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Abstract

We consider a directed polymer of length N interacting with a linear interface. The
monomers carry i.i.d. random charges (w;) lN: | taking values in R with mean zero and
variance one. Each monomer i contributes an energy (Sw; — h)@(S;) to the interaction
Hamiltonian, where S; € Z is the height of monomer i with respect to the interface,
¢: Z — [0, co) is the interaction potential, 8 € [0, co) is the inverse temperature, and
h € R is the charge bias parameter. The configurations of the polymer are weighted
according to the Gibbs measure associated with the interaction Hamiltonian, where the
reference measure is given by a Markov chain on Z. We study both the guenched and the
annealed free energy per monomer in the limitas N — o0o. We show that each exhibits
aphase transition along a critical curve in the (8, /)-plane, separating a localized phase
(where the polymer stays close to the interface) from a delocalized phase (where the
polymer wanders away from the interface). We derive variational formulas for the
critical curves and we obtain upper and lower bounds on the quenched critical curve
in terms of the annealed critical curve. In addition, for the special case where the
reference measure is given by a Bessel random walk, we derive the scaling limit of the
annealed free energy as 8, h | 0 in three different regimes for the tail exponent of ¢.
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1 Introduction
1.1 Motivation

Homogeneous pinning models, where a directed polymer receives a reward for every
monomer that hits an interface, have been the object of intense study. Both discrete and
continuous models have been analysed in detail, and a full understanding is available
of the free energy, the phase diagram and the typical polymer configurations as a
function of the underlying model parameters. Disordered pinning models, where the
reward depends on random weights attached to the interface or where the shape of the
interface is random itself, are much harder to analyse. Still, a lot of progress has been
made in past years, in particular, the effect of the disorder on the scaling properties of
the polymer has been elucidated to considerable depth. For an overview the reader is
referred to the monographs by Giacomin [21,22] and den Hollander [24], the review
paper by Caravenna et al. [13], and references therein.

Spatially extended pinning, where the interaction of the monomers depends on their
distance to the interface, remains largely unexplored. For a continuum model with an
interaction potential that decays polynomially with the distance, pinning-like results
have been obtained in Lacoin [25]. A continuum model for which the interaction
potential is non-zero only in a finite window around the interface was analysed in
Cranston et al. [18]. The goal of the present paper is to investigate what happens for
more general interaction potentials, both for discrete and for continuous models with
disorder.

The remainder of this section is organised as follows. In Sect. 1.2 we define our
model, which consists of a directed polymer carrying random charges that interact with
a linear interface at a strength that depends on their distance. In Sects. 1.3 and 1.4 we
look at the quenched, respectively, the annealed free energy, and discuss the qualitative
properties of the phase diagram. In Sect. 1.5 we recall certain scaling properties of
the Bessel random walk and its relation to the Bessel process, both of which play an
important role in our analysis. In Sect. 1.6 we state three theorems when the underlying
reference measure (describing the polymer without interaction) is a Markov chain. In
Sect. 1.7 we state three theorems for the limit of weak interaction when the reference
measure is the Bessel random walk, and show that this limit is related to the continuum
version of our model when the reference measure is the Bessel process. In Sect. 1.8 we
place the theorems in their proper perspective. In Sect. 1.9 we list some open problems
and explain how the proofs of the theorems are organised.
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Phase transitions for spatially extended pinning 331

1.2 The model

Let Np = N U {0}. Our model has three ingredients:

(1) An irreducible nearest-neighbour recurrent Markov chain S := (S;)neN, On Z
starting at So = 0, with law P = Py.

(2) Ani.i.d. sequences of random charges @ := (wy),eN on R, with law P.

(3) A non-negative function ¢: Z — [0, 00), playing the role of an interaction poten-
tial, such that

0 <@l <00, lim ¢@(x) =0, lim ¢(x) exists. (1.1)
X—>00 X—>—00
Our model is defined through the quenched partition function
73 5 =E[ef Xm0 N e, (1.2)

which describes a directed polymer chain n +— (n, S,) of length N carrying charges
n +— o, that interact with a linear interface according to the interaction potential
x — @(x) at inverse temperature 8 € [0, 0o). Without loss of generality we may
replace Bw, by Bw, — h, with h € R the charge bias parameter, and assume that w is
standardized, i.e.,

Elw,] =0, Var[w,]=1, (1.3)
after which (1.2) becomes
75 g = [eZmiBomeS) ]y e N, (1.4)
Throughout the sequel we assume that
M) :==E[e'”'] <00 VieR. (1.5)

Moreover, defining 71 := inf{n € N: §,, = 0} to be the first return time of S to 0, we
assume that there exists an o € [0, co) such that

Y Pm=n)=1, P(ry=n)=n 100 5 o0 (1.6)
neN

Note that E(t1) = oo for all @ € (0, 1). If S has period 2, then the last asymptotics is
assumed to run along 2N.

Remark 1.1 (Bessel random walk). An example of a Markov chain § satisfying (1.6)
that will receive special attention in this paper is the one with transition probabilities

P(Sp1=x£1]8, =x)= }[1+dx)], xeZ, (1.7)
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where

dx)=—d(—x), x€Z, dx)=—(a—Hx""+0(x|""), |x| > oo,
(1.8)

for some o € (0, 1) and ¢ > 0. This choice, which is referred to as the Bessel random
walk, has a drift away from the origin (o < %) or towards the origin (o > %) that decays
inversely proportional to the distance. The case d(x) = 0 (¢ = %) corresponds to
simple random walk. The Bessel random walk was studied by Lamperti [26] and, more
recently, by Alexander [2] (who actually considered the one-sided version (]S, |),eN)-
It is known that (1.6) holds in a sharp form [2, Theorem 2.1], namely,

—(I+4a)

P(ti =n) ~cn n— oo, (1.9)

along 2N for some ¢ € (0, 0o). More refined asymptotics are available as well (see
Sect. 1.5 below).

Remark 1.2 The model defined in (1.4) provides a natural interpolation between the
pinning model and the copolymer model, which correspond to the choices

PP (x) = Lp=0),  @“P(x) = 1<y (1.10)
See Giacomin [21,22] and den Hollander [24] for details. Actually, in the copoly-
mer model the interaction is via the bonds rather than the sites of the path, i.e.,
@“P((x,y)) = l{x4y<0), but we will ignore such refinements. Moreover, the stan-
dard parametrisation of the disorder in the copolymer model is —28(w,, + h) rather
than Bw, — h. Again, this is the same after a change of parameters. Our choice has the

advantage that the free energy is jointly convex in (8, &) and that the critical curve is
non-negative (see Fig. 1).

1.3 The quenched free energy
The quenched free energy is defined by
que . 1 w : 1
F (B, h) = Nllm NIOgZNBh P-a.s. and in L~ (IP). (1.11)
—00 T
For the constrained partition function
2y = [eXm o) o o], N e N, (1.12)
the existence of the limit
. 1 w,c . 1
th N log ZN’ﬁ p P-as.andin L (IP) (1.13)
—> 00 e
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follows by standard super-additivity arguments. Since ¢ is bounded and P has finite
exponential moments (recall (1.5)), the limit is finite. We will show in “Appendix A.2”
that

L Zyga

lim —lo
Ny R T

=0 P-as.andinL'(P), (1.14)

so that (1.11) follows.
By (1.1), for every & > O there is an M € Ny such that 0 < ¢(x) < ¢ forx > M.
Therefore

> o190 05 Blonl+kD—e 0Ly (Blonl+h) p(s. > MY M < n < N)
VM e Ny. (1.15)

ZN.n
We will show in “Appendix A.1” that, by (1.6),

1
lim —logP(S, > MVYM <n<N)=0 VM €Ny, (1.16)
N—oo N

and so it follows that F"*(8, h) > —e(BE[|w1|] + |A]). Since & > 0 is arbitrary, we
obtain the important inequality

FI(B,h) >0 VB €[0,00),h eR. (1.17)
It is therefore natural to define the two phases

L9 = {(B, h): F1"(B, h) > 0},

(1.18)
DI = {(B, h): F"(B, h) =0},

which we refer to as the quenched localized phase, respectively, the quenched delo-

calized phase.

By (1.11), (B, h) — FY°(B, h) is the pointwise limit of jointly convex functions.
Moreover, h — ZI“\’,’ o is non-increasing, so that 4 — Fque(,B, h) is non-increasing
as well. Furthermore, 8 — E[log Zﬁy 8 118 convex and (by direct computation) has
zero derivative at 8 = 0, so that 8 — F1"°(B, h) is non-decreasing on [0, c0).

From the monotonicity of 4 +— F1"°(B, h) it follows that £4'¢ and DI® are sep-
arated by a quenched critical curve h?“e: [0, o0) — [0, c0) whose graph is aDI"®
(see Fig. 1):

L% = (B, h): h < hd™(B)),

e (1.19)
DI = {(B, h): h > hd™“(B)}.

From the convexity of (8, k) > F1"°(8, h) it follows that the lower level set DI =
(B, h): FI"(B, h) < 0} is convex. Since DI is the upper graph of ad", it follows
that 70" is convex and hence continuous. In Sect. 1.6 we will see that 20" is finite
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Fig. 1 Qualitative plot of h
B+ hd"(B) hgue (5)

PDAue
[aue

everywhere. Since S is recurrent, it follows from the theory of the homogeneous
pinning model (Giacomin [21,22], den Hollander [24]) that F1“°(0, &) > 0 for h < 0
and F4“°(0, ) = Oforh > 0. Hence h¢ " (0) = 0. (Note that ¢ (x) > ¢(x,) Ly, (x) for
any x, € Z with ¢(x4) > 0. Therefore we can dominate the quenched free energy for
B = 0 by the free energy of the homogeneous pinning model with a strictly positive
pinning reward.)

Finally, from the monotonicity of 8 + FI°(8, h) on [0, co) it follows that
FI% (8, h) = F1%°(0, h) > Oforh < 0,sothat hd™*(B) > hd"*(0) = Ofor B > 0. Since
hd"® is convex, this implies that 43" is non-decreasing, and is strictly increasing as
soon as it leaves zero. In Sect. 1.6 we will see that 2" (8) > Oforall 8 > 0 (see Fig. 1).

1.4 The annealed free energy

The annealed partition function associated with (1.4) is
Zann -— E[Z% —E Z,},V_l Yp.n(Sn) N N 1.20
N.pn = ElZy gyl = Ejesn=t Th . N e N, (1.20)
where

Vp.n(x) :=logM(Be(x)) — ho(x). (1.21)

This is the partition function of the homogeneous pinning model with potential ¥4 j.
A delicate point is that ¥g , does not have a sign: it may be a mixture of attractive and
repulsive interactions. This comes from the fact that both the charge distribution and
the interaction potential are general.

The annealed free energy is defined by

. 1
(B, h) = Jim = log ZN% - (1.22)
For the constrained partition function

p N
Zyns, = [eXrm im0 1 o N e N, (1.23)
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Fig.2 Qualitative plot of h
h?“"( )
e nE ()
Dann
Eann
0 B

the existence of the limit

lim E log Z3™:¢ (1.24)

N—oo N g N.B.h ’

again follows by standard super-additivity arguments. Since Vg j is bounded, the limit
is finite. The analogue of (1.14), which will be proved in Appendix A.3, reads

Zann,c

. 1 N,B.h
1 — log ——— =0, 1.25
N (1.25)

so that (1.22) follows.
The annealed localized phase, annealed delocalized phase and annealed critical
curve are defined as

L= (B, h): F™(B, ) > 0} = {(B, ) h < hZ™(B)),

ann ann ann ( 1 26)
DT i=A{(B, ) F (B, h) =0y ={(B,h): h = h:"(P)}.

