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We examine aspects of locality in perturbative quantum gravity and how information can be localized in
subregions. In the framework of AdS/CFT, we consider the algebra of single-trace operators defined in a
short time band. We conjecture that, if the state has large energy variance, then this algebra will have a
commutant in the 1/N expansion. We provide evidence for this by identifying operators that commute with
the conformal field theory Hamiltonian to all orders in 1/N, thus resolving an apparent tension with the
gravitational Gauss law. The bulk interpretation is that these operators are gravitationally dressed with
respect to features of the state rather than the boundary. We comment on observables in certain black hole
microstates and the gravitational dressing in the island proposal.
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I. INTRODUCTION

Locality in nongravitational quantum field theory (QFT)
is well understood. It can be expressed by the axiom of
microcausality [1] or more broadly by the structure of “net
of algebras” [2,3]. While it is not straightforward to
factorize the Hilbert space into subsystems corresponding
to spacelike separated regions, due to UV-divergent entan-
glement and the type III; nature of local algebras [4], there
is a way of thinking about subsystems in terms of the split
property [5]. In particular, on any given time slice quantum
information can, in principle, be strictly localized in finite
spatial regions.

Classical general relativity also respects the principle of
locality. While the constraints in the Hamiltonian formu-
lation impose nontrivial conditions on the initial value
problem allowing some properties of the state, like the
total mass, to be read off from infinity, it is still possible to
localize information in subregions of space; see, for
example, [6] for a recent discussion.
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On the other hand, there are indications that in quantum
gravity locality is an approximate, emergent notion: the
absence of fundamental local degrees of freedom is at the
foundations of holography [7-9] and various proposals for
resolving the black hole information paradox [10-21] rely
on the existence of nonlocal quantum effects.

Understanding the fate of locality in quantum gravity is
thus of primordial importance. More precisely, it remains to
be understood if locality breaks down at the level of
perturbation theory or whether the aforementioned nonlocal
effects are always exponentially suppressed in 1/Gy.

It is not straightforward to answer the question since in
order to even define what we mean by locality we first need
to identify candidate local observables. In a theory of
gravity, these must be diffeomorphism invariant. Defining
local, diffeomorphism-invariant observables in quantum
gravity has proven to be challenging. This question has a
rich history, see [22-32] and references therein.

If the spacetime has a well-defined boundary, one
approach is to define diffeomorphism-invariant observables
relationally, by gravitationally dressing them with respect to
the boundary, but then they are not really local. Moreover, in
a closed universe with no boundary, this approach is not
available.

An alternative would be to define observables relationally
with respect to some feature of the geometry without
making use of a boundary. This has been discussed in
various earlier works and related ideas have been useful in
the context of cosmology [22-29,33-35]. However, it is not
clear how to give a precise mathematical definition of such
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observables at the quantum level, ensuring that they are
exactly diffeomorphism invariant.

In this paper, we revisit the question in the framework of
the AdS/CFT correspondence and we attempt to define
observables dressed with respect to features of the state
directly in the dual conformal field theory (CFT). An
advantage of this approach is that on the boundary diffeo-
morphism invariance is automatically built in. A price that
we pay in the construction is that the observables are
defined only for a class of states.

II. ALGEBRAS IN TIME BANDS

In order to investigate locality in AdS/CFT, we need to
know how subregions in the bulk are encoded in the CFT.
For bulk regions corresponding to the entanglement
wedge of boundary subregions, this is generally under-
stood [36—-38]. However, for the purposes of this paper we
want to find the CFT dual of a bulk subregion corre-
sponding to a bounded causal diamond containing the
candidate approximately local, diffeomorphism-invariant
observable. Such regions are generally not the entangle-
ment wedge of any boundary subregion so the mapping is
of a different nature. Previous attempts to understand the
CFT mapping of such regions include [39—41]. Here we
will follow a different approach by focusing on the algebra
of single-trace operators.

