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1 Introduction

The modern viewpoint on global symmetries, initiated in [1], identifies a symmetry with
the existence of topological operators of arbitrary codimension in a quantum field theory.
This perspective has led to far-reaching generalisations of the familiar notion of a group-like
symmetry acting on local operators, including higher-form symmetries acting on extended
operators, higher-group symmetries [2–4], and non-invertible symmetries; see [5–9] for reviews.
Like ordinary symmetries, generalised global symmetries and their ’t Hooft anomalies are
preserved along renormalisation group flows, and therefore provide powerful non-perturbative
handles on the dynamics of quantum field theories.

Five-dimensional superconformal field theories (SCFTs) constitute an especially fertile
arena for these ideas. Although gauge theories in five dimensions are infrared free, a large class
of them arises as relevant deformations of strongly coupled ultraviolet fixed points [10–12],
which can be engineered in M-theory on canonical Calabi–Yau threefold singularities or via
five-brane webs [13]; see [14–19] for progress on the systematic classification of 5d SCFTs.
The 1-form symmetries of these theories, together with their ’t Hooft anomalies and 2-group
structures, have been analysed extensively from the geometry of the Calabi–Yau threefold and
the associated symmetry topological field theory [20–33]. More recently, strong field-theoretic
evidence for 2-group symmetries in 5d SCFTs was found via the dimensional reduction of 6d
theories [34], and the interplay between the mixed instanton–1-form anomaly of 5d Yang–Mills
theories and the choice of global variant was investigated in [35].

In parallel, the blow-up equations have emerged as one of the most powerful computational
tools for the partition functions of theories with eight supercharges. Originally introduced by
Nakajima and Yoshioka [36–38] for the Nekrasov partition function [39, 40] of supersymmetric
Yang–Mills theory, they have been extended to arbitrary 5d N = 1 gauge theories, and even
to non-Lagrangian theories admitting no gauge-theory deformation [41–46]. The equations
determine the partition function on the Ω-background in terms of partition functions on the
blown-up geometry, summed over magnetic fluxes threading the exceptional ℙ1; each flux is
weighted by a classical prefactor exp(−Vn), fixed by the effective prepotential of the theory.

The purpose of this paper is to point out that the blow-up equations know about the
generalised global symmetries of the theory, and to turn this observation into a practical,
purely field-theoretic diagnostic. The starting point is the remark that the magnetic fluxes
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summed over in the blow-up equations take values in the coweight lattice of the gauge group,
and that fluxes in a non-trivial coset of the coweight lattice modulo the coroot lattice are
precisely the ’t Hooft fluxes of the electric 1-form symmetry. Evaluating exp(−Vn) on such a
background, the fractional parts of its exponents encode the ’t Hooft anomalies involving the
1-form symmetry: the exponent of the instanton fugacity measures the fractional instanton
number, i.e. the mixed 1-form–U(1)I anomaly; the constant part of the (p1p2)-exponent
packages the cubic self-anomaly of the 1-form symmetry together with its mixed gravitational
and SU(2)R couplings; and the exponents of the flavour fugacities yield the mixed 1-form–
flavour anomalies. In this way, we reproduce, from an elementary evaluation, anomalies
previously derived via geometry and the symmetry topological field theory [23–26, 28], and
we obtain new ones.

Beyond anomalies, the same evaluation furnishes a criterion for 2-group symmetry.
Demanding integrality of the gauge-fugacity exponents of exp(−Vn) at the generator of the
genuine 1-form symmetry fixes the admissible background fluxes and leaves behind a definite
fractional flux for the partner instanton and flavour symmetries — the forced flux. Whether
the forced flux signals a genuine 2-group, a mixed ’t Hooft anomaly, or a split (trivial)
extension is decided by the faithful continuous global symmetry of the ultraviolet fixed point,
which we determine from the superconformal index [47, 48]. The use of superconformal
indices as a probe of generalised global symmetries and of the faithful symmetry group is in
the same spirit as the three-dimensional analyses of [49–55]. This interplay is illustrated most
sharply by the SU(4)kCS theories with antisymmetric hypermultiplets: the blow-up returns
the same forced flux for kCS = 0, 2, 4, and it is solely the faithful symmetry — which varies
with kCS — that separates non-split 2-groups from mixed anomalies and split extensions.
Our findings are summarised in tables 2 and 3.

Our analysis covers both Lagrangian and non-Lagrangian theories: on the Lagrangian side,
pure SU(N)kCS gauge theories, SU(4)kCS and USp(4) with antisymmetric hypermultiplets,
and Spin(7) and Spin(8) with vector hypermultiplets; on the non-Lagrangian side, the toric
families BN and B

(1,2,3)
N of [20, 56] and the rank-two theories ℙ2 ∪ 𝔽3 and ℙ2 ∪ 𝔽6 of [14, 17]

(models 67 and 68 in the classification of [17]). Along the way, we obtain a number of results
that, to our knowledge, are new.

• Closed-form expressions for the blow-up function exp(−Vn) for a general gauge group with
hypermultiplet matter, together with a simple two-step recipe fixing the quantisation of all
background magnetic fluxes, as well as the effective prepotentials of several non-Lagrangian
theories, including those of the BN and B

(1,2,3)
N families, most of which have not appeared

in the literature.

• For the non-Lagrangian families, the quantisation of the magnetic fluxes, including their
spinc offsets, which must be carefully distinguished from the bare 1-form symmetry back-
grounds on which the anomalies are evaluated.

• The cubic 1-form anomalies of the rank-two theories ℙ2 ∪ 𝔽3 and ℙ2 ∪ 𝔽6, together with
the mixed 1-form–flavour anomalies of the B

(2)
N and B

(3)
N families. The anomaly of ℙ2 ∪ 𝔽3

first arises as a mixed 1-form–gravitational anomaly; a mod 24 counterterm ambiguity
allows us to recast it as a purely cubic one. This theory arises from the isolated orbifold
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ℂ3/ℤ5(1, 1, 3), and its anomaly can also be extracted by the complementary methods
of [32, 33], based on boundary η-invariants and on quiver Hilbert series, respectively. Our
blow-up derivation is independent of these; moreover, the mod 24 ambiguity we exploit
has the same index-theoretic origin as the ℤ6 redundancy discussed in [32]. To the best of
our knowledge, the remaining results have not appeared in the literature.

• The mixed 1-form–SU(2)R anomalies of all of the above theories. For the E0 theory, this
furnishes an independent, intrinsically five-dimensional derivation of the mixed anomaly
recently proposed in [52].

• The superconformal index of USp(4)θ=0 + 2Λ2 from the blow-up equations, including
the subtleties associated with the Λ factors and the decoupled free hypermultiplet. This
computation is carried out in parallel with that of SU(3)kCS=6 — many steps of which were
presented in [43, 45], and for which we spell out further details.

The rest of the paper is organised as follows. In section 2, we review the blow-up equations
for 5d N = 1 theories on the Ω-background. In section 3, we present the blow-up function
exp(−Vn) in closed form for the theories of interest, and derive the quantisation of the gauge
and background magnetic fluxes. In section 4, we extract the ’t Hooft anomalies involving the
1-form symmetry from the fractional parts of the exponents of exp(−Vn). In section 5, we
determine the faithful continuous global symmetries of the ultraviolet fixed points from their
superconformal indices. In section 6, we formulate the flux criterion for 2-group symmetries
and apply it to all of the theories under consideration. Appendices A and B contain the
detailed toric analysis of the non-Lagrangian theories, and appendix C collects the blow-up
computation of the superconformal indices of SU(3)kCS=6 and USp(4)θ=0 + 2Λ2.

2 Review of the blow-up equations

In this section, we review the blow-up approach to compute instanton partition functions
of 5d N = 1 gauge theories. The main protagonist of this strategy is a set of equations,
known as blow-up equations, first introduced in [36–38] to study the Nekrasov partition
function [39, 40] of 4d and 5d supersymmetric Yang–Mills theory for any gauge group [57]
(see also [58–61] for complementary methods), and later extended to the case of generic 5d
N = 1 gauge theories in [41–43] (see also [44, 46] for partition functions with the insertion
of defects, as well as [62–66] for 6d theories).

Before starting our discussion on the blow-up equations, we review some preliminary
concepts regarding 5d N = 1 gauge theories, namely the Ω–deformed partition function
and the effective prepotential, which are necessary tools for understanding the subsequent
parts of this section.

2.1 The Ω–deformed partition function

The starting point is the Ω–deformed partition function of a given 5d theory on ℂ2 × S1 with
Ω–deformed parameters ϵ1,2, given by the following Witten index:

Z = Tr(−1)F p
(j1+jR)
1 p

(j2+jR)
2

∏
i

zGi
i

∏
j

w
Hj

j , (2.1)
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where (−1)F is the fermion number operator, and we introduce p1,2, which are related to the
Ω–deformed parameters by pi = e−ϵi . Moreover, the Cartan generators of the SO(4) Lorentz
rotations and the SU(2)R R-symmetry are denoted as j1,2 and jR, respectively. Finally, zi

and wj stand for the gauge and global symmetry fugacities, respectively, with Gi and Hj the
corresponding charges. The partition function (2.1) receives classical, one-loop and instanton
contributions, meaning it can be factorised as

Z = ZclassZone-loopZinst , (2.2)

where, for a theory with gauge group G of rank r and NR hypermultiplets transforming in
the representation R of G, the one-loop contribution is given by

Zone-loop = PE
[
− 1 + p1p2

(1− p1) (1− p2)
∑

α∈∆+

r∏
i=1

zαi
i

+
√

p1p2
(1− p1) (1− p2)

NR∑
h=1

∑
λ∈Rh

e−|⟨λ,f⟩+mh|
]

,

(2.3)

with ∆+ being the set of positive roots of the Lie algebra 𝔤 associated with G, and λ ∈ Rh

denoting the weights of the h–th hypermultiplet, where the gauge and flavour fugacities are
given by zi = efi , wh = e−mh . We also recall that the plethystic exponential is defined as
PE [f(a)] = exp

[∑∞
n=1

1
nf(an)

]
. The explicit expressions for the set of positive roots and

the weights for the various theories considered in this paper are collected in appendix D
and in the table (3.20), respectively.

The classical contribution in (2.2) can instead be directly derived as

Zclass = eE(ϵ1,ϵ2,fi,mj) , (2.4)

where E (ϵ1, ϵ2, fi, mj) is the effective prepotential, which we discuss in section 2.2, whereas fi

and mj are the chemical potentials for the gauge and global symmetry, respectively, explicitly
related to the corresponding fugacities as zi = efi , with i = 1, . . . , r, and wj = e−mj , with
j = 0, 1, . . . , NR. In particular, w0 = e−m0 ≡ q is identified with the fugacity associated
with the instantonic symmetry.

Finally, the instanton contribution in (2.2) is expressed as an infinite power series in
the instanton fugacity q = e−m0 :

Zinst(p1, p2; q; zi;wh) = 1 +
∞∑

k=1
qkZinst, (k)(p1, p2; zi;wh) , (2.5)

with Zinst, (k) denoting the partition function for k G instantons, which can be computed
either using the standard ADHM construction [39, 40, 48, 67–71] if the UV completion of
the corresponding instanton moduli space is known, or by solving the blow-up equations.
Since the ADHM construction for the most general instanton moduli space of a theory with
gauge group G and matter is not known, we mostly rely on the blow-up equations approach,
which is presented in section 2.3.
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2.2 The effective prepotential of 5d N = 1 gauge theories

The effective prepotential evaluated on the Ω–background is given in [43, (2.12)] to be

E (ϵ1, ϵ2, fi, mj) =
1

ϵ1ϵ2

[
F + 1

48

r∑
i=1

CG
i fi

(
ϵ2
1 + ϵ2

2

)
+ 1

2

r∑
i=1

CR
i fiϵ

2
+

]
, (2.6)

where we discuss each term appearing in the expression above separately.
The first term appearing in the square bracket in (2.6) is the cubic prepotential on

the Coulomb branch, which, for gauge group G with Chern–Simons level kCS and matter
consisting of NR hypermultiplets in the representation R of G, reads [10, 12]

F = m0
2

dim F∑
i=1

ϕ̃2
i +

kCS
6

dim F∑
i=1

ϕ̃3
i + 1

12

( ∑
α∈∆

|⟨α, f⟩|3 −
NR∑
h=1

∑
λ∈Rh

|⟨λ, f⟩+ mh|3
)

, (2.7)

with the mass parameters mj = {m0, m1, . . . , mNR}, where m0 = 1
g2

0
is the square of the

inverse gauge coupling. In (2.7), α ∈ ∆ and λ ∈ Rh are the set of roots and the set of weights
for the h–th hypermultiplet in the representation R of G, respectively, which, for the gauge
theories considered in this paper, are reported explicitly in section 3. Furthermore, we denote
with F the fundamental representation of G, whereas ϕ̃i, with the index i running over the
fundamental representation, are the orthonormal Coulomb branch VEVs. Explicitly, for the
gauge groups of interest in this paper, they are given in terms of the chemical potentials
f1, . . . , fr for the gauge fugacities zi = efi as follows:

SU(N) : ϕ̃i = {f1, f2 − f1, . . . , fN−1 − fN−2,−fN−1} , (2.8a)

USp(2N) : ϕ̃i = ±{f1, f2 − f1, . . . , fN−1 − fN−2, fN − fN−1} , (2.8b)

Spin(2N + 1) : ϕ̃i = {0} ∪ ±{f1, f2 − f1, . . . , fN−1 − fN−2, 2fN − fN−1} , (2.8c)
Spin(2N) : ϕ̃i = ±{f1, f2 − f1, . . . , fN−2 − fN−3, fN + fN−1 − fN−2, fN − fN−1} . (2.8d)

Note that the cubic term in (2.7) containing the Chern–Simons level, i.e.
∑dim F

i=1 ϕ̃3
i , is

non-zero only for SU(N) gauge group, with N ≥ 3.1

Next, let us move on to the second term appearing inside the square bracket in the effective
prepotential (2.6). The coefficients CG

i are the levels of the mixed gauge/gravitational Chern–
Simons terms [72, (4.27)]

Sgauge/grav = − 1
48

∫ r∑
i=1

CG
i Ai ∧ p1 (T ) , (2.9)

where A is the 5d one-form vector field and p1 (T ) is the Pontryagin class of the tangent
bundle on the 5d spacetime. In detail, the coefficients CG

i are given by [43, (2.5)]

CG
i = − ∂

∂fi

∑
α∈∆

|⟨α, f⟩| −
NR∑
h=1

∑
λ∈Rh

|⟨λ, f⟩+ mh|

 , (2.10)

1For a G1 ×· · ·×Gn gauge theory with n non-Abelian subgroups of the whole gauge group, the prepotential
can be obtained from (2.7) by summing the first two terms (the ones outside the round bracket), as well as
the W-boson contribution, namely the first term inside the round bracket, over all the possible groups Ga,
with a = 1, . . . , n. Moreover, one has to appropriately couple the matter contributions to all of the various
subgroups G1, . . . , Gn of the total gauge group.

– 6 –
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and the second term inside the square bracket in (2.6) can be interpreted as an equivariant
integral of the mixed Chern–Simons terms (2.9) upon performing the replacement p1 (T ) →
−
(
ϵ2
1 + ϵ2

2
)
.

Similarly, the last term appearing in the effective prepotential (2.6) can be thought of as
an equivariant integral of the mixed gauge/SU(2)2

R Chern–Simons terms [73, (2.1)]

Sgauge/SU(2)2
R
= 1

2

∫ r∑
i=1

CR
i Ai ∧ c2 (R) , (2.11)

where c2(R) is the second Chern class of the SU(2)R bundle, upon performing the substitution
c2(R) → ϵ2

+, where the latter is defined as ϵ+ = 1
2 (ϵ1 + ϵ2).2 Explicitly, the coefficients CR

i

are defined as [43, (2.7)]

CR
i = 1

2
∂

∂fi

∑
α∈∆

|⟨α, f⟩| , (2.12)

which, using the conventions detailed in (2.8a)–(2.8d), turn out to be CR
i = 2 for all

i = 1, . . . , r, see e.g. [74, (3.10)].

2.3 The blow-up equations

The main idea of the blow-up equations approach is to replace ℂ2×S1, on which the partition
function (2.1) is defined, with ℂ̂2 × S1, where, in the blow-up geometry ℂ̂2, a two-sphere ℙ1

is inserted at the origin of the complex plane ℂ2. The blow-up space ℂ̂2 can be parametrised
by coordinates (z0, z1, z2) ∼

(
λ−1z0, λz1, λz2

)
, with λ ∈ ℂ \ {0}, where ℙ1 is inserted at the

locus z0 = 0. The Cartan generators j1,2 of the Lorentz rotations induce a U(1)2 action T on
the aforementioned coordinates T : (z0, z1, z2) → (z0, eϵ1z1, eϵ2z2), with instantons located
at the fixed points of such action, namely the north pole (0, 1, 0) and the south pole (0, 0, 1).
The local λ–invariant coordinates around the north and south pole are given by (z0z1, z2

z1
)

and (z0z2, z1
z2
), respectively, which are acted upon by T as follows:

North pole :
(

z0z1,
z2
z1

)
→
(

eϵ1z0z1, eϵ2−ϵ1 z2
z1

)
, (2.13a)

South pole :
(

z0z2,
z1
z2

)
→
(

eϵ2z0z2, eϵ1−ϵ2 z1
z2

)
. (2.13b)

The partition function Ẑ defined on ℂ̂2 ×S1 can then be defined by summing over all possible
instanton configurations located at the two poles, which are labelled by magnetic fluxes ni on
the two-sphere ℙ1, with i = 1, . . . , r associated with the gauge group G of rank r. Importantly,
the definition of the blow-up partition function Ẑ differs from the one for the partition function
Z given in (2.1) since, in the presence of a vector of magnetic fluxes n on ℙ1, the fermion
number operator gets shifted by the quantity ⟨e, n⟩, where e is the vector of electric charges of
a state. Thus, the fermion number operator is mapped into (−1)F → (−1)F +⟨e,n⟩ = (−1)2jR ,

2Note that, upon redefining p1 = xy and p2 = x
y

, with x the R-symmetry fugacity and y the fugacity
associated with spacetime SU(2) rotations, then x = e−ϵ+ , i.e. ϵ+ is exactly the chemical potential for the
R-symmetry fugacity. It is thus clear that the last term in (2.6) is associated with mixed gauge/SU(2)2

R

Chern–Simons factors.

– 7 –
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and the partition function Ẑ can be defined by just replacing (−1)F with (−1)2jR in (2.1) [43,
(3.3)] (see also [75, (2.6)] and [76, (A.2)] for analogous considerations in 3d). In particular,
since the fermion number operator in (2.1) can also be defined as (−1)2j1 , such phase shift
(−1)⟨e,n⟩ relating Z to Ẑ can simply be implemented by shifting the chemical potential ϵ1 as

ϵ1 → ϵ1 + 2πi , i.e. p𝔯1 → p𝔯1e−2πi𝔯 , with 𝔯 ∈ ℚ ,

Ẑ (p1, p2; q; zi;wh) = Z
(
p1e−2πi, p2; q; zi;wh

)
.

(2.14)

In addition to the gauge fluxes, one can also turn on magnetic fluxes Bm0 and Bmh
for

the instantonic and flavour symmetries. Hence, putting everything together, the celebrated
blow-up equations can finally be recovered from the observation that the partition function Ẑ

on ℂ̂2 × S1 can be expressed by summing over all possible partition function configurations
located at the north and at the south pole, denoted by Ẑ(N) and Ẑ(S), respectively, as [36,
(6.9) and (6.10)]

Λ (p1, p2; q;mh) Ẑ (p1, p2; q, Bm0 ; zi;wh, Bmh
)

=
∑

(n1,...,nr)
(−1)

∑r

i=1 niẐ(N)
(

p1,
p2
p1

; qp
Bm0
1 ; zip

−ni
1 ;whp

Bmh
1

)

× Ẑ(S)
(

p1
p2

, p2; qp
Bm0
2 ; zip

−ni
2 ;whp

Bmh
2

)
,

(2.15)

where the parameter Λ, whose role will be remarked below, does not depend on the gauge
fugacities zi, and the allowed values of the magnetic fluxes can be deduced either from
geometric considerations, as discussed in [43], or by requiring consistency in solving the
blow-up equations, as we discuss explicitly in section 3. In (2.15), the superscripts (N)
and (S) mean that Ẑ(N) and Ẑ(S) are given by Ẑ, with a redefinition of the fugacities,
as indicated by the arguments in round brackets, due to the presence of magnetic fluxes,
as well as according to (2.13a) and (2.13b). Explicitly, for the partition function at the
north pole, (2.13a) tells us that the fugacity p1 = e−ϵ1 remains untouched, whereas the
fugacity p2 = e−ϵ2 is redefined as p2 → p2

p1
= e−(ϵ2−ϵ1) with respect to Ẑ; moreover, the

gauge fluxes induce a shift in the chemical potentials, which translates into the redefined
fugacities zi = efi → zip

−ni
1 = efi−(−niϵ1) and wj = e−mj → wjp

Bmj

1 = e−(mj+Bmj ϵ1), where
w0 = q, with respect to Ẑ. Analogously, for the partition function at the south pole,
the fugacity p2 = e−ϵ2 remains untouched, whereas the fugacity p1 = e−ϵ1 is redefined as
p1 → p1

p2
= e−(ϵ1−ϵ2) with respect to Ẑ due to (2.13b); also in this case, the chemical potentials

get shifted by the gauge fluxes, such that the corresponding fugacities are redefined as
zi = efi → zip

−ni
2 = efi−(−niϵ2) and wj = e−mj → wjp

Bmj

2 = e−(mj+Bmj ϵ2) with respect to Ẑ.
Using the factorisation (2.2), the blow-up equations (2.15) can be recast as

Λ (p1, p2; q;mh) Ẑinst (p1, p2; q, Bm0 ; zi;wh, Bmh
)

=
∑

(n1,...,nr)
(−1)

∑r

i=1 nie−Vn
Ẑ

(N)
one-loopẐ

(S)
one-loop

Ẑone-loop

× Ẑ
(N)
inst

(
p1,

p2
p1

; qp
Bm0
1 ; zip

−ni
1 ;whp

Bmh
1

)
× Ẑ

(S)
inst

(
p1
p2

, p2; qp
Bm0
2 ; zip

−ni
2 ;whp

Bmh
2

)
,

(2.16)
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where the function Vn,3 is the following linear combination of the effective prepotential (2.6)
and the ones evaluated at the north and south poles:

Vn = E(N)
(
ϵ1, ϵ2 − ϵ1, fi + niϵ1, mj + Bmj ϵ1

)
+ E(S)

(
ϵ1 − ϵ2, ϵ2, fi + niϵ2, mj + Bmj ϵ2

)
− E (ϵ1, ϵ2, fi, mj) ,

(2.17)

with the same fugacity redefinitions at the north and south poles as discussed below (2.15).
Throughout this paper, we refer to the quantity exp(−Vn) as the blow-up function. Observe
that, using (2.14), the blow-up one-loop contribution Ẑone-loop is given by (2.3) with a minus
sign in front of √

p1p2 in the second line. As detailed below (2.15), Ẑ
(N)
one-loop is given by

Ẑone-loop, with the redefinitions (p1, p2, zi, wh) → (p1, p2
p1

, zip
−ni
1 , whp

Bmh
1 ), whereas Ẑ

(S)
one-loop

is obtained by sending (p1, p2, zi, wh) → (p1
p2

, p2, zip
−ni
2 , whp

Bmh
2 ).

