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1 Introduction and summary

In a gravitational theory, spacetime becomes dynamical. This creates the possibility that
it might change drastically, perhaps with a catastrophic change in vacuum energy. For
the Minkowski vacuum of general relativity, such worries were put to rest long ago by
mathematical theorems [1, 2]. If matter satisfies the dominant energy condition, an appro-
priately defined total energy, computed in terms of the boundary behavior of the metric,
is non-negative, and can only be zero for Minkowski space itself; so not even a quantum
tunneling event can trigger spacetime decay.

This result was later generalized in various directions [3–6]. One of the lessons was
that gravity can help stabilize scalar potentials that in field theory would lead to vacuum
decay, confirming considerations from small fluctuations [7] and instantons [8]. Another
is that supersymmetry often plays a crucial role, ultimately because the Hamiltonian is
the square of the supercharges. (Indeed even the argument in [2] for pure gravity relies
on introducing auxiliary spinors which are covariantly constant at infinity, inspired by the
vacuum supersymmetric spinors for the simplest supergravity models.) In particular, it
was shown in various d = 4 examples that supersymmetric vacua are stable even if the
model does not satisfy the dominant energy condition [4].

In theories with extra dimensions such as string theory, however, new decay channels
open up. This is demonstrated in a spectacular fashion by the Mink4 × S1 Kaluza-Klein
(KK) vacuum of pure five-dimensional gravity, which can decay via the nucleation of a bub-
ble of different topology, created by recombining internal and external directions; from the
four-dimensional perspective this appears as a bubble of nothing where spacetime ends [9].
(The supersymmetry-inspired argument in [2] does not apply, because on the new topology
there exist no spinors that are asymptotically covariantly constant.) In string theory, many
other similar decay channels are provided by brane bubbles, where again spacetime can
end or across which the flux quanta can change (with early examples in [10–12]). While an
effective four-dimensional approach might go a long way towards establishing vacuum sta-
bility, it cannot capture such processes, which involve the dynamics of higher KK modes.1

1Effective theories of compactifications often not only violate the dominant energy condition, but naively
seem to have a scalar potential that is unbounded from below, coming from the internal integral of the
scalar curvature [13]. This issue was however resolved in [14].
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This issue is made all the more pressing by the absence of a scale separation between the
KK scale and the vacuum energy in many AdS vacua. While in some theories there was
recent progress (beginning with [15]) in computing the full infinite KK mass spectrum, this
still only covers small fluctuations.

In this paper, we attack this problem directly in ten or eleven dimensions. For su-
persymmetric Mink4 × Md or AdS4 × Md vacua, d = 6, 7, stability is of course widely
expected for the reasons we recalled earlier; but quite surprisingly, it was never explicitly
shown before. Our original motivation came from vacua that break supersymmetry: de
Sitter vacua are expected to be metastable at best, while anti-de Sitter (AdS) vacua have
been conjectured to be either unstable or metastable by a generalization of the weak grav-
ity conjecture [16, 17] — see for instance [18–28] for a sample of recent papers discussing
non-perturbative (in)stability in string theory.

In the supersymmetric case, as an appetizer we first consider brane bubbles in the probe
approximation. Such processes have been shown to destabilize various non-supersymmetric
vacua, beginning with [11, 12]; we show why these can never happen in the supersymmetric
case, with a simple argument involving the type II pure spinor equations [29].

We then attack the problem in full generality by adapting the strategy of the positive
energy theorem [2–6, 30] to compactifications. We consider a spinor ε that is asymptotically
supersymmetric: namely, it is asymptotic to a supersymmetric spinor of the vacuum. From
this we define a notion of BPS energy I(ε) by integrating the Hodge-dual of a certain two-
form E2, bilinear in ε, on the S2 ×Md = ∂S asymptotic boundary of a spatial slice S.
Using Stokes’ theorem, I(ε) =

∫
S d ∗E2. Our main result is a formula for the divergence

∗ d ∗E2, which we obtained both for eleven-dimensional and type II supergravity. In the
former case, for example, we show that on-shell and in absence of branes the divergence
satisfies the simple identity ∇MEMN = DM εΓMPNDP ε, where δψP = DP ε is the gravitino
supersymmetry transformation; several flux and curvature terms conspire on the right-
hand side to reconstruct the bulk equations of motion, which we can then set to zero. (The
type II result is similar, but also contains the operator O in the dilatino transformations,
δλ = Oε.)

The divergence ∇MEMN has the same form as in d = 4, so the remaining steps are
standard. Namely, let ε be asymptotically supersymmetric and such that the Witten con-
dition ΓaDaε = 0 holds, where a is a flat index tangent to S. A gamma matrix identity
now implies I(ε) =

∫
S(Daε)†(Daε) ≥ 0, which is non-negative and only vanishes for super-

symmetric vacua, as required.
In presence of branes, the bulk equations of motion produce delta-like contributions

to I(ε); using supersymmetry and the theory of calibrations as generalized in [31], we
show that these contributions are still all positive. (This is similar in spirit to how fields
in multiplets not containing the graviton give extra contributions to ∇µEµν in d = 4
supersymmetric models [4].)

This proves stability in the supersymmetric case, up to a couple of technical details
which are expected to hold and were checked in similar situations in existing literature.
First, for AdS vacua one needs to check that I(ε) is independent of the boundary of the
spatial slice ∂S; or in other words, that the BPS energy is conserved. In d = 4 this can be
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done for example by relating it to the energy defined in the covariant phase space formalism,
which is conserved [32]. Second, one needs to prove that an ε that is asymptotically
supersymmetric and satisfies the Witten condition ΓaDaε = 0 always exists. Here we check
a standard formal argument; a rigorous analytical proof was given in [33] for the d = 4 case
(with an AdS4 generalization in [34]), and in [35, 36] for Calabi-Yau compactifications.

Having worked out the argument for stability of supersymmetric vacua, we finally
proceed to non-supersymmetric ones. The idea is now to look for an operator D′M different
from the one appearing in supersymmetry, trying to i) solve D′M ε = 0 and ii) to make
sure that the positivity argument still holds. In d = 4 models [6] this leads to the idea of
fake superpotential : a W which is related to the scalar potential by the usual supergravity
formula V = 2(∂φW )2 − 3W 2, but which isn’t the supersymmetric one. There is no direct
analogue of this in our higher-dimensional setting; in M-theory, the most general gauge-
invariant operator D′M at one-derivative level is obtained by changing the coefficients of
the flux terms in DM , and adding a new term proportional to ΓM .

We are able to satisfy condition i) above on some simple AdS4 vacua: the skew-whiffed
ones [37, 38], obtained from supersymmetric ones by reversing the sign of G, and the
Englert vacua [39], where internal flux components are added. In both of these cases
we find multiple violations to the stability argument. One might want to conclude from
this absence of protection that these vacua are in fact unstable. Of course it is possible,
however, that a more sophisticated modification of the supersymmetric argument does
work for them, or that a completely different protection mechanism is at play. We hope
our methods can be refined in the future to settle the issue one way or another.

In section 2 we warm up, as we mentioned, by giving an argument that forbids brane
bubbles in the probe approximation for AdS supersymmetric vacua. In section 3 we switch
gears and review positive-energy theorems and their applications to stability in d = 4
theories. This provides a blueprint for subsequent developments: in section 4 we show
positivity for M-theory, and in section 5 for type II supergravity. Finally we consider
supersymmetry-breaking in section 6, mainly in M-theory. Many technical aspects of the
computations are provided in detail in the appendices.

2 Probe brane bubbles

A vacuum may be unstable under tunneling effects. The probability of such a decay can
be computed in Euclidean signature, by looking for bubbles that connect the old vacuum
at infinity with a new one at their core. In this section we consider the simple case of
decays mediated by branes in AdS vacua, in the probe approximation, namely disregarding
their back-reaction. This is of course not always appropriate, but we consider it here as a
warm-up: focusing for concreteness on D-brane bubbles in type II AdS4 vacua, we are able
to give a very simple argument that such bubbles cannot be nucleated. The argument is
generalizable to other settings and directly exploits the ten-dimensional geometrical struc-
ture of the background. In other words, it does not rely on any effective four-dimensional
description, which may be problematic in absence of scale separation.
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2.1 Preliminary general remarks

We start by reviewing AdSd tunneling mediated by a probe (d − 2)-brane charged under
a d-form field strength Fd = dAd−1.2 We first set up the formalism in a d-dimensional
theory, and then discuss the modifications in the presence of extra dimensions.

In global coordinates, the Euclidean AdSd metric is

ds2
EAdSd = L2(dr2 + sinh2 r ds2

Sd−1) , (2.1)

where L is the AdS radius. This metric has an SO(1, d) isometry group. As in [8, 41],
the dominant instantonic bubbles are expected to be invariant under the largest possible
amount of symmetries. Hence, without loss of generality we can focus on Euclidean bubbles
wrapping the Sd−1 in (2.1), which are invariant under the isometry subgroup SO(d).3

The semiclassical decay rate is controlled by a (d− 1)-dimensional Euclidean action of
the form

S = τ

∫
dd−1σ

√
−g − q

∫
Ad−1 , (2.2)

with some τ and q representing the tension and charge of the brane. By spacetime sym-
metry, the d-form flux in a vacuum will be of the form

Fd = dAd−1 = L−1h volEAdSd = Ld−1h sinhd−1 r dr ∧ volSd−1 ;
Ad−1 = Ld−1h c(r) volSd−1 , c′(r) = sinhd−1 r ,

(2.3)

for some constant h, which in a quantum gravity theory is expected to satisfy an appropriate
quantization condition. Now (2.2) becomes

S = Ld−1volSd−1

[
τ sinhd−1 r − qhc(r)

]
. (2.4)

This is extremized at r = r0 if an only if

tanh r0 = (d− 1)τ
qh

. (2.5)

This condition can be satisfied, and then the tunnel effect is allowed, only if

qh > (d− 1)τ . (2.6)

Intuitively, this means that the WZ term, which wants to expand the bubble, wins over
the gravitational term, which wants to crush it.

We can now uplift these simple d-dimensional arguments to higher D-dimensional
vacua of the (possibly warped) product form AdSd ×M , where M is a compact (D − d)-
dimensional space, having in mind the string/M-theory models (D = 10, 11). We assume
that the (d − 1)-dimensional bubble corresponds to a microscopic p-brane of the form

2In the simplest d-dimensional setting in which only the metric and Ad−1 appear as dynamical bulk
fields, it is relatively easy to take into account backreaction effects [40]. This is much harder for generic
string/M-theory AdS vacua, in particular in absence of scale separation.

3The bubbles considered in [12] would superficially not look spherically symmetric, but in fact they are;
see ([21], section 4.1.2).
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Sd−1×Σ, where Σ ⊂M is an internal closed (p−d+ 2)-dimensional submanifold, possibly
supporting non-trivial world-volume fields. By invoking again the SO(d) symmetry, the
internal cycle Σ as well as the world-volume fields cannot depend on the position along
the external Sd−1. Hence, they must satisfy some internal equations of motion, decoupled
from the external ones, which fix them to some particular configuration. One is then
reduced to a (d − 1)-dimensional action of the form (2.2), with τ and q fixed by the
on-shell internal p-brane configuration. After having computed τ and q in this way, one
can then check whether the instability condition (2.6) is satisfied or not. Of course we
expect that (2.6) never holds for supersymmetric vacua. In the following section we will
highlight the microscopic geometric origin of this stability in the case of D-brane bubbles
in AdS4-vacua.

We also remark that (2.6) admits an alternative interpretation. Put the Lorentzian
version of the same (d − 2)-brane along a R1,2 slice of the Lorentzian AdSd in Poincaré
coordinates. If (2.6) holds, the brane will experience a run-away potential, which will push
it to the AdS boundary. This brane ejection effect is indeed often adopted as an alternative
criterion to detect the instability of an AdS vacuum; it was argued for holographically
in [22, 42] and by using (2.6) in ([21], section 5.1). In the last two references, the role of
the dependence of τ , q on the internal coordinates was emphasized.

2.2 Brane bubbles in type II AdS4 vacua

We now focus on D-brane bubbles in type II vacua of the form AdS4 ×W M6, with the
metric given by ds2 = e2A ds2

AdS4
+ ds2

M6
. We will work in string units 2π

√
α′ = 1. We

begin by recalling that the conditions for such a vacuum to have N = 1 supersymmetry
can be written as [29]

dH(e2A−φReΦ∓) = 0 , (2.7a)

dH(e3A−φΦ±) = 2
L

e2A−φReΦ∓ ,
IIA
IIB (2.7b)

dH(e4A−φImΦ∓) = 3
L

e3A−φImΦ± − e4A ∗ λf , (2.7c)

where ∗ is the Hodge-star along M6. The Φ± are polyforms that obey a certain algebraic
purity condition, defined as bilinears of the internal supersymmetry parameters ηa. We
use the normalization ‖ηa+‖2 = 8eA, and Φ± such that (Φ̄±,Φ±) = 8i; this is convenient
but not necessary. f = ∑

k fk is a polyform collecting the internal RR fluxes fk, H is the
NSNS flux, λαk ≡ (−1)bk/2cαk and dH ≡ d − H∧. The total RR flux is related to the
internal one by

F = f + vol4 ∧ e4A ∗ λf . (2.8)

Crucially for us, the equations (2.7) can be interpreted as closure of the (generalized)
calibrations for D-branes extended in AdS4 along time plus one, two, and three space
coordinates respectively [43, 44].

Consider now a Euclidean Dp-brane bubble of the form S3 × Σ, where Σ ⊂ M6 is
a (p − 2)-cycle. Σ can support a world-volume two-form flux F , satisfying the Bianchi
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identity dF = H|Σ, where |Σ denotes the pull-back to Σ. By reducing the usual D-brane
DBI action on Σ, we easily get

τ = 2π
∫

Σ
dp−2ξ e3A

√
det(h+ F) . (2.9)

Here ξi are world-volume coordinates along Σ and hij is the pull-back of the string frame
metric along M6. The factor of e3A comes about because the brane is extended along three
directions in EAdS4.