In a large N holographic CFT, it is natural to define the
algebra A generated by single-trace operators in a time band
D, ;,- This was first discussed explicitly in [42], inspired by
earlier work [14,43,44]. In [42] it was proposed that the
algebra A is dual to the causal wedge of the region D, ,, in
the bulk and the commutant of A dual to the spacelike
separated causal diamond in the interior. Algebras of this
type have received attention recently [45—47].

The discussion of [42] focused on perturbations around
empty anti—de Sitter (AdS) space. In this case, the bulk
geometry is homogeneous and “featureless” which, as we
will see, introduces additional challenges in defining local
diffeomorphism-invariant observables. In this paper, we
revisit the algebra in a time band, in cases where the bulk
state is highly excited and time dependent.

At infinite N, the problem can be understood in terms of
QFT on a time-dependent bulk geometry, where gravita-
tional backreaction of quantum fields can be ignored and
the existence of the commutant is obvious [48]. When
considering 1/N corrections, the existence of the commu-
tant is less obvious due to the gravitational Gauss law.
Usually, in AdS/CFT bulk operators are gravitationally
dressed with respect to the boundary, hence at order 1/N
they do not commute with the Hamiltonian, which is an
element of the algebra .A. This raises the question of
whether the algebra A still has a commutant at subleading
orders in 1/N.

In this paper, we provide evidence for the existence of a
commutant by identifying a class of operators that are

gravitationally dressed with respect to ‘“features of the
state.” As they are not dressed with respect to the boundary,
these operators have vanishing commutators with the
Hamiltonian, to all orders in 1/N, thus bypassing the
previous problems with the gravitational Gauss law. Here,
we focus only on ensuring that bulk operators have vanish-
ing commutators with the Hamiltonian, but an extension to
all single-trace operators in D, , is necessary. We empha-
size that it is really the asymptotic charges that one should be
concerned with since, in the absence of gravity, bulk QFT in
AdS space is manifestly local. Understanding the algebra .4
in the 1/N expansion around empty AdS space and other
static states also requires further attention [49].

The existence of a commutant for A in 1/N perturbation
theory would imply that information can be localized in
regions of the bulk and is not visible from the boundary at
the level of perturbative quantum gravity [50].

III. AdS/CFT SETUP

We consider a holographic CFT on S%!'x time. The
specific details of the theory are not important, but for
concreteness, we can consider N’ =4 supersymmetric
Yang-Mills theory (SYM) at large N, large A.

We consider a pure CFT state |¥,), which at large N is
dual to a semiclassical, time-dependent geometry. Various
examples of such states have been discussed in the
literature; see, for example, [51-54] and references therein.
In the bulk, we may think of |¥;) as a time-dependent
coherent state. The state may eventually collapse into a
black hole, though this is not central to the discussion. We
can also consider black hole microstates with semiclassical
time dependence in the region behind the horizon [55-58].

Any such state can be expanded in the basis of CFT
energy eigenstates as

|Po) = Zci|Ei>' (1)

We consider states with (Wo|H|¥y) ~ O(N?). Given the
nontrivial time dependence of the bulk geometry, such
states will have energy variance

(AH)* = (Yo|H?|Wo) — (Yol H|W)?, (2)

also of O(N?) [59].

We want to construct approximately local diffeomor-
phism-invariant observables on the geometry dual to this
state. A standard approach is based on the Hamilton-Kabat-
Lifschytz-Lowe (HKLL) construction [60—66], which
expresses the desired bulk operator in terms of smeared
CFT local single-trace operators. For example, for a scalar
field and at large N we get an expression of the form
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Ot r,Q) = / dr A, K(i,r.Q:0, )0, Q), (3)
bdry

where K is related to a Green’s function of the Klein-
Gordon operator on the bulk geometry. See [63] for explicit
expressions for the kernel K in the AdS vacuum. Notice that
in order to define the kernel K we have to choose a
coordinate system in the bulk, for example, using a
Fefferman-Graham or harmonic gauge, which is defined
by making use of the asymptotic boundary.

