian gauge
theory with monopole superpotential, no Coulomb branch, and Higgs branch C?/Zy, from
the v = 2 twisted reduction of (Aj, Ds).



Note added. While this manuscript was being finalized, the work [23] appeared, which
uses different methods to obtain similar (though different looking) 3d theories from the 4d
(A1, Ay) and (Aq, Doqq) families.

2 U(1),-twisted 4d — 3d reduction

This section contains a short outline of the R-twisted circle reduction procedure [5] that
will be applied to the (A;, 4,) and (A1, D,) Argyres-Douglas theories [8, 24-26] in the next
section. We start with the N' = 2 index of a given Argyres-Douglas theory as per [6, 7],
which we denote by Z;(p, q,t) [27-29]:

Zi(p,q,t) :== T‘rsg(—1)2j1+2j2 phitiztrgii—jetryRor (2.1)

Here R,r are the generators of the Cartan of the 4d N/ = 2 R-symmetry SU(2)g x U(1),,
and 71, jo are the Lorentz spins. We then twist p — pe?™?, and suppress all other chemical
potentials by setting p = ¢ and t = ¢'**. We thus consider

T)(q) = Ti(qe®™,q,4'*°) = Trge (—1)* g1 1% (2:2)

S

where

Rs:=r+R—s(r—R). (2.3)

Our focus in this paper will be on 7 = 1, corresponding to the minimal U(1), twist around
the circle [5, 13], to which we refer to as the second sheet.

The value s = % corresponds to the unrefined A/ = 1 index

4 2

3 3
This value of s was the focus of [5], however in the present paper we will be mostly interested
in s = 0,%£1 for the reasons that we will next explain.

To make contact with the 3d /' =4 SU(2)¢ x SU(2) gy R-symmetry in the infrared, we
first note that the 4d SU(2)g is identified with the 3d SU(2)y (up to a normalization due
to conventions). In terms of the Cartan generators

H
R=—. 2.5
: (25)
This is because our U(1),-twisted reductions leave the Higgs branch (which both the UV
SU(2)g and the IR SU(2)y act on) intact, and since both the SU(2)r and the SU(2)y are
non-abelian, there is no room for any mixing along the RG flow across dimensions.

We also identify the UV U(1), with the Cartan of the IR SU(2)¢ (again up to a

normalization)

r=g- (2.6)

This identification is clear for Lagrangian theories, but it is more subtle for non-Lagrangian
theories and especially for the AD theories we are considering. Indeed, AD theories contain
Coulomb branch operators with fractional U(1), charges (which are not just half-integers),



while in 3d N = 4 theories we can only have Coulomb branch operators with integer charges
under the Cartan C' due to the non-abelian nature of the SU(2)¢ symmetry. This fact
is clearly not compatible with the identification (2.6). The explanation is that, since the
U(1), symmetry is abelian, it can mix with other abelian symmetries (including part of the
4d superconformal group) along the RG flow before becoming the Cartan of the SU(2)¢
Consequently, in reductions where Coulomb branch operators with fractional (but not just
half-integer) U(1), charges survive, the identification (2.6) is not true (see e.g. [30, 31]). On
the other hand, in the twisted reductions we consider in this work, the Coulomb branch
operators with fractional U(1), charge decouple (the Coulomb branches are completely lifted
in fact), so at least there is no need for the U(1), to mix with anything to become the
Cartan of SU(2)¢. We thus proceed with the assumption of no mixing, and corroborate this
assumption by providing various consistency checks (as in section 3.1.2 of [30]).

The preceding two paragraphs justify the s = —1 and s = 1 columns of the following
table, averaging which gives the s = 0 column:

s —1 0 1

Ry C=2r | G =y R| H=2R
3d N =2 data | B-twist | N =4 SCFT | A-twist
Note that s = 0 (or t = q) corresponds to the Schur index [29, 32]. With this choice the

Cardy limit ¢ — 1 of the second-sheet index yields the 3d N/ = 2 R-charges of the N/ = 4
SCFT arising from the circle reduction, namely

C+H
5
For a general 4d N' = 1 gauge theory with a U(1)g, R-symmetry and semi-simple gauge

Riog=r+R= (27)

group G of rank r¢g, the indices of our interest take the schematic form [5, 33]:

20~ B [ B, Ty I T
T !W\ b o, Te(z0)Te(z72%) 7

(2.8)

clj—1
where (z; q) is the ¢-Pochhammer symbol and I'c(z) = I'(z; q, ¢) is the elliptic Gamma function,
while b = (—1/2,1/2]"¢ is the moduli space of the gauge holonomies z; = ™% around
the compactification circle and |W| is the dimension of the Weyl group of G. Finally, the
product over x is on the set of chiral superfields in the theory, with pX the weights of the
representation of G under which they transform, RX their U(1)g, charge and rX their U(1),
charge, and a4 are the positive roots of G.

Upon taking the Cardy ¢ = e™® — 1 (or high-temperature 8 — 0) limit, the index
takes the following form [5, 34]:

g~ e BT () e 29)
where
Q@)= 5 S wl(pXw ), (2.10)
X pX
L}, (@) = ;;a — RS ) - Dl ). (2.11)
ay



with

K(x)
V()

?}(1 {1 —2a}), o)

H1 = {x}).

In (2.9) by * we mean any point on the subset hqy C b of the stationary locus of Q7 where

L}, is minimized. These «* are (roughly speaking [35]) saddle-points of the integral (2.9) in
the ¢ — 1 limit, and correspond to the vacua of the circle-compactified gauge theory.

As explained in the discussion section of [5], single-valuedness of the Schur index of
the Argyres-Dougals theories of our interest [36], together with the fact that they satisfy
Di Pietro-Komargodski type asymptotics (see e.g. [37]) on the first sheet, imply that the
saddle-point values Q7 (x*) and L}, (z*) are 0 for any v, and in particular for v = 1. Therefore
all we need is some z* € {z € ba| Ly (x) = Q7(z) = 0}. In the following sections, we shall
propose such a saddle point for each of the four families of Argyres-Douglas theories.

From the knowledge of the saddle point &* and of the functions Q7 and LES, we obtain
the EFT data for the 3d theories arising from the twisted reduction as follows.

o Gauge symmetry and field content. Reducing the theory with the U(1),-twist would
naively integrate out all the matter fields, since the mass of the KK modes is shifted
such that none of them stays massless. However, this is true at generic points of the
3d Coulomb branch, while at special points some fields might becomes massless if the
gauge holonomy x compensates the mass induced by the twist. This is indeed the
case at the saddle point &* we focus on. The price to pay is that, except for specific
points like the origin, the gauge group is partially broken on the Coulomb branch. The
breaking can be at most to the Cartan subgrop, which will be the preserved gauge
symmetry in most of the examples of this paper (except for appendix A). In order
to determine the massless field content of the EFT we simply have to look at which
arguments of the ¥ functions in L} («*) vanish. The light vector fields will tell us what
is the preserved gauge symmetry, while the light chiral fields will tell us what is the
matter content.

e Chern-Simons couplings. The quadratic function Q7(x) encodes the gauge-gauge CS
interactions of the low energy theory at the point x of the Coulomb branch. The bare
CS levels of the EFT of our interest are then given by the Hessian at the saddle point
Kz’j = 828JQ7(:13*)

o Superpotential interactions. The superpotential of the 3d EFT consists of two pieces,
the one involving only matter fields and the monopole superpotential. The first
one can be determined by considering the interactions that are compatible with the
charge assignment of the massless matter fields and it typically descends from the
4d superpotential. The monopole superpotential can instead be determined from the
behaviour of the functions @7 and LZZS around the saddle point. Indeed, the saddle
point &* generically has multiple directions along which 7 remains constant under
small perturbations from x*. Since away from x* all fields are massive, the second
derivative of Q7 is computing the effective CS level which is related to the charge under



the gauge symmetry of the monopole, so these flat directions of Q7 are associated
with gauge invariant monopoles. The function L}BS is instead bilinear in  and in the
parameters for the global and R symmetries (compactly encoded in the trial R-symmetry
U(1)g,) and so it represents BF couplings between the gauge symmetry and these other
symmetries. Similarly to the gauge-gauge CS couplings, the bare levels in the EFT of
these BF couplings are given by the slope of LY%S (as a function of «) at the saddle point
x*, while the effective levels are obtained considering small perturbations around x*.
Hence, from the slope of L’IY%S along the flat directions of )7 at * we can determine the
Rs-charge of the gauge invariant monopoles. In particular, if the slope (or some integer
multiple of it associated to monopoles of higher flux) is 2, it means that a monopole
term is generated in the superpotential of the EFT.

Once the 3d N =2 EFT data is determined as above, we can compute monopole gauge
and R, charges of the monopole operators via* (see e.g. [22, 38-45])

m) = Z/‘% mj — Zzpﬂp (2.13)
J

X px

1
m) =3 kyynms = 5 DR 13 |pX(m
J X P

and perform various consistency checks, using in particular the 3d supersymmetric index

S latm), (214)

«

(which coincides with the superconformal index when computed with the R-symmetry

Ry—o) [16, 46-50):

T(q) : = Trgs(—1)%sqlts/2+s

Rs(m)

B Z fﬁ dzz _ cl(m)miz?z‘(m) H(l _ q|a+(m)\/2zia+)
Wl 27rzzz ! (2.15)

at

NSILE ¥ gloX(m)l 2H1-RX /2, )
(7 P IR g

X px

where the gauge fluxes m live in the co-weight lattice of the gauge group (for us they will
mostly be just integers since the gauge group is abelian) and |W,,| is the dimension of
the Weyl group of the residual gauge symmetry in the monopole background. Additional
fugacities for flavor and topological symmetries are straightforward to introduce.

