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ABSTRACT. We consider general discrete-time multitype branching processes on a countable set X. Accord-
ing to these processes, a particle of type z € X generates a random number of children and chooses their
type in X, not necessarily independently nor with the same law for different parent types. We introduce
a new type of stochastic ordering of multitype branching processes, generalizing the germ order introduced
by Hutchcroft, which relies on the generating function of the process. We prove that given two multitype
branching processes with law p and v respectively, with g > v, then in every set where there is survival
according to v, there is survival also according to p. Moreover, in every set where there is strong survival
according to v, there is strong survival also according to p, provided that the supremum of the global
extinction probabilities, for the v-process, taken over all starting points x, is strictly smaller than 1. New
conditions for survival and strong survival for inhomogeneous multitype branching processes are provided.
‘We also extend a result of Moyal which claims that, under some conditions, the global extinction probability
for a multitype branching process is the only fixed point of its generating function, whose supremum over
all starting coordinates may be smaller than 1.
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1. INTRODUCTION

The multitype branching process (or briefly MBP) on an at most countable set X is a process which
describes the evolution of a population breeding and dying on X, where the elements of X can be seen
as types or positions of the individuals of the population. Throughout our paper we stick with the second
interpretation and we consider X as the space where the dynamics take place. Another common name for
this process is branching random walk, although some authors reserve this denomination for the case when X
is endowed with a graph structure (and the type/locations of the children are chosen independently according
to a transition matrix). Multitype branching processes have been a research object since the beginning of
the focus on branching mechanisms (see the classical book [14]) and have been studied over the years by
several authors ([10, 13, 16, 20, 23] to mention a few).

A general MBP is defined once we fix the reproduction law g = {, }.ex (see Section 2.1 for details). All
particles at site x reproduce and place children according to p,, which incorporates not only information
about how many the children are, but also about where they are sent to live. In this sense particles do not
walk, but there is a random walk of the population as a whole.

The branching process can be seen as a particular case of the MBP, where X is reduced to a singleton
and the only information needed is the reproduction law p defined on N. A natural way to define a MBP
on X is to couple a family of branching processes, given by reproduction laws {p, }sex, and a random walk
with transition matrix P on X. Each individual at = has a p,-distributed number of offspring, which are
independently dispersed according to the random walk. We call this kind of process MBP with independent
diffusion. We remark that for general MBP, the dispersal of the progeny may not be independent nor based
on a random walk (for instance we may place two children at a given vertex with probability p and one child
at each of a couple of other vertices with probability 1 — p).

We are interested in the long-term behaviour of the process in fixed subsets of X. In the long run, for any
A C X, a MBP starting with one individual at z € X can go extinct in A (no individuals alive in A from a
certain time on) or survive in A (infinitely many visits to A). If the probability of extinction in A is equal
to 1, we say that there is extinction in A, and we say that there is survival in A otherwise. There is global
survival when there is survival in X and we have strong survival in A when, conditioned on global survival,
there is survival in A almost surely. There is local survival in x when A = {z}.
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Clearly, the probability of extinction in A depends on the starting vertex z. Then, letting x vary in X,
we get an extinction probability vector that we denote by q(A). If we allow A to vary among the subsets of
X, we have the family of all extinction probability vectors of the MBP.

For the branching process, it is well known that long-term behaviour and the extinction probability are
related to the generating function of p, G(2) := )", p(n)z", z € [0, 1]. Provided that the process is nontrivial,
that is p(1) < 1, this generating function has at most two fixed points: the extinction probability and 1. In
the case of a general MBP it is possible to define a (multi-dimensional) generating function which plays a
similar role, but as soon as X is not finite, the situation gets far more complex: there might be infinitely
many fixed points and infinitely many extinction probability vectors (see Section 2.3); moreover there can be
fixed points that are not extinction probability vectors. It is still true, however, that the vector 1 is always
a fixed point of the generating function and the global extinction probability vector (that is, the probability
of extinction in the whole space X) is always the smallest fixed point.

The fact that the generating function of the process contains all the information on its behaviour is
exploited in the main result of the present paper. In [15] the author focussed on MBPs with independent
diffusion and equal reproduction law p at all sites and introduced a new stochastic ordering. This order is
named germ order and is based on a comparison between the one-dimensional generating functions of the
reproduction laws. The author was able to compare MBPs which are defined by the same underlying random
walk P on X and differ only by the reproduction law, which is constant along X.

We define the germ order for general MBPs which extends the one in [15], thus comparing multidimensional
generating functions. The fact that our definition is indeed a generalisation is proven in Proposition 2.5 (see
also the discussion preceding the proposition itself). We extend [15, Theorem 1.3], by proving the following
result (a more precise statement is given by Theorem 4.1).

Theorem 1.1. Let p and v be the law of two MBPs on a countable space X and let p > germv.

(1) In any set where there is v-survival, there is p-survival.
(2) If the supremum of the global v-extinction probabilities, over all starting coordinates, is smaller than
1, then in any set where there is v-strong survival, there is p-strong survival.

The assumption in the second part of the statement may appear technical at first glance, but as discussed
in Section 4, it cannot be removed. Moreover, it is worth remarking that under very mild conditions, among
all fixed points, only the global extinction probability vector may have a strictly smaller than 1 upper bound
for the supremum of its components. Indeed we extend a result of [19], which stated that, under certain
conditions, the global extinction probability vector is the only fixed point which may have coordinates
bounded from above by some § < 1. We are able to prove, in Theorem 3.1, that under no conditions at
all, the global extinction probability vector is the only extinction probability vector which can have this
property. Moreover, if a mild condition is satisfied, it is also the only fixed point with supremum different
from 1. This result allows us to overcome the issues which arise in the multidimensional case and to extend
[15, Theorem 1.3] to general MBPs.

The paper is organized as follows. Section 2 is devoted to the basic definitions and preliminary results. In
Section 3 we deals with extinction probabilities and prove Theorem 3.1. Section 4 is devoted to the relation
between survival (resp. strong survival) for two MBPs satisfying the germ order. The main result of the
section, Theorem 4.1, deals with the germ order and with pgf order as a particular case. The proofs of the
technical lemmas can be found in the Appendix.

2. BASIC DEFINITIONS AND PRELIMINARIES

2.1. Generating functions, MBPs and ordering. Given an at most countable set X and a set Y we
consider a family of measures p = {{,}ycv defined on the (countable) measurable space Sx := {f : X —
N: |f| < 4o} equipped with the o-algebra 25X where |f| := > wex f(x) < +oo; throughout this paper we
denote by N the set of natural numbers including 0. An interpretation is the following: suppose that an
individual marked with a label y has a random number of items to place in a space X, then p,(f) represents
the probability that there are f(z) items placed at x (for all x € X).