In order to obtain qh, we must analogously reduce the D-brane CS-term

− 2π
∫
S3×Σ

C ∧ eF (2.10)

where C is the polyform of RR potentials, such that F = dHC. We can take

C = cint + L4c(r)volS3 ∧ e4A ∗ λf (2.11)

with dcint = f (which will not play any role) and c(r) as in (2.3). By reducing (2.10) along
Σ and matching it against (2.2) with Ad−1 as in (2.3), we get

qh = 2πL
∫

Σ
e4A ∗ λf ∧ eF = 6π

∫
Σ
e3A−φImΦ± ∧ eF . (2.12)

In the second step, we used (2.7c).
We now recall that Φ± can be regarded as D-brane calibrations [43, 44]. This allows

us to write the bound:

dp−2ξ
√

det(h+ F) ≥
[
Re(eiθΦ±)|Σ ∧ eF

]
top

(for any θ) (2.13)

where the inequality applies to the coefficients of the local top-form dp−2ξ on Σ. By
using (2.13) inside (2.12) and recalling (2.9), we get the bound

qh ≤ 3τ (2.14)

which shows that (2.6) (with the correct numerical coefficient d − 1 = 3) is indeed never
attained in these vacua.

Note also that the calibration appearing in (2.12) corresponds to the phase eiθ = −i
in (2.13). Precisely with such a choice Re(eiθΦ±) is the calibration for a domain-wall-like
D-brane filling the Poincaré R1,2 slice of the Lorentzian AdS4. Such a configuration is
supersymmetric precisely when (2.13) is saturated. In this case qh = 3τ and then we
have threshold stability under the brane ejection mechanism discussed in the previous
subsection.

This argument clearly illustrates how the non-perturbative stability of supersymmetric
AdS vacua under nucleation of probe Euclidean brane bubbles is controlled by calibrations.
Hence, it is natural to guess that any more general stability argument involving backreact-
ing branes, which possibly contribute to both the classical background and the semiclassical
nucleated bubbles, must crucially depend on the existence of appropriate calibration struc-
tures. The following sections will show how this guess is precisely realized.
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3 Stability in four-dimensional (super)gravity

In order to extend the above stability argument beyond the probe regime, we will adapt
methods successfully used in gravity without extra dimensions.

The method stems from the expectation [45, 46] that a supersymmetric state in su-
pergravity saturates a quantum BPS bound of the schematic form

I ≡ 〈{Q,Q}〉 ≥ 0 , (3.1)

where Q is any of the real supercharges preserved by the supersymmetric state. One may
then loosely conclude that the supersymmetric state must be stable, or at most threshold-
decay to other supersymmetric states saturating the same bound.

A more precise realization of this formal positivity argument was given by Witten [2]
and Nester [30]. The first application in these papers was to the Minkowski vacuum
in Einstein gravity, resulting in a new proof of the result in [1]. Indeed the argument is
sufficiently robust that it may be applied to theories without supersymmetry, in which case
the spinors involved in the proof can just be taken to be auxiliary objects. The proof was
later extended to non-zero cosmological constant Λ in gravity and supergravity [3–5], and
later to various models in different dimensions, which may also arise as EFTs or consistent
truncations of string/M-theory compactifications. However, somewhat surprisingly, no
successful attempt has so far been made to either apply this approach directly to 10/11-
dimensional string/M-theory models, or to include local backreacting brane sources in the
argument.

In the next sections we will explicitly fill these gaps. Since the discussion will inevitably
be quite technical, in this section we will first provide a self-contained review of some key
points of this formalism in simpler four-dimensional settings.

3.1 Mink4 stability from supergravity

Consider first the minimal four-dimensional supergravity action
1
2

∫
d4x
√
−g

(
R+ iψ̄µγµνρDνψρ

)
(3.2)

where the gravitino ψµ is in the Majorana representation, and we work in Planck units
8πG = M−2

P = 1. As reviewed in appendix B, by applying the standard Noether procedure
we obtain the following formula for the supercharge associated with a given supersymmetry
generator ε:

Q(ε) = −i
∫
∂Σ
ε̄ γ5γµψν dxµ ∧ dxν (3.3)

where γ5 ≡ iγ0123 is the four-dimensional chiral operator and ∂Σ is the boundary of a three-
dimensional non-timelike hypersurface. Now, the Dirac brackets of two such generators
must give {Q(ε′), Q(ε)} = δε′Q(ε), which can be computed from δεψµ = Dµε. Hence, the
usual quantum argument suggests that the positive definite quantity associated with Q(ε)
can be identified with I(ε) ≡ δεQ(ε), with ε now considered as a commuting spinor. This
logic leads to the following quantity:

I(ε) =
∫
∂Σ
∗E2 , (3.4)
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where
E2 ≡ −

1
2 ε̄γµν

ρDρε dxµ ∧ dxν . (3.5)

Note that in (3.3) and δεψµ = Dµε the spinor ε is anticommuting, while in (3.5) it must
be considered as a commuting spinor.

On asymptotically Minkowski spacetimes, one can choose Σ to reduce asymptotically
to a plane with radial coordinate r, and identify ∂Σ with a sphere of constant radius
R→∞. If one imposes that ε asymptotically reduces to a constant spinor ε0 up to O(1/r)
terms, then I(ε) coincides with the Nester-Witten energy [30], which is still valid in the
presence of additional matter coupled to the minimal gravity multiplet through an energy-
momentum tensor T (mat)

µν . More precisely, in an appropriate normalization, we can make
the identification

I(ε) = −kµ0Pµ , (3.6)

where Pµ is the four-momentum of the system and

kµ ≡ ε̄γµε ⇒ kµ0 ≡ ε̄0γ
µε0 . (3.7)

In particular, I(ε) = I(ε0): it only depends on the asymptotic value of the spinor. Note
that here we are using a Majorana spinor ε (as for instance in [6]), while in [2, 30] a complex
ε is used. This implies that in our case kµ is a future-pointing null vector. However, since ε0
is arbitrary, kµ0 spans the entire future light-cone of the asymptotic flat space. This means
that, if I(ε) ≥ 0 for any ε0, then Pµ must be necessarily non-spacelike and future-pointing.
In particular, the energy is non-negative in any frame.

In order to prove that I(ε) ≥ 0 if T (mat)
µν satisfies the dominant energy condition, we

now assume that Σ is a regular space-like surface as in [2, 30]. (Horizons may be included
as in [47] and the discussion may be generalized to null surfaces Σ following [48].) Then
by using Stokes’ theorem and the identity ε̄γµνρDνDρε = Gµνk

ν (which we will show in
detail in section 4.1), we can write (3.4) as follows:

I(ε) =
∫

Σ
d ∗ E(2) =

∫
Σ
∇νEµν ∗ dxµ =

∫
Σ

(
Dν ε̄γµνρD

ρε+ 1
2Gµνk

ν
)
∗ dxµ

on-shell=
∫

Σ
Dν ε̄γµνρD

ρε nµ volΣ + 1
2

∫
Σ
T

(mat)
µν kνnµ volΣ .

(3.8)

In the last line we have rewritten ∗dxν |Σ = volΣnν , where nν is a time-like unit vector
orthogonal to the surface Σ and volΣ is the induced volume form on Σ, and we have
imposed Einstein’s equations Gµν = T

(mat)
µν . The last term of (3.8) is manifestly non-

negative if T (mat)
µν kνnµ ≥ 0 for any null future-directed vector kµ and then, by linearity,

for any non-space-like vector kµ. This is precisely the definition of the dominant energy
condition, which we are assuming. In order to prove that I(ε) ≥ 0, it then remains to show
that also the first term in the last line of (3.8) is non-negative.

At this point it is convenient to pick an adapted vielbein eA = eAµdxµ = (e0, ea) (with
spatial flat indices a ∈ {1, 2, 3}) and the dual frame eA = eµA∂µ = (e0, ea) such that e0|Σ = 0
and then nµ ≡ eµ0 . The first term in the last line of (3.8) can then be decomposed into:∫

Σ
Daε̄γ0abD

bεvolΣ =
∫

Σ
(Daε)† (Daε) volΣ −

∫
Σ
|γaDaε|2volΣ. (3.9)

– 8 –



J
H
E
P
0
4
(
2
0
2
2
)
0
5
4

The first contribution is manifestly positive; the second vanishes upon imposing the Witten
condition:

γaDaε = 0. (3.10)
This has a natural interpretation from the supergravity viewpoint [5]: it can be regarded
as following from a “transverse” gauge choice γaψa = 0 [49, 50] on the gravitino. In other
words, the last term in (3.9) can be associated with “longitudinal” unphysical degrees of
freedom, which can be gauged away.

Let us for the moment assume that (3.10) can be solved for any choice of the spatial
surface Σ and asymptotic ε0. Combining (3.8) and (3.9), we can then conclude that
I(ε) ≥ 0. Moreover, if I(ε) = 0, Daε needs to vanish; if this is true for any ε0, by varying Σ
we find four constant spinors on our spacetime, which implies that it is Minkowski. Since
the only spacetime where I(ε) = 0 for any ε0 is Minkowski, and I(ε) is conserved (it does
not depend on Σ), Minkowski space cannot evolve into anything else: it is stable.

The remaining key step is then to prove that (3.10) always admits a solution for the
given boundary condition ε → ε0 + O (1/r). This question can be addressed at various
levels of mathematical rigor [2, 33, 47], but for our purposes we will just focus on the most
crucial requirement: the elliptic operator γaDa must have no normalizable zero modes.
If this holds, γaDa can be inverted into a Green’s operator. We can then start with any
trial ε1 asymptotic to ε0 and find a normalizable solution ε2 to γaDaε2 = −γaDaε1; now
ε1 + ε2 solves (3.10) [2, 33]. The absence of a normalizable zero mode εzm of γaDa can
be understood as follows. Such an εzm would decrease sufficiently fast to make I(εzm) as
defined in (3.4) vanish. But then, by rewriting I(εzm) as in (3.8) and using γaDaεzm = 0
inside the identity (3.9), we would get∫

Σ
(Daεzm)† (Daεzm) + 1

2

∫
Σ
T

(mat)
µν kνzmn

µ volΣ = 0 . (3.11)

This identity is clearly impossible unless Daεzm = 0 for any Σ, and then εzm ≡ 0 (since
εzm must vanish asymptotically). We will also apply the same kind of argument to more
complicated settings.

3.2 AdS4 stability

The logic outlined in the previous subsection can be adapted to AdS vacua in theories of
gravity and supergravity [3–5]. The simplest, “minimal” model is obtained by adding a
constant superpotentialW0, which generates a negative cosmological constant Λ = −3|W0|2

(in Planck units). Without loss of generality, we assume that W0 is real and positive, so
that W0 =

√
−Λ/3 ≡ 1/L, where L is the AdS radius. In global coordinates, the AdS

metric reads

ds2
AdS4

= −
(

1 + ρ2

L2

)
dt2 +

(
1 + ρ2

L2

)−1

dρ2 + ρ2dΩ2 ; (3.12)

at ρ→∞, the rescaled ρ−2ds2
AdS4

induces on the boundary the metric of R×S2. The for-
mula (3.3) for the supercharge is unchanged while the gravitino transformation is modified
into δεψµ = Dµε, where

Dµ ≡ Dµ + 1
2W0γµ . (3.13)
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Recall that an ε annihilated by Dµ is said to be a Killing spinor. AdS has the maximal
number of such spinors: they behave asymptotically as ([7], (3.17)) ε ∼ ρ1/2ε0, with ε0
projecting on the boundary to a conformal Killing spinor of R× S2.

Changing D → D everywhere in the argument (3.8)–(3.10) in the previous subsection
now again establishes in this minimal model that I(ε) ≥ 0, and that I(ε) = 0 only in
the AdS vacuum. The same procedure can be repeated for non-minimal gauged super-
gravities [4]: the only difference is the appearance of additional contributions to I(ε), also
manifestly non-negative, containing the supersymmetry variations of additional fermions in
the supersymmetric multiplets. (See also [51, 52] for applications to the calculation of BPS
bounds for non-vacuum states in N = 2 gauged supergravities.) However, the different
global structure of AdS changes the rest of the argument. The presence of the R×S2 time-
like boundary makes the spacetime not globally hyperbolic — one cannot predict the future
from the data on a Cauchy slice alone, but rather one also needs to know what happens at
spatial infinity. A priori this might make it unclear whether I(ε) is conserved. A natural
boundary condition for the metric is to impose that ρ−2ds2 be conformal to R× S2 at the
boundary, as happens for the AdS vacuum. In [32] it was shown (in a pure gravity model)
that with this boundary condition, I(ε) is equal to the conserved charge E(k0) associated
by the covariant phase space formalism [53] to the asymptotic isometry kµ0 = ε̄0γ

µε0. The
latter are conformal Killing vectors of R × S2, and together they generate its conformal
isometry group SO(2, 3). Moreover, E(k0) does not depend on the space slice Σ (i.e., it is
conserved).4

That the asymptotically supersymmetric ε can satisfy the Witten condition (now
γaDaε = 0) was shown in a slightly more general context in ([34], section V). So we have
in fact several non-negative conserved quantities, to which we can apply the argument in
the previous subsection.

The covariant phase space method can also be applied to supersymmetry itself, in
which case it reproduces once again the expression (3.3) for the supercharge Q(ε) [55]. The
formalism is built so that the conserved charge is a Hamiltonian generator for the associated
symmetry; from the (super-)Jacobi identity it follows that Q(ε) and the SO(2, 3) generators
JAB together form a superalgebra, as expected. In particular [3–5]

I(ε) = 1
2JAB ε̄0σ

ABε0 , (3.14)

where σab ≡ 1
2γ

ab and σa4 = 1
2γ

a. The AdS energy EAdS ≡ J04 is obtained by tracing (3.14)
over a basis of ε0; it vanishes only when both T

(mat)
µν ≡ 0 and Dµε ≡ 0, i.e., maximally

supersymmetric AdS is the unique EAdS = 0 configuration of these models.

3.3 Breaking supersymmetry

As we mentioned at the beginning, the arguments in this section are robust enough that
they don’t need supersymmetry: the spinors ε can be auxiliary variables, unrelated to any
fermionic symmetry. Indeed, even the first application [2, 30] was to pure Einstein gravity.

4A detailed comparison of I(ε) to alternative notions of energy in asymptotically AdS spacetimes is also
given in [32]; see also [54] for a review.
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One can follow this idea to give stability arguments both for vacua in non-supersymmetric
theories, and for supersymmetry-breaking vacua in supersymmetric ones.

A systematic analysis was initiated in [6] (and generalized to d > 4 in [56]). To
illustrate the idea, consider a model with a single scalar φ and action

1
2

∫
d4x
√
−g

(
R− ∂µφ∂µφ− 2V (φ)

)
. (3.15)

There is no supersymmetry, but we may nevertheless consider spinors ε that satisfy D′µε =
0, with

D′µ ≡ Dµ + 1
2W (φ)γµ , (3.16)

generalizing (3.13). Trying to prove an analogue of (3.8), one finds that it works if

V = 2(∂φW )2 − 3W 2 . (3.17)

This has the same structure of an N = 1 model; but one may also look for such a W in
absence of supersymmetry, in which case it is known as a fake superpotential.

