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We present and analyse a structure-preserving method for the approximation of solutions to nonlinear
cross-diffusion systems, which combines a Local Discontinuous Galerkin spatial discretization with
the backward Euler time-stepping scheme. The proposed method makes use of the underlying entropy
structure of the system, expressing the main unknown in terms of the entropy variable by means
of a nonlinear transformation. Such a transformation allows for imposing the physical positivity or
boundedness constraints on the approximate solution in a strong sense. A key advantage of our scheme is
that nonlinearities do not appear explicitly within differential operators or interface terms in the scheme,
which significantly improves its efficiency and eases its implementation. We prove the existence of discrete
solutions and their asymptotic convergence to a weak solution to the continuous problem. Numerical
results for some one- and two-dimensional problems illustrate the accuracy and entropy stability of the
proposed method.
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1. Introduction

We consider the following nonlinear reaction—diffusion system on a space—time cylinder Q; = £ X
(0,T], where 2 C R4 (d € {1,2,3}) is a bounded, polytopic domain with Lipschitz boundary 952, and
T >0:

8,0 — Vo (A(p)Vp) =f(p) in Q. (L.1a)
A(P)Vp)ny, =0 ondf2 x (0,7), (1.1b)
o =pg on 2 x {0}. (1.1¢)
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2 S. GOMEZ ET AL.

Here, the unknown is p = (p(,..., ,oN)T O — RY for some number of species N € N,
A : RV — RN*N is the diffusion matrix, f : R¥Y — R describes the nonlinear interaction between
the N species and p, € L>°(£22)V is a given initial datum. We denote by V(-) the RV xd matrix, whose
rows contain the componentwise spatial gradients, by V o (-) the row-wise spatial divergence operator
and by n, the d-dimensional vector of the spatial components of the unit normal vector at 952 x (0, T)
pointing outside 2 x (0, T). Some examples of problems of the form (1.1) are given in Appendix A;
also see (Jiingel, 2016, §4.1).

The main challenges in the numerical approximation of the solution to nonlinear cross-diffusion
systems are twofold: (i) the diffusion matrix A(-) may not be symmetric nor positive definite, and (i)
a maximum principle may not be available. These issues prevent the use of standard techniques for the
analysis of such systems, and make it difficult to guarantee that even weak solutions to the continuous
problem respect the positivity or boundedness constraints of the physical unknowns. The boundedness-
by-entropy framework in Jiingel (2015), which we describe below, circumvents these issues by exploiting
the underlying entropy structure of the system.

We focus on discontinuous Galerkin (DG) methods, which are characterized by the use of discrete
broken spaces without any enforced conformity. Among many other advantages DG methods offer
great versatility for the treatment of nonlinearities. In particular, the Local Discontinuous Galerkin
(LDG) method, originally introduced in Cockburn & Shu (1998) for nonlinear convection—diffusion
systems, does not require nonlinearities to appear within differential operators or interface terms, leading
to nonlinear operators that can be evaluated naturally in parallel. Such a property is the result of
appropriately rewriting the original problem in terms of auxiliary variables, and making use of L>-
orthogonal projections in the discrete space of the nonlinear terms (see, e.g., (Cockburn & Shu, 1998;
Dawson et al., 2000)).

In order to obtain physically consistent discrete solutions it is of utmost importance to design
numerical methods that are, not only accurate and efficient, but also reproduce, at the discrete level,
the geometric and physical properties of the phenomenon being modelled. Such numerical methods are
called structure preserving. One of the most difficult properties to reproduce at the discrete level is the
physically expected positivity or boundedness of the continuous solution in finite element discretizations,
especially for high-order approximations. Although this is a well-known issue (see, e.g., the recent
review in Barrenechea et al. (2024) on finite element methods (FEMs) respecting the discrete maximum
principle for convection—diffusion equations), only in last years has major progress been made in the
literature. We briefly mention some recent works on this subject that do not rely on slope limiters
or post-processing techniques. In Barrenechea er al. (2023), the authors proposed a nodally bound-
preseving FEM, whose discrete solution belongs to the convex set of piecewise polynomials satisfying
the physical bound constraints on the mesh nodes. While this suffices to ensure strong (pointwise)
positivity of the discrete solution for linear approximations, it does not provide any control on the
values of the discrete solution away from the mesh nodes for higher-order approximations. Motivated
by the underlying entropy structure of the concerned PDEs nonlinear transformations in terms of the
entropy variable have been used to enforce positivity on the approximate solution of interior-penalty
DG (Bonizzoni et al., 2020; Corti et al., 2024), conforming FEM (Braukhoff et al., 2022), hybrid high-
order (Lemaire & Moatti, 2024) and Proximal Galerkin (Keith & Surowiec, 2024; Dokken et al., 2025)
discretizations.

In this work we propose an LDG method for the numerical approximation of the nonlinear cross-
diffusion system (1.1), which is based on the framework of Jiingel (2015), and possesses the following
desirable properties:
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 3

e it allows for arbitrary degrees of approximation in space;

e it preserves the boundedness of the physical unknowns without requiring any post-processing or
slope limiter;

* nonlinearities do not appear explicitly within differential operators or interface terms, which endows
the method with a natural parallelizable structure and high efficiency;

e itrespects a discrete version of the entropy stability estimate of the continuous problem.

Although numerical methods for nonlinear cross-diffusion systems with some of these properties can
be found in the literature, to the best of our knowledge, the proposed method is the first one satisfying
all of them. For instance, finite volume methods for cross-diffusion systems have been proposed in
Andreianov et al. (2011), Cances & Gaudeul (2020), Jiingel & Zurek (2021) and Cances et al. (2024), but
at most second-order convergence rates in space are numerically obtained, whereas the entropy-stable
high-order DG method introduced in Sun ef al. (2019) guarantees only weak positivity on Cartesian
meshes by means of scaling limiters.

The proposed approach has been further developed for the Fisher—Kolmogorov equation in Antonietti
et al. (2026) and for a class of conformational conversion systems in Antonietti ef al. (2025). In the latter
the ‘degeneracy’ arising in the entropy estimate for problems where the physical solutions are positive,
but not necessarily bounded is addressed.

The boundedness-by-entropy framework. Henceforth, we make the following assumptions:

HlI Aec%® (@; RNXN) andf € ¢° (@; RN), for a bounded domain 2 C (0, c0)V.

H2 There exists a convex function s € €2 (Z; (0, 00)) N€° (@; O, oo)), with s’ : 2 — RY invertible

and inverse u := (s') ! € ¢! (RN ; @) such that the following three conditions are satisfied:

(a) There exists a constant y > 0 such that

z- (s"(PAP)Z) = v 217 VzeRN, pe 2.

(b) There exists a constant Cf > 0 such that

f(p)-s'(p) <C; VYpe2.

(c) The initial datum p,, is integrable and satisfies p((x) € Z fora.e. x € £2.

Observe that Assumption H2c implies that
/ s(py) dx < oo,
2

since 2 is bounded, s is bounded on 2 and 0, takes values in 2.

Let us comment on these assumptions. The boundedness of the domain & guarantees the bound-
edness of the solutions; see below. Examples of models satisfying rigorously this property are given in
Appendix A and (Jiingel, 2016, §4.1). The function s can be interpreted as the entropy or free energy of the
underlying physical problem. Assumption H2a requires that the product s”(p)A(p) is positive definite.
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This condition can be generalized to include degenerate or singular continuous problems (Jiingel,
2015, chapter 4). We present some examples of cross-diffusion systems that satisfy Assumption H2a
in Appendix A. Assumption H2b can be generalized to f(p) - s'(p) < Cr(1+5(p)) forall p € 2, which
yields an additional constant depending on time in inequality (1.4) below. The condition that the initial
datum lies pointwise in 2 means that vacuum is initially excluded. This condition can be generalized to
include vacuum, i.e., p, € 9, see Remark 2.10.

The main idea of the boundedness-by-entropy framework in Jiingel (2015) consists in introducing the
entropy variable w := s'(p) and then use the invertibility of s'(-) in Assumption H2 to write the original
unknown as p = (s')~'(w) = u(w). In this way the boundedness of & in Assumption HI implies the
pointwise boundedness of u(w), without requiring a maximum principle. Due to the regularity of the
entropy density function s(-) in Assumption H2 the following chain rule is valid:

Vw =V (s'(p)) =5"(p)Vp. (1.2)

Taking w as the test function of the weak formulation of (1.1) and using the chain rule (1.2) we find that,
forany0 <7 <T,

/ s(p(x,r))dx+/ / Vo : (s"(0)A(p)Vp) dxdt=/ s(po)dx+/ /f(p)~s’(p)dxdt,
2 0 2 2 0 2 (1 3)

where B : C = tr(CTB) is the Frobenius inner product for matrices.
Then, Assumptions H2a)-H2c) imply the entropy stability estimate

T
/Qs(p(x,t))dx + y/o ||Vp||fL2(Q)d]N dr < /Q s(pg)dx + Cerl82| foralO0 <t <T. (1.4)

The formal gradient-flow structure motivates another formulation of the entropy production integral:

/ s(p(x,t))dx—i—/r/ Vw 1 (A(p)s” (p) ' Vw)dxdt
2 0 2

=/ s(po)dx—l—/ /f(p).s’(p)dxdt. (1.5)
2 0 2

It turns out that in applications the first formulation (1.3) is more convenient. In fact, we cannot formulate
a discrete chain rule in the second formulation (1.5) that avoids nonlinear terms under the differential
operator like in our approach.

The change to entropy variables is well known in the theory of hyperbolic conservation laws (Mock,
1980) and in the existence and numerical analysis of Nernst—Planck-type equations (Gajewski, 1985;
Metti et al., 2016). In nonequilibrium thermodynamics, the entropy variables are known as chemical
potentials. The novelty of our approach is that Assumption H2 automatically yields pointwise lower and
upper bounds for the solution p, thus endowing the numerical scheme with inherent stability.

Outline of the paper. In Section 2, we first rewrite the nonlinear cross-diffusion system in (1.1) in
terms of some suitably chosen auxiliary variables. In Section 2.1, we present an LDG semidiscrete-
in-space formulation of the rewritten system and prove its entropy stability. In Section 2.2, such
a semidiscrete LDG formulation is combined with the backward Euler time discretization and a
regularizing term to get a fully discrete scheme. Section 3 is devoted to the proof of the existence of
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discrete solutions. In Section 4.1, we introduce the assumptions on the regularizing term and the discrete
spaces that are used to prove the convergence to semidiscrete-in-time solutions in Section 4.2, and to
weak solutions to the continuous problem in Section 4.3. The validity of such assumptions for different
cases is discussed in Section 4.4. Some numerical experiments in one and two dimensions are presented
in Section 5 to assess the accuracy and entropy stability of the scheme. We finish with some concluding
remarks in Section 6.