Practically, the equations (2.16) can be solved for the unknown functions Ẑinst, Ẑ
(N)
inst and

Ẑ
(S)
inst by expanding them as power series in the instantonic fugacity q as in (2.5). Additionally,

we also expand Λ in powers of q as

Λ (p1, p2; q;mh) =
∞∑

k=0
qkΛ(k) (p1, p2;mh) . (2.18)

Plugging in (2.5) and (2.18) in (2.16), we finally obtain

∞∑
k1=0

qk1Λ(k1) (p1, p2;mh)

1 + ∞∑
k2=1

qk2Ẑinst, (k2)(p1, p2;Bm0 ; zi;wh, Bmh
)


=

∑
(n1,...,nr)

(−1)
∑r

i=1 nie−Vn
Ẑ

(N)
one-loopẐ

(S)
one-loop

Ẑone-loop

×

1 + ∞∑
k3=1

(
qp

Bm0
1

)k3
Ẑ

(N)
inst, (k3)

(
p1,

p2
p1

; zip
−ni
1 ;whp

Bmh
1

)
×

1 + ∞∑
k4=1

(
qp

Bm0
2

)k4
Ẑ

(S)
inst, (k4)

(
p1
p2

, p2; zip
−ni
2 ;whp

Bmh
2

) ,

(2.19)

which can be solved iteratively order by order in q for the three unknown functions Ẑinst, (k),
Ẑ

(N)
inst, (k) and Ẑ

(S)
inst, (k). Since (2.19) are the blow-up equations we actually want to solve to

compute instanton partition functions, let us provide the following comments to understand
better how the solutions can be worked out.

1. Since, at each order k in q, there are three unknown functions Ẑinst, (k), Ẑ
(N)
inst, (k) and

Ẑ
(S)
inst, (k), we need (at least) three different values of the background fluxes (Bm0 , Bmh

)
to find a solution of (2.19). The possible admissible values of such fluxes are discussed
extensively in section 3. Once the equations are solved at order k and the explicit
expressions of Ẑinst, (k), Ẑ

(N)
inst, (k) and Ẑ

(S)
inst, (k) are figured out, such k–instanton solutions

are plugged in to solve iteratively the equations (2.19) at the next order in q, i.e. k + 1.
3We emphasise the dependence of such function on the gauge fluxes with the subscript n.
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2. The parameter Λ does not depend on the gauge fugacities zi and can be fixed as follows.
At each order k in q, the right-hand side of (2.19) can be evaluated as a function of
the unknown functions Ẑinst, (k), Ẑ

(N)
inst, (k) and Ẑ

(S)
inst, (k) by plugging in the solutions for

the p–instanton partition functions found at order p < k. We thus just focus on the
Ẑinst, (k)–independent (as well as Ẑ

(N),(S)
inst, (k)–independent) terms of the right-hand side

of (2.19), and extract its zi–independent part. We then define

Λ(k) (p1, p2;mh) =
[
r.h.s. of (2.19)|qk

]
zi independent

, (2.20)

where |qk denotes the coefficient of qk in the power expansion in q.4

3. We remark again that the solutions Ẑ
(N)
inst, (k) and Ẑ

(S)
inst, (k) are equal to the solution

Ẑinst, (k), with the fugacity redefinitions as explained below (2.15). Explicitly:

Ẑ
(N)
inst, (k) = Ẑinst, (k)

∣∣∣
(p1,p2,zi,wh)→

(
p1,

p2
p1

,zip
−ni
1 ,whp

Bmh
1

) ,

Ẑ
(S)
inst, (k) = Ẑinst, (k)

∣∣∣
(p1,p2,zi,wh)→

(
p1
p2

,p2,zip
−ni
2 ,whp

Bmh
2

) .
(2.21)

4. Once the solution to the blow-up equations Ẑinst, (k) is recovered, the k–instanton
partition function Zinst, (k) on ℂ2 × S1 can be recovered by applying the inverse of the
map (2.14), i.e.

Zinst, (k) (p1, p2; zi;wh) = Ẑinst, (k)
(
p1e2πi, p2; zi;wh

)
. (2.22)

As anticipated in footnote 2, it is convenient to introduce the variables x and y, defined
by

p1 = xy , p2 = x

y
,

i.e. x = (p1p2)1/2 = e−ϵ+ , y = (p1/p2)1/2 .
(2.23)

It follows from (2.1) that x is the fugacity associated with the combination j1 + j2 +2jR,
which involves the Cartan generator jR of the SU(2)R R-symmetry; we will loosely refer
to x as the SU(2)R fugacity. Similarly, y is the fugacity associated with the Cartan
generator j1 − j2 of another SU(2), related to the spacetime rotations, which we denote
by SU(2)y. Since y is an SU(2) fugacity, the instanton partition function is expected
to be invariant under the Weyl reflection y → y−1. In terms of these variables, the
map (2.22) amounts to changing x → −x and y → −y simultaneously, since both x and
y acquire a phase eiπ; equivalently, thanks to the invariance under y → y−1, it can also
be implemented as x → −x together with y → −y−1.

4In practice, in order to compute Λ(k), it is useful to expand the coefficient of qk of the right-hand side
of (2.19) as a power series in zi around zi = ∞, and subsequently identify Λ(k) with the zeroth order coefficient
of such series expansion.
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5. An additional consistency check to ensure the correctness of the solution Ẑinst, (k)
recovered by solving the blow-up equations (2.19) proceeds as follows: writing the
solution in the (x, y) variables introduced above, and recalling that x is the SU(2)R

fugacity, one verifies that the instanton partition function is invariant under x → 1
x

(see [77] and [78, below (11)]), i.e. Ẑinst, (k)(x) = Ẑinst, (k)( 1
x). A further non-trivial

consistency check, which also validates the choice of the gauge and background magnetic
fluxes, is that every coefficient of the power series in x of the instanton partition function,
at each instanton level, must be expressible in terms of characters of representations of
the gauge symmetry, of the global symmetries, and of the SU(2)y symmetry. Let us
also point out an important advantage of the blow-up approach: the instanton partition
function at each instanton level obtained from the blow-up equations is automatically
invariant under x → x−1, whereas, in the ADHM construction, extra contributions
typically have to be supplemented by hand in order to restore this property [70, 71, 78–
82].

For the sake of clarity, we explicitly solve the blow-up equations in the case of the SU(2)
gauge theory with one fundamental hypermultiplet in section 2.3.2.5 Other examples, such
as the SU(3)kCS=6 gauge theory and the USp(4)θ=0 gauge theory with two antisymmetric
hypermultiplets, will be carried out explicitly in appendix C.

2.3.1 Superconformal indices

The instanton partition functions derived from the above computation are useful for computing
the superconformal index. Being a Witten index, the superconformal index is invariant
under supersymmetry-preserving continuous deformations and, in particular, along the
renormalisation group flow. It therefore captures the protected multiplets — most notably
the conserved-current multiplets — of the SCFT at the ultraviolet fixed point, even when
computed from the infrared gauge theory description. This is the reason why the faithful
continuous global symmetry of the UV fixed point can be read off from the index of the
corresponding gauge theory, as we will do in section 2.3.2 and, systematically, in section 5.
Let us give some general details regarding the 5d superconformal index [47], which is the
supersymmetric partition function on S4 × S1. Thanks to localisation, the superconformal
index for a theory with gauge group G of rank r and NR hypermultiplets transforming in
the representation R of G can be expressed as an integral over the gauge fugacities zi, with
i = 1, . . . , r, in the following fashion [48] (see also [70, 77–80, 83, 84]):∮

[dµG(zi)] Ipert(x, y; zi;wh)Iinst(x, y; q; zi;wh) , (2.24)

where the instanton information is collected in the factor

Iinst(x, y; q; zi;wh) = Zinst(x, y; q; zi;wh)Zinst(x, y; q−1; z−1
i ;w−1

h ) , (2.25a)

Zinst(x, y; q; zi;wh) = 1 +
∞∑

k=1
qkZinst,(k)(x, y; zi;wh) , (2.25b)

5The explicit computation for the pure SU(2) gauge theory is described in [43, section 3.2.1].
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with Zinst,(k) denoting the partition function for k G instantons, which can be computed
either using the standard ADHM construction [48, 58, 60, 67, 70, 71], or by solving the
blow-up equations, as described in section 2.3 and appendix C. The Haar measure for the
gauge group G, denoted by [dµG(zi)], can be built from the set of positive roots α ∈ ∆+

of the Lie algebra 𝔤 associated with G as∮
[dµG(zj)] =

∮ r∏
j=1

dzj

2πizj

∏
α∈∆+

1− r∏
j=1

z
αj

j

 , (2.26)

whereas the perturbative contribution is given by

Ipert(x, y; zi;wh) = PE
[
−

x
(
y + 1

y

)
(1− xy)

(
1− x

y

)χ𝔤
adj(zi)

+ x

(1− xy)
(
1− x

y

)χ𝔤
R(zi)

NR∑
h=1

(
wh + 1

wh

)]
,

(2.27)

where the plethystic exponential is defined as PE [f(a)] = exp
[∑∞

n=1
1
nf(an)

]
. We collect

the explicit expressions for the Haar measures and the characters in appendix D. In the
following subsection and in section 5, we will compute the superconformal indices of the
various theories of our interest.

2.3.2 Example: SU(2) + 1F

Upon denoting with f1 the Coulomb branch VEV, with m0 = 1
g2

0
the square of the inverse gauge

coupling, and with m1 the mass parameter associated with the fundamental hypermultiplet,
the prepotential (2.7) in the chamber f1 > m1 > 0 reads

F = m0f2
1 + 4

3f3
1 − 1

12
[
(f1 + m1)3 + (f1 − m1)3

]
, (2.28)

from which the effective prepotential (2.6) can be obtained as

E = 1
ϵ1ϵ2

[
F − 1

24f1(ϵ2
1 + ϵ2

2) +
1
4f1(ϵ1 + ϵ2)2

]
. (2.29)

This leads to the blow-up function

exp(−Vn) = q n2 (p1p2)
n
24(−7−12B2

m1 +24Bm0 n+28n2) w
−Bm1 n
1 z

1
8(−1+4B2

m1−16Bm0 n−28n2)
1 , (2.30)

where n is the SU(2) gauge flux, Bm1 is the background flux for the flavour symmetry and
Bm0 the one for the topological symmetry.

The admissible values of the background fluxes are derived in section 3.2.2 (see also [46,
(4.3)–(4.4)]), based on the triviality of the 1-form symmetry and the integrality of the
exponent of z1: the gauge flux takes integer values, the flavour flux is fixed to Bm1 = ±1

2 ,
while Bm0 ∈ ℤ± 1

4 , and the two inequivalent combinations of (Bm0 , Bm1) correspond to the
two discrete theta angles θ = {0, π} of the SU(2) gauge theory:

θ = 0 : Bm0 ∈ ℤ+ 1
4 , Bm1 = +1

2 or Bm0 ∈ ℤ− 1
4 , Bm1 = −1

2 ,

θ = π : Bm0 ∈ ℤ− 1
4 , Bm1 = +1

2 or Bm0 ∈ ℤ+ 1
4 , Bm1 = −1

2 .
(2.31)
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It is important to note that the concept of the discrete theta angle is unphysical in the
presence of a massless fermion in the fundamental representation (see also [79, section 4.2]);
we will see below that the different choices are simply related by inverting the flavour fugacity
in the instanton partition functions and in the superconformal index. Here, we use the
labels θ = 0 and π merely as a convenient way of distinguishing the different choices of
the background fluxes.

We are now ready to solve the blow-up equations (2.19), where the one-loop contribution
on ℂ̂2 × S1 is given explicitly by

Ẑone-loop = PE
[
− 1 + p1p2
(1− p1) (1− p2) z2

1
−

√
p1p2

(1− p1) (1− p2)
1
z1

(
w1 +

1
w1

)]
. (2.32)

Note that, at order zero in q, where only the gauge flux n = 0 contributes, the blow-up
equations (2.19) with the choices of Bm1 described above fix Λ(0) = 1.

As remarked below (2.19), solving the blow-up equations at each instanton order requires
three distinct values of the background fluxes. A subtlety arises in the computation of the
corresponding parameters Λ(1) from (2.20), which depend on the choice of fluxes as follows:

θ = 0 :
Bm0 =

(
−3

4 , 1
4 , 5

4
)

, Bm1 = +1
2 : Λ(1) =

(
0, 0, 0

)
,

Bm0 =
(
−1

4 , 3
4 , 7

4
)

, Bm1 = −1
2 : Λ(1) =

(
0, 0, −p1p2 w

−1/2
1

)
,

θ = π :
Bm0 =

(
−3

4 , 1
4 , 5

4
)

, Bm1 = −1
2 : Λ(1) =

(
0, 0, 0

)
,

Bm0 =
(
−1

4 , 3
4 , 7

4
)

, Bm1 = +1
2 : Λ(1) =

(
0, 0, −p1p2 w

1/2
1
)

,

(2.33)

where the entries of Λ(1) are ordered as the corresponding values of Bm0 . In other words, for
either theta angle, the parameters Λ(1) vanish for all three fluxes with Bm0 ∈ ℤ+ 1

4 , whereas,
for the opposite quantisation, the flux with the largest |Bm0 | acquires a non-trivial Λ(1).
Furthermore, at the two-instanton level, Λ(2) = (0, 0, 0) for all choices of the fluxes above.

Solving the blow-up equations (2.19) with the fluxes corresponding to θ = 0, the one-
instanton partition function takes the closed form

Ẑθ=0
inst,(1) =

p1p2 z1
[
(1 + p1p2) z1 +

√
p1p2 w1

(
1 + z2

1
)]

√
w1 (1− p1)(1− p2)

(
p1p2 − z2

1
) (

−1 + p1p2 z2
1
) . (2.34)

In terms of the variables x and y of (2.23), its power series in x reads

Ẑθ=0
inst,(1) =

x2
√

w1
+
[
√

w1 χ[1](z1) +
χ[1](y)√

w1

]
x3

+
[
√

w1 χ[1](y)χ[1](z1) +
χ[2](y) + χ[2](z1)√

w1

]
x4

+
[
√

w1 χ[1](z1) +
χ[1](y)√

w1

] [
χ[2](y) + χ[2](z1)− 1

]
x5 + . . . ,

(2.35)

where χ[n] denotes the character of the (n + 1)-dimensional representation of 𝔰𝔲(2), applied
to the spacetime fugacity y and the gauge fugacity z1. Observe that the flavour fugacity
w1 appears with half-integer powers only, reflecting the half-integral flavour flux Bm1 = ±1

2 ;
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moreover, the gauge fugacity enters through complete 𝔰𝔲(2) characters, as required by Weyl
invariance. The two-instanton partition function admits a similar, albeit much lengthier,
closed form, whose expansion reads

Ẑθ=0
inst,(2) =

x4

w1
+
[
χ[1](z1) +

χ[1](y)
w1

]
x5

+
[
w1 + 2χ[1](y)χ[1](z1) +

2χ[2](y) + χ[2](z1)
w1

]
x6

+
[
w1 χ[1](y)

(
χ[2](z1) + 1

)
+ 3χ[2](y)χ[1](z1) + χ[3](z1) + 2χ[1](z1)

+
2χ[3](y) + χ[1](y) + 2χ[1](y)χ[2](z1)

w1

]
x7 + . . . .

(2.36)

For θ = π, the solution of the blow-up equations is obtained from the θ = 0 one simply
by inverting the flavour fugacity:

Ẑθ=π
inst,(k) (p1, p2; z1;w1) = Ẑθ=0

inst,(k)

(
p1, p2; z1;w−1

1

)
, k = 1, 2 . (2.37)

This is a direct consequence of (2.31): the two theta angles are exchanged by flipping the sign
of Bm1 at fixed Bm0 , and Bm1 → −Bm1 amounts to w1 → w−1

1 in the blow-up function (2.30).
In particular, at one instanton:

Ẑθ=π
inst,(1) =

p1p2
[√

p1p2 z1
(
1 + z2

1
)
+ (1 + p1p2)w1 z2

1
]

√
w1 (1− p1)(1− p2)

(
p1p2 − z2

1
) (

−1 + p1p2 z2
1
) . (2.38)

The one-instanton partition functions (2.34) and (2.38) are in perfect agreement with [79,
(19), (20)]: their unhatted counterparts, obtained through the shift (2.14), coincide exactly
with the one-instanton functions computed there for θ = 0 and θ = π respectively, upon
identifying the flavour fugacity as eim = w−1

1 .
As an application, let us use these results to compute the superconformal index (whose

definition we reviewed in section 2.3.1, with the group theory conventions collected in
appendix D). The ultraviolet completion of the SU(2) + 1F gauge theory is the E2 SCFT
of [10], whose flavour symmetry algebra is 𝔢2 ∼= 𝔰𝔲(2)⊕ 𝔲(1), enhancing the topological and
flavour symmetries 𝔲(1)I ⊕ 𝔲(1)w1 of the gauge theory. The enhancement is manifest in the
index (see [48] for the superconformal indices of the En theories): for θ = 0, we find

Iθ=0
SU(2)+1F = 1 +

[
1 + χ[2](v)

]
x2 + χ[1](y)

[
2 + χ[2](v)

]
x3

+
{

χ[2](y)
[
2 + χ[2](v)

]
+ 1 + χ[4](v)−

(
u + u−1)χ[1](v)

}
x4

+
{

χ[3](y)
[
2 + χ[2](v)

]
+ χ[1](y)

[
1 + 2χ[2](v) + χ[4](v)−

(
u + u−1)χ[1](v)

]}
x5 + . . . ,

(2.39)

where
v =

(
q w

−1/2
1

)1/2
, u =

(
q−1w

−7/2
1

)1/2 (2.40)

are the fugacities associated with the Cartan of the enhanced 𝔰𝔲(2) and with the commuting
𝔲(1), respectively. In particular, the four conserved currents at order x2, namely 1 + χ[2](v),
fill the adjoint representation of 𝔢2 = 𝔰𝔲(2) ⊕ 𝔲(1). In accordance with (2.37), the index

– 14 –



J
H
E
P
0
9
(
2
0
2
6
)
2
4
8

for θ = π takes exactly the same form (2.39) upon inverting the flavour fugacity in (2.40),
i.e. with v =

(
q w

1/2
1
)1/2 and u =

(
q−1w

7/2
1
)1/2. The indices for the two theta angles are

therefore related by inverting the flavour fugacity, w1 → w−1
1 . This is as expected, since

the discrete theta angle becomes unphysical in the presence of a massless fermion in the
fundamental representation.

3 Quantisation rules from the blow-up function

The central object of the blow-up method [43] is the classical prefactor exp(−Vn), dubbed the
blow-up function, accompanying each magnetic flux assignment on the blown-up geometry.
In this section, we present it in closed form: first for pure SU(N)kCS , then for a general
gauge group with hypermultiplet matter, and, finally, explicitly for SU(4)kCS and USp(4)
with antisymmetric hypermultiplets, for Spin(7) and Spin(8) with vector hypermultiplets,
and for the non-Lagrangian theories of appendices A and B. Crucially, we will discuss the
allowed values of gauge magnetic fluxes and background magnetic fluxes for global symmetries
from the perspective of the blow-up function.

3.1 Pure SU(N)kCS gauge theory

We parametrise the gauge fluxes by n = (n1, . . . , nN−1) in the coroot basis, n =
∑

i niα
∨
i ,

so that the pairing with the simple roots is ⟨n, αi⟩ = (Cn)i with C the Cartan matrix. It
is convenient to introduce

ñi ≡ ni − ni−1 , i = 1, . . . , N , n0 = nN ≡ 0 , (3.1)

i.e. the fluxes in the orthonormal basis of the Cartan of 𝔲(N), satisfying
∑N

i=1 ñi = 0. The
pairing with the positive roots α = ei − ej (1 ≤ i < j ≤ N), whose set we denote by ∆+, is
then ⟨n, α⟩ = ñi − ñj . We further denote by Bm0 the background flux for the topological
symmetry U(1)I , by q the instanton fugacity, by zi (i = 1, . . . , N − 1) the gauge fugacities,
and by p1,2 = e−ϵ1,2 the Ω-background fugacities.

For pure SU(N)kCS , the blow-up function takes the form

exp(−Vn) = q Q(n) (p1p2)P (n)
N−1∏
i=1

z
Zi(n)
i , (3.2)

with

Q(n) = 1
2

N−1∑
i,j=1

Cij ninj =
N−1∑
i=1

n2
i −

N−2∑
i=1

nini+1 = 1
2

N∑
i=1

ñ2
i , (3.3a)

P (n) = Bm0 Q(n) + 1
6
∑

α∈∆+

(
⟨n, α⟩3 − ⟨n, α⟩

)
+ kCS

6

N∑
i=1

ñ3
i , (3.3b)

Zi(n) = −
(
∂niP (n)− ∂niP (n)

∣∣
n=0

)
= −Bm0

(
ñi − ñi+1

)
− 1

2
∑

α∈∆+

⟨n, α⟩2 (α, αi) − kCS
2
(
ñ2

i − ñ2
i+1
)

. (3.3c)
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The kCS-dependent term in P (n) can equivalently be written directly in terms of the ni as

kCS
6

N∑
i=1

ñ3
i = kCS

2

N−2∑
i=1

(
n2

i ni+1 − ni n2
i+1

)
. (3.4)

The three terms in P (n) originate, respectively, from the mixed instanton–gauge coupling, from
the one-loop prepotential of the W-bosons, and from the classical Chern–Simons prepotential
kCS

6
∑

i ϕ̃3
i evaluated on the fluxes; the zi-exponents follow from P (n) by differentiation as

indicated.
Note that both the quadratic form Q(n) and the Chern–Simons term admit a uniform

derivation from the character of the fundamental representation. Writing

χN(z) =
N∑

a=1
e⟨λa,f⟩ = z1 +

z2
z1

+ · · ·+ zN−1
zN−2

+ 1
zN−1

, (3.5)

with the Coulomb parameters in the z-fugacity basis, zi = efi , the weights of N, read off
from the character, pair with the fluxes exactly as ⟨λa, n⟩ = na − na−1 = ña (a = 1, . . . , N ,
with n0 = nN ≡ 0). Consequently,

Q(n) = 1
2

N∑
a=1

⟨λa, n⟩2 = 1
2TrN n2 ,

kCS
6

N∑
a=1

⟨λa, n⟩3 = kCS
6 TrN n3 , (3.6)

i.e. the q-exponent is governed by the quadratic form in the fundamental normalisation,
Kij = 1

2δij , and the kCS-term by the cubic invariant dijk = 1
2TrN Ti{Tj , Tk} contracted with

the fluxes. This is the form of the result that generalises directly to other gauge groups
and representations.

Example: SU(2). For N = 2 the formulae reduce to

exp(−Vn) = qn2
z
−2n(Bm0 +2n)
1 (p1p2)Bm0 n2+ 1

3 (4n3−n) . (3.7)

Example: SU(3)kCS. For N = 3 one finds

P (n) = − 1
3(n1 + n2) + Bm0 Q(n) + 4

3
(
n3

1 + n3
2
)
− 1

2 n1n2(n1 + n2)

+ kCS
2 n1n2(n1 − n2) , (3.8a)

Z1(n) = − 1
2(2n1 − n2)

[
2Bm0 + 4n1 + (1 + kCS)n2

]
, (3.8b)

Z2(n) = − 1
2(2n2 − n1)

[
2Bm0 + 4n2 + (1− kCS)n1

]
, (3.8c)

with Q(n) = n2
1 − n1n2 + n2

2.
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Example: SU(4)kCS. Writing out (3.3) for N = 4, we find

P (n) = − 1
3(n1 + n2 + n3) + Bm0 Q(n) + 4

3(n
3
1 + n3

2 + n3
3)− n2

2(n1 + n3)

+ kCS
2
[
n1n2(n1 − n2) + n2n3(n2 − n3)

]
, (3.9a)

Z1(n) = − Bm0(2n1 − n2)− 4n2
1 + n2

2 −
kCS
2 n2(2n1 − n2) , (3.9b)

Z2(n) = − Bm0(2n2 − n1 − n3) + 2n2(n1 + n3)− 4n2
2 (3.9c)

+ kCS
2 (n1 − n3)(2n2 − n1 − n3) , (3.9d)

Z3(n) = − Bm0(2n3 − n2)− 4n2
3 + n2

2 +
kCS
2 n2(2n3 − n2) , (3.9e)

with Q(n) as in (3.3a). Charge conjugation C acts on SU(4) as the outer automorphism of the
Dynkin diagram, n1 ↔ n3 with n2 fixed (and z1 ↔ z3), together with a sign flip kCS → −kCS
of the (C-odd) Chern–Simons term. The exponents above are covariant under this combined
operation — it leaves Q and P invariant and exchanges Z1 ↔ Z3 — but for kCS ̸= 0 it is not
a symmetry at fixed kCS, i.e. charge conjugation is explicitly broken.