Flavor charges of the monopoles. The combination

C—-H
2 )

A=r—R= (2.16)

corresponds to a U(1)4 subgroup of the 4d N' = 2 (resp. 3d N' = 4) R-symmetry that
is a flavor symmetry usually called axial symmetry from the 4d ' =1 (resp. 3d N = 2)

4A few comments are in order regarding these equations. First, we point out that we use an orientation-
reversed convention here compared to [5]. Second, these equations apply to abelian symmetries; for non-abelian
ones they can be applied to each factor of their Cartan subgroups. Finally, similar equations apply also if the
symmetry is a global symmetry — see e.g. (2.19).



perspective. Notice that this appears as the coefficient of —s in (2.3). From (2.11) we have

Ly (@) = L, (@) — s~ Ly (), (2.17)
with .
L)(z)= —§ZAXZQ9(pX-m+rX-7). (2.18)
X px

Here A, is the U(1)4 charge of the 4d chiral multiplet x. Analogously to the discussion
in [5], we can use the following counterpart of (2.14)

Am) = Yk ami = 3 Y Ay Y 1p4m)) (219)
J X

pXEL*

to deduce

S 0;LY - my EEEYEC A(my, (2.20)
j

where by A(m) we mean the U(1)4 charge of the 3d monopole with GNO flux m.

Note in particular that the slope 9, of L}y%s being 2 irrespective of s implies that the
slope of L is zero, meaning the corresponding monopole is invariant under U(1)4. This
is a necessary condition for the UV U(1)4 symmetry to allow the corresponding monopole
in the superpotential of the 3d EFT.

Piece-wise linear functions similar to (2.19) can be defined for other 4d U(1) flavor
symmetries as well, and their flatness along the directions of superpotential monopoles
must be checked.

Notation. All the 3d SUSY enhancing theories derived in this work have abelian gauge
groups of the form U(1)"¢, for some rank rg (except for appendix A where we discuss a
non-abelian example). We indicate the gauge charges of matter chiral multiplets in these
theories as subscripts:

(2.21)

Q17'-'7QTG '

The gauge charges of monopole operators will be kept implicit, but their flux quantum
numbers will be indicated as subscripts:

g eling (2.22)
To compare with [19] note that
Shere = —Vthere » (2.23)
while for the 3d axial U(1)4 symmetry (2.16) we use the fugacity
Ynere = Tlthere - (2.24)

,10,



3 3d SUSY enhancement from 4d SUSY enhancement

In this section, we apply the technology we have just reviewed to derive the 3d N' = 2 EFTs
coming from the U(1),-twisted compactification of the 4d N' = 1 Lagrangians of [6, 7] for
the AD theories of type (Ai, Ay) and (A1, Dy,). We will then provide evidence that these
flow to the 3d N'= 4 SCFTs associated to the twisted compactification of the AD theories.
For the entirety of this section, R will denote the three-dimensional Rs;—g, not the Cartan
of the four-dimensional SU(2)x.

3.1 Gang-Kim-Stubbs from (A1, Asy)

The N = 2 index for the (Aj, Ay,) theory reads

2(n+1+1i)
n o n P@ P9) " 2n+3 > 1\ n
Zt(A1,A2n) _ ((p§p)(Q; Q)) H (( t ) T, ((pq) 2n+3>

2nn! i=1 Fe((ptq) 23«13) t

n ntl __n_
X/b d"x HFe (Zzi <ptq)2 +3t21’>Fe (zf(?) ’ Ht%) (3.1)
cl

Le((m) o) (2) @ ==) . s
I - ( (>£) >le<zﬁ:2(ptq> )

where z1,...,2, are the fugacities corresponding to the Sp(n) gauge group. We twist
p — pe?™ and then set p = ¢ and t = ¢! **, which gives Z7=! as in (2.2). Recall z; = 2™,
Then, we know that the leading asymptotics in this limit is controlled by the piecewise

i

quadratic function

12Q7(x) =m<2n1+3> +Zn:1 (“(aﬂ—”%)* “<2xﬂ'+2nl+3> +”<_2"”j +2n1+3))
i

GO R G e R e S )
Kl x; K| —zj+-—F |tr|\Tj—5— | +K| —x;—
= 7 2n+3 7 2n+3 7 2n+3 7 2n+3

1 1
+ > (K(xi+fcj+2n+3) +H($i_$j+2n+3>

1<i<j<n

1 1
—|—I€<—l‘i+l’j+2n+3)+/€(—l‘i—$j+2n+3)>, (3.2)

and the piecewise-linear function

Ly (@)= g (1_ 217:3>79<2n1+3) +Zn:<(1_(12_5)aj)19(aj)_ (1_(12%)19( j)>

J=1

n+1 n+1
(90 5rs) +2 (it 307))
)

i E 0w o(sts)
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A0 (B 0o (0 5)
“(1- Tif— w4
2\ 243/ \ 5 7 2n+3 7 2n+3

1 1

1<i<j<n
1 1
O g ) T T T
n

=Y 0 — > (Vi) +o(@i-ay)), (3.3)

j=1 1<i<j<n
. 2(n+14j) 2
where we have defined a; = I3 and 8; = T

The saddle point we propose for this theory is
J
7 2n+37

This corresponds to a 3d N = 2 U(1)" gauge theory.

To show that both of the functions above vanish at this point is as simple as plugging
the saddle point into the functions. The resulting sums can then be evaluated somewhat
straightforwardly using computational software (specifically Mathematica).

We then propose that Q7=! has n — 1 flat directions near this saddle point

(621, ...,0x,) = (1,-1,0,...,0), (0,1,—1,0,...,0), ..., (0,...,0,1,—1). (3.5)

We show that these are flat directions of Q7= by first considering the terms in Q7=! that
depend on xj and zpyq for 1 < k <n — 1. For example, in the present case this would be

- 1 1
@ awz) = D (K<2$j+w)+ﬁ<_2mj+2n+3>)

j=k,k+1
n+1 n+1 n n
+ 4 Z (n<x3+2n+3) +Ii<—.’L‘j+2n+3) +/<e(:z] _2n+3> +/€<—x] — 2n+3>)
Jj=k,k+1
1 1
Jj=k,k+1
i#]

1 1 1
+/£<—33¢+a:j+2n+3> +/<c<—xi—wj+2n+3)> —m(xk—xkﬂ—i—M),

We then make the replacement (zx,zxs1) — (v} + 2,2}, — z), and evaluate the resulting
expression on Mathematica.” Doing so will show that the z-dependence of the above function
cancels out, proving that these are indeed flat directions of @Y=!. The same strategy can

5In order to help Mathematica evaluate the function, include the assumption that the perturbation z is
small enough that the arguments of the various terms at the saddle point do not cross an integer when we
perturb around it. For instance, in the above setting, imposing that |z| < m works. Of course, this
would break down if one the arguments is exactly an integer at the saddle point. To mitigate this, we must
also include the assumption that x > 0 to ensure that the perturbation always pushes the argument to one

side of the integer.
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also be used to show that L]gl has slope +2 when perturbing along these directions from

x*. This implies the monopole superpotential

Wy =Vi 1.0+ Wi-1..0+ -+ Vo..1,-1 (n—1 terms).  (3.7)

Note that the monopoles V' in the above equation have n subscripts, as many as the rank
of the U(1)" gauge group. These indeed indicate the value of the magnetic flux under each
of the gauge U(1)’s

For the matrix of CS couplings, we first need to derive the corresponding expression,
ie., K;j = 0;0;Q"(x*). By defining

|
By =) Ty ¢ L (3.8)

0, x €7,
and noting that this is just the second derivative of k(x) up to a multiplicative factor:
K"(z) = 12B1 (), (3.9)

we see that the off-diagonal elements of the CS coupling matrix are given by

1 . . 1
K]—B1<x —I—a: +2 +3> Bl<xi—x]~+2n+3>

- Bl<—mi + x5 + 2n+3) +B1<—xi -z + 2n+3) (3.10)

for i # j, and the diagonal elements are given by

— 1 — 1
Kii :431 <2$;-k+> +4Bl< 2$ + >

2n+3 2n+3
n+l\ = n+l) — n B n
B —— )+B; — V) 4+Bi(ar——— ) +Bi[—a2r—
+ 1(x —1—2 +3)+ ( x; —1—2 +3)+ 1<JUZ 2n—|—3>+ 1( x; 2n+3>
— 1 — 1
B —— | +Bi (2] -2} 3.11
+§( (4 gy )+ Bt o4 ) 30

_ 1 — 1
B —_— By —zf -
+ 1< x; +33 +2 +3>+ 1< z; x3+2n+3)>’

Just as earlier, these are sums that can be evaluated straightforwardly on Mathematica. The
result takes the form of an n X n matrix, reading

kgg =3, forn =1, (3.12)

3 1

3L o0...0

1

11

Kij=10 0l for n > 2. (3.13)

.. . l
R

0...0 31
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# of chirals | Ry = Rg — s A Gauge charge(s) Gauge charge(s) (GKS coords)
3 4n+3 (n) (n)
1 6 T anteS en en
n—1 DT {e™ —e™ J1<i<n-1} (e |1<i<n—1}

Table 1. Massless field content of the 3d EFT descending from the v = 1 reduction of the (A;, Asy,)
Argyres-Douglas theory. We use the notation egm) to mean the ith vector in the standard basis of R™,
in order to present results succinctly.

That is, the diagonal elements are all 1 except for the first one, which is K11 = %, the lower
1
29
Finally, we look at the massless field content of the theory. As mentioned earlier, this is

and upper diagonals are all 5, and every other element vanishes.
determined by which arguments of the 9 functions vanish in L;gl(x*). At this point, we also
switch to new gauge coordinates y; = x; — xj+1,1 < i <n — 1 and y, = z, to make contact
with the results of Gang-Kim-Stubbs [19]. Note that this only affects the gauge charges of
the field content and not the R-charges. See table 1.

It can be checked that no piece of the 4d matter superpotential [6] survives the v =1
reduction.