The discussion of boundary conditions for φ is quite intricate; see for example [34]. As
is well known, near the boundary it behaves like α−ρ−∆− + α+ρ

−∆+ , where ∆− ≤ ∆+ are
the two roots of ∆(∆ − d + 1) = m2. For “fast” boundary conditions α− = 0, the BPS
energy again is equal to the conserved energy from the covariant phase space formalism,
but for choices of the type α+ = f(α−) the two differ. In fact there are in general two
local solutions W− ≤W+ to (3.17) for each given V around the vacuum; W+ always exists
globally, but when α− 6= 0 the BPS energy associated to it is infinite. So one has to use
W−, but its global existence is guaranteed only for some potentials.

3.4 Some comments

We close this section with some remarks.

• Even though the identification of the positive definite I(ε) exploits the supersym-
metric structure, the stability argument regards only purely bosonic configurations.
This is not really an issue at the classical level, since non-vanishing fermionic profiles
do not admit a classical interpretation. Hence, the above stability arguments are
complete as long as we are interested in classical instabilities or semiclassical ones
mediated by Coleman-de Luccia instantonic bubbles [8, 41]. Indeed, the portion of
spacetime created after nucleation of a bubble can be considered as a localized clas-
sical excitation of the Mink4 or AdS4 vacuum, preserving the appropriate boundary
conditions.

• These four-dimensional arguments can be applied to string/M-theory models as long
as the four-dimensional theory is a consistent EFT and the possible decay processes
are describable within the EFT regime of validity. But many examples of string/M-
theory compactifications to AdS4 do not admit such an EFT description, since for
instance the AdS scale

√
−Λ and the KK scale are of the same order. In such

cases, there often exist some consistent truncations which lead to extended gauged

– 11 –



J
H
E
P
0
4
(
2
0
2
2
)
0
5
4

supergravities of the kind considered in [4]. However, any conclusion on the stability
of the vacuum based on these consistent truncations is inconclusive.

• To our knowledge, the models considered so far in the literature do not include
possible charged membranes, which for instance catalyse the kinds of decays discussed
in section 2 (in the probe approximation). Such membranes could be incorporated
into a four-dimensional N = 1 EFT as in [57, 58] and should be taken into account.
Moreover, in the absence of scale separation, such membranes should actually be
regarded as higher dimensional branes as in section 2.2.

In the next section we will address some of the open issues raised in the second and
third items by explicitly showing how the above stability arguments can be uplifted to
string/M-theory. Moreover, we will see how various (backreacting) branes can be taken
into account, hence providing a first important set of examples on how such extended
charged objects can be consistently incorporated into these kinds of arguments.

4 Positivity and stability in M-theory

We now move on to the (expected) stability of supersymmetric string/M-theory supergrav-
ity backgrounds, including possible localized sources. In this section we will consider the
M-theory case, while in the next we will discuss type II theories. The extension of our
results to other string theories should be straightforward.

Some useful properties of eleven-dimensional supergravity are reviewed in appendix B,
in which we also fix our conventions. Here we just recall that the bulk fields are the
metric gMN , a three-form potential C with closed four-form field-strength G = dC, and
a Majorana gravitino ψM . Furthermore, we will denote the eleven-dimensional gamma
matrices by ΓM , and we will work in units `P = 1, in which the supergravity Einstein-
Hilbert term is 2π

∫
R ∗ 1 and the M2-brane tension is 2π.

Let us follow the same steps of section 3. First, one can again apply the Noether
procedure reviewed in appendix B.2, to get the following expression for the supercharge:

Q(ε) = −
∫
∂S
ε̄Γ(8) ∧ ψ , (4.1)

where (commuting) Majorana spinor ε defines an arbitrary supersymmetry transformation
and ∂S is the boundary of a ten-dimensional hypersurface S. We are using the intrinsic
notation where ψ ≡ ψMdxM and

Γ(p) ≡
1
p!ΓM1···Mp

dxM1 ∧ · · · ∧ dxMp . (4.2)

The supersymmetry transformation of the gravitino reads

δψM = DM ε+O(ψ2) , (4.3)

where ε is a Majorana spinor and

DM ≡ DM + 1
12(GΓM −GM ) = DM + 1

24(−ΓMG+ 3GΓM ) , (4.4)
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with DM being the usual spinorial covariant derivative. In this expression, G should
actually be written as G/ ≡ 1

4!GMNPQΓMNPQ (often also denoted by /G), the bispinor
associated to the four-form G under the Clifford map / in (A.2). To get cleaner spinorial
equations, we will often omit the slash symbols, hoping it will be clear from context whether
we are referring to a form or to the associated bispinor. For instance, in (4.4) we also have
GM ≡ (ιMG)/ = 1

3!GMNPQΓNPQ — again see appendix B for more details on our notation.
The argument outlined in section 3.1 leads to the following natural candidate for a

positive definite quantity associated with ε:

I(ε) ≡
∫
∂S
∗E2 (4.5)

where
E2 ≡ −

1
2 ε̄ΓMN

PDP ε dxM ∧ dxN . (4.6)

This two-form is the eleven dimensional counterpart of (3.5).
These formulas have already been exploited together with the usual quantum super-

symmetry argument to formally argue for some BPS bounds as in [59] — see also [60]
for a more recent discussion in terms of calibrations which is more directly relevant for
what follows. For this reason, we will refer to (4.5) as the BPS energy, having in mind a
non-negative linear combination of energy and possible central charges that vanishes when
supersymmetry is preserved. However, even though it is expected, positivity of the BPS
energy (4.5) has not been proved to date. This is precisely one of our main goals.

In order to prove positivity, as in the four-dimensional case we assume that S is a
regular space-like hypersurface and use Stokes’ theorem

I(ε) =
∫
S

d ∗ E2 =
∫
S
∇MENM ∗ dxN . (4.7)

Horizons and asymptotically null hypersurfaces S may be also considered following [61]
and [48] respectively, but we will not do it here. On the other hand, we will allow for M2
and M5 branes, showing how to properly take into account their backreaction.

4.1 The main identity

Our next crucial step is to compute the divergence appearing in (4.7). We start by pre-
senting the final result:

∇MEMN = DM εΓMPNDP ε+ 1
2E

NPKP + 1
4 ε̄
[
dxN ∧

(
− dG+ d ∗G+ 1

2G ∧G
)]
/
ε , (4.8)

where we have introduced the future-pointing causal vector

K ≡ KM∂M = ε̄ΓM ε ∂M , (4.9)

and EMN denotes the bulk contribution to the Einstein equations:

EMN ≡ RMN −
1
2gMNR−

1
2T

(G)
MN

where T
(G)
MN ≡ GM ·GN −

1
2 |G|

2gMN .
(4.10)
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Note that (4.8) holds identically for any off-shell configuration of gMN and G, in the sense
that one does not need to impose either the equations of motion or the Bianchi identities.

While until here our logic followed quite closely the steps in section 3, the proof of (4.8)
is quite specific to M-theory. We present here the main steps of the argument, leaving
several details to appendix B.3. We begin with

∇MEMN =−∇M (ε̄ΓMNPDP ε) = −DM εΓMNPDP ε+ ε̄ΓNMPDMDP ε

=−DM εΓMNPDP ε−
1
24 ε̄ A

NPDP ε

− ε̄
[
ΓMNP

(
DMDP + 1

24[DM ,−ΓPG+ 3GΓP ]
)

+ 1
242Q

N
]
ε ,

(4.11)

where

ANP = (−GΓM + 3ΓMG)ΓMNP − ΓNPM (−ΓMG+ 3GΓM ) ,
QN = (−GΓM + 3ΓMG)ΓMNP (−ΓPG+ 3GΓP ) .

(4.12)

We show in appendix B.3 that ANP = 0. The first term on the last line of (4.11) can be
evaluated recalling that the commutator of two spinorial covariant derivatives involves the
Riemann tensor, and some relatively standard gamma matrix identities:

ΓMNP [DN , DP ] = 1
4R

AB
NPΓMNPΓAB = 1

4R
AB

NP (ΓMNP
AB + 6δ[M

A ΓNP ]
B − 6δ[M

A δ
N
B ΓP ])

=
(
RMN − 1

2Rg
MN

)
ΓN . (4.13)

The commutator term on the last line in (4.11) is computed in the appendix as

ΓNMP [DM ,−ΓPG+ 3GΓP ] = 6(−dxN ∧ dG+ ιN ∗ d ∗G)/ . (4.14)

Finally we also show in appendix B.3 that QN evaluates precisely to the quadratic terms
in the equations of motion of the metric and G, leading to (4.8).

4.2 Positivity in the absence of branes

We are now in a position to present our positivity argument, following the four-dimensional
case reviewed in section 3. In this subsection we make the simplifying assumption that no
M2 or M5 branes are present or can be nucleated. The inclusion of branes will be discussed
in the following subsection.

In the absence of branes, the equations of motion and Bianchi identities of the super-
gravity fields are

EMN = 0 , dG = 0 , d ∗G+ 1
2G ∧G = 0 . (4.15)

Hence, the identity (4.8) reduces on-shell to

∇MEMN on-shell= DM εΓMPNDP ε (no branes) , (4.16)
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and the BPS energy (4.7) becomes

I0(ε) =
∫
S
DM εΓMN

PDN ε nPvolS , (4.17)

where volS is the volume form induced on S and n = nM∂M is a future-pointing unit vector
orthogonal to S. We can now proceed as in four dimensions, by using an adapted vielbein

eA = (e0, ea) with e0|S = 0 , (4.18)

and the dual frame eA = (e0, ea) with e0 = n. Now (4.17) can be rewritten as

I0(ε) =
∫
S
volS

[
(Daε)†(Daε)− |ΓaDaε|2

]
. (4.19)

By choosing an ε that satisfies the M-theory version of the Witten condition

ΓaDaε = 0 , (4.20)

we see that the BPS energy is manifestly non-negative: I0(ε) ≥ 0. Furthermore, I0(ε) = 0
if and only if Daε = 0. Since S can be freely deformed, this condition actually requires that
DM ε = 0. Hence, the BPS energy is vanishing if and only if ε satisfies the supersymmetry
equations.

Note that, as in the four-dimensional case, we can again associate (4.20) with a trans-
verse gauge-fixing condition Γaψa = 0 for the gravitino. Furthermore, one can adapt the
argument around (3.11) to argue that for any S the operator ΓaDa does not admit any nor-
malizable zero mode εzm. Indeed, by combining (4.19) with I0(εzm) = 0 and ΓaDaεzm = 0
one gets Daεzm = 0. Since εzm must vanish as one approaches the boundary ∂S, we then ex-
pect that the conditions Daεzm = 0 impose that εzm ≡ 0, at least for reasonable asymptotic
structures. This supports the expectation that (4.20) indeed admits a solution, although
an explicit proof of this result would require a more detailed case by case investigation
which is beyond the scope of the present paper.

4.3 Inclusion of M2 branes

We would now like to allow M2 or M5 branes to be present in the background configuration,
or to be generated by possible fluctuations around it.

We first assume the presence of only M2-branes. This means that the Bianchi identity
dG = 0 is still satisfied, while the bulk equations of motion are modified. The bosonic
action of an M2-brane is

S(M2) = −2π
∫
C

d3σ
√
−h+ 2π

∫
C
C , (4.21)

where hαβ ≡ gMN∂αX
M∂βX

N is the metric induced on the world-volume C by the em-
bedding σα 7→ XM (σ). The WZ term in (4.21) provides a localized source term to the C
equations of motion:

d ∗G+ 1
2G ∧G = δ(8)(C) , (4.22)
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where δ(8)(C) is a delta-like eight-form such that
∫
C C ≡

∫
C∧δ(8)(C) for any three-form C.5

Analogously, the Nambu-Goto term of (4.21) enters the Einstein equations by a localized
source term TMN

(M2) , such that:

EMN = 1
2T

MN
(M2) , (4.23)

where EMN is defined in (4.10). In order to describe TMN
(M2) , it is convenient to pick an

adapted vielbein
eA = (eα, eã) with eã|C = 0 , (4.24)

and the corresponding dual frame eA = eMA ∂M = (eα, eã), with A = 0, . . . , 10, α = 0, 1, 2
and ã = 3, . . . , 8. Then one can verify that

TMN
(M2) = ηαβ eMα e

N
β ∗ [e012 ∧ δ(8)(C)] , (4.25)

see appendix C. Note that the right-hand side of (4.22) and (4.23) can be immediately gen-
eralized to multiple M2-branes by summing over the corresponding contributions. Hence,
we can focus on a single M2-brane without loss of generality.

By using (4.22) and (4.23) (together with dG = 0) in the identity (4.8), we now get

∇MEMN on-shell= DM εΓMPNDP ε+ 1
4T

NP
(M2)KP + 1

4 ε̄[dx
N ∧ δ(8)(C)]ε

= DM εΓMPNDP ε+ 1
4T

NP
(M2)KP + 1

4
(
∗
[
dxN ∧ δ(8)(C)

])
· Ω(M2) ,

(4.26)

where we have introduced the two-form

Ω(M2) ≡ ε̄Γ(2)ε = 1
2 ε̄ΓMN ε dxM ∧ dxN . (4.27)

By using (4.26) inside (4.7) we find that the total BPS energy can be split into bulk and
brane contributions:

I(ε) = I0(ε) + I(M2)(ε) . (4.28)

Here I0(ε) is defined in (4.17) and represents the bulk contribution. On the other hand,
the brane contribution

I(M2)(ε) = 1
4

∫
C∩S

(
K0 volC∩Σ − Ω(M2)

)
(4.29)

comes from the last two terms in (4.26) — see appendix C for more details. In (4.29)
K0 = KMe

0
M is the zeroth component of K in the local frame (4.18), that is, K0 is the

component of K normal to S.
In appendix C we prove, following [31], that the integrated forms in (4.29) satisfy the

algebraic bound
K0 volC∩S ≥ Ω(M2)|C∩S , (4.30)

5More generically, for any q-dimensional submanifold Σ of a d-dimensional space, δ(d−q)(Σ) is defined
by
∫

Σ ω =
∫
ω ∧ δ(d−q)(Σ) for any q-form ω.
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which can be regarded as a local BPS bound.6 Hence we can conclude that

I(M2)(ε) ≥ 0 (4.31)

and then the inclusion of fully backreacting M2-branes preserves the positivity of BPS
energy:

I(ε) ≥ 0 . (4.32)

Furthermore, remembering the conclusion of subsection 4.2, I(ε) = 0 if and only if ε satisfies
the supersymmetry equations and the bound (4.30) is saturated:

K0 volC∩S = Ω(M2)|C∩S . (4.33)

As explained in appendix C, this condition is equivalent to requiring that the M2-brane
does not break the supersymmetry generated by ε.