Gauge magnetic fluxes

Let us first discuss the case of kCS = 0. The gauge magnetic fluxes n take values in the coweight
lattice Λcw (the lattice dual to the root lattice, generated by the fundamental coweights), as
required for an integral pairing with all the weights of the gauge representations. Two fluxes
differing by an element of the coroot lattice Λcr = spanℤ{α∨

i } describe the same genuine
SU(N) bundle and are gauge-equivalent. The inequivalent ’t Hooft fluxes — equivalently, the
backgrounds for the electric ℤ

(1)
N 1-form symmetry — are therefore classified by the quotient

Λcw/Λcr ∼= Z
(
SU(N)

)
= ℤN , (3.10)

that is the centre of the simply connected gauge group. We label its N elements by ωj ,
j = 0, . . . , N − 1, with ω0 trivial and ω1 a generator; the coset ωj = j ω1 admits the
representative ni = ij

N (mod 1) (i = 1, . . . , N − 1). As an example, for SU(4), convenient
representatives are

Coset (n1, n2, n3) Generator Group-theoretic meaning

ω0 (trivial) (0, 0, 0) 0 identity element of ℤ4
ω1

(1
4 , 1

2 , 3
4
)

ω generator of ℤ4
ω2

(1
2 , 0, 1

2
)

ω2 order-2 element
ω3

(3
4 , 1

2 , 1
4
)

ω3 = ω−1 inverse of ω1

(3.11)

where ω = exp(2πi/4). Evaluating the quadratic form (3.3a) on these representatives gives

Q(ωj) = j(N − j)
2N

N=4=


0 j = 0
3
8 j = 1, 3
1
2 j = 2

, (3.12)
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where ω1, ω2, ω3 give the fractional Pontryagin numbers (well defined modulo 1): turning
on such a non-trivial 1-form symmetry background amounts to considering PSU(N) =
SU(N)/ℤN bundles with non-trivial ’t Hooft flux, i.e. bundles that do not lift to SU(N).

In the case of kCS ̸= 0, the 1-form symmetry is explicitly broken to ℤ
(1)
gcd(N,kCS). The valid

gauge fluxes then reside in the sublattice of Λcw/Λcr corresponding to ℤ
(1)
gcd(N,kCS). For example:

Theory 1-form symmetry Allowed gauge fluxes n

SU(N)kCS pure ℤ
(1)
m , m = gcd(N, kCS) multiples of ωN/m

SU(4)kCS , kCS ≡ 0 (mod 4) ℤ
(1)
4 ω0, ω1, ω2, ω3

SU(4)kCS , kCS ≡ 2 (mod 4) ℤ
(1)
2 ω0, ω2

SU(4)kCS , kCS ≡ 1, 3 (mod 4) trivial ω0

(3.13)

Comments on integrality

Since x3 − x ≡ 0 (mod 6) for any x ∈ ℤ, and since
∑

i ñ3
i ≡

∑
i ñi = 0 (mod 6) for integer

fluxes, all exponents in (3.2) are manifestly integers (including the overall qQ(n), since
Q(n) ∈ ℤ there) when n lies in the coroot lattice Λcr and Bm0 ∈ ℤ, for any integer kCS.
Fractional values of the exponents can therefore only arise when n is taken in a non-trivial
coset of Λcw/Λcr — and precisely these fractional shifts furnish the diagnostics of the global
structure of the theory exploited in the rest of the paper.

Quantisation of Bm0

The allowed values of the background flux Bm0 are determined by the following requirements
that the blow-up equations consistently reproduce the partition function.

1. The blow-up function exp(−Vn) evaluated at vanishing gauge flux, ni = 0, must be
independent of the gauge fugacities zi. This follows from the requirement that the
instanton partition function at the 0-th instanton order must be equal to unity. For
pure SU(N)kCS , this is automatic in the normalisation of (3.2), while in the presence
of matter it is a non-trivial condition that fixes the flavour background fluxes (see
section 3.2).

2. Beyond the zero-flux sector, consistency with integrality of the weights of gauge group
representations requires the gauge fugacities to appear with integer powers, Zi(n) ∈ ℤ

for all allowed fluxes n. This constraint fixes the allowed values of Bm0 .

Note that the q-exponent Q(n) and the constant part of the p-exponent P (n) may well be
fractional: these are manifestations of ’t Hooft anomalies and of the presence of 2-groups,
which we will discuss below.

Crucially, Bm0 must be read off only at the allowed cosets — those that are genuine
backgrounds of the ℤ

(1)
𝔪 1-form symmetry, 𝔪 = gcd(N, kCS). For the low-rank cases, imposing
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Zi(n) ∈ ℤ at the generator of the genuine symmetry gives

Theory genuine 1-form Bm0

SU(2)0 ℤ
(1)
2 ℤ

SU(2)π trivial (θ = π breaks ℤ
(1)
2 ) ℤ+ 1

2
SU(3)kCS ℤ

(1)
gcd(3,kCS) ℤ (kCS odd), ℤ+ 1

2 (kCS even)
SU(4)kCS ℤ

(1)
gcd(4,kCS) ℤ

(3.14)

Let us illustrate this in the following examples. For SU(2)0, the gauge flux n ∈ ℤ+ 1
2 is

in a non-trivial coset allowed by the ℤ
(1)
2 1-form symmetry;6 from (3.7), this gives Z1(n =

1/2) = −(Bm0 + 1), whose integrality requires Bm0 ∈ ℤ. On the other hand, for SU(2)π, the
ℤ

(1)
2 1-form symmetry is broken by the theta angle θ = π, so the allowed gauge flux n must

be integral; from (3.7), we see that the integrality of Z1(n) = −2n(Bm0 + 2n) implies that
Bm0 can be half-integral. In this case, Bm0 ∈ ℤ+ 1

2 gives a distinct solution from SU(2)0.
This analysis gives the same result as the geometric method presented in [43, (3.35)].

This argument can also be applied to SU(3)kCS as follows. If gcd(3, kCS) ̸= 1, then the
magnetic fluxes n = (1/3, 2/3) is allowed by the ℤ

(1)
3 1-form symmetry and is in a non-trivial

coset. Let us now use (3.8) to determine the quantisation rules. With n = (1/3, 2/3), we
see that Z1(n) = 0 and Z2(n) = 1

2

(
−3− 2Bm0 + 1

3kCS
)
, whose integrality implies that

Bm0 ∈ ℤ. On the other hand, with n = (1, 0), we find that Z1(n) = −2Bm0 − 4 and
Z2(n) = 1

2(1 + 2Bm0 − kCS). Thus, if kCS is odd and gcd(3, kCS) = 1, then the integrality of
Z2(n) requires that Bm0 ∈ ℤ. On the other hand, if kCS is even, then Bm0 must be half-integral
for Z2(n) to be integral. This is again in agreement with the geometric analysis in [43, (3.59)].

Remark: reading Bm0 on the wrong coset. If Zi(n) ∈ ℤ is instead imposed at a
coset that is not a background of the genuine 1-form symmetry, one obtains the opposite
quantisation of Bm0 — and this very mismatch is the signal that the coset is not allowed.
For SU(4)kCS with kCS ≡ 2 (mod 4) (genuine ℤ

(1)
2 , generated by ω2) the screened cosets

ω1, ω3 return Bm0 ∈ ℤ+ 1
2 rather than the Bm0 ∈ ℤ found at ω0, ω2: the would-be ℤ

(1)
4 is

explicitly broken to ℤ
(1)
2 by the Chern–Simons level. Similarly, for SU(2)π the would-be

ω1 background gives Bm0 ∈ ℤ, opposite to the ℤ+ 1
2 of the genuine sector, signalling that

θ = π breaks the ℤ
(1)
2 outright. The quantisation of Bm0 is therefore always to be read

off the allowed cosets alone; the value at a wrong coset merely diagnoses that the coset
has been screened or obstructed.

3.2 General gauge group and matter content

The structure of (3.2) extends to a general gauge group with hypermultiplet matter. Consider a
gauge theory with gauge fluxes n (in the coroot basis), instanton flux Bm0 , and hypermultiplets
labelled by h, each in a representation Rh with mass mh, flavour fugacity wh = e−mh , and
background flux Bh. In a given chamber of the extended Coulomb branch, each weight λ ∈ Rh

is assigned the sign σλ = sign
(
⟨λ, f⟩+ mh

)
, and we define the chamber-resolved flux pairings

xλ = σλ

(
⟨λ, n⟩+ Bh

)
. (3.15)

6Note that n ∈ ℤ is also allowed, but this corresponds to the trivial coset.
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Then
exp(−Vn) = q Q(n) (p1p2)P (n)∏

i

z
Zi(n)
i

∏
h

w
Wh(n)
h , (3.16)

with

Q(n) = 1
2TrF n2 , (3.17a)

Zi(n) = − 1
2
∑

α∈∆+

⟨n, α⟩2⟨α, α∨
i ⟩ − Bm0TrF

(
n α∨

i

)
+ 1

4
∑

h

∑
λ∈Rh

(
x2

λ − 1
4

)
σλ⟨λ, α∨

i ⟩ , (3.17b)

Wh(n) = − 1
4
∑

λ∈Rh

σλ x2
λ , (3.17c)

P (n) = Bm0 Q(n) + 1
6
∑

α∈∆+

(
⟨n, α⟩3 − ⟨n, α⟩

)
− 1

12
∑

h

∑
λ∈Rh

(
x3

λ − cλ xλ

)
, (3.17d)

where F denotes the fundamental (defining) representation, the zi are associated with the
coroot directions α∨

i , and the sums over λ run over all the gauge-charged weights of Rh —
gauge-neutral weights drop out entirely, as verified for the zero weight of the Λ2 of USp(4)
and of the 7 of Spin(7) — whence the relative factor of 1

2 between the hypermultiplet and
vector contributions, the latter being restricted to the positive roots.

Two structural features are worth noting. First, the hypermultiplet enters the z-
exponents (3.17b) through the combination

x2
λ − 1

4 =
(
xλ − 1

2
)(

xλ + 1
2
)

, (3.18)

which vanishes when the flux takes its canonical (unobstructed) half-integer value xλ = ±1
2 .

This is the hypermultiplet counterpart of the W-boson combination

⟨n, α⟩3 − ⟨n, α⟩ = ⟨n, α⟩
(
⟨n, α⟩ − 1

)(
⟨n, α⟩+ 1

)
(3.19)

in P (n), which vanishes at the canonical integer pairings ⟨n, α⟩ ∈ {0,±1}. In both sectors, the
exponent is built to vanish at canonical quantisation, so a non-zero value directly measures
the deviation — i.e. it signals a fractional ’t Hooft flux background. Second, the linear
coefficients cλ in (3.17d) are chamber-dependent, where for the theories concerned in this
paper, we will see below that cλ is either 0 or 1

4 .
To make (3.17) concrete, the table (3.20) lists the chamber-resolved letters xλ for the

gauge-charged weights λ of each matter representation used in this paper, in the orthonormal
pairings of the corresponding subsection. Writing ℓ ≡ ⟨λ, n⟩ for the gauge pairing shown
in the third column, the two letters of a ±λ pair are x±λ = σ±λ

(
⟨±λ, n⟩+ Bh

)
with signs

σ±λ = sign
(
⟨±λ, f⟩ + mh

)
; whether the two signs come out opposite or equal is decided

by comparing the gauge holonomy ⟨λ, f⟩ with the mass mh. The pair is gauge-dominated
when the holonomy wins, ⟨λ, f⟩ > mh > 0: then σ+λ = + and σ−λ = − are opposite, and
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the letters are (ℓ + Bh, ℓ − Bh) with cλ = 1
4 . It is mass-dominated when the mass wins,

mh > ⟨λ, f⟩ > 0: then σ+λ = σ−λ = + are equal, and the letters are (ℓ + Bh, −ℓ + Bh) with
cλ = 0. Requiring every pair to be gauge-dominated thus amounts to taking mh below all of
the gauge holonomies ⟨λ, f⟩; once a chamber fixes the sign of each pairing, this is simply a
finite list of linear inequalities on mh, written out in each subsection below.

Theory & matter weight pair ±λ ℓ = ⟨λ, n⟩ letters (xλ, x−λ)

SU(4) with 4 ⊕ 4 ±µ1 n1 (ℓ + Bh, ℓ − Bh)
±µ2 n2 − n1 (ℓ + Bh, ℓ − Bh)
±µ3 n3 − n2 (ℓ + Bh, ℓ − Bh)
±µ4 −n3 (ℓ + Bh, ℓ − Bh)

SU(4) with Λ2 = 6 ±(µ1+µ2) n2 (ℓ + Bh, ℓ − Bh)
±(µ1+µ3) n1 − n2 + n3 (ℓ + Bh, ℓ − Bh)
±(µ2+µ3) n3 − n1 (ℓ + Bh, ℓ − Bh)

USp(4) with Λ2 = 5 ⊕ 1 ±(e1+e2) n2 (ℓ + Bh, ℓ − Bh)
±(e1−e2) 2n1 − n2 (ℓ + Bh, −ℓ + Bh)

Spin(7) with 7 ±e1 n1 (ℓ + Bh, ℓ − Bh)
±e2 n2 − n1 (ℓ + Bh, ℓ − Bh)
±e3 2n3 − n2 (ℓ + Bh, ℓ − Bh)

Spin(8) with 8v ±e1 n1 (ℓ + Bh, ℓ − Bh)
±e2 n2 − n1 (ℓ + Bh, ℓ − Bh)
±e3 n3 + n4 − n2 (ℓ + Bh, ℓ − Bh)
±e4 n4 − n3 (ℓ + Bh, ℓ − Bh)

(3.20)

For SU(4), Spin(7) and Spin(8), all listed pairs are gauge-dominated in the chambers of
section 3.3, 3.5 and 3.6; for USp(4) the ±(e1−e2) pair is mass-dominated in the chamber
of section 3.4 (whence its distinct letter structure). The zero weights of Λ2 and of 7 are
gauge-neutral and omitted. The remaining Λ2 pairs of SU(4) (±(µ1+µ4), etc.) coincide
with those listed modulo the gauge conditions.

As first checks of (3.17): for pure SU(N)kCS , it reduces to (3.3) (upon including the Chern–
Simons term). We will demonstrate this in the case of SU(2)θ=0 + 1F below. The SU(4)kCS ,
USp(4), Spin(7) and Spin(8) cases with matter are worked out explicitly in sections 3.3–3.6.

3.2.1 1-form symmetry and allowed gauge fluxes

For pure gauge theories, the 1-form symmetry is determined by the coweight lattice quotiented
by the coroot lattice of the gauge group. The allowed gauge fluxes for the various gauge
groups are given explicitly in eqs. (3.13)–(3.20) of [43].

In the presence of matter fields that transform non-trivially under the centre of the gauge
group, the 1-form symmetry is explicitly broken to the subgroup of the centre that does not act
on the matter fields. We shall henceforth refer to this as the genuine 1-form symmetry. As an
example, the SU(4)4 pure gauge theory has a ℤ

(1)
4 1-form symmetry given by {ω0, ω1, ω2, ω3}.

However, upon adding matter in the representation Λ2 of SU(4), the genuine 1-form symmetry
becomes ℤ

(1)
2 = {ω0, ω2}. In this example, the cosets ω1, ω3 are screened by the matter fields.
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In general, the valid gauge fluxes are the ’t Hooft fluxes of the genuine 1-form symmetry:
the unscreened cosets of Λcw/Λcr, which form the sublattice generated by the genuine
generator. In particular, for the theories of this paper:

Theory Genuine 1-form Generators of allowed gauge fluxes n

SU(4)kCS + NΛ2Λ2 ℤ
(1)
2 ω0 = (0, 0, 0), ω2 =

(1
2 , 0, 1

2
)

USp(4)0 + NΛ2Λ2 ℤ
(1)
2 0,

(1
2 , 0
)

Spin(7) + Nf F ℤ
(1)
2 0,

(
1, 1, 1

2
)

Spin(8) + Nf F ℤ
(1)
2 0,

(
1, 1, 1

2 , 1
2
)

(3.21)

The smallest non-trivial allowed flux generates ℤ
(1)
m : ωN/m (with ni = i/m) for pure SU(N)k,

ω2 for SU(4) + Λ2, and the unique ℤ2 flux for USp(4)0 + NΛ2Λ2, Spin(7) + Nf F and
Spin(8) + Nf F. Fluxes outside this set — e.g. the screened ω1, ω3 of SU(4) + Λ2, which
are finer than the ℤ2 spacing — are not backgrounds of a genuine 1-form symmetry and
are excluded from the probe.

3.2.2 Quantisation of the background fluxes in the presence of matter

The general formula (3.17) fixes the quantisation of all background fluxes by a two-step recipe.

1. Flavour fluxes Bh. At vanishing gauge flux, (3.17b) gives

Zi(n)
∣∣
n=0 = 1

4
∑

h

(
B2

h − 1
4

) ∑
λ∈Rh

σλ⟨λ, α∨
i ⟩ . (3.22)

Requiring exp(−Vn)
∣∣
n=0 to be independent of the gauge fugacities zi therefore fixes

Bh = ±1
2 (3.23)

for every hypermultiplet.

2. Instanton flux Bm0. With the Bh fixed as above, evaluate exp(−Vn) at the gauge flux
n in a non-trivial coset allowed by the 1-form symmetry and impose that the gauge
fugacities appear with integer powers, Zi(n) ∈ ℤ. This two-step recipe is carried out for
the SU(2) gauge group with one fundamental hypermultiplet below, and for SU(4)kCS with
antisymmetric matter, USp(4), Spin(7) and Spin(8) in the following subsections.

Example: SU(2) + 1F

The blow-up function is given by (2.30). This is reproduced exactly by the general for-
mula (3.17), with cλ = 1

4 for both weights of the fundamental. Since this theory has a trivial
1-form symmetry, the allowed gauge flux is in the trivial coset of SU(2), namely n ∈ ℤ.
We require that exp(−Vn)|n=0 = 1, so z

1
8(−1+4B2

m1)
1 = 1, i.e. Bm1 = ±1

2 . The quantisation
condition of the background fluxes Bm0 is then fixed by imposing that the gauge fugacity z1
appears with integer power, which forces to take Bm0 ∈ ℤ± 1

4 . This is, again, in agreement
with [46, (4.3)]. The one- and two-instanton partitions function and the superconformal
index of this theory is discussed in detail in section 2.3.2.
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3.3 SU(4)kCS with antisymmetric hypermultiplets

For SU(4)kCS , we use the conventions of section 3.1, with ña = na − na−1 (n0 = n4 ≡ 0). The
antisymmetric representation Λ2 = 6 has weights λa + λb (a < b), pairing with the fluxes as
ña + ñb; since

∑
a ña = 0, they organise into the three pairs ±n2, ±(n1 −n2 +n3), ±(n3 −n1).

We consider NΛ2 antisymmetric hypermultiplets, h = 1, . . . , NΛ2 , in the chamber

f3 ≥ f2 ≥ f1 > 0 , 0 < mh < f2 , mh < f3 − f1 , mh < f1 + f3 − f2 , (3.24)

in which all three weight pairs resolve with opposite signs (cλ = 1
4 throughout), with chamber-

positive pairings ŵ =
(
n2, n1 − n2 + n3, n3 − n1

)
. In this chamber the cubic prepotential

and the effective prepotential on the Ω-background are

F = m0
(
f2

1 − f1f2 + f2
2 − f2f3 + f2

3
)
+ kCS

2
(
f2

1 f2 − f1f2
2 + f2

2 f3 − f2f2
3
)

+ 4
3
(
f3

1 + f3
2 + f3

3
)
− f1f2

2 − f2
2 f3 −

1
12

NΛ2∑
h=1

3∑
a=1

[
(ŵa + mh)3 + (ŵa − mh)3

]
, (3.25a)

E = + 1
ϵ1ϵ2

[
F + 1

4(f1 + f2 + f3)(ϵ1 + ϵ2)2 +
(

NΛ2

12 f3 −
1
12(f1 + f2 + f3)

)
(ϵ2

1 + ϵ2
2)
]

, (3.25b)

where, in the matter sum, ŵ = (f2, f1 − f2 + f3, f3 − f1) now denotes the chamber-positive
Λ2 pairings evaluated on the VEVs (all gauge-dominated), and the pure theory is recovered
at NΛ2 = 0. The general formula (3.17) then gives

Q(n) = n2
1 − n1n2 + n2

2 − n2n3 + n2
3 , (3.26a)

Wh(n) = − 2Bmh
n3 , (3.26b)

Z1(n) = − 1
2(2n1 − n2)

[
2Bm0 + 4n1 +

(
2 + NΛ2 + kCS

)
n2 − 2NΛ2 n3

]
, (3.26c)

Z2(n) = −1
2(n1 − 2n2 + n3)

[
−2Bm0 +

(
NΛ2 + kCS

)
n1 − 4n2 +

(
NΛ2 − kCS

)
n3
]
, (3.26d)

Z3(n) =
∑

h

(
B2

mh
− 1

4

)
+ NΛ2

(
n2

1 − n1n2
)
+ NΛ2 + 2− kCS

2 n2
2

+ Bm0(n2 − 2n3) +
(
kCS − NΛ2

)
n2n3 −

(
4− NΛ2

)
n2

3 , (3.26e)

P (n) = Bm0 Q(n) + 1
6
∑

α∈∆+

(
⟨n, α⟩3 − ⟨n, α⟩

)
+ kCS

6

4∑
a=1

ñ3
a

− NΛ2

6
(
ŵ3

1 + ŵ3
2 + ŵ3

3
)
+ NΛ2

12 n3 − n3
∑

h

B2
mh

, (3.26f)

in exact agreement with the explicit blow-up computation for NΛ2 = 1, 2, including all
the kCS-dependence.