As is clear from (1.21) and the fact that ¢ is non-negative, F"" (8, &) is non-increasing

and convex as a function of /, and non-decreasing as a function of 8 but not necessarily
convex. Later we will see that nonetheless g — h2"" () has a shape thatis qualitatively
similar to that of 8 — hd"*(B) (see Fig. 2).

An important property of the annealed free energy is that it provides an upper bound
for the quenched free energy: by Jensen’s inequality we have F1“°(8, h) < F*"" (8, h)
for all B € [0, o0) and &k € R. Recalling (1.17), we therefore see that

0 <hd™“(B) < ™) VB=>0. (1.27)

Unlike for the pinning model and the copolymer model, for general potentials ¢ the
annealed free energy and the annealed critical curve are not known explicitly.

1.5 Scaling properties of the Bessel random walk

Part of our results below involve the annealed free energy and the annealed critical
curve associated with a Brownian version of the model, where the reference measure is
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336 F. Caravenna, F. den Hollander

based on the Bessel process X := (X;);>0 of dimension 2(1 —«) (see [27, Chapter XI])
defined by

1

dX;, =dB; — 24t on [0, o0) with reflection at O, (1.28)

t

where o € (0, 1) and (B;);>¢ is standard Brownian motion on R.! Informally, X

makes infrequent visits to 0 when o < % and frequent visits to 0 when o > % The

choice o = % corresponds to reflected Brownian motion, i.e., X; = | B;| with (B;);>0
standard Brownian motion. We write f’x to denote the law of X given X¢ = x. When
x = 0, we simply write P = Py.

For the semigroup g;(x, y) := P.(X; € dy)/dy of X there is an explicit formula,
namely,

o, l—a

2242 Xy
gt(x,)’)z e J*Ol T ) xvye(oaoo)v t>09 (129)

1"

where J_o(z) = ), eNo W}rla)( Z)2m—« is the Bessel function of index —a.
Since

20{

J_ ~ 7 0, 1.30
«(2) o) z (1.30)
we also have the explicit formula
P(X,edy) 20 7 2
=g0,y) := x, €[0,00), t>0.
8(y) =810, y) := & Td—a a7 [0,00), >
(1.31)
It follows that
. g21=) rQ-—a)
P(X; <¢) < i t,e >0, co:= T (1.32)
and this inequality becomes sharp as ¢ |, 0, namely,
&
%’;‘lf(} 82(1 Ot)P (Xt <8)_hm 2(1 o) /(; gl(-xv y)dy:gt()ﬁo), XZO,
(1.33)
where
. 1 12
8r(x,0) := Ta e 7, xel0,00), t>0. (1.34)

' Formally, the squared Bessel process (Y1)s>0 is defined by dY; = 24/Y; dB; + 2(1 — &) dr on [0, 00)
with reflection at 0, and (X;);>( is defined by setting X; = /Y;.
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The local time of X at O up to time 7 > 0 is defined as the following limit in
probability:

T
L7(0) = ¢ W/ dr 10.6)(X1). (1.35)

We will informally write

T
L1(0) = /0 dt 8o(X,). (1.36)

Note that E[L7(0)] = [y A = [y &(0.0)dr = L 72,
The relation of the Bessel process with the Bessel random walk defined in
Remark 1.1 is that the latter satisfies the invariance principle (see Lamperti [26])

(IS l/~/'N)

>0 — (Xt)i=0, N — oo. (1.37)

Write Py (-) := P(-| Sp = k') to denote the law of the Bessel random walk started at
k' € Z, so that P = Py. Local limit theorems for the transition probabilities Py (| S, | =
k) of the Bessel random walk have been established in [2, Theorem 2.4]. The following
formulas hold in the limit as n — oo, uniformly in a specified range of k, k' € Ny. We
assume that k — k' has the same parity as n, i.e., k — k — n is even, because otherwise
P (ISn| = k)=0.

o Low ending heights: For any ¢ > 0 and k, = o(y/n), uniformly in0 < k' < /n/e
and 0 <k <k,,

2etk) . [ K
P ([Sul = k) ~ nl—_agl<ﬁ70 Lik—k'—niseveny, n— 00, (1.38)

where g is defined in (1.34) and ¢: Ny — (0, 00) is an explicit function (which
depends on the function d: Z — R in (1.7)) such that
2(1

~ 1-2a
c(k) rd—a) k , k — oo. (1.39)

In case of a low starting height k' = o(y/n ), (1.38) simplifies because g; (%, 0) ~

£1(0,0) = 1.
o Intermediate ending height: For any ¢ > 0, uniformly in 0 < k' < /n/e and

en <k < ./nje,
k/

2
Pr (1Sn| = k) ~ Tgl (\/- \/—> Ligx—k'—niseven}, 1 — 00, (1.40)
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338 F. Caravenna, F. den Hollander

where g1 is the density in (1.29) at time 1. In case of a low starting height k' =
o(s/n), (1.38) simplifies because gl(kT/n, \/Lﬁ) ~ g1(0, %) = g1(%) reduces to
(1.31).

e High ending heights: There exists a C = C(a) < oo such that, for all k > /n,

c _2
P(|Sul =k) < ﬁe 8n 1{k—n is even}- (1.41)

It follows from (1.38)—(1.41) that, for some C < o0,

(14 kD=2 _e

VvneN VkeZ: P(S,|=k <C e 8 lik—niseven). (1.42)

nl—o
This uniform bound will be needed to control scaling computations.

Remark 1.3 Equations (1.38) and (1.40) for ¥’ = 0 are proved in [2, Theorem 2.4],
while the case k' # 0 follows via the relation Py (|S,| = k) = Y, Puw(t1 =
m) Po(|Sn—m| = k) + O(Pr (71 > n)) (see also the estimates on Py/(ty = m) pro-
vided in [2, Theorem 2.2]). We further point out the duality relation Py (|S,| = k) =

14+d (k') Ay _ o k 1—d(x)
Trd® ﬁ Pr(ISn| = k'), where Ax == []5_,; 1+d(;)'

1.6 General properties

Our first set of theorems concerns the quenched and the annealed critical curve.

Theorem 1.4 8 — hi*“(B) and B — hi"™(B) can be characterized in terms of
variational formulas (see Theorems 2.4-2.5 below).

Theorem 1.5 For every B > 0,

(1+a) h<i> < h™(B) < K™ (B). (1.43)
1+«

As already noted in (1.27), the second inequality in (1.43) is an immediate consequence
of Jensen’s inequality applied to (1.12) and (1.23). The first inequality in (1.43), which
is known as the Monthus—Bodineau—Giacomin bound, was previously shown to hold
for the copolymer model [9], [11]. We show that it holds for the general class of
potentials satisfying (1.1).

In Sect. 3.3 we will show that F2"™(8,0) > O for all 8 > 0. This implies that
h2"M(B) > 0 for all B > 0, which via (1.43) settles the claim made at the end of
Sect. 1.3 that h2"°(8) > 0 for all 8 > 0.

1.7 Scaling for weak interaction

Our second set of theorems looks at the scaling of the annealed free energy in the
limit of weak interaction, for the special case where § is the Bessel random walk
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with parameter « € (0, 1) defined in Remark 1.1 and the interaction potential ¢ is
symmetric: ¢(—x) = @(x) for all x € Z. We consider three different regimes for the
tail behaviour of ¢, namely,

‘ llim Ix|”@(x) = ¢ € (0, 00) (1.44)
with
%€ (0,1 —a),
el —a2(1 —a)), (1.45)

U e 2(1 —a), 00).

'[heorem 1.6 Suppose that o € (0, 1) and v € (0, 1 — ). For everyB € (0, o0) and
h € (0, 00),

%if(} s~ pamn (B ’ 8(1*0)/2,ﬁ8(2*0)/2) _ }’;\ann(lé’ fz), (1.46)

where
pann (4 7 Lo 10 1 w_ o [T 9
FM(B, h) = lim —logE [exp | ;8¢ / dr X, —hc/ dr X, (1.47)
T—oo T 0 0

with ¢ the constant in (1.44).

TheoArem 1.7 Supposethato € (0, 1) and v € (1—a, 2(1 —)). Foreveryﬁ € (0, 00)
and h € (0, 00),

1' 8—1 Fann 2 , 80{/2’28(2—0)/2 — ﬁ-ann A,il , 148
jim ( ) = "By (1.48)
where

A 1. . . . e

F™ (B, h) := Jim —logE [exp (%52 c*l9*1 L7 (0) — hc/o dt X,—”)] (1.49)

with c¢ the constant in (1.44) and c*[(p2] = erz (pz(x) c(x), where x — c(x) =
c(|x]) is the function in (1.38)—(1.39).

Theo[em 1.8 Suppose that o € (0, 1) and ¥ € (2(1 — «), 00). For every,é € (0, 00)
and h € (0, c0),

lim 5=1 pamn (3 892 h 5“) — Fam g h, (1.50)
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340 F. Caravenna, F. den Hollander

Fig.3 Plotof 8 > A2 (f) in i
- b (B) = CB*
(&

where
P Bk = lim % log B [exp ({%Bz o] — h C*[(p]} iT(O))] (1.51)

with c*[¢] = erz @(x)c(x), where x +— c(x) := c(|x]|) is the function in (1.38)—
(1.39).

Note that, because of (1.39) and (1.44), c* [902] < oowhen? > 1—aand c*[¢] <
oo when ¥ > 2(1 — «). In Appendix B.1 we will show that the annealed partition
functions associated with the Bessel process appearing in Theorems 1.6—1.8 are finite,
and so are the corresponding annealed free energies.

The annealed free energy J ) appearing in Theorems 1.6-1.8 has its own
phase diagram, with phases

£am .= (B, h): F*™ (B, h) > 0},

N A A oA IR (1.52)
Dan = {(B, h): F™ (B, h) =0},
and with a critical curve that is a perfect power law (see Fig. 3), namely,
h™(B) = CBE, B € (0, 00), (1.53)
where
2-9)/1-9), ve©1-a),
E=E(@v)=4 2—-9)/a, e —o2(1—a), (1.54)

2, U e 21 —a), 00),

plays the role of a critical exponent (see Fig. 4). The scaling of the annealed critical
curve in Theorems 1.6-1.8 can be summarised as saying that 22" (8) ~ h2™(B),
B 0.

_ The constant C depends on «, ¢ and can be characterized as the unique solution
C € (0, o0) of the equation F*"(1, C) = 0. This constant is hard to identify in the
first two regimes. In the third regime ¢ € (2(1 — &), 00) it is found by inserting (1.53)
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Fig.4 Plot of the critical
exponent E in (1.54) as a
function of ¥ for fixed «.
The three regimes for ¥ are
indicated. No information is
available at the two crossover
points

into the equation
A(B, ™) =0 with AB, h) =38 "1 —hclpl, (155
which gives

c*[¢?]