2. Definition of the method

We use the following notation for functions with N scalar-valued components and with N d-vector-valued
components, respectively:
T T
MZ(H’[’-"’MN)v E:(ﬁl”ﬁl\/) .
For the discretization in space we introduce a DG approximation of problem (1.1), where nonlineari-
ties do not appear within differential operators or interface terms, and a discrete version of the chain rule
in (1.2) is satisfied. To this aim, we introduce the auxiliary variables w, ¢, g and ¢ defined by

o =uw), (2.1a)
£:=-Vw, (2.1b)
AT (P)a == —A(p)'s"(P)Vp = A(p)T¢, (2.10)
q:=A(p)o, (2.1d)

and rewrite problem (1.1) as

3tp+V02:f(p) in O,
qno =0 ondf2 x (0,7),
p =P on £2 x {0}.

As A(p)Ts” (p) is positive definite by assumption H2a, on the continuous level, definition (2.1c) is
equivalent to @ = —V p. Moreover, from (2.1a) and (2.1b), we have that { = —V (s/ (p)). Therefore,
definition (2.1c) is a reformulation of the chain rule (1.2) in terms of the auxiliary variables, which will
guarantee that a discrete version of (1.2) suitable for the analysis of the method is satisfied.

2.1 Semidiscretization in space

Let {F,};~¢ be a family of conforming simplicial meshes of the spatial domain §2 with maximum
element diameter (mesh size) h. If d = 2,3, we assume that the family {.7,},. , satisfies the shape-
regularity condition, i.e., there exists a constant 77 > 0 independent of % such that, for all K € .7,

Thy < ok, (2.2)

where /g denotes the diameter of K and g is the radius of the inball of K. We denote the set of all the
mesh facets in .7}, by %), = &, hj U .Z, ,‘/ , Where .7, h] and .7 ;l/V are the sets of internal and (Neumann)
boundary facets, respectively. In the following text we will use the short-hand notation for integrals on
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6 S. GOMEZ ET AL.

Z;7 and F;": for x € (I, N},

/gﬁgodS:: > /F<pdS.

h FeZ}

We define the following piecewise polynomial spaces:

() =[] P&, M (T =[] P&,
Ke9, Ke9,

S (TN =[] PP, ()Y =[] PV,
Ke I, Ke},

where P?(K) denotes the space of scalar-valued polynomials of degree at most p on the spatial domain
K. We further denote by (0K)° the union of the facets of K that belong to .%, i:] and define the piecewise

constant function h € L™ (ﬂ;l] ) as
hx):=n~"! min{hg ,hg,} if x €F, and F € ﬂhj is shared by K|, K, € .7, (2.3)

for some constant n > 0 independent of the mesh size.

For any element K € .7}, let ng be the unit normal d-dimensional vector to 3K pointing outside
K. Moreover, for each interior facet F € %, hj , we set np as one of the two unit d-dimensional vectors
orthogonal to F. For any piecewise smooth, scalar-valued function u and any o, € [0, 1] we define
jumps and weighted averages, respectively, on each facet F' € fhj , where ' = 0K N 0K, for some
K,,K, € 7, and with nj pointing outward K, by

[[M]]N = (M‘Kl - M|K2)EF7 {{M}}aF =~ Olp)l/«\,(l +‘1FM|K2-

The subscript N in the jumps [-]y emphasizes that the definition contains the normal to the facet.
For piecewise smooth functions u with N scalar-valued components [p]y and {u),, are defined
componentwise. Similarly, for piecewise smooth functions g with N d-vector-valued components, {u}}, .
is defined componentwise.

We emphasize that, for scalar-valued functions p, the jumps [i]y are vector-valued functions with
d components, while for functions g with N scalar-valued components [u]y are N x d tensors.

We propose the following structure-preserving LDG-like semidiscrete formulation: for any fixed
t € (0.T] find (), (.1).8, (1.0, 0.q,(.0) € FH( TN x M (TN x M (TN x M (TN
such that, on each element K € .7,

/th :fhdxz—/31(717;,'(zhﬂk)ds+/l(wh-(Vo£h)dx, (2.4a)

/K Aww)'s" @), : ¢, dx = /K A(u(wh))Tgh Lo, dx, (2.4b)
/qh 20, dx=/A(u(wh))zh :0,dx, (2.4¢)
K™ K

/8,(u(wh)) -khdx+/ @hilK) -thS—/gh : Vlhdxz/f(u(wh)) Ay dx, (2.4d)
K 9K K K
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 7

for all test functions (A, wh,(ph, 9, €~ (ﬂh)N X M (Z,)N X M (Z,)N /A (ZL)N withw,(-,0) €
S (%)N an approximation of s'(p). Here, the numerical fluxes w, and g, q;, are approximations of the
traces of w, and g, , respectively, on the skeleton of . They are defined on each facet F € %, as

P, = tw b, %fF € ﬁ,;j/andF = 9K, N 9K, for some K|, K, € 7, (2.52)
W), ifFeZ”,
~ lah—or tnplwiln ifF e ﬂ}’l] and F = 0K, N 9K, for some K, K, € 9},
q;, = . Py (2.5b)
0 itFe 7,

where the weighted-average parameter o € [0, 1] and the stabilization function 7 are defined on each
facet F € ﬁhf We define 1 as

g = g Al o gyven, (2.6)

where hy denotes the restriction of h to F. Taking the L° norm of A in (2.6) may introduce additional
diffusion. However, it avoids a nonlinear dependence of the stability term on u(w},).

Remark 2.1 (Choice of af). The choice of the weighted-average parameters oy has an effect on the
stencil of the LDG discretization of the diffusion term. It is well known that, with the standard choice
oy = 1/2 for all the internal facets in .%#,, the degrees of freedom in a given element are coupled, not
only with those of the immediate neighbours, but also with those of their neighbours (see, e.g., (Castillo,
2002, §4.1)). Strategies to reduce the stencil by appropriately choosing ny and setting o = 0 or oy = 1
are discussed in (Sherwin et al., 2006, §3.3) and Castillo (2010).

RemARk 2.2 (Computation of ¢,). The definition of ¢, in (2.4b) is local. More precisely, given w),, the
construction of ¢, requires only the solution of completely independent (naturally parallelizable) linear
(in g ;) problems on each element K € .7,. In each of these local problems the components of g, for the
N species are coupled. This is a consequence of the presence of the matrices A(u (wh))Ts” (u(wy)) and
A(u (wh))T on the left- and right-hand side integrals of (2.4b), respectively.

Given fixed bases of 5”12(9}[) and 4 p(ﬂh) let M, B and S denote the corresponding matrix
representations, respectively, of the bilinear forms

m (). ¥) = /Q 8y ¥, dXVE, 0y € M (T, (2.72)
bpOwp ) 1= — /y il [¥,IndS /y il pd

+ Z / w,V - 1// dx V(Wh’zh) S 5’}(%) X///p(%l), (2.7b)
Ke9,

Sp(Wps Ap) 1= /gzy nelwaln - [AInd SYwy. 2, € 7, (T, (2.7¢)
“h
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8 S. GOMEZ ET AL.

andlet %, A, g?,; o/, and &, be the operators associated with the nonlinear functionals
wp o) = [ty -9y dx by € Sp(T)Y (2.8)
ny Wi 0y 9,) = /Q A@wp)Tsn@wy) g : @, dx
Ywn 04 9,) € ST x M p(T)N x Mp(Ti)N,  (2.8b)
@ wii g, 0,) :=/_(2A(u<wm>Tgh L@, dx
Y00ns 8,0 9,) € Sp (TN x (TN x (TN, (2.8¢)
an 0 0 0y) = /S2 Aoy, : 8, dx

YW, y,05) € (TN x tl (TN x At (TN, (2.8d)

Frwy, ) = /Qf(u(wh)) A, dx Ywy hy € 7, (TN, (2.8¢)

After summing (2.4a)—(2.4d) over all the elements K € .7}, by the average-jump identity

{{)\h']}aF thﬂN +{{£h}}1*0{1~‘ : [[)"hﬂN = [[)‘hfhﬂN’ (29)
we get
N N
th(gh,i’ﬂh,i) = th(Wh,i’ﬂh’i)’ (2.10a)
i=1 i=1
n,(W,30,,9,) =AWy 8,.9,) (2.10b)
N
th(c_lh,i’gh,i) =a,(w,:0,,0,), (2.10c)
i=1
d N N
T} + DOy )+ D500 A ) = L300 1) (2.10d)

i=1 i=1

The ordinary differential equation (ODE) system (2.10a)—(2.10d) can be written in operator form as

Iy @ MZ, = (Iy ® B)W,, (2.11a)
N Wy E)) = A, (Wi Z)y), (2.11b)
IyeM)Q, =o,(W,; X)), (2.11¢)

dit%h(wh) + Uy ®BNHQ, + Uy @HW), =.Z,(W)), (2.11d)

where I denotes the identity matrix of size N, ® the Kronecker product and W, Z,, X, O, are the
vector representations of w,, W T 4 respectively.
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Since the nonlinear operators &/, 27, and .4, are linear with respect to their second argument,
equations (2.11b) and (2.11c) can be rewritten as

N WOE, =, (W)'Z,,  (UyOMQ, =o,W,)X,,

for some block-diagonal matrices W4 »(W,) and @ (W,,). Moreover, due to Assumption H2a, the matrix
A, (W) is positive definite.
Eliminating Z;, and Q, we can write the ODE system (2.11) in the compact form

N Wy E) = Ty (W Iy @ M BYW),), (2.12a)

d
YW+ (IN ® BTM_I) Ay (Wi Z,) + Uy @ HW,, = F,(W)). (2.12b)

In the following Lemma 2.3 we prove some properties of the bilinear forms and nonlinear functionals
defined in (2.7) and (2.8), respectively. From here on, we denote by V, (-) the elementwise V (-) operator,
and by || - [l ;z2(gyav the L%(£2) norm of functions with N d-vector-valued components.

LemMa 2.3. The bilinear forms defined in (2.7) and the nonlinear functionals defined in (2.8) satisfy the
following continuity bounds:

imh(ﬁh,pﬂh’i) <&, iz 19, lizz2yepw (2.13a)
N - |
th(wh’i’zh,i) S (||Vhwh||[2L2(Q)d]N + ”h_% Iwiln ”[ZLz(yh])d]N)j ”zh”[LZ(_Q)d]N, (2.13b)
i=1
N L .\
Zsh(wh,i’ M) S ” i [whln H[LZ(,%,JW]N ”’71g (LA ” L2(F7 Yy (2.13¢0)
i=1
w, Wy, 0p) S NPyl 22 (2.13d)
Eh(wh;sh’ﬂh) S 1€, liz2 @2y 19, 2 (2)apv s (2.13e)
ay Wy 05, 0) S 1G22y 1841l 222y (2.13f)
FrwWp ) SN2 (2.13g)

for all functions in the corresponding discrete spaces, with hidden constants independent of the mesh
size h. Moreover, the nonlinear functional n;,( -; -, -) satisfies the following coercivity property: for all
wh € %(%)N>

Wy 05,03) = Vg lTp gy Yoy € A (T, (2.14)

where y is the constant in Assumption H2a.
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10 S. GOMEZ ET AL.