To the family {u, },ey, we associate the following generating function G, : [0,1]% — [0,1]Y,

Gulzly) = D () [] 2(2)', (2.1)
fESx zeX



where G (zly) is the y coordinate of Gy (z). The family {u,}ycy is uniquely determined by G, (see for
instance [6, Section 2.3] or [7, Section 2.2] and Lemma 2.3). Let 0,1 € [0,1]% be such that 1(z) := 1
and O(x) := 0 for all » € X. We define ¢4/(t) := G(t1]y) for t € [0,1] and y € Y. Note that, if
py(n) = py(f: |f| = n), then ¢, is the one-dimensional generating function of p,. Henceforth, when
it is not misleading, we drop the sub/superscripts and write G and ¢. The topological properties of G
are described in the following proposition, whose proof is left to the reader. In particular, we denote by
|Z]| s = sup,cc |z(z)| the restriction of the norm of [°°(C) to [0,1]¢ (for C € {X,Y}).

Proposition 2.1. Let us consider the generating function G defined by eq. (2.1).

(1) G is non-decreasing with respect to the usual partial order of [0,1]%X and [0,1]Y

(2) G is continuous with respect to the pointwise convergence topology of [0,1]% and [0,1]Y

(8) If the family {py}yey is tight then G is uniformly continuous with respect to the || - ||« -topologies of
[0,1]% and [0,1]Y

A particular family of measures p is the multinomial one, which is defined given a family (p,)yey of
measures on N and a nonnegative stochastic matrix P = (p(y,z))ycv,ecx (where >° _+ p(y,z) = 1 for all
y € Y). We say that p is a multinomial family of measures if

(Zf ) H‘exj: -] ply,2)’™®, vfesSx. (22)
reX

zeX reX

We can interpret multinomial families as measures where individuals marked with the label y draw a random
number n of items (according to p,) and place each of them independently in X according to the distribution
{p(y,-)}. Tt is easy to prove that for a multinomial family p

G(zly) = ¢4 (P2(y)), VyeY,ze[0,1]7, (2.3)
where Pz(y) = > . x p(y,2)z(z). In fact, using the definitions of G and ¢*, and equation (2.2), G(z|y) can

be written as
> Y g 1L =3 0 X plya)a)

neN [fl=n z€X f zeX neN z€X

When Y = X, the family p and its generating function G, identify a discrete-time MBP on X, which
we denote by (X, p). This is a process {n, tnen, where 0, (z) is the number of particles alive at x € X at
time n. The dynamics is as follows: a particle of generation n, at site x € X, lives one unit of time; after
that, a function f € Sx is chosen at random according to the law p,. This function describes the number
of children and their positions. The choice of f is independent for all breeding particles.

An explicit construction is the following: given a family {f; n}inenzex of independent Sy-valued
random variable such that, for every @ € X, {f; n.2}inen have the common law pi,, then the discrete-time
MBP {n, }nen is defined iteratively as follows

7 (y)
M1 (2 Z Z finy(@ Zzﬂ{nn (y)= J}Zfzny (2.4)
yeX i=1 yeX j=0

starting from an initial condition 7. The actual canonical construction of {n,},en can be carried on, by
using Kolmogorov’s Theorem, in such a way that the probability space and the process {1, }nen are fixed,
while the probability measure depends on the starting configuration and the family p.

When the initial configuration is n € NX, the corresponding law of {1, }nen is denoted by P}, and the
expectation by EJ,. In the particular case where the initial state is one particle at z, namely n = 4, a.s., we
write P, and Ej;. When p is fixed, we avoid the subscript p in the above notations. Clearly, {Nn}nen is a
Markov chain with absorbing state 0, the configuration with no particles at all sites. We denote by {F, }nen
the filtration associated to the process, namely, F, := a(fm@: i,jeENj<n, ze€ X). Note that Fq is
the trivial o-algebra. By using (2.4) it is easy to see that the MBP is adapted to {F,}nen, that is, n, is
Fpn-measurable for every n € N.

Given a MBP (X, p), we denote by may = > ;s f(y)pa(f) the expected number of children that a
particle living at x sends to y. It is easy to show that Zye x Mgy = Pz Where p, is the expected value of

3



a random variable with distribution p,. We can define the diffusion matriz P whose entries p(x,y) are the
average fractions of children of a particle at x, placed at y, namely p(z,y) = may/pa-

It is important to note that, for a generic MBP, the locations of the offsprings are not (necessarily)
chosen independently, but are assigned according to the function f € Sx. When the children are dispersed
independently, the process is completely characterized by {p. }zex and P, its law p is a multinomial family
(see equation (2.2)) and the process is called MBP with independent diffusion.

We now recall the definition of stochastic order of measures and introduce the pgf and the germ orders.

Definition 2.2. Let p := {py}yey and v := {vy}ycy be two families of measures on Sx. Let G, and Gy,
be the associated generating functions.

(1) pu = v if and only if pn, = vy for ally € Y, that is, if and only if given a non-decreasing measurable
function F: Sx — R, we have [Fdu, > [Fdv, for all y € Y such that the integrals are well
defined.

(2) 1 >p0pv if and only if Gu(z) < Gu(z) for all z € [0,1]%.

(3) B> germv if and only if there exists § € [0,1) G (z) < G, (z) for all z € [6,1]%.

If #Y =1, that is, p = {p} and v = {v}, then we simply write p >0 and 1> germ V.

We observe that = v = p>peV = [ >germ vV, but the reverse implications do not hold. Clearly
Gu(z) < Gy(z) if and only if G (zly) < Gu(z|y) for all y € Y; thus, g >germ v (with a certain § < 1) if and
only if p1, >germ vy for all y € Y (with 4, such that Sup,cy 0y <6 < 1).

We recall that for real-valued measures (that is, when Y is a singleton), 1 > v is equivalent to the existence
of two random variables 7, ¢ with laws p and v respectively, such that n > ( a.s. (this construction is usually
referred as an ordered coupling). This result can be extended to measures on partially ordered, compact
metric spaces ([18, Theorem 2.4]) and to measures on partially ordered Polish spaces (see for instance [17,
Theorem 1]). It is not difficult to show that RX, with a suitable finite metric, is a partially ordered Polish
space.

Proposition 2.4 below shows that >gcm is a partial order; the proof is based on the following technical
lemma whose proof can be found in the Appendix.

Lemma 2.3. Let G(z) be a holomorphic function defined on D™ where D is the closed unit ball in C.
Suppose that G vanishes on [5,1]™ for some 0 < 6 < 1. Then G vanishes on D™.

Proposition 2.4. The binary relation > germ is a partial order.

Proof. The relation >germ is clearly reflexive and transitive. Let us prove it is antisymmetric. Suppose that
M >germ V and v >germ i, that is, there exists ¢ < 1 such that for all z € [6, 1]%, then Gu(z) = Gu(2z); we
prove that p = v (this is equivalent to G, = G, as discussed in Section 2.3). It is enough to prove that
Wy = vy (or equivalently that G (-|y) = G (-|y)) for every fixed y € Y.