Quantisation. At n = 0, the only dependence on the gauge fugacities resides in Z3(0) =∑
h

(
B2

mh
− 1

4
)
, so step 1 of the recipe fixes the flavour flux Bmh

= ±1
2 independently for

each of the NΛ2 antisymmetric hypermultiplets (h = 1, . . . , NΛ2). The antisymmetric matter
screens ℤ

(1)
4 down to ℤ

(1)
2 , generated by ω2 =

(1
2 , 0, 1

2
)
. With Bmh

= ±1
2 , step 2 applied

to the cosets ω0, ω2 gives, for any even kCS,

Bm0 ∈ ℤ+ NΛ2

2 (mod 1) , (3.27)

i.e. half-integral for one antisymmetric hyper and integral for two.
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3.4 USp(4) with antisymmetric hypermultiplets

For USp(4) = C2 gauge algebra, we use the orthonormal basis e1, e2 of the Cartan subalgebra,
with simple roots α1 = e1 − e2 (short) and α2 = 2e2 (long), and coroots α∨

1 = e1 − e2,
α∨

2 = e2. The fluxes n = n1α∨
1 + n2α∨

2 have orthonormal components ñ = (n1, n2 − n1), and
the positive roots 2e1, 2e2, e1 + e2, e1 − e2 pair with n as 2n1, 2(n2 − n1), n2, 2n1 − n2. The
antisymmetric representation Λ2 = 5⊕1 has gauge-charged weights ±(e1+e2) and ±(e1−e2),
pairing with n as ±n2 and ±(2n1 − n2). We consider NΛ2 antisymmetric hypermultiplets,
h = 1, . . . , NΛ2 , in the chamber

f2 > 0 ,
f2
2 < f1 <

2f2
3 , 2f1 − f2 < mh < f2 − f1 , (3.28)

in which the weight pair ±(e1 + e2) resolves with opposite signs (cλ = 1
4), while ±(e1 − e2)

resolves with equal signs (cλ = 0). In this chamber, the cubic prepotential and the effective
prepotential on the Ω-background are7

F = m0

2∑
k=1

ϕ̃2
k + 1

6
[
(2ϕ̃1)3 + (2ϕ̃2)3 + (ϕ̃1 + ϕ̃2)3 + (ϕ̃1 − ϕ̃2)3

]

− 1
12

NΛ2∑
h=1

[
(u + mh)3 + (u − mh)3 + (v + mh)3 + (mh − v)3

]
, (3.29a)

E = 1
ϵ1ϵ2

[
F + 1

4(f1 + f2)(ϵ1 + ϵ2)2 +
(

NΛ2

24 f2 −
1
12(f1 + f2)

)
(ϵ2

1 + ϵ2
2)
]

, (3.29b)

where ϕ̃ = (f1, f2 − f1) are the orthonormal Coulomb-branch VEVs and u = ϕ̃1 + ϕ̃2 = f2,
v = ϕ̃1 − ϕ̃2 = 2f1 − f2 (the gauge-dominated pair ±(e1+e2) and the mass-dominated pair
±(e1−e2)). The general formula (3.17) then gives

Q(n) = 1
2Tr4 n2 = 2n2

1 − 2n1n2 + n2
2 , (3.30a)

Wh(n) = −
B2

mh

2 − Bmh
n2 −

1
2(2n1 − n2)2 , (3.30b)

Z1(n) = − (2n1 − n2) (2n1 + 3n2 + 2Bm0 − 2
∑

h Bmh
) , (3.30c)

Z2(n) = − 4(n2 − n1)2 − 2n1(n2 − n1)− 2Bm0(n2 − n1)

+
∑

h

[
n2

2 + B2
mh

2 − Bmh
(2n1 − n2)−

1
8

]
, (3.30d)

P (n) = Bm0 Q(n) + 4
3
(
n3

1 + (n2 − n1)3
)
+ n3

2 + (2n1 − n2)3

6 − n1 + n2
3

−
∑

h

[
n3

2 + 3n2B2
mh

+ B3
mh

+ 3Bmh
(2n1 − n2)2

6 − n2
24

]
, (3.30e)

in exact agreement with the explicit blow-up computation for NΛ2 = 1, 2.
7Note that, upon setting (a1, a2) = (f1, f2 − f1) and m0 = 1/g2

0 , our classical term in the prepotential is
m0(2f2

1 − 2f1f2 + f2
2 ); this is twice the corresponding term in [85, (4.13)]. However, our convention agrees

with [43, (5.3)].
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Quantisation rules for USp(4)θ=0 + NΛ2 Λ2. At n = 0, the only dependence on the
gauge fugacities resides in Z2(0) =

∑
h

(1
2B2

mh
− 1

8
)
, so step 1 of the recipe of section 3.2 fixes

the flavour flux Bmh
= ±1

2 independently for each of the NΛ2 antisymmetric hypermultiplets
(h = 1, . . . , NΛ2). The antisymmetric matter does not screen the ℤ

(1)
2 1-form symmetry, so

the generating flux n =
(1

2 , 0
)

is allowed. Evaluating Z2 on this flux with Bmh
= ±1

2 gives
Z2 = Bm0 − 1

2 − NΛ2
2 , so that integrality Z2 ∈ ℤ requires

Bm0 ∈ ℤ+ NΛ2 + 1
2 (mod 1) , (3.31)

i.e. integral for odd NΛ2 and half-integral for even NΛ2 ; in particular Bm0 ∈ ℤ for NΛ2 = 1
and Bm0 ∈ ℤ + 1

2 for NΛ2 = 2. This is the opposite parity to the SU(4) condition (3.27),
Bm0 ∈ ℤ + NΛ2

2 .

Quantisation rules for USp(4)θ=π + NΛ2 Λ2. As in the above discussion, Bmh
= ±1

2 .
However, in this case, the ℤ

(1)
2 1-form symmetry is broken by the theta angle, and so the

generating flux n =
(1

2 , 0
)

is not allowed. With integral values of n1 and n2 and Bh = ±1
2 ,

the integrality of Z1 and Z2 implies “opposite” quantisation rule to (3.31), namely

Bm0 ∈ ℤ+ NΛ2

2 (mod 1) , (3.32)

gives a consistent superconformal index for various NΛ2 . In particular, for NΛ2 = 0 (i.e. the
USp(4)π pure gauge theory), the quantisation rule agrees with [43, (3.71)], and this choice of
quantisation gives the index that is equal to that of SU(3)5 pure gauge theory, as expected.

3.5 Spin(7) with vector hypermultiplets

For Spin(7) = B3 gauge algebra, we use the orthonormal basis e1, e2, e3, with simple roots
α1 = e1 − e2, α2 = e2 − e3 (long) and α3 = e3 (short), and coroots α∨

1 = e1 − e2, α∨
2 = e2 − e3,

α∨
3 = 2e3. The fluxes n =

∑
i niα

∨
i have orthonormal components ñ = (n1, n2 − n1, 2n3 − n2),

and the positive roots ei ± ej (i < j) and ek pair with n as ñi ± ñj and ñk. The vector
representation 7 has gauge-charged weights ±ek, pairing with n as ±ñk (the zero weight
drops out). We consider three vector hypermultiplets, h = 1, 2, 3, in the chamber

0 < f1 < f2 < 2f1 , f2 < 2f3 < 2f2 − f1 , f3 < f1 , (3.33)

with 0 < mh taken below each of f2 − f1, 2f1 − f2, 2f3 − f2, 2f2 − f1 − 2f3 and f1 − f3,
in which every weight pair ±ek resolves with opposite signs (cλ = 1

4 throughout). In this
chamber, the cubic prepotential and the effective prepotential on the Ω-background for Nf

vector hypermultiplets are8

F = m0

3∑
k=1

ϕ̃2
k + 1

6
∑

1≤i<j≤3

[
(ϕ̃i + ϕ̃j)3 + (ϕ̃i − ϕ̃j)3

]
+ 1− Nf

6

3∑
k=1

ϕ̃3
k − f3

Nf∑
h=1

m2
h , (3.34a)

E = 1
ϵ1ϵ2

[
F + 1

4(f1 + f2 + f3)(ϵ1 + ϵ2)2 +
(

Nf

12 f3 −
1
12(f1 + f2 + f3)

)
(ϵ2

1 + ϵ2
2)
]

, (3.34b)

8This prepotential is in agreement with [85, (4.21)], up to a mass-only constant, upon setting (a1, a2, a3) =
(f1, f2 − f1, 2f3 − f2) and m0 = 1/g2

0 .
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with ϕ̃ = (f1, f2 − f1, 2f3 − f2) the orthonormal Coulomb-branch VEVs; F is given up to the
ϕ-independent constant − 1

12
∑

h m3
h from the zero weight of 7. The general formula (3.17)

then gives9

Q(n) = 1
2Tr7 n2 = 2

(
n2

1 − n1n2 + n2
2 − 2n2n3 + 2n2

3
)

, (3.35a)

Wh(n) = − 2Bmh
n3 , (3.35b)

Z1(n) = − (2n1 − n2)
(
2n1 − n2 + 2Bm0

)
, (3.35c)

Z2(n) = 2
(
Bm0 + n1 + n2 − 2n3

)(
n1 − 2n2 + 2n3

)
, (3.35d)

Z3(n) = − 3
4 +

∑
h

B2
mh

+ 2(n2 − 2n3)
(
2Bm0 + 3n2 − 2n3

)
, (3.35e)

P (n) = Bm0 Q(n) + 4
3n3

1 − 2n2
1n2 + n1n2

2 +
2
3(n2 − 2n3)2(2n2 − n3)

− n1 + n2
3 − n3

12 − n3
∑

h

B2
mh

, (3.35f)

in exact agreement with the explicit blow-up computation. Note that the hypermultiplet
contributions to Z1 and Z2 cancel against the short-root contributions — a cancellation
specific to three flavours.

Quantisation rules for the Spin(7) pure gauge theory. The integrality of the exponents
of zi (with i = 1, 2, 3) evaluated at the fluxes n = (0, 0, 1/2) and (1, 1, 1/2) fixes Bm0 ∈ ℤ± 1

4 .

Quantisation rules for Spin(7) + 3F. At n = 0, the only dependence on the gauge
fugacities resides in Z3(0) =

∑
h B2

mh
− 3

4 , so step 1 fixes Bmh
= ±1

2 . The vector matter
does not screen the 1-form symmetry, and the ’t Hooft flux ñ = (1, 0, 0), i.e. n =

(
1, 1, 1

2
)
,

corresponding to a bundle that does not lift to Spin(7), is allowed.10 Step 2, evaluated on
this flux with Bmh

= ±1
2 , gives Z2 = Z3 = 0 and Z1 = −

(
2Bm0 + 1

)
, so z-integrality fixes

only 2Bm0 ∈ ℤ, i.e. Bm0 can be either integral or half-integral. Unfortunately, this cannot be
decided by using exp(−Vn) alone. As we will see in section 5.4, the one-instanton partition
function must be invariant under x → 1/x — required by the fact that x is an SU(2)R

9We remark that the gauge flux n = (1, 1, 1
2 ), i.e. ñ = (1, 0, 0) = e1, corresponds to a short root of B3 and

gives Q(n) = 1. On the other hand, the flux n = (1, 2, 1), i.e. ñ = (1, 1, 0) = e1 + e2 corresponds to a long root
of B3 and gives Q(n) = 2. It was pointed out in [42, (2.33), (2.39)] that only the fluxes corresponding to the
long roots contribute at the one instanton level, where their normalisation is such that the half-squared length
of any long root k is 1, i.e. 1

2 k · k = 1. Their convention, however, corresponds to our Q(n) = 2. Thus, their
one-instanton partition function (which agrees with that obtained from the one-instanton ADHM construction)
corresponds to our two-instanton partition function obtained from the blow-up formula using the convention
of [43].

10Numerically n = (1, 1, 1
2 ), i.e. ñ = (1, 0, 0) = e1 = ω1, is the highest weight of the vector 7, but it enters

here as a magnetic flux, i.e. a cocharacter. It generates ℤ
(1)
2 because the cocharacter lattice of SO(7) is the

coweight lattice P∨ = ℤ3 of B3, whereas genuine Spin(7) fluxes form the coroot lattice Q∨ (the integer vectors
of even coordinate sum); since P∨/Q∨ = ℤ2, there is a single non-trivial class, represented by ñ = (1, 0, 0).
The spinor weight ñ =

(
1
2 , 1

2 , 1
2

)
= ω8, i.e. n =

(
1
2 , 1, 3

4

)
, is by contrast not an allowed flux: it lies outside P∨,

pairing half-integrally with the short root α3 = e3. The spinor is instead the electric line that detects this
flux, ⟨ñ = (1, 0, 0), ω8⟩ = 1

2 (Aharonov–Bohm phase −1), so the ℤ
(1)
2 background n = (1, 1, 1

2 ) already is “the
spinor flux”.
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fugacity — and only Bm0 ∈ ℤ leads to a partition function with this property. This also
turns out to be compatible with the faithful SO(3)I instanton symmetry of Spin(7) + 3F,
discussed in section 5.4. Hence Bm0 ∈ ℤ for Spin(7) + 3F.

3.6 Spin(8) with vector hypermultiplets

For Spin(8) = D4 gauge algebra, we use the orthonormal basis e1, . . . , e4, with simple roots
α1 = e1 − e2, α2 = e2 − e3, α3 = e3 − e4 and α4 = e3 + e4; as D4 is simply laced, the coroots
coincide with the roots, α∨

i = αi. The fluxes n =
∑

i niα
∨
i have orthonormal components

ñ =
(
n1, n2 − n1, n3 + n4 − n2, n4 − n3

)
, (3.36)

the positive roots ei ± ej (i < j) pair with n as ñi ± ñj , and the vector representation 8v has
gauge-charged weights ±ek, pairing with n as ±ñk. We consider four vector hypermultiplets,
h = 1, . . . , 4, in the chamber

2f1 − f2 > 0 , 2f2 − f1 − f3 − f4 > 0 , 2f3 − f2 > 0 ,

f4 − f3 > 0 , 0 < mh < f4 − f3 ,
(3.37)

which orders the orthonormal Coulomb-branch holonomies as ϕ̃1 > ϕ̃2 > ϕ̃3 > ϕ̃4 > 0 (with
the smallest being ϕ̃4 = f4 − f3) and places every mass below it; all eight weight pairs ±ek

are then gauge-dominated (cλ = 1
4 throughout). In this chamber, the cubic prepotential and

the effective prepotential on the Ω-background for Nf vector hypermultiplets are11

F = m0

4∑
k=1

ϕ̃2
k + 1

6
∑

1≤i<j≤4

[
(ϕ̃i + ϕ̃j)3 + (ϕ̃i − ϕ̃j)3

]

− Nf

6

4∑
k=1

ϕ̃3
k − f4

Nf∑
h=1

m2
h , (3.38a)

E = 1
ϵ1ϵ2

[
F + 1

4(f1 + f2 + f3 + f4)(ϵ1 + ϵ2)2

+
(

Nf

12 f4 −
1
12(f1 + f2 + f3 + f4)

)
(ϵ2

1 + ϵ2
2)
]

, (3.38b)

with ϕ̃ = (f1, f2 − f1, f3 + f4 − f2, f4 − f3) the orthonormal Coulomb-branch VEVs. The
general formula (3.17) then gives

Q(n) = 1
2Tr8v n2 = 2

(
n2

1 − n1n2 + n2
2 + n2

3 + n2
4 − n2(n3 + n4)

)
, (3.39a)

Wh(n) = −2Bmh
n4 , (3.39b)

Z1(n) = −(2n1 − n2)
(
2Bm0 + 2n1 − n2

)
, (3.39c)

Z2(n) = 2
(
Bm0 + n1 + n2 − n3 − n4

)(
n1 − 2n2 + n3 + n4

)
, (3.39d)

Z3(n) = (n2 − 2n3)
(
2Bm0 + 3n2 + 2n3 − 4n4

)
, (3.39e)

11This prepotential is in agreement with [85, (4.27)] upon setting (a1, a2, a3, a4) = (f1, f2 − f1, f3 + f4 −
f2, f4 − f3) and m0 = 1/g2

0 .
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Z4(n) = −1 +
∑

h

B2
mh

+ 2Bm0n2 + 3n2
2 − 4n2n3 + 4n2

3 − 4
(
Bm0 + n2

)
n4 , (3.39f)

P (n) = Bm0 Q(n) + 1
6
∑

α∈∆+

(
⟨n, α⟩3 − ⟨n, α⟩

)
− 2

3

4∑
k=1

ñ3
k + n4

3 − n4
∑

h

B2
mh

, (3.39g)

in exact agreement with the explicit blow-up computation. As for Spin(7), the hypermultiplet
contributions to Z1, Z2, Z3 cancel against the root contributions, leaving the matter only in
Z4 (and in Wh, P ) — a cancellation special to four vectors.

Quantisation rules. At n = 0, the only dependence on the gauge fugacities resides in
Z4(0) =

∑
h B2

mh
−1, so step 1 of the recipe of section 3.2 fixes Bmh

= ±1
2 for each of the four

vectors. The vector matter does not screen the 1-form symmetry, and the smallest allowed
’t Hooft flux is the vector class ñ = (1, 0, 0, 0), i.e. n =

(
1, 1, 1

2 , 1
2
)
. Step 2, evaluated on this

flux with Bmh
= ±1

2 , gives Z2 = Z3 = Z4 = 0 and Z1 = −
(
2Bm0 + 1

)
, so z-integrality fixes

only 2Bm0 ∈ ℤ, i.e. Bm0 can be either integral or half-integral. As for Spin(7)+3F, this cannot
be decided by using exp(−Vn) alone. As we will see in section 5.5, the one-instanton partition
function must be invariant under x → 1/x — required by the fact that x is an SU(2)R fugacity

— and only Bm0 ∈ ℤ leads to a partition function with this property. This is also compatible
with the faithful SO(3)I instanton symmetry of Spin(8) + 4F, discussed in section 5.5. Hence
Bm0 ∈ ℤ for Spin(8) + 4F. The same conclusion holds for the pure Spin(8) theory: the
integrality of the exponents of zi (with i = 1, . . . , 4) at the three non-trivial ’t Hooft fluxes —
the vector ñ = (1, 0, 0, 0), i.e. n =

(
1, 1, 1

2 , 1
2
)
, the spinor ñ =

(1
2 , 1

2 , 1
2 , 1

2
)
, i.e. n =

(1
2 , 1, 1

2 , 1
)
,

and the cospinor ñ =
(1

2 , 1
2 , 1

2 ,−1
2
)
, i.e. n =

(1
2 , 1, 1, 1

2
)

— likewise fixes only 2Bm0 ∈ ℤ.
For the Spin(8) pure gauge theory, however, we find that the integer and half-integer

options are equivalent: Bm0 ∈ ℤ and Bm0 ∈ ℤ+ 1
2 yield the same one-instanton partition

function, equal to x6 times the Hilbert series of one Spin(8) instanton (section 5.5), so
either may be used. This is no longer true for the theory with matter: for Spin(8) + 4F
only Bm0 ∈ ℤ survives, as established above. In contrast with the two branches in the
quantisation rule Bm0 ∈ ℤ ± 1

4 of the Spin(7) pure gauge theory (section 3.5) originating
from the short roots of B3 (which contribute half-integer constants to the zi exponents),
the simply-laced D4 algebra has no short roots, so the pure Spin(8) exponents carry integer
constants and admit no such branch.

3.7 Non-Lagrangian theories

The construction extends to the non-Lagrangian SCFTs of appendices A and B: the BN

family of [20, 56] (whose rank-one member B3 is the local ℙ2, i.e. the E0 theory of [11])
and the rank-two theories ℙ2 ∪ 𝔽3 and ℙ2 ∪ 𝔽6 of [14, 17], whose partition functions were
computed in [43]. These and related non-Lagrangian SCFTs, and the geometric extraction
of their 1-form symmetry, were studied in [20].

There is no gauge Lagrangian, but the blow-up function is still controlled by the Coulomb
branch prepotential (A.3), assembled from the geometric intersection data of (A.4): the
cubic couplings cijk = Si ·Sj ·Sk, the gravitational couplings CG

i = c2(X) · Si and the SU(2)R

couplings CR
i = 2. The magnetic fluxes ni now thread the compact divisors Si, and zi = eϕi

are the Coulomb fugacities.
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As for the Lagrangian theories, the allowed (dynamical) fluxes are those for which the
exponents Zi(n) of the Coulomb fugacities are integers; we find that this single condition
reproduces the magnetic flux quantisation of these theories, spinc shifts included. Explicitly,
the blow-up function reads

exp(−Vn) = (p1p2)P (n) ∏
i

z
Zi(n)
i , Zi(n) = κi − 1

2 cijk njnk , (3.40)

with p1p2 = x2 the SU(2)R fugacity, P (n) the (p1p2)-exponent (4.11), whose fractional part
is the cubic anomaly of section 4.3, and κi a constant spinc zero-point (the 1

8 below for the
non-spin ℙ2, zero for a spin divisor). A flavour U(1), where present, carries its own magnetic
flux Bh — the flux through the flavour divisor DF — so the total (gauge and flavour) flux is
N =

∑
i niSi + Bh DF , and the Coulomb exponents pick up a cross-term, namely

Zi = −1
2 Si ·N 2 = κi − 1

2cijknjnk − (SiSjDF )nj Bh − 1
2(SiD

2
F )B2

h , (3.41)

and a flavour factor wW appears, with exponent W = 1
2 DF ·N 2 (the sign appropriate to

w = e−m); the (p1p2)-exponent P likewise depends on the full flux N through its cubic term,
P = 1

6cijkN iN jN k +
(CG

i
48 − CR

i
8
)
ni, the gravitational and SU(2)R couplings running over the

compact fluxes only. For the matter theories of sections 3.3–3.5, the allowed Bh follow from
demanding that exp(−Vn) be independent of the zi at the minimal gauge flux n = 0, where
the hypermultiplet zero-point pins Bmh

= ±1
2 . The non-Lagrangian theories below have no

such zero-point — exp(−Vn)|n=0 is zi-independent for any Bh, so n = 0 imposes no condition
— and the flavour flux is instead quantised by zi-integrality of exp(−V𝔫) on the non-trivial
1-form cosets 𝔫, discussed in more detail below. We collect the effective prepotentials (many
of which are new) in the following table, and display exp(−Vn) for each theory in turn.

Theory Effective prepotential E
B3 = B

(2)
3 = E0 [44, (4.20)]

B4 (A.22)
B5 (A.34)

ℙ2 ∪ 𝔽3 [43, (5.63)]
ℙ2 ∪ 𝔽6 [43, (5.67)]

B
(1)
3 (A.41)

B
(1)
4 (A.44)

B
(2)
4 (A.51)

B
(3)
3 (A.55)

B
(3)
4 (A.59)

(3.42)

Dynamical fluxes vs. symmetry backgrounds. In every case, the allowed (dynamical)
fluxes are the central-divisor cosets dressed by the spinc offset

n = j k

𝔪 + δ , j = 0, 1, . . . ,𝔪− 1 , (3.43)

with k the central vector of (A.11) (Z =
∑

i kiSi the generator of ℤ(1)
𝔪 ) and δ the spinc offset

of (A.13), non-zero precisely when a compact curve is odd. This is the flux summed over in
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the blow-up equation. It is to be distinguished from the bare 1-form background

𝔫 = jk/𝔪 (without δ) , (3.44)

on which the ’t Hooft anomaly is evaluated in section 4 and in appendices A, B. We therefore
write 𝔫 for the bare 1-form background and n = 𝔫+ δ for the physical flux (3.43), the two
differing precisely by the spinc offset δ. For a Lagrangian gauge theory the distinction is
moot: the genuine 1-form background pairs integrally with every dynamical state — the
W-bosons (whose one-loop term is an integer, section 4) and, for the genuine symmetry,
the charged matter — so there is no spinc offset, δ = 0, and 𝔫 = n.12 For convenience, we
collect the bare 1-form background 𝔫 = jk/𝔪, the spinc offset δ (so that the dynamical flux
is n = 𝔫+ δ), and the flavour symmetry together with its background-flux quantisation for
every non-Lagrangian theory studied below in table 1. A remark on notation, here and in
the rest of the paper: when the flavour symmetry has a single Cartan direction, we denote
its background flux by Bh (or Bm); when there are several flavour divisors DFa , we write
Bma (a = 1, 2, . . .) for the flux through DFa . The two notations are used interchangeably,
with Bh ≡ Bm1 whenever only one flavour flux is present.