C= .
2c*[g]

(1.56)

We show in “AppendiAx B.2” that, for the the third regime ¥ € (2(1 — &), 00), the
annealed free energy F*™ (S, h) can be computed explicitly, namely,

A A A ~ A 1/a
F“““(ﬂ,h):(F(oz)[O\/A(,B,h)]) . (1.57)

Remark 1.9 In view of the scaling limit for the annealed free energies described in
Theorems 1.6—1.8, it is natural to expect a scaling limit for the corresponding annealed
critical curves as well. Indeed, the continuum critical curve is the perfect power law
in (1.53), where C and E depend on « and ¢ (and hence on ). We conjecture that
(1.53) captures the asymptotic behaviour for weak interaction of the discrete critical
curve h2"(B) as well, in the sense that in all three regimes we should have

. —E g ann _ A
lim =5 " (B) = C. (1.58)

This scaling relation cannot be simply deduced from Theorems 1.6-1.8, because point-
wise convergence of the free energies does not imply convergence of their zero-level
sets, of which the critical curves are the boundaries. However, half of (1.58) follows
because if the continuum free energy is strictly positive, then the rescaled discrete free
energy eventually becomes strictly positive too in the weak interaction limit, which
leads to

11%1¢i()nf B E ™) > C. (1.59)

In order to prove (1.58) extra work is needed: the scaling of the free energies in (1.46),
(1.48) and (1.50) must be strengthened to a perturbative scaling, as shown in [10,12]
for the copolymer model and in [16] for the pinning model.
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1.8 Discussion

We comment on the results in Sects. 1.6—1.7.

1. The results in Theorems 1.4-1.5 are known for the special case where the inter-
action potential is that of the pinning model or the copolymer model defined in
(1.10). However, the techniques used for these two cases do not carry over to the
general class of potentials considered in (1.1). Intuitively, the reason why exten-
sion is possible is that the conditions stated in (1.1) say that, outside a large interval
around the origin in Z, the interaction potential is controlled by a multiple of that
of the copolymer model.

2. As we will see in Sect. 2, the variational formula for 23"°(8) mentioned in The-
orem 1.4 involves a supremum over the space of all shift-invariant probability
distributions on the set of infinite sequences of words of arbitrary length drawn
from an infinite sequence of letters taking values in R x Z. The supremum involves
a quenched rate function that captures the complexity of the interplay between the
disorder of the charges and the excursions of the polymer away from the inter-
face. This variational formula is hard to manipulate, but it is the starting point
for the proof of Theorems 1.5. The variational formula for 22" () mentioned in
Theorem 1.4 is simpler, but still not easy to manipulate (see (1.62) below).

3. Note that for # = 0 and 8 > 0 the annealed partition function Z;‘\?‘;g ; 18 bounded
from below by the partition function of a homogenous pinning model with a strictly
positive reward, which is localized. The lower bound in Theorem 1.5 therefore
shows that 18" (8) > 0 for every 8 > 0. Since 8 — hd"“(B) is convex, it must
therefore be strictly increasing (see Fig. 1).

4. Disorder has a tendency to smoothen the phase transition. In Caravenna and den
Hollander [14] a general smoothing inequality is derived that reads as follows:

e For every > 0 there exist C(f) < oo and §(8) > 0 such that
0 <FI(B,hl"(B) —8) < C(B)S* YO <86 <5(B),  (1.60)

i.e., the quenched phase transition is at least of second order.

Unfortunately, the key assumption under which this smoothing inequality is
derived is not obviously met by spatially extended pinning: it does when the
tail exponent of ¢ (recall (1.44)) satisfies ¥ € (2, 00), but it is unclear whether
it also does when ¥ € (0, 2]. Indeed, the key assumption in [14] requires that
Z]“\}”%’h > N’ch’,h for some y > 0 with E[log c%”h] > —o0. Applying Jensen’s
inequality to (1.12), we get

ZNn = a1 Bon—WElv(SDISN=01 p(g —0), NeN.  (16])

In general, if P(Sy = 0) > CN~Y for some y,C > 0 and all N € N and,
furthermore, supycy Zflvzl |E[e(Sn) | Sy = 0]] < oo, then the assumption
is met (recall (1.3)). For the Bessel random walk, the former holds by (1.38) for
y = | —a, while the latter holds by (1.41) when ¢(x) ~ ¢ |x|_l9 with 9 € (2, 00),
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because in that case, for n < N/2 (by symmetry), supyey E[¢9(Sy) | Sv = 0] S
@(y/n) = n~?? is summable.

5. Theorems 1.6—1.8 give detailed information about the scaling of the annealed
free energy and the annealed critical curve in the limit of weak interaction. The
scaling limits correspond to annealed free energies and annealed critical curves
for Brownian versions of the model involving the Bessel process X%, which are
interesting in their own right. The result is only valid for the Bessel random walk,
and shows a trichotomy depending on the parameters « and 9.

e Theregime v € (0, 1 —«) corresponds to a long-range interaction potential and
is not pinning-like. When localized, the continuum polymer spends a positive
fraction of the time near any height x € R, and this fraction tends to zero as
|x] | Oor|x| - oco. Away from 0 it does not behave like the Bessel process
conditioned to return to O.

e The regime ¢ € (I — «,2(1 — «)) corresponds to an intermediate-range
interaction potential and exhibits some pinning-like features. When localized,
the continuum polymer visits 0 a positive fraction of the time. Away from 0 it
does not behave like the Bessel process conditioned to return to 0.

e Theregime ¥ € (2(1 —«), 00) corresponds to a short-range interaction poten-
tial and is pinning-like. When localized, the continuum polymer visits 0 a
positive fraction of the time. Away from O it behaves like the Bessel process
conditioned to return to 0.

In the last regime the behaviour is similar to that of the homogeneous pinning
model with ¢(x) = cl{y—}, for which it is known that A2"" () ~ %cﬂz, BlO
(see Giacomin [21], [22], den Hollander [24]). In fact, the proof of Theorem 1.8
will show that the scaling in the last regime is valid for any ¢ such that c¢*[¢?]
and c*[¢] are finite, i.e., (1.44) may be replaced by the weaker condition ¢(x) =
O (|x|~2U=®)=¢) for some & > 0.

6. The three regimes for ¢ represent three universality classes. The critical cases
Y% =1—oand ¥ = 2(1 — ) are more delicate and we have skipped them.
Also, we have not investigated what happens when the scaling of the interaction
potential in (1.44) is modulated by a slowly varying function. For the same reason
we have assumed that the error term in (1.8) is O (Jx|~11#)) with & > 0 rather than
o(|x|™1), since the latter may give rise to modulation by slowly varying functions
in (1.38) and (1.39) (see Alexander [2]).

7. Theorems 1.6-1.8 are deduced from scaling properties of the annealed partition
function. They are not specific to the annealed model. In fact, analogous results
hold for every homogeneous pinning potential that is a linear combination of
potentials with a polynomial tail. See Sect. 4 for more details.

8. By the considerations made in Sect. 3, the annealed model defined in (1.20)—(1.21)
is localized (i.e., "™ (B, h) > 0, h < hi™(B)) if and only if

Z E |:6le71 V. (Sn) 1{11:”1}] > 1, (1.62)

meN

@ Springer



344 F. Caravenna, F. den Hollander

where we recall that 71 denotes the first return time of S to 0. Although the starting
point 0 seems to play a special role in (1.62), it can be shown that the criterion in
(1.62) is invariant under spatial shifts of ¥ 5 (see Appendix C).

A natural question is what happens when the random walk S is transient,i.e.,P(1; <
00) = Y,y K(n) =:r < 1. For the constrained partition function Z;‘}% 5> Working
with a transient renewal process with law K is equivalent to working with a recurrent
renewal process with law K /r and adding a depinning term Zrllv=1 (logr)1(s,=0) in the
exponential in (1.12). This amounts to replacing ¥g 5 (x) by ¥g 5 (x) + (logr)1x=o},
and so instead of (1.62) the localization condition for the annealed model becomes

" 1
) E[e2»=1 Von(Sn) 1{11:,,1}] > - (1.63)
r

meN

(I) For the copolymer model we have ¢(x) = ¢“P(x) = li;<q) (recall (1.10)) and
Ypn(x) = (2B — )1 (_00,0)(x). Therefore h*™(B) = B2 and, in fact, the
left-hand side of (1.62) is < 1 for & < A2"™(B) and is = oo for h > h2"(B).
This means that the annealed critical curve 22" does not depend on r, and hence
neither do the bounds in (1.43). In other words, making the underlying renewal
process transient or, equivalently, adding a homogeneous depinning term at zero,
does not modify the annealed critical curve of the copolymer model. In essence
this is due to the fact that the copolymer potential is long range (i.e., g 5 (x) does
not vanish as x — —o0).

(II) For the pinning model, adding a depinning term at zero amounts to shifting # and
this may have an effect. In essence this is due to the fact that the pinning potential
o(x) = P (x) = lix—0) is short range.

1.9 Open problems and outline
1. Aretheinequalities in (1.43) strict for all 8 > 0? For the copolymer model (¢ (x) =

l{x<0)) the answer is yes for all @ > O (Bolthausen et al. [11]). Moreover, it is
known that (Bolthausen and den Hollander [10], Caravenna and Giacomin [12])

. —17ann _ : —1,que _
};%ﬂ he™(B) =1, /1311&1)/3 he™(B) = Cla), (1.64)

with C(a) € (1/(1 + @), 1) for 0 < o < 1 (Bolthausen et al. [11]) and C(x) =
1/(1 +«a) fora > 1 (Berger et al. [4]). For the pinning model (¢(x) = 1{,—o)) the
answer depends on «: no for 0 < o < % (the upper bound is an equality), yes for
o > % Moreover, it is known that

; —27ann _1 ; —27que _
}311%/3 he™(B) = 3, }s}%ﬂ he™(B) = C(a), (1.65)

with C'(a) = % for0 <o < 1and C'(a) € (0, %) for o > 1. As a matter of fact,
refined estimates are available:
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o a < (0, %): h2™(B) = hd"(B) for B > 0 small enough (Alexander [1], see
also Cheliotis and den Hollander [17]);

o€ (5,1 h¥(B) — hd™(B) ~ cu p2*/*~D as B | 0 for a universal
constant ¢, € (0, 00) (Caravenna et al. [16], and previously Alexander and
Zygouras [3], Derrida et al. [20]).

o o = L h¥™(B) — h{*(B) = exp(— 35 [1 + o(1)]) (Berger and Lacoin [6],
and previously Giacomin et al. [23]).

For an overview, we refer the reader to Giacomin [22].

2. Determine the order of the quenched phase transition. For the copolymer model it
is known that the phase transition is of infinite order when « = 0 (Berger et al. [5]).
The same is conjectured to be true for @ € (0, 1).

3. Identify the scaling for weak interaction of the annealed model in the critical cases
P=1—caand ¥ =2(1 —a).

4. Identify the scaling for weak interaction of the quenched model. Because of The-
orem 1.5, the same exponent E as in (1.54) applies.

5. The qualitative shape of the critical curve in Fig. 1 depends on our assumption
in (1.1) that ¢ > 0. A reflected picture holds when ¢ < 0. It appears that for ¢
with mixed signs there are two critical curves 8 +— hgule (B) and B — hguze B,
separating a single quenched delocalized phase D¢ from two quenched localized
phases /fllue and Egue that lie above DI, respectively, below D9"¢, What are the
properties of these critical curves?