To this aim, note that equation (2.1) defines a continuous function G on DX where D := {z € C: |z| < 1}
is the closed disk of radius 1 in the complex plane. Hence when X is finite, for every fixed y € X, the
generating function G(-|y) can be seen as a holomorphic function of several variables. In this case the result
follows from Lemma 2.3; indeed since G, (-|x) — G, (-|z) vanishes on [6, 1]%, then, by Lemma 2.3, it vanishes
on DX. Therefore p,(f) — v,(f) = 0 for every f € Sx.

Now let X be infinite; given a subset W C X define V(W) := {z € [0,1]%: z(z) = 1, Vo € X\ W} and let
7: V(W) [0,1]" be the bijective map defined as 7(z) := z|y (the restriction of z to W). Given f € Sx
define (f)w = {g € Sx: glw = flw} the set of functions extending the restriction of f to W; moreover
define Sx (W) :={f € Sx: {f > 0} C W}} the set of finitely supported functions on X whose support is
in W. Clearly, since © — f(z)I(z € W) is a map in Sx(W) and (f)w = (f(-)1(- € W))w, then the map
f = {fYw is a bijection from Sx (W) onto {{f)w: f € Sx}. Roughly speaking, (f)w are equivalence classes
containing exactly one function g € Sx (W) and since every g € Sx (W) belongs to a class, there is a one to
one correspondence between Sx (W) and {(f)w: f € Sx}.

We observe now that G, (-|z)|vw) and Gy (-|z))|v(w) can be seen as functions defined on [0, 1], indeed
Gu(m()Y)lvw) = Gu(m1(-)]y) and 7~ is a bijection from [0,1]" onto V(W) (and the same holds for
v). More precisely

Cum ' @y) = Y wl(fiw) [T 2(w)’™,
FeSx (W) weW
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and an analogous expression holds for G,,. Suppose that W is finite; since G, (77 (-)|y) = G, (771 (-)|y) on
[6,1]" the same equality holds on V(W) (by Lemma 2.3). This implies easily that pu, ({f)w) = vy ({f)w) for
every f € Sx(W) or, equivalently, for every f € Sx. Consider now a fixed sequence of finite subsets of X,
say {Whp}nen, such that W,, € W,,;1 and J,,cy Wn = X. Then, for all f € Sx we have (f)w, ., C (f)w,
and (), cn((f)w,,) = {f}, therefore

py(f) = lm_ p,((fiw,) = lm vy, ((flw,) = vy(f).

n—-+o0o n—-+oo

O

If #X = #Y = 1 then, among the generating functions which admit an holomorphic extension in a
neighbourhood of 1, >gem defines a total order. Indeed in this case, if there is no 6 € [0,1) such that
Gu(z) < Gu(z) for all z € (6,1) or Gp(z) > Gu(2), then the two functions coincide by [24, Theorem 10.18].
If X or Y has at least cardinality 2, then >germ is not a total order, even if restricted to generating function
with holomorphic extensions. Indeed if #Y > 2, then in general >, is not a total order. For instance

suppose that {a,b} CY with p,(t) > pp(t) for all t € (0,1). Let G, (z) = (Zbggi) and G, (z) = (Z’Ef;) these
two generating functions are not >gem comparable. For the case #Y =1 and #X = 2 see Example 2.6.
Note that the MBPs discussed in [15] are described by a multinomial family of measures, where p, = p
does not depend on y. The definition of germ order in [15] concerns the generating function of p. One
may extend this definition to general multinomial families by comparing, site by site, the corresponding
generating function of p,. This is not our definition (which is based on the multidimensional generating
function), however in the case of multinomial measures the two definitions are equivalent as the following

proposition shows.
Proposition 2.5. Suppose that p and v are two families of measures and let us define ¢, (t) == G, (t1|y)
forally €Y andt € [0,1]. Consider the following for any fized § < 1:

(1) Gu(z) < Gy(z) for all z € [6,1]%;

(2) ¢ (t) < ¢y (t) for allt € [5,1] and ally € Y.
Then (1) = (2). Moreover if  and v are multinomial families with the same matriz P (see equations (2.2)
and (2.3)), then (2) = (1).

Proof of Proposition 2.5. (1) = (2). Using the hypothesis and the expression for ¢,, we get that for every
t € [6,1] and for all x € X, since t1 € [§,1]X then

ol (t) = Gu(tlly) < Gu(t1ly) = ¢; (t).
(2) = (1). Recall that, for multinomial families, the generating functions are G (zly) = ¢4 (Pz(y)) and
Gy (zly) = ¢%(Pz(y)). We observe that the map z — Pz is nondecreasing and continuous from [0, 1]% into
[0,1]Y; in particular, if z € [4, 1]%, then Pz € [6,1]Y. Indeed Pt1 = t1 therefore §1 = P§1 < Pz < P1 =1.
Take z € [6,1]%; then for all y € Y/
Gu(zly) = ¢ (Pz(y)) < ¢y (Pa(y)) = Gu(z]y)
where we used the inequality ¢} (t) < ¢y (t) for t = Pz(y) € [4,1] (due to the monotonicity of P). O

If the families are not multinomial, then condition (2) in Proposition 2.5 does not imply that there is
germ order, even when X and Y are finite, as the following example shows.

Example 2.6. Let X ={1,2}, Y = {a} and

) 1 4 /521 +22\2 1
Gu(z1,22]a) == 62122 + 5’ Gy (21, 22]a) :== 5(%) + £
Clearly ¢k (t) < ¢¥(t) for all t € [0,1]. In fact for all t € [0,1) we have
5, 1 4, 1
titla) = 22+ = < —£2 + = = Gy (4, t]a),
Gpu(t,tla) T <z Ts G (t,t|a)

while G,(1,1]a) = G (1,1]a) = 1. Nevertheless

5 1 (bt+1)2 1
1 = — - — - — Uy 71
Gpu(t,1]a) 6 + T + 5 Gu(t,1]a)
for allt € (1/10, 1); thus G, and Gy are incomparable.
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2.2. Survival and extinction of MBPs. To a generic discrete-time MBP we associate a directed graph
(X, E,) where (z,y) € E, if and only if mg, > 0. Whenever z and y are in the same connected component
of the graph, we write « = y. If the graph (X, E,,) is connected, then we say that the MBP is irreducible.

In order to avoid trivial situations where particles have exactly one offspring almost surely, we assume
henceforth the following.

Assumption 2.7. For all x € X there is a vertex y = x such that py(f: >, ,—, f(w) =1) <L

Definition 2.8. We call survival in A C X the event

S(A) := {limsup Z M (y) > O},
€A

n—-+4oo
Yy

and we denote by E(A) = S(A)L the event that we call extinction in A. We define the extinction probability
vector q(A) as q(z, A) :=P*(E(A)) forz € X.