3.7.1 The BN family

The B3 = E0 theory (local ℙ2)

This is, in fact, the rank-one E0 theory studied in [11]. With a single flux n1, the blow-up
function reads

exp(−Vn) = (p1p2)
3
2 n3

1−
3
8 n1 z

1
8−

9
2 n2

1
1 , (3.45)

so the power of the Coulomb fugacity z1 = eϕ1 — a magnetic charge — is Z1(n) = 1
8 −

9
2 n2

1, which must be an integer. Its flux-dependent part −9
2n2

1 = −1
2c111 n2

1 is the classical
contribution of the cubic prepotential, while the constant 1

8 is a gravitational zero-point.
To see what the constant does, note that the flux through the line ℓ ⊂ ℙ2 is ⟨n, ℓ⟩ = (S ·
ℓ)n1 = −3n1, so that

Z1(n) = 1
8 − 1

2 ⟨n, ℓ⟩2 . (3.46)

Integrality of Z1 then holds precisely when ⟨n, ℓ⟩ ∈ ℤ+ 1
2 — the Freed–Witten/spinc condition

that the flux through the odd curve ℓ (with ℓ2 = 1, so that ℙ2 is non-spin) be half-integral.
This is exactly 6n1 odd, n1 ∈ {1

6 , 1
2 , 5

6} (mod 1). The value of the constant is the spinc

zero-point itself: 1
8 = 1

2
(1

2
)2 is 1

2⟨n, ℓ⟩2 evaluated at the minimal half-integral flux ⟨n, ℓ⟩ = 1
2 ,

so it is exactly what forbids n1 = 0 and pushes the allowed fluxes off the integer lattice. Were
the relevant curve even — a spin divisor, as for the B4 surfaces below, whose Zi carry no
such constant — the integer flux n = 0 would be allowed. The three values are thus the three
cosets of ℤ(1)

3 , each dressed by this half-unit offset: the 6n ∈ 2ℤ + 1 lattice.
12This statement holds even for the SU(2) or USp(2N) gauge group with theta angle π. As discussed in [43,

(3.41) and around (5.47)], there always exists a choice where δ = 0 in the gauge fluxes, but with the half-integer
shifts residing in the flavour background fluxes Bmh or topological flux Bm0 . This is also the case for the other
Lagrangian theories, such as Spin(7) + 3F: Bmh = ± 1

2 , Bm0 ∈ ℤ, and SU(4)2 + Λ2: Bmh = ± 1
2 , Bm0 ∈ ℤ+ 1

2 .
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Theory Γ(1) 𝔫 = j
𝔪k δ F flavour fluxes

B3 = E0 ℤ
(1)
3

j
3

1
6 — —

B4 ℤ
(1)
7

j
7(1, 2, 4) (0, 0, 0) — —

ℙ2 ∪ 𝔽3 ℤ
(1)
5

j
5(1, 3) (0, 1

2) — —

ℙ2 ∪ 𝔽6 ℤ
(1)
4

j
4(2, 1) (−1

4 ,−1
8) — —

B
(1)
3 ℤ

(1)
2

j
2 0 U(1) Bh ∈ ℤ

B
(1)
4 ℤ

(1)
3

j
3(2, 2, 1) (1

2 , 0, 0) SU(2)×U(1) Bm1 ∈ 2ℤ, Bm2 ≡ j (mod 2)

B
(2)
3 = B3 ℤ

(1)
3

j
3

1
6 — —

B
(2)
4 ℤ

(1)
4

j
4(1, 1, 2) (1

2 , 0, 0) SU(2) Bh ∈ ℤ

B
(3)
3 ℤ

(1)
2

j
2 0 SU(2) Bm ∈ ℤ

B
(3)
4 ℤ

(1)
3

j
3(2, 1, 1) (0, 1

2 , 0) SU(3) Bm1 , Bm2 ∈ ℤ

Table 1. Bare 1-form background 𝔫 = jk/𝔪 (j = 0, . . . ,𝔪−1, with k the central vector Z =
∑

i kiSi

generating Γ(1) = ℤ
(1)
𝔪 ), spinc offset δ, flavour symmetry F and the quantisation of the flavour fluxes

for the non-Lagrangian theories. The dynamical flux is n = 𝔫+ δ. B
(2)
3 is local ℙ2 (B3); the rank-one

B
(1)
3 and B

(3)
3 are distinct geometries (compact divisor 𝔽0 versus 𝔽2) that happen to share the coarse

invariant c111 = 8. The flavour fluxes are denoted by Bh (or Bm) when F has a single Cartan direction,
and by Bma

when there are several; see section 3.7 and appendix A.

The B4 theory

The rank-three member has

P (n) = 4
3
(
n3

1 + n3
2 + n3

3
)
− n2

1n3 − n1n2
2 − n2n2

3 + n1n2n3 − 1
3(n1 + n2 + n3) ,

Z1(n) = −4n2
1 + 2n1n3 + n2

2 − n2n3 ,

Z2(n) = 2n1n2 − n1n3 − 4n2
2 + n2

3 ,

Z3(n) = n2
1 − n1n2 + 2n2n3 − 4n2

3 .

(3.47)

Every compact curve is even, so there is no spinc shift, and Zi ∈ ℤ selects the integral ℤ(1)
7

cosets n = j
7(1, 2, 4), with j = 0, . . . , 6.

3.7.2 ℙ2 ∪ 𝔽3

With fluxes (n1, n2), blow-up function exp(−Vn) = (p1p2)P (n)z
Z1(n)
1 z

Z2(n)
2 , where

P (n) = 3
2n3

1 − 3
2n2

1n2 + 1
2n1n2

2 + 4
3n3

2 − 3
8n1 − 1

3n2 ,

Z1(n) = −1
8(6n1 − 2n2 − 1)(6n1 − 2n2 + 1) ,

Z2(n) = 1
2(n1 − 2n2)(3n1 + 4n2) ,

(3.48)

and Z1, Z2 ∈ ℤ selects the five cosets

(n1, n2) ∈
{
(0, 1

2), (
1
5 , 1

10), (
2
5 , 7

10), (
3
5 , 3

10), (
4
5 , 9

10)
}

(mod 1) , (3.49)
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i.e. ℤ(1)
5 , in agreement with n1 ∈ ℤ+ 1

5 , n2 ∈ ℤ+ 1
10 of [43, (5.64)]; the denominator 10 = 2𝔪

in n2 is the spinc half-shift.

3.7.3 ℙ2 ∪ 𝔽6

Here exp(−Vn) = (p1p2)P (n)z
Z1(n)
1 z

Z2(n)
2 , with

P (n) = 3
2n3

1 − 3n2
1n2 + 2n1n2

2 + 4
3n3

2 − 3
8n1 − 1

3n2 ,

Z1(n) = 1
8 − 1

2(3n1 − 2n2)2 , Z2(n) = (n1 − 2n2)(3n1 + 2n2) ,
(3.50)

and integrality of Z1 and Z2 selects the ℤ
(1)
4 cosets n1 ∈ ℤ + 1

4 , n2 ∈ ℤ + 1
8 of [43, (5.68)]

(denominator 8 = 2𝔪).

3.7.4 The B
(1)
N family

The sibling family B
(1)
N of [20, 56] (whose geometry is described in appendix A.6), with 1-form

symmetry ℤ
(1)
N−1 and flavour symmetry SU(N −2)×U(1) of rank N −2 (figure 13 of [56]) with

fugacities wa = e−ma , is treated the same way, its Coulomb exponents Zi(n) = −1
2cijknjnk

now carrying no gravitational constant. For B
(1)
3 (ℤ(1)

2 1-form symmetry, a single divisor
with c111 = 8 and S2

1DF = −2), we have

exp(−Vn) = (p1p2)
4
3 n3

1−
1
3 n1 w n2

1 z
−4n2

1+2n1Bh

1 . (3.51)

Integrality of Z1 = −4n2
1 + 2n1Bh is the only condition, and it selects the ℤ

(1)
2 cosets

n1 ∈ {0, 1
2}. At n1 = 0 one has Z1 = 0 for any Bh, so the minimal flux leaves Bh

unconstrained; it is the generating coset n1 = 1
2 — where Z1 = −1 + Bh — that forces the

flavour flux to be integral, Bh ∈ ℤ (there being no hypermultiplet zero-point, the Bmh
= ±1

2
of the matter theories has no analogue here). For B

(1)
4 (ℤ(1)

3 1-form symmetry, rank three),
the flavour symmetry has rank two (five boundary points), so there are two masses; with
N =

∑
i niSi + Bm1DF1 + Bm2DF2 (with DF1 = A, DF2 = E in appendix A.6), we have

exp(−Vn) = (p1p2)P wW1
1 wW2

2 zZ1
1 zZ2

2 zZ3
3 , with

W1 = 1
2DF1 ·N 2 = −n2

1 + n1n3 − n2
3 , W2 = 1

2DF2 ·N 2 = Bm2n2 − 3
2n2

2 ,

Z1 = −1
8 − 7

2n2
1 + n1n2 + 1

2n2
2 − n2n3 + n2

3 + (2n1 − n3)Bm1 ,

Z2 = −1
8 + 1

2n2
1 + n1n2 − n1n3 − 7

2n2
2 + n2

3 + 3n2Bm2 − 1
2B2

m2 ,

Z3 = −n1n2 + 2n1n3 + 2n2n3 − 4n2
3 + (2n3 − n1)Bm1 ,

(3.52)

and the (p1p2)-exponent P of (4.11). The spinc zero-points κ = (−1
8 ,−1

8 , 0) exclude n = 0;
the single compact–compact odd curve S1S2 fixes the gauge offset δ = (1

2 , 0, 0), and Zi ∈ ℤ

on the central cosets n = j
3(2, 2, 1) + δ then locks the two flavour fluxes,

Bm1 ∈ 2ℤ , Bm2 ≡ j (mod 2) . (3.53)

3.7.5 The B
(2)
N family

The third family B
(2)
N of [20, 56] (appendix A.7, with the 1-form symmetry ℤ

(1)
N ) follows

the same pattern. The B
(2)
3 theory is simply local ℙ2 (B3) discussed in section 3.7.1. Its
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flavour symmetry is SU(N − 2) (figure 13 of [56]), present for N ≥ 4; for B
(2)
4 , it is SU(2),

whose Cartan supplies the single flavour fugacity w.
For B

(2)
4 (ℤ(1)

4 1-form symmetry, rank three), the blow-up function is exp(−Vn) =
(p1p2)P wW ∏

i zZi
i with total flux N = n1S1 + n2S2 + n3S3 + BhDF , the (p1p2)-exponent

P of (4.11) (prepotential in appendix A.7), and

W = 1
2 DF ·N 2 = −n2

1 − n2
2 − 3

2n2
3 + (Bh + n1 + n2)n3 ,

Z1 = −1
8 − 7

2n2
1 + n1n2 + 1

2n2
2 + 3

2n2
3 − (Bh + n1 + n2)n3 + 2n1Bh ,

Z2 = −1
8 + 1

2n2
1 + n1n2 − 7

2n2
2 + 3

2n2
3 − (Bh + n1 + n2)n3 + 2n2Bh ,

Z3 = 1
8 − 1

2
(
Bh + n1 + n2 − 3n3

)2
,

(3.54)

including the spinc zero-points κ = (−1
8 ,−1

8 , 1
8). All three divisors are non-spin (S3

1,2 = 7,
S3

3 = 9), so κ ̸= 0 and the trivial flux is excluded: Zi(0) = κi /∈ ℤ. Integrality of the Zi is
the spinc flux quantisation; from Z3 = 1

8 − 1
2(n1 + n2 − 3n3 + Bh)2, one has

Z3 ∈ ℤ ⇐⇒ n1 + n2 − 3n3 + Bh ∈ ℤ+ 1
2 , (3.55)

the exact analogue of 3n1 ∈ ℤ + 1
2 (“6n1 odd”) for local ℙ2, with Z1,2 ∈ ℤ imposing the

corresponding shifts on S1, S2. With Bh ∈ ℤ (integer charges DF · Ca), this forces the
gauge combination n1 + n2 − 3n3 to be half-integral: the spinc half-unit sits in the gauge
flux, not in Bh (unlike the matter theories, where Bmh

= ±1
2 carries it). The spinc offset

can be chosen to be δ = (1
2 , 0, 0) and the bare ℤ

(1)
4 backgrounds are 𝔫 = j

4(1, 1, 2). The
dynamical fluxes are therefore

n = j
4(1, 1, 2) + (1

2 , 0, 0) . (3.56)

Note that, as before, the fluxes n = 0 are excluded.

3.7.6 The B
(3)
N family

The fourth family B
(3)
N of [20, 56] (discussed in appendix A.8, with ℤ

(1)
N−1 1-form symmetry,

flavour symmetry SU(N − 1) of rank N − 2; figure 13 of [56]) follows the same blow-up
pattern. For B

(3)
4 (ℤ(1)

3 1-form symmetry, Z = 2S1 + S2 + S3, two masses DF1 = (4, 0),
DF2 = (1, 3)), the total flux is N =

∑
i niSi + Bm1DF1 + Bm2DF2 , the blow-up function

reads exp(−Vn) = (p1p2)P wW1
1 wW2

2 zZ1
1 zZ2

2 zZ3
3 , with

W1 = −n2
1 + n1n3 − n2

3 , W2 = −3
2n2

2 + n2Bm2 ,

Z1 = −4n2
1 + 2n1n2 − n1n3 − n2n3 + 3

2n2
3 + (2n1 − n3)Bm1 ,

Z2 = −1
8 + n2

1 − n1n3 − 7
2n2

2 + n2n3 + 1
2n2

3 + 3n2Bm2 − 1
2B2

m2 ,

Z3 = −1
8 − 1

2n2
1 − n1n2 + 3n1n3 + 1

2n2
2 + n2n3 − 7

2n2
3 + (2n3 − n1)Bm1 ,

(3.57)

and the (p1p2)-exponent P of (4.11). With spinc zero-points κ = (0,−1
8 ,−1

8) (S3
1 = 8 is even,

so Z1 carries none), Zi ∈ ℤ excludes n = 0 and places the dynamical fluxes at

n = j
3(2, 1, 1) + δ , δ = (0, 1

2 , 0) , (3.58)

where the gauge spinc offset δ is obtained from the odd compact–compact curves S1S3, S2S3.
The background flavour fluxes are such that

Bm1 , Bm2 ∈ ℤ . (3.59)
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4 ’t Hooft anomalies involving the 1-form symmetry

In this section, we extract the ’t Hooft anomalies involving the 1-form symmetry directly
from the blow-up function. The quantity to evaluate is not the dynamical gauge flux but the
background for the 1-form symmetry: we turn on a non-trivial ℤ(1)

𝔪 background by setting
the flux to a non-trivial coset of the centre — the bare 1-form background 𝔫 of section 3.7

— without the spinc offset δ that dresses the dynamical flux n = 𝔫 + δ in (3.43) summed
over in the blow-up equation. The anomalies, including the mixed ones, are then read from
the fractional parts of the exponents of exp(−V𝔫): the instanton-fugacity exponent Q(𝔫)
gives the mixed 1-form–U(1)I anomaly (more precisely its fractional part rescaled by the
Dynkin index, [Q(𝔫)/I2(F )]mod1; see section 4.1), the constant part of the (p1p2)-exponent
P (𝔫) gives the cubic self-anomaly together with the mixed 1-form–gravitational and 1-form–
SU(2)R couplings, and the flavour-fugacity exponents Wa(𝔫), where present, give the mixed
1-form–flavour-Cartan anomalies.

Evaluating on the symmetry background 𝔫 rather than on the dynamical flux n is the
conceptually correct prescription: an ’t Hooft anomaly is a property of the background alone,
while the spinc offset δ — a half-integral dressing tied to odd compact curves — belongs
to the dynamical bundle summed in the partition function and would otherwise shift the
very fractional parts that encode the anomaly. For pure gauge theories, the distinction
is immaterial, since δ = 0 and 𝔫 = n (explained in section 4.2); it becomes essential for
the non-Lagrangian theories of section 4.3, where δ ≠ 0. The method applies equally to
pure gauge theories, to theories with matter in non-trivial gauge representations, and to
non-Lagrangian theories.

4.1 The instanton charge k versus the blow-up exponent Q

The mixed 1-form–U(1)I anomaly requires one point of normalisation. The topological symme-
try U(1)I has conserved current ∝ Tr(F ∧F ), and its charge is the canonical instanton number

k(n) = 1
8π2

∫
Tr(F ∧ F )

∣∣∣
n

= 1
2⟨n, n⟩ , (4.1)

with ⟨·, ·⟩ normalised so that the long roots have length squared equal to 2; then k ∈ ℤ on
the coroot lattice, with the minimal (long-root) instanton at k = 1. The exponent of the
instanton fugacity in exp(−Vn) is instead the defining-representation trace

Q(n) = 1
2TrF n2 = I2(F ) k(n) , (4.2)

where I2(F ) is the quadratic Dynkin index of the defining representation F in the normalisation
I2(adj) = 2h∨: I2(F ) = 1 for the fundamentals of SU(N) and USp(2N), and I2(F ) = 2 for the
vector of Spin(N). Hence Q = k for SU(N) and USp(2N), while, for Spin(N), the blow-up
grades by Q = 2k: genuine bundles carry even Q, and the minimal long-root instanton sits
at Q = 2 (consistently with footnote 9).

The mixed ℤ
(1)
𝔪 –U(1)I anomaly is the fractional instanton number carried by the 1-

form background — the part of k(𝔫gen) that cannot be removed by a properly quantised
U(1)I counterterm, the charge lattice being ℤ. It is therefore the fractional part of the
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physical charge,

Ωii,U(1)I
=
[

Q(𝔫gen)
I2(F )

]
mod 1

=
[
k(𝔫gen)

]
mod 1 . (4.3)

For SU(N) and USp(2N), this is just [Q(𝔫gen)]mod1; for Spin(N), the division by I2(F ) = 2
is essential, since, on a vector-class background, Q is an odd integer — so [Q]mod1 = 0 —
whereas the genuine fractional instanton number is k = 1

2 .

4.2 Anomalies in SU(N)kCS pure gauge theory

Let us first consider the SU(N)kCS pure gauge theory. The 1-form symmetry is ℤ
(1)
𝔪 with

𝔪 = gcd(N, kCS). The bare 1-form background 𝔫 = jk/𝔪 and the dynamical (z-integral)
flux n = 𝔫+δ of (3.43) in fact coincide. The only charged dynamical states are the W-bosons,
whose one-loop contribution 1

6
∑

α∈∆+
(
⟨n, α⟩3 − ⟨n, α⟩

)
is integral on every coset of Λcw/Λcr

(proven at the end of this subsection), so the spinc offset vanishes, δ = 0; we have verified
this for all N and kCS. Any half-integer or fractional shifts reside instead in the instanton
background Bm0 and in the anomalous exponents Q and P |const, never in the gauge flux. We
may therefore take n = 𝔫 and use the two interchangeably throughout this subsection.

For the gauge fluxes, a convenient representative of the generating coset ωN/𝔪 is n =
(N/𝔪)ω1, i.e.

ni =
i

𝔪 , i = 1, . . . , N − 1 . (4.4)

We evaluate the exponents of (3.2) on such fluxes (note that the exponents are well defined
modulo integers under a change of representative within the coset).

We first consider the mixed ’t Hooft anomaly between the 1-form symmetry and the
instanton symmetry U(1)I , which is read off from the exponent Q(n) of the instanton fugacity
q. Evaluating it on the generating flux ni = i/𝔪, one finds

Q(n)
∣∣∣
ni=i/𝔪

= N(N − 1)
2𝔪2 . (4.5)

This is precisely the coefficient of the mixed ’t Hooft anomaly between ℤ
(1)
𝔪 and U(1)I

(see [23], [26, (B.22)], [25, (4.6)], [28, (4.25)]); see also [35] for a recent analysis of this
anomaly and of its counterpart in other global variants of the theory, where it is traded
for a symmetry extension.

Next, we consider the cubic self-anomaly of the 1-form symmetry. It originates from
the Chern–Simons coupling kCS CS5(A) = 2π kCS

6
∫

M6
Tr(F 3), where M6 is a six-dimensional

manifold whose boundary is the five-dimensional spacetime on which our theory lives, and F

is taken to be the background field for the 1-form symmetry. We therefore isolate the term
proportional to kCS that is cubic in the gauge fluxes. This is precisely the fractional part of
the (p1p2)-exponent P (n) evaluated with the instanton background switched off, Bm0 = 0:

P (n)
∣∣
Bm0 =0 ≡ kCS

6

N∑
a=1

ñ3
a (mod 1) , (4.6)
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where the one-loop W-boson contribution 1
6
∑

α∈∆+
(
⟨n, α⟩3 − ⟨n, α⟩

)
is an integer for n in

any coset of Λcw/Λcr (proven below), so that only the Chern–Simons term contributes to the
fractional part. Using (3.4) and evaluating on the generating flux, we find

kCS
2

N−2∑
i=1

(
n2

i ni+1 − ni n2
i+1

)∣∣∣
ni=i/𝔪

= −N(N − 1)(N − 2) kCS
6𝔪3 , (4.7)

so that

P (n)
∣∣
Bm0 =0 ≡ −N(N − 1)(N − 2) kCS

6𝔪3 (mod 1) , (4.8)

in agreement with the cubic self ’t Hooft anomaly of the 1-form symmetry ([24, (5.100),
(5.106)], [26, (B.28)], [25, (4.5)], [28, (4.25)]).

To prove the integrality, take first the representative n(j) = j ω1 of the coset ωj , i.e.
ni = ij

N : then ña = j
N for a ≤ N −1 and ñN = j

N − j, so that ⟨n(j), α⟩ = 0 for the (N−1)(N−2)
2

positive roots ea − eb with b ≤ N − 1, and ⟨n(j), α⟩ = j for the N − 1 roots ea − eN . Hence

1
6
∑

α∈∆+

(
⟨n(j), α⟩3 − ⟨n(j), α⟩

)
= (N − 1) (j3 − j)

6 ∈ ℤ , (4.9)

since j3−j ≡ 0 (mod 6). Any other element of the coset is n(j)+µ with µ ∈ Λcr, under which
every pairing shifts by an integer, yα → yα + cα with yα = ⟨n(j), α⟩ ∈ ℤ and cα = ⟨µ, α⟩ ∈ ℤ.
The variation of each summand, namely

(y + c)3 − (y + c)−
(
y3 − y

)
= 3 yc (y + c) +

(
c3 − c

)
, (4.10)

is divisible by 6: indeed c3 − c ≡ 0 (mod 6), and yc(y + c) is always even for integers y, c

(if y and c are both odd, y + c is even). This proves (4.6) on every coset ωj — not only on
those generating the genuine 1-form symmetry ℤ

(1)
𝔪 .

4.3 Anomalies in the BN , B
(1,2,3)
N , and ℙ2 ∪ 𝔽3,6 non-Lagrangian theories

For the non-Lagrangian theories of section 3.7, the diagnostic works in the same way, with
one difference: there are no W-bosons, so the integer combination 1

6
∑

α(⟨n, α⟩3 − ⟨n, α⟩) is
absent and the gravitational coupling it would package must be reinstated by hand. Directly
from the prepotential (A.3), the (p1p2)-exponent evaluated on the bare 1-form background
𝔫 (in the notation of section 3.7) reads

P (𝔫) = 1
6 cijk 𝔫i𝔫j𝔫k︸ ︷︷ ︸

cubic CS

+
∑

i

CG
i

48 𝔫i︸ ︷︷ ︸
gravitational

+
∑

i

(
−CR

i

8

)
𝔫i︸ ︷︷ ︸

SU(2)R

, (4.11)

the cubic part being the Chern–Simons prepotential, the linear part splitting into a gravi-
tational piece (CG

i /48) and an SU(2)R piece (−CR
i /8).

Which flux to take. The cubic self-anomaly is read off on the bare 1-form background
𝔫 = jk/𝔪 — the central-divisor coset of (A.11), without the spinc offset δ. This is exactly
the flux on which Ω is computed in appendices A and B; it should not be confused with the
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dynamical z-integral flux n = 𝔫+ δ of (3.43), from which it differs by δ. On this background
the cubic and gravitational pieces of (4.11) evaluate to

1
6
∑
i,j,k

cijk

(
jki

𝔪

)(
jkj

𝔪

)(
jkk

𝔪

)
= Z3

6𝔪3 j3 ,
∑

i

CG
i

48
j ki

𝔪 = c2(X) · Z

48𝔪 j , (4.12)

using Z3 =
∑

i,j,k cijkkikjkk and
∑

i CG
i ki = c2(X) · Z.