The operator (3) is defined in the CFT, hence obviously
invariant with respect to bulk diffeomorphisms. To leading
order at large N, (3) behaves like a local operator in the bulk,
i.e., it commutes with other operators at bulk spacelike
separation.

At subleading order in 1/N, such commutators generally
become nonzero. In order to preserve the local behavior of
the reconstructed bulk operator, the expression (3) needs to
be corrected order by order in 1/N by adding to (3) other
single- and multitrace contributions [66—68].

However, there is a universal nonvanishing 1/N com-
mutator that cannot be corrected this way, in particular, the
commutator of (3) with the CFT Hamiltonian. The CFT
Hamiltonian is dual to the Arnowitt-Deser-Misner
Hamiltonian in the bulk, which can be defined in a spacelike
separated region relative to the bulk point where (3) is
localized.

The physical origin of this effect is the gravitational
Gauss law: acting with (3) will generally create or destroy a
particle in the bulk, thus changing the energy of the state,
which can be immediately measured at spacelike infinity by
H. Another way to think about it is that the operator (3) is
defined relationally with respect to the boundary: the
coordinate system used to compute K in (3) is defined
by some gauge fixing condition that makes use of the
asymptotic boundary. Time translations by the CFT
Hamiltonian then also time translate operator (3). We
can also think in terms of (smeared) gravitational Wilson
lines connecting the bulk operator to the boundary, which
make it diffeomorphism invariant at the price of making it
nonlocal [6,69-71]. The commutator with H is nonzero as
H picks up the Wilson line.

Our goal is to improve the locality properties of (3) by
moving the gravitational dressing from the boundary to the
state. From a technical point of view, we will find a CFT
operator ® that obeys two properties: (i) [H, ®] = 0 to all
orders in 1/N and (ii) to leading order at large N, correlators
of & agree with those of ®. The latter condition guarantees
that the operator acts in a desirable way. We will comment
on commutators with other asymptotic charges below.

IV. TIME-SHIFTED STATES AND RETURN
AMPLITUDE

Starting with the state |¥,) we consider the one-parameter
family of states

¥r) = e MW¥)  TeR. (4)
In the bulk, the states |¥;) are related to |¥,) by a large
diffeomorphism. They are different quantum states, even
though they are related by symmetry. From the point of view
of the phase space of gravity in AdS space, they correspond
to different phase space points.

As discussed earlier, in the bulk we can think of |¥7) as
coherent states. Based on general intuition about the
overlap of coherent states, we expect an overlap of the
form (¥o|¥7) = e (7). In AdS/CFT the effective # is
proportional to 1/N?, hence we expect

(¥o¥r) = NI, (5)

It is not straightforward to compute f(7) from semi-
classical gravity; see [72] for a discussion on nearby states.
In principle, f(7) can be computed by using a Euclidean
preparation of the states [54]. The computation of f(7T')
directly from Lorentzian bulk data is an interesting chal-
lenge. Microscopically, we have

(Po|¥r) = Z|Ci|23_iTEiv (6)

and the suppression (5) comes from the summation over a
large number of phases.

If the bulk state has no periodicities, we expect f(7T) to
increase as we increase 7. On the other hand, an estimate
of (6) shows that the decay will saturate at some point.
Indeed, the nontrivial overlaps (6) means that it is not
correct to think that of all states |¥;) simultaneously as
being independent, see also [72-74] for related discus-
sions. One aspect of this can be understood in terms of
Poincaré recurrences that will happen at very large

T~ (’)(eeN2 ). In this paper, we will be interested in much
earlier timescales, so it will be sufficient to treat the states
as quasiorthogonal since all overlaps will be exponen-
tially small.

Starting with the state |¥), we define the code subspace

HO = Span{|‘P0>, O(l, Q)|T0>, ey O] (l] s Q])

X On(tn’Qn)|lP0>}v (7)
generated by acting on |¥,) with a small number (n < N)
of single-trace operators [75]. We also define the projector
P, on this subspace.