It is important to note that, in the canonical construction, the events {£(A4),S(A)}acx and the corre-
sponding random variables {1¢(4), ls(a)}acx are fixed and depend neither on p nor on the initial configu-
ration 7). The dependence on p and 7 is in the probability measure Py;.

Definition 2.9.
(1) The process survives in A C X, starting from x € X, if

q(z,A) < 1;

otherwise the process goes extinct in A (or dies out in A).

(2) The process survives globally, starting from x, if it survives in X. When A = {y}, we say that there
is local survival in y starting from x (if x =y we simply say that there is local survival in z).

(8) There is strong survival in A C X, starting from x € X, if q(z, A) = q(z, X) < L.

In the rest of the paper we use the notation q(z,y) instead of q(z, {y}) for all z,y € X. It is worth noting
that, in the irreducible case, for every A C X, the inequality q(z, A) < 1 holds for some x € X if and only if
it holds for every x € X (although it may be q(x, A) # q(y, A) for some = # y); moreover, in the irreducible
case, q(x, A) = q(z, B) for all finite nonempty A, B C X. For details and results on survival and extinction,
see, for instance, [5, 26].

Note that in [15] the definition of a transient set corresponds to our definition of a set where there
is extinction starting from every site x € X; while the definition of a recurrent set is equivalent to our
definition of a set where there is strong survival starting from every site x € X. Strong survival has been
studied by many authors in the last 15 years, see for instance [1, 6, 13, 20, 21, 22, 23]. There are examples
of MBPs where there is non-strong survival even in some finite sets (see [6, Example 4.2] or [7, Corollaries
4.3 and 4.4]).

2.3. Extinction probabilities. As in the case of the branching process, extinction probabilities are fixed
points of the generating function. The smallest fixed point is q(X): more generally, given a solution of
G(z) < z, then z > q(X). Consider now the closed sets Fg := {z € [0,1]%: G(z) = z}, Ug := {z €
[0,1]%: G(z) <z} and Lg := {z € [0,1]*: G(z) > z}; clearly Fg = UgN L. Moreover, by the monotonicity
property, G(Ug) C Ug and G(L¢) C L. The iteration of G produces sequences converging to fixed points.

Proposition 2.10. Fiz zg € [0,1]X and define, iteratively, z,.1 := G(z,) for all n € N. Suppose that
Z, — 7 as n — +oo for some z € [0,1]%. Then z € Fg. Moreover, fizx w € [0,1]X.

(1) If w € Ug then w > zg implies w > z (the converse holds for zg € Lg).
(2) If w € Lg then w < zg implies w < z (the converse holds for zg € Ug).

The proof is straightforward (see for instance [4]). The sequence {z, }nen defined in the previous propo-
sition converges if zg € Lg (resp. zo € Ug): in that case z, 1 z (resp. z, | z) for some z € Fg. We note
that q(X) is not only the smallest fixed point of G, but also of any of its iterates G(™), where G() := G and
G .= G o G™), for every n > 1. Indeed, for every n > 1, q(X) = lim;_, ;oo G (0) = lim;_, o, G (0)
(see for instance [26]). By Proposition 2.10, since 0 € L is the smallest point of [0, 1]X, the above sequence
converges to the smallest fixed point of G, for all n > 1.
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It is worth mentioning that if the MBP is irreducible and X is finite, the cardinality of the set of fixed
points Fg and of its subset ext(G) := {z € [0,1]X: 2z = q(A4), A C X}, that is, the set of extinction
probability vectors is at most 2. When X is infinite, there are examples where these cardinalities are any
finite number, countable or uncountable, even in the irreducible case (see [2, 7, 8, 11]).

2.4. Super/submartingales related to extinction probabilities. Given z € [0,1]* and w € [0, +-00)*X,
we define z% € [0, 1] as
zV = H z(x)w(I).

rzeX
Note that this infinite product always converges, being the limit of a nonincreasing sequence (for any choice
of ordering of the elements in X).
The first result gives an explicit expression of the conditional expectation of the above product in terms
of the generating function of the process (the proof can be found in the Appendix.

Lemma 2.11. For every z € [0,1]%X, m >0, k > 1 and for every initial condition 1, we have
B [z | F] = (G(k) (z))", P"-q.s.
The previous lemma and Doob’s Martingale Convergence Theorem imply the following.

Proposition 2.12. Fiz an initial state . If z € Lg then E"[z"™+1|F,] > 2", for alln >0 (if z € Ug then
the reverse inequality holds). In particular if z € Lg U Ug then there exists a [0, 1]-valued, Foo-measurable
random variable W, such that,

2z’ — W,, P7-a.s. and in LP(P") Vp > 1.
Moreover if z € L (resp. z € Ug) then EN[W,|F,] > 2" (resp. E"[W,|F,] < 2" ) P"-a.s.

Proof. The two inequalities come from Lemma 2.11 and they hold for every initial state of the process; in
particular if z € F, then {z" }, ¢y is a martingale.

Note that {z" },ecn is uniformly bounded by the constant function 1, hence it is a uniformly inte-
grable family. It is well-known that a supermartigale or a submartingale bounded in L!(P") converges
a.s., hence z™ — W,, P"-as. and in LP(P7), where the L?(P7) convergence comes from the a.s. conver-
gence and the Bounded Convergence Theorem. The L!(P")-convergence and the fact that E7[z"m|F,] > z
(resp. E"[z"™|F,] < z") for all m > n implies E"[W,|F,] > 2" (resp. E1[W,|F,] < z™). O

We observe that, for every z € [0,1]%, we have that z7* — 1 on £(X); hence W, = 1, P"-a.s. on £(X).
Moreover, if z € Lg, E"[W,] > 2" and E*[W,] > z(z); similarly if z € Ug, E"[W,] < 2" and E*[W,] < z(z).
Corollary 2.13 gives the limit of the martingale z™, when z = q(A). The submartingale plays a crucial role
in the proof of Theorem 3.1.

Corollary 2.13. If AC X, then q(A)"™ — lg(ay P"-a.s5. and in LP(P") for allp > 1.

Proof. Note that E"[1¢(4)|F,] = q(A)™. Indeed, it is enough to note that, for every sequence {f;}i_; in
Sx, the Markov property implies

PUEA) M = fr,-. s = fo) = PUEA) 0 = fu) = a(4) .
By Proposition 2.12, {q(A)"™ },en is a martingale and, by [25, Theorem 14.2] or [12, Theorem 9.4.8], since
lgay € LP(P*), then E"[1g(a)|Fn] = E7[1g(a)|Foo] = gy, P-a.s. and in LP(P") for all p > 1. O

3. UPPER BOUNDS RESULTS FOR EXTINCTION PROBABILITIES AND FIXED POINTS

The probability of global extinction q(X) can be distinguished from the other fixed points of the generating
function of the MBP, because it is the smallest fixed point. Moreover, Moyal proved that, if the MBP is
irreducible and inf,ex q(x, X) > 0, then q(X) is the only fixed point whose coordinates may be bounded
away from 1. Indeed, as a corollary of [19, Lemma 3.3], under these assumptions, if v € Lg, v > q(z, X)
and sup,cx v(z) < 1, then v = q(X).