6. What happens when 8 = By and h = hy with Sy, Ay | 0 as N — oo.

7. Is it possible to include non-nearest-neighbour random walks?

Outline The remainder of this paper is organized as follows. Theorem 1.4 is proved in
Sect. 2, Theorem 1.5 in Sect. 3 and Theorems 1.6-1.8 in Sect. 4. “Appendices A and
B” collect a few technical facts that are needed along the way.

2 Proof of Theorem 1.4

In Sect. 2.1 we formulate annealed and quenched large deviation principles (LDPs)
that are an adaptation to our model of the LDPs developed in Birkner [7] and
Birkner et al. [8]. The latter concern LDPs for random sequences of words cut out
from random sequences of letters according to a renewal process. In Sect. 2.2 we for-
mulate variational characterizations of the annealed and quenched critical curves that
are an adaptation of the characterizations derived for the pinning model in Cheliotis
and den Hollander [17] and for the copolymer model in Bolthausen et al. [11]. In
Sect. 2.3 we explain how the variational characterizations follow from the LDPs via
Varadhan’s lemma.

2.1 Annealed and quenched LDP

Our starting observation is that the partition function in (1.4) depends on the sequence
ofwords Y = (Y;)ien determined by the disorder and by the excursions of the polymer,
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namely,
Yi = Yi(({), S) = ((a)‘fi,l—‘rls'-'swl’l‘)s(S'El',l—‘-la"-vsfi))v l ENv (21)

where T = (7;);en 18 the sequence of epochs of the successive visits of the polymer
to zero (r9 = 0). Note that the random variables Y; take their values in the space
[i=U,en " WithIT :=R x Z.

To capture the role of Y, we introduce its empirical process,

1 M—1

Ry = Ry = M D 850,y € P, (2.2)
i=0

where P (I'N) denotes the set of probability measures on I'N that are invariant under
the left-shift ¢ acting on I'N. The superscript @ reminds us that the random variables
Y; are functions of w. We must average over S while keeping w fixed. Note that, under
the annealed law P ® P, Y is i.i.d. with the following marginal law go on I':

qo((dxl, cooy dxy) x {(sy, ...,sn)})
= PP)(Y) € (dxy, ..., dxy) x {(s1,...,52)})

(2.3)
= K(n) v(dx1) -+ v(dx) P((S1. ... $2) = (51...oos0) [ 11 = ),
neN, xi,....,x, €R, s1,...,8, € Z,
where K (n) := P(t; = n) and v(dx) := P(w; € dx).
The specific relative entropy of Q w.r.t. q([)g’N is defined by

1

H(Q1q8") = lim —n(7 N, 2.4

0 145") = tim —n(iv01q)) 24)

where 7y Q € P(I'V) denotes the projection of Q onto the first N words, A(- | )
denotes relative entropy, and the limit is non-decreasing. The following annealed LDP
is standard (see Dembo and Zeitouni [19, Section 6.5]).

Proposition 2.1 (Annealed LDP). The family (P ® P)(R{; € -), M € N, satisfies the
LDP on P™ (TN with rate M and with rate function I*™™ given by

1) = H(Q145"), 0eP™T. 25)

This rate function is lower semi-continuous, has compact level sets, has a unique zero
at qSZ’N, and is affine.

The quenched LDP is more delicate and requires extra notation. The reverse oper-
ation of cutting words out of a sequence of letters is glueing words together into a
sequence of letters. Formally, this is done by defining a concatenation map k from I'N
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to I'N. This map induces in a natural way a map from P(I'N) to P(I'N), the sets of prob-
ability measures on I'N and I'N (endowed with the topology of weak convergence).
The concatenation g&™ o k! of g™ equals V&N, as is evident from (2.3).

For Q € P™V(I'N), Jet mg = Eg(t1) € [1, 0o] be the average word length under
O (Eg denotes expectation under the law Q and 1y is the length of the first word).
Let

Pinv,ﬁn(wa) = {0 ¢ pinv(FNy . mg < oo}, (2.6)
For O € Pinv,ﬁn(fN), define

1 71—1 '
\IJQ = m—QEQ [Z aﬂkK(Y) (S] PIHV(FN). (27)
k=0

Think of W as the shift-invariant version of Q o « 1 obtained after randomizing the

location of the origin. This randomization is necessary because a shift-invariant Q in

general does not give rise to a shift-invariant Q o k1.

The following quenched LDP is a straight adaptation of the one derived in Birkner,
Greven and den Hollander [8].

Proposition 2.2 (Quenched LDP). For IP-a.e. w the family P(R§, € -), M € N, satis-
fies the LDP on P™ (T'N) with rate M and with rate function given by

H(Q | qd™) +amg HWg [v®Y), @ epminghy
lims 0 inf 5, g o)y pineiin iy 19°(Q)), @ € P (TH)\PIv-in (),
(2.8)

19°(Q) = {

where « is the exponent in (1.6) and Bs(Q) is the 5-ball around Q (in any appropriate
metric). This rate function is lower semi-continuous, has compact level sets, has a
unique zero at qu’N, and is affine.

Remark 2.3 In [8] a formula was claimed for 79%¢ on PV (I'N) \ pinv-fin( TNy paged
on a truncation approximation for the average word length. As pointed out by Jean-
Christophe Mourrat (private communication), the proof of this formula in [8] is flawed.

The formula itself may still be correct, but no proof is currently available. In the present
paper we will only need to know 79" on Pinv.fin [Ny,

2.2 Variational criterion for localization

For N € N, let £y be the number of returns to zero of the polymer before epoch N,
ie.,

fy :=max{i € Ng: 7; < N}. 2.9)
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Let ®: I' — R be defined by

<I>f3,h((x1, ey Xn), (ST, .ty s,l)) = Z(ﬁxm —h)e(sm). (2.10)

m=1

Then the constrained quenched partition function defined in (1.12) can be written as

N . iy [7 ®p AR
ZNpn =B [ez” o 1{sN=o}} =k [e G 1{SN=0}]’

@2.11)

while the constrained annealed partition function defined in (1.23) can be written as

£ " ~ 1)
Zyin = E®E) [eZ,i’l P 1{SN:0}} =(EQ®E) [eZN e onadnsiy) 1{sN:o}] :

(2.12)

where 7| Q denotes the projection of Q onto the space I of the first word.

With the help of Propositions 2.1-2.2 we can derive the following variational char-
acterization of the annealed and the quenched critical curve. Note that F*"" (8, h) > 0
if and only if 1 < h2™(B) and F"°(B, h) > 0 if and only if & < A" (B).

Theorem 2.4 [Annealed localization]. For every B, h > 0,

F™B,h) >0 < sup {/fcbﬁ,h (71 Q) —Ia"“(Q)} > 0.
QeP™ ().

mg<oo, I*"(Q)<oo

(2.13)

Theorem 2.5 [Quenched localization]. For every 8, h > 0,

FYB,h) >0 «— sup {/ Qg d(71 Q) — Iq“e(Q)} > 0. (2.14)

Qe (i) r
mg<oo, [*™(Q)<o0

As we will see below, the role of the conditions mgy < oo and /*™(Q) < oo under
the two suprema is to ensure that fl: ®ppd(m Q) < 00, so that the suprema are
well defined. The condition my < oo under the second supremum allows us to use
the representation in (2.8). We will see in Sect. 3 how the variational formulas in
(2.13)—(2.14) can be exploited.

2.3 Proof of Theorems 2.4-2.5

The proof uses arguments developed in Bolthausenetal. [11]. Theorems 2.4-2.5 follow
from Propositions 2.1-2.2 with the help of Varadhan’s lemma applied to (2.11)—(2.12).
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The only difficulty we need to deal with is the fact that both Q + mgp and Q
CDZ}_’ Q) = f i Pp.n d(71 Q) are neither bounded nor continuous in the weak topology.
Therefore an approximation argument is required, which is worked out in detail in [11,
Appendices A-D] for the case of the copolymer interaction potential in (1.10). This
approximation argument shows why the restriction to m¢g < oo and /*"™(Q) < o0
may be imposed, a key ingredient being that 7*"™(Q) < oo implies dJE’ #(Q) < oo.
The proof in [11, Appendices A-D] readily carries over because our condition on
the interaction potential in (1.1) reflects the properties of the copolymer interaction
potential. We sketch the main line of thought. Throughout the sequel 8,7 > 0 are
fixed.

Proof of Theorem 2.5 Following the argument in [11, Appendix A], we show that

(1) Forevery g > 0, M +— Wg ,(RY;) — gmpge is bounded w-a.s.
’ M
(2) Forevery o € P(N),v € P(R) and p = (pn)nen With p, € P(Z"), there exist
y > 0and K = K(o, v, p; y) > Osuch that % , (Q) < yh(m1Q | go.p) + K

for all 0 € P™(I'N) with h(7#1Q | go.v.p) < 00, where (compare with (2.3))

Gowp((@xr, ..., dxy) X {(s1, ..., 80)}) = @(m) v(dxy) - - v(dxy) pa(st, ..., $n),
neN xi,....,x, €R, s51,...,5, € Z. (2.15)

The proof uses the fact that the conditions in (1.1) allow us to approximate ¢ by a
multiple of P (recall (1.10)) uniformly on Z \ [—L, L] at arbitrary precision as
L — o0. The proof also uses a concentration of measure estimate for the disorder,
which is proved in [11, Appendix D].

For g > 0, define the quenched free energy

1
que . R . que
F (B, h; g) = th N log ZN’ﬂ’h’g, (2.16)
where
ZN%ng =E [eN 0 Rip)—smag, }} (2.17)

is the quenched partition function in which every letter gets an energetic penalty —g.
Following the argument in [11, Appendix B], we use (1) and (2) to show that, for every
g >0,

R (B, h; g) = s {fFN cbz,h(Q)—ng—l*‘““(Q)}, (2.18)
eR:
mg<oo, I*"™(Q)<oo

where R is the set of shift-invariant probability measures under which the concatena-
tion of words produces a letter sequence that has the same asymptotic statistics as a
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typical realisation of Y, i.e.,

M—1
N 1
R = {Q € va(FN): w — [[/[lgnoo M Z BﬂkK(Y) = [,L®N Q — a.s. (219)
k=0

(w — lim means weak limit). The proof of (2.18) carries over verbatim. What (2.18)
says is that Varadhan’s lemma applies to (2.16)—(2.17) because of the control enforced
by (1) and (2).