As in [31], the local BPS bound (4.30) provides a generalization to non-static settings
of the ordinary calibration bounds [62], which instead apply only to static backgrounds.
These local bounds are usually exploited to study the energetics of probe branes on fixed
supersymmetric vacua. Our result (4.28) makes it clear how, even after the brane backre-
action is taken into account and more general on-shell bulk deformations are allowed, the
combination entering the local bound (4.30) still determines the M2 contribution I(M2)(ε)
to the positive BPS energy I(ε). Furthermore, we explicitly see how the inclusion of M2-
branes cannot be represented just by their energy-momentum tensor (4.25) (which satisfies
the dominant energy condition), since this would not take into account the second (possibly
negative) contribution in (4.29). We will explicitly show how these observations also hold
for other branes in string/M-theory, and we indeed expect them to be universal properties
of supergravity models including charged branes.

4.4 Inclusion of M5-branes

Conceptually, the inclusion of M5-branes should proceed as for the M2 case. In particular,
we expect an M5 to contribute to the BPS energy with a non-negative contribution I(M5)(ε)
analogous to (4.29). This contribution may be computed along the lines of what we did
for M2-branes, starting from the M5 action of [63]. One technical difficulty comes from
the presence of the self-dual three-form on the M5-brane, which induces an M2-charge
on the M5.

In order to alleviate the presentation, we start by simply ignoring the self-dual three-
form contribution. Then the bosonic action associated with an M5-brane wrapping a
six-dimensional submanifold C reduces to

S(M5) = −2π
∫
C

d6σ
√
−h+ 2π

∫
C
C̃ + . . . (4.34)

6The bound (4.30) involves top-forms on C ∩ S and should more precisely be read as a bound for the
corresponding coefficients with respect to a given reference top-form, fixing the overall sign ambiguity by
requiring that volC∩S is positive.
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where C̃ is the dual six-form potential, locally defined by dC̃ = −
(
∗G+ 1

2C ∧G
)
, and the

ellipsis refers to the omitted terms depending on the world-volume self-dual 3-form. The
WZ term contributes to the Bianchi identity for G, which becomes:

dG = δ(5)(C) . (4.35)

Also the Einstein equations get modified, by a contribution similar to the M2-brane one
appearing on the right-hand side of (4.23). By repeating the same steps followed for the
M2 case, we arrive at the following M5 contribution to BPS energy:

I(M5)(ε) = 1
4

∫
C∩Σ

(
K0 volC∩Σ − Ω(M5)

)
, (4.36)

where
Ω(M5) ≡ ε̄Γ(5)ε . (4.37)

We have again a calibration bound

K0 volC∩Σ ≥ Ω(M5)|C∩Σ , (4.38)

which is saturated by the supersymmetric configuration. This implies the positivity bound

I(M5)(ε) ≥ 0 , (4.39)

for the M5 contribution to the BPS energy.
Coming back to the self-dual 3-form, it induces an M2-charge on the M5-brane. Hence,

it affects the C equations of motion and contributes to the Einstein equations by further
terms localized on the M5-brane. These can be straightforwardly computed starting from
the action of [63], but we will not do this exercise here, since in section 5.4 we will do it
for D-branes supporting general world-volume fluxes. Since M5-branes and D-branes are
related by dualities, the results of section 5.4 are sufficient to conclude that (4.39) indeed
still holds once the M5 self-dual three-form flux is taken into account, and is saturated only
by supersymmetric configurations.

In summary, the total BPS energy (4.5) can be written as the sum of three non-negative
terms

I(ε) = I0(ε) + I(M2)(ε) + I(M5)(ε) , (4.40)

where I0(ε) becomes manifestly non-negative if we impose the Witten condition (4.20).
Furthermore I(ε) = 0 if and only if the three terms separately vanish. This can happen
only if the complete configuration is supersymmetric, that is, if ε is a bulk supercharge and
the branes preserve it.

4.5 Positivity and stability of G2-compactifications

We can illustrate the above general results by discussing energy positivity and stability
in M-theory compactifications on special holonomy spaces. As we have mentioned, this
stability is widely expected, but checking it is a good exercise towards attacking vacua
without supersymmetry. The energy positivity associated with these kinds of configurations
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has been already discussed in [35, 36], which however focused on the gravitational sector
(plus a possible energy-momentum tensor satisfying the dominant energy condition). Our
results allow us to include the effects of the G flux and of the M2/M5 branes as well.

For concreteness we focus on vacua of the form M0 = M4 × Y , where M4 is four-
dimensional Minkowski space and Y admits a given G2-holonomy metric. (Compactifi-
cations to Md 6=4, or on Y with special holonomy 6= G2, are analogous.) In these purely
geometrical vacua, the eleven-dimensional metric is a direct sum ds2

0 = ds2
M4

+ ds2
Y , and

preserves a supercharge
ε0 = ε0 ⊗ η0 (4.41)

where ε0 is a constant four-dimensional Majorana spinor, while η0 is the covariantly con-
stant Majorana spinor along the G2-manifold Y , which we choose to have unit norm
η†0η0 = 1. We are interested in general deformations which asymptotically reduce to the
M0 = M4×Y vacuum. OnM0 we can introduce some adapted coordinates (xµ, ym), where
ym are coordinates along Y and xµ = (t, r, θ, φ) are standard spherical coordinates over
M4. Asymptotically, we can use these coordinates also on the deformed backgrounds and
choose the nine-dimensional space-like surface S to take the form Σ × Y , where Σ is an
asymptotically flat three-dimensional surface of constant time t. Correspondingly, the nine-
dimensional boundary ∂S appearing in the BPS energy (4.5) takes the form ∂S = ∂Σ×Y ,
where ∂Σ is the two-sphere S2

r of constant radius r, in the limit r →∞.
We impose boundary conditions where the eleven-dimensional metric and spinor of the

deformed background are asymptotically g = g0 + ∆g and ε = ε0 + ∆ε, with ∆g and ∆ε of
order O(r−1) and such that D0

M ε ≡ ∇M∆ε ∼ O(r−2) (in the natural asymptotically flat
frame). In order to guarantee that (4.5) is finite, we also assume that the variation of the
spin-connection ∆ωAB ≡ ∆ωMABdxM and of the field-strength ∆G ≡ G are at least of
order O(r−2). From the identity

∗ E2 = −ε̄Γ(8) ∧ Dε , (4.42)

with Dε≡DM ε dxM , we see that the integrand appearing in (4.5) reduces asymptotically to

− ε̄0Γ0(8) ∧ (D −D0)ε0 + d(. . .) +O(r−3) . (4.43)

It follows that I(ε) can be written in the following form — see also ([60], eq. (5.18)):

I(ε) = 1
4

∫
∂Σ×Y

∗(eA ∧ eB ∧K[) ∧∆ωAB

+ 1
4

∫
∂Σ×Y

(
Ω(M2) ∧ ∗∆G+ Ω(M5) ∧∆G − 2 ∗ Ω(M5) ∧∆ω

)
,

(4.44)

where we have introduced the one-form K[ ≡ KMdxM , obtained by lowering the index
of (4.9), and the three-form ∆ω ≡ 1

2∆ωAB ∧ eA ∧ eB, while Ω(M2) and Ω(M5) are defined
in (4.27) and (4.37) respectively. These can be expressed in terms of the associative form
φ and the co-associative form ∗7φ on the G2 manifold as:

K[ = v, Ω(M2) = w, Ω(M5) = v ∧ ∗7φ+ ∗4w ∧ φ, ∗Ω(M5) = w ∧ ∗7φ+ ∗4v ∧ φ, (4.45)

where vµ ≡ ε̄γµε, wµν ≡ ε̄γµνε, and ε is a four dimensional Majorana spinor.
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Note that in (4.44), the forms K[, Ω(M2) and Ω(M5), as well as the Hodge-star operator,
can in fact be computed by using the supersymmetric vacuum metric g0 and supercharge ε0.
We can then identify the first two terms appearing in the second line of (4.44) as measuring
the asymptotic central charges associated to M2-branes stretching along M4 and M5-branes
wrapping internal three- and four-cycles. Since we want to consider fluctuations around
the vacuum configurations, we can further restrict the boundary conditions in such a way
that these terms vanish.

Similarly, the three-form ∆ω may be interpreted as measuring the flux of a KK6-
brane [59], and ∗Ω(M5) can be considered as a corresponding calibration — see section 5
of [60]. Then the last term of (4.44) may be interpreted as measuring the central charge of
a KK6-branes wrapping internal four-cycles and does not contribute if we assume vacuum
boundary conditions.

On the other hand, the first term on the right-hand side of (4.44) can be interpreted as
defining the conserved component −KMPM of the total momentum of the system [30, 59].
By using the fact that KM = (kµ0 , 0), we see that

I(ε) = I(ε0) = −kµ0Pµ (4.46)

as in (3.6). Our previous discussion on the positivity of I(ε) then translates into a fully
eleven-dimensional proof of the positivity of the energy of this class of compactifications.

Moreover, if I(ε) = 0 for any ε0, spacetime coincides with the vacuum. To see this, first
observe that, just as in the pure four-dimensional case, the combination of (4.19), (4.20)
and I(ε) = 0 imply (when applied to all possible Σ) that there are four independent spinors
ε such that DM ε = 0. This in turn implies that there are four independent Killing vectors
ε̄ΓM ε. These coincide at infinity with the four translations of Minkowski space; so their
orbits need to be four-dimensional. Since the finite transformation generated by a Killing
vector is an isometry, the metric is invariant along these four-dimensional orbits; so on the
union of these orbits the metric is in fact equal to its value at infinity M4 × Y .

We now use the usual logic: since I(ε) does not depend on Σ, it is conserved; but since
it vanishes for any ε0 only on the vacuum, the latter is fully stable. As usual, this conclusion
assumes the existence of a solution of the Witten condition (4.20). In the absence of fluxes
and branes, this has been rigorously proven in [35, 36]. As at the end of subsections 3.1
and 4.2, one could argue that ΓaDa does not have any normalizable zero-mode εzm.

Finally, note that we may in fact relax the above restrictions on the asymptotic be-
haviour of G and ∗G and allow for possible non-trivial asymptotic fluxes thereof. In this
case the positivity of (4.44) would correspond to an extremality bound as in [61, 64], which
would include the contribution of four-dimensional string and membrane central charges.

4.6 Stability of AdS4 vacua

Again in the spirit of gaining experience that might be later useful for supersymmetry-
breaking vacua, we can adapt the discussion of the previous subsection to M-theory com-
pactifications down to AdSd. For d = 4, the vast majority of such supersymmetric vacua
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are of the famous Freund-Rubin (FR) type:

ds2
0 = ds2

AdS4
+ 4L2ds2

Y , G4 = 3
L

volAdS4
. (4.47)

The AdS radius is L6 = N
3·27Vol(Y ) , where N is a positive integer; the internal space Y

admits an internal Killing spinor η, satisfying (Dm − i
2mγm)η = 0; these include weak G2

(N = 1), Sasaki-Einstein manifolds (N = 2), 3-Sasaki (N = 3). The total supercharge is
then ε0 = ε̂⊗ η, where ε̂(x) = S(x)ε0 is one of AdS Killing spinors mentioned after (3.13).
We will modify these solutions in section 6.2 to break supersymmetry.

In order to address the stability issue, one again needs to specify appropriate boundary
conditions. The discussion in sections 3.2 and 3.3 suggests that we should require the
metric at infinity to factorize as ds2

4 + ds2
7, with ρ−2ds2

4 inducing on the boundary a metric
conformal to R × S2, and ds2

7 = 4L2ds2
Y + O(ρ−2). Moreover, the spinors ε are such

that KM = ε̄ΓM ε is asymptotically (kµ0 = ε̄γµε, 0). These boundary conditions should be
confirmed by uplifting the analysis in [32, 34, 55] to the case with extra dimensions. In
particular one should check that the BPS energy is still conserved with this choice, and
that the Witten condition can be imposed; we hope to return to this in the future.

The logic then proceeds along lines that are by now familiar. We choose a space-like
surface S that asymptotically takes the form Σ × Y , with Σ being a space-like three-
dimensional slice with boundary ∂Σ ' S2. The BPS energy (4.5) is defined by an integral
over ∂S = ∂Σ × Y ' S2 × Y . We may also apply (4.44) and provide a more explicit
geometrical formula for I(ε), but the supersymmetry argument which led from (4.1) to (4.5)
anyway guarantees that I(ε) = I(ε0) must take the form (3.14) in terms of the SO(2, 3)
charges JAB. As in subsection 3.2, this implies the positivity of E ≡ J04 ≥ 0. A version
of the argument in the previous subsection shows that the only zero-energy configuration
is the vacuum AdS4 × Y . As usual, if the energy is conserved it now follows that such a
vacuum is stable.7

5 Positivity and stability in type II

In this section we will show that the main points of the above M-theory discussion hold
also for ten-dimensional type II string theories, up to some technical but interesting details.

The type II fields are: the string frame metric gMN ; a two-form potential B with
closed three-form field-strength H = dB; RR potentials Ck with field-strengths Fk =
dCk −H ∧ Ck−2; two Majorana-Weyl (MW) gravitinos ψaM ; two MW dilatinos λa. It will
be convenient to use the democratic formalism, where all RR field-strengths Fk are included
for all 0 ≤ k ≤ 10, even in IIA and odd in IIB, and the formal total sum F ≡

∑
k Fk satisfies

F = ∗λF . (5.1)

Here λ acts on a form by reversing the order its indices, i.e., λFk = (−)
k(k−1)

2 Fk, and
the Hodge-star is computed in the string frame, which is more natural for the democratic

7It was found in [65] that small perturbations in AdS can refocus until they collapse into a black hole;
this is a different notion of stability from the one of the vacuum we consider in this paper.
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formulation. The theory is defined by a pseudo-action [66], whose equations of motion
must be supplemented by the self-duality conditions (5.1).