Proof. The coercivity property (2.14) follows from Assumption H2a. For (2.13b), the average—jump
identity (2.9) and integration by parts give

bWy ¥, ) = _/Q ViWni - ¥, dx + /W wiiln ), h—opdS.
“h

We estimate the volume term on the right-hand side with the Cauchy—Schwarz inequality. For the

interface term, on each F € %, ,’lﬂ , we use the weighted Cauchy—Schwarz inequality with weights n;/ 2

/

and 71;1 2 and the inverse trace inequality for ¥ W taking into account that, due to the definition of 1z

in (2.6), rfl/z < min{hl/z,hl/z}, where K, and K, are the two elements sharing F. Estimate (2.13b)
F ~ K "k, 1 2 g

readily follows. The remaining bounds in (2.13) follow from Assumptions H1, the boundedness of u
(see H2) and the Cauchy—Schwarz inequality. g

We prove that, given w;, € Z,(%)N, equations (2.10a) and (2.10b) define o, € ,//lp(ﬂh)N ina
unique way. In vector representation this entails that, given W, equation (2.12a) defines ¥, = X, (W)
in a unique way.

ProposITION 2.4. Givenw,, € %(%)N equations (2.10a) and (2.10b) define g, € A p(Z,)N in a unique
way. Moreover, o, satisfies

2 2 -1 2
”lh”[LZ(_Q)d]N 5 ”Vhwh”[LZ(_Q)d]N + ”h zﬂwh]]NH[LZ(yhﬂ)d]N’ (215)
with hidden constant independent of the mesh size A.

Proof. (i) Given w, € .,(7;)N there exists a unique ¢, € A (TN solution to (2.10a). Moreover,

£h satisfies

2 2 -1 2
”£h||[L2(Q)d]N S ”vhwh”[LZ(_Q)le + ”h 2 [[wh]]N” [LZ(JOZ'hJ)d]N-

This follows from the Lax—Milgram lemma, which is applicable owing to (2.13a) and (2.13b).

(ii) Given w;, € 5”[,(9,1)/\’ and §, € %p(%,)N from step (i) there exists a unique g, = a,(w;,) €
M p(ﬂh)N solution to (2.10b) that satisfies (2.15). This follows again from the Lax—Milgram lemma,
which is applicable owing to (2.14), (2.13e) and (2.13b). [l

We prove the following space-discrete entropy inequality, which is a discrete version of inequality
(1.4).

ProposiTiON 2.5. Any solution (w,,0,,) to the semidiscrete formulation (2.12) satisfies the following
entropy inequality for all T € (0, T]:

T T 1
3 2
/ﬂ s@wy(x, 7)) dx +y /O o 1T 2 qyepy A1+ /0 |nz waln 2,7y dt

< / s(u(wy,(x,0))) dx + tC[£2].
2
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 11

Proof. Lett e (0,T]. Multiplying (2.12b) by W, we get

d
<_%h(wh)* Wh> + <(IN ® BTM*]) Ay (Wi Z)). Wh> +{Uy @ YW, W) = (F (W), W)

dr
(2.16)
We treat each term in identity (2.16) separately.
Since u = (s')~! we can write w), as s’ (u(w,,)). This, together with the chain rule, gives
d /
a%h(Wh), Wh = o at(u(wh)) "Wy dx = o Bt(u(wh)) -5 (u(wh)) dx
= /Q 0,(su(wy))) dx. 2.17)

By using standard algebraic manipulations, equation (2.4b) and Assumption H2a we obtain
<(1N ® BTM’I) A, (W Z,), W,,) = <gh (W, Z,), (IN ® M”B) Wh>
= / Awwy))ay, : ¢, dx = / Aww,)'e, o, dx
Q 2

= / A@w)s" @w,))e), © 0,dx = Yllay L g
2

(2.18)
By the definition of the bilinear form s,(-, ) in (2.7c) we have
1
(Uy @ W), W) = |[nz[wyIn ||?L2(g‘hﬂ)d]N- (2.19)
Finally, the following upper bound follows from Assumption H2b:
(FR (W), W,) = /ﬂf(u(wh)) cw,dx = /Qf(u(wh)) -5 (w(wy)) dx < G| £2|. (2.20)

Integrating in time (2.16) from 0 to 7, and using bounds (2.17), (2.18), (2.19) and (2.20) we obtain the
desired result. O

REMARK 2.6. The definition of # in Assumption H2 guarantees that, in the semidiscrete formulation
(2.4), the argument u(w;,) in the nonlinear terms A(-), s”(-) and f(-) takes values in 2. Such a property is
essential in the existence and convergence results in Theorems 3.2 and 4.1, and could not be guaranteed
if a discrete approximation o, € %(Z,)N of p = u(w) were used instead.
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12 S. GOMEZ ET AL.

ReMARK 2.7 (Constant diffusion tensor A). If A is a constant diffusion tensor the semidiscrete formulation
(2.4) reduces to

D y(Wyi Z3) = Uy @ B)W,, (2.21a)
dit%h(wh) + (A ® BTM_]) T+ Uy @OW, =7 ,(Wy), (2.21b)

where Z 5 (-, ) is the operator associated with the nonlinear functional
n,()30,,9,) = /Qs”(u(wh))gh r9,dx Vw09 € S (TN x A (TN x A (TN

Moreover, if the entropy density is given by
N
s(p) = D 5i(p,)»

i=1
matrix s”(p) is diagonal. In such a case the N components of ¢, are no longer coupled in (2.21a).

Remark 2.8 (Differential operators). Rewriting model (1.1) in terms of the auxiliary variables w),, { W
o, and g, allows us to localize the influence of the nonlinear terms in the semidiscrete formulation
(2.4). More precisely, nonlinearities do not appear in interface terms, but only on local volume integrals.
Consequently, the only non-block-diagonal operators in the method that have to be computed are the
scalar matrices B and S, which are the standard LDG gradient and stability matrices, respectively. The
resulting method is more efficient, compared with interior-penalty discretizations with nonlinearities
under the differential operators (and thus in the interface terms); cf. (Bonizzoni et al., 2020; Corti et al.,
2024).

Remark 2.9 (Discrete positivity and boundedness). Obtaining a discrete approximation p; € Yp(ﬂh)N
that respects the positivity (or boundedness) of the physical unknown p in a strong sense (i.e., pointwise)
is a very difficult task. In fact, for high-order approximations, even if p; is enforced to satisfy such
bounds on the nodes (weak positivity) the physical constraints might still be violated; cf: (Barrenechea
et al., 2023). Our method provides an approximate solution p, = u(w;) ¢ %(%[)N that satisfies the
physical constraints for any degree of approximation.

2.2 Fully discrete scheme

We discretize the ODE system (2.12) in time by the backward Euler method on a partition of the time
interval (0, T') into N, subintervals {(z,_;, tn)}nN’:] ,with7y = 0,7y, = T and time steps 7, := #,—1,_; > 0.
Moreover, we add a regularizing term with multiplicative parameter ¢ > 0, which is defined in terms
of a symmetric, h-uniformly positive definite matrix C only depending on the space discretization. The
parameter ¢ does not depend on the diffusion matrix nor on C, and can be choosen arbitrarily small. Such
a regularizing term is essential in the existence and convergence results in Theorems 3.2 and 4.1. The
fully discrete, regularized method reads as follows:
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 13

e define R2 as the vector representation of the L?(£2)-orthogonal projection of Ppin Jﬂp (%)N denoted
by H,?Po’ and compute (WZ’l, ZZ’I) by solving

AW B =, (Wi ay e M BWSY), (2.22)

e,y ® OWS! + (OZ/h(Wf;l) - Rg)

+1, (IN ® BTM_I) o, (WZ" ; z;") +r,Uy @ W =17, (W,i’l) . (2.22b)
e forn=1,...,N,— 1, compute (WZ’"'H, Z'Z’"'H) by solving

ih(WZJH_l; EZ’"—H) _ i‘;l (WZ’H_H; Iy ®M71B)Wz,n+l) ’ (2.23a)

67,1 Iy ® OW,"H 4 (%h(Wfl’”“) - %h(WZ’n))

T (IN ®BTM—1) o, (Wz,n-H; zz,nﬂ) + Ty Uy ® S)Wz,n+l = 1,7, (Wz,n-i-l) _
(2.23b)

The symmetric, positive definite matrix C defines a scalar product and a norm in yp(ﬂh): given w,,
and v, in %(Z,)N with vector representations W, and V/,, respectively, we set

N
Zch(wh’i, V/’l,i) = ch(wh, Vh) = ((IN ® C)Wh’ V/’l) and ||Wh||% = <(IN X C)W/’L’ Wh) . (224)
i=1

RemMaRk 2.10 (Discrete initial condition). The proposed fully discrete scheme imposes the initial
condition p, only weakly. This subtle yet crucial difference from the standard backward Euler scheme
allows us to naturally handle initial conditions that could not be accommodated if an initial datum
w, = s'(py) were to be imposed strongly and p,, took values on 3 7. This property significantly improves
the stability of the method in such situations and avoids the need for artificial initial data employed in
previous approaches.

Therefore, the use of R2 in the first step of the fully discrete scheme (2.22)—(2.23) has two
motivations:

* it allows for an initial datum p,(x) € 9 for ae. x € §2, whereas wy = s'(py) may be not well
defined if p, takes values on 0 %;

e it leads to an h-independent bound in the discrete entropy inequality in Theorem 3.1.

Remark 2.11 (Reduced nonlinear system). Setting &, (W,) := o/, (W,). A ,(W,) "'/, (W,)T the fully

discrete scheme (2.22)—(2.23) can be written in terms of the WZ’"H—unknown only as follows:
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14 S. GOMEZ ET AL.

* define R2 as the vector representation of Hz(’) P, and compute Wfl’l by solving
eri(ly ® OW;' + (2,(Wy) — KY)
+ 7 [Uy ® BTMYE, WUy @ MB) + Uy © )| Wit = 7.7, (W)):
e forn=1,...,N,— 1, compute WZ’"'H by solving
£T, Iy ® WS 4 (%h(WZ’"“) - %h(WZ’"))
+T,, [(IN ® BTM~ )&, (W) (1y @ M 'B) + (Iy ® S)] wortl =1 2, (Wf,’"“) .
Due to the structure of Zh(Wh) and @(Wh) the matrix E(Wh) is block diagonal.

REMARK 2.12 (Higher-order time discretizations). The convexity of the entropy in Assumption H2 allows
for a proof of a discrete entropy inequality for the first-order backward Euler scheme via the elementary
inequality s’ (y)-(y—x) > s(y)—s(x) forallx,y € 2. The use of arbitrary higher-order time discretizations
and their analysis is more delicate. We believe that the natural extension of the proposed scheme is to
use the entropy dissipative, high-order DG time discretization proposed in Egger (2019). However, the
analysis of the resulting method is considerably more challenging, as it requires the development of new
ad hoc discrete compactness results. We also refer to Jiingel & Milisi¢ (2015) and Jiingel & Vetter (2024)
for structure-preserving second-order Backward Differentiation Formula schemes for certain classes of
cross-diffusion systems. These schemes are based on entropy functions s that do not satisfy Hypothesis
(H2), i.e., they may fail to preserve positivity or boundedness.