Following the argument in [11, Appendix C], we show that

lim £ (8, h; g) = F1°(B, h) (2.20)
810
with
FI(B, h) = sup { / Dy (Q) — Ique(Q)}. 2.21)
QeP™ (FN): rh

mg<oo, [*™(Q)<o0

Here, in the passage from (2.18) to (2.21), the constraint in R disappears from the
variational characterization, while 7*™(Q) is replaced by 79"¢(Q). The reason is
that for every Q € PV (IN) there exists a sequence (Qj)ueN in R such that O =
w—1lim;, s O = Q and lim,_, oo 1*™(Q,) = 19"¢(Q). The proof of (2.21) carries
over verbatim. The supremum in the right-hand side of (2.21) is the same as the
supremum in the right-hand side of (2.14). O

Proof of Theorem 2.4 Varadhan’s lemma also applies to

Zym = E [eN @5 (R ] , (2.22)
and yields
. . 1
F(B, h) = Jim = log ZN% (2.23)
with
F™(B, h) = sup { / 5, (Q) — Iann(Q)}- (2.24)
QeP™ (). rh

mg<oo, [*™(Q)<o0
Again, this works because of the control enforced by (2). The supremum in the right-

hand side of (2.24) is the same as the supremum in the right-hand side of (2.13).
O
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3 Proof of Theorem 1.5

The upper bound in (1.43) is immediate from Theorems 2.4-2.5 and the inequality
19U > [ (see also (1.27)). In Sects. 3.1-3.3 we prove the lower bound in (1.43).
This lower bound is the analogue of what for the copolymer model is called the
Monthus—-Bodineau—Giacomin lower bound (see Giacomin [21], den Hollander [24]).

3.1 A sufficient criterion for quenched localization

The quenched rate function can be written as
I17%°(Q) = 1+ ) I"™(Q) —a R(Q), mg < o0, (3.1
with
R(Q) := H(Q | 4§") —mg H(Wo | v®™). (3:2)

It can be shown that R(Q) > 0 for all 0 € P™(T'N): R(Q) has the meaning of a
concatenation entropy (see Birkner et al. [8]). Therefore, dropping this term in (2.14)
we obtain the following sufficient criterion for quenched localization:

F B 1) >0 = sup {[(Dd(ﬁlQ) —a +a)Ia““(Q)} > 0.
QeP™ (I'N): r
mg<oo, I*"(Q)<oo

(3.3)

The right-hand side resembles the necessary and sufficient criterion for annealed local-
ization in (2.13), the only difference being the extra factor 1 4 «.

3.2 Reduction

Among the laws Q € P™(I'N) with a given marginal law g € P(I"), the product
law O = ¢® is the unique minimizer of the specific relative entropy H(Q | qggN).
Therefore the right-hand side of (3.3) reduces to

sup {f ®dg — (1 +a)h(q | qo)} >0, (3.4)
geP™(I): r
mg <00, h(glgo)<oco

where A (- | -) denotes relative entropy.
We next show that (3.3) reduces to an even simpler criterion. To that end, let
Cy = UyI,V:l I'* be the subset of words of length at most N. Consider the law
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gn € P(I") defined by

~ Y
qu . e T+a ICN

= 3.5
dqo Ne,n

where

Ny = / ema® 1, dgo < 00 (3.6)
r

is the normalizing constant. The latter is finite because, by (2.10), ® restricted to Cy

is the sum of at most N random variables with finite exponential moments. Note that
also

/~ ®eme® ¢, dgo < oo, (.7
r

which yields h(gy | go) < oo. Trivially, mg, < N < oo. Therefore we are allowed
to pick ¢ = gy in (3.4), so that (3.4) is satisfied when

(14 a)logNyy > 0. (3.8)

Since N is arbitrary, this in turn is satisfied when

Ny>1 with Ny = sup Ny y = / ema® dgo, (3.9)
NeN r

where N, = oo is allowed. Conversely, if N, < 1, theg (3.4) is not satisfied. Indeed,
as soon as N, < oo we may introduce the law g € P(I") defined by

1
d(,? el-Tan

dq0 o Not

(3.10)

and rewrite h(q | go) = h(q | §) — H#a flz ® dg + log Vg, so that

/l:d>dq — (1 +a)h(g | qo) = (1 +a)logNy —h(g | g) <0, (3.11)

where the last inequality holds for any g because NV, < 1, and so (3.4) fails. Thus,
(3.3) reduces to

FU(B, h) > 0 <= N, > 1. (3.12)
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3.3 Application

As we remarked below (3.3), (2.13) resembles (3.3), the only difference being the
factor 1 4+ « instead of 1 in front of 1*™(Q) = H(Q | qu’N). Therefore, repeating the
above steps and recalling (2.14), we conclude that

F™(B,h) >0 < Ny > 1. (3.13)
It follows from (2.10), (2.12) and (3.9) that the condition A, > 1 is equivalent to

F" (=8 o=h) > 0. (3.14)

ie. mgh < h3™ (15 B). which by (3.12) implies F"°(8, 1) > 0,i.e.,h < h*™(B).
This completes the proof of the lower bound in (1.43).
Recalling (2.3), (2.10) and the function ¥ defined in (1.21), we may write N

as

No = /ﬁgb dgo = Z E[E [eZ;L.(ﬂmn—h)w(Sn) 1{r.=m}ﬂ

meN

= Z E |:eZ:ln=1 wﬁ,h(sn) l{f] =m}i| .

meN

(3.15)

We will analyse this expression in Sect. 4 in the weak interaction limit 8, 7 | O for
the Bessel random walk.
Note that for 7 = 0 the expression in (3.15) reduces to

Z ]E|:E [622;1 Bwnp(Sn) 1{f1=m}:|]' (3.16)

meN

By Jensen and the fact that ¢ # 0, this sumis > 1 forall 8 > 0. Hence F*"(8,0) > 0
for all 8 > 0, which settles the claim made at the end of Sect. 1.6.

4 Proof of Theorems 1.6-1.8

To prove our scaling results for weak interaction, we will exploit the invariance prin-
ciple in (1.37). Recall (1.20)—-(1.21). Since ||¥g,1 || oo tends to zero as B, i | 0, we can
do a weak coupling expansion in the spirit of Caravenna et al. [15].

The proof is long and technical. In Sect. 4.1 we outline the general strategy, which
leads to three tasks. These tasks are carried out in Sects. 4.2—4.4, respectively.
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4.1 General strategy
Fix ;§, he (0, 00) and By, hy such that, as N — oo,

N=U=D/2 9 € (0,1 —a),
By ~Bx AN 9e(l—a?2l-a), .1
N—@/2, ¥ e 2 —a), 00),

and

N=CD/2 9 (0,1 —a),
hy ~hx {N-ED2 9 e -a2(1—a)), (4.2)
N7, % € 2(1 — a), 00).

We will prove that, for any T € (0, 00),

T
lim Zam =7 = Js (X dr 4.3
N1—I>noo TN,ByN,hn T.B.h |:exp </0 wﬂ’h( t) ):| ( )
(for ease of notation we pretend that TN is integer), where we set

322 |x|7% — he x| 77, ?e(0,1-a),
Vg0 =1 382 c*9?180(x) —he x|V, el - 2(1—w) (44)
{382 9P — hc*[pl} do(x), @ € 2(1 — a), 00).

We recall that the renormalized Dirac-function 30(-) is the notation introduced in
(1.36) to make the time integral fOT %i ;7(X;) dr in (4.3) well-defined.

Once the convergence in (4.3) is established, Theorems 1.6—1.8 follow. Indeed,
recalling the definitions of Fam i (1.47), (1.49) and (1.51), respectively, we can
write

FA(B, ) = limy . & log Z;f%ﬁ = lim7 . oo + log (nmN%O Zﬁﬂmhw)
=limy_oo N <limT_>oo ﬁ log Z%HII\},ﬁN,hN>

= limy—oo NF™ (BN, hy), 4.5)

where the interchange of the limits 7 — oo and N — o0 is justified in Appendix A.4.

To prove (4.3), we write Z%"I{}’ By 382 series, recall (1.20). Since the potential
¢ is assumed to be symmetric, i.e., p(—x) = ¢(x) for all x € Z, we can write

Yp.n(Sn) = ¥p.n(|Sul), and hence

n=1 keN

TN
ann oy =E [ I1 {1 + (¥ omn (15D 1)}} =14+> Crvx (46
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with

k
Crvi= Y. E{]‘[xﬁN,hNusnm] Xpn(x) 1= VP — 1. (4.7)

1<ni<--<ny<TN =1

We can write a similar decomposition for ZaTm;2 i namely,

2;“,';;’2 =14+> Cru (4.8)
keN

. 1. T k
Cry:= EEI: </0 dr 1#&@()(,)) i| 4.9)

Formally, if we rewrite the k-th power of the integral as a k-fold integral and afterwards
switch the integral and the expectation, then we get the expression

with

k
Cri= / l_[ {gt(—t(_l(u—lamz) ngl(w)} dry - - - dygedxy - - - dog 4.10)

O<ty<--<ty<T t=

X1,...,Xk€[0,00)
with £ = xp = 0. This is justified by Fubini’s theorem in the first regime in (4.4),
because lﬁﬂ 7(x) is a genuine function (see (4.4)). However, the second and third

regime in (4.4) are more delicate because w 5 j,(x) contains the formal term 50 (x). We
claim that (4.10) holds in these regimes as well provided we use the interpretation

“@up—tp_y (Xo—1, %) So(xe) dxg ™ := 81—, (xe—1, 0) So(dxr), (4.11)

where g is the function defined in (1.34) and § is the usual Dirac measure at zero,
both of which are proper. We prove (4.10) in Sect. 4.2 below.

Remark 4.1 In the third regime, both terms in I/Afﬂ (x) contain 60 (x) (see (4.4)). There-
fore (4.10) can be simplified, by the recipe in (4.11), to give

k

CT k= {%320 [o 2] — fzc*[<ﬂ]}k / 1_[ {gn_tu(o, 0)} dey -~ dt
O<ty<--<tx<T {=
' k

3% ¢+ ? - i c* “e

B* c*lo°] — hc*lol} / 1_[ T 1)1 - dig
0<[1<~~<tk<T

et —herlel e T @]

- )

T (ak)

(4.12)
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where the last equality can be seen to hold by the normalisation constant of the Dirichlet
distribution (see also (B.9)). Therefore (4.10) is delicate only in the second regime.

We will prove in Sect. 4.3 that the series in (4.6) and (4.8) have negligible tails:

VT € (0,00) Ve e (0,1) 3K = K(T,¢) < oo

lim sup E Cryi <é, E Crx <e. (4.13)
N—o0 -~ z
k>K k>K

We will show in Sect. 4.4 that

VkeN: lim Cryy = Cru. (4.14)
N—o00 '
The last two equations combine to yield (4.3) and complete the proof. O

4.2 Proof of (4.10)

For ¢ > 0 we define a genuine function 38 (x) that is meant to approximate 8o (x) as
e | 0 (recall (1.35)—(1.36)):

88 (x) 1= —2 415
0(x) '_82(1——“) (0,8)()6)- (4.15)

We also define an approximate version ¥e (x) of ¥ (x) in (4.4) by setting (suppressing
the dependence on S, h)

1/;5 (x) := the expression obtained from(4.4)after replacing So (x)bygf) (x), (4.16)

so that
T T
li%/ 1//8(Xt)dt=f ¥ (X;)dt in probability. 4.17)
€40 Jo 0

Below we prove that this convergence also holds in L*, k € N. Then, via 4.9), we
can write

A 1 . r
= — lim E e(X
Cr = tim [(/O dr e ,>)

k
= lsif(} / [1 {g,F,H(ngl, xe) I/IE(XZ)} dey - -didxy -+ - dx,

O<ty <<ty <

k

r =1

(4.18)
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which coincides precisely with our target Eq. (4.10) with the recipe in (4.11) via
the characterization of g in (1.33)—(1.34) (note that x — g;(x, y) is continuous on
[0, 00)).