Remark. Since we have one fewer monopole superpotential terms (namely n — 1) than the
rank (namely n), the superpotential (3.7) under-determines the vector k;pg, of mixed gauge- Ry
CS couplings. Table 1 needs therefore to be accompanied with at least one entry of k;r as
a function of s, to provide a complete description. For the case of (A1, Ay), i.e. the Gang-
Yamazaki theory [4], the additional required data is found from averaging (‘)xL'Iy%jl(az) on the

two sides of the holonomy saddle as in [5] to be kg, = 2. For (A1, Ag,) with n > 1, i.e. the
—14+4n(—2+s)—5s 6

Gang-Kim-Stubbs 7,1 theories, we have similarly computed kg, g, = T578n

3.2 New family from (Aj, A2,—1) with n > 2

The N' = 2 index for the (A1, As,—1) theory, after turning off all flavor fugacities for
simplicity, is given by

Az _ ((P;p)(qiq))"_l "1:[1 Fe((’f)%) Fe<(pq>nil>n—1

n! =1 T, (29) fﬁﬁ) t
1
(2 (82)"1) n —pL
g1y e(z]t) T, ((zi)i (pq> ? Ht%), (3.14)
Bel i#£j Fe (%) =1 t
where z1,..., 2z, are the fugacities corresponding to the SU(n) gauge group. In particular,

this imposes the condition that [, z; = 1, or equivalently, > ; x; = 0, which we will
henceforth refer to as the SU(n) condition. Following the same process as earlier, we get

SAs a consistency check, we note that for n = 2 and s = % we get Kgy Ry /5

reported below eq. (4.2) in [5] (modulo the different sign convention, see footnote 4).

= —2, matching the result
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the piecewise quadratic and linear functions from Z7=!. Defining

41— i+1

i = ) 1
I B ] (3.15)

we have that

12Q77(x) = (n — 1) ( +1> + Z ( ])) (3.16)

j=1
+l<z§<n(“<‘“ o+ ) (et )
and
it 5 (- 5 (52 - (5%
S (g o) o
* 2, Gl (i) ro(covves 53)) -otee)

This corresponds to a 3d N/ = 2 U(1)"~! gauge theory.
The theory possesses n — 1 gauge invariant monopoles corresponding to the following
n — 1 flat directions of Q7=!(x):

(6z1,...,0x,) = (1,-1,0,...,0), (0,1,—1,...,0), ..., (0,...,0,1,—1). (3.19)

These can all be shown via evaluation on software using the strategies outlined in the
previous case. Checking that L;fl has slope 2 along these directions, we get the monopole
superpotential

Wy =Vi_10,..0tVor,-10..0t -+ Vo 01 (n —1 terms). (3.20)

Note that the monopoles V' in the above equation have n — 1 subscripts, as many as the rank
of the U(1)"~! gauge group. We are of course allowed to use n — 1 subscripts due to the
redundancy of one of our n coordinates coming from the SU(n) condition.

The matrix of Chern-Simons couplings can also be derived similarly to the previous case,
i.e., as the Hessian of Q7= evaluated at «*. However, note that the SU(n) condition must be

,15,



# of chirals | R = Ry — s A Gauge charge(s)
2 o+ s (-1,...,-1), (=1,0,...,0)
-1 ) {e" el i<icn—2), Spe Y 4 oel

Table 2. Massless field content of the 3d EFT descending from the v = 1 reduction of the (A4, Agp—1)
Argyres-Douglas theory.

imposed (for example by setting =, = — Z?:_ll x;), which just makes the expressions slightly
more involved. The resulting CS couplings form an (n — 1) x (n — 1) matrix, reading

kgg =1, for n =2, (3.21)
2 321 ...1%
3 3 :
2 2 3
13 1
K;; = 2 , forn>3. (3.22)
o .o, 31
: L3l
1...1 221
1 1
i 111

That is, the main diagonal elements are all 2 except for K,, = 1, the upper and lower
diagonals are all % except for K,,_1, = K, ,—1 = 1, and the off-diagonals are all 1 except
for Kzn == ni — %

Finally, we tabulate the massless field content of this family of theories below:

It can be checked that no piece of the 4d matter superpotential [6] survives the v =1
reduction.

3.2.1 (A1, As) in more detail

As explained in section 2, the A/ = 2 data of the 3d A/ = 4 SCFT, in particular the R-charge
assignment, can be obtained by reducing the 4d Schur index, corresponding to s = 0.

The functions Q7="' and L;’_gl for this case are plotted in figures 1 and 2. The holonomy
saddle is at + = —1/6 (and its Weyl image). The flatness of @Q7=! to the right implies
that the monopole V; is gauge invariant, and the slope of L]gl in that direction implies
it also has R-charge 2.

The EFT data is found easily using the methods of section 2. We have a 3d N = 2
U(1); gauge theory with two chiral multiplets of charge —1 and one of charge 2. We denote
these fields respectively by ®’; and ®s, where the subscript indicates the gauge charge
and the superscript i = 1,2 is an SU(2) flavor index. The SCFT R-charges are found by
setting s = 0 in table 2 to be

RO 1] ==,  R[®y = é (3.23)

The superpotential consists only of the monopole term that we have already mentioned

wW=W (3.24)
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Figure 1. The plot of 12Q7=!(z) versus z for (A1, A3). The interior region between z = +1/6 is flat
and the value of Q¥=! there is zero.

0.2 04

Figure 2. The plot of L’];l(a:) versus z for (Ay, A3). The minima at x = £1/6 are exactly zero. The
interior slopes are 2.

and this fixes the BF coupling between the gauge and the R-symmetry at level k;g = % One
can indeed check that this monopole is gauge invariant given the above field content and CS
level k4y = 1, and that it has R-charge 2 provided that ks = % and that the R-charges of the
fields are properly constrained. There is no superpotential term involving the matter fields.

On top of the R-symmetry and of the SU(2); flavor symmetry, the theory also possesses
an additional U(1)4 global symmetry as indicated by the following counting. Each of the
two fields ®_; and ®, can be acted upon by two independent abelian symmetries. Moreover,
the U(1) gauge group supplements an additional U(1); topological symmetry. However, one
combination of these three symmetries is broken by the monopole superpotential and another
one can be reabsorbed by a gauge rotation. As we shall see, the residual U(1) 4 is identified
with the axial symmetry of the IR NV =4 SCFT. A convenient way to parametrize U(1) 4
is such that ®_; is uncharged and ®- has charge —1. Moreover, the monopole V; can be
made invariant under U(1)4 and thus compatible with the superpotential by introducing
a BF coupling between this symmetry and the gauge symmetry at level kg4 = —1. (We
could instead derive kg4 = —1 from a 4d calculation as in [5].) It then follows that V;,, has
U(1)4 charge 0 for m > 0, and —2m for m < 0.7

"This is equivalent to saying that the symmetry acting on the matter fields with such charges and
the topological symmetry which acts on the monopole V,,, with charge m are broken to their off-diagonal
combination.
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U(l), SU@); UMa U()g
oy | -1 2 0 3
P, 2 1 —1 3
V<o 2m 1 —2m —%m
Vin>0 0 1 0 2m

Table 3. Transformation properties of the matter fields and of the bare monopoles under the gauge,
global and R symmetries in the (A;, As) 3d EFT. Note that for convenience we have added f% of the
gauge charge to the U(1) 4 charges of table 2.

Performing F-extremization [51], we have checked that the U(1) 4 symmetry does not mix
with the trial U(1)g R-symmetry in (3.23) and so, as expected from our general discussion of
section 2, U(1)g is the low energy superconformal R-symmetry. The way the matter fields and
the bare monopoles of the IR SCFT transform under the gauge, global and superconformal
R symmetries is summarized in the following table:

SUSY enhancement and moduli space. We claim that this 3d /' = 2 theory flows at
low energies to the N' =4 SCFT that can be obtained by circle compactification of (Aj, As)
with a U(1), twist. We will provide strong evidence by studying the SUSY enhancement
and the moduli space using the superconformal index as a tool.

The index of the theory computed with the charge assignment in table 3 as a power
series in ¢ is to the first few orders

1
SU(2 q2 1 sue SU(2
=143 NS+ (i - 1352 (0)a

1 1 sue 1 sue 3
+ <y+ ” + EXM( )f(f) - ?([4}( )f(f))CP e (3.25)

where X[S;j}(z)f (f) denotes the character of the representation with Dynkin label [2j] of SU(2)

written in terms of the fugacity f, while y is the fugacity for U(1)4. We can see that this
index is consistent with the claim that the theory exhibits SUSY enhancement to N = 4,
where SU(2) s corresponds to the flavor symmetry of (A, A3) and U(1)4 combines with the
N =2 R-symmetry U(1)g to give the full SU(2)y x SU(2)c N = 4 R-symmetry.

Assuming that the theory has extended supersymmetry, the ' = 4 index can be obtained
by setting y = 1

. SU(2 1 SU(2 SU(2
lim T = 14 xp @1 (£)gz + (x B ()1 - X" (1)
+(2+ xfﬁl]m)f(f) - X[S;]J(Q)f(f))q% +oo (3.26)

In an A = 4 index, the terms at order q% correspond to the moment map operators in the
adjoint representation of the (non-R) global symmetry. In accordance with this, in our index
we find the character of the adjoint representation of SU(2)y at this order. Moreover, at
order ¢ contribute with a positive sign the N' = 2 exactly marginal operators, while with
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a minus sign we can find the conserved currents for the flavor symmetry and a component
of the N = 4 stress-energy tensor multiplet (see e.g. [52-57]). Again we can then see that
our index is consistent with it being an N' = 4 index, where in particular we highlighted
in red the contribution of the N/ = 4 stress-energy tensor.