A similar code subspace can be defined for each of the
time-shifted states
HT = span{|‘~I—’0>, O(t, Q)|“PT>, . Ol (tl, Ql)
X On(tnvgn)|lPT>}’ (8)

with the corresponding projector Py. We have
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Py = e~iTHp,eiTH (9)

and, in particular, it is important to keep in mind that
Py # Py.

A. The return amplitude

We now examine the 7" dependence of the overlap (6) in
more detail. Consider the quantity

R(T) = [(¥ole™ ™ |¥,)[>, (10)

called the return amplitude. It is closely related to the
spectral form factor [76], which has been extensively
discussed recently in the context of the black hole infor-
mation paradox; see, for example, [77].

In general, it is difficult to compute (10). As discussed
earlier, in principle, we should be able to capture the early
time, large N behavior of (10) in terms of overlaps of time-
shifted coherent states. We present some more detailed
computations in [78]. Here we notice that, for very early
times,

R(T) = e~ (AHIT*, (11)

For states with an energy variance of O(N?), this is a very
fast decay of the order

R(T) = eoT'N*, (12)

where the constant a is O(N?) and depends on the specific
state we are considering [79]. The decay (12) of R(T)
is parametrically faster than thermalization, whose time-
scale is typically of order O(N°). For a system with no
degeneracies [80],

1 fu .
R‘JT&Z _l*dTR(T)_Z|c,-|. (13)

For the type of states we are considering, the rhs is
exponentially small, scaling as e=*" *, where o is an o(1)
constant which depends on |¥).

Between the initial decay (12) and the long-time plateau
(13), there may be other interesting intermediate regimes,
which have received attention in connection to quantum
chaos [81,82]. What is necessary in the following dis-
cussion is that already from timescales of order  ~ N° and,
generally, the return amplitude remains exponentially sup-
pressed in N2 for a long time.

Here we notice that the return amplitude obeys the

obvious property

<qjt0|\Pt0+T> - (lP0|lPT>- (14)

1.0
0.8H
~
g 06 — N=14
g N=16
o
0.4f — N=18
— N=20
0.2f
== 3t
0 20 40 60 80 100
FIG. 1. A numerical study of the decay of R4 (?) as a function

of ¢ in the SYK model. The state |¥) is one of the Kourkoulou-
Maldacena microstates [55]. The code subspace is obtained by
acting on it with a set of fermionic operators. In the plot
d.oqe = 8. More details will be provided in [78].

This means that, even if the bulk geometry appears to be
static at the semiclassical level, the return amplitude can
still decay like (12) if the state had a period of manifest bulk
time dependence in the far past. This observation is
relevant, for example, in the case of a black hole formed
by gravitational collapse.

The exponential decay (12) can be extended to more
general correlators of the form (¥y|O(t)...0(t,)|¥r),
where O are single-trace operators. We expect

[(Po|O(11)...0(1,)[¥7)| = [(Wo| O(1).... O(1,,)[Wo) [e=TN*
-+ [subleading]. (15)

The meaning of “subleading” is as follows: we will need to
insert the expression above inside an integral over 7', which
will be computed by a saddle point method as N — oo. The
claim is that the subleading terms above contribute only at
O(1/N) to that integral. The intuition is that since in the
large N limit |¥y) and |¥;) are different semiclassical
states, they cannot be connected by the action of a small
number of single-trace operators. Further evidence for the
behavior (15) in various examples will be given in [78].

Another way of looking at this is that any state in the
code subspace (7) has an exponentially small overlap with
any state in the code subspace (8). This can be captured
by [83]

Reoae(T) = ——Tr[PrPy] = O(e™T*N)  (16)

code
for the relevant timescales. Here d_q. is the dimensionality
of the code subspace. We provide some numerical evidence
for this in the case of the Sachdev-Ye-Kitaev (SYK) model
in Fig. 1.