By using the submartingales of Section 2.4, in Theorem 3.1 we remove the assumption of irreducibility
from the statement and prove that no assumptions are needed to prove that q(X) is the only extinction
probability vector whose coordinates may be bounded away from 1.

Theorem 3.1. Let (X, pu) be a generic MBP (not necessarily irreducible).
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(1) Ifinfzex q(z, X) > 0, then for allz € Lg such thatz > q(X), z # q(X), we have that sup,¢ x z(x) =
1.
(2) If A C X such that q(A) # q(X), then sup,cx q(z, A) = 1.

It is worth noting that the existence of a positive lower bound for an extinction probability vector is
a sufficient condition for the asymptotic explosion of the population. A precise statement is given by the
following lemma.

Lemma 3.2. Let AC X. Ifinfyex q(x,A) > 0, then P"({3,cx m(z) = +o0} NS(A)) = P1(S(4)).

Proof of Lemma 3.2. Let infyex q(z, A) =: @ > 0. If & = 1, then there is nothing to prove, since P7(S(A)) =
0. If @ < 1, from Corollary 2.13 we have that, P"-a.s. on S(4),

0= lim q(A)"™ > lim aXeex @),

n——+oo n—-+oo
Thus P7({lim,,_, 4 oo a2=eex 7@ = 0} N S(A)) = P"(S(A)), which implies the claim. O

Proof of Theorem 3.1.

(1) Assume now that inf,ex q(z, X) > 0. By hypothesis, z(z) > q(z, X) for all x € X and there exists
xo such that z(zo) > q(zo,X). Suppose by contradiction that z(z) < 1 — ¢ for all z € X, for some
e > 0. Let W, :=lim, 400 2™. On £(X) we have W, = 1 (see discussion after Proposition 2.12).
By Lemma 3.2, on S(X), W, = limy 400 2™ < limp 4 00(1 — E)Zzex m(®) — (. Pro-ga.s.. Therefore
W, = 1g(X), P¥-a.s. Thus

q(zo, X) < z(xg) < E™[W,] = E*[1¢(X)] = q(z0, X)

which is a contradiction.
(2) The statement is [2, Corollary 4.2].

O

The assumption inf,c x q(z, X) > 0, which is needed to prove the statement on fixed points (and elements
in Lg) in Theorem 3.1, cannot be removed without replacing it by other assumptions (for instance, finiteness
of X, see [6, Theorem 3.4 and Corollary 3.1]). Indeed the following example shows that a MBPs may have an
uncountable number of fixed points z such that sup,c y z(z) < 1. Note that in this example particles either
die or move according to a nearest neighbour random walk, so technically there is no branching. We could
add the possibility of splitting (i.e. having two children) with small probability ¢,,, preserving the properties
of the model, but this would add tedious computations in the proof.

Example 3.3. Let X = N and {p,}nen such that p, € (0,1) for alln € N and Y. (1 — p,) < +oo.
Moreover let {r,}nen be a sequence such that 1 —p, —r, > 0, with ro = 0. Consider a MBP where a particle
atn > 1 has 1 child at n + 1 with probability p,,, 1 child at n — 1 with probability r, and no children with
probability 1 — p, — ry,. Then inf,cnyq(n, X) = 0 and there are uncountably many fized points z such that
sup,cx z(x) < 1. Note that the process is irreducible if and only if rn, > 0 for every n > 1.

Proof. By assumption, [[;2,p; € (0,1) and [];2, p; T 1 as n — +oo. A straightforward computation shows
that
Glaln) = {1 —Pp—Tnt+przin+1)+r,z(n—1) n>1
1 —po + poz(l) n=0.
Let us start by the case r,, = 0 for all n > 1 and denote by Gy the corresponding generating function. In this
case it is easy to show that q(n, X) =1 —[[:2, p;, hence inf,enq(n, X) = 0. More generally, q(A) = q(X)
if A is infinite and q(A) = 1 if A is finite.
In the general case, G(z|n) < Go(z|n), since 1 —p, +ppz(n+1) —r, (1 —z(n—1)) <1—p, +ppz(n+1);
therefore g(n, X) <1 —[[;2,, pi; again, inf,enq(n, X) = 0.
In order to prove that there are fixed points, different from q(X), with all coordinates smaller than ¢ (for
some § < 1), it suffices to find at least two distinct fixed points with this property.
Given zp € (1 —[[;2¢pi, 1) C (q(0,X), 1), the recursive relation

i = 1 —(1—20)/po n=0
nr 14+ (1= 2ne1)rn/pn — (1 — 22)/pn n>1
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uniquely defines a strictly decreasing and strictly positive sequence such that z,, > 1—];~  p;. More precisely,
we prove that zg > 2,1 > 2z, > 1 — H;’in p; by induction on n. The inequality 1 — Hfil pi < 21 < Zg is
trivial. Suppose that 1 -T2 p; < 2, < zn,—1 < 20, thatis [[;2, p; > 1—2, > 1—2,_1 > 1— 2. Note that,
1—zpt1=((1—2n)— Q= zp—1)rn)/Pn > (L —2n) — (L= 20)7m0) /90 > (L —20) (L —70) /o > 1 — 2, > 1— 29
since, by hypothesis, 1 —p,, —r, > 0, that is, (1—r,)/p, > 1. On the other hand, since 1 —z,_1 > 1—2¢ > 0,
we have 1 —zp1 = (1= 20) = (1= 2p—1)7n) /Pn < (1= 20) /D0 < P7 " T2, P = 152,41 Pi- Then z(n) := z,
for all n € N defines a fixed point of G with sup, ¢y 2z(n) = 2z(0) = 29 < 1. It is clear that all fixed points w
such that w(0) € (1 — []i2qpi, 1) satisfy sup, ey w(n) < 1. O

Since the condition inf,cx q(x, X) > 0 is crucial in Theorem 3.1, one may wonder when it holds. Studying
extensively this aspect is beyond the purpose of this paper, nevertheless there is a simple condition worth
mentioning. Ifinf,cx p;(0) > 0, then inf, e x z(x) > 0 for every fixed point z. Indeed z(x) = G(z|z) > 1, (0).
Note that the existence of a nonempty subset A satisfying inf,cx q(z, A) > 0 implies the existence of y € X
such that inf,cx q(z,y) > 0.