Let us compare this with (A.2). The cubic piece of P reproduces the Chern–Simons
term of the anomaly outright — both carry the coefficient 1

6 , up to the overall sign of
the exp(−Vn) convention — while its gravitational piece identifies the intersection number
c2(X)·Z that governs the gravitational term of (A.2). The two encode the same mixed 1-form–
gravitational coupling, proportional to c2(X) · Z, but in different normalisations: P carries it
as 1

48(ϵ
2
1 + ϵ2

2)CG
i , with ϵ2

1 + ϵ2
2 identified with (minus) the Pontryagin class of the tangent

bundle of the 5d spacetime, −p1(T ), see below (2.10), and CG
i = c2(X)·Si, whereas (A.2)

writes it as 1
24 Z · p1(TX) = − 1

12 c2(X) · Z, using the internal p1(TX) = −2c2(X). Both are
fixed by the single intersection number c2(X) · Z; assembling the cubic and gravitational
pieces in the normalisation of (A.2) gives the cubic self ’t Hooft anomaly

Ω(j) = − Z3

6𝔪3 j3 − c2(X) · Z

12𝔪 j (mod 1) , (4.13)

which is precisely (A.2). The SU(2)R linear term −CR
i 𝔫i/8 does not enter: it is a mixed

1-form–SU(2)R coupling — the p1p2 analogue of the mixed 1-form–U(1)I anomaly read from
Q(n) in (4.5) — distinct from the cubic self-anomaly; we quantify it at the end of this
subsection. Evaluating (4.13) on the cosets reproduces the following values:

Ω(j) =



1
9 j3 B3 = E0

1
7 j3 B4

− 3
10(j

3 − j) ≡ 1
5(j

3 − j) ℙ2 ∪ 𝔽3

1
4 j3 ℙ2 ∪ 𝔽6

, (4.14)

and, in particular, exhibits, in the gravitational coefficient c2(X) · Z/(48𝔪) of (4.11), the
very datum whose divisibility 2𝔪 | c2(X) · Z separates the pure-cubic anomalies of BN

and ℙ2 ∪ 𝔽6 from the mixed 1-form–gravitational anomaly of ℙ2 ∪ 𝔽3 (appendix B). We
emphasise that, for ℙ2 ∪ 𝔽3, we can exploit the mod 24 ambiguity of the index congruence
to rewrite Ω(j) = − 3

10(j
3 − j) as 1

5j3, which is purely cubic; we discuss this in detail
around (B.7) and (B.8).

The family B
(1)
N of [20, 56] (geometry in appendix A.6) adds a new ingredient: besides

the ℤ
(1)
N−1 1-form symmetry, it has the non-Abelian flavour symmetry SU(N − 2)×U(1) of

rank N − 2 (figure 13 of [56]; the rank is the number of boundary lattice points minus three),
so that exp(−V𝔫) carries, besides zi and p1p2, flavour fugacities wa = e−ma (a = 1, . . . , N − 2)
for the N − 2 Cartan directions. Its cubic self-anomaly is read from P (𝔫) exactly as above,

Ω(1) = (N − 2)(N − 3)
6(N − 1) , (4.15)

which vanishes for B
(1)
3 , and is equal to 1

9 for B
(1)
4 .
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Because the 1-form symmetry is discrete, its mixed ’t Hooft anomaly with a non-Abelian
flavour group can only be carried by the Cartan of the latter: a background for the full
SU(N −2)×U(1) enters the anomaly through the Abelian flux that commutes with the 1-form
background. The non-compact divisors DFa furnish exactly these Cartan U(1) directions,
and each carries a mixed ℤ

(1)
N−1–U(1)a anomaly given by the fractional part of −Wa(𝔫), with

Wa = 1
2DFa ·𝔫2 = 1

2(SiSjDFa)𝔫i𝔫j the (wa = e−ma) flavour exponent of section 3.7,

Ωii,a =
[
−Wa(𝔫)

]
frac = −1

2
Z2 ·DFa

𝔪2 j2 (mod 1) . (4.16)

For B
(1)
3 , the flavour symmetry is a single U(1) (DF = (N −1, 0)): −W = n2

1 → 1
4 . For B

(1)
4 it

is SU(2)×U(1) (rank two), with the two Cartan directions DF1 = (3, 0) and DF2 = (0, 3): the
first gives −W1 = n2

1 − n1n3 + n2
3 → 1

3 (matching [25, (4.38)]), the second −W2 = 3
2n2

2 → 2
3 .

This is the non-Lagrangian, flavour-symmetry counterpart of the mixed 1-form–instanton
anomaly of section 4.4 below: the flavour w-exponent here plays the role of the instanton
q-exponent there.

The same holds for the sibling family B
(2)
N (appendix A.7, ℤ(1)

N 1-form symmetry, flavour
symmetry SU(N − 2) [56]): its cubic self-anomaly is given by (A.49) (see [25, (4.36)]):

Ω(2) = (N − 2)(N − 1)
6N

, (4.17)

and for N ≥ 4, where the SU(N − 2) flavour symmetry appears, the mixed ℤ
(1)
N –Cartan

anomaly along the vertex (N, 0) is

Ωii,(N,0) =
N − 2
2N

, (4.18)

read from the flavour exponent as above; B
(2)
3 has no flavour symmetry and coincides with

local ℙ2 (B3), while B
(2)
4 has flavour SU(2), whose single Cartan supplies the fugacity w.

The fourth family B
(3)
N (appendix A.8, ℤ(1)

N−1 1-form symmetry, flavour symmetry SU(N −
1) [56]) is the exceptional case: its cubic self-anomaly vanishes, Ω(3) = 0 — the genuine cubic
coefficient cancels and the residual gravitational (j3 − j) piece drops mod 1, see (A.54) —
yet its SU(N − 1) flavour symmetry still carries non-trivial mixed ℤ

(1)
N−1–Cartan anomalies

Ωii,a = −1
2Z2 ·DFa/𝔪2 along its N − 2 Cartan directions (e.g. 1

3 and 1
6 for B

(3)
4 , whose

flavour is SU(3)). It thus realises a 1-form symmetry whose only ’t Hooft anomalies are
the mixed ones with the flavour Cartan.

The mixed 1-form–SU(2)R anomaly

Let us now quantify the mixed 1-form–SU(2)R coupling carried by the last term of (4.11).
As discussed in section 2.2, the ϵ2

+ term of the effective prepotential (A.3) is the equivariant
image, under the substitution c2(R) → ϵ2

+, of the mixed gauge/SU(2)2
R Chern–Simons

coupling (2.11), with levels CR
i /2. Evaluating this coupling on the bare 1-form background

𝔫i = jki/𝔪 produces, on a background carrying SU(2)R instanton number
∫

c2(R), the
anomalous phase

exp
[
2πiAR(j)

∫
c2(R)

]
, with AR(j) =

∑
i CR

i ki

2𝔪 j (mod 1) , (4.19)
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i.e. a mixed ’t Hooft anomaly between ℤ
(1)
𝔪 and the SU(2)R symmetry. Equivalently, AR(j)

is (−4) times the SU(2)R piece −CR
i 𝔫i/8 of (4.11); this is precisely the same conversion

factor encountered for the gravitational piece, which maps CG
i 𝔫i/48 of (4.11) to the term

−c2(X) · Z j/(12𝔪) of (4.13), providing a non-trivial consistency check of the normalisation.
Since CR

i = 2 for every compact divisor in all of our examples (see the prepotentials collected
in appendices A and B), (4.19) reduces to AR(j) =

(∑
i ki/𝔪

)
j, namely

AR(j) =



1
3 j B3 = E0

0 B4

4
5 j ℙ2 ∪ 𝔽3

3
4 j ℙ2 ∪ 𝔽6

, (4.20)

using k = (1), 𝔪 = 3 for B3; k = (1, 2, 4), 𝔪 = 7 for B4; k = (1, 3), 𝔪 = 5 for ℙ2 ∪ 𝔽3; and
k = (2, 1), 𝔪 = 4 for ℙ2 ∪ 𝔽6. Interestingly, the anomaly vanishes for B4.

The value for B3 = E0 provides an independent check against the literature. In [52, (1.1)],
it was proposed that the E0 theory possesses a mixed anomaly

2πi

3

∫
B2 (c2(R) mod 3) (4.21)

between its ℤ
(1)
3 1-form symmetry and the SU(2)R symmetry, where B2 is the background

field for the 1-form symmetry. In the parametrisation of [52, (2.24)], namely πiα
9
∫

B3
2 +

2πiβ
3
∫

B2 (c2(R) mod 3), the cubic coefficient α = 2 reproduces Ω(j) = 1
9 j3 of (4.14). On

the other hand, the value β = 1 was determined indirectly in that reference, by matching
discrete anomalies of the 3d theories obtained by compactifying the E0 theory on Riemann
surfaces, a direct 5d computation being unavailable at the time. Our result AR(j) = 1

3 j

corresponds precisely to β = 1: the blow-up function thus supplies an intrinsically five-
dimensional derivation of this mixed anomaly. Note that the reduction of c2(R) modulo 3 in
the expressions above reflects the fact that AR is well defined modulo integer shifts by local
counterterms, in the same way as the anomalies discussed previously.

For completeness, we also evaluate (4.19) at general N for the BN family and its siblings
B

(1,2,3)
N (for all of which CR

i = 2; see the prepotentials in appendix A). For BN , we use
the generator kv of (A.30); for B

(2)
N and B

(3)
N , the generators are kv ≡ x (mod N) and

kv ≡ N − x − y (mod N − 1) respectively, for the interior point v = (x, y), matching the
explicit central vectors given in appendices A.7 and A.8; for B

(1)
N , we take kv ≡ x (mod N−1),

the generator for which the cubic anomaly Ω(1) assumes the value quoted in table 5. To
be explicit: this is the generator −k relative to the central vector k = (2, 2, 1) of B

(1)
4

given in appendix A.6, with which (4.13) evaluates instead to Ω(1)(1) = −1
9 ≡ 8

9 ; the two
conventions are related by the orientation reversal j → −j, under which AR(j) → −AR(j).
With these conventions, one finds

AR(j) =


1
3 j if N ≡ 0 (mod 3) , 0 otherwise BN ,

N(N−2)
6 j (mod 1) B

(1)
N and B

(3)
N ,

(N−1)(N−2)
6 j (mod 1) B

(2)
N ,

(4.22)

– 39 –



J
H
E
P
0
9
(
2
0
2
6
)
2
4
8

which we have verified for 3 ≤ N ≤ 12. For BN , the pattern is consistent with the fact that
𝔪 = N(N − 3)+ 3 is divisible by 3 precisely when 3 | N . For B

(2)
N , the coefficient (N−1)(N−2)

6
equals 1

3 modulo 1 when 3 | N and vanishes otherwise, exactly as for BN (consistently
with B

(2)
3 = B3). For B

(1)
N and B

(3)
N , the coefficient N(N−2)

6 follows the period-six pattern
1
2 , 1

3 , 1
2 , 0, 5

6 , 0 for N ≡ 3, 4, 5, 6, 7, 8 (mod 6). The origin of these closed forms is the amusing
identity that, with the stated generators, the sum of the entries of the central vector is the
same binomial coefficient for all three sibling families:

∑
i

ki =
N−2∑
c=1

c (N − 1− c) =
(

N

3

)
, (4.23)

so that AR(j) =
(N

3
)

j/𝔪 mod 1, with 𝔪 = N−1 for B
(1,3)
N and 𝔪 = N for B

(2)
N . In particular,

the coincidence of the mixed 1-form–SU(2)R anomalies of B
(1)
N and B

(3)
N extends, to all N ,

the algebraic similarity of these two families already observed for N = 3 in appendix A.8.

4.4 Mixed anomaly with the instanton symmetry in theories with matter

The mixed ’t Hooft anomaly between the 1-form symmetry and the instanton symmetry
U(1)I is read in the presence of matter exactly as in the pure case of (4.5): it is the fractional
part of the canonical instanton number k = Q/I2(F ) (4.3), evaluated on the generating
1-form background 𝔫gen:

Ωii,U(1)I
=
[

Q(𝔫gen)/I2(F )
]

mod 1
, Ωiiα = −1

2
Z2

(i) · D(α)

n2
(i)

, (4.24)

the second equality being the geometric form of [25, (4.21)], with D(α) the non-compact
divisor dual to U(1)I . The key point is that Q(n) = 1

2Trn
2 is the pure-gauge instanton

density: it carries no dependence on the matter content. The matter enters only through
which coset generates the (possibly screened) 1-form symmetry and through the quantisation
of the instanton flux Bm0 , but not through Q itself.

Evaluating Q on the generators of sections 3.3–3.6 and dividing by I2(F ) gives table 2.
As both Q and I2(F ) are matter-blind, the anomaly is independent of the number NΛ2

of antisymmetric hypermultiplets (and of kCS), and equals 1
2 in all four cases: for the two

antisymmetric families, Q(𝔫gen) = 1
2 with I2(F ) = 1, while, for Spin(7)+3F and Spin(8)+4F,

the integer Q(𝔫gen) = 1 divided by I2 = 2 likewise gives k(𝔫gen) = 1
2 — the same value as

the pure Spin(7) and Spin(8) theories, since the vector matter does not screen the ℤ
(1)
2 .

A caution attends the dependence on the number of hypermultiplets NΛ2 . Since Q(n) =
1
2Trn

2 depends only on the gauge flux n — and not on Bm0 or the flavour fluxes Bmh
— the

value 1
2 is read off unambiguously, and is in fact the anomaly with the Abelian U(1)I . The

instanton symmetry, however, may enhance at the fixed point to a non-Abelian group GI —
this is not generic, and many theories keep a plain U(1)I — and whether it does is controlled
by NΛ2 and kCS: for instance, SU(4)0 + 2Λ2 has U(1)I → SU(2)I , while SU(4)2 + 2Λ2 stays
Abelian (section 5). When the enhancement occurs, the mixed anomaly is the one between
ℤ

(1)
𝔪 and the Cartan U(1) ⊂ GI , with F the field strength of that Cartan current; it is

still read from Q, now interpreted as the Cartan charge. Enhancement to a non-Abelian
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theory 1-form 𝔫gen Q(𝔫gen) I2 [Q/I2]mod 1

SU(4)kCS + NΛ2Λ2 (kCS even) ℤ2 (1
2 , 0, 1

2)
1
2 1 1

2
USp(4) + NΛ2Λ2 ℤ2 (1

2 , 0) 1
2 1 1

2
Spin(7) + 3F ℤ2 (1, 1, 1

2) 1 2 1
2

Spin(8) + 4F ℤ2 (1, 1, 1
2 , 1

2) 1 2 1
2

Table 2. Mixed ’t Hooft anomaly between the ℤ
(1)
2 1-form symmetry and the instanton symmetry

U(1)I , Ωii,U(1)I
= [Q(𝔫gen)/I2(F )]mod1 (4.3). The fractional instanton number is 1

2 in all four cases
(any NΛ2 , any even kCS); for Spin(7) and Spin(8), the integer Q = 1 must be divided by I2 = 2 to
give the physical k = 1

2 .

GI does not by itself switch the anomaly off: pure SU(4)4 has U(1)I → SO(3)I and yet
retains the mixed anomaly (4.5), N(N−1)

2𝔪2 = 3
8 . What the global form of GI controls is

the Cartan normalisation and hence the precise coefficient; pinning it down requires the
superconformal index of section 5.

5 Faithful global symmetries from the superconformal index

In this section, we collect the superconformal indices of the various theories of interest in
this paper. They provide information about the faithful continuous global symmetries, which
will be useful for the analysis of 2-group symmetries in the next section.

5.1 Pure gauge theories

For any simple gauge group G and kCS = 0, the instanton partition function in the k-
instanton sector is

ZG
pure

∣∣
k-inst = x kh∨

G HS
[
Mk,G

]
= xkh∨

G

(1− xy)(1− xy−1)HS
[
M̃k,G

]
, (5.1)

where Mk,G is the full k G-instanton moduli space on ℂ2, of quaternionic dimension kh∨
G,

with h∨
G the dual Coxeter number of G. It factorises as Mk,G = ℂ2×M̃k,G: the centre-of-mass

ℂ2 — the position of the instanton on ℂ2, contributing the 1/[(1− xy)(1− x/y)] factor —
times the centred (reduced) moduli space M̃k,G of instantons. For k = 1, M̃1,G = Omin(𝔤),
the closure of the minimal nilpotent orbit of 𝔤, of quaternionic dimension h∨

𝔤 − 1, whose
Hilbert series is given by [58] (see also [59]):

HS
[
M̃1,G

]
=

∞∑
p=0

χG
p.hw(adj) x2p , (5.2)

where p.hw(adj) denotes the irreducible representation whose highest weight is p times the
highest weight of the adjoint representation of G. The explicit Hilbert series for k = 2 are
given in [60], and the Hilbert series for general k can be computed using the method described
in [61]. Since the instanton partition function is given by

Zinst =
∞∑

k=0
ZG

pure
∣∣
k-inst qk (5.3)
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and the Hilbert series starts with 1, we see from (2.24) that the one-instanton contribution
enters the superconformal index at order xh∨

G .
In the special case of the SU(2)θ=0 pure gauge theory (h∨

SU(2) = 2), from (2.25a), the
one-instanton partition function contributes q±1 at order x2. Along with the contribution
of U(1)I conserved current, the terms at order x2 are q + 1 + q−1; the global symmetry
algebra is thus 𝔰𝔲(2). The index of this theory (up to four-instanton contributions) is given
by [48, (4.9)] (see also [79, (16)] and [70, Page 55]). Since only even Dynkin labels of the
𝔰𝔲(2) representations appear in the index, the ℤ2 centre of SU(2) acts trivially on such
representations, and we conclude that the faithful global symmetry of its UV fixed point,
namely the E1 theory [10], is SO(3); see also [23, 26, 31]. This is also in agreement with the
analysis of [86, section 2.2.2], where it was found that the Higgs branch at infinite coupling is
ℂ2/ℤ2, whose isometry is SO(3). On the other hand, for the theory with theta angle θ = π,
the instanton contribution appears at higher orders than x2; specifically, for SU(2)π, the index
is explicitly given by [79, (17)], from which we see that the faithful global symmetry is U(1)I .13

We remark that the USp(4)θ=π pure gauge theory also has the faithful global symmetry
U(1)I . Its index is equal to that of SU(3)5, namely

ISU(3)5 = 1 + x2 + 2χ[1](y)x3 + 2
[
1 + χ[2](y)

]
x4 + . . . . (5.4)

For SU(N)N , the faithful global symmetry is also SO(3). We demonstrate this using the
indices of SU(3)3 and SU(4)4 below. Moreover, the magnetic quiver for these theories is
described by the 3d N = 4 U(1) gauge theory with 2 hypermultiplets of charge 1 [87, Phase III,
Nf = 0, table 7] whose Higgs/Coulomb branch is ℂ2/ℤ2 with isometry SO(3), independent
of N .14 For reference, we present the character expansion of the index of SU(3)3 up to two
instantons; this was computed in [45, (4)], and we report it here for convenience:

ISU(3)3 = 1 + χ
𝔰𝔲(2)I

[2]
(
q1/2)x2 + χ[1](y)

[
1 + χ

𝔰𝔲(2)I

[2]
(
q1/2)]x3

+
{
2 + χ

𝔰𝔲(2)I

[2]
(
q1/2)+ χ

𝔰𝔲(2)I

[4]
(
q1/2)+ [χ[2](y)− 1

][
1 + χ

𝔰𝔲(2)I

[2]
(
q1/2)]}x4

+
{

χ[3](y)
[
1 + χ

𝔰𝔲(2)I

[2]
(
q1/2)]+ χ[1](y)

[
1 + 2χ

𝔰𝔲(2)I

[2]
(
q1/2)+ χ

𝔰𝔲(2)I

[4]
(
q1/2)]}x5 + · · · ,

(5.5)

where χ
𝔰𝔲(2)I

[2] (q1/2) = q + 1 + q−1 is the adjoint of the enhanced 𝔰𝔲(2)I , the three one-
instanton currents accompanying the U(1)I Cartan. We have also computed the index of
SU(4)4 up to two instantons, and it coincides with (5.5) up to and including order x5. In
both cases only even 𝔰𝔲(2)I Dynkin labels occur — for example the two-instanton states
enter at order x4 as χ

𝔰𝔲(2)I

[4] (q1/2) — so the ℤ2 centre acts trivially and the faithful continuous
global symmetry is SO(3)I .

Let us discuss another interesting case, namely SU(3)6. The index of this theory is given
by [45, (7)], confirming that the faithful global symmetry is SU(2), since 𝔰𝔲(2)I representations
with odd Dynkin labels also appear in the index. It was also pointed out in the aforementioned
reference that the instanton partition function of this theory can be computed via the blow-up

13We explicitly checked that the blow-up method provides the same answer with the gauge flux n ∈ ℤ, and
the topological background Bm0 ∈ ℤ for SU(2)0 and Bm0 ∈ ℤ + 1

2 for SU(2)π. This was discussed in [43,
section 3.2.1].

14We thank Julius Grimminger for confirming this point.
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method, not from the ADHM construction. It is therefore interesting to contrast this with the
result from the magnetic quiver, discussed in [87, section 5.3], whose Coulomb branch is the
moduli space of two SU(2) instantons on ℂ2. Discarding the free hypermultiplet associated
with the centre-of-mass of the instantons, we see from [60, (3.14)–(3.15)] that the Hilbert
series can be written in terms of the characters of representations of SU(2)y × SO(3)I , where
odd Dynkin labels appear for the symmetry SU(2)y of ℂ2 where the instantons reside, but
not for the internal SO(3)I symmetry of the instantons. Since the derivation of the instanton
partition function and of the index of SU(3)6 is rather subtle, and bears a strong resemblance
to that of the USp(4)θ=0 gauge theory with two antisymmetric hypermultiplets, we provide
the details of both in appendix C.

5.2 SU(4)kCS with antisymmetric hypermultiplets

Our richest examples are SU(4)kCS with one and with two antisymmetric hypermultiplets.
In either case, the gauge group, the matter content and the 1-form ℤ

(1)
2 symmetry are held

fixed, while the enhanced continuous flavour symmetry at the UV fixed point depends on
the Chern–Simons level kCS. Let us summarise the results in the table below and derive
them in the following subsections.

Theory Faithful continuous global symmetry

SU(4)0 + 1Λ2 [
SU(2)w ×U(1)I

]
/ℤ2

SU(4)2 + 1Λ2 SO(3)w ×U(1)I

SU(4)4 + 1Λ2 SU(3)/ℤ3

SU(4)0 + 2Λ2 (USp(4)w/ℤ2)× SO(3)I

SU(4)2 + 2Λ2 [USp(4)w ×U(1)I ]/ℤ2
SU(4)4 + 2Λ2 SO(7)

(5.6)

The expression of the superconformal index of the SU(4) gauge theory with NΛ2 antisymmetric
hypermultiplets is given by (2.24)–(2.27), with the Haar measure and the characters of the
adjoint and antisymmetric representations of 𝔰𝔲(4) collected in appendix D.

5.2.1 One antisymmetric hypermultiplet

The superconformal index of SU(4)0 + 1Λ2 (up to one-instanton contribution) reads
ISU(4)0+1Λ2 = 1 +

[
1 + χ[2](w1)

]
x2 + χ[1](y)

[
2 + χ[2](w1)

]
x3

+
{
4 + 2χ[2](w1) + χ[4](w1) +

(
q + q−1)χ[1](w1) +

[
χ[2](y)− 1

][
2 + χ[2](w1)

]}
x4

+
{

χ[3](y)
[
2 + χ[2](w1)

]
+ χ[1](y)

[
4 + 4χ[2](w1) + χ[4](w1) +

(
q + q−1)χ[1](w1)

]}
x5 + . . . ,

(5.7)

where y is the fugacity of the spacetime SU(2) rotations and q that of the topological symmetry
U(1)I . We see that the one-instanton states contribute

(
q + q−1)χ[1](w1) at order x4 and(

q + q−1)χ[1](w1)χ[1](y) at order x5: representations with odd Dynkin label (half-integer
spin) of SU(2)w are present, and they carry odd charge under U(1)I . The faithful continuous
global symmetry is therefore

SU(2)w ×U(1)I

ℤ2
(NΛ2 = 1, kCS = 0) , (5.8)

with the ℤ2 identifying the centre of SU(2)w with the parity of the instanton charge.
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On the other hand, at kCS = 2, one finds

ISU(4)2+1Λ2 = 1 +
[
1 + χ[2](w1)

]
x2 +

{(
q + q−1)+ χ[1](y)

[
2 + χ[2](w1)

]}
x3

+
{
4 + 2χ[2](w1) + χ[4](w1) +

(
q + q−1)χ[1](y) +

[
χ[2](y)− 1

][
2 + χ[2](w1)

]}
x4

+
{

χ[3](y)
[
2 + χ[2](w1)

]
+ χ[1](y)

[
4 + 4χ[2](w1) + χ[4](w1)

]
+
(
q + q−1)[1 + χ[2](w1) + χ[2](y)

]}
x5 + . . . .