3. Discrete entropy stability and existence of discrete solutions

In this section we prove the entropy stability and existence of solutions to the fully discrete, regularized
problem (2.22)—(2.23).

TueoreM 3.1 (Discrete entropy inequalities). Any solution { WZ’” }nN’:1 to problem (2.22)—(2.23) satisfies

1
.1 Bl 1 5 1 2
87:1 ”wz ”% + /_Q S(u(wz )) dx + VT1 ”g; ”?LZ(Q)d]N + Tl ” 771%" [[WZ ]]N ” [LZ(:gzhﬂ)d]N

5/ s(po)dx+Cft1 |£2], 3.1
o .

1
ent12 en+1 en+tl2 2 My & i+l (12
et Wy IE + /Q s@w" D) do -y, 185" T 2 g + T |12 D I e

< / swy;™) dx + G,y 1921
2
(3.2)
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 15

and
Ny—1 Ni—1
2 Z Tyt W5 HIE + / s@w™ ) dx+y D ey R gy
2 n=0
Ny—1
2
+ Z i [ D9 I e < /9 S dx+ CGTIQI. (33)

Proof. 'We multiply (2.22b) by WZ’I. For the first two terms, using the L?(§2)-orthogonality of 17, the
fact that u = (s') ! and the convexity of s we find that

ey ((y @ OWL W)+ (%, W) — R, W) = e Iwf 12 +/ (
= €T ||wfl’1 ||2C +/ (

= ety wi 12 + /Q(u(w;’l) — po).s/(u(wfl’l)) dx

u(wy, henm Po) ~wZ’1 dx

u(wh ) ~wfl’1 dx

> ey wp 1% + / (s = s(op)) dx.
2
For the remaining terms proceeding exactly as in the proof of Proposition 2.5 we obtain
(4

o ((ve B™M) a2, oWy Eh o wyt) = ny e 1

1 )1 3roel 2
T <(IN RW, . W, > = 7| nzIw} HN”[LZ(,?hf)d]N’
7 <ﬁh(WZ’1),WZ’1> <1,Cl2l

All the above estimates immediately give (3.1). In order to prove (3.2) we proceed as above. We write
explicitly the estimate of the first two terms for completeness:

“r ((y @ WL W) (2, W) — 2, . W
= ez, vy G+ /_Q ("(Ws hy u(wf{n)) wy"dx
= e Wy G + /9 (™) — ™) -5 @Ow" ) dx

> o7, W) ”“||C+/ (s(u(we ) —s(u(wZ’"))) dx.
2

Finally, to obtain (3.3), we multiply (2.22b) and (2.23b) by WZ’I and WZ’"J“] , respectively, sum over all
indicesn = 0,...,N, — 1, and use the same arguments as above. O

920z AelN 80 uo 1sonB Aq ££87998/0¥ LIBIP/WNUBWIYEEOL 0 1/10P/3[0NE-80UBAPE/RUlEWI/W0S" dNODlWSPEdE//:SARY WO} PSPEOjUMOQ



16 S. GOMEZ ET AL.

THeEOREM 3.2. Forn = 0,...,N, — 1 there exists a solution WS ntl

problem (2.23) (n > 1).

to problem (2.22) (n = 0) or to

Proof. We begin with n = 0. Consider the linearized problem: given V, € RAm(A (") find Wi e
RAEM(Z2(T") guch that

eri(y ® OW), = ~2y(Vy) + R — 71 (Iy © BTM ') )y (Vi Z3(Vi) = w1 Uy @ )V + 11 F4(Vi),
where X, (V) is the unique solution to

Ny (Vi Z,(V)) = Z, (Vi Iy @ M™'B)V));

see the text above Proposition 2.4. As C is positive definite Wj is uniquely defined. This defines a
function
@ ST = (TN, v,
where v;, € Z,(Z,)N and wj € %(%)N are the functions whose coefficient vectors are V;, and Wj,
respectively. Due to the continuity of A, f and u, and to estimate (2.15), @ is continuous.
We apply the Schaefer fixed-point theorem (Smart, 1974, theorem 4.3.2) to prove that @ has a fixed

point, which implies the existence of solutions to (2.22). In order to do so it only remains to prove that
the following set is bounded:

{wh € (TN wy = 8wy, b € [0, 1]}.

Let w;, # 0 be in this set, and let W, be its coefficient vector. Then, w;, = 6@ (w;,) for some § € (0, 1],
namely W, satisfies

ET
Ly ® OW, + (2, W,) — R))
+ Tl (IN ® BTMil) %h (Wh’ Eh(Wh)) + ‘Cl(IN ® S)Wh = leh(wh).
We multiply the previous equation by W/,. It follows as in the proof of Theorem 3.1 that

% (v OW,,W,)+ <%h(Wh) R).W,) > Tl lw,liz + /Q (s(wy)) — s(py)) dx

7 (Uy @ W, W,

o (I ® BTMT) 2, (W3 2, W0) . W) = 1170, g
) 7 H nF [[wh]]N ” [L2(9J)d
)

T (Z4 (W), W,) < 7 Crle2),

from which we obtain

£T 1 »
— Wl + /Q s@w,)) dx + Y1842 g0y + 71 |17 N2 70 o < /S2 s(po) dx + 7,G;182].
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 17

Due to Assumption H2c [|w;, || is uniformly bounded with respect to §. Therefore, the Schaefer fixed-
point theorem implies the existence of a fixed point of @ (§ = 1), and therefore the existence of a solution
WZ’l to problem (2.22). In particular, for the function wZ’l corresponding to the coefficient vector WZ’l ,
we have

/s(u(wZ’l))dxf/ s(po) dx + 7,Cyl£2].
22 22

For n > 1, we proceed by induction. Assuming the existence of WZ’” and the boundedness of
f o S(u (wfl’n)) dx we apply the same arguments as above to the linearized problem

T, Uy @ OWy == U, (Vi) + U, (W) — 1,4 (IN ® BTM_I) 3, (Vi Z,(V))
= T Uy ® OV + 1,1 F,(Vy),
to deduce that

ETpt1
1)

1
5 2
”wh”% + /_Q s(u(wh)) dx + Tn+1)/ ||gh||[2L2(Q)d]N+Tn+1 H 7)1%“ [[wh]]N H[LZ(g‘I;f)d]N

< / sw(w,™)) dx + .11 Cr1921.
Q

The boundendess of f o s(u(wf,’”)) dx entails the uniform boundedness of ||wy || -, and the existence of a
solution WZ’"'H to problem (2.23) is derived as above. Moreover,

/s(u(wfl’"+l))dx§/ s@w;™) dx + 1,,,Cl82],
2 2 ’

which completes the proof. (I

RemARrk 3.3 (Regularizing term). The regularizing term with multiplicative parameter ¢ > 0 in the fully
discrete scheme (2.23) is a discrete version of the one introduced for the semidiscrete-in-time formulation
in (Jiingel, 2015, §3). Such a term is used to enforce a numerical control on the L°°(£2) norm of the
entropy variable w),. This prevents u(w,,) from approaching values near 32, where s” typically becomes
singular. In those cases the e-regularization is needed to recover the stability of the nonlinear solver, as
illustrated in Section 5 below.

We cannot perform the simultaneous limit (¢, 4) — (0, 0) in our formulation. The limit ¢ — 0 and
then 7 — O was possible in the finite-volume scheme of Jiingel & Zurek (2021). We refer to Section 4.1
for some mathematical details, and to Section 5.1 for numerical experiments for various values of ¢.

4. Convergence of the fully discrete scheme

We fix ¢ > 0 and a partition .#_ of the time interval (0, T) defined as in Section 2.2, where the index
T denotes the maximum element length. Consider a sequence of spatial meshes indexed by m € N,
{%m }m, where h,, is the maximum element diameter of Zlm We assume that {£,,},, is a decreasing
sequence with #,, < 1 for all m € N and lim h, = 0. We introduce the LDG gradient operator

m—0o0 "'m
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18 S. GOMEZ ET AL.
Vog : 5’;,(9,1’") — ///p(ﬂhm), which is defined by

/Q Voghry, - 0, dx = /Q (Vi = L (Oy)) -0,,dx Y0, € M (T, ), 4.1)
with the jump lifting operator . : .%,(J), ) — # ,(J, ) given by

/ g()”m) dex =/ [[)‘mﬂN '{@m}}l—apds VQm € %p(‘?h )-
Q tg\hﬁ m

4.1 Assumptions for h-convergence

In the following Section 4.2 we prove the convergence of fully discrete solutions to semidiscrete-in-
time functions, as m — o0. To this aim we make the following abstract assumption, whose validity is
discussed in Section 4.4.

AssumpTION 4.1. Wesetf = 1ifd =1 and, ifd = 2,3,

. {1 ifs"A € €0 (@;RWN),

2 otherwise.

‘We assume that, for m € N, ﬂhm and p are such that
I, =L (T, ) NH () C (T, ), 4.2)

and that there exists a DG norm || - [|pg in 5’;(9,1’” )V, which satisfies the following conditions:
(i) There exists a positive constant Cpg independent of /,, such that

N
2 N
> Wi W) = Coalw,lldg YW, € 7, (7, ).

i=1
(i) Ifd = 1or ¥ = 2 the following discrete Sobolev embedding is valid: there exists a positive constant
C, independent of 4, such that

W,y < Cslwnlpg Y, € Zp( 5 ). 4.3)

(iii) For any sequence {w, }, withw, € %(ﬁhm)’v that is uniformly bounded in the DG norm there

exist a subsequence still denoted by {w,,},, and a function w € H(£2)N such that, as m — oo,
VogW,, — Vw  weakly in [L>(2)9]",
W, —> W strongly in L7(£2)V,

withl < g < 6,ifd=3,0rl < g < oo, if d = 1,2. Moreover, for any A € HZ(.Q)N there exists a
sequence {A,,}, with A, € ﬂcom(%m)lv such that, as m — oo, it converges strongly in H'(£2)Y
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 19

to A and

. W d,) = ; ( > D DA+ w- x) dx. (4.4)
lae|=¢C

4.2 h-convergence

Forn =0,...,N, we denote by w;"" a solution to the fully discrete scheme (2.22)—(2.23) on the spatial
mesh 7, at the discrete time #, of the fixed temporal mesh .7 .