Another consistency check of the SUSY enhancement can be performed considering again
the N' = 2 index (3.25) and looking at the positive terms at order q%. These can either
correspond to conformal primary operators (CPOs) or to extra-SUSY currents [4, 19]. We
will show momentarily that the terms y‘3xfﬁ?(2)f (f) correspond to chiral operators of the
Higgs branch. On the other hand, the terms y + y~! are two extra-SUSY currents that
indicate an enhancement of supersymmetry from A/ = 2 to N’ = 4. These contributions
to the index can be identified with the following gauge invariant bosonic operators in the
N = 2 theory which have R-charge and spin 1:®

[S]Y)

% e @ (0,07 )@, (3.27)

3
2

yqz: Vo @y,
We next study the moduli space of the N' = 4 fixed point theory, focusing on its Higgs
branch and Coulomb branch. Their Hilbert series can be obtained from suitable limits of
the superconformal index in terms of the R-symmetry fugacities ¢ and y [20]. In order to
obtain the Higgs branch Hilbert series we consider the limit
; ¥
r=q2y — 0, t:? fixed , (3.28)
where = and t can be understood as fucacities for SU(2)y and SU(2)¢, respectively. Using
an expansion in ¢ we can check that in such limit our index reduces to

lim 7 = ZOXSU(Q)f(f)tJ =T fo)(l — (3.29)

As expected this coincides with the Hilbert series of C2?/Zs, which is the Higgs branch

of (A1, As) (see e.g. [9, 58-60]). In particular, the terms X%I}J(Q)f(f)t?’ correspond to the

aforementioned CPOs. In fact, we can easily identify the generators of the Higgs branch
chiral ring in terms of the fields of the microscopic N' = 2 theory
z=(9L,)*®,, y = (®2,)°®,, 2 =0 02 3y, (3.30)
which trivially satisfy the defining relation of C2/Z
Ty =2, (3.31)
The Hilbert series of the Coulomb branch is extracted from the index by taking the

opposite limit

0, x=q2y fixed. (3.32)

®The spin of a monopole operator Vi, is | . ci(m)mi|/2.
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We find that the Coulomb branch of the theory is trivial

HmZ =1, (3.33)

t—0

which is consistent with the fact that the one-dimensional Coulomb branch of (A4;, A3) is
completely lifted by the U(1), twist.

Dual description with manifest N/ = 3 supersymmetry. We propose following IR
duality:

(A1, A3) 34 BFT) @ U(1)g ~ oo (3.34)
SU(2)25

Here, the T[SU(2)] theory represents the 3d N’ = 4 SQED with Ny = 2 flavors [21, 22].
This theory has both Coulomb and Higgs branches, each of which is isomorphic to C?/Zs,
on which the SU(2)(") and SU(2)?) flavor symmetries act respectively. The theory on the
right-hand side is obtained by gauging the SU(2)(") symmetry with A" = 3 Chern-Simons
terms with level K = 3. The N = 3 theory is expected to flow to a N' = 4 SCFT with a
SUSY enhancement, due to the nilpotent property of the moment maps of the SU(2)(1) [22].
The enhancement can be explicitly confirmed using the superconformal index [54]. Gauging
lifts all the Coulomb branch, leaving the theory with only the Higgs branch C2?/Z, and
SU(2) flavor symmetry, which matches that of the (A;, A3) EFT. This duality can also be
verified through computations of the superconformal index, in particular one can detect the
presence of the topological sector by turning on background magnetic fluxes for the SU(2)
flavor symmetry [61]. The round 3-sphere partition functions Zgs for the theories appearing
in the duality can be computed using localization, yielding

1

|Zgs[(A1, Ag) EFT]| = ﬁ )

3.35
7(3U(2) s o gz sin(%) o 69
Zgs D / —(2sinh”® X)e 2t %’Y—m =
SU(2),, o 2T 2sinh X sinh Y 3v6

These results further support the duality, alongside the fact that Zgs[U(1)2] = % The

theories on both sides possess an anomalous Zg 1-form symmetry, which arises either from
the decoupled topological sector U(1)2 = SU(2); or from the dynamical SU(2)3 gauge field.
3.2.2 (A1, As) in more detail

The saddle at (z1,22) = (—1/4,0) yields a 3d /' =2 U(1) x U(1) gauge theory with

21
Ky = <1 1), (3.36)
and the field content as in table 4.
The global symmetries and the charge assignments are determined by the superpotential
interaction

W=Vi_1+Vo1. (3.37)

— 20 —



Ul)g, xUl)g, U)y UM)a U)gr
P10 (=1,0) 3 0 i
Py (-1,-1) 0 0 i
Q1,1 (1,-1) ~1 ~1 :
) (1,2) ~3 3 i

Table 4. Transformation properties of the matter fields under the gauge, global and R symmetries in
the (A1, As) 3d EFT. Note that for convenience we have added —2g; to the U(1)4 charges of table 2.

In particular, the monopoles involved in the superpotential have R-charge 2 and are uncharged
under all other global symmetries provided that the following BF couplings are included:

2 3
kg1f:_§a kglA:_§7 kpr=1,
1 3 1
k;g2f = _57 kQQA - _57 kggR = 57 (338)

where the labels g; and g distinguish the two U(1) gauge factors. The R-symmetry we
specified in table 4 (corresponding to s = 0 in table 2) turns out to be the IR superconformal
one, as can be checked via F-extremization.

SUSY enhancement and moduli space. The index of the theory computed with the
charge assignment in table 4 is

1

: 1 1

I:1—|—q—|—<f—|->q3—l—<21—l)q
Yy I/ ys (0

(e )bl o

Once again this index provides strong evidence that the 3d A/ = 2 theory flows at

INTS

low energies to the N’ =4 SCFT that correspond to the U(1),-twisted compactication of
(A1, As). In particular, the U(1) ; symmetry is identified with the flavor symmetry of (A1, As),
while the U(1)4 symmetry becomes as usual part of the N' = 4 R-symmetry. Indeed, at
order yilq% we can find the contribution of the U(1); moment map, while at order ¢ the
negative contribution (in red) that is not coming from the flavor symmetry conserved current
corresponds to the N/ = 4 stress-energy tensor.

Moreover, it is useful to focus on the order q%. The contribution y=3(1 + f2 + f72) to
this order, as we will see momentarily, corresponds to a chiaral operator of the Higgs branch
of the IR V' = 4 theory. Instead, we claim that the contribution y comes from one of the

two extra-SUSY current, while the second one y~*

is not explicitly visible due to accidental
cancellations. In fact, we have two of them which can be identified with the following gauge

invariant bosonic operators in the A/ = 2 theory which have R-charge and spin 1:

(NI

yq

L)
Qe‘w\w

: V—I,Oq)l,—l(blﬂa . @_1,0(6#(1)_17_1)@1’_1(1)1’2. (340)



Note that the contribution from the second operator seems to cancel against a fermionic
operator in the index (3.39). Also, we could have applied the 9 on any of the other fields;
we have written a representative of the four possibilities, and leave clarification of the other
options to future work.
We finally consider the Higgs and Coulomb branch limits of the index. In the Higgs

limit we find

WmZ=1+t+ <f+1>t3 +24 <f+1)t3 + <1+f2+1)t3+--- : (3.41)

z—0 f f 12
In this expansion, we point out the terms +(1 + 2P+ f *2)t3 corresponding to the aforemen-

tioned CPOs. Moreover, we would like to compare this with the Hilbert series of the Higgs
branch of (A;, As), which is C?/Zs3 (see e.g. [9, 58-60])

1—¢3
(1—6)(1 = ft2)(1 — f~13)

We verified in a power series in ¢ that the Higgs limit of our index (3.41) coincides with this

HS[(A1, A5)] = (3.42)

Hilbert series. In fact, we can easily identify the generators of the Higgs branch chiral ring
in terms of the fields of the microscopic N' = 2 theory

x=0% (@ ®1o, y=9°, 01 _1P],, 2=P_ 1001 111D, (3.43)
which trivially satisfy the defining relation of C2/Z3
roy=2>. (3.44)
In the Coulomb limit we instead find

limZ =1, (3.45)
t—0

which is again consistent with the fact that the two-dimensional Coulomb branch of (A;, As)
is completely lifted by the U(1), twist.
3.3 New family from (A1, D2py1) withn > 1

The N' = 2 index for the theory (Aj, Dany1), after turning off all flavor fugacities, is
given by [7]:

) _ (:0)(9))" I F6<(’lq) i >Pe<<m>2;ﬂ>”

= 2nn! =1 T, (%) 2n—’;—1>




where 21, ..., 2, are the fugacities corresponding to the Sp(n) gauge group. Following the same
process as earlier, we get the piecewise quadratic and linear functions from ZJ=!. Defining

2(n + ) 2
o _ 4
Q mt1’ Bi mt1 (3 7)
we have
12Q7:1(w)—n/§< ! )—Fi(m(a)—m(ﬂ)—i—m(%’- ! >+/<a( 2x-+1>>
o\t U ! I ot 7 2n+1
- n n n
+;<ﬁ<$]+2n+l>+ < Y o1 +1>+“<x] 2n+1>+”< " 2n+1>)
+ Z <m<xz+x3+21+1)+m<xi—xj+2n1+1> (3.48)
1<i<j<n
1 1
+rK —a:i—l—mj—l—m +~K _xi_xj+2n+1 )
and

Ly (@)=35 (1_ 22151>19<2n1+1)+é<(1_(12_5)%)19(%)_ (1_(12%>79(Bj))
(319 (a:j—|—2nn_|_1> +309 <—xj+27;11>)
Wi(ﬁ(xj—%iJ +79<—xj—2?3rl>) (3.49)

1 1-s n 1 1
+2(1_2n+1>(2(ﬁ<2x] M +1>+79< 2xj+2n+1)>

Jj=1

+ ﬁ( +xi+ L )+19< i+ L >
Ti+ri+—— T;— S —
L~ 7 oan41 LAY |

1<i<j<n

1 1

—Zﬂ(Qa:j) — Z (ﬁ(xi+xj)+19(wi—$j)> )

j=1 1<i<j<n

We propose that the saddle point for this family of theories is

« ]
=
J 2n+1

This corresponds to a 3d N = 2 U(1)" gauge theory.

j=1,...,n. (3.50)

There are n gauge invariant monopoles corresponding to the flat directions:
(6x1,...,0zy) = (1,-1,...,0), ..., (0,...,1,—1), (0,...,0,1), (3.51)

of @"=!(x). Just as before, these can all be shown via evaluation on software. The slope of
L'gl being 2 along these directions implies the monopole superpotential

o+ V0,..01,-1+ V.. 01 (n terms). (3.52)

77777
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# of chirals | Rg = Ry —sA Gauge charge(s) Gauge charge(s) (GKS type)
3 325 + Tre _67(1”) —6521)
1 R en’ el
n Bt {e —ely J1<izn—1}, 2 | el el 26l

Table 5. Massless field content of the 3d EFT descending from the v = 1 reduction of the (A1, Dayy1)
Argyres-Douglas theory.