(5.9)

We see that only even Dynkin labels of SU(2)w appear at every order of x, including in the
instanton sectors, and the faithful continuous global symmetry is

SO(3)w ×U(1)I (NΛ2 = 1, kCS = 2) , (5.10)

in agreement with [26].
Finally, at kCS = 4, one finds

ISU(4)4+1Λ2 = 1 +
[
1 + χ

𝔰𝔲(2)w

[2] (w1) +
(
q + q−1)χ

𝔰𝔲(2)w

[1] (w1)
]

x2

+ χ[1](y)
[
2 + χ

𝔰𝔲(2)w

[2] (w1) +
(
q + q−1)χ

𝔰𝔲(2)w

[1] (w1)
]

x3 + . . . ,
(5.11)

where w1 is the fugacity of the flavour algebra 𝔰𝔲(2)w rotating the antisymmetric hypermul-
tiplet and q that of the topological symmetry U(1)I . The eight conserved currents at order
x2 — the 𝔰𝔲(2)w ⊕ 𝔲(1)I currents 1 + χ

𝔰𝔲(2)w

[2] (w1) together with the one-instanton states
(q+q−1)χ

𝔰𝔲(2)w

[1] (w1) — fill the adjoint of 𝔰𝔲(3), exhibiting the enhancement of 𝔰𝔲(2)w⊕𝔲(1)I

to 𝔰𝔲(3). The index is covariant under this enhanced symmetry,

ISU(4)4+1Λ2 = 1 + χ
𝔰𝔲(3)
8 x2 + χ[1](y)

[
1 + χ

𝔰𝔲(3)
8

]
x3 + . . . , (5.12)

where
χ
𝔰𝔲(3)
8 = χ

𝔰𝔲(2)w

[2] (w1) + 1 +
(
q + q−1)χ

𝔰𝔲(2)w

[1] (w1) (5.13)

is the character of the adjoint 8 of 𝔰𝔲(3) in the branching 8 → 30 ⊕ 10 ⊕ 2+1 ⊕ 2−1 under
𝔰𝔲(2)w⊕𝔲(1)I ⊂ 𝔰𝔲(3). As in SU(4)4+2Λ2 described in (5.18)–(5.19), the order-x4 coefficient
provides a sharper test, since SU(3) covariance requires a two-instanton contribution:

ISU(4)4+1Λ2
∣∣
x4 = 1 + χ

𝔰𝔲(3)
8 + Sym2χ

𝔰𝔲(3)
8 +

[
χ[2](y)− 1

][
1 + χ

𝔰𝔲(3)
8

]
, (5.14)

with Sym2χ
𝔰𝔲(3)
8 = χ

𝔰𝔲(3)
1 + χ

𝔰𝔲(3)
8 + χ

𝔰𝔲(3)
27 , the 27 predicting the two-instanton states

(q2 + q−2)χ
𝔰𝔲(2)w

[2] (w1) at this order. We have verified that the two-instanton partition
function indeed reads χ

𝔰𝔲(2)w

[2] (w1)x4 + . . ., and thus confirms this result. Since only SU(3)
representations that transform trivially under the ℤ3 centre appear in the index (the 1, 8,
27, . . . , with, for example, the fundamental representation being absent), we conclude that
the faithful continuous global symmetry is

SU(3)/ℤ3 (NΛ2 = 1, kCS = 4) , (5.15)

in agreement with [26, (4.70)].
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5.2.2 Two antisymmetric hypermultiplets

The one-instanton contribution to the conserved-current spectrum determines the enhancement
pattern summarised in the table above. Applying the analysis of [88, table 1, eq. (22)] (see [89]
for the original exposition and also [90] for generalisations) to count the gauge-invariant
one-instanton states built from the fermionic raising operators A (from antisymmetric zero
modes) and B (from gaugino zero modes), one finds:

• kCS = 4: three gauge-invariant states |0⟩, ϵA2|0⟩, (ϵA2)2|0⟩, organising into (1)+2 ⊕ (3)0 ⊕
(1)−2 of SU(2)AS × U(1)AS ⊂ USp(4). This is exactly the branching of the 5 (vector) of
USp(4) ∼= Spin(5). The five new conserved currents at q = +1, together with five conjugate
currents at q = −1, the ten currents of the USp(4) adjoint, and the one U(1)I current, sum
to 5 + 5 + 10 + 1 = 21 = dimSO(7). This indicates that the enhanced symmetry algebra is
𝔰𝔬(7) ⊃ 𝔰𝔬(5)⊕ 𝔰𝔬(2) ∼= 𝔲𝔰𝔭(4)⊕ 𝔲(1)I .

• kCS = 0: one gauge-invariant state (ϵAB)2|0⟩, which (after the Bose-symmetry and SU(2)R-
singlet contraction enforced by the broken-current supermultiplet condition) is a singlet of
USp(4). This single new current at q = +1, plus its conjugate at q = −1, combines with
the existing U(1)I current to fill out the SU(2)I adjoint, leaving USp(4) untouched. The
global symmetry algebra in this case is therefore 𝔲𝔰𝔭(4)⊕ 𝔰𝔲(2)I .

• kCS = 2: no global symmetry enhancement (see also [88, table 4]); there is no SU(2)R-triplet
conserved current at q = ±1 beyond what U(1)I already provides.

The above method determines the global symmetry algebras. Below, we will use the supercon-
formal index to determine the faithful symmetry group associated to such symmetry algebras.

NΛ2 = 2 and kCS = 4

For kCS = 4, one finds

ISU(4)4+2Λ2 = 1 + χ
𝔰𝔬(7)
adj x2 + χ[1](y)

[
1 + χ

𝔰𝔬(7)
adj

]
x3 + . . . , (5.16)

where
χ
𝔰𝔬(7)
adj = χ

𝔲𝔰𝔭(4)w

[2,0] (w1, w2) + 1 +
(
q + q−1)χ

𝔲𝔰𝔭(4)w

[0,1] (w1, w2) (5.17)

is precisely the character of the adjoint 21 = [0, 1, 0] of 𝔰𝔬(7) in the branching 21 → 100 ⊕
10 ⊕ 5+1 ⊕ 5−1 under 𝔲𝔰𝔭(4)w ⊕ 𝔲(1)q ⊂ 𝔰𝔬(7), with w1, w2 the orthonormal fugacities of
𝔲𝔰𝔭(4)w and 10 = [2, 0], 5 = [0, 1] in 𝔲𝔰𝔭(4) Dynkin labels. The conserved currents at
order x2 thus assemble into the adjoint of 𝔰𝔬(7): the symmetry algebra of SU(4)4 + 2Λ2 is
enhanced to 𝔰𝔬(7), into which 𝔲𝔰𝔭(4)w and 𝔲(1)q combine.

The order-x4 coefficient provides a sharper test, since SO(7) covariance requires a two-
instanton contribution at this order. The q0 and q±1 sectors of the index at order x4 are
reproduced, uniquely, by the SO(7)-covariant expression

ISU(4)4+2Λ2

∣∣∣
x4

= 1 + χ
𝔰𝔬(7)
adj + Sym2χ

𝔰𝔬(7)
adj +

[
χ[2](y)− 1

][
1 + χ

𝔰𝔬(7)
adj

]
, (5.18)

where Sym2χ
𝔰𝔬(7)
adj = χ1 + χ27 + χ35 + χ168′ is the symmetric square of the adjoint (the

conserved-current bilinears), with 27 = [2, 0, 0], 35 = [0, 0, 2] and 168′ = [0, 2, 0]. Under
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𝔲𝔰𝔭(4)w ⊕ 𝔲(1)q, the 27 and 168′ contain the charge-2 components 1±2 and 14±2, so (5.18)
predicts the two-instanton contribution at order x4 to be(

q2 + q−2)[1 + χ
𝔲𝔰𝔭(4)w

[0,2] (w1, w2)
]

, (5.19)

with χ
𝔲𝔰𝔭(4)w

[0,2] the character of the 14 = [0, 2]. We have checked explicitly that the two-
instanton partition function indeed reads [1 + χ

𝔲𝔰𝔭(4)w

[0,2] (w1, w2)]x4 + . . . , which confirms the
aforementioned prediction. Note that this is very similar to the discussion around (5.12)–
(5.14). In conclusion, the faithful continuous global symmetry of this theory is SO(7), in
agreement with [26, (4.77)].

NΛ2 = 2 and kCS = 0

At kCS = 0, the superconformal index (up to two-instanton contribution) reads

ISU(4)0+2Λ2 = 1 +
[
χ
𝔰𝔲(2)I

[2]
(
q1/2)+ χ

𝔲𝔰𝔭(4)w

[2,0]

]
x2 + χ[1](y)

[
1 + χ

𝔰𝔲(2)I

[2]
(
q1/2)+ χ

𝔲𝔰𝔭(4)w

[2,0]

]
x3

+
{
3 + χ

𝔲𝔰𝔭(4)w

[4,0] + χ
𝔲𝔰𝔭(4)w

[0,2] + χ
𝔲𝔰𝔭(4)w

[2,0] + χ
𝔰𝔲(2)I

[4]
(
q1/2)+ χ

𝔰𝔲(2)I

[2]
(
q1/2)[1 + χ

𝔲𝔰𝔭(4)w

[2,0] + χ
𝔲𝔰𝔭(4)w

[0,1]
]

+
[
χ[2](y)− 1

][
1 + χ

𝔰𝔲(2)I

[2]
(
q1/2)+ χ

𝔲𝔰𝔭(4)w

[2,0]

]}
x4 + . . . ,

(5.20)

with χ
𝔰𝔲(2)I

[2]
(
q1/2) = q + 1 + q−1: the 13 conserved currents at order x2 fill the adjoint of

𝔰𝔲(2)I ⊕ 𝔲𝔰𝔭(4)w, exhibiting the enhancement 𝔲(1)I → 𝔰𝔲(2)I . The 𝔲𝔰𝔭(4)w characters
appearing in the expression above correspond to the representations 10 = [2, 0], 5 = [0, 1],
14 = [0, 2], 35′ = [4, 0]. Note that only integer powers of q (integer SU(2)I spins) and only
ℤ2-centre-invariant representations of USp(4)w appear, consistently with the faithful global
form SO(3)I ×

(
USp(4)w/ℤ2

)
= SO(3)I × SO(5)w, in agreement with [26].

NΛ2 = 2 and kCS = 2

Finally, at kCS = 2, one finds

ISU(4)2+2Λ2 = 1 +
[
1 + χ

𝔲𝔰𝔭(4)w

[2,0]

]
x2

+
{(

q + q−1)χ
𝔲𝔰𝔭(4)w

[1,0] + χ[1](y)
[
2 + χ

𝔲𝔰𝔭(4)w

[2,0]

]}
x3

+
{
4 + χ

𝔲𝔰𝔭(4)w

[4,0] + χ
𝔲𝔰𝔭(4)w

[0,2] + 2χ
𝔲𝔰𝔭(4)w

[2,0] + χ
𝔲𝔰𝔭(4)w

[0,1]

+
(
q + q−1)χ

𝔲𝔰𝔭(4)w

[1,0] χ[1](y) +
[
χ[2](y)− 1

][
2 + χ

𝔲𝔰𝔭(4)w

[2,0]

]}
x4 + . . . .

(5.21)

The x2 coefficient contains only the 11 currents of 𝔲(1)I ⊕ 𝔲𝔰𝔭(4)w: there is no symmetry
enhancement, in agreement with the table above. The x4 coefficient at q0 is again 1 + χadj +
Sym2χadj, using Sym210 = 1 ⊕ 5 ⊕ 14 ⊕ 35′, where, in terms of the 𝔲𝔰𝔭(4)w characters,
10 = [2, 0], 5 = [0, 1], 14 = [0, 2], 35′ = [4, 0]. The instanton states, however, now appear
in the fundamental 4 = [1, 0] of 𝔲𝔰𝔭(4)w, which is charged under the ℤ2 centre: states
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with non-trivial USp(4)w centre charge carry odd U(1)I charge, so the faithful continuous
global symmetry at kCS = 2 is

(USp(4)w ×U(1)I)/ℤ2 . (5.22)

Moreover, the two-instanton partition function reads χ
𝔲𝔰𝔭(4)w

[2,0] x6 + . . . , in agreement with
the aforementioned faithful continuous global symmetry.

5.3 USp(4)0 with antisymmetric hypermultiplets

The superconformal index of the USp(4) gauge theory with NΛ2 antisymmetric hypermultiplets
can be derived from the general formula (2.24)–(2.27), with the Haar measure and the
characters of the adjoint and antisymmetric representations of 𝔲𝔰𝔭(4) collected in appendix D.

The case of NΛ2 = 1

The superconformal index of the USp(4)θ=0 + 1Λ2 theory (up to two-instanton contribu-
tions) reads

IUSp(4)0+1Λ2 = 1 +
[
χ
𝔰𝔲(2)w

[2] (w1) + χ
𝔰𝔲(2)I

[2]
(
q1/2)]x2

+
{

χ
𝔰𝔲(2)w

[1] (w1)χ
𝔰𝔲(2)I

[2]
(
q1/2)+ χ[1](y)

[
1 + χ

𝔰𝔲(2)w

[2] (w1) + χ
𝔰𝔲(2)I

[2]
(
q1/2)]}x3

+
{
2 + χ

𝔰𝔲(2)w

[4] (w1) + χ
𝔰𝔲(2)I

[4]
(
q1/2)+ χ[1](y)χ

𝔰𝔲(2)w

[1] (w1) + χ[2](y)
[
1 + χ

𝔰𝔲(2)w

[2] (w1)
]

+ χ
𝔰𝔲(2)I

[2]
(
q1/2)[χ𝔰𝔲(2)w

[2] (w1) + χ[2](y) + χ[1](y)χ
𝔰𝔲(2)w

[1] (w1)
]}

x4

+
{

χ
𝔰𝔲(2)w

[1] (w1) + χ[2](y)χ
𝔰𝔲(2)w

[1] (w1) + χ[3](y)
[
1 + χ

𝔰𝔲(2)w

[2] (w1)
]

+ χ
𝔰𝔲(2)I

[4]
(
q1/2)[χ𝔰𝔲(2)w

[1] (w1) + χ[1](y)
]
+ χ[1](y)

[
2 + 2χ

𝔰𝔲(2)w

[2] (w1) + χ
𝔰𝔲(2)w

[4] (w1)
]

+ χ
𝔰𝔲(2)I

[2]
(
q1/2)[χ𝔰𝔲(2)w

[3] (w1) + χ
𝔰𝔲(2)w

[1] (w1)
(
1 + χ[2](y)

)
+ 2χ[1](y)

(
1 + χ

𝔰𝔲(2)w

[2] (w1)
)
+ χ[3](y)

]}
x5 + . . . ,

(5.23)

with w1 the fugacity of the flavour algebra 𝔰𝔲(2)w rotating the antisymmetric hypermultiplet,
q the topological fugacity, and y that of the spacetime SU(2). The six conserved currents
at order x2 fill the adjoint of 𝔰𝔲(2)w ⊕ 𝔰𝔲(2)I : the classical 𝔰𝔲(2)w is accompanied by the
enhancement 𝔲(1)I → 𝔰𝔲(2)I of the topological symmetry, signalled by the one-instanton
currents χ

𝔰𝔲(2)I

[2] (q1/2) = q + 1+ q−1. The two-instanton contribution enters at order x4. Odd
Dynkin labels of 𝔰𝔲(2)w start appearing at x4, but the Dynkin labels of 𝔰𝔲(2)I are always even
to all orders we can check (up to x5). The faithful continuous global symmetry is therefore

SU(2)w × SO(3)I (NΛ2 = 1) , (5.24)

in agreement with [26].

The case of NΛ2 = 2

For USp(4)θ=0 + 2Λ2, the classical flavour algebra of the two antisymmetric hypermultiplets
is 𝔲𝔰𝔭(4)w (fugacities w1, w2), and the topological symmetry enhances to 𝔰𝔲(2)I (fugacity
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q, with the doublet at q±1). Computing the index up to two instantons, and organising the
result in representations (R𝔲𝔰𝔭(4)w

, R𝔰𝔲(2)I
) of 𝔲𝔰𝔭(4)w ⊕ 𝔰𝔲(2)I , we find

IUSp(4)0+2Λ2 =1 +
[
(10,1)⊕(1,3)⊕(4,2)

]
x2

+
{
(5,2)⊕(4,1)+ χ[1](y)

[
(1,1)⊕(10,1)⊕(1,3)⊕(4,2)

]}
x3 + . . .

=1 + χ
𝔲𝔰𝔭(6)
adj x2 +

(
χ
𝔲𝔰𝔭(6)
[0,0,1] + χ[1](y)

[
1+χ

𝔲𝔰𝔭(6)
adj

])
x3 + . . . ,

(5.25)

which, in characters, translates into

(10, 1)⊕ (1, 3)⊕ (4, 2) = χ
𝔲𝔰𝔭(4)w

[2,0] (w1, w2) + χ
𝔰𝔲(2)I

[2] (q) + χ
𝔲𝔰𝔭(4)w

[1,0] (w1, w2)χ
𝔰𝔲(2)I

[1] (q) , (5.26)

where χ
𝔰𝔲(2)I

[1] (q) = q + q−1 and χ
𝔰𝔲(2)I

[2] (q) = q2 + 1 + q−2. The 21 currents at order x2 are
precisely the adjoint representation of the enhanced algebra 𝔲𝔰𝔭(6) ⊃ 𝔲𝔰𝔭(4)w ⊕ 𝔰𝔲(2)I

21 = (10, 1)⊕ (1, 3)⊕ (4, 2) , (5.27)

so that 𝔲𝔰𝔭(4)w and 𝔰𝔲(2)I combine into 𝔲𝔰𝔭(6). The two-instanton states — the (1, 3)
components at q±2, i.e. the top and bottom of the 𝔰𝔲(2)I adjoint — are an essential part
of the enhanced symmetry: only at two instantons does the full 𝔲𝔰𝔭(6) become manifest.
Note also that the representation 14′ = [0, 0, 1] of USp(6), whose branching rule under
𝔲𝔰𝔭(6) ⊃ 𝔲𝔰𝔭(4)w ⊕ 𝔰𝔲(2)I is

14′ = (5, 2)⊕ (4, 1) , (5.28)

appears at order x3. This representation transforms non-trivially under the ℤ2 centre of
USp(6). This leads us to conclude that the faithful global symmetry is

USp(6) (NΛ2 = 2) , (5.29)

rather than USp(6)/ℤ2, in agreement with [26, (4.68)]. This parallels the case of the pure
SU(3)6 gauge theory discussed in section 5.1, whose faithful global symmetry is SU(2) rather
than SO(3) = SU(2)/ℤ2. The two theories in fact share several structural features, and their
superconformal indices are computed in parallel from the blow-up equations in appendix C.

5.4 Spin(7) with 3 hypermultiplets in the vector representation

The superconformal index of Spin(7) + 3F can be computed from (2.24)–(2.27), with the
Haar measure and the characters of the adjoint and vector representations of 𝔰𝔬(7) collected
in appendix D. Up to the one-instanton contribution, it reads

ISpin(7)+3F = 1 +
[
χ
𝔲𝔰𝔭(6)
adj + χ

𝔰𝔲(2)I

[2]
(
q̃1/2)]x2

+ χ[1](y)
[
1 + χ

𝔲𝔰𝔭(6)
adj + χ

𝔰𝔲(2)I

[2]
(
q̃1/2)]x3 + . . . , (5.30)

where w1, w2, w3 are the orthonormal fugacities of the flavour algebra 𝔲𝔰𝔭(6) rotating the
three vector hypermultiplets, q̃ is the topological fugacity — related to the blow-up instanton
fugacity q of section 3.5 by q̃ = q2, so that the canonical one-instanton states sit at q̃±1 (cf. the
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footnote there) — and y that of the spacetime SU(2). The 24 conserved currents at order x2

fill the adjoint of 𝔲𝔰𝔭(6)⊕ 𝔰𝔲(2)I : the three one-instanton states χ
𝔰𝔲(2)I

[2] (q̃1/2) = q̃ + 1 + q̃−1

exhibit the enhancement 𝔲(1)I → 𝔰𝔲(2)I of the topological symmetry. Computing the index
to order x4 confirms this structure; in particular the y±2 sector at this order is

ISpin(7)+3F
∣∣y±2

x4 =
[
χ[2](y)− 1

][
1 + χ

𝔲𝔰𝔭(6)
adj + χ

𝔰𝔲(2)I

[2]
(
q̃1/2)] . (5.31)

Crucially, only integer powers of q appear at every order — equivalently, only integer-isospin
(even Dynkin label) representations of 𝔰𝔲(2)I occur, the half-integer-isospin doublet q̃±1/2

being absent. The 𝔰𝔲(2)I is therefore realised as SO(3)I = SU(2)I/ℤ2, by the same parity
argument used for SO(3)w in section 5.2. The faithful continuous global symmetry of
Spin(7) + 3F is (see also [26, (4.95)])

USp(6)× SO(3)I , (5.32)

where we emphasise that this is not USp(6)/ℤ2 × SO(3)I for the following reason. A more
detailed analysis reveals that the y±1 sector of the index at order x6 contains the term
2χ

𝔲𝔰𝔭(6)
[0,0,1] , where the Dynkin label [0, 0, 1] corresponds to the representation 14′ of 𝔲𝔰𝔭(6).

The latter carries non-trivial charge under the ℤ2 centre of USp(6), hence confirming that
the faithful global symmetry is given by (5.32).