To prove that (4.17) holds in L¥, k € N, it is enough to show that all moments of
fOT gﬁAf(Xl) dr are uniformly bounded.:

T n
VneN: sup E[(/ lﬁs(x,)dr> } < 0. (4.19)
0

e€(0,1)

Since wAg (x) is a genuine function, Fubini’s theorem tells us that, for every ¢ > 0,

T n n
—'E()|:<‘/(; 1/[3(Xt)dt> :| = / Eo[nwg(xtz)il dzy - - - dty. (4.20)
(=1

O<ty<---<ty<T

Combining (4.4) abd (4.15)—(4.16), we can bound |1//A‘8 x)] < ¥ex) = Cy 58 (x) +
C; |x|7Y for suitable constants C1, Co and y € {8,209} < 2(1 — «). Since ¥/° is
decreasing, and since Po(X; € ) is stochastically dominated by P, (X; € -) for any
x > 0, we can bound

T n
—,Eo[(fo x/fs(xt)drﬂs / HEo (Xip—ip )] i - diy

O<ty<--<t,<T =1
n
= / l_[ Ci 2(1 o PO(th to-1 <8)+C2E0[|Xt( 7Y ]}
O<ty<---<ty<T t=1
dty---di,
- Cy Cé
< / I1 TR =R tz_l)y/z}dtl...dtm

O<ty<--<t,<T =1

4.21)

where the last inequality holds by (1.31)—(1.32), for a suitable (and explicit) C;, < oo
(note that I:Z()[|X,£_,€71 |7¥] < oo because y < 2(1 — «)). The last expression is a
finite constant, and so we have completed the proof of (4.10). O
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4.3 Proof of (4.13)

The second inequality in (4.13) follows from the bounds in (4.18)—(4.21), namely, for
some constant C = C(T) < oo (recall that y < 2(1 — «))

VT € (0,00) Vk eN:
k

o k
) P L

Cri <
! P =t (k)

O<ty <<ty <T

(see also Appendix B.1).
To prove the first inequality in (4.13), we recall that, by (4.7),

k
Cryi = Z E |:l_[ XﬂN,hN(|Sn[|):| s XBn.hy (X) = VBN iy @) _ 1

1<ni<--<n<TN =1

(4.23)
In the sequel, C, C’ < oo denote absolute constants, possibly depending on T, ,3 , fz,
that may change from line to line. Since By, hy | 0, it follows from (1.21) that for

N — oo (recall that ¢ is bounded):

uniformly in x € Z:  xgy.ny (X) ~ ¥y ny (X) ~ %,812\, <p(x)2 — hy p(x).

4.24)
Since lim|y|— 0o Ix|?(x) = ¢ € (0, 00) by (1.44), we can bound
Vx € Z: | Xpyny (IXD] = Xpyny (XD
=C (3B A+ 1xD7> + Ay (1 +xD77). (4.25)

Next, recall the uniform upper bound in (1.42). For any y # 2(1 — «) we can
bound

C
l—o

2 C
Dok e <

. -V BTERYNY )
VneN: E[(1+]S)77]=< 2 = =G/
€

(4.26)

(where a A b := min{a, b}). Indeed,

e fory > 2(1—a) wedrop the exponential and note that ) ", _, (1 +lkDI 227 < o0;
e fory < 2(1—«)aRiemann sum approxmation shows that the sum can be bounded
by a multiple of n! =77/ (note that f;° x!~2~7 e /8 dx < 00).
It follows from (4.25)—(4.26) that

, _ B hn
Vn,N eN: E[xpyny(S:D] =C (naa)m? + a7 ) (4.27)
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Setting n = Nt with t € (0, T], and recalling that Sy, hy are given in (4.1)-(4.2),
we obtain

VN eN, Vi € (0,TINN"'N:

_ C 1 1 ¢’ 1 40
E[Xpxn(SNiD] = 5 e + s ) S 3 e 429

Next, by (4.23) we can bound

k
Crvw = > JTEXevw (Sn—nii D] (4.29)

1<ni<--<ny<TN {=1

because the function x gy, (|x]) is decreasingin | x| and the law P(|S, | € - | [S,/| = m)
stochastically dominates P(|Sy,| € - | S,y = 0) = P(|S,,_v| € -) for all m > 0 (as can
be seen via a coupling argument). Then, setting n, = Nt,, via (4.28) we get

IA

C
vz =5

O<ty <<t <T =1
such that N1y, ..., Nt eN

C
——tvdt; - - - dig. 4.30
{g(lz—tz—l)l"‘} f & 30

Crnk

IA

O<ty <<ty <T
This is the same bound as in (4.22), and hence the first inequaltiy in (4.13) is proved.O

4.4 Proof of (4.14)

Intuitively, we can get (4.14) by substituting the asymptotic relation (4.24) into the
definition (4.23) of Cry x and performing a Riemann sum approximation, recalling
(1.44). However, some care is required to properly implement this strategy.

1. Recall from (4.24) that xg, 5y (X) ~ @ o) —hy p(x)as N — oo, and by (1.44)
the terms ¢(x)? and ¢(x) decay polynomially as |x|™" as |x| — oo, with y = 2¢
and y = 9, respectively. Fix ¢ > 0 small and introduce an approximation x gN, hy )
of xgy.ny (x) in which each term is restricted to a relevant range: either |x| ~ 1 (more
precisely, |x| < é) or |x| &~ +/N (more precisely, e/ N < |x| < éx/ﬁ), depending
on the decay exponent y. Indeed, the bound in (4.26) on E [(1 + | Sy |)_7’] < tells us
that

e for y > 2(1 — «) the relevant contribution comes from |x| = |Sy| ~ 1;
e for y < 2(1 — &) the relevant contribution comes from |x| = |Sy| =~ v/ N.
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This motivates the following definition:

XEN,;,N(X)
{182 02 = voll mauzimy PO 1-a),
=1 2By e oty = Ay o) L <Ly € (- 2(1 = a)),
{%ﬂ]z\/ Qo(x)z_hNQD(x)]l{lxlS%}, Y € (2(1 —(X),OO).

4.31)

We correspondingly define an approximation C¥, vk Of CTiv ik (see (4.23)):

k
Crve= 2 E[HXEN,MISMD] 432)

1<ni<--<ny<TN =1
This allows us to split the proof of (4.14) in two parts: For fixed k € N,

lim limsup [Cryx — Chy | =0, lim lim Chy, =Crp.  (433)
el Nooo ’ ’ el0 N—oo ’ ’

2. The first claim in (4.33) is a consequence of the bounds that we have derived in
Sect. 4.3 for the proof of (4.13). Indeed, we can use a telescopic argument based on
the bound

k k

[Te~ 1o

(=1 =1

k i—1 k

<y (]‘[|az|)|a,~ —bi|< I1 |b£|> (4.34)

i=1 (=1 l=i+1

to replace a¢ 1= xgy,hy (Sn,) by be == ng’hN (Sy,) in the definition (4.23) of Crp k.
Note that both |a¢| and |b¢| are bounded by gy 1y (ISn, 1) defined in (4.25). Similarly,
we can bound |a; — bil = [(Xgy.hy — Xy ny)Sn)| = AXgy py (1Sn; ), where we
define A)ZEN’hN(pcl) to be xgy,ny (Ix]) in (4.25) with the terms (1 + |)c|)_2’9 and
(1+|xD~? replaced as follows:

1+ |xD~” 1{|x|>é}, y >2(1—oa)

B (4.35)
T+ D™ L cevmugnls Lvmy ¥ < 20— 0).

(L4 1xD™" ~ !

This leads to
|CTNJ< - C;N,k‘

k
<3 E| A% S x T Rewan(SwD | 436)

i=1 1<ni<--<np<TN Lefl,....k}\{i}
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3. Recall the bound (4.27) for E[xg,.ny (ISx])]. A similar but improved bound holds
for E [Ang,hN (Ix])]. namely,

_ B hy
. &€
Y, N eN: E[AXG 5, (15.D] = Cne <n(1a)Aﬂ RGOV CT)

ith limn, = 0.
wi lim Ne

> (4.37)

Indeed, by (4.26) and the lines following it, we can choose

1-2a—y _
- Izbl/g(l + k=27, y>2(1-a) 438)

f(o £)U(1/e,00) X172y /8 y < 2(1 —a).

Consequently, arguing as in (4.28)—(4.29), we get the following improvement of
(4.30):

k
C
|CTN,k_C?N’k| <kne / {Hm}dﬁ ~-dix (4.39)
O<ty<--<tx<T t=1

(set ng = 0, xo = 0), from which the first equation in (4.33) readily follows. With
similar arguments we can show that in (4.32) we can further restrict the sum to n, —
ng—1 > eNforall¢ =1, ..., k, with a negligible error as N — oo followed by ¢ | 0
(we omit the details). We can thus update the definition (4.32) of C% Nk where we
also sum over space variables:

k
Coni= > [T Peecs USne—nes | = x0) Xy pyy (K0). (440
1<ni<--<ng<TN: =1
ng—ng_1>eN YL=1,....k
X1,...,Xk €Ny

4. We are left with proving the second claim in (4.33). To do so, we distinguish between
the three regimes in (4.31).

e First regime. In the regime ¥ € (0,1 — «), the function ng’ Iy (x¢) restricts all

variables xy in the diffusive range {s\/ﬁ <x < %\/ﬁ } (“intermediate heights”). This
allows us to apply the local limit theorem in (1.40), which we may rewrite as follows:
Uniformlyint € [¢, T]and ¢ < 7',z < 1/,

2
P«/Nz/(lsNt| = \/NZ) ~ \/Ngl(z/y 2) l{ﬁzf«/ﬁz/this even}’ N — o0, (441)

where we recall that g,(z', z) = g1(z'/+/1, 2/~/t)/~/t. (For notational simplicity, we
will ignore the parity constraint and remove the compensating factor 2.) Note that
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@(x) ~ ¢/x” as x — oo (see (1.44)). Therefore, by (4.1)—(4.4) and (4.31), uniformly
ine <z<1/e,

bs (@
Xy VN ~ {3 A (VND)™ —hy e (WN2) 7} ~ w“‘% (4.42)

Introducing macroscopic space-time variables ny = Nt¢, x; = ~/Nz¢, we get from
(4.40) that

k
81—t (Ze 1, 2¢) Wﬁ (o)
Crnu ~ ) [17 “

O<ty<--<tx <T: =1 N
NtgeNand ty—tp_1>e V2L
Zlyeees 7k €[0,00):
\/ﬁzgeZ and e<zy<1/e V¢

N—o0
O<ty <<ty <T:
tg—tg—1>e VI
21,..,2k€[0,00):
e<zy<l/e V¢

.dfedzy ... dzg. (4.43)

k
e / l—[ {8101 (ze—1. z0) 1ﬁg,;;(u)} dr
=1

When we let ¢ | 0, the last integral converges to C TNk (see (4.10)). This proves the
second claim in (4.33).

e Third regime. In the regime ¥ € (2(1 — «), 00), the function yx EM Iy (x¢) restricts
all variables x; to the O (1) range {x < é} (“low heights”). This allows us to apply the

local limit theorem in (1.38), which we may rewrite as follows: Uniformlyin¢ € [e, T']
and 0 < x',x < 1/e,