THEOREM 4.1 (h-convergence). Fix ¢ > 0 and a temporal mesh .#,. Let Assumption 4.1 be satisfied.
Then,

(1) Setting pfn’o = H;?:"O’ for m — oo, we have

/ (pg— 050 -wdx -0 vweH (2)V. (4.5)
2

Moreover, for any n = 1,...,N,, there exists w*" € HY ()N with u (w®") € H' (£2)N and a
subsequence of {ﬂhm }m still denoted by {Z,m }m such that, as m — o0,

Pl i=u (W) = po" i=u (W) strongly in L"(£2)" for all r € [1, 00).
(ii) Set, for convenience, ps’o i=pg.Forn=0,...,N, -1, wen 1 golves
87:n+1/ ( Z DEwE L D ot 'l) dx+/ (u (ws’"H) - ps’”) “Adx
2 — o)
loe|=¢
+ rn+1/ A (u(w”’“)) Vuw™"th : Vidx = Tytl / f ("(Wg’"H)) -Adx VA e HY )N,
2 2
(4.6)
(iii) Forn =0,...,N, — 1, w®"*! satisfies
6Tt W e o + / @) dx + y 1, Va2 g i
2
< [ st hax+ Gr,. 19
2
and
N—1 N—1
& D T IW " e o + / s@w M) dx +y D T, VeI o
2
n=0 n=0

< / s(pg) dx + C,;T 82|
2
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Proof.  Part (i) The limit in (4.5) follows from the estimate

'/Q(po - piio) cwdx| = ‘/ﬂ po- W —HI(,)W) dx| < Chm||p0||L2(_Q)N|w|H1(_Q)N7

where C > 0 is independent of &,,. Since the right-hand side of (3.3) is uniformly bounded estimate
(3.2), together with Assumption 4.1, (i), implies that {ws ’"}m is bounded in the DG norm, uniformly with

m
respect to h,,. Then, by Assumption 4.1, (iii), there exists a function w®" e HY ()N and a subsequence
of {wfn” e Still denoted by {wfn” > Such that, as m — oo,

wol — W strongly in L7(£2)",

withl < g < 6,ifd = 3,0or 1 < g < oo, if d = 1,2. Up to extraction of another subsequence we
can also assume that we;" converges to w*" almost everywhere in £2. As u (w5"*1) € L®(2)V the
dominated convergence theorem implies that p%" :=u (wf,;") converges strongly to brho®”" := u (w®")
in L"(£2)N for all r € [1, 00). This proves the first part of the theorem.

Part (ii) Now we prove that the limit w®" solves problem (4.6) for n = 0,...,N, — 1. We write
(2.22)—(2.23) as a variational problem:

/{2A(u(wfr;n-Fl))Ts//(u(wi/;ﬂ-i-l))gfr;n-l-l igmdx

AT L
= — /Q AW ) T gwerT! o dx Vo e M (T ", (4.7a)
sranhm(wf,;”H,lm)—i—/gu(wf,;”“) “A,dx

= Tutl /Q A@w, )@ ok, dx + 1,y /W nplw™ In - A Ind S

hm
:/pr,;"-xmdx+tn/ﬂf(u(wf,;"+l))-xmdx VA, € 7T, )" (4.7b)

Here, chm(~, -) is the bilinear form in (2.24) and Vpg(-) is the LDG gradient defined in (4.1).

We infer from the discrete entropy inequalities in Theorem 3.1 that {o f,;"“ },, 18 bounded in the L*(£2)
norm. This implies that there exists 0! € [L?(£2)?]" such that, up to extracting a subsequence,

gfn,n-i-l N gS,I’H-l Weakly in [LZ(Q)d]N

Moreover, as {wf,;”“}m is bounded in the DG norm, by Assumption 4.1, (iii), there exists w®"+! ¢
H'(£2)" such that, up to a subsequence,

VogWe T — vt weakly in [L?(£2)4]",

i+l a1 : N
wo > W strongly in L7(£2)",
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STRUCTURE-PRESERVING LDG METHOD FOR CROSS-DIFFUSION SYSTEMS 21

withl < g < 6ifd=3,and 1 < g < coifd = 1,2. From Part (i) we have thatu(wfn’”"’l) — u(woth
strongly in L"(£2)N for any r € [1, o0), and therefore almost everywhere in £2. Due to the continuity of
A we also have that A(u(w?; 1)) 5 A(u(we 1)) almost everywhere. Furthermore, as A is continuous
in 7 (see HI) and u : RN — 2 the sequence {A(u (wi;”“‘l))}m is uniformly bounded. Therefore,

AWy - A@w))  strongly in L(£2)M*N for all r € [1, 00).
Similarly, we deduce that
F@ws™) = f@mw®" ) strongly in L™ (22)" for all r € [1, 00). (4.8)

The boundedness of {A (W& 1) TVpgwe+1) in [L?($2)4]Vimplies that there exists & € [L(£2)4]V
such that, up to extracting a subsequence,

A@we™ N TVpews ™ ~ @ weakly in [L2(2)7]V.

As A(u (wf,;”“))TVDwan’”+1 is the product of a term that converges strongly in [L" (§2)4IV*N for any
r € [1,00) and a term that converges weakly in [Lz(Q)d]N it converges weakly in [L* (.Q)d]N for any

s <2 (% + % = %) to the product of the two limits. Therefore, for the uniqueness of the weak limit, @
must be equal to the product of the two limits. This proves that

A@WE N TVews ™ — A@w® 1) Tvws 1 weakly in [L2(£2)4]". (4.9)
Similarly, we have the convergence
A@WE e s~ At ) gt weakly in [L2(£2)41". (4.10)

Moreover, if d = 1 or £ = 2, Assumption 4.1, (ii), implies that w "H(x) € X ae. in £2, for some
compact .# C RY and all m > 0. Therefore, u(we +h(x) € A a.e.in RV, for some compact X CD
and all m > 0. Since ATs” is continuous in %, proceeding again as for (4.9), it follows that

A(u(wfr;nJrl))T //(u(we n+1))as n+1 _\A(u(we,nJrl))T //(u(ws n+]))a£ n+1 weakly in [LZ(Q)d]N,
“4.11)

When s”A € ¢° (@, RN*N ) the weak convergence in (4.11) follows from the boundedness of & without

requiring Assumption 4.1, (ii), to be satisfied.
In order to pass to the limit in both sides of equation (4.7a), we observe that, for every ¢ € [L2(2)4N,

there exists a sequence {gm}m C ///p( yhm)N that converges to ¢ strongly in [L2(£2)71V. We test (4.7a)
with [ Then, the weak convergence (4.11) and the strong convergence of 2., imply that

/ A(u(wg’n—‘rl))TS//(M(WS’n+1))g€’n+1 . wdx: _/ A(u(wg,n+1))TVw€,n+l . (ﬂdx V(ﬂ c [L2(.Q)d]N
2 - 2 - -
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This, together with the chain rule Vw®"! = Vs(@mw®"t) = " (@mw*"T1)Vuws"+) and
Assumption H2a leads to

& = vy we . (4.12)

Next, we consider equation (4.7b). For any A € H*(2)V let {A,,},, C ffom(ﬂhm )N be a sequence
as in Assumption 4.1, (iii). Due to the assumption %Cont(ﬂhm) C 7,(Z,,) we can test (4.7b) with
A,,. Taking into account that A,, has zero jumps across interelement boundaries the last term on the
left-hand side in (4.7b), which involves [[Xm]]N, is equal to zero. We deduce from Assumption 4.1 (in
particular, (4.4)), Part (i) of the present theorem, and the limits (4.8) and (4.10), that the weak convergence
to the appropriate limits of the remaining terms that involve trial functions. Together with the strong
convergence of the terms containing test functions we find that

1:,,+1/ ( > DwErt poy gyt .x) dx+/ (u(ws’"Jr]) A = T A ) gt w) dx
2
lee|=¢

:/ ps’"~ldx+t,,+1/f(u(w”’“))-ldx v e HY ()N,
2 2

The combination of this with identity (4.12) implies that, forn = 0,...,N,—1, wet1 solves (4.6). This
completes the proof of second part of the theorem.
Part (iii) This part follows from (4.6) in Part (ii), by proceeding as in Theorem 3.1. Il

ReMARrk 4.2 (Unbounded domains 2). In the proof of the existence of discrete solutions and of the
convergence to a solution to the e-perturbed continuous problem (4.6) we repeatedly use the boundedness
of 2 and the continuity of A and f on Z (see Assumption H2a). Such a restriction can be lifted by using
the argument employed to prove limit (4.11). More precisely, the presence of the regularizing term in
the fully discrete scheme (2.23) and Assumption (ii) guarantee that wit(x) € X ae. in £2, for some
compact .# C RN, which implies that u(wi")(x) € A ae.in R, for some compact A C P and all
h,, > 0. Therefore, at each occurrence, the assumption of the boundedness of & can be replaced by the
boundedness of # and the fact that the compact %" is independent of /.

4.3 Convergence to a weak solution to the continuous problem

Let .#, be a temporal mesh and {,o*’"’”}iv’:0 be the corresponding semidiscrete-in-time solution from
Theorem 4.1. For simplicity, we assume .7, to be uniform. We define p(“) e L0, T;H' (2)N) as
the piecewise linear reconstruction in time of {p®” N o defined by

P C0) = o) = (g — 1) (0% () = 7" () /T fornt <t <@+ DT, 0<n<N, -1
(4.13)

We also define the shift s, 0P (-,1) = p*"(-) fornt <t < (n+1)t, 0 <n <N, — 1.
We say that p is a weak solution to the continuous problem (1.1) if it satisfies

« pel*0,T;H (2)N)nH' 0. T; [H' ()N]);

e p(x,H) e Pae.in 2 x (0,T] (in particular, p € L°(0, T; L (£2)V));
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s p(-,0) = p,(-) in the sense of [H! (£2)"]’;

o JT@eN A+ [ [o AV : VA dedt = [ [of(p)-Adedt VA e L20,T;H (2)V),
where (-, -) denotes the duality between [H L2)NY and HY ($2)V.

TuEOREM 4.3. Let Assumption 4.1 be satisfied, and let p*¥) be the piecewise linear reconstruction of
the semidiscrete-in-time solution from Theorem 4.1. Then, there exists a continuous weak solution p to
problem (1.1) such that, up to a subsequence that is not relabelled, for (g, ) — (0,0), we have

p&D = p strongly in L"(0, T; L" (£2)") for any r € [1, 00) and a.e. in £2 x (0, 7],
Vp®? —~ Vp  weakly in L*(0, T; [L*(£2)*1V),
(0" —5,p7) = 9,0 weakly in L*(0, T; [H ()",
where the integer £ is as in Assumption 4.1.

Proof.  The proof follows closely the arguments in steps 2 and 3 of (Jiingel, 2015, §3). U

4.4 Validity of Assumption 4.1

The proof of Theorem 4.1 strongly relies on the validity of Assumption 4.1. Due to our mesh assumptions
inclusion (4.2) is satisfied whenever p > £. Before discussing the existence of a bilinear form ¢, (-, )
and a DG norm || - ||pg With the properties (i)—(iii) in Assumption 4.1 we prove the following estimate,
which is an extension of (Buffa & Ortner, 2009, theorem 4.4) to the cases g = 1, p = 1,2.

LemMma 4.4 (Broken trace estimate). For r € {1, 2}, we have the following estimate:

1—r
IV ooy S W) + 1Vl @y + IIh™2 [[VHN“U(ﬂhj)" v e S, (T,
where the hidden constant is independent of 4 and v, but it depends on £2.