V. THE OPERATORS

We now introduce [84] operators ® with the desired
properties [85]
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N L, . .
d=c / dT e~ TH P Py TH (17)

L

Here @ is a usual boundary-dressed operator like (3), Py is
the projector on the code subspace (7), ¢, is a timescale that
needs to be at least O(N?), and c is an overall normalization
constant

[
ol = / AT (W, Py W,). (18)
t,
We now prove the two desired properties.

A. Vanishing commutator with H to all orders in 1/N
We start with

d isH& ,—is
[H, O] = =i (" De™ )] .

From (17) and by a change of variables, we obtain

’

. d t—s , :
[H,®] = —i— <c / dTe"THPOdbPOe’TH)
s=0

ds —t,—s

which reduces to boundary terms
[H,®] = ic(P, ®(t*)P, — P_, ®(t*)P_,).

If we select 7, to be large enough, then by using (16) we
find that when inserted in a correlator inside the code
subspace of the state |¥,) we arrive at

[H. 8] = 0(e), (19)

where y is positive and O(N?). This proves the first desired
property.

B. Similar action as HKLL operators

We also want to make sure that @ has the same
correlators as the HKLL operator (3) to leading order at
large N. For that we consider

(Po|O...D...0|¥,)

1 . .
= C/ dT<‘Ilo|O...e_lTHPOCDPOelTH...O|"Po>

1,

. c/t* AT (%,|O..

L

Pr(eTHDTH) P, OW,)

I, . .
= C/ dT<lP()|O...P()PT(E_ZTH(I)BITH)PTP()...O|lp()>.

1,

(20)

In the last line, we insert the projectors P, as we are free to
do so. Now from (16) we see that the integrand will be

exponentially suppressed as |T| increases. In the large N
limit, we can estimate the integral by a saddle point method,
which is dominated by the 7' = 0 contribution [86]. Using
(15) and (18), we find that

(¥|O...®...0|¥,) = (¥|O...®...0|¥,) + O(1/N),
(21)

as desired.
Notice that if we apply the operator @ to one of the time-
shifted states, then as long as |T| < t,, we find

(Pr]O...0...0|¥;) = (P7|O...(e THDTH) .
x O|¥;) + O(1/N), (22)

which we will discuss below. To make (22) more manifest,
we can also write ® as

A t* . .
o= c/ dT Py(e”TH@eTH) P, (23)

8

C. Interpretation and comments

To leading order at large N the operator (17) acts like the
HKLL operator (3). However, its commutator with H is
zero to all orders in 1/N. The existence of these operators
provides evidence that the algebra of single-trace operators
in a short time band can have a nontrivial commutant when
acting on heavy, time-dependent states. The vanishing of
the commutator with H happens because (17) is gravita-
tionally dressed, not with respect to the boundary, but
instead with respect to the time dependence of the state.
Suppose, for example, that in the state |¥,) we have a
supernova explosion taking place at t = 0 and the operator
(3) is selected so that it acts near the explosion. In the state
|¥;) the explosion will take place at t = —T. From Eq. (22)
we see the operator @ will again act in the bulk near the
new location of the supernova explosion. Hence, one and
the same operator ® knows how to always act at the
moment of the explosion for the entire family of states
|¥r), |T| < t..

It is not possible to apply the same logic in empty AdS
space or other static states, as there are no time-dependent
features in the bulk to be used as a clock to define a moment
in time where the operator acts. Technically, the return
amplitude for such states does not exhibit the rapid
decay (5).

More generally, we need to make (3) commute with all
boundary symmetry generators, besides H. In case there is
only conformal symmetry, we should consider a generali-
zation of the form

b=c [ dugUgr@r U (24

086035-5



EYOAB BAHIRU et al.

PHYS. REV. D 108, 086035 (2023)

where du(g) is the Haar measure on SO(d,2) and B is a
reasonably sized connected submanifold of O(d,2) con-
taining the identity. The commutator with conformal gen-
erators will then be given by operators in the code subspace
of states U(g,)|¥o), where g, lies on the boundary 0B. For
the construction to work in this generalization, we must
make sure that the overlaps

R(g) = [(¥o|U(g)|¥)[? (25)

decay exponentially in the geodesic distance of g from the
identity. We expect this to be true for states that break all
symmetries at the semiclassical level [87]. The expression
given as R(g) is an interesting generalization of the return
amplitude (10) that would be interesting to study further.