2c(x)

Py (IShe| = x) ~ Ni—a i«

1{)c—)c’—Ntis even}» N — oo, (4.44)

where we recall that g1 (x'//n, 0) ~ £1(0,0) = 1 (see (1.34)). (We again ignore the
parity constraint and remove the compensating factor 2.) Moreover, it follows from
(4.1)—(4.2) and (4.31) that uniformly for x < 1/e,

182 0(0)? — ho(x)
N« ’

Xpy .y ) = {%ﬁzzv 9(x)* — hy co(x)} ~ (4.45)
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Introducing the macroscopic time variables ny = Nt¢, while keeping the microscopic
space variables x;, we get by (4.40) that

k R R
oo c(x0) 3B p(x0)* —ho(xo)
TN,k Z 1_[ lea (l‘ —t l)lfoz N«
O<ti <<ty <T: =1 e -
NtgeNand ty—ty_1>e V¢
X1, Xk €N :
xe<1/e Ve
lil {38 Xict)e €9 —h Yoy e c(0)0(x) ) a
N=o0 (te — te-1)'~
O<ty<--<tx<T: =1
tg—tg—1>e VL
. dtg. (4.46)

When we let ¢ | 0, the term in brackets converges to

B o) —h Y ce) =: 3B cFlpl —hctlpl.  (447)

xENo XGNO

Hence C?N,k converges to CA’TN,k (see (4.12)). This proves the second claim in (4.33).
e Second regime. In the regime ¢ € (1 — «, 2(1 — @)), the function XEN;hN(XZ) is
the sum of two terms with different restrictions, namely, {x < é} and {es/N < x <
%\/ﬁ }. Expanding the product over x EN iy (x¢) in (4.40), we obtain 2k different terms,

where every variable x, is subject to one of the two restrictions. Each of these terms
can be analysed by arguing precisely as in the previous regimes:

— for {8\/ﬁ <xg < l\/ﬁ } we apply the local limit theorem in (4.41), introducing
the macroscopic space variable z; € [0, co) defined by x, = VN z05

— for {x; < %} we apply the local limit theorem in (4.44), keeping the microscopic
variable x; € Np.

The choice of By, hy in (4.1)—(4.2) ensure that the appropriate Riemann factor appears,
so that the sum defining C%;; , converges to the integral in (4.10) as N — oo followed

by ¢ | 0. This integral defines c NT.k» With the recipe in (4.11). We omit the details,
which are notationally tedious because of the need to specify the restriction for each
variable xy, but are ultimately straightforward.
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Appendix A: Equivalence

In “Appendices A.1-A.3” we prove (1.16), (1.14) and (1.25), respectively. In
“Appendix A.4” we show that the limits N — oo and T — oo in (4.5) may be
interchanged.

A.1.Proof of (1.16)

For N € Ng and x € Ny, define
Jx(N) :=P, (Sn >xV0<n<N, SNzx). (A.1)

(If S has period 2, then replace N by 2N.) By superadditivity,
. 1 .
lim — log fy(N) =: Cy € (—00,0] exists. (A2)
N—oo N

For z € [0, 00) and x € Ny, define

Fo(@) =Y N v (A3)
NeNy
Then, clearly,
Ci,=0 < F,(+¢g=c0Ve>0. (A.4)

By (1.6), we have Cp = 0. Below we show that this implies C, = 0 Vx € Ny. The
proof is by induction on x.

Any path that starts at x, ends at x and does not go below x can be cut into pieces
that zig—zag between x and x 4 1 and pieces that start at x 4+ 1, end at x + 1 and do
not go below x + 1. Hence we have

rxz2Qx(2) 0.(z) =

EO=1Tr 000 T~

» Tx = Pxx+1Px+1,x > 0,

(A.5)

where py x+1 :=P(S1 =x + 1| So = x). We know that Fp(1 + &) = oo Ve > 0.
We show that this implies F (1 + &) = oo Ve > 0 for every x € N. The proof is by
induction on x.

Fix x € Ny and suppose that Fy (1 + &) = oo V& > 0. We argue by contradiction.
Suppose that Fy41(1+¢) < oo for ¢ small enough. Because r, > Oand Q,(1+¢) <
oo for & small enough, it follows that Fy41(1 +¢)0x(1 +¢) > 1 Ve > 0, and
by continuity that Fy41(1)Q« (1) > 1. To get the contradiction it therefore suffices to
show that F, ;1 (1) O, (1) < 1.Now, because (S,),eN, isrecurrent, we have Fy (1) =
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Px+1.x+2. Because O, (1) = 1/(1 — ry), it follows that

Px+1,x42 Px+1,x42
1 —ry 1 - Px+1,xPx,x+1

Fop(DO:() = =Pyy1(Sp = x Vn e Ny) < 1,

(A.6)

where for both the last equality and the inequality we again use recurrence.
To prove (1.16), note that forany 0 < M < N,

Po(S, > M VM <n<N)
=Po(S, =nV0<n<M)Py(S,>MVM<n<N)

M—1
> {1‘[ px,m} fu(N = M). (A7)

x=0

Hence
1
l}vminfﬁlogPo(SnzMVM<n§N)zCM VM e Ny. (A.8)
— 00

Since Cpy = 0 for all M € Ny, this implies (1.16).

A.2.Proof of (1.14)

Note that ZIL\U/‘,(/:B,/’l < Z%,ﬂ,h forall N € Ny. Hence we only need to show that Zla\)/,ﬁ,h <

e’ ™) Zﬁ% , P-a.s. Define the constrained partition function

N
Zja\;z)fg’,% :=E, I:ezn=1(ﬁwn—h)<ﬂ(5n) 1{S,,=y}] , NeNg, x,yeZ. (A.9)
Then

_ 0,0,y w,c _ 50,0,0
Z8 g _ZzNﬁﬂ,h, 0 =285 (A.10)

By (1.1), for every ¢ > O there is an M € Ny such that
o) —yTI<e x=M, lp)—yTI<e x=-M.  (AlD

where we abbreviate yi = limy— 400 ¢(x) and recall that y* = 0, y~ € [0, 00)
according to (1.1). For N > M, split

Z8 5 =1+1+11 (A.12)
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with

o ,0,y o ,0,y o ,0,y
I= )" zZyyy M= Y zyph, M= Y zyih. (Al13)
y>2M y<—-2M —2M<y<2M

We will show that all three terms are bounded by ) Zy .0, (}l For ease of notation we
will pretend that the Markov chain has period 1. This is eas1ly fixed when the period
is 2.

Consider I. Let oy = max{0 <n < N: §,, = M}, and split

N
1= Y E [ezn:uﬁwn—w(sm Lsy=20) 1{0N=m}] _ (A.14)
M<m<N-M

Replace (S, ..., Sy) by an (N — M — m)-step path from M to M that is everywhere
> M, followed by an M -step downward path (M, ..., 0). The cost of this replacement
is at most

exp ([26(N = M = m) + 2Mlglloc] (BN (@) + [AD) (A1)

for the weight factor, with Qy (@) = max|<,<ny @, and at most

Pu(S, >MVYY0<n<N—-M,Sy >2M)
Pu(S,>MVY0O<n<N-M-—m,SN_py—m =M) Iy

(A.16)

for the path probability, with 1y := [] )IC: m Px.x—1. The probability in the denomi-

nator equals fy (N — M — m), and so we get

-1
I < o[2eN+2Mliglloc] (B 2 (@)+RD My ©.0,0 (ALT)
N Su(N =M —m) NP '
Since M is fixed, 1y > 0, ||¢llcoc < oo QN = O(logN) P-as. and
maxi<p<ny 1/ fu(n) = e?WM) we getl = e"(N)Z N B O Ppas.
The argument for II is similar. For III we replace (Sn—m> ..., Sn) by an M-step

path from Sy _js to O at a finite cost (depending on M and Q).

A.3. Proof of (1.25)
Copy the argument in “Appendix A.2” starting from the analogue of (A.9):
ZN =B [ VS0 g L N eNo, vy eZ. (A8
Use that |8 1llco < 00, and that for every ¢ > 0 there is an M € Ny such that
[Wpn(x) —ntl<e x=M, |[Yppx)—n"I<e, x<-M, (A19)

with n% =Yg, (yE) = log M (By*) — hy® (recall (1.21)).
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A.4. Interchange of limits

The following two lemmas, which give us a sandwich for the annealed free energies
in the discrete and in the continuous model, are the key to showing that the limits in
(4.5) may be interchanged.

Lemma4.2 For M, N € Ny, B € (0,00) and h € R, define

Zann,— — min Zann,x,y’
M,N,B,h Ix|<M N.B.h
lyl=M
ann,+ ,__ ann, x, y
ZN,ﬁ,h = supz max ZN/,/S,h . (A.20)

xeZ vez 0<N’'<N
Assume that lim|y|— 00 ¢(x) = 0 (recall (1.44)). Then, for all B € (0, 00) and h € R,

1 ~ 1 n
N]gnoo v log Z;;?N,ﬁ,h = F"™(B,h) = ngnoo N log Z?\?’l}g’h VM e Ny (A2l)
Proof Note that Zif[l?];,fﬂ’ p < Z?\?%Z forall M, N € Ny. Hence we only need to show

that Zi}’?&fﬂ’ , < e’ Z?\}"}; as N — oo for all M € Ny. Indeed, this will imply

(A.21) because F™ (B, h) = limy— oo % log Z%‘"};?AO, as proved in Appendix A.3. In

what follows we fix S, h and abbreviate H y (S) := Zflvzl Yg.5n(Sn).
Recall (A.19), where ni = 0 because yi = limy_ +00 ¢(x) = 0 by assumption.
Define 1)y := min{n € Np: |S,| < M} and split

E, [eHN(S)] =, +1I, (A.22)
with
I, = E, [eHN(SM{TWN}] . I, =E, [eHN(”l{,MSN}] . (A.23)
Forx > M andx < —M,
L <&V Pty > N) <eV,
I, <E, [e”Ml{rMsN} ma . [eHNw(mH

< e max max E. [eHN’(S)]. (A.24)
lzZl=M 0<N'<N

Combining (A.22) and (A.24), we obtain

Z?\?“’; < (1+¢V) max max E, [eHN’(S)] . (A.25)
A |z <M 0=N'=N

For every |x|, |y| < M we have

E, [eHNmS)] > My e MVeilx g [eHMm] (A.26)
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with Ty = [T, pect AT prsoi. Since Ty > 0, it follows that

X=—

Z;\\;m,—; < eEN+oN) oo Eo [eHN/(S)] , N — oo. (A.27)
P 0<N’'<N

As shown in Appendix A.3,

Eo [eHN’(S)] = g0y, =M Z00 N s oo, (A28)

Since N +— log Z?\?’I:éf)};o is super-additive, it follows that

max Eg [eHN/(S)] =e’ME, [eHN(S)] , N — oo. (A.29)
0<N’'<N

Combining (A.27) and (A.29), we obtain

Z?\?’nJrh < e£N+0(N)Z?\;1,‘:é?};O’ N — 00. (A.30)
But
Zmm00 < g [eHN(S) 1{|SN|§M}]~ (A31)

Appealing once more to (A.26), we arrive at

ann,+ N+o(N) —ann,—
Zynpgn =TV Zy N gpe N — 00, (A.32)
which proves the claim because ¢ > 0 is arbitrary. O

Lemma4.3 For S, T >0, € (0, 00) and h € R, define

A

"~ - o di (X0
Zor pi = minEs [ello P X128 |

A T/ 7 PN
781 .— sup max E, el VX0 , (A.33)
T.ph (cRO<T'<T

with 1% j defined in (4.4). Then, for all ,3 € (0, 00) and h € R,

: 1 Zann,—  __ panng 4 L\ . 1: 1 ~ann,+
Tli)moo T log ZS,T,ﬁJ} = F"(B,h) = Tli)moo T log ZT,,é,fl VS e (0,00)(A.34)
Proof The proof is similar to that of Lemma 4.2. O

What makes Lemma 4.2 useful is that N — log Zif}fll’\,fﬁy ; 18 superadditive for every
M e Ny, while N — log Z?\?r}’ﬁ is subadditive. Consequently,

1 N 1 ,
Nlog Zygnpn < F (B 1) < Nlog z;“j;jl VM,N €N. (A.35)
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Let A, B be the pair of exponents appearing in part (a) of Theorems 1.6-1.8, i.e.,

(1 —9)/2,(2—9)/2), ¥ € (0,1 — ),
A, B =1 @2, 2-1)/2), vel—a2]-a)), (A.36)
()2, ), 9 e (2(1 —a), 00).