4. GERM ORDER: SURVIVAL AND STRONG SURVIVAL

Here we discuss survival and strong survival for MBPs under germ (or pgf) domination. The main result
of this section is Theorem 4.1; this result generalizes [15, Theorem 1.3]. While [15, Theorem 1.3] considered
independent-diffusion MBPs with equal offspring distribution on each site, here we deal with general MBPs:
the total offspring distribution may vary from site to site and dispersal may not be independent. Although our
proof uses similar arguments, we stress that Theorem 3.1 is the essential key which allows us to overcome the
technical difficulties that arise in the general case, where the generating function is no longer one-dimensional.

Theorem 4.1. Let pt>germv (with 6 <1) and A C X.
(1) If x € X, then q*(z, A) < q”(z, A)(1 — ) + ¢, for all t € [0, 1].
(2) If x € X, then q”(x, A) <1 implies q*(z, A) < 1.
(3) If sup,cx @”(z,X) < 1, then q”(z,A) = q”(x,X) for all x € X implies q*(x, A) = q*(x,X) for
allz € X.

We note that, if pt >pe¢ v, then Theorem 4.1 (1) holds with § = 0. Theorem 4.1 can be read as Theorem 1.1:
survival in A for (X,v) implies survival in A for (X, pu) and if sup,cx q”(z, X) < 1, strong survival in
A for (X,v) implies strong survival in A for (X, ). We note that there are examples where condition
sup,ex 47 (z, X) < 1 does not hold and yet the conclusion of Theorem 4.1 (3) holds, and other examples
where it does not hold (see the discussion after Example 4.5).

Clearly, the germ order is not the only condition which allows to deduce strong survival for (X, p) given
the same behaviour for (X, v). For instance if u, and v, agree outside a set A, then strong survival in A for
(X, p) is equivalent to strong survival for (X, v) (see [7, Theorem 4.2] or [8, Theorem 2.4]).

In order to prove Theorem 4.1, we need Lemma 4.2, which is the multidimensional analogue of [15,
Lemma 2.3]), whose proof can be found in the Appendix. Define L,(A) := >_ 4 <, ni(z) and L(A) =
ZIeA)neN nn(z) be the total number of visits in A before time n and overall, respectively. Clearly, L, (A) 1
L(A) as n — +oo and q(z,A) = P*(L(A) < 4o0) for all x € X. As usual, V and A denote the maximum
and the minimum respectively.

Lemma 4.2. Let > germV and A C X. If § < 1 is the same as in the definition of >germ, then for all
te[d,1] and allz € X,
Eg [tMEA>0] > ¢ v E2 [L ()],

Proof of Theorem 4.1.

(1) We define an auxiliary space-time version of the MBP (as in the proof of [15, Theorem 1.3]). More
precisely, given a MBP {n,, },eny on X we denote by {n5'},,en a MBP on X x N that we call space-time
version of the original process and which is defined by 1t (z, m) := n,(2)d(n, m) (where §(n,m) =1
if n = m and 0 otherwise). Roughly speaking, the particles in  at time n in the original MBP, are
now placed in (z,n) at time n in the st-MBP. The space-time version of u, say u*® is defined as
follows, Vg € Sxxn and V(z,n) € X x N,

0 otherwise



where (f ® 5¢)(y,j) = f(y)d(¢,7) for all (y,j) € X x N.

Elementary computations show that for all z € [0, 1]X*N, G e (z|(z,n)) = Gu(z(-,n + 1)|z) and
Guet(z|(x,n)) = Gu(z(-,n + 1)|z). If pt>germ v, then p®t >p0m v%. Indeed if z € [6, 1]X*N (where
§ < 1), then z(-,n) € [6,1]% for all n € N, hence

Guer(zl(z,n)) = Gul(z(,n + 1)|z) < Gu(a(,n+ 1)|z) = Gye(z](z,n))
for all (x,n) € X x N.

Moreover A C X is visited infinitely often by (X, ) (resp. (X, v)) if and only if A x N is visited
infinitely often by (X x N, ) (resp. (X x N,v*")). In particular q#(z, A) = q*" ((z,n), A x N)
and q¥(z,A) = q"St((x,n),A x N) for all (z,n) € X x N, A C X. Thus, it suffices to prove the
statement for the space-time version of the MBP.

To avoid a cumbersome notation, for the rest of the proof we write p and v instead of p** and v*¢
respectively. Moreover we use Py, and ;" to denote the laws of the space-time processes starting

from (z,n). Given A C X x N, we define Ay := AN (X x [k, +00)). We observe that
L(A) = 400 < L(A;) > 0, Vk € N <= L(A) > 0, for infinitely many k € N

since {L(Ag+1) > 0} € {L(Ar) > 0} and at every fixed time the number of particles is finite.
Therefore {L(A) = 400} = (en{L(Ar) > 0} and {L(A) < +oo} = liminfren{L(Ax) = 0}. This
implies 1(L(Ag) > 0) | 1(L(A) = +0). Note that L(A) = o0 implies L(Ay) = o0 for all k € N
while L(A) < 400 implies L(Ay) = 0 eventually as k — +oc.

We apply Lemma 4.2 to Ay and, for every fixed (z,n) € X x N, we obtain

Eg [t EA0>0] > ¢ v ELn [tE(A0)] (4.5)
According to the Monotone Convergence Theorem
Jim B EA020] < R A=) < 41— ¥ (), 4)) + a ((w,0), A). (4.6)
— 400

From the Bounded Convergence Theorem , if t < 1

lim E&"[#HAY] = B [1(L(A) < +00)] = g*((z,n), A). (4.7)

k—+o0
By using equations (4.5), (4.6) and (4.7) we obtain
t(1 —q”((z,n), A)) +q”((z,n), A) 2tV q*((z,n), A)
which yields the result.
Therefore, for all ¢ € [4, 1],
Q¥ (z, A) < gt (z, A) Vi< q”(z,A) (1 —t)+t. (4.8)
Fix € X and suppose that q*(z, A) = 1. Then by Equation (4.8), if we choose t € (§, 1), we have
qt(z,A)—t 1—-t
1—1 1—t
Suppose that q¥(A) = q¥(X) and that sup,cx q”(z, X) < 1. Then, by Equation (4.8),

q”(z, A) > 1.

K ,A Vit—t 122 ,A —t
1 > sup qu(x,X) = sup qV(ZL‘,A) 2 SuszX q (-T ) Z SupIeX q (aj )
ze€X r€X 1-—t¢ 1—¢

which is equivalent to sup,cx q*(z, A) < 1. According to Theorem 3.1 the last inequality implies
a*(4) = ¢*(X).
O

Remark 4.3. One may wonder when condition sup,cx q(z,X) < 1 is satisfied. We note that it holds
if and only if there exist v € [0,1] and § € [0,1] such that G (v) < v < 81 for some n > 1 (apply
Proposition 2.10). In particular if GM™(61) < 81 for some n > 1 and & € [0,1], then sup,¢y q(z, X) < d.
Since G(01|x) = 3, oy p2(n)0" (where p, is the law of the number of children of a particle at x), if the family
of laws {py: x € X} is finite and they are all supercritical, then sup,cx q(x, X) < 0. Indeed, in this case,
for each x there exist 6, € [0,1) such that ), pe(n)0y < 0y (choose 0y = 0y if py = py). Thus G(61) < 01
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where § = max,ex 0,. However, we note that it is easy to construct examples where G (61) < 61 even if
Pz 1S subcritical for some x € X.