Suppose that the bulk state can be thought of as being
made out of two distant, weakly interacting subsystems. As
an idealization, we can model it by two noninteracting CFT's
with total Hamiltonian H = H; + Hp. The full system is in
a pure state |¥,) which may be entangled, but we assume
the pattern of entanglement is generic. We consider the two-
parameter family of time-shifted states

e_i(TLHL+TRHR)|‘PO>‘

We start with an HKLL operator ® on the left system, which
will commute with Hy but not H;. Then we can consider
the following generalization of the operators (17):

b= c/dTLdTRe—i(TLHL+TRHR)PO(I)POei(TLHLJrTRHR),
(26)

using Py = P5 ® PE and [®, PE] = 0, then

A

b=c / dT e~ TuH PLOPLeTHL @ / dTgP¥ . (27)

The resulting operator commutes with both H; and Hp
on the relevant space of states. In this case, instead of saying
that the operator is dressed with respect to the overall time
dependence of the entire system, we can say that it is
actually dressed with respect to the time dependence of the
“left” subsystem [88].

VI. BLACK HOLE MICROSTATES

Suppose |¥,) is a black hole microstate with energy
variance of O(N?). Such states are microscopically time
dependent. For some of these states, the time dependence
may be visible at the semiclassical level, for example, in
states with end of the world branes behind the horizon
[55-58]. In those cases, we can say that operators (17) are

gravitationally dressed with respect to the end of the world
brane. For more general microstates with energy variance
O(N?) it may not be easy to understand the time
dependence semiclassically in the bulk. Notice, however,
that the mathematical properties of (17) only depend on
the rapid decay of the return amplitude, which is expected
to be true even in those states. Hence we can say that even
in those states operators (17) are dressed with respect to
the overall time dependence of the state.

Consider a model of black hole evaporation where a
black hole in a holographic CFT slowly evaporates into
Hawking radiation absorbed by a nongravitational QFT.
After the Page time, it is believed that part of the black hole
interior is encoded in the radiation. Suppose we start with
an operator @ in the black hole interior. We assume that @
is gravitationally dressed with respect to the CFT, hence it
does not commute with Hcgr. In this case, the two systems
are weakly interacting but highly entangled. A protocol like
the one described in the previous subsection allows us to
promote ® into an operator ® which acts similarly on the
code subspace of the state but has vanishing commutators

with Hcpr to all orders in 1/N. The operator d is
gravitationally dressed with respect to the radiation [89].
This suggests that there is no inconsistency between the
gravitational Gauss law and the island prescription, and it
may be useful [78] in resolving paradoxes raised in [90].

VII. DISCUSSION

In this paper, we have presented a construction of CFT
operators that act as local bulk operators in a code
subspace, but commute with the Hamiltonian to all orders
in the 1/N expansion. The gravitational interpretation of
such operators is that they are bulk local operators that are
gravitationally dressed to features of the state, in particular,
its time dependence. Because the operators are constructed
directly in the CFT, they are manifestly diffeomorphism
invariant. We conclude with some open questions.

It would be interesting to understand if there is a natural
way to identify operators whose commutators are zero to all
orders in 1/N with both H and other single-trace operators
in the time band, thus proving the conjecture that the time
band algebra has a commutant in the 1/N expansion.

It would also be interesting to understand how to analyze
states with very small energy variance, for instance, typical
black hole microstates in the sharp microcanonical ensem-
ble [91-93], energy eigenstates, or even empty AdS space.
In these cases, the return amplitude does not decay fast
enough and the construction (17) cannot be applied. These
are also the states where there is no semiclassical feature of
the state to dress with respect to or, in other words, there is
no bulk observer. It may be interesting to clarify the role of
the observer, perhaps as in [94], toward identifying a
commutant for the time band algebra in those states.
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