The Chern-Simons coupling is given by an n X n matrix

kgg =1, for n =1, (3.53)
3 1
3L 0.0
% 1 ..' .
Kij=1|0- .ol for n > 2. (3.54)
14
0...0 3 3

That is, the main diagonal elements are all 1 except for Ky = % and K, = %, the upper
5

Finally, we tabulate the massless field content of this family below, with the last column
indicating a potentially useful change of gauge coordinates analogously to [19]:

Denoting the SU(2) triplet of chiral multiplets on the first row of table 5 by @8?“70’_1,
and the last chiral multiplet on the last row by ®¢ g2, the 4d superpotential [7] yields

the 3d matter superpotential

and lower diagonals are all 5, and all other elements vanish.

Wa = €ap €ca @30 198" 0 _1%0....02- (3.55)
The full superpotential of the 3d theory is W = Wy + Ws.

3.3.1 (A1, Dj3) in more detail

In this case we find a 3d N' = 2 U(1); gauge theory with three chiral multiplets of charge
—1, one of charge 2, and another of charge 1. For convenience, we collect the charge —1
fields in a 2 x 2 traceless matrix which we denote by ®% for a,b = 1,2. This is because
the superpotential of the theory, which we will present momentarily, explicitly breaks the
SU(3) under which these three fields would form a triplet to its SU(2) subgroup. The fields
®% then transform in the adjoint of SU(2);. We denote the remaining fields by ®5 and
®_;. We summarize how the matter fields and the monopoles of the theory transform under
the gauge, global and R-symmetry in table 6.

The global symmetries and the charge assignment are determined by the superpotential
interaction

Wy = Vi + €apecq®? D @y . (3.56)
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U(M)g SUE@); UM)a Ul)r
oy | -1 3 0 2
Py 1 1 —1 3
Dy 2 1 0 3
V<o 2m 1 -m —%m
Vinso | 0 1 0 2m

Table 6. Transformation properties of the matter fields and of the bare monopoles under the gauge,
global and R symmetries in the (A1, D3) 3d EFT. Note that for convenience we have added —¢ of
the gauge charge to the U(1)4 charges of table 5.

In particular, the monopoles involved in the superpotential have R-charge 2 and are uncharged
under all other global symmetries provided that the following BF couplings are included:

koA = —= kor = = . (3.57)

The R-symmetry we specified in table 6 (corresponding to s = 0 in table 5) turns out to
be the IR superconformal one, as can be checked via F-extremization.

SUSY enhancement and moduli space. The index of the theory computed with the
charge assignment in table 6 is

1
SU(2 q2 1 sue SU(2
7= 1435 0L+ (0 =125 (0))a

1 1 sue 1 sue 3
+ <y+ " + EXW( )f(f) - ?([4]( )f(f))‘P o (358)

Once again this index provides strong evidence that the 3d N' = 2 theory flows at low
energies to the N' = 4 SCFT that correspond to the U(1),-twisted compactication of (A1, D3).
First of all, the symmetry SU(2); corresponds to the flavor symmetry of (A1, D3). Instead,
the U(1)4 symmetry becomes as usual part of the N' = 4 R-symmetry.

Secondly, strong indications of the SUSY enhancement can be found by looking at the
would be N' = 4 index

. SU(2 1 SU(2 SU(2
Z,I’LH%I =1+ X[2] ( )f(f)q2 + (X[4] ( )f(f>_1 — Xpg] ( )f(f))q
S S 3
+ (2 + x[ﬁ?@)f(f) - x[;f@)f(f))qg e (3.59)

Indeed, at order q% we can find the contribution of the SU(2); moment map, while at order
q the negative contribution (in red) that is not coming from the SU(2); conserved current
corresponds to the N/ = 4 stress-energy tensor.

Going back to the N' = 2 index (3.58), we can again focus on the positive contributions

at order q%. We will see momentarily that the terms y*3qugf(2)f (f) correspond to chiral
operators of the Higgs branch, while the terms y + y~! are the two extra-SUSY currents

that indicate the SUSY enhancement from N = 2 to N/ = 4. These contributions to the
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index can be identified with the following gauge invariant bosonic operators in the N' = 2
theory which have R-charge and spin 1:

Njw

yqz: V1P, L ey ®10,0% . (3.60)

L)
@‘m\w

Note that the other option €,(9,®1)®% for the second operator differs from the one written
above by a superconformal descendant €,,0,,(®19%).

We finally consider the Higgs and Coulomb branch limits of the index. In the Higgs
limit we find the Hilbert series of C2?/Zs

T =SSV (i 12
St ;)X (Dt (1—t)(1— f2t)(1 — f~2t)° (3.61)

which is indeed the Higgs branch of (A4, D3) (see e.g. [60, 62]). In particular, the terms
SU(2)s

Xg] (f)t3 correspond to the aforementioned CPOs. In fact, we can easily identify the
generators of the Higgs branch chiral ring in terms of the fields of the microscopic N' = 2 theory
r =007 y =002 2z =30 (3.62)
which satisfy the relation
Ty =2, (3.63)
as can be checked by using the F-term equation of ®5. In the Coulomb limit we instead find
limZ =1, (3.64)
t—0
which is again consistent with the fact that the one-dimensional Coulomb branch of (Ay, D3)
is completely lifted by the U(1), twist.

3.3.2 (A1, Ds) in more detail
In this case we find a 3d N’ =2 U(1) x U(1) gauge theory with CS matrix

> : (3.65)

=

<
—
N NI
D[ D] =

and the field content as in table 7.
The global symmetries and the charge assignments are determined by the superpotential
interactions
W =Vi_1+ Vo1 + €ap€ca®f’ 1 B Do . (3.66)
Notice in particular that, similarly to the case of (A1, D3), the superpotential for the matter
fields breaks the SU(3) symmetry of the three fields with gauge charges (0, —1) to its SU(2)
subgroup, under which they transform in the adjoint representation. Moreover, the monopoles
involved in the superpotential have R-charge 2 and are uncharged under all other global
symmetries provided that the following BF couplings are included:
% v kgr = % )

where the labels g; and g distinguish the two U(1) gauge factors. The R-symmetry we

kglA = 1a kg1R = 07 kggA = (367)

specified in table 7 (corresponding to s = 0 in table 5) turns out to be the IR superconformal
one, as can be checked via F-extremization.
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U(l)g, x U(l)g, SUR)y UM)a UD)r
Do, 1 (0,-1) 3 -1 0
d 1 (0,1) 1 0 +
dy (1,-1) 1 0 i
P (0,2) 1 2 :

Table 7. Transformation properties of the matter fields under the gauge, global and R symmetries in
the (A1, D5) 3d EFT. Note that for convenience we have added 1—7091 + 1%92 to the U(1)4 charges of
table 5.

SUSY enhancement and moduli space. The index of the theory computed with the
charge assignment in table 7 is

1
SU(2 q2 1 sue SU(2
=143 NS+ (i @ - 1-5G 2 ()

1 1 sue 1/ su@ Su(2 3
—1—(y—i—y—kygx[ﬁ]()f(f)—y(x[4]()f(f)+x[2]()f(f)>)q2+~~. (3.68)

Once again this index provides strong evidence that the 3d V' = 2 theory flows at low
energies to the A/ = 4 SCFT that correspond to the U(1),-twisted compactication of (A;, Ds).
First of all, the symmetry SU(2); corresponds to the flavor symmetry of (A1, D3). Instead,
the U(1)4 symmetry becomes as usual part of the N' = 4 R-symmetry.

Secondly, strong indications of the SUSY enhancement can be found by looking at the
would be N' = 4 index

. SU(2) 1 SU(2) SU(2)
lim 7 = 14 xpy (A + (X (1= xp 7 (h)g
SU(2 SU(2 SU(2 3
+ (24 x4y ) = X P =Xy D) aE (3.69)

Indeed, at order q% we can find the contribution of the SU(2)y moment map, while at order
q the negative contribution (in red) that is not coming from the SU(2); conserved current
corresponds to the N/ = 4 stress-energy tensor.

Going back to the N' = 2 index (3.68), we can again focus on the positive contributions

at order q%. We will see momentarily that the terms y*?’x[sgfm)f (f) correspond to chiral

operators of the Higgs branch, while the terms y + y~! are the two extra-SUSY currents
that indicate the SUSY enhancement from A" = 2 to N’ = 4. These contributions to the
index can be identified with the following gauge invariant bosonic operators in the N' = 2

theory which have R-charge and spin 1:

Njw

yqz: Voio(®1,-1)°®o2, L €ab®0,10, PGy - (3.70)

< ‘%\w

Note that the other option eab(6#CI>0,1)<I>8’b,1 for the second operator, differs from the one we
wrote in the equation by a superconformal descendant eq,0,,(Po,1 <I>8’b_1).
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We finally consider the Higgs and Coulomb branch limits of the index. These work very
similarly to (A1, D3). In the Higgs limit we find the Hilbert series of C2/Zs

- 1— 2
:JI:IL%I ZX[QJ] (1 _ t)(l I f2t)(1 — f_zt) ) (371)

which is indeed the Higgs branch of (A1, D5) (see e.g. [60, 62]) and whose chiral ring contains
the aforementioned CPOs contributing as X []J( )1 (f)t3. The generators of the Higgs branch
chiral ring in terms of the fields of the microscopic N' = 2 theory read’

x =P 1057 1, y =195, 7= ®o1Pp" 4, (3.72)

which satisfy the relation
oy =22, (3.73)
as can be checked by using the F-term equation of ®¢2. In the Coulomb limit we instead find

limZ =1, (3.74)

t—0

which is again consistent with the fact that the two-dimensional Coulomb branch of (A, Ds)
is completely lifted by the U(1), twist.