The supersymmetry parameters are two MW spinors εa, a = 1, 2. It is convenient
to collect all the spinors into doublets: ψM ≡

(ψ1M
ψ2M

)
, and so on. The supersymmetry

transformations of the fermions, with fermions set to zero, now read

δεψM = DM ε , δελ = Oε , (5.2)

where8

DM ≡ DM ⊗ 12 −
1
4HM ⊗ σ3 + F ΓM ,

O ≡ dφ⊗ 12 −
1
2H ⊗ σ3 + ΓMF ΓM ,

with F ≡ eφ
16
(

0 F
±λ(F ) 0

)
in IIA

IIB .

(5.3)

Here and in what follows, the upper/lower sign will refer to IIA/IIB. We work in string
units 2π

√
α′ = 1.

5.1 BPS energy

In order to identify the BPS energy, we will start from the supercharge generator, following
the same strategy used in M-theory. The explicit form of the supercharge can be obtained
by various means. For instance, it can be identified in IIA by dimensional reduction of
the M-theory supercharge (4.1) — see appendix E — and then extrapolated to IIB. The
result is

Q(ε) =
∫
∂S

e−2φ
(
dxM ∧ εΓΓ(7)ψM + εΓΓ(8)λ

)
, (5.4)

again in the notation of (4.2). In (5.4), S is a nine-dimensional spacelike surface and we
have introduced the chiral operator Γ ≡ Γ01...9.9

We can then compute δεQ(ε) = {Q(ε), Q(ε)} by using (5.2), and obtain in this way the
BPS energy:

I(ε) =
∫
∂S
∗E2 (5.5)

where we have introduced the Nester-like two form

E2 ≡ −
1
2e−2φε̄(ΓMN

PDP − ΓMNO)ε dxM ∧ dxN . (5.6)

More explicitly, we can write the components of E2 = 1
2EMNdxM ∧ dxN as follows:

EMN = −e−2φε̄ΓMN
P (DP +AP )ε , (5.7)

8Our conventions are as in [60]. They differ from those in [67] by a sign change H → −H.
9The supercharge (5.4) admits a simpler form in terms of the Einstein frame gravitino. Denoting the

Einstein frame quantities with a hat symbol ,̂ they are related to those in the string frame by gMN =
eφ/2ĝMN , ε = eφ/8ε̂, λ = e−φ/8λ̂, ψM = eφ/8

(
ψ̂M + 1

8 Γ̂M λ̂
)
. Then (5.4) takes the form Q(ε̂) =

∫
∂S

dxM ∧
ε̂ΓΓ̂(7)ψ̂M .
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where DM is the ordinary spinor covariant derivative and AM is defined by the relation

DM −
1
8ΓMO = DM +AM . (5.8)

In the following we will also need the identity

ΓPMNAP = 1
4Γ[MHΓN ] ⊗ σ3 − ΓMNdφ− 2Γ[MF ΓN ] . (5.9)

This identification can be obtained from (5.7) by using (A.1) with k = 2 and HM =
1
2{ΓM , H}.

5.2 Main identity

Once again we need to compute the divergence of E2. We begin with

e2φ∇MEMN = −2∂MφEMN −DM εΓMNPAP ε− ε̄ DM (ΓMNPAP ε) (5.10)
= −DM εΓMNP (DP ε+ 2AP ε)− ε̄ΓMNP (DMDP − 2∂MφAP + [DM ,ΓMNPAP ])ε .

We have skipped a few steps similar to (4.11), and we have used (A.14) for k = 2 to derive
ε̄ΓMNPAPDM ε = DM εΓMNP (AP + 2∂Pφ)ε.

The term ε̄ (· · · )DM ε now does not vanish automatically (unlike ANP in (4.12)). But
by (5.8) we expect the appearance of the square of this operator. The remainder looks at
first quite complicated, but a little experimentation shows that it simplifies if we subtract
a further OεΓNOε. In order to write the final result in the most transparent way, we first
use the spinor ε to construct the future-pointing time-like or null vector

K ≡ 1
2 ε̄ΓM ε ∂M (5.11)

and the (poly)forms:

Ω(F1) ≡ 1
2 ε̄Γ(1) ⊗ σ3ε , Ω(NS5) ≡ 1

2e−2φ ε̄Γ(5) ⊗ σ3ε , (5.12a)

Ω(D) =
∑

k even/odd
Ω(D)
k ≡

∑
k

e−φ ε̄1Γ(k)ε2 . (5.12b)

Then, with some further computations presented in appendix D, we are able to show that

∇MEMN = e−2φ
(
DM −

1
8ΓMO

)
εΓMPN

(
DP −

1
8ΓPO

)
ε− 1

8e−2φOεΓNOε

+ ENPKP + 1
2H

NPΩ(F1)
P − 1

2(dH ∧ dxN ) · Ω(NS5) + 1
2(dHF ∧ dxN ) · Ω(D) .

(5.13)
Here dH ≡ d−H∧ and the tensors EMN and HMN are defined by

e2φEMN ≡ RMN −
1
2gMNR+ 2[(∇M∇N − gMN∇2)φ+ gMN |dφ|2]− 1

2T
(HF )
MN , (5.14a)

H2 = 1
2HMNdxM ∧ dxN ≡ ∗

[
d(e−2φ ∗H)− 1

2(F ∧ λF )8

]
, (5.14b)
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where T (HF )
MN ≡ HM ·HN − 1

2gMN |H|2 + 1
2e2φFM ·FN . Here we are using a notation similar

to that in (4.10), e.g. HM ≡ ιMH and FM ≡ ιMF . Furthermore (· · · )8 denotes taking the
eight-form part of the polyform.

We emphasize that (5.13) is valid for both type II theories and holds identically for
any (possibly off-shell) configuration.

5.3 Positivity in the absence of branes

As in section 4.2, we first consider the positivity of the BPS energy (5.5) in the absence of
branes (and orientifolds). In this case the Einstein and B-field equations of motion require
that EMN = 0 and HMN = 0, respectively. Furthermore the B-field Bianchi identity is
dH = 0 and the democratic RR equations of motion/Bianchi identities read dHF = 0.10

Then only the first line in (5.13) survives; the second vanishes by the theory’s equations of
motion and Bianchi identities.

If we again introduce an adapted vielbein eA = (e0, ea) such that e0|S = 0 and use
Stokes’ theorem, we can write (5.5) as I0(ε) =

∫
S d∗E2 =

∫
S volS∇ME0M . By using (5.13)

we then get the following on-shell BPS energy:

I0(ε) =
∫
S
volS

[(
Daε− 1

8ΓaOε
)† (
Daε−

1
8ΓaOε

)
+ 1

8(Oε)†Oε−
∣∣∣∣(ΓaDa −

9
8O
)
ε

∣∣∣∣2
]
.

(5.15)

So, the BPS energy I0(ε) can be made manifestly non-negative if we can choose an ε

satisfying the modified Witten identity:(
ΓaDa −

9
8O
)
ε = 0 . (5.16)

Hence, under this assumption we get I0(ε) ≥ 0. Furthermore this bound is saturated if and
only if the background is supersymmetric.

Note that, as in the previous cases, the condition (5.16) can be related to a gauge-
fixing condition for the gravitino [5], which now reads Γaψa = 9

8λ. This does not look like
a standard transverse gauge, but only because we are working in the string frame, in which
the gravitino and dilatino kinetic terms are not diagonal. Indeed the condition Γaψa = 9

8λ

corresponds to the transverse gauge Γaψ̂a = 0 in the Einstein frame — see footnote 9.
Furthermore, one can argue for the absence of normalizable zero modes of the operator
appearing in (5.16), and then for the existence of a solution of (5.16), by adapting the
arguments proposed at the end of sections 3.1 and 4.2.

5.4 Inclusion of localized sources

As in the M-theory case, one can include branes, which can be part of the background
configuration or can contribute to the fluctuations around it. As we will see, the presence
of O-planes can be similarly taken into account.

10In order to get an on-shell configuration, these equations must be supplemented by the dilaton equation
of motion R− 1

2 |H|
2 − 4eφ∇2eφ = 0.
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The simplest example is provided by F1-strings, which works very similarly to the M2-
brane case of section 4.3. In particular, the presence of an F1-string along a two-dimensional
world-sheet C modifies the B-field equations of motion to

H2 = ∗δ(8)(C) , (5.17)

as well as the Einstein equations. The bottom line is that the first two terms in the second
line of (5.13) do not vanish anymore, but provide the following localized contribution to
I(ε) =

∫
S d ∗ E2 =

∫
S volS∇ME0M :

I(F1)(ε) = 1
2

∫
C∩S

(
K0 volC∩Σ − Ω(F1)

)
. (5.18)

One can adapt the calculation of appendix C.2 for M2-branes to rewrite the local bound
found in ([31], eq. (3.25)) in the form

K0volC∩S ≥ Ω(F1)|C∩S . (5.19)

This shows that (5.18) is non-negative. Furthermore, (5.19) is saturated if and only if the
F1-string does not break the supersymmetry generated by ε [31]. Hence, we get the bound
I(ε) = I0(ε) + I(F1)(ε) ≥ 0 for the total BPS energy, which is saturated if and only if the
complete configuration is supersymmetric. For comparison with the D-brane discussion
below, we observe that we can rewrite (5.18) in the form

I(F1)(ε) = 1
2

∫
C∩S

[
V (K)volC∩S − Ω(F1)

]
, (5.20)

where we have introduced the following one-form defined along C:

V ≡ hαβgMNe
0
α∂βX

MdxN , section of T ∗M |C , (5.21)

withM denoting the ten-dimensional spacetime. (Recall that, according to our general no-
tation, hαβ denotes the induced metric on the brane.) This equivalence can be understood
by picking a C adapted vielbein eA = (eα, eâ), with eâ|C = 0 (and still imposing e0|S = 0).

As with the discussion for M5-branes in section 4.4, the incorporation of D-branes
and NS5-branes is complicated by the presence of additional world-volume fluxes, but
these branes are still expected to provide non-negative localized contributions I(D) ≥ 0
and I(NS5) ≥ 0 respectively. As a preliminary easier check, let us consider an NS5-brane
along a submanifold C and neglect again its world-volume flux, as we did for M5-branes
in section 4.4. The Einstein equations and the B-field Bianchi identity get modified — for
instance, the latter becomes dH = δ(4)(C) — and the first and third term of the second
line of (5.13) produce a non-negative contribution to the BPS energy of the form

I(NS5)(ε) = 1
2

∫
C∩S

(
e−2φK0 volC∩S − Ω(NS5)

)
≥ 0 , (5.22)

which vanishes if and only if the (fluxless) NS5-branes preserve the bulk supersymmetry
generated by ε.
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In order to better understand the possible role of world-volume fluxes, we now discuss in
more detail the presence of D-branes. Since they are related to NS5-branes and M5-branes
by dualities, our conclusions will provide a convincing support to some of our previous
claims.

Consider the inclusion of a Dp-brane. In the democratic formulation, it modifies the
RR Bianchi identities/equations of motion as follows:

dHF = −λ
[
δ(9−p)(C)

]
∧ e−F (5.23)

where C now denotes the Dp-brane world-volume and F is the gauge invariant world-volume
field strength, such that dF = −H|C . Furthermore, by using the D-brane effective action

SD = −2π
∫
C

e−φ
√
− detM+ 2π

∫
C
C ∧ eF (5.24)

whereMαβ ≡ hαβ + Fαβ and C ≡ ∑k Ck, one can check that the Einstein equations and
the B-field equations of motion get modified into

EMN = 1
4e
−φ
√
− detMαβM(αβ)eMα e

N
β ∗ [e0...p ∧ δ(9−p)(C)] , (5.25a)

HMN = −1
2e
−φ
√
− detMαβM[αβ]eMα e

N
β ∗ [e0...p ∧ δ(9−p)(C)] , (5.25b)

where we are using the adapted vielbein eA = (eα, eâ) such that eâ|C = 0.
As in [31], it is useful to combine K and Ω(F1) into the ‘generalized vector’

K ≡ K + Ω(F1) , section of TM ⊕ T ∗M . (5.26)

Along C, we can also introduce another generalized vector field:

V ≡ e−φ
√
− detM√
− deth

(
M(αβ)∂αX

M gMNdxN +M[αβ]∂αX
M ∂M

)
e

0
β , (5.27)

which is a section of (TM ⊕ T ∗M)|C and can be regarded as the D-brane counterpart
of (5.21). By using (5.23) and (5.25), we see that the first, second and fourth terms in the
second line of (5.13) are non-vanishing in presence of the Dp-brane, which then contributes
to I(ε) =

∫
S volS∇ME0M by

I(D)(ε) = 1
2

∫
C∩S

[
V(K) dvolC∩S − Ω(D) ∧ eF

]
, (5.28)

where V(K) denotes the natural pairing between the generalized vectors V and K:

V(K) = e−φ
√
− detM√
− deth

(
M(αβ)KM∂αX

M +M[αβ]Ω(F1)
M ∂αX

M
)
e

0
β . (5.29)

Note the formal analogy between (5.28) and (5.20). Now, adapting again the steps of
appendix C.2, one can rewrite the local bound (4.33) of [31] in the form

V(K) dvolC∩S ≥
(
Ω(D) ∧ eF

∣∣
C∩S

)
top

, (5.30)
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which is saturated precisely if the D-brane preserves ε. Hence, as expected, the complete
D-brane contribution (5.28) is always non-negative and vanishes only if the D-brane pre-
serves ε. By duality, this strongly supports our claim that these properties hold also for
the complete I(NS5) (and I(M5)).

We then conclude that, if we choose an ε satisfying (5.16), the total BPS energy

I(ε) = I0(ε) + I(F1)(ε) + I(D)(ε) + I(NS5)(ε) (5.31)

satisfies the bound
I(ε) ≥ 0 , (5.32)

which is saturated if and only if ε satisfies the bulk supersymmetry equations and all the
branes preserve ε, that is, if and only if the complete configuration is supersymmetric.