Proof. Letv € Z,(7,) and Q) : S,(F) — chom(ﬂh) be the reconstruction operator defined in
(Buffa & Ortner, 2009, §3). By the triangle inequality

||V||L1(ag) < ||QhV||L1(3_Q) + v — Qh||L1(3Q)~ (4.14)
The trace theorem in W1 (§2) gives

”th”Ll(aQ) f, ”QhV”Ll(Q) + ”VQhV”Ll(Q)d- (4.15)

Thus, it follows from (4.14) and (4.15), by applying the triangle inequality and (Buffa & Ortner, 2009,
theorem. 3.1), that

||V||L1(ag) f, ||V||L1(Q) + v — QhV”Ll(_Q) + ||VQhV||L1(_Q)d + [lv — QhV”Ll(ag)

S VL) + 1Vl + | [V]]N“Ll(g‘hﬂ)d’ (4.16)

which completes the proof for r = 1.
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We now consider the case r = 2. We infer from the Cauchy—Schwarz inequality that

1

2 1
Wl = D /K|v|dxs ( > |K|) Vll22) = 12121Vl 22 (4.17)

Ke9, Ke 9,
and similarly,
1
”VhV”Ll(Q)d < |-Q|2 ||th||L2(.Q)d' (4]8)

Moreover, by the definition of h in (2.3) and, for d = 2, 3, the shape-regularity assumption, we have!

/w hds< D IKL,

7h Ke9,

from which we deduce that

1
11 20,1
1INl 15, :/ﬂh’ hth=% [[v]y]dS < (/ths) Ih=2 bl Gy (4.20)
5
_1 _1
() o £
Ke),

Combining the broken trace estimate for r = 1 in (4.16) with bounds (4.17), (4.18) and (4.20) the desired
result for r = 2 follows, completing the proof. d

We now discuss the validity of Assumption 4.1. For this, we distinguish three cases.
e Case d =1 (¢ = 1). Choose ¢;, (-,-) and the H'-type norm || - llpg as

chm(wm’vm) ::/ Wmvmdx+/ VDGWm ’ VDva dx
2 2

+/gm h='[w,,In - [VuInd S YWV € (T, ), (421)
hm
Wlldg = 19l 72 @ + 1Vl i
_1 2
+ ”h 2 [[wm]]N H[LZ(g‘};Z)d]N VWm € efﬁp(e?hm)lv 4.22)

'Ford = 1, fghy hds = Zf‘i}l hx) < ZKE@, |K|, where {x,-}?io are the meshpoints. For d = 2,3, |K| =

(sum of facet (d — 1) — measures) x pog/d, with ox being the inradius of K. From the shape-regularity assumption (2.2) we
deduce that |K| > Thyghp/d for any facet F of K, and obtain fyhy hds < ZFC?};’J hirlFl S ZKE.% IK]|.
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With this choice property (i) follows from the coercivity of the LDG discretization of the Laplace
operator (see, e.g., (Perugia & Schotzau, 2002, propostion 3.1)), property (iii) follows from (Buffa &
Ortner, 2009, theorem. 5.2 and Lemma 8) and property (ii) follows from the following proposition.

ProposiTioN 4.5 (Discrete Sobolev embedding in one dimension). Let (a, b) be an interval in R, and let
,(,) be defined on the partition 7, given by a =: x; < x; < ... < x); := b. If the DG norm is
chosen as in (4.23) with N = 1 then, for all v € %(%),

||V||L00(a,b) 5 ||V||DG,
where the hidden constant is independent of / and v.

Proof. LetK;:= (x;_j,x;) and h; := x;—x;_y,fori=1,...,M.Foranyv € & (7)) andj = 1,... . M,
by the Fundamental Theorem of Calculus and the Holder inequality, we have, for all x € Kj,

j_l X
v(x) = v(a) + Z (/ V(x)dx + v(x?') — v(xl-_)) +/ V(x)dx
i=1 \/Ki Xj-1

M-1

M
< @I+ D IV gy + D VG — v

i=1 i=1

M 1 M—1 | .
< @)+ Dk IV 2@ + D N2 )h™ 2 ) v — v(x)]
i=1 i=1
1

M % M—1 3 X
< v(@)| + (Zh,-) 1Vl 20 + (Z h(xl)) [0 DIl 2z

i=1 i=1

_1
S V@ + IV Iz + |72 [[V]]N”Lz(ghf) S @l + [vlipg-

Lemma 4.4 with r = 2 implies that [v(a)| < ||vlpg. and the proof is complete. U

e Cased = 2,3 and s'A € ¢° (@; ]RNXN) (¢ = 1). In this case the enforcement of the L*°(£2)-

boundedness on the discrete entropy variable w?;", which is a consequence of property (ii), is no longer
necessary, as the weak convergence in (4.11) follows from the boundedness of & and the continuity of
s”A on 9. Moreover, for the bilinear form ¢y, (+,+) and the norm || - [|pg defined in (4.22) and (4.23),
respectively, properties (i) and (iii) follow from the same results as in the case d = 1. We present some

examples for cross-diffusion systems satisfying s”’A € € (@; RVXN ) in Appendix A.
e Case d = 2,3 and { = 2. We define the discrete LDG Hessian operator #pg : -,(.7, ) —
LZ(Q)dXd as

/ Ay O, dx :/ (D,%xm—%(xmngg(xm)) :0,dx v, e [] P&,
2 Q ke,
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where D,21 denotes the elementwise Hessian operator, and the lifting operators &% : ,5’1,(9,%) —
[2(2)4%d and B : Z,(ﬂhm) — L2(£2)?*? are defined by

/%(Am):@mdxz > / {©, g - Va,,dS ve, e [] PP,
§2 KG'—%lm <8K)O Ke‘%lm
/,@(Am):@mdx:/ 0,0 [h,IndS vo, e [] PPy
2 Fim KeT,,

For piecewise smooth functions w, w and w with d, N and N x d components, respectively, we define
the (vector-valued) total jump on each facet F = 3K, N 9K, € .7;”, for some K|, K, € 7}, with a
prescribed unit normal vector, say, pointing from K to K,, as

[wl = Wik, = Wig,» wl = Wik, Wik, [w] := Yig,, = Wi,
Finally, we choose ¢;, (-,-) and the Hz-type norm || - [|pg as

Chyy Wim> Vi) :=/“(2 WimVm dx—l—/Q VpgWm - VDGV dx—i-/“(2 HADGWm : Hpgvmdx

+/¢hy ! [Viwm] - [[thmﬂds+/=%‘“ h 3 [wmln - [vmInd S YW, vin € Sp(Th,)»
(4.23)
1w, 3G =lw,,lI? ATE D2w_|I?
mlDG *— wm”LZ(_Q)N + ” hwm”[LZ(_Q)d]N + ” hwm”[LZ(Q)dxd]N
+Hh—%[[v ]])2 +Hh—%[[ ] H2 Vw €. (T W, (424
c . .
Wl g2z yap e 12T A R

Then, property (i) follows from (Bonito et al., 2023, lemma 2.6). The discrete compactness argument
in Assumption 4.1, (iii), can be proven similarly as in (Bonito et al., 2023, lemma 2.2) (see also (Bonito
etal., 2023, appendix C)), whereas (4.4) follows from (Bonito ef al., 2023, lemmas 2.4 and 2.5) and from
the second estimate in Step 2 of the proof of (Bonito et al., 2023, lemma 2.5). For d = 2, Property (ii) is
proven in the following proposition.”

ProposiTioN 4.6 (Discrete Sobolev embedding in two dimensions). Let £2 C R? be an open, bounded
polytopic domain, and let the DG norm be defined as in (4.25) with N = 1. Then, for all v € 5”1)(9,1),

”v”LOO(Q) f, ”V”DG’

where the hidden constant is independent of & and v.

2 For d = 3, one could develop a similar proof based on the Fundamental Theorem of Calculus, provided that terms with
third-order derivatives are added to the regularization form and to the DG norm. However, comparing with standard Sobolev
embeddings one expects the discrete Sobolev embedding to be valid also in three dimensions with definitions (4.24)—(4.25). This
issue remains open.
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Fic. 1. Example of a two-dimensional domain £2 (in ). Left panel: triangular mesh ) of £2 and an interior point (X, )
(depicted with a red dot) of some element K € .7,. Right panel: auxiliary domain £2 (in blue) and auxiliary mesh .7},.

Proof. Letv e LS”p (7}, and (¥,y) be an interior point of some element K € .7,. If §2 is convex we define
an auxiliary domain 2 = [(—00,%) x (—00,y)]N$2, and an auxiliary mesh ih given by the ‘intersection’
of .7, and 2. We illustrate these definitions in Fig. 1. If §2 is not convex let (%, ;) be the intersection
of the half-line (—oo,X) with 952 having the largest y-coordinate, and (x;,y) be the intersection of
the half-line (—o00,y) with d£2 having the largest x-coordinate. We let I', and I', be the segments with
endpoints (¥,y) and (X,y,) and (x,, ), respectively. Then, we define 2 as the connected subregion
of £2 delimited by I', I', on the side where the angle between I, and I equals /2. (]

Integration by parts with respect to x gives

h

~Z~/I~( dyyv dx = /JZ:’J [[By’hv]]nde—l-/j,W Ay v 1dS,
KeJ, h

where [, denotes the first component of the normal jump [-]. 9, , the elementwise partial y-derivative
and nxﬁ the first component of the unit normal vector pointing outside 2. The boundary of £2 can be

split into three parts as 962 = (952 N 9£2) U 92% U 8527, where 2% and £2” are the parts of 952 along
the lines x = X and y =y, respectively. Observe that

0 on 9827,
=11 on 853,
ng  ond2N 85,

X
g

whence

> /7< 3y dx = /%,, [3, V], dS + /~ g dS+ /~ _d,,vdS.

S ZY N3 F Na2x
Ke9, h h

We now focus on the last term of the previous identity. Let {(x, yj)}le, with £ € N, be the set containing

all internal vertices of .7}, that lie on 8[5}, as well as all intersections between 92¥ and those edges in
ff}’l] that do not lie along 3£2*. We assume that the points in {(%, yj)}f:1 are ordered with decreasing
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FiG. 2. Example of vertices of ﬁh lying along 352%. The red dot has the coordinates (X, y); the green dots have the coordinates
{(x, yj)}]lf:l for some ¢ € N; the purple dot belongs to 352 and has the coordinates (X, yd),

y-coordinate. Furthermore, we denote by (X, yi) the intersegtjon between 9£2% and 9. In Fig. 2, we
illustrate the notation used for the vertices of .7}, lying on 902*3
By the Fundamental Theorem of Calculus in one dimension we have

14

N 3,,wdS =vEy) — > Ey)] —vE@ ),
Lot >k

where [v(x, yj)]] = lim,_, ’v()_c, yi+e) —vxy —e) ’ Therefore,

F ¥ o pa

¢
v(X,y) = Z /I?axyv dx — /fy [0y ,v]n dS — /~ dypvng dS+ Z[[v(%,yj)]] +v(E, ")
KeF, h 7

:J1+J2 +J3 +J4+J5

We estimate the terms J;, i = 1, ..., 5, separately.
Bound on J|: proceeding as in (4.18) we find that

1

1 2
Jy < |9|z( > ||axyv||iz(,<)) < IVllpe-

Ke9},

3 The boundary 352¥ crosses a vertex of I (green dot in the middle) and an internal edge of 7}, (between the two green dots
from the bottom up). This is not an issue, as the domain §2 sees 9§2* only from the interior.
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\/

(a) Internal point of an edge e € (b) Vertex of Tp,.
Fi.