Fix T, § € (0, 00), in (A.35) replace N by T'N, and pick M = SVTN, g = ﬁN’A,
h = hN~8 to obtain

1 ann, — ann,  Ha7—A | a7—B 1 ann,+
T log ZS\/W,TN,ﬁN*A,sz*B S NFBNTZ ANTT) < TIOg ZTN,f?N*A,};N*B
VNeN, T,S e (,oc0).

(A.37)

Let N — o0 to obtain

1 . .
—log Z*™™~ < liminf NF*™ (BN, hN~B)
T S.TAh = Nooo

~ ~ 1 ~
<limsup NF™(AN~4 AiN~B) < ?log z;“‘;;; VT,S € (0,00). (A.38)
N—o0 i

Here, the fact that

Zamn= — im Z¥M— S

S,T,B,h N—oo SVTN,TN,BN-AhN-B

zamt — izt (A.39)
T.B.h N—oo TN,BN-4hN-B

follows from the same argument as used in Section 4 to prove that

. ann __ Aann
i ZE s = 2 (A.40)

In particular, the scaling M = S+/T N fits well with the invariance principle in (1.37).
Finally, let T — oo in (A.38) and use Lemma 4.3, to obtain

Jim NF™(BN~A, hN"B) = F*™ (B, h). (A.41)
— 00

Appendix B: Properties of the annealed scaling limit

In this appendix we show that the annealed partition functions and the corresponding
annealed free energies encountered in Theorems 1.6—1.8 are finite in each of the three
regimes. We also give an explicit characterization of the annealed free energy and the
annealed critical curve in the regime where ¢ € (2(1 — «), 00).
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B.1. Finite free energies for the Bessel process

For u, T,y € [0, 00), define

T
Zyr = Eo |:exp </L/(; dr X,_y>] . ZyT = Eo[exp (/LLT(O))] . (B.)

We show that, for 0 < y < 2(1 — «), these quantities grow at most exponentially as
T — oo:

1 A
Vuel0,00), VO<y <2(l —): limsup? log Z,,, 7 < oo,

T—o00

1 ~
lim supT log Z,, 7 < 0. (B.2)

T—o00

By Cauchy-Schwarz, this implies that all the free energies in Theorems 1.6—1.8 are
finite.
We first focus on Z,, 7, which we rewrite as

Zur =1+ wCur (B.3)
keN
with
k
Cr.r ::/ dry---dy Bo | [T X7 |- (B.4)
0<ty <<ty <T =1
We use the Markov property at times #1, ..., tx to estimate

k k
= [H XY} N /O<x 1_[ oo (Xiy—tpy € dxp)x,”
=1 =X1,.

Xk <00y

. (B.5)

S / Hf)O(Xt(—t@,1 € d-xﬂ)-x[_y

<
0=<X1,...,Xx <00 =1

where the inequality holds because f’o(X ¢ € -) stochastically dominates f’x (X; € )
for any x > 0 (by a standard coupling argument and the fact that X is a Markov process
with continuous paths) and because x +— x 7 is non-increasing. We thus obtain

k
Crr sf iy die JTEo [X:7,_,] (B.6)
0<ty<--<ty <T =1

@ Springer



Phase transitions for spatially extended pinning 371

with 7o = 0. By diffusive scaling we have Eo[X, "] = r77/2C, with C = Eo[X, "] <
oo for 0 < y < 2(1 — &) (recall (1.31)). The change of variables #; = T sy yields

Zur <14 _(uC T Iy /2) (B.7)
keN

where, for ¥ € (0, 1),
k
o) = [ sy ---dsi. [ (e —s0-)™? B8)
0<sy<--<sp <1 =1

with so = 0. Since

k k
Ly Ta-)
dup - - - duy ||(u —up ) V= — (B.9)
/o§m<...<uk151 : [ R N (T )

with ug = 1 and uyx = 1 is the normalization of the Dirichlet distribution, after setting

s;i =spu;fori =1,...,k—11in (B.8) we obtain
k(i—o-1 LA =0) ra—ok
ho)= [ dss} _
0<sp<l1 rkd-12)) TE&Ad-9)+1)
< T(1 = 9) exp ( — (1= )k {log[(1 — 9)k] — 1}), (B.10)

where we have used Stirling’s bound I'(x + 1) > e*(1°2*¥=D _Substitute ¥ = /2 and
set

A:=0-y/2), B::log(uCF(l—y/Z)), (B.11)
to obtain

Zur <14 exp ( — Ak[log (Ak) — 1]+ Aklog T + Bk),

=1+ exp(T %] - a[log(a%) - 1]+ B}). (B.12)

We now set x := k/T and note by direct computation that, with x := A~!e8/4,

sup x{—A[log(Ax) — 1]+ B} = ¥{—A[log(A%) — 1]+ B} = e®/4. (B.13)

x€[0,00)

Therefore the leading contribution to the sum in (B.12) is given by k ~ xT (more
precisely, the sum restricted to 0 < k < 2xT is at most 2x T exp(T eB/4) while the
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contribution of the remaining terms with k > 2x7 is negligible). It follows that

1 A 1
lim sup - log Zyr <eB/4 =[nCT1 - y/2)]™7 < 0. (B.14)

T—o00

We next focus on Z w,T> Which equals

Zyr=1+Y prCr (B.15)
keN
with
i Lars
Cur = B [LT(O) ] (B.16)

We recall from (1.35) that we can write iT(O) = limg o I:gT(O) in probability, where

o '—ow

T
~ C .
L%(O) = m/o ds 1{XS€(015)}, with Cq ‘= 20[—_1 (B17)

Let us focus on I:ET(O) for a moment. By explicit computation, for any k € N (with
to :=0)

k

k
A A C A
B[ 0] = S f dry - di P()(ﬂ{x,[ € (0, a)})
0<ti <<ty <T

=1

==

C

k k
< Sitor f dry - di [ [Po(Xi,—, € (0, 2))
0<ti<--<tx <T =1

k
<[ dry - di [t — 1) ™07 = 7% 1(1 — @),
0<ti<--<txy <T =1
(B.18)

where the first inequality holds because ISO(X + € -) stochastically dominates ISX
(X; € ) for any x > 0, while the last inequality holds by (1.32) and the defini-
tion (B.8) of I;(-). This shows that, as & | 0, L%.(0) is uniformly bounded in LK, for

any k € N. By uniform integrability, we can therefore exchange lim, o and Eto get,
recalling (B.16),

~ T 1A re k| _ pra
Cir =lim E [LT(O) ] — T (1 — a), (B.19)
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where the last equality holds because the inequality in (B.18) becomes sharp as ¢ |, 0.
Hence

k
Zyr =1+ Zuk/ dty - --dg H(le — 1)~
keN 0<ti <<ty <T =1
=14Y I —a). (B.20)

keN

The steps in (B.10)—(B.14) (with 9 = 1 — oz instead of ¢ = y/2) show that not only
Zu 7 < oo for all u, T, but also 11m7_>Oo T log Z,L T < oo for all w.

B.2. Formula for the annealed free energy

To compute the annealed free energy F (B , ﬁ) in the regime ¥ € (2(1 — «), 00),
we use the first line in (B.20) to compute the Laplace transform of Z, 7. Writing

e = (]_[12:1 e Mle—te-1)y e =MT =) for ) > 0, we get

o AT ~ o 1 A g 1
AT re ™1 Z, r =1+ (M/ 1% e—’dt> =
/0 a 2 0 1 — AT (a)

keN
(B.21)
Hence

1 (), 0,
F(w = lim —logZr AR (B.22)
07 M<07

which proves (1.57).

Appendix C: Localization criterion for the annealed model

In this appendix we take a closer look at the criterion in (1.62) and show that it
does not depend on the starting point of the walk. For the purpose of this appendix,
let S = (Sy)nen, be any recurrent Markov chain on a countable space E, and let
Y : E — R be an arbitrary function. Denote by t* := min{n € N: S, = x} the first
return time of S to x. Define

Ay =) Eq [eZZLI ¥ Sw) 1{,_,,1}] € (0, o0l (C.1)

meN

We will prove the following property:
Vx,y: Ax>1 <= A, > L (C.2)
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Itis convenient to introduce the following shorthand notation, for (possibly random)
oeN:

H(o) =Y ¥ (Sw), (C3)

n=1

so that we may simply write A, = E,[e’?"")]. Given an arbitrary y, we can split this
expected value according to the two complementary events {t* < 77} and {t¥ < t*}:

A, =E, [eH(m Ljrr<rvy] + Ex [eH(m — (C.4)

The second term can be expanded by summing over all visits of S to y that precede
the first return to x. If we define

Bxy =E;, [eH(tx) l{r"'<r-"}]» ny =E, [CH(I)V) 1{r>'<r)‘}]a (C.5)
then by the strong Markov property we get

Cyy Cyx
1— By,

o
Ay =Byy+ Y Cxy (Byx) Cyx = By + : (C.6)

{=0

with the convention that Ay = oo if By, > 1. Exchanging the roles of x and y, we
get

Cyy C
Ay = By, + (C.7)
1 — Byy

We are now ready to prove (C.2). Fix x, y. We show thatif Ay < 1,thenalsoA, < 1.
To simplify the notation, we abbreviate b := Byy, b’ := By, and ¢ := Cy,Cyy, $0
that

c
1—b"’

c
1-5

A, =b+ Ay =b+ , (C.8)

with the convention that the ratios equal co if &' > 1, respectively, b > 1. Assume that
A, < 1. Then we must have b’ < 1 and the formula A, = b + 1_;},, applies, which
shows that also b < 1 (because ¢ > 0). Hence we can write

c 1—-b ¢
A, =D =
Y +1—b +1—b1—b’
/ /
=+ —— (A, —b)<b +——(1—b) =1, C.9
“Fl_b(x ) < +1_b( ) (C9

ie,Ay <1.
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