3.4 New family from (Ay, D2,) with n > 2
The N = 2 index for the (Ay, Day,) theory, after turning off all flavor fugacities, is given by [7]:

((PQ)M> 1
. . —1n- T)" LN
It(A17D2n) _ ((pap)(Q; Q)) H o Fe<<pq> ) (3.75)
i
1
Pe(2(20)7) o o L
e I ( (%) >H ( ( )2 t$>re<(zi)i<pq) ’ t%>,
el oy Fe(;j) - t t
where z1, ..., 2z, are the fugacities corresponding to the SU(n) gauge group (recall that they

respect the SU(n) condition > 7' ; x; = 0). Defining

j+n J+1

the associated piecewise quadratic and linear functions are given by

1297 = (n- 1) - +Z (s(exy)—(5)

- -1 n—1 n—1 n—1
+3 (emlat g )l it g (i (e
1

Jj=

+ > (n(a:i—xﬁ:l)+n(—xi+mj+i)), (3.77)

1<i<j<n

9As for (A1, D3) we collect the triplet of fields with gauge charges (0, —1) in a 2 x 2 traceless matrix ®§°_;,
with a,b = 1,2 being SU(2) indices.
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and

0= 2 5o ) (2 ot (252 )
B (o) o e75)

=

LB (o oty (L, o)) 379
1

+2(1—1;8> Z <19($i—$j+i)+19<—$i+$j+i)>— Z Hzi—xj).

1<i<j<n 1<i<j<n

_l’_

A saddle point for this family of theories is given by

. J mn+1
L . 3.79
YT 2n ( )

This corresponds to a 3d ' = 2 U(1)"~! gauge theory.
The theory also possesses n gauge invariant monopoles corresponding to the following
flat directions of Q7=!(z):

(621,...,0zy) = (1,—1,...,0), (0,1,—=1,...,0),...,(0,...,1,—1), (=1,0,...,0,1). (3.80)

As usual, these can all be shown via evaluation on software. The slope of L]gl being 2 along
these directions implies the monopole superpotential

Wy =Vi1,..0+Vo1,-1,..0+t Vo,.01,-1+V,. .01+ Vo10,..0 (n terms).  (3.81)
Note that the monopoles V' in the above equation have n — 1 subscripts, as many as the
rank of the U(1)"~! gauge group.

When computing the CS couplings, similar care as in the case of (Aj, Aa,—1) has to be
taken due to the SU(n) constraint. Here we have an (n — 1) x (n — 1) matrix

kqyq =0, for n = 2, (3.82)
14 0...0
l.
2
Kij=1o0 .0, formn>3. (3.83)
o1
DT T g
0...0 %1

That is, the main diagonal is all 1’s, and the lower and upper diagonals are all %

The massless field content of the theory is tabulated in table 8. Denoting the two
chiral multiplets on the first row of table 8 by ®1¢ .0, ®1,. 1, the n chiral multiplets on the
77777 _1, and the chiral on the last row by [, the
4d superpotential [7, 63] yields the 3d matter superpotential

next-to-last row by ®¢, ¢, ,, P1,.12, P21,

n—2

W =P@10,.0P1,.. 1P 2 _1,..1+8 ( H (f‘ei—eiH) D1 12P o1 1. (3.84)
i=1

The full superpotential of the 3d theory is W = Wy + W.
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# of chirals | R = Ry — s A Gauge charge(s)
2 — L= (1,0,...,0), (1,...,1)
2 s+ 1= (=1,0,...,0), (-1,...,-1)
n Los fem D e 1 <i<n—2},(1,...,1,2),(=2,~1,...,—1)
1 1+s (0,...,0)

Table 8. Massless field content of the 3d EFT arising from the v = 1 reduction of the (Aj, Da,,)
Argyres-Douglas theory.

Uy SU@R); U)e UM UDr
Py 1 1 1 0 3
D, 1 1 -1 0 3
oy | -1 2 0 -1 1
Dy 2 1 0 1 3
d_y | -2 1 0 0 3
B 0 1 0 ~1 1
Vinco | 0 1 0 0 —2m
Vin>0 0 1 0 0 2m

Table 9. Transformation properties of the matter fields and of the bare monopoles under the gauge,
global and R symmetries in the (A, D) 3d EFT. Note that for convenience we have added 1 of the
gauge charge to the U(1) 4 charges of table 8.

Remark. Since we have one more monopole superpotential terms (namely n) than the
rank (namely n — 1), the superpotential (3.81) over-determines the vector k;jp of mixed
gauge-R CS couplings in this case.

3.4.1 (Ai1,D4) in more detail

In this case we find a 3d /' = 2 U(1) gauge theory with the following content: The global
symmetries and the charge assignments are determined by the superpotential interactions

W=V + V40D g+ BDyD_5. (3.85)

Notice in this case there is no pure CS interaction nor BF couplings of the abelian global
symmetries with the gauge symmetry

kgg = kgo = kga = kgr = 0. (3.86)

The R-symmetry we specified in table 9 (corresponding to s = 0 in table 8) turns out to
be the IR superconformal one, as can be checked via F-extremization.
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SUSY enhancement and moduli space. The index of the theory computed with the
charge assignment in table 9 is

-

q2 1
I—1+X[1 1] (f7 ) <y [SQUQ(]B)(f) ) 1_X[Sllf1(]3)(fav))q
1 1 3
(24 §U§3)<f, = (G0 Foodi (o) et 8D

where we wrote the index in terms of characters for the enhanced SU(3) symmetry with the
following embedding of the manifest SU(2); x U(1), symmetries of the UV N = 2 theory:

SU 1 SU
SU1(}3)(f, v) = Xy @)+ (U + U>X[1} UGESE (3.88)

Once again this index provides strong evidence that the 3d N = 2 theory flows at low
energies to the N' = 4 SCFT that correspond to the U(1),-twisted compactication of (A1, Dy).
First of all, we can see the enhancement of the SU(2) x U(1), symmetry to the SU(3) flavor
symmetry of (A1, Dy4), since the index rearranges into SU(3) characters and at order ¢ with
a negative sign we can see the contribution of the SU(3) conserved current. Instead, the
U(1) 4 symmetry becomes as usual part of the N = 4 R-symmetry.

Strong indications of the SUSY enhancement can be found by looking at the would
be N = 4 index

. su(3) Lo (,SUe) SU(3
;gqff:Hx[lﬁ] (f.0)2 + (X (F0) 1 = X (F.0) )
3
+( [33] (f, )—( [SZUQ(]z)(f, v) + EUO(]?’)(JC’”)+X[S()I;I3(]3)(f,v)))q2 T (3.89)

Indeed, at order q% we can find the contribution of the SU(3) moment map, while at order
q the negative contribution (in red) that is not coming from the SU(3) conserved current
corresponds to the A/ = 4 stress-energy tensor.

Gomg back to the N/ = 2 index (3.87), we can again focus on the positive contributions

at order q2 We will see momentarily that the terms y_?’xéU;]S)( f,v) correspond to chiral

L is one of the two extra-SUSY currents. We

operators of the Higgs branch, while the term y~
do not see explicitly the contribution y of the second extra-SUSY current due to an accidental
cancellation in the index. In fact, we can explicitly construct the two extra-SUSY currents as

gauge invariant operators in the A/ = 2 theory of R-charge and spin 1 as follows:

e

a2 i (0,P2)P_y ~ D20, D_s, e L (0u07,) @, (3.90)

where the identification is due to the F-term equation of 8 which reads ®s®_9 ~ 0. The
cancellation of the contribution of the first operator in the index is due to the presence of
a fermionic operator which provides a similar index contribution but with opposite sign.
We leave its determination to future work.

We finally consider the Higgs and Coulomb branch limits of the index. In the Higgs
limit we find

lim 7 = Z X5 (fs0 (3.91)

z—0
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Ul)g, xU(l)g, UM)y UM)y UL)a U)r

D (1,0) 0 0 0 5
o 4 (1,1) 0 0 0 5
d 1, (-1,0) 2 0 ~1 :
d g (—1,-1) -2 0 —1 i
P, (1,-1) -5 1 : 3
P19 (1,2) 5 -1 3 i
D 5 4 (—2,-1) 0 0 1

B (0,0) 0 0 —1 1

Table 10. Transformation properties of the matter fields under the gauge, global and R symmetries
in the (A1, Dg) 3d EFT. Note that for convenience we have added %g; to the U(1) 4 charges of table 8.

which, as expected, coincides with the Hilbert series of RSU@) [64], that is the Higgs branch
of (A1, Dy) (see e.g. [9, 30, 60, 62, 65, 66]). In particular, the terms X[S3U3(}3)(f,v)t3 correspond
to the aforementioned CPOs. In the Coulomb limit we instead find

limZ =1, (3.92)

t—0

which is again consistent with the fact that the one-dimensional Coulomb branch of (A1, Dy)
is completely lifted by the U(1), twist.

3.4.2 (A1, Dg) in more detail
In this case we find a 3d N/ =2 U(1) x U(1) gauge theory with CS matrix

Ky — (1 %) (3.93)

1
2
and the field content as in table 10.

The global symmetries and the charge assignments are determined by the superpotential
interactions

W=V 1+VWi1+Voi0+P10P11P 2 1+ 5P _1P12P 2 1. (3.94)

In particular, the monopoles involved in the superpotential have R-charge 2 and are uncharged
under all other global symmetries provided that the following BF couplings are included:

1
kglf = kgﬂ) = O’ kglA = 17 kglR =

1

3
kng = 57 kgzv = _57

)

1
kgoa = =, kgr= 5 (3.95)

DO | = o

where the labels g; and g distinguish the two U(1) gauge factors. The R-symmetry we
specified in table 10 (corresponding to s = 0 in table 8) turns out to be the IR superconformal
one, as can be checked via F-extremization.
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SUSY enhancement and moduli space. The index of the theory computed with the
charge assignment in table 10 is

1
Su(2 q2 1\ sue q
I=1+ (1+X[2]( )f(f))? + <U+U>X[1}( )f(f)*

Y
(0 1)1 )
+ (U + 11)) <y1§ (X[Sslf(mf(f) + X[Slt]J(Q)f(f)) - ;;X[Slllm)f(f)> gt
(BB 0 1 B 1)
_;<X[S4I}J<z>f( £+ f))>q3 P (3.96)

Once again this index provides strong evidence that the 3d V' = 2 theory flows at low
energies to the N' = 4 SCFT that correspond to the U(1),-twisted compactication of (A1, Dg).
First of all, we can see the enhancement of the U(1) s x U(1), symmetry to the SU(2); x U(1),
flavor symmetry of (A1, Dg), since the index rearranges into SU(2)¢ characters and at order
g with a negative sign we can see the contribution of the SU(2)s x U(1), conserved current.
Instead, the U(1)4 symmetry becomes as usual part of the N' = 4 R-symmetry.