Fig. 3. Tllustration of the two types of points in the set {(X,y; } =1 used in the bound on Jy.

Bound on J,: since |n,| < /n? +n} < 1 proceeding as in (4.21) gives

5= /zy 13,01,

Bound on J5: The broken trace estimate in Lemma 4.4 for » = 2 implies that

ds < /ﬂh’ )[[By,hv]]‘ ds < Hh*%[[ay’hv]]

< |9

Lz(ﬁhj) 12 y‘f)d ~

Js = 18,4010 oy S 0z + 194 @umll2gor + |02 13,0 5 S Mo

Bound on J: The green (or lightgray) dots in Fig. 2 with coordinates {(X, yj)}f=1 may be either (i)

an internal point of some edge e € .%, Zor (ii) a vertex of 7. Both situations are represented in Fig. 3.
We consider each case separately.

Case (i) Let e C ﬂhj be the edge containing (¥, y;), and let emax e the largest segment of e having
(%, y;) as a vertex. Let (x*, y*) be the remaining vertex. We deduce from fzmax > 2h that h~max < 2h_
Set @(t) := [v(x + 1(x* — X),y; + t(y* — yj))ﬂ. Since @ € PP((0,1)) the inverse trace 1nequa11ty

-1
”V”Ll(aD) S hD ”V”LI(D) ShOWS that

@ O)] = | vl < 5]

€max

]

Lie)”

Case (ii) Adding and subtracting the values of v at (X, yj) from all the elements having (x, yj) as a vertex,
and using the triangle inequality, one can proceed as in case (i).

Conclusion of the bound on J,: since the jumps at different points in {(x, yj)}f: | are ‘lifted” to different
edges proceeding as in (4.21) we conclude that

AN

o

Ll(g']) Lz(ﬂh])

L= Yyl = S @l < [h D)
j=1 j=1

= |[r~3 D

< v .
2FF Iviipg

< Ivlpg:
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FiG. 4. Example of the auxiliary segments I” (left panel) and I” (right panel) in the bound on Js5.The dot has the coordinates
(x,9) and is a vertex of §2. The dot has the coordinates (X1, 7).

Bound on Js: Let (%, y) be a vertex of £2 such that the segment I=I[&, ), & y)H] C 32N 352 has
posj}ive one-dimensional measure,* and let {()?l-, j}i) };‘zl , with k € N, be the vertices of .7}, in the interior
of I'; see Fig. 4.

Then, by the Fundamental Theorem of Calculus,

k
VG < WG+ IV, 0l + D G501 (4.25)
i=1

where V_ ;, denotes the broken tangential derivative of v. Furthermore, applying Lemma 4.4 with r = 1
along the side I" of the boundary of £2 containing I" we obtain

M M
VG S ey + 1Ve vl + D0 G| < IVl aa) + 1V llneey + D |VG91| -

i=l1 i=1

where {(%;, 9,»)}?& 1» with M > k, are the vertices of .7}, in the interior of I". This, combined with (4.25),
leads to
M
|V()_C’ya)| N ||V||Ll(39) + ”th”Ll(a_Q)d + z MV()ACZ',)A’,')M =L +L+15

i=1

Using Lemma 4.4 with » = 2 the terms I} and I, can be estimated as follows:

_1
WS Wi +IVleay + (02BN . 0 S V06, (4.262)
_1
I, S IVl + DRV 2 kyixa + Hh 90| 1o s s S 170G (4.26b)
“h
Moreover, proceeding as for bound J,, case (ii), the term I3 can be estimated as
M 3
L= |G| S 1h 2PNl 2z e S Vlpe. (4.26¢)

i=1

It follows from (4.26a), (4.26b) and (4.26¢) that J5 < |[vl|pg, which completes the proof.

# The argument used to bound J5 is independent of whether (%, ya) is a mesh vertex or not.
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5. Numerical experiments

In this section we assess the accuracy and entropy stability of the proposed method with some one- and
two-dimensional test problems. The solutions to the nonlinear systems of equations stemming from the
fully discrete method (2.22)—(2.23) are approximated using a quasi-Newton method, where the Jacobian
of the nonlinear vector-valued function is evaluated on the approximation at the previous time. The
tolerance (tol) and the maximum number of linear iterations (s,,,,) of the nonlinear solver are specified
in each test.

We use Gaussian elimination (for the one-dimensional problems) or a preconditioned BICG method
(for the two-dimensional problems) to solve the linear system at each iteration of the nonlinear solver. In
order to reduce the stencil of the gradient operator matrix B we use directional numerical fluxes. More
precisely, for all F € ﬂ‘hj we set ap = 1 and take ny = 1 in one dimension, or np = ng in two
dimensions, where K € .7}, is the element such that F C 9K and (1, 1)T -ng < 0. These choices of oy
and ny yield a compact stencil in one dimension and for structured simplicial meshes in two dimensions;
see (Castillo, 2010).

max

5.1 One-dimensional porous medium equation

Given a real number m > 1, an initial datum p; : £2 — 2 and a Neumann boundary datum g, :
952 x (0,T) — R we consider the following problem on a space—time cylinder Q7 = £2 x (0, T]:

atp - xxpm = 0 in QT7
3, (pPMng =gy  ondR x (0,7, (5.1)
P =Py on £2 x {0},

where the first equation can be written as (1.1a) with N = 1, A(p) = mp™ =V and f(p) = 0.
We set 2 = (0, 1) and define the entropy density s : 2 — (0, o0) as follows:

s(p) := plog(p) + (1 — p)log(l — p) + log(2),

whence s'(p) = log (%), s"(p) = ﬁ and u(w) = 1_‘;% For this choice of s(-) Assumptions H1—-
H2c) are satisfied with y = m and C}- = 0, provided that m € (1,2]; see (Braukhoff er al., 2022,
proposition 4.2).

h-convergence. In order to appraise the accuracy of the proposed method we consider problem (5.1)
with £2 = (0, 1) and m = 2, and choose the initial datum p,, and the Neumann boundary datum g, so

that the exact solution is given by

1

(m— D(x—a)? } =T
2mm+ DB —-0]

p@ﬂ:[ (52)

with = 2 and 8 = 5; cf. (Braukhoff et al., 2022, §4.2).
We choose the parameters of the nonlinear solver as ol = 107!2 and Smax = 0. We consider a
set of meshes with uniformly distributed points for the spatial domain §2, and choose T = @(W"*!) to
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FiG. 5. h-convergence of the errors in (5.3) at the final time 7 = 1 for the porous medium equation with exact solution p in (5.2).
The numbers in the rectangles denote the experimental rates of convergence.

balance the expected convergence rates in space with the first-order accuracy of the backward Euler time
stepping scheme. Moreover, we set the regularization parameter to ¢ = 0.
In Fig. 5, we show (in log—log scale) the following errors obtained at the final time 7 = 1:

lo—uwplzg and (0,04 0pll120)- (5.3)

We observe, as expected, convergence rates of order ¢ (h”+1) and & (h”), respectively.
Entropy stability. We now consider problem (5.1) with £2 = (—x /4,57 /4), m = 2, homogeneous
Neumann boundary conditions and initial datum given by

in2/(m=1) ;
sin x) if0<x=<m,
X) = - - 54
Po®) 0 otherwise, (5-4)

whose exact solution keeps the support [0, 7] of the initial condition until the waiting time t* = (m —
1)/(2m(m + 1)); see (Aronson, 1970).

We choose the parameters for the nonlinear solver as ol = 107® and s,,,, = 100, and consider
T = 0.2 as the final time. Moreover, we set the regularization parameter as ¢ = 107 and the bilinear
form ¢,(+, -) as in (4.22). In Fig. 6 (first panel), we show the discrete approximation obtained for p =5,
a spatial mesh with uniformly distributed points and mesh size 4 ~ 0.04 and a fixed time step r = 1073.
To represent the discrete solution we have used linear interpolation in time, which preserves the uniform
boundedness of the discrete approximation. In Fig. 6 (second panel), we show the value of the discrete
approximation at x = 0, where the expected behaviour until # = ¢* is observed; cf. (Braukhoff et al.,
2022, §4.2). Since Cf = 0 we expect a (not necessarily monotonous) decreasing behaviour of the discrete

entropy values {éan}nN’zo, where
&y :=/ s(pg)dx and &, :=/ s(u(wZ’"H(x)))dx forn=1,...,N,. (5.5)
2 I?)

Such an expected behaviour is numerically observed in Fig. 6 (third panel).
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FiG. 6. Results obtained for the porous medium equation with initial condition (5.4). First panel: discrete approximation u(wi (x,1))
and support of the initial condition (red lines). Second panel: evolution of the value of the discrete approximation at the extreme
x = 0. The theoretical waiting time has been highlighted with a red dot. Third panel: evolution of the entropy values in (5.5) in
semilogy scale. Fourth panel: error evolution of the mass values in (5.6) in semilogy scale for different values of the regularization
parameter &.

. N,
Moreover, we define the discrete mass values {.#,}," , as

A :=/ podx and A, ::/ uw®"dx forn=1,...,N,. (5.6)
Q I?)

Since f(p) = 0 mass is conserved for analytical solutions. Standard arguments can be used to show that,
for any solution {w®"+! }nN’:BI to the fully discrete scheme (2.22)—(2.23), forn =0,...,N, — 1,

Ni—1

n
2‘ 1 3 Z 1
|%n+1 _%0| & Tm+1/ |W€m+ |d.x§ 8|Q|2 Tm+1||W8m+ ”LZ(Q)
2
m=1 m=1

IA

Ni—1 Ni—1 1

3 3 3
m:zﬁ(szH) (zerm+1||wm+1||§z(m) 5¢E|QT|%( /Q s(p0>dx) .

m=1 m=1

IA
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FiG. 7. Numerical results for the porous medium equation (5.1) with exact solution (5.2) as a function of the linear iteration
number s.

In Fig. 6 (fourth panel), we show (in semilogy scale) the error evolution of the mass values for different
regularization parameters €, where a mass loss of order &'(¢) is numerically observed.

Situation where the regularizing term is not necessary. We consider problem (5.1) with £2 = (0, 1)
and m = 2, and choose the initial datum p, and the Neumann boundary datum g, so that the exact
solution is given by (5.2) with « = 2 and 8 = 5. We choose the parameters of the nonlinear solver as
tol = 10710 and Smax = 0. We consider a set of meshes with uniformly distributed points for the spatial
domain £2. In Fig. 7, we show some results for this problem, where the regularizing term with parameter
¢ is not needed. We focus on the behaviour of the Newton method for the first time step. In Fig. 7,

» First panel: we plot p in (5.2), and observe that it does not take values close to 0 or 1.
* Second panel: we show the condition number of the Jacobian matrix in each linear iteration s.