We would now like to consider the possible presence of orientifolds. Suppose that
ι : M → M denotes the orientifold involution associated with an Op-plane, located at
the corresponding fixed locus C. The Op-plane contributes to the effective action as a
Dp-brane with a tension/charge rescaled by a factor −2p−5 and a vanishing F , which is
consistent with the fact that the B-field is odd under the orientifold involution and then
has vanishing pull-back on the Op-plane. So, the Op-plane contribution I(O) to the BPS
energy takes the form (5.28) with F = 0, up to an overall −2p−5 factor. Furthermore, the
orientifold projection on the supersymmetry generator ε ≡

(ε1
ε2

)
is

ι∗ε2 = ε1 , ι∗ε1 = (−)b
p−1

2 cε2 , (5.33)

see for instance [68]. Hence, from (5.12b) we see that Ω(D) is invariant under the orientifold
involution:

ι∗Ω(D) = Ω(D) . (5.34)
Furthermore, since the Op-plane world-volume C is fixed under the orientifold involution,
compatibility with (5.33) requires that along the Op-plane one must impose the boundary
condition

(ε1 − Γ0...pε2)|C = 0 , (5.35)

where we are again using an adapted frame eA = (eα, eâ) with eâ|C = 0. This condition is
precisely equivalent to requiring that the local bound (5.30) (with F = 0) is saturated along
the Op-plane. Hence I(O)(ε) ≡ 0 and the BPS energy I(ε) is still given by the non-negative
combination (5.31).

We close this section by emphasising that so far we have neglected higher order cur-
vature corrections to the brane effective actions, which would modify the form of the
corresponding localized BPS energy.11 For instance, the curvature corrections of [69–71]
would modify the second term appearing in the r.h.s. of (5.28) into something of the form
−1

2
∫
C∩S Ω(D) ∧ eF ∧ (curvature). The expected local brane supersymmetry suggests that

V is also modified, so that I(D)(ε) ≥ 0 still holds and is saturated precisely if the D-brane
preserves ε. It would be interesting to better investigate this point, also in connection with
bulk higher-derivative corrections.

11World-volume higher curvature corrections play for instance and key role in the D-brane mediated
instabilities recently discussed in [27].

– 27 –



J
H
E
P
0
4
(
2
0
2
2
)
0
5
4

6 Supersymmetry breaking

In the previous sections, we clarified the mechanism that makes supersymmetric vacua
stable. We will now try to use this knowledge to provide stability arguments for vacua that
break supersymmetry. Our attempts will fail to exhibit stable non-supersymmetric vacua,
but fail in interesting ways that might point the way to better future strategies.

6.1 An operator in M-theory

The idea is a bit similar to that in section 3.3. A supersymmetric vacuum is defined
by having a solution ε to DM ε = 0 in M-theory and DM ε = Oε = 0 in type II (recall-
ing (4.4), (5.3)). We would like to find a modification D′M , O′ of these supersymmetry
operators such that

i) an ε annihilated by them exists on some non-supersymmetric vacuum, and

ii) the BPS energy I ′(ε) defined via the analogues of (4.6), (5.5) is still positive and
related to the physical energy.

This is a hard set of requirements to satisfy, but let us try anyway. There are infinitely
many operators D′M that one might consider, but the problem becomes more tractable if
we demand only objects with a single derivative to appear. As reviewed in appendix B.5,
the consistency conditions [DM ,DN ]ε = 0 for supersymmetry imply most of the equations
of motion. Having more than one derivative in the modified D′M would imply more than
two derivatives in the consistency conditions [D′M ,D′N ]ε = 0, and it might be hard to make
these in turn compatible with the equations of motion. Another restriction that seems
reasonable is that, in order to avoid gauge dependence, only the field-strengths appear and
not the potentials.

In M-theory, the most general allowed operator obtained by deforming DM would
now be12

D′M = DM + 1
24(a1ΓMG+ a2GΓM ) + a3ΓM , (6.1)

where the ai are constants. Comparing with (the second expression in) (4.4), we see that
the supersymmetric case is recovered for a1 = −1, a2 = 3, a3 = 0.

Notice that in particular we are not considering a modification of the type

D′M = DM + VM . (6.2)

This would have the interesting feature that the two-form (E′2)MN = −ε̄ΓMN
PD′P ε defined

with this operator is in fact equal to the E2 in (4.6); so the positivity argument would still
apply. Moreover solving D′M ε = 0 would be superficially reminiscent of (Dm+iAm)η+ = 0,
which does have a solution on a Kähler manifold (although with a crucial difference of an i).

12One additional term we could add here is a4ΓMD, with D = ΓNDN the Dirac operator. Consider
ΓMD′M ε = 0 with this modification; for a4 6= −1/11, this equation determines Dε, which can be fed back
into D′M ε = 0 to obtain a new equation without the new term. If a4 = −1/11, D′M contains the conformal
Killing operator DM − 1

d
ΓMD. We will ignore this particular case in what follows.
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However, such a vector VM cannot be an external piece of data: for the positivity argu-
ment to apply, it has to be defined for all possible configurations with a certain boundary
condition. So it has to be somehow defined in terms of the fields. Given the requirements
we listed at the beginning of this section, there does not seem to be any such vector field,
and hence we will ignore the possibility (6.2).

6.2 Skew-whiffed and Englert vacua

We will first look at requirement i) above: namely, whether we can solve D′M ε = 0 on any
non-supersymmetric vacua.

Skew-whiffed vacua are obtained from a supersymmetric FR vacuum (section 4.6)
by reversing the orientation of the internal space, or in other words by mapping G →
−G [37, 38]. As reviewed in section 4.6, in a FR solution AdS4×Y supersymmetry requires
solving the internal Killing spinor equation

(
Dm− i

2mγm
)
η = 0 on Y . Reversing the sign of

G flips the sign of m, and the new spinor equation now has no solution (except when Y =
S7); so supersymmetry is broken. But the equations of motion are still satisfied because
they are quadratic in G. As noted already in [37, 38], these solutions are automatically
stable under small perturbations.13 On these non-supersymmetric solutions, we can clearly
solve D′M ε = 0 with

a1 = 1 , a2 = −3 , a3 = 0 ; (6.3)

in other words, with the operator obtained from the supersymmetric DM by reversing the
sign of G.

We next consider the Englert vacua [39]. Here, Y is a weak G2 manifold, namely one
with a G2-structure φ such that14

dφ = −4 ∗7 φ . (6.4)

This implies that the cone over Y has Spin(7) holonomy, so Y admits a Killing spinor η0
with m = 1. As a consequence, Y is also Einstein: more specifically Rmn = 6gmn. Taking
the fields as

ds2
11 = L2ds2

AdS4
+ r2

0ds2
Y , G = g0volAdS4

+ g1 ∗7 φ , (6.5)

the equations of motion have two branches of solutions: one with g1 = 0, leading back to
FR, and one with

g0 = 9
25r

3
0 , g2

1 = 4r6
0 , L =

√
3
10r0 . (6.6)

A perturbative instability was found for these vacua in [77], but only when Y has more
than one Killing spinor. One can check from (6.5) that the brane nucleation condition (2.6)
is not satisfied for the easiest case of M2-branes (as noted in [28] for some particular cases).

A solution of D′M ε = 0 is found as ε = ζ+ ⊗ η + ζ− ⊗ ηc. ζ− = (ζ+)c, with c denoting
Majorana conjugation; as usual we assume the Killing spinor equation Dµζ± = 1

2γµζ∓ also
along AdS4; and η = eiαη0, with α a constant and η0 Killing. With these assumptions,

13Further analysis of stability of these solutions under squashing was carried out in [72, 73].
14Another class of solutions uses instead the SU(3)-structure on a Sasaki-Einstein manifold [74–76]. It

would be interesting to apply our methods to this case as well; we thank N. Bobev for the suggestion.
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both the internal and external components of our equation become algebraic, and can be
solved for

a2 = 3±
√

114
10 , a1 = 3− a2 , a3 = ±21− 2a2

3 , tan 2α = 3− 2a2
4a2

; (6.7)

the two signs are independent.

6.3 Lack of positivity

Having found some examples of solutions to D′M ε = 0, we now look at requirement ii) above,
namely that one can still prove positivity and stability with the modified operator D′M .

In principle there are various terms that can ruin positivity. In (4.11), all the terms
beyond the first should now be re-examined. Already the second term ε̄ ANPDP ε is wor-
risome: it is unlikely to have a fixed sign because of the derivative of ε, so it had better
vanish.15 Repeating the steps in (B.12) we see that in our present more general setting
2ANP = −3(3a1 + a2)[ΓNP , G]. In particular this imposes

a2 = −3a1 . (6.8)

We see from (6.3), (6.7) that the skew-whiffed vacua do satisfy this, while the Englert
vacua do not. While it is conceivable that a positivity property might be proven by more
ingenious methods without assuming (6.8), in the rest of this subsection we will assume
that it must hold.

With this assumption, defining E′MN = −ε̄ΓMN
PD′P ε similar to (4.6), (4.8) is modi-

fied to

∇ME′MN = D′M εΓ
MPND′P ε+ 1

4(2GNP − a2
1T

NP
(G) )KP

+ 1
4 ε̄
[
dxN ∧

(
a1dG− a1d ∗G+ 1

2a
2
1G ∧G− 12a1a3G− 360a2

3

)]
ε ,

(6.9)

where GMN ≡ RMN − 1
2gMNR is the usual Einstein tensor; see appendix B.4 for the

details of this computation. In the absence of branes, the terms multiplying KP can be
reassembled using the equations of motion as (1 − a2

1)TNP(G) . By using (4.7) we see that,
if we assume |a1| ≤ 1, the contribution of this term to I ′(ε) is positive because the flux
stress-energy tensor obeys the dominant energy condition.

Of more concern are the terms on the second line of (6.9). We can use the equations
of motion (4.15) to get rid of dG and d ∗G, turning the quadratic flux term into 1

2a1(a1 +
1)G ∧ G. However, there is no reason to believe this term to have a definite sign for all
solutions.16 Furthermore, if a3 6= 0 we also have a linear G term, which is even more clearly
of indefinite sign.

15One might want to take care of this term by “completing the square” to reabsorb it in the term
D′M εΓ

MPNDP ε; but this requires looking for a XM such that XMΓMNP = [G,ΓNP ]; there appears to be
no natural choice of such an object.

16Consider for example a solution where K is timelike; here ε will define an SU(5)-structure (J2,Ω5) in
the remaining directions (studied in [78]), in terms of which the term of interest is proportional to J2∧G∧G,
a top-form in d = 10. Choosing a holomorphic vielbein ha, in terms of which J2 = i

2
∑

a
ha ∧ ha, it is easy

to see that the forms G = 2Re(h1 ∧ h2 ∧ h3 ∧ h4) and G = J2 ∧ J2 result in opposite signs for J2 ∧G ∧G.
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It is also interesting to consider the effect of localized sources. The same steps leading
to (4.29) now give a localized contribution to the BPS-energy

I ′(M2)(ε) = 1
4

∫
C∩S

(
K0 volC∩Σ − |a1|Ω(M2)

)
(6.10)

where the overall sign of the term including Ω(M2) has been fixed without loss of generality,
since it can be changed by inverting the M2 orientation, that is, by swapping the M2 for
an anti-M2 brane, or viceversa.

The sign of
∫
C∩S Ω(M2) depends on the M2 orientation. Clearly I ′(M2)(ε) is manifestly

positive if
∫
C∩S Ω(M2) ≤ 0. If instead

∫
C∩S Ω(M2) > 0, the second term on the r.h.s. of (6.10)

is negative. However, we can still use the algebraic local bound (4.30), which implies that

I ′(M2)(ε) ≥
1
4(1− |a1|)

∫
C∩S

Ω(M2) . (6.11)

We then see that I ′(M2)(ε) has a definite sign if |a1| ≤ 1, which is the same condition that
we found above. This suggests that vacua can be unstable under M2 nucleation precisely
if |a1| > 1. Note that this conclusion does not apply to the skew-whiffed case (in which
a1 = 1). A similar argument could be repeated for the non-supersymmetric generalization
of the M5 contribution (4.36). However, in this case the neglected world-volume fluxes
could affect the final conclusion.

We saw earlier that the Englert vacua don’t satisfy (6.8). Even if we ignore this issue
and repeat (6.9) with a2 6= −3a1, it turns out that the sign of the TNP(G) is negative; so this
class of solutions is unlikely to enjoy a positivity theorem by the spinorial strategy we are
considering.

The skew-whiffed vacua seem more promising in this respect, but they still have a
non-vanishing G ∧ G term, which as we saw earlier does not have a definite sign. So we
again conclude that no positivity theorem exists with the present spinorial method. This
does not prove that these vacua are unstable, but certainly seems to give evidence in that
direction.

6.4 Type II

The supersymmetry transformations in M-theory already contain all the possible terms
that one can write with at most one derivative, except for one term; this led us to (6.1).

In contrast, in the type II operators (5.3) it would be possible to add several new
terms. For example one could change the 2 × 2 matrices acting on the index a of the
spinor doublet εa. Or one could add entirely new terms, such as HΓM , ΓMF , ∂Mφ to
DM or F to O, tensored by any 2× 2 matrix compatible with the chirality of the spinors.
Even more drastically one could violate the democratic structure of the operator and add
a term only involving a single RR-form degree. This gives rise to a bewildering array of
possibilities, that we will not explore here. For example it would be interesting to try
to reproduce for example the GKP supersymmetry breaking [79], or the supersymmetry-
breaking mechanisms discussed in [67, 80], from this point of view.
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Instead of attempting a general analysis, it would be reasonable to add one such term
at a time. The simplest possibilities would be

D′M = DM + ΓM ⊗ a , O′ = O + 1⊗ b , (6.12)

where a, b are some 2 × 2 matrices. Notice however that this only makes sense in IIA
provided a and b are off-diagonal, since in IIB DM ε and ΓM ⊗ aε have opposite chiralities,
and so do Oε and 1⊗bε. It would be interesting to apply to (6.12) in IIA the same program
outlined earlier in this section for M-theory.
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A Useful spinorial identities

Here we recall some standard definitions and techniques useful in any number d of dimen-
sions; we assume Lorentz signature.

The easiest gamma matrix identities are

ΓMΓN1···Nk = ΓMN1···Nk + kδ
[N1
M Γ···Nk] ,

ΓN1···NkΓM = (−1)k(ΓMN1···Nk − kδ[N1
M Γ···Nk]) .