Remark 4.4. Another setting where it is easy to verify that sup,cx q(z, X) < 1 is the case where there are
only finitely many possible values for q(xz, X). Examples are MBPs with independent diffusion and constant
offspring distribution, but also more general processes, such as quasi-transitive MBPs or F-MBPs. The
reader can find definitions and properties of these processes in [4].

Conditions for survival in A or in X for a general MBP are usually difficult to find. We can make use of
Theorem 4.1 to prove survival or extinction of (X, p) whenever we can germ-couple it with another MBP
(X, v) which is easier to analyze. This idea can be used to study the behaviour of branching processes and
rumour processes, see [9].

In the following example we show how to apply the coupling to the case of MBPs with independent
diffusion and geometric offspring distribution.

Example 4.5. Let (X,p) and (X,v) be two independent diffusion MBP with diffusion matriz P,, and
P, respectively. Let their offspring distributions be p¥(n) = Hl%(l(jgw)” and p¥(n) = ﬁ(lf%l o If
ez, y) > Bapu(z,y) for all z,y € X, then > germv. In particular this is true if P, = P, and ay > Py
forallx € X.

Indeed in this case the first moment matriz M,, is defined by (M) ey = czpu(x,y), and similarly for M, .

Moreover,

1
1+ M,(1-2)
By using equation (4.9), the following assertions are equivalent: (1) My, > M,, (with the usual natural partial
order), (2) Myv > Myv for all v € [0,1]%, (3) p> 0V, (4) B> germV-
If we want to ensure that sup,cx q”(z, X) < 1 (for instance to apply Theorem 4.1(3)), we could check
infrex Br > 1, which is equivalent to the existence of & < 1 such that G,(61|z) < & for all x € X (see
Remark 4.3).

Example 4.5 seems to suggest that increasing the first moments of a process with strong survival, produces
a new process which still has strong survival. We point out that in general this is false: indeed [6, Example
4.2] shows that one can find three ordered first moment matrices M, < M,, < M, such that, for all finite
nonempty A C X, q”(4) = q¥(X), q°(4) = q?(X) but g#(A4) > q*(X) (that is, strong survival with v
and o, but not with p). Moreover, in the same example [6, Example 4.2] we have sup,cx q”(z,X) =1
and this shows that without the condition sup,cx q”(z, X) < 1, even if there is strong survival in A for
the v-process, there are measures o >geym V and p >germ v such that there is strong survival in A for the
o-process and not for the p-process.

We close this section with an application of Theorem 4.1 to the asymptotic behaviour of the maximal
and minimal displacement of the process. If d is a metric on X and ¢ € X is fixed, the maximal and
minimal displacement M,, and m,, are defined as M, := lsx) - max{d(zo,y): ¥y € X, na(y) > 0} and
my, := lg(xy - min{d(zo,y): y € X, nn(y) > 0}.

Corollary 4.6. Let (X, p) and (X,v) be two MPBs. If > germ v then, given o > 0 and f : N (0,400),
limsup M,/ f(n) < o, P-a.s. = limsup M,/ f(n) < o, P30 -a.s.

n—-+o0o n—-+o0o

Gul(z) (4.9)

liminfm,/f(n) > o, PP-a.5. = limj_nf my/f(n) > «, PL-a.s.
n—-+0oo

n—-+oo

Proof. We note that

P (limsup M,/ f(n) < a) =1 <= PP (limsup Z M (y) > 0}) =0, Ve >0,
e MU Ny (a0 ) > (o) F(n)
Py (liminfm,,/f(n) = @) = 1 <= P (Ergilig 3 i (y) > o}) =0, Ve >0,

y: d(zo,y)<(a—e) f(n)
and similar equalities hold for v. The result follows by applying Lemma 4.7(1) to AS™ := {y € X: d(zg,y) >
(a+e)f(n)} and A5~ :={y € X: d(zo,y) < (a—¢)f(n)}. O

Lemma 4.7. Let pt > germ v and consider a sequence {Ap}n en of subsets of X.
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(1) If v € X and ]P’,”i(limsupnﬁJroo{ZyeAn M (y) > 0}) > 0, then ]P’ﬁ(limsupnﬁJroc{ZyeAn M(y) >
0}) > 0.

(2) If sup,cx q”(z,X) < 1 and Pﬁ(liminfn_>+oo{zyeA7L ma(y) = 0}) = q”(z,X) for all z € X, then
P? (lim infstoo{d e, M(y) = 0}) = qt(z, X) for allz € X.

(3) If sup,cx q”(z,X) < 1 and Pﬁ(limsup,b_)+oo{2yeAn M (y) > 0}S(X)) =1 for all z € X, then

Pﬁ(limsupnﬁjLoo{ZyeAn M (y) > 0}S(X)) =1 Ve e X.

We observe that, in principle, the main results of this section can be extended to MBPs in varying
environment; these are MBPs where pt = {15 » }ze x nen and the reproduction law of a particle at x at time
n 8 fiz n. Such processes admit a space-time counterpart (as in the proof of Theorem 4.1 (1), see also [3])
which is a MBP in a fixed environment. Such an extension, however, goes beyond the purpose of this paper.

APPENDIX - PROOFS

Proof of Lemma 2.3. We first prove the statement for n = 2. Let z = (z(1),2(2)) where z(1) € [4,1]
(meaning that the imaginary part of z(1) is 0 and the real part belongs to the interval) and let G,)(w) :=
G(z(1),w) for all w € D. By hypothesis, G,(1) is a holomorphic function of one complex variable which
vanishes on the real interval [d, 1]. Since this interval has at least one limit point in D, then it is well-known
that G,(1)(w) = 0 for all w € D (see for instance [24, Theorem 10.18]). This proves that G vanishes on
[0,1] x D.