» Third panel: we present the evolution of the £, norm of the vector solution WS+ at the sth linear
iteration.

* Fourth panel: we show the evolution of the stopping criterion.

Clearly, the behaviour of the Newton method is similar for all ¢. In fact, in this experiment, we can
sete = 0.
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Situation where the regularizing term is necessary. We now consider problem (5.1) with 2 =
(—m/4, 57 /4), m = 2, homogeneous Neumann boundary conditions and initial datum given by (5.4).
We choose the parameters for the nonlinear solver as tol = 10~!2 and s, = 50, and consider T = 0.2
as the final time. In Fig. 8, we show some results for this problem, where the regularizing term with
parameter ¢ is needed. Again, we focus on the behaviour of the Newton method for the first time step.
In Fig. 8,

» First panel: we plot u(w);,) for ¢ = 107°, and observe that it takes values close to 0 and 1, especially
at the beginning. This suggests that the Newton method may already encounter issues in the first
time step.

* Second panel: we show the condition number of the Jacobian matrix in each linear iteration s. The
condition numbers grow less for larger values of €, and explode when ¢ gets closer to 0. This is in
line with our intuition, as the matrix s”(-) is singular at 0 and 1 (see also Remark 3.3).

* Third panel: we present the evolution of the £, norm of the vector solution WS+ at the sth linear
iteration. As expected from the theory larger values of & enforce a stronger bound on w), in the
L°°(£2) norm.

* Fourth panel: we show the evolution of the stopping criterion. Clearly, the number of linear iterations
necessary to reach the desired tolerance increases when ¢ decreases.

5.2 Two-dimensional Shigesada—Kawasaki—Teramoto model

We consider the two-dimensional Shigesada—Kawasaki—Teramoto (SKT) population system (Shigesada

etal., 1979) with N = 2 species. The diffusion matrix and Lotka—Volterra reaction terms (see (1.1)) read
as

2
Ago) = 8(aig + D aypr) + agon ij=1.2 (5.72)
k=1
2
fi(p) = ,ol»(bio — Zb,.jpj), i=102, (5.7b)
j=1

for some coefficients {aij} and {bij} satisfying a;; > 0, b;; > O fori = 1,2, and a; = 0, bij > 0 fori #j.

We set 2 = (0, 00)? and define the entropy density s : (0, 00)2 = (0, 00) as (see (Jiingel & Zurek,
2021, equation (6)))

ii

2
s(p) = > m(p;log(p) — 1) + 1), (5.8)

i=1

where 7, = a,, and m, = ay,. Then, 5'(p) = (7, log p;, 7, log p,), s” (p) = diag(r;/p;) and u(w) =
(exp(wy/my), exp(w,/7,)).

Assumption H2a is satisfied with y = min,_,, m;a; > 0; see (Jiingel & Zurek, 2021, §3.1).
Moreover, if the coefficients {b;;} are all equal to zero then Assumption H2b is trivially satisfied. For
general coefficients {bij} the reaction term satisfies the bound

2
. 2 1
F0)-$(p) < Cp1+5(0)) Vp €T with G = s max (bio o j_Zln,»bﬁ),

920z AelN 80 uo 1sonB Aq ££87998/0¥ LIBIP/WNUBWIYEEOL 0 1/10P/3[0NE-80UBAPE/RUlEWI/W0S" dNODlWSPEdE//:SARY WO} PSPEOjUMOQ



36 S. GOMEZ ET AL.

1020

-
e,
&

Condition number

(1;}"‘ =101

0 10 20 30 40 50

%‘%. Y eV eVVVVVVVVVVVVVVVVYYY.VS T 1

100+

00
o

W=+

——c=10"
10| |—@—e=10"°
10 ——c=101
—f—c =101
—h—c =107

e=10"1

Wt — W,

10715 L L s L
0
S S

Fic. 8. Numerical results for the porous medium equation (5.1) with initial condition (5.4) as a function of the linear iteration
number s.

which substitutes Assumption H2b in our theoretical results, by requiring that r < 1/C. Notice that the

domain 2 = (0, c0)? is not bounded, as required in Assumption H1. As a consequence we are not able
to prove upper bounds for p;, but only the non-negativity of p;; see (Jiingel & Zurek, 2021).

h-convergence. We consider the SKT system with £2 = (0, 1)2, vanishing Lotka—Volterra terms and
the diffusion parameters (cf. (Sun ez al., 2019, example 5.1))

a;y=0 fori=1,2, aij=1 fori,j=1,2.

We choose the initial datum p, and add a source term so that the exact solution is given by

p1(x,y, 1) = 0.25 cos(2mx) cos(mwy) exp(—1) + 0.5, p,(x,y,1) = 0.25 cos(x) cos(2mwy) exp(—t) + 0.5.
(5.9
We choose the parameters of the nonlinear solver as tol = 107 and s, = 50. We consider a set
of structured simplicial meshes for the spatial domain £2, choose a fixed time step © = @'(h’*!) as in
Section 5.1 and set the regularization parameter equal to ¢ = 0.
In Fig. 9, we show (in log—log scale) the following errors obtained at the final time 7 = 0.5:

oy —uywy 2o and Vo, +a,, l22(2)25 (5.10)
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Fic. 9. h-convergence of the errors in (5.10) at the final time 7 = 0.5 for the SKT system with exact solution p in (5.9).

where convergence rates of order &'(h"*!) and &'(hP) are observed, respectively. Similar results were
obtained for the approximation of p,, so they are omitted.

Turing pattern. We now consider a test from (Jiingel & Zurek, 2021, §7.3). More precisely, we
choose §£2 = (0, 1)2, and the coefficients for the diffusion matrix in (5.7a) and the reaction term in (5.7b)
as follows:

ajp = 0.05,a;; =2.5x 107,

6112 = 1.025,[120 = 0.05,

ay; =0.075,ay, = 2.5 x 107,

The initial datum is chosen as a perturbation of the equilibrium p* = (2,0.5):

py(x,y,0) =2 +0.31g(x —0.25,y — 0.25) + 0.31g(x — 0.75,y — 0.75), p,(x,y,0) = 0.5, (5.12)

where g(x,y) = max{1l — 82x*> — 8y?,0).

We select the parameters of the nonlinear solver as tol = 107 and s, = 50. We consider a rather
coarse mesh with i 2 1.41 x 10~! and use high-order approximations of degree p = 3. As for the time
step we use the adaptive strategy proposed in (Jiingel & Zurek, 2021, §7.1), i.e., at the nth time step, if
the desired tolerance has not been reached after 50 iterations, the time step 7,,, | is reduced by a factor
of 0.2 and the nonlinear solver is restarted, whereas, at the beginning of each time step, we increase the
previous one by a factor of 1.1. The initial time step is set as 7; = 10~*. As in the previous experiment
we set the regularization parameter as ¢ = 0.

As discussed in (Jiingel & Zurek, 2021, §7.3), due to the cross-diffusion, the equilibrium p* is
unstable for the SKT system (see (Tian et al., 2010, theorem 3.1)), and the choice of the parameters
{bl-j} leads to the coexistence of the two species (see (Shigesada & Kawasaki, 1997, §6.2)). In Fig. 10,
we show the evolution of the approximations obtained for the densities p; and p, at times ¢ = 0.5 and
t = 10, which exhibits the same Turing pattern formation obtained in (Jiingel & Zurek, 2021, fig. 1).
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FiG. 10. Evolution of the approximations of the densities p; (left panels) and p, (right panels) for the SKT system with parameters
(5.11) and initial datum (5.12) at times ¢ = 0.5 (first row) and 7 = 10 (second row).

6. Conclusions

We designed and analysed a structure-preserving backward Euler-LDG scheme for nonlinear cross-
diffusion systems, which provides approximate solutions that respect the entropy structure of the system,
and the positivity or boundedness of the physical unknown in a strong (pointwise) sense. The existence of
discrete solutions and the asymptotic convergence to continuous weak solutions have been proven under
some assumptions on the regularizing term and the discrete spaces, whose validity for different cases is
verified. Moreover, high-order convergence rates are numerically observed for some L?(£2) errors at the
final time.
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Appendix A.

We present two examples of cross-diffusion systems satisfying Assumption H2a with s"A €
%0 (g RNXN).

A.1  Volume-filling diffusion model for fluid mixtures
We define the diffusion matrix A(p) = (Al:j(,o))ﬁ\;.:1 with N € N by

A;i(p) = p;pi(1 = p;), Aj,‘(P) = —DiPiPj fori,j=1,...,N,
where p; > 0 are pressure coefficients, and the entropy functional s(p) is defined by

N N
s(p) = Zpi(logp,- =1 +pylogpy —1) +N+1, where py:=1-— Zp,-,

i=1 i=1

and p € 7 = {p € (0, DN vazl p; < 1}. The cross-diffusion system with this diffusion matrix can
be derived from a multi-phase viscous fluid model in the diffusion limit similarly as in (Jiingel, 2016,
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§4.2), assuming that the partial pressures of the mixture are linear. The fluid mixture consists of N + 1
components with the volume fractions oy, . .., oy, Which sum up to one.

The entropy s : 2 — (0, 00) is convex and s’ is invertible on 2. The Hessian s”(p) = (H;; )l . of
the entropy has the entries H;; = 8;;/p; + 1/ py and, therefore, for i # j,

1 1 P
AT (0);; = Ag(P)H; + D Ay(p)Hy = pipy(1 — p,)( + —) —pipi Q=X =ps
ki Pi - Po iz Po

AP)Ts"(p)); = ZAkl(p) +2Akl(p)—— —pip; + ( —pi— Zpk)
J

ki
Thus, s"A € €° (2 ( ]RNXN) holds and Assumption H2a is satisfied with y = min{p,,...,py} > 0.

A2 Tumour-growth model

The growth of an avascular tumour can be described by a cross-diffusion system with the diffusion matrix

Alp) = ( 20,(1 = py) — ﬁf)plp%z —28p,0,(1 4 6p,) )
=2p10, + BO(L — pr)p5 2Bp,(1 — py)(1 + 6py)
where p,, p; and p, denote the volume fractions of the interstitial fluid (water, nutrients), tumour cells
and extracellular matrix, respectively. The parameters 8 > 0and 6 > 0 appear in the partial pressures for
the extracellular fluid and tumour cells, respectively. We refer to (Jiingel, 2016, §4.2) for details about the
modelling. We choose the same entropy and domain Z as in the previous subsection. A straightforward

computation shows that
T _(? BEp,
A(p) s"(p) = (o 2800, + 1)

is positive definite if & < 4/./B. More precisely, s"A € €° (@; RNXN ) and there exists y > 0 such that
Assumption H2a is satisfied. The constant y vanishes if 6 = 4/./B, so the strict inequality is needed.
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