(A.1)

Viewing ΓN1···Nk as the image of the Clifford map /

[dxM1 ∧ · · · ∧ dxMk ]/ = ΓM1···Mk , (A.2)

equations (A.1) can be thought of as operator identities:
→

ΓM= gMN ιN + dxM∧ ,
←

ΓM= (−gMN ιN + dxM∧)(−1)deg . (A.3)

The arrows denote action from the left and right: ΓMα/ = (
→

ΓM α)/, α/ΓM = (
←

ΓM α)/.
Moreover degαk ≡ kαk, with the subscript denoting form degree; ιM (dxN1 ∧ · · · ∧dxNk) ≡
kδ

[N1
M dxN2 ∧ · · · ∧ dxNk] is the contraction operator.
A useful identity following from (A.3) is

ΓMαkΓM = (−1)k(d− 2k)αk . (A.4)

One particular consequence of this and (A.1) for k = 2 is

ΓMΓMNP = ΓMNPΓM = (d− 2)ΓNP . (A.5)

Sometimes, in order to avoid ambiguities, we underline flat indices. For instance, the chiral
matrix is Γ = cΓ01...d−1. In general c is chosen such that Γ2 = 1, and in both d = 10 and
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11 we can just take c = 1. Under the Clifford map (A.2), left multiplication by Γ is related
to the Hodge star:

→
Γ= c ∗ λ , (A.6)

where λαk ≡ (−1)bk/2cαk. Our Hodge-star operator ∗ is defined by

∗ (eA1 ∧ . . . ∧ eAk) = 1
(d− k)!εB1···Bd−k

A1···AkeB1 ∧ · · · ∧ eBd−k (A.7)

where eA = eAMdxM is a vielbein and the totally antisymmetric εA1···Ad is such that ε012··· =
1. Notice that (∗λ)2 = −(−)bd/2c in Lorentzian signature. Using this and (A.3) we also
obtain that the Hodge operator exchanges wedges with contractions:

∗ λ dxM∧ = (−1)d−1ιM ∗ λ , ∗λ ιM = (−1)d−1dxM ∧ ∗λ . (A.8)

In the slightly different notation introduced in (4.2), we can also show

ΓΓ(k) = c(−1)bd/2c ∗ λ(Γ(d−k)) . (A.9)

The natural inner product and norm-squared of forms are:

αk · βk ≡
1
k!αM1···Mk

βM1···Mk , |αk|2 ≡ αk · αk . (A.10)

There is also a natural inner product among bispinors, related under (A.2) to the one
among forms:

Tr((λαk)/(βk)/) = 2bd/2cαk · βk ; (λαk)/ = (−1)kΓ0(αk/)†Γ0 . (A.11)

Repeated application of (A.3) gives the other useful identities

(ιMαk) · (ιNβk)−
1
2αk · βk g

MN = (−1)k+1

2 · 2bd/2c
Tr
(
(λαk)/Γ(M /βkΓ

N)
)
, (A.12a)

(ιMαk) · (dxN ∧ αk) = (−1)k
2 · 2bd/2c

Tr
(
(λαk)/Γ[M /αkΓ

N ]
)
. (A.12b)

Notice that the left-hand side of (A.12a) has the form of a stress-energy tensor associated
to a k-form field-strength.

We will sometimes use Fierz identities. These come about by expanding a bispinor
along the ΓN1···Nk . When d =even, the set of such objects k = 0, · · · , d is a basis; when
d = odd, there are redundancies relating k to d − k, so we can expand along only k =
0, · · · , (d− 1) /2.

The coefficients of such expansions often involve inner products ε̄ε′, where

ε̄ ≡ ε†Γ0 . (A.13)

We also recall the intertwiner property Γ†MΓ0 = −Γ0ΓM . In both d = 10 and 11, one can
work in a basis where all gamma matrices are real; a Majorana spinor is then such that
ε∗ = ε, and for two Majorana spinors one then easily sees

ε̄′ ΓM1···Mk
ε = (−1)b(k−1)/2cε̄ΓM1···Mk

ε′ . (A.14)
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It is also useful to note that

ΓM1···Mk
ε = (−1)k ε̄ΓMk···M1

= (−1)b(k−1)/2cε̄ΓM1···Mk
. (A.15)

The Clifford map (A.2) also works well at the differential level. One can extend the spinorial
covariant derivative to bispinors C as DMC ≡ ∂MC + 1

4ω
AB
M [ΓAB, C]; this is then related

to the ordinary bosonic covariant derivative ∇M by

DM (α/) = (∇Mα)/ . (A.16)

B Some details on M-theory

The two derivative action of 11 dimensional supergravity reads:

S = 2π
`9P

∫ (
R ∗ 1− 2iψ ∧ Γ(8) ∧Dψ −

1
2G ∧ ∗G−

1
6G ∧G ∧ C

− i

6ψ ∧ Γ(8) ∧
(

Γ(1) /G− 3
(
ι(1)G

)
/

)
ψ +O

(
ψ4
))

,

(B.1)

where D is the spin covariant derivative, and G = dC, and /G and (ιNG)/ are defined
below (4.4) in agreement with the general (A.2). The supersymmetry variation of the
3-form gauge field and the gravitini are given by:

δεCMNP = −3ε̄Γ[MN ψP ], δεψM = DM ε , (B.2)

where DM is defined in (4.4).

B.1 Supercharge from the Noether theorem

Let us now briefly summarize a derivation of the supercurrent following an infinitesimal
variation under local supersymmetry, along the lines of [81].

Given a Lagrangian L (X, ∂X) depending on fields X and their derivatives ∂MX, its
variation is given by

δL =
∑
X

(
δL

δX
δX + δL

δ∂MX
∂MδX

)

=
∑
X

(
δL

δX
δX −

(
∂M

δL

δ∂MX

)
δX

)
+
∑
X

∂M

(
δL

δ∂MX
δX

)
≡
∑
X

(
EX δX + ∂MN

M
)
,

(B.3)

where EX represents the equations of motion for X. Now, the variation of the Lagrangian
under an infinitesimal supersymmetry transformation gives δεL ≡ ∂MVM . Identifying this
with the above gives

∂M
(
VM −NM

)
︸ ︷︷ ︸

≡JM

=
∑
X

EX δX
on-shell= 0, (B.4)

which gives the supercurrent JM = VM−NM that is conserved on shell. The corresponding
supercharge is Q =

∫
dd−1xJ0, which also generates the supersymmetry transformations

of the fields: δεX = {Q,X}.
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B.2 Noether charge in M-theory

Applying to M-theory the Noether procedure outlined in B.1 we get,

NM = δL

δ (∂MψN )δεψN + 1
3!

δL

δ
(
∂MCNPQ

)δεCNPQ + · · · , (B.5)

where the ellipsis represents variations with respect to the vielbien and the spin connection.
These eventually cancel out and so we will not write them here. Up to an overall rescaling
by `9P/(8π), this gives

NM =− ie
2 ψPΓPMNDN ε+ 3e

4 · 4!G
MNPQε̄Γ[NPψQ]

+ 1
4 · 123 ε

MNPQM5...M11GM5...M8
CM9M10M11

ε̄Γ[NPψQ] + · · · ,
(B.6)

where again the ellipsis represents, in addition to the variation with respect to eAM and ω
above, quadratic terms in ψ. The surface terms arising from an infinitesimal variation of
the action under the local supersymmetry transformation give δεL = 8π

`9P
∂MV

M , where

VM = ie
2 ψPΓPMNDN ε+ 3e

4 · 4!G
MNPQε̄Γ[NPψQ]

+ 1
4 · 123 ε

MNPQM5...M11GM5...M8
CM9M10M11

ε̄Γ[NPψQ] + · · · ,
(B.7)

and the ellipsis has the same meaning as above. Together with (B.6), this gives the super-
current

JM = VM −NM = ieψPΓPMNDN ε. (B.8)
For our purposes, it is convenient to use the fermionic real supercurrent obtained from (B.8)
by considering ε to be commuting and dropping the overall i. The corresponding fermionic
supercharge Q(ε) is then given by the integral:

Q =
∫
S
ψPΓPMNDN ε ∗ dxM =

∫
∂S
ψPΓPMN ε ∗ dxMN = −

∫
∂S
εΓ(8) ∧ ψ . (B.9)

In the second step, we have used the gravitino equations of motion ΓMNPDNψP = 0 +
O(ψ3).

B.3 The divergence identity

We will now give some more details about the computations leading to (4.8). For simplicity
in the rest of this appendix, as in most of the paper, we mostly drop the Clifford map symbol
/, whose implicit presence should be clear from the context.

As a warm-up we first note that, from (A.4):

ΓMGΓM = 3G , ΓM (−ΓMG+ 3GΓM ) = (−11 + 3 · 3)G = −2G . (B.10)

We then evaluate the commutator term in (4.11):

ΓNMP [DM ,−ΓPG+ 3GΓP ] (A.16)= ΓNMP (−ΓP∇MG+ 3∇MGΓP )
(A.5), (A.1), (B.10)= 6Γ[M∇MGΓN ] (A.3)= 6[(dx ∧+ι)(dx ∧ −ι)][MN ]∇MG

= 6(dxM ∧ dxN ∧ −ιM ιN )∇MG
(A.8)= 6(−dxN ∧ dG+ ιN ∗ d ∗G) .

(B.11)
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We now look at the terms in (4.11) that are quadratic in G. Using (A.1) for k = 2, it is
now easy to evaluate ANP in (4.12):

ANP =(−GΓM + 3ΓMG)(ΓMΓNP − 2gM [NΓP ])
− (ΓNPΓM − 2Γ[NgP ]M )(−ΓMG+ 3GΓM ) (B.12)

=− 2GΓNP − 2(−GΓ[N + 3Γ[NG)ΓP ] + 2ΓNPG+ 2Γ[N (−ΓP ]G+ 3GΓP ]) = 0 .

Another useful consequence of (A.1) is:

ΓMNP = ΓMΓNΓP − gMNΓP − ΓMgNP + ΓNgMP . (B.13)

Using this and (B.10), we also get

QN = 9(GΓNG+ ΓMGΓNGΓM ) . (B.14)

For our purposes it is now useful to apply the Fierz identity, i.e., to expand (B.14) in the
basis ΓN1···Nk , k = 0, · · · , (d− 1) /2 = 5. This works out to

QN = um5
k=0

1
32k!Tr(QNΓNk···N1

)ΓN1···Nk . (B.15)

Actually, it is easy to see that Γ0(QN )†Γ0 = −QN , and Γ0(ΓN1···Nk)†Γ0 =
(−1)bk+1/2cΓN1···Nk ; so in fact only k = 1, 2, 5 appear in (B.15). The traces can now be
simplified using (A.4) again. The k = 1 and k = 2 terms give the quadratic G contributions
to the equations of motion (4.10), (4.15), while in k = 5 the two terms cancel each other:

QN = 1
32

(
Tr(QNΓP )ΓP + 1

2Tr(QNΓQP )ΓPQ
)

= 36
(
TNP(G) ΓP −

1
4(4!)2 ε

NPQM1···M8GM1·M4
GM5·M8

ΓPQ
)

= 36TNP(G) ΓP − 18ιN ∗ (G ∧G) .

(B.16)

Thus as promised, this gives the quadratic terms in the equations of motion in (4.8).

B.4 The supersymmetry-breaking case

Here we will show briefly how the computation is modified for the operator (6.1) with
a2 = −3a1, namely

D′M = DM + a1
24(ΓMG− 3GΓM ) + a3ΓM . (B.17)

Following the same steps as in (4.11), the explicit G terms there are rescaled by −a1; (4.12)
are replaced by

A′NP = −a1A
NP + 24a3(ΓMΓMNP − ΓMNPΓM ) (B.12), (A.5)= 0 (B.18)
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and Q′N given by

Q′N + a1Q
N

24a3
= −a1ΓMΓMNP (−ΓPG+ 3GΓP )− a1(−GΓM + 3ΓMG)ΓMNPΓP

+ 24a3ΓMΓMNPΓP
(A.5)= −9a1(ΓNΓP − gNP )(−ΓPG+ 3GΓP )

− 9a1(−GΓM + 3ΓMG)(ΓMΓN − gMN ) (B.19)

+ 90 · 24a3ΓN (B.10)= 36a1{ΓN , G}+ 90 · 24a3ΓN

(A.3)= 12(3a1dxN ∧G+ 180a3dxN )/ .

Putting it all together, one arrives at (6.9).

B.5 Equations of motion from supersymmetry

Finally we show here how the Einstein equations are (almost completely) implied by su-
persymmetry and the G equations. This was shown in ([78], appendix B), but some results
we saw in this appendix allow us to derive it more quickly. This is useful for us in the
context of modifying DM to break supersymmetry, in section 6.

We consider the operator
ΓM [DM ,DN ] . (B.20)

The purely gravitational term ΓM [DM , DN ] is well-known to be 1
2RNPΓP ; this is how a

manifold with a covariantly constant spinor in Euclidean signature is shown to be Ricci-
flat. The remaining terms can again be separated into those involving G linearly, and those
involving it quadratically.

The linear term proceeds similar to (B.11):

ΓM [D[M ,−ΓN ]G+ 3GΓN ]] = −ΓMΓ[N∇M ]G+ 3ΓM∇[MGΓN ]
(A.4)= 1

2ΓNΓM∇MG+ 3
2ΓM∇MGΓN

(A.3)= 2(−dxN ∧+2ιN )(dG+ ∗d∗G) .
(B.21)

For the quadratic term, we first use (B.10) repeatedly to obtain:

ΓM [−ΓMG+ 3GΓM ,−ΓNG+ 3GΓN ]
= −9(GΓNG+ ΓMGΓNGΓM ) + 9ΓNG2 − 3ΓNΓMG2ΓM . (B.22)

The parenthesis on the right-hand side is just QN from (B.14), so we can evaluate it as
in (B.16). For the other two terms, we first notice that G2 = 1

2{G,G} = (G2)0 + (G2)4 +
(G2)8: it only has zero-, four- and eight-form parts. From (A.4) we then have

3G2 − ΓMG2ΓM = −8(G2)0 − 8(G2)8 = −8(|G|2 +G ∧G) . (B.23)

Recalling now the first of (A.1) and putting everything together, we arrive at

ΓM [DM ,DN ] = 1
2ENPΓP + 1

12(dxN ∧ −2ιN )
(

dG+ ∗
(

d ∗G+ 1
2G ∧G

))
, (B.24)

where recall that ENP = 0 is the Einstein equation of motion from (4.10).
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The argument is now standard, and we only repeat it here for completeness. If the
G Bianchi identity and equations of motion hold (away from M2 and M5 branes), acting
with (B.24) on a supercharge ε we get ENPΓP ε = 0. For a Majorana spinor ε in d = 11,
the bilinear KM = ε̄ΓM ε is either time-like or null. If it is timelike, ε has no one-form that
annihilates it; so all components of ENP are zero. If KM is null, it is the only one-form
that annihilates ε. In an adapted vielbein such that K = e+, all components of ENP except
EN− are zero; since E is symmetric, in fact all components except E−− are zero.17

C Inclusion of M2-branes

In this appendix we provide details of the derivation of (4.29) and of the bound (4.30).