Now fix s € D and define G5(§) := G(&, s) for all £ € D. This is again a holomorphic function of one
complex variable which vanishes on the real interval [§,1]. By the same argument as before, G4(§) = 0
for all £ € D. This means that G(z) vanishes in D?. The statement for a general n > 2 follows easily by
induction. (]

Proof of Lemma 2.11. We suppose that 7 is fixed and we write P and E instead of P"” and E". Let k& = 1.
We write the explicit expression of 7,41 as a function of 7, and identify 7,,(w) with a function h € Sx.
Then
Bz |F,p) = ]E[ [T #(2)Tvex T fima@)| 7,
reX

= 3 W = WE| [ a(e)Zvex =0 Sons@| 7, ] Poas,

heSx rzeX

(4.10)

where in the last equality we used the fact that 7, is F;,-measurable. Using indepedence of f; , , and Fpp,

we get
v h(y)
E[ [ 2(x)%vex T8 fima (@) 7, } { I II I 2’ z)} P-as.
rzeX rzeX yeX i=1
Now, since { fi m.y (%) }i,men yex is a family of independent random variables, this expectation can be written
as (by definition of G)
h(y)

II HE[HZ @] = 1 1 el
yeX i=1 reX yeX i=1
Thus (4.10) becomes
h(y)
Bz | Fol = 3 W = 1) [ [] Gl = 3 2nn = n) [] Glaly)"®
heSx yeX i=1 heSx yeX
= Y Unm =h) [ Glzly)™® = G(z)", P-as.
heSx yeX

which proves the claim for k£ = 1.
The claim is proven by induction on k. Indeed

E[z"+¢ | Fyp] = E[E[znm“"]‘—m—o—k—l“}—m} = E[G(Z)”’"“"llfm} = (GUS*U(G(Z)))

MNm

= (GW(z))™, P-a.s.

where in the last line we used the induction hypothesis and the definition of G, O
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Proof of Lemma 4.2. From Definition 2.2, for every z € [§,1]% (that is, for every z € [0,1]% such that
01 <z <1) we have G(z) < G,(z). If t = 1 there is nothing to prove. Let us fix ¢t € (J,1) (the case t = 0
follows by taking the limit). Clearly G, (z) < G, (z) for all z € [t, 1]X.

The strategy of the proof is to find Vo, Weo € [t,1]% such that EZ[t1EA>0] > v (2) > wo(z) >
tv Eﬁ[tL(A)] for all z € X. To this aim define I,,, I, : [t,1]* — [t,1]¥ as follows
Iuz(z) = (t V'SV G, (2)2)) Az(x)
t zeA (4.11)

=tV ("G, (z]z) A z(a)) =

( ulzle) na(2) tV (Gu(zlz) Nz(z) z¢ A
and I, is defined analogously by using G, instead of G,,. It is easy to show that I,,, I, are nondecreasing,
continuous functions on [t, 1]X. Moreover, for all z € [t,1]¥ we have t1 < I,z < I,z < z. Define recursively

vo(z) = wo(x) = t'1@€A) | vp € X,
Vn+41 i = van, Vn € N,
Wit = I, W, Vn € N,

hence {wy, }nen and {v, }nen are nonincreasing sequences in [t, 1] such that t1 < w,, < v,, < z, therefore
Vo 4 Voo, Wi 4 Woo and t1 < wo, < Voo < z. By the same arguments of Proposition 2.10, we have
IVeo = Voo and I, Wo, = Woo. We prove now, by induction on n € N, that w,(z) >tV EZ[tL"(A)} for all
n € N which, in turn, implies wo(z) >tV Ef, [tEA)]. If n = 0, then wo(z) = t1=€A) > tv E, [tFo(A)] since
I(x € A) = Ly(A). Suppose that the inequality holds for n € N, then, by using that the MBP is a stationary
Markov process and that the set of descendants of different particles belonging to a fixed generation are
independent, we have for all x € X

EZ[thH(A)] — EZ [EZ[thJrl(A)!le — tl(z€A) Z tie (f) H EZ[th(A)]f(y)
fesSx yeX

= 1EEN G (BL) [t D]|z) < 1EENG, (wy )

(where Eﬁ;) [tEn (D] represents the vector y — EY, [tEn(A)]). Note that in the last inequality we used the
induction hypothesis and the fact that G, is nondecreasing. Clearly Eﬁ[tL"+1(A)] < E'ﬁ[tL"(A)] < wp(z),
thus

tVEL[EE W] <t v (wy (@) ANEENG L (Wa 7)) = Tuwn = Wit

Now we prove that EZ[t1E(A)>00] > v (z) for all z € X. Let us define D := {z € X: v(z) = t};
clearly, since t < v () < t¥*€4) for all z € X, then D D A. Define recursively

ho(z) := t1=€D) | v e X
hyii = Ih,  VneN.

The sequence {h, },cy is nondecreasing therefore h,, | h., for some h,, € [t,1]X. Moreover, since I, vy, =
Voo < hg, then ¢t < vo(z) < h(z) < t1=ED). thus h,(z) =t for all x € D. On the other hand, if z ¢ D,
then, by definition of D, t < voo(2) < hy(z) for all n € N and G, (hy,|z) > Gy (Veo|2) = Veo(x) > ¢ for all
n € N. Therefore, by using equation (4.11),

; xeD

Define E,, (D) as the number of particles in D by time n with no ancestors in D and let E(D) := lim,—, 4 oo Fn(D)

(note that F,1(D) > E,(D)). If, for instance, x € D, then E,(D) = 1 for all n € N. We want to

prove that h,(z) = EZ[tP»(P)] for all + € X which, according to the Bounded Convergence Theorem, im-

plies ho(z) = E2[tF(P)] for all z € X. To this aim note that L(A) > 0 implies F(D) > 1, therefore

Ez[tE(D)] < Bz [tME(A>0)] for all 2 € X. Define h,,(z) := E2[tZ~(P)] for all € X. By using again the fact

that the MBP is a stationary Markov process and that the progenies of different particles are independent,
13



we see that the (nonincreasing) sequence {Hn (x) bnen satisfies the following recursive equation for all z € X
t zeD
B (B 15 D[] = (4) 2 ¢ D

(W) = Z va(f) H E‘Z[tEn(D)]f(y) = G,,(En|x) = Hn(x) A GV(Hn|x)

fesSx yeX

By (@) = B[P+ ()] =

where, in the last equality, we used the fact that, by definition, ﬂnil (z) < h, (z) for all z € X, which implies
Gu(hylz) = hyq1(x) < hy(x) for all @ ¢ D. We observe that hg = hg since EZ[Ey(D)] = 1(x € D) for
all x € X; moreover the sequences {h,,(z)}nen and {h,(z)},en satisfy the same recursive equation, hence

h,, = h,, for all n € N. This yields
Ez[t'EA>0] > B2 PP = lim h,(z) = lim h,(2) = he > Ve

n—-+o00 n—-+oo

O

Proof of Lemma 4.7. Consider, as in the proof of Theorem 4.1 (1), the space-time version {n3‘},cn of the

process. Clearly
limsup{ Z nn(y) > 0} = SSt( U (A" X {n}))

noteo n neN

where S%(+) is the survival event of the space-time process. Recall that, for all A C X, q*(z,A) =
a*" ((z,n), AxN) and g (z,A) = q*" ((z,n), A x N) for all (z,n) € X x N. (1) and (2) follows from Theo-
rem 4.1 applied to the space-time process. (3) follow from (2) by noting that limsup,,_, o {D>°,ca, M (y) >
0} C S(X). d
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