We also have strong indications of the SUSY enhancement. Indeed, at order yilq%
we can find the contribution of the SU(2)s x U(1), moment map, while at order ¢ the
negative contribution (in red) that is not coming from the flavor symmetry conserved current
corresponds to the N/ = 4 stress-energy tensor.

In this case we do not see explicitly in the N' = 2 index (3.87) the contribution of any of
the two extra-SUSY currents due to cancellations. Some possible options are ®1 _10®12®_o _1
and ®_190P_1 1Py, _1P1 2, or other variants where the 0 is applied on one of the other
fields. We leave the clarification of this to future work as well.

We finally consider the Higgs and Coulomb branch limits of the index. In the Higgs
limit we find

. SU(2) 1\ su) 3 SU(2) SU(2)
lim =1+ (1+xy ()t + <v + v)X[ll e+ (xiy ) gy )+ 1)
1\ su)y SU(2); 3
+ <U+ U)(X[g] (f) +X[1] (f))t
1
+ (X[SGI]J@)f(f) + X[S4I]J(2)f<f> + (1 + 02+ 1)2>X[S2L]](2)f(f)+> B4 (3.97)

We would like to compare this with the Higgs branch Hilbert series of (Aj, Dg), which in
turn can be computed as the Coulomb branch Hilbert series of the following 3d N = 4 quiver
describing the mirror dual of the (non-twisted) circle reduction (see e.g. [60, 62]):

On0 (3.99)

Such a Coulomb branch Hilbert series can be computed using the monopole formula [43],
which for this theory reads

)
(1 1 t)2 Z f—m1+2m2vm1t%(2|m1|+|m1—m2\+|m2|) 7 (3‘99)

mi,ma=—00

HS[(A1, Dg)] =
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where we are parametrizing the fugacities for the topological symmetries of the two nodes
as v f~! and f? respectively. We verified in a power series in ¢ that the Higgs limit of our
index (3.97) coincides with this Hilbert series. In the Coulomb limit we instead find

HmZ =1, (3.100)

t—0

which is again consistent with the fact that the two-dimensional Coulomb branch of (A, Dg)
is completely lifted by the U(1), twist.

3.5 Conjugate theories from the opposite sheet

Since the Agarwal-Maruyoshi-Song Lagrangians are non-chiral, it can be easily checked from
the definitions in (2.10) and (2.11) that

Q7 (x) = -Q"(—x) = -Q"(z),

3.101
Li(@) = Ly, (~2) = L}, (2). 100

The first equalities follow from k being odd and 1) being even, while the second follow from
the Weyl redundancy in the SU(n) and Sp(n) gauge groups.

We see from (3.101) that any saddle * for  implies a saddle «* for —y. The negative
sign on the first line of (3.101) implies that K;; will be negated. It is easy to check that the
gauge charges of the light chiral multiplets at the saddle must be negated as well.

Thus, starting from the theories derived above for v = 1, negating the gauge charges of
the chirals as well as K;;, we obtain the 3d theories arising from the opposite U(1), twist
with v = —1. The A-twisted version of these theories have MTCs that are conjugate to
those arising from v = 1.

4 A-twisting and TQFT modular data

All the 3d N/ = 4 SCFTs obtained above lack a Coulomb branch, and thus their A-twist
yields TQFTs without local operators. In this section we outline the calculation of the TQFT
modular data for the simplest case of (A1, As). See appendix C.2 of [5] for our conventions
and a review of the techniques used in the present section.

The 3d N' = 2 data appropriate for the A-twist of the 3d SCFT arising from (A, A3) reads

TQFT),' ., : U(1); + 87+ M7 4 M0 and kyp, =1, (4.1)

The R-charges are obtained by setting s = 1 in table 2. The monopole superpotential (3.24)
fixes kyg,.

Since the VOA of the 4d (A1, A3) theory is 5u(2)_4/3 [11, 36, 37, 67], we expect our
TQFT to reproduce the corresponding modular data of the admissible characters

eim/2 0 ) 1 -1 1

1 _ —im/6 ~ — | 2 _
Tao =1 0 ™ 0 |, Sae ., = 7 1w —wl|,  (42)

0 e in/6 1 —w w?
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To compute the S and 7' matrices of the TQFT, we need (cf. [68])
1

+ _ 212 0 292

kg =1+2x 5 (=17 +5(2)° =4, s

1 1 '
k;Rl:1+2><§(1—1)><(—1)+§(0—1)><(2):0.

The effective twisted superpotential and dilaton [68, 69] (in the conventions of [5])

W(Z):=—47* W (u) = k+Z Zits k* 2miZ;+Y Y Lip(e”(4), (4.4)
X pX
Q(Z) :=2miQ(u) = kir, Zi +Z 1-RY)> log(1 —eP (D)) Zlog etoa+(Z))  (4.5)
pX

read for our theory

W (Z,a) = Lizg(ae™?) + Lig(a™' e %) + Lig(e*?) + 22 + 4miZ,

4.6
Q(Z)zlog(l—e2z>. (4.6)
The Bethe equation exp (0zW(Z,a)) = 1 reads in terms of z = —e %
* * 1
(atz)(az+1) (4.7)

a(z2 — 1)

We discard the root z, = 0 since it yields a divergent handle-gluing operator. The Bethe
equation then simplifies to

2 =a+a 4+ 3z2,. (4.8)
The three Bethe roots are at
2y € {a1/3 +a7 V3 walB 4 W3, Wl 4 wa_l/g} . (4.9)
We next consider the handle-gluing and fibering operators (see e.g. [70]):
H(Z) = e™P) det 0,0, W (Z), (4.10)
F(Z) = W (2)=2: 0 W () (2mi) (4.11)
in terms of which we have the map (see e.g. [19, 71, 72])10
(S8 T2} e (H(Z2) L F(Z2) 2. (4.12)
This gives in the limit a — 1 that

eiTr/Z 0 0
T=| 0 e/ 0o |, (4.13)
0 0 6—i7r/6

Tnstead of identifying T2 with F 2, we could identify T? with F? but either 1) consider the conjugate
theory corresponding to v = —1, or i) reverse parity by negating our kgy and kgr. The result would again
match the modular data of 5’1\1(2),4/3, up to the phase/sign ambiguities. Alternatively, we can identify T
with F? with our current data, but match with the MTC conjugate to that of (the admissible modules of)
Su(2) _a/3.
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up to an overall phase, and

+1 £1 £1
S=——x1 * =* [, (4.14)
V3 +1 % x

with the asterisks undetermined by (4.12). This partial determination is compatible with (4.2).
We have also checked that in the limit @ — 1 the S* partition function (see e.g. [70])

Zgs =Y H'(")F(2"), (4.15)

coincides with

S()o = :|:1/\/’H<28), (4.16)

up to an overall phase, as expected from a TQFT.
To fill in the asterisks in (4.14), we need to identify the bulk line operators corresponding
to the VOA admissible modules. Guided by [73, 74], we make the boundary/bulk identification

1 +— Lp=1,

24 a1z — 22

2+ az—2°
@2 — L2:1_7a_2
Using
Lal. = (La)gs 2} Sa0 4.18
azg—<a>53—87007 ( )

in the @ — 1 limit (where z, — 2, —1,—1), we can confirm that the line operators in (4.17)
are compatible with the first column of (4.14). Finally, using (cf. (A.52) in [72])
Sap
Lyl . ===, 4.19
we can fill in the asterisks in (4.14), compatibly with (4.2).

Note that due to the 1 — a~2 denominators in (4.17), we can not interpret L;s as
conventional combinations of gauge and flavor Wilson loops. A conservative approach would
be to fix a, and interpret L; o as linear combinations of gauge Wilson loops. We leave a
more thorough analysis of these lines to future work.

5 Discussion and future directions

The most pressing open end of this work is reproducing the characters of the admissible
highest weight modules of 51(2)_,/3 via half-index calculations in the TQFT of section 4. It
would be very interesting to also construct line operators corresponding to the (semi-) relaxed
highest-weight modules of 51(2)_,/3 [76, 77], and produce their characters via decorated
half-indices. It appears that gauge and flavor Wilson lines would not suffice, and more
intricate line operators are needed (cf. [78-81]).
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Besides the simplest new case of (A1, A3), it would be interesting to study the TQFTs
arising from the A-twist of the next-to-simplest 3d SCFTs on the second sheet of (Aj, D3)
and (A1, Dyg). The case of (A1, D3) would presumably be similar to that of (A1, As), since
they are dual to each other, but the case of (A;, Dy) is expected to be quite different, and
related to the VOA 5u(3)_3/, [36, 37, 67]. Our preliminary analysis indicates that the
corresponding A-twisted TQFT has only a single Bethe root. Identifying the (four [82]) bulk
line operators associated with the VOA admissible modules seems therefore more challenging
for (A1, D4) than in the (A, Az) case.

As in [5], we can also study the higher sheets v > 1 of the Argyres-Douglas theories
discussed above to obtain new TQFTs. The simplest cases of (A1, As), (A1, D3), (41, Dy),
and (A1, Dg) do not have inequivalent higher sheets (modulo conjugation), but all the other
cases do. A higher sheet of (Aj, D5) is treated in appendix A.

It would be interesting to apply the above U(1),-twisted reduction procedure to other
non-Lagrangian N = 2 SCFTs with an A/ = 1 description as well.

Finally, the following observation about the theories considered in the present paper
deserves further investigations.