C.1 M2 BPS-energy

We first derive the second term appearing on the r.h.s. of (4.29), which comes from the
contribution of the last term of (4.26) inside (4.7):

1
4

∫
S
∗dxN

(
∗
[
dxN ∧ δ(8)(C)

])
· Ω(M2) = −1

4

∫
S
∗e0 ( ∗ [e0 ∧ δ(8)(C)

])
· Ω(M2)

= −1
4

∫
S

dvolS
(
∗S δ(8)(C)|Σ

)
· Ω(M2) = −1

4

∫
S

Ω(M2) ∧ δ(8)(C) = −1
4

∫
C∩S

Ω(M2) ,
(C.1)

where in the second line we have used the adapted vielbein eA = (e0, ea) introduced
in (4.18). Notice that instead the final result does not depend on such a choice.

In order to obtain the first term on the r.h.s. of (4.29), we first derive the formula (4.25)
of TMN

(M2) . This can be extracted from the variation of the M2 action (4.21) under a metric
deformation

1
2

∫
δgMNT

MN
(M2) ∗ 1 ≡ 1

2πδS(M2) = −1
2

∫
C

d3σ
√
−hhαβ∂αXM∂βX

NδgMN

= −1
2

∫
C
e012 ηαβeα(XM )eβ(XN )δgMN = −1

2

∫
δgMNe

M
α e

N
β η

αβ e012 ∧ δ(8)(C)

= 1
2

∫
δgMNe

M
α e

N
β η

αβ ∗ [e012 ∧ δ(8)(C)] ∗ 1 ,

(C.2)

where we have used the adapted vielbein (4.24).
By using (4.25) in (4.26), we see that it contributes to (4.7) by the term

1
4

∫
KMe

M
α e

N
β η

αβ ∗ [e012 ∧ δ(8)(C)] ∗ dxN = 1
4

∫
Kα ∗ eα ∗ [e012 ∧ δ(8)(C)]

= 1
4

∫
Kα ια [e012 ∧ δ(8)(C)] = 1

4

∫
K0 e12 ∧ δ(8)(C) = 1

4

∫
C∩S

K0 volC∩S ,
(C.3)

where we have used a further adapted vielbein combining the properties of (4.18) and (4.24).
This completes our derivation of the M2 BPS energy (4.29).

17If there is at least another supercharge with a differentK (which is the case for vacuum compactifications
with a d ≥ 3 external spacetime) then all components ENP = 0.
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C.2 M2 bound

Consider a spacetime foliated by space-like leaves S parametrized by a ‘time’ t. By using
adapted coordinates xM = (t, xm), the line element can be written as

ds2 = e2Ddt2 + ĝmn(dxm + V̂ mdt)(dxn + V̂ ndt) , (C.4)

where ĝmn is the metric induced on S. The adapted vielbein (4.18) is then

e0 = eDdt , ea = êam(dxm + V̂ mdt) , (C.5)

where êa = êamdxm is a vielbein on S. Note also that the dual frame eA = (e0, ea) is
such that

e0 = e−D(∂t − V̂ m∂m) , ea = êa . (C.6)

Now consider an M2-brane world-volume C. One can impose a partial static gauge and
use t as time coordinate along C. The world-volume coordinates σα = (t, σi) induce a
decomposition of the world-volume line-element

ds2
C = e2Ddt2 + ĥij(dσi + v̂idt)(dσj + v̂jdt) , (C.7)

where ĥij is the induced metric on C ∩ S. Furthermore, we can pick an adapted bulk
vielbein eA = (e0, ea) = (eα, eã) satisfying the properties of (4.18) and (4.24). Hence, the
pull-back of eα to C gives a vielbein eα of ds2

C . Note also that on C we can identify the
push-forward of the dual frame eα with the bulk eα.

By following [31], we can introduce the world-volume momentum density

PM = −
√
−hhtα∂αXM . (C.8)

Notice that PM and χ̄ΓMχ are both causal and future-pointing, for any spinor χ. Hence

− PM χ̄ΓMχ ≥ 0 , (C.9)

where the inequality is saturated if and only if χ = 0. By choosing χ = (1− ΓM2)ε with

ΓM2 ≡
εαβγ

3!
√
−h

∂αX
M∂βX

N∂γX
PΓMNP , (C.10)

and recalling that KM = ε̄ΓM ε, we get the inequality

− PMKM ≥ −PM ε̄ΓMΓM2ε . (C.11)

This is saturated iff ΓM2ε = ε.
By using the adapted vielbein above, we can write

−PM ε̄ΓMΓM2ε = − 1
3!P

Me
α
M εβγδ ε̄ΓαΓβγδε = −1

2P
Me

α
Mηαβ ε

βγδ ε̄Γγδε

= −1
2P

Me
α
Mηαβ ε

βγδ Ω(M2)
γδ = − 1

2
√
−h
PMeαMηαβe

β

βε
βγδΩ(M2)

γδ

= 1
2h

tαhαβε
βγδΩ(M2)

γδ = 1
2ε

tαβΩ(M2)
βγ ,

(C.12)
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and then
− PM ε̄ΓMΓM2ε dσ1 ∧ dσ2 = Ω(M2)|C∩S . (C.13)

Hence, with respect to the oriented two-form d2σ ≡ dσ1 ∧ dσ2 > 0 along C ∩ S, we can
write (C.11) in the form

− PMKMd2σ ≥ Ω(M2)|C∩S . (C.14)

This is the M2 counterpart of ([31], eq. (3.25)) for F1 strings. On the other hand

−PMKMd2σ =
√
−hhtα∂αXMeAMKAd2σ =

√
−hhtαeααKαd2σ

=
√
−h etαKα d2σ = K0 dvolC∩S ,

(C.15)

where in the last step we have used etα = δ
0
αe−D and

√
−h dt ∧ d2σ = e0 ∧ e1 ∧ e2 = eD

√
ĥ dt ∧ d2σ = eDdt ∧ dvolC∩S . (C.16)

Hence (C.14) is equivalent to

K0 dvolC∩S ≥ Ω(M2)|C∩S , (C.17)

as stated in (4.30). Furthermore, supersymmetry is preserved if and only if the bound is
saturated.

D Details on type II

In this appendix we describe the computation leading from (5.10) to (5.13). We will be
less detailed than in section B.3; we advise the reader to read that first.

The first step is subtracting the terms on the first line of (5.13); this is lengthy and
tedious, but in principle straightforward. Useful identities for this include:

ΓMHΓH = −4H , ΓMHΓMN = −4HΓN − ΓNH , (D.1)

which follow from (A.4) and from ΓMΓN = ΓMN +gMN1; the usual definition {ΓM ,ΓN} =
2gMN1 of Clifford algebra; and (A.15). The result is

e2φ∇MEMN =
(
DM −

1
8ΓMO

)
εΓMPN

(
DP −

1
8ΓPO

)
ε− 1

8OεΓNOε

− ε̄ΓMNP (DMDP + [DM ,ΓMNPAP ])ε− ε̄
[ 6∑
α=1

QNα

]
ε

(D.2)

where the QNα are terms quadratic in the fields, which we will write below; they will need
further, less trivial processing.
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D.1 Linear terms

We start from the linear terms in (D.2).
The ε̄ΓMNPDMDP ε is evaluated with (4.13). For the remaining terms, we recall (5.7)

and (A.16):

[DM ,ΓMNPAP ] = +1
4Γ[M∇MHΓN ] ⊗ σ3 − ΓMN∇Mdφ− 2Γ[M∇MF ΓN ] . (D.3)

The dilaton term gives

− ε̄ΓMN∇Mdφ ε = −ε̄(ΓMNP + 2Γ[MgN ]P )∇M∂Pφε = −(∇P∇N − gNP∇2)φ ε̄ΓP ε . (D.4)

The H term simplifies similar to (B.11):
1
4 ε̄Γ[M∇MHΓN ] ⊗ σ3ε = −1

4 ε̄[(dx ∧+ι)(dx ∧ −ι)][MN ]∇MH ⊗ σ3ε

= 1
4 ε̄(dx

N ∧ dH − ιN ∗ d ∗H)⊗ σ3ε .
(D.5)

Following the same steps, recalling the definition of F in (5.3) and the self-duality prop-
erty (5.1), the RR term becomes

− 2ε̄Γ[M∇MF ΓN ]ε = ±1
4 ε̄1(dxN ∧ d(eφF ))ε2 + 1

4 ε̄2(dxN ∧ d(eφλF ))ε1 . (D.6)

By (A.15), the two terms on the right-hand side are in fact equal to each other.

D.2 Quadratic tems

We now turn to the QNα in (D.2). We organized them depending on what fields they
contain.

We first give some useful identities. One is obtained by applying the Fierz identities
to the bispinors εa ⊗ ε̄a. As in (B.16), the only non-zero terms in the sum are those for
k = 1, 5 and 9. Moreover the last is dual to the first. This results in

32ε1 ⊗ ε̄1 = (ε̄1 ΓM ε1)(1 + Γ)ΓM + 1
5!(ε̄1 ΓM5···M1

ε1)ΓM1···M5 ,

32ε2 ⊗ ε̄2 = (ε̄2 ΓM ε2)(1∓ Γ)ΓM + 1
5!(ε̄2 ΓM5···M1

ε2)ΓM1···M5 .
(D.7)

The first is purely quadratic in H:

64ε̄ QN1 ε ≡ ε̄ΓMHΓNHΓM ε = Tr(ΓMHΓNHΓM (ε1 ⊗ ε̄1 + ε2 ⊗ ε̄2))) (D.8)
(D.7), (A.4)= −1

4 ε̄1ΓM ε1Tr(HΓNH(1− Γ)ΓM )− 1
4 ε̄2ΓM ε2Tr(HΓNH(1± Γ)ΓM )

(A.12a)= 16TMN
(H) ε̄ΓM ε .

With similar steps,

ε̄ QN2 ε ≡ ε̄ (/∂φΓN /∂φ− 2∇Nφ/∂φ)ε = −gMN |dφ|2ε̄ΓM ε ; (D.9)
ε̄ QN3 ε ≡ ε̄ΓMFΓNFΓM ε (D.10)

= e2φ

8
(
(ε̄1 ΓM ε1)(TMN

F − ∗(F ∧ λF )MN ) + (ε̄2 ΓM ε2)(TMN
F + ∗(F ∧ λF ))MN

)
.
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In (D.10) we have also used (A.12b), and

(dxM ∧ dxN ∧ F ∧ λF )10 = −(ιMF ) · (dxN ∧ F ) , (D.11)

which follows from repeated use of (A.8) and self-duality (5.1).
The remaining three QNα require use of (A.3). We have

8QN4 = [{H,ΓN}, /∂φ] = ∂Mφ(
←

ΓM
←

ΓN −
→

ΓM
→

ΓN −2
→

Γ[M
←

ΓN ])H

= ∂Mφ
(
−(dx ∧ −ι)2 − (dx ∧+ι)2 + 2(dx ∧ −ι)(dx ∧+ι)

)[MN ]
H

= −4∂MφιM ιNH = −4ιdφιNH = 4ιN ∗ dφ ∧ ∗H ,

(D.12)

recalling (A.8) in the last step. A similar computation, skipping a few steps, gives

QN5 = /∂φFΓN − ΓNF /∂φ = 2∂Mφ
→

Γ[M
←

ΓN ] F

= eφ
8
(
∓(1− ∗λ)dxN ∧ dφ ∧ F ⊗ b† − (1− λ∗)dxN ∧ dφ ∧ λF ⊗ b

)
.

(D.13)

Finally, the most complicated term is

8QN6 = [ΓM , HΓN ]FΓM + ΓMF [ΓNH,ΓM ] (D.14)
= ∓8((H ∧+ιH)(dx− ι)N + (H ∧ −ιH)(dx+ ι)N )F = ∓16(H ∧ dxN − ιHιN )F
= ∓eφ(1− ∗λ)H ∧ dxN ∧ F ⊗ b† − eφ(1− λ∗)H ∧ dxN ∧ λF ⊗ b ;

we defined ιH ≡ 1
3!HMNP ι

M ιN ιP , and we used

→
H +

→
ΓM

←
HM = 4(H ∧+ιH) ,

←
H +

←
ΓM

→
HM = 4(H ∧ −ιH)(−1)deg ,

(D.15)

which can in turn be derived from (A.3).
Collecting all the results in this subsection finally takes (D.2) to (5.13).

E From M-theory to IIA

Consider the compactification of M-theory on a circle with periodic variable y ' y + 1
with `s = `P = 1. Hatted quantities will refer to M-theory. The 11d coordinates are
xM̂ = (xM , y) and the d = 11 vielbein êÂ = (êA, ê0) is related to the 10d one eA by:

êA = e−φ/3eA , ê10 e2φ/3 = (dy − C1) . (E.1)

Correspondingly, ε̂ = e−φ/6ε ≡ e−φ/6(ε1 + ε2) while the 11d gravitino splits as follows into
string frame gravitino and dilatino:

ψ̂ = ψ̂M̂dxM̂ = e−φ/6
(
ψ − 1

6Γ(1)λ

)
+ 1

3e
5φ/6Γ10λ (dy − C1) . (E.2)
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Consider now a foliation into space-like slices Ŝ = S × S1 and the corresponding
asymptotic boundaries ∂Ŝ = ∂S×S1. By identifying Γ10 ≡ Γ, the corresponding conserved
supercharge reduces as follows

Q̂(ε̂) = −
∫
∂Ŝ

ε̂Γ̂(8) ∧ ψ̂ (E.3)

= −
∫
∂Ŝ

e−2φε̄[e−φΓ(8) + Γ(7)Γ ∧ (dy − C1)] ∧
[
ψ − 1

6Γ(1)λ+ 1
3e

φΓλ(dy − C1)
]

= −
∫
∂Ŝ

e−2φε̄ΓΓ(7) ∧
(
ψ − 1

6Γ(1)λ

)
∧ (dy − C1) + 1

3

∫
Ŝ

e−2φε̄ΓΓ(8)λ ∧ (dy − C1)

= −
∫
∂Ŝ

e−2φε̄Γ(Γ(7) ∧ ψ − Γ(8)λ) ∧ (dy − C1)

= −
∫
∂S

e−2φε̄Γ
(
Γ(7) ∧ ψ − Γ(8)λ

)
≡ Q(ε) .

So we indeed get the type IIA supercharge (5.4).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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