Two TQFTs associated with an N/ = 4 SCFT that has a trivial Coulomb branch
but a non-trivial Higgs branch. The new 3d A = 4 theories we obtained from U(1),-
twisted S* reduction of 4d AD theories with a non-trivial Higgs branch exhibit the intriguing
property that we can associate two distinct TQFTs to them. One TQFT is obtained through
a topological A-twisting, while the other can be obtained from a specific N' = 2 superpotential
deformation. Indeed, all theories with a non-trivial Higgs branch have at least a U(1) flavor
symmetry and an associated moment map operator in the 3 of the SU(2)y part of the N' =4
R-symmetry SO(4) = SU(2) g x SU(2)¢.*! In terms of the A/ = 2 subalgebra, such a moment
map contains a chiral primary operator with superconformal U(1)r charge 1 and U(1)4
charge —1 (equivalently, it contributes as y_lq% to the index), which is the deformation that
we want to turn on in the superpotential. The SUSY partition functions of the deformed
theory can be derived from those of the undeformed theory by specializing the R-symmetry
mixing parameter s to 1, which is equivalent to setting the R-charge of the superpotential to
be 2, and turning off the real mass or fugacity for the U(1)4 symmetry (this means setting
y‘lq% = ¢ at the level of the index fugacities). This is the same constraint as that of the
A-twist and hence, by construction, this A/ = 2 deformation leads to an IR theory with the
same partition functions as in the A-twist. In particular, since the theory has trivial Coulomb
branch, the superconformal index of the deformed theory is just 1 indicating that it flows
to a unitary TQFT, which is the second TQFT we are considering.

The A-twisted TQFT is a non-semisimple TQFT which supports a boundary VOA that
is non-unitary and logarithmic. On the other hand, the unitary TQFT is semisimple and
supports a rational VOA. Notably, as previously mentioned, the two TQFTs are expected
to have the same partition functions on arbitrary SUSY backgrounds, including the twisted
partition functions Z,, on a circle bundle of degree p over a genus g Riemann surface.

"When the flavor symmetry is non-abelian, the moment map transforms in its adjoint representation and
the operator we are interested in is one of its singlet components. This breaks part of the symmetry, however
this is not an issue since either way it ends up acting trivially in the low energy TQFT.
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The partition functions can be expressed in terms of modular matrices of the boundary
VOA as follows:

Zgp =D _(S0a)? 2 (Taa)" - (5.1)

«

For the (A, A3) EFT, one can use the operator eab<I>‘11<I>b_1<I>+2 for the superpotential
deformation. The resulting IR TQFT is expected to have the same Z,, partition function
(possibly modulo a phase factor) as the 51(2)_4/3 theory, which can be computed using the
modular matrices given in (4.2). Interestingly, the conjugate (or the time-reversed) TQFT
of 5u(3); fulfills this role and can be identified as the IR TQFT. The modular matrices
of s5u(3); are

es 00 L[
Taa, =] 0 e 0 | Sai3), = 73 1w w?]. (5.2)
0 0 ez 1w? w

su

SSA(2)_4/3 differ by complex conjugation up to an overall sign, as well as negating the simple

T~ (3)1 and T;U(Q)_Mg are indeed complex conjugate modulo an overall phase, while S@(B)l and

object corresponding to the second row/column.'? The overall phase and sign differences,
and the sign flip of the simple object, are all accommodated by the unresolved ambiguities
in (4.12), and manifest themselves as overall phase differences in the partition functions.
In this way, we can relate unitary semisimple TQFTs to non-unitary logarithmic TQFTs
that share the same Z,, partition functions, provided that the latter can be realized as
A-twists of 3d N' =4 SCFTs with a trivial Coulomb branch but a non-trivial Higgs branch.
This relationship may offer a simple criterion for determining whether a given non-unitary
logarithmic TQFT can be realized as an A-twisted theory of such 3d N/ = 4 SCFTs. It would
also be interesting to investigate further this systematic way of constructing unitary TQFTs
in 3d NV = 4 SCFTs with trivial Coulomb branch but non-trivial Higgs branch, for example
relating the specific resulting TQFT to the geometric properties of the Higgs branch only.
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A 3" sheet of (A;, Ds): SUSY enhancement in a non-abelian theory

In [5], besides the second sheet v = 1 and its conjugate v = —1, higher sheets of (A1, A2)
and (A1, A4) were studied as well. On some higher sheets (the third and sixth sheets of
(A1, Ay)) SUSY enhancements were observed, while on others (the third and fourth sheets
of (A1, A2), and the fourth and fifth sheets of (A;, A4)) gapped theories were encountered
that presumably flow to unitary TQFTs.

The families (A1, Aoqq) and (Aj, D,,) studied here have non-trivial Higgs branches, which
are uncharged under U(1), and thus survive the U(1),-twisted reductions on all sheets.
Therefore the gapped scenario can not occur. We are left with the possibility of SUSY
enhancement on all sheets, and we show in a concrete example below that this expectation
pans out. As mentioned in section 5, the cases (A1, 4s), (A1, D3), and (A1, Dy) do not
have higher sheets besides v = +1. The next simplest cases to explore are hence (A1, As)
and (Ay, Ds).

The higher (namely, third v = 2 and fourth v = 3 = —2 mod 5) sheets of (A4, A5) are
expected to be subtle, because (A1, As) has a Coulomb branch operator of dimension % that
would survive the v = £2 U(1), twists, since £2 x 3 € Z. An unlifted Coulomb branch is
thus expected in the 3d EFT, whose analysis we leave to future work.

The higher sheets of (A1, D5) are the subject of the present appendix. We focus on the
third sheet v = 2, since the fourth sheet (y = 3 = —2 mod 5) EFT data can be obtained
via a simple conjugation by negating the gauge charges of the chiral multiplets as well as
the gauge-gauge CS levels.

On the third sheet of (A1, D5) we find a saddle at (z1,22) = (—1/5,—1/5). The two
coincident holonomies signal that a larger subgroup of the 4d gauge symmetry containing
an SU(2) factor is preserved in 3d. Hence, the EFT is a 3d N =2 su(2) & u(1) gauge theory
(we will specify the global structure momentarily), as opposed to the case of the first sheet
studied in subsection 3.3.2 where the gauge symmetry was only U(1) x U(1). In terms of
the U(1) x U(1) subgroup, the gauge-gauge CS levels are

(1)), (A1)

and the matter content is as in table 11.
The actual su(2)du(1) gauge symmetry can be made manifest by performing a redefinition

INIE SIOY
[NJ[SHI T

of the gauge fields similar to the one in subsection 4.2.2 of [5]
Al = Agyo) + Auy, A2 = —Ague) + Au) (A.2)

where A; 2 denote the two U(1) gauge fields. We find a theory with gauge group

SU(2) x U(1)y

7 7 (A.3)

1¥We use conventions in which the CS level is normalized such that for an SU(2)y theory the classical

contribution to the index of the CS interaction is z°™, where z is the gauge fugacity parametrized such that
the character of the fundamental representation is Xff]@)(z) = z+4 2" ! and m is the associated gauge flux. In
particular, with this normalization the CS level is quantized such that the effective level keg = k + 2 ZZ T(Rs)

has to be an even integer, where T'(R;) is the Dynkin index of the representation R; of SU(2) in which the

i-th chiral transforms normalized such that for the fundamental 7'(2) = %
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Ul)g, x U(l)g, SUR)y u(l)a u(l)r
D g (—1,0) 3 0 2
®o._1 (0, —1) 3 0 2
@1 (1,0) 1 -1 i
Dpq (0,1) 1 -1 %
Do (2,0) 1 0 i
Do (0,2) 1 0 i
®y 4 (1,1) 1 0 :

Table 11. Transformation properties of the matter fields under the U(1) x U(1) subgroup of the
gauge symmetry, and under the global and R symmetries in the 3d EFT on the third sheet of (A;, Ds).

su(2) du(l) SU@2)y Ul)a Ur
Dy (2,-1) 3 0 2
$o g (2,1) 1 ~1 &
D39 (3,2) 1 0 i

Table 12. Transformation properties of the matter fields under the su(2) x u(1) gauge symmetry,
and under the global and R symmetries in the 3d EFT on the third sheet of (A4;, Ds).

where the quotient acts as the center of the SU(2) factor and the transformation ™ of
the U(1). The matter content is

The superpotential is

W=V

11
272

where the matter part descends from four dimensions [7]. In particular, the monopole
superpotential fixes the BF coupling between the U(1) part of the gauge symmetry and
the U(1)r and U(1)4 symmetries to

N (A.5)

Note also that the only chiral multiplet in table 12 that has non-zero u(1)4 charge is ®2 1,
which does not appear in the superpotential.

As in [5], the Zo quotient in the gauge group (A.3) is to emphasize that magnetic fluxes
of the non-abelian and of the abelian part of the gauge group should sum up to integers,
even though they can separately be half-integers. In fact, the monopole involved in the
superpotential V1 1 is the one with the minimal possible values of the gauge magnetic fluxes
for such choice of2 gQIObal structure of the gauge group. Moreover, the Zs quotient ensures that
the theory has no electric 1-form symmetry, as expected from its four-dimensional origin.
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The superconformal index of this theory reads

1
SU(2 q? 1 sue SU(2
=143 0L+ (0 =135 (0))a
1 1 g 1 g 3
+ <y + ; + EX[E;[]J(Z)JC (f) - ;X[;}j(?)f (f))qg + e (A.G)

suggesting, similarly to the discussion below (3.68), that the theory is SUSY enhancing. We
have also checked that it reduces to the expected Hilbert series of C?/Zs in the Higgs limit
and trivial Hilbert series in the Coulomb limit, similarly to what we found on the v =1
sheet in (3.71) and (3.74). We point out that the indices (3.68) and (A.6) of the 3d EFTs for
(A1, Ds) on the sheets 7 = 1 and v = 2 start differing in the fermionic contributions at order
yilq% (which however do not contribute in the Higgs and Coulomb limits).

The N = 2 data appropriate for the A-twist (s = 1) reads

— SU(2)2 X U(1)4
7=2 .
TQFT), " p., Z

+ 03" 1=+ o7+ o570 with kgr, =3. (A7)

This presumably corresponds to a non-unitary, non-semisimple TQFT.

Finally, note that the (A;,Ds) — (A1, A2) flow on the Higgs branch (see e.g. [83])
implies that this N' = 4 SCFT has a Higgs branch flow to the Fibonacci unitary TQFT
of [5]. It would be interesting to systematically explore other unitary TQFTs arising from
Higgs branch flows of the SCFTs constructed in this work.
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