5.5 Spin(8) with 4 hypermultiplets in the vector representation

The superconformal index of Spin(8) + 4F can be computed analogously, with the 𝔰𝔬(8)
group theory data collected in appendix D. Up to the one-instanton contribution, it reads

ISpin(8)+4F = 1 +
[
χ
𝔲𝔰𝔭(8)
adj + χ

𝔰𝔲(2)I

[2]
(
q̃1/2)]x2

+ χ[1](y)
[
1 + χ

𝔲𝔰𝔭(8)
adj + χ

𝔰𝔲(2)I

[2]
(
q̃1/2)]x3 + . . . , (5.33)

where w1, . . . , w4 are the orthonormal fugacities of the flavour algebra 𝔲𝔰𝔭(8) rotating the
four vector hypermultiplets, q̃ is the topological fugacity, and y that of the spacetime SU(2).
The 39 conserved currents at order x2 fill the adjoint of 𝔲𝔰𝔭(8) ⊕ 𝔰𝔲(2)I : the 36 flavour
currents assemble into χ

𝔲𝔰𝔭(8)
adj (the 32 roots realised as w-monomials, together with the four

Cartan generators), while the three one-instanton states χ
𝔰𝔲(2)I

[2] (q̃1/2) = q̃ + 1 + q̃−1 exhibit
the enhancement 𝔲(1)I → 𝔰𝔲(2)I of the topological symmetry. Since the vector 8v is a
strictly real representation, the flavour symmetry of Nf vectors is enhanced from 𝔲(Nf ) to
𝔲𝔰𝔭(2Nf ); for Nf = 4 this is the rank-four 𝔲𝔰𝔭(8). As in Spin(7)+3F, only integer powers of
q appear at every order, so the half-integer-isospin doublet q̃±1/2 is absent and the topological
symmetry is realised as SO(3)I = SU(2)I/ℤ2. Moreover, upon examining higher orders in x,
we find that all representations of USp(8) that appear in the index transform trivially under
its ℤ2 centre.15 The faithful continuous global symmetry of Spin(8) + 4F is therefore

(USp(8)/ℤ2)× SO(3)I , (5.34)

in agreement with [26, (4.51)].
15This includes, for example, the representation [0, 0, 0, 1], which is contained in the fourth exterior power

Λ4[1, 0, 0, 0] of the fundamental representation.
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6 Two-group symmetries

In this section, we consider another generalised global symmetry, known as 2-groups [2, 3],
which arises as a group extension between the 1-form symmetry and a subgroup of the
centre of the continuous global symmetry. Consider a 5d N = 1 SCFT that flows to a gauge
theory with gauge group G. Let 𝔣 be the global symmetry algebra of the SCFT and F be
a simply connected Lie group associated to 𝔣, and let ZF be a subgroup of the centre of
F such that ZF acts trivially on the operators in the SCFT. The faithful zero-form global
symmetry is then F/ZF . Furthermore, let ℤ𝔪 denote the subgroup of the centre of G that
acts trivially on the matter fields; the associated electric 1-form symmetry of the gauge
theory is ℤ

(1)
𝔪 . We are interested in the 2-groups that arise from the extension of the 1-form

symmetry by ZF , characterised by

δB2 = Bock(w2(F )) , (6.1)

where B2 is the 2-form background field for ℤ
(1)
𝔪 , and w2(F ) is the ZF -valued obstruction

class for lifting the background F/ZF bundle to an F bundle. Bock is the Bockstein
homomorphism associated with the short exact sequence

0 → ℤ𝔪 → 𝔾 → ZF → 0 , (6.2)

where 𝔾 is the maximal subgroup of the product of the centres of G and F that acts trivially
on the matter fields, so that ℤ𝔪 = 𝔾 ∩ Z(G).

Since the matter fields transform in representations of (G × F )/𝔾, the gauge and flavour
bundles combine into a single bundle for the structure group

S = (G × F )/𝔾 . (6.3)

Let us emphasise the following two points. First, only the gauge factor of S is dynamical:
in a background F/ZF bundle with a given obstruction class w2(F ), the partition function
sums over G/ℤ𝔪 bundles whose obstruction class B2 is correlated with w2(F ), while the
flavour bundle itself is a fixed background. In particular, gauging the 1-form symmetry ℤ

(1)
𝔪

— i.e. summing over the G/ℤ𝔪 bundles — is consistent on its own, whereas activating w2(F )
alone is not. Second, the structure group (6.3) is determined by the matter representations
alone, irrespective of whether a 2-group is present. The 2-group structure resides instead
in the extension (6.2): it is present when ℤ𝔪 is non-trivial and (6.2) does not split, in
which case the correlation between B2 and w2(F ) cannot be removed — which is precisely
the non-closure (6.1).

The purpose of this section is to determine the presence of a 2-group symmetry using
the blow-up function exp(−Vn), along with the information about faithful continuous global
symmetry derived in section 5.

6.1 A flux criterion for the 2-group

The construction above amounts to a sharp and practical recipe, which we state here and
then verify theory by theory in the rest of the section. It has two independent ingredients: the
blow-up function, which is purely computational, and the faithful global symmetry of section 5.
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Step 1: the forced flux, from the blow-up. Activate the 1-form background by setting
the gauge flux to the generator 𝔫gen = ω of the genuine ℤ

(1)
𝔪 , i.e. the coset of Λcw/Λcr that

acts trivially on the matter. Demanding that the gauge-fugacity exponents Zi(ω) be integers
fixes the admissible background fluxes (Bm0 , Bmh

) and leaves a definite fractional flux for the
partner instanton and flavour symmetries: a fractional instanton number k = Q/I2 together
with the fractional flavour fluxes Bmh

. We denote this forced flux by µ; it is a coweight
of the faithful symmetry F/ZF , dragged along by the 1-form background — precisely the
non-closure (6.1).16

Step 2: information from the faithful global symmetry. Whether µ signals a 2-group
is settled entirely by what µ is inside F/ZF , and there are three possibilities:

• Non-trivial 2-group. µ is a non-trivial second Stiefel-Whitney class w2 of a non-Abelian
factor of F/ZF with π1(F/ZF ) = ℤ2; for example, such a non-Abelian factor may be
SO(3), SO(5) or SO(7). The 1-form background then forces δB2 = Bock(w2) ̸= 0, and 𝔾

is a non-trivial extension.

• Trivial or split 2-group. Suppose that π1(F/ZF ) is non-trivial, but µ is trivial in
π1(F/ZF ). This occurs when the order of µ is coprime to the relevant centre ZF . For
example, if ZF = ℤ3 and the forced flux µ is order 2, say (Bm0 , Bh) are such that
2(Bm0 , Bh) ∈ ℤ2, an order-2 element of ℤ3 must be the identity, so the forced flux is the
trivial element of ZF . Then, µ lifts to a genuine F bundle, and can be removed by a large
F gauge transformation. In this case, the extension (6.2) splits, and the corresponding
2-group is trivial.

• Mixed anomaly. Suppose that a non-Abelian factor in F/ZF is simply connected, e.g.,
G = SU(2) or USp(4), but w2(F/ZF ) is non-trivial, say through a quotient F/ZF =
[G ×U(1)X ]/ℤ2. The fractional flux µ is then locked onto the Abelian U(1)X . A 1-form
symmetry tied to an Abelian 0-form flux is then a mixed ’t Hooft anomaly between this
1-form symmetry and U(1)X , not a 2-group.

To summarise, the important message is as follows: the blow-up function supplies the forced
flux µ, while the faithful symmetry F/ZF obtained in section 5 supplies the group in which µ

lives; only the latter separates a genuine 2-group from a mixed anomaly or a split extension.
This is most striking for the SU(4)kCS=0,2,4 gauge theories with one or two antisymmetric
hypermultiplets: the blow-up returns the same forced flux for all of them, and it is solely
the faithful global symmetry that decides their fate. Table 3 collects the outcomes, which
the following subsections derive.

6.2 Pure SU(N)kCS gauge theories

To illustrate the above discussion, let us consider the pure SU(N)kCS gauge theories listed
in (6.4), whose 1-form symmetry is ℤ(1)

𝔪 with 𝔪 = gcd(N, kCS). The continuous 0-form global
16Here I2 is the Dynkin index of the defining representation of the gauge group G. As discussed previously,

for classical gauge groups I2 = 2 for SO(N) or Spin(N), and I2 = 1 otherwise.
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Theory ℤ
(1)
𝔪 forced flux µ faithful F/ZF outcome

SU(2)θ=0 ℤ2 q1/4 SO(3)I 2-group, non-split 𝔾 = ℤ4

SU(3)3 ℤ3 q1/3 SO(3)I split, 𝔾 = ℤ6 ∼= ℤ2 × ℤ3

SU(4)4 ℤ4 q3/8 SO(3)I 2-group, non-split 𝔾 = ℤ8

SU(4)6 ℤ2 q1/2 U(1)I mixed anomaly

SU(4)0 + 1Λ2 ℤ2 q1/2w1/2 [SU(2)w × U(1)I ]/ℤ2 mixed anomaly
SU(4)2 + 1Λ2 ℤ2 q1/2w1/2 SO(3)w × U(1)I 2-group, non-split 𝔾 = ℤ4

SU(4)4 + 1Λ2 ℤ2 q1/2w1/2 SU(3)/ℤ3 split, 𝔾 = ℤ2 × ℤ3

SU(4)0 + 2Λ2 ℤ2 q1/2w
1/2
1 w

1/2
2 SO(3)I × (USp(4)w/ℤ2) 2-group, non-split 𝔾 = ℤ4 × ℤ2

SU(4)2 + 2Λ2 ℤ2 q1/2w
1/2
1 w

1/2
2 [USp(4)w × U(1)I ]/ℤ2 mixed anomaly

SU(4)4 + 2Λ2 ℤ2 q1/2w
1/2
1 w

1/2
2 SO(7) 2-group, non-split 𝔾 = ℤ4

USp(4)0 + 1Λ2 ℤ2 q1/2w−1/2 SO(3)I × SU(2)w 2-group, non-split 𝔾 = ℤ4

USp(4)0 + 2Λ2 ℤ2 q1/2w
−1/2
1 w

−1/2
2 USp(6) no 2-group

Spin(7) + 3F ℤ2 q̃1/2 ∏
h

w
1/2
h SO(3)I × USp(6)w 2-group, non-split 𝔾 = ℤ4

Spin(8) + 4F ℤ2 q̃1/2 ∏
h

w
1/2
h SO(3)I × (USp(8)w/ℤ2) 2-group, non-split 𝔾 = ℤ4 × ℤ2

Table 3. The flux criterion of section 6.1 across all theories considered. The blow-up forces the
fractional partner flux µ at the generator of ℤ(1)

𝔪 ; the faithful symmetry F/ZF then determines whether
µ is a non-trivial w2 of a non-Abelian factor (non-trivial 2-group), an Abelian flux (mixed anomaly),
or split/trivial 2-group. Note that the six theories with SU(4) gauge group and antisymmetric
hypermultiplets share the same µ and are distinguished only by F/ZF . For Spin(N), the blow-up
instanton exponent is the integer Q = 1, so the SO(3)I flux is the half-unit k = Q/I2 = 1

2 , written as
q̃1/2 in the SO(3)I fugacity q̃ = q2; it is accompanied by the forced half-unit flavour flux

∏
h w

1/2
h .

symmetry is the instanton symmetry. This is the partner symmetry that we will focus on
upon turning on a non-trivial background for ℤ

(1)
𝔪 .

When N = kCS, the U(1)I instanton symmetry of the infrared gauge theory gets enhanced
to SO(3)I , with F = SU(2) and ZF = ℤ2, at the superconformal fixed point in the ultraviolet.
This can be seen from the superconformal index and from the magnetic quiver [87, table 7
(III), Nf = 0], which is the U(1) gauge theory with 2 hypermultiplets of charge 1, showing
that the Higgs branch at infinite coupling of the 5d SU(N)N is always ℂ2/ℤ2 with isometry
SO(3). This argument also holds for the SU(2)θ=0 pure gauge theory whose UV fixed point
is the E1 theory [10]. We point out that there has recently been an argument that strongly
supports the presence of such a 2-group symmetry in the E1 SCFT based on the symmetries
of the theories arising from diagonally gauging the SO(3) global symmetry of two and four
copies of the E1 theory and its dimensional reduction [34].

On the other hand, for SU(4)6, the continuous global symmetry of the ultraviolet fixed
point remains U(1)I , which can also be seen from the magnetic quiver discussed in [87, (5.48),
Nf = 0]; here there is no 2-group symmetry since ZF is trivial.

Theory 𝔪 Generator of ℤ(1)
𝔪 Partner symmetry q-power: Q(ω1) from (3.2)

SU(2)θ=0 2 ω1 = ( 1
2 ) SO(3)I q1/4: non-split 𝔾 = ℤ4

SU(3)3 3 ω1 = ( 1
3 , 2

3 ) SO(3)I q1/3: split 𝔾 = ℤ6 ∼= ℤ2 × ℤ3
SU(4)4 4 ω1 = ( 1

4 , 1
2 , 3

4 ) SO(3)I q3/8: non-split 𝔾 = ℤ8

SU(4)6 2 ω2 = ( 1
2 , 0, 1

2 ) U(1)I q1/2: mixed ℤ
(1)
2 –U(1)I anomaly

(6.4)
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We see that, in the cases of SU(2)θ=0 and SU(4)4, the denominators of the exponents of q

evaluated at ω1 are 2𝔪, with 𝔪 = 2 and 4, respectively. This means that 𝔾 in the group
extension (6.2) (with ZF = ℤ2) is ℤ2𝔪 for these cases. Such a non-trivial extension implies
the presence of non-trivial 2-groups in these theories. On the other hand, for SU(3)3, the
denominator of q remains 𝔪 with 𝔪 = 3; indeed, the extension in this case splits and the
corresponding 2-group is trivial. For SU(4)6, there is no 2-group, and the fractional power of
q indicates a mixed anomaly between ℤ

(1)
2 and U(1)I symmetry, as discussed in (4.24).

6.3 SU(4)kCS with antisymmetric matter

We now apply the criterion of section 6.1 to SU(4)kCS with NΛ2 = 1, 2 antisymmetric
hypermultiplets at kCS = 0, 2, 4. The antisymmetric matter is neutral under the order-two
element ω2 = (1

2 , 0, 1
2) of the gauge centre ℤ4, which therefore generates the genuine ℤ

(1)
2 ; the

faithful continuous global symmetries F/ZF of section 5 are collected in table 5.6.
Evaluating exp(−Vn) of (3.26) at the representative ω2 = (1

2 , 0, 1
2) of the genuine ℤ

(1)
2

(every kCS-dependent term carries a factor of n2 and drops out), one finds, for any even
kCS and Bmh

= ±1
2 , the blow-up functions

exp(−Vω2) = q
1
2 (p1p2)

Bm0
2 − 1

4 w
−Bm1
1 z

−Bm0−
1
2

1 z
Bm0−

1
2

2 z
−Bm0−

1
2

3 , Bm0 ∈ ℤ+ 1
2 (6.5)

for NΛ2 = 1, and

exp(−Vω2) = q
1
2 (p1p2)

Bm0
2 − 1

2 w
−Bm1
1 w

−Bm2
2 z

−Bm0
1 z

Bm0−1
2 z

−Bm0
3 , Bm0 ∈ ℤ (6.6)

for NΛ2 = 2. The exponents of gauge fugacities zi are integral, and the fractional content
collects into a single half-unit,(

q
∏NΛ2

h=1 wh

)1/2
(for Bmh

= −1
2) . (6.7)

In other words, the forced flux of section 6.1 is the single half-unit µ =
(
q
∏

h wh

)1/2 of (6.7):
the ℤ(1)

2 background locks a half-unit of flavour ’t Hooft flux to a half-integer instanton number.
The fractional content is identical for all even kCS; what changes is the faithful continuous

global symmetry of section 5 into which the activated classes embed, and this is what fixes
the 2-group. Explicitly, for SU(4)kCS + 2Λ2, we have

kCS Faithful global symmetry Outcome

0 SO(3)I × (USp(4)w/ℤ2) 2-group, non-split 𝔾 = ℤ4 × ℤ2

2 [USp(4)w ×U(1)I ]/ℤ2 mixed ℤ
(1)
2 –U(1)I anomaly

4 SO(7) 2-group, non-split 𝔾 = ℤ4

(6.8)

For convenience, in the following we write USp(4)w/ℤ2 ∼= SO(5)w. For kCS = 0, the U(1)I

instanton symmetry in the gauge theory gets enhanced to SO(3)I at the UV fixed point,
and the faithful symmetry is SO(3)I × SO(5)w. The centre ZF in this case is ℤ2 × ℤ2.
The result (6.7) suggests that there is a 2-group between the ℤ

(1)
2 1-form symmetry and

w2(SO(3)I) + w2(SO(5)w); in which case, the group extension is 𝔾 = ℤ4 × ℤ2. Likewise, for
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kCS = 4, the SO(5)w flavour symmetry along with the U(1)I
∼= SO(2)I instanton symmetry

gets enhanced to SO(7) ⊃ SO(5)w × SO(2)I . Let us denote the first Chern class of SO(2)I by
c1. Since both summands of the branching rule 7 = 5⊕ 2 are oriented (w1 = 0), the Whitney
sum formula gives w2(SO(7))|SO(5)×SO(2) = w2(SO(5)) + w2(SO(2)) = w2(SO(5)) + c1 mod 2,
using w2(SO(2)) = c1 mod 2 for the rank-two oriented (complex line) bundle. In both kCS = 0
and 4 cases, the activated class is a non-trivial w2 of a non-Abelian factor, giving a non-trivial
2-group. At kCS = 2, by contrast, the non-Abelian flavour USp(4)w is simply connected and
the half-unit is locked onto the Abelian U(1)I through the quotient [USp(4)w ×U(1)I ]/ℤ2,
giving a mixed ℤ

(1)
2 –U(1)I anomaly, rather than a 2-group.

It is instructive to examine the case of kCS = 4 and NΛ2 = 2 in detail. The 2-group
is the extension

0 −→ ℤ
(1)
2 −→ 𝔾 −→ ZF −→ 0 , (6.9)

of the 0-form flavour centre ZF = ℤ2 by the 1-form ℤ
(1)
2 ; abstractly, it is either the split

ℤ2 × ℤ2 or the non-split ℤ4, and the centre arithmetic decides which. The antisymmetric
Λ2 carries gauge-centre charge 2 mod 4 under the centre of SU(4), which is ℤ4 = ⟨ω1⟩, with
ω1 = (1

4 , 1
2 , 3

4). Hence (i) the order-two element ω2 = ω2
1 = (1

2 , 0, 1
2) acts trivially on the

matter and generates the genuine ℤ
(1)
2 , while the order-four elements ω1, ω3 are screened; and

(ii) the matter is left invariant only by the diagonal combination (ω1, ζF ) of the gauge centre
and the flavour centre, where ζF is the order-two generator of ZF that compensates the
charge-2 phase e2πi·2/4 = −1. Turning on the flavour flux w2(F/ZF ) — the generator of the
quotient ZF in (6.9) — therefore drags along the gauge-centre partner ω3 = ω3

1 = (3
4 , 1

2 , 1
4),

which is the value used in [26, (4.76)–(4.79)]. This lift has order four : ω2
3 = ω2 is precisely

the generator of ℤ
(1)
2 . A generator of ZF that squares to the generator of ℤ

(1)
2 is exactly

a non-split extension, so 𝔾 = ℤ4 rather than ℤ2 × ℤ2.
The NΛ2 = 1 theories follow the same logic with the flavour symmetry algebra 𝔰𝔲(2)w,

instead of 𝔲𝔰𝔭(4)w. At kCS = 2, the faithful SO(3)w ×U(1)I yields a 2-group between ℤ
(1)
2

and w2(SO(3)w); at kCS = 0, the simply connected SU(2)w in [SU(2)w × U(1)I ]/ℤ2 gives
only a mixed anomaly; and, at kCS = 4, the flavour and instanton symmetries combine into
SU(3)/ℤ3, whose centre ℤ3 is coprime to ℤ

(1)
2 , so the extension splits into a trivial 2-group.

All six cases are collected in table 3.

6.4 Spin(7) + 3F , Spin(8) + 4F and USp(4)0 with antisymmetric matter

The remaining theories all have gauge centre ℤ2 (or ℤ2 × ℤ2 for Spin(8)), unscreened by
the matter, and can be treated together.

Spin(7) + 3F and Spin(8) + 4F

The vector matter (7, 8v) is neutral under the ℤ2 centre generating ℤ
(1)
2 , which is therefore

unscreened. The generating ’t Hooft flux is the vector class ñ = (1, 0, . . . ), i.e. n = (1, 1, 1
2)

for Spin(7) and n = (1, 1, 1
2 , 1

2) for Spin(8). Evaluating exp(−Vn) of (3.35) and (3.39) there,
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with the flavour fluxes fixed at Bmh
= ±1

2 (step 1 at n = 0) and Bm0 ∈ ℤ, gives

Spin(7) + 3F : exp(−Vω) = q (p1p2)Bm0−
3
4 z

−(2Bm0 +1)
1

3∏
h=1

w
−Bmh
h , (6.10)

Spin(8) + 4F : exp(−Vω) = q (p1p2)Bm0−1 z
−(2Bm0 +1)
1

4∏
h=1

w
−Bmh
h . (6.11)

The gauge-fugacity exponents are integral (only z1 survives; the exponents of z2, z3, and z4 for
Spin(8) vanish). The forced flux µ has two fractional pieces. First, the instanton exponent is
the integer Q = 1, so the canonical instanton number is the half-unit k = Q/I2 = 1

2 (table 2);
there is no fractional power of q itself. Second, each flavour fugacity carries a half-integer flux

Wh = −2Bmh
nr = −Bmh

= ∓1
2 , nr =

n3 Spin(7)
n4 Spin(8)

= 1
2 at ω , (6.12)

arising from the gauge flux coupling to the flavour background. So the ℤ
(1)
2 background forces

both the canonical instanton number k = 1
2 and a flavour flux

∏
h w

∓1/2
h .

The two theories need separate discussions. For Spin(8) + 4F, the faithful continuous
global symmetry is SO(3)I × (USp(8)w/ℤ2), and the above analysis suggests that there is a
2-group between the ℤ

(1)
2 1-form symmetry and w2(SO(3)I) + w2(USp(8)w/ℤ2), where the

corresponding group extension is 𝔾 = ℤ4×ℤ2. This is very similar to SU(4)0+2Λ2, discussed
in section 6.3. In contrast, for Spin(7) + 3F, the faithful symmetry is SO(3)I ×USp(6), and
the 2-group turns out to be between the ℤ

(1)
2 1-form symmetry and w2(SO(3)I), since USp(6)

is simply connected, and the corresponding group extension is 𝔾 = ℤ4.
Note, however, that the mechanism here differs from the order-four gauge-centre lift

of section 6.3: the gauge centre is only ℤ2 for Spin(7) (resp. ℤ2 × ℤ2 for Spin(8)), so it
contains no order-four element. Let us consider the case of Spin(7) for definiteness. The
geometric analysis of [26, (4.94)–(4.97)] nonetheless presents the same non-split ℤ4 through
an order-four generator of ℤ4 with gauge part (1

2 , 1
2 , 1

4), whose square is the ℤ
(1)
2 generator

(1, 1, 1
2). The two descriptions agree, but this order-four element lies in the maximal torus

of fractional gauge holonomies, not in the gauge centre Z(Spin(7)) = ℤ2 — in contrast to
the SU(4) case of section 6.3, where the analogous ω3 is a genuine centre element. In the
blow-up function, the flux (1

2 , 1
2 , 1

4), i.e. ñ = (1
2 , 0, 0), is not a coweight of B3 — it pairs

half-integrally with the long root e1 − e2, and (3.35) returns the fractional gauge-fugacity
exponent Z1 = −1

4 − Bm0 /∈ ℤ — so it is not an admissible 1-form background on its
own; the genuine generator n = (1, 1, 1

2) instead gives Q = 1 and Z1 = −(2Bm0 + 1) ∈ ℤ

(the half-unit k = 1
2). The non-split structure is therefore characterised intrinsically by

the topological Postnikov class Bock(w2(SO(3)I)) = w3(SO(3)I) ̸= 0 of the 0-form partner
SO(3)I = SU(2)I/ℤ2. This is, in fact, the same mechanism as for the 5d SU(2) pure gauge
theory of section 6.2, whose gauge centre is likewise only ℤ2, yet whose SO(3)I partner forces
𝔾 = ℤ4; as we shall now see, the same mechanism operates in USp(4)0 + 1Λ2.

USp(4)0 + NΛ2Λ2

The antisymmetric matter is neutral under the ℤ2 centre of USp(4), so the ℤ
(1)
2 1-form

symmetry is unscreened, with generating ’t Hooft flux ω =
(1

2 , 0
)

(section 3.4). Evaluating
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exp(−Vn) of (3.30) there, with Bmh
= ±1

2 and Bm0 quantised as in (3.31), all gauge-fugacity
exponents are integers, namely Z1 = −

(
2Bm0 − 2

∑
h Bmh

+ 1
)

and Z2 = Bm0 −
∑

h Bmh
− 1

2 .
In contrast with the SU(4) theories of section 6.3, here exp(−Vn)

∣∣
n=0 is itself non-trivial17 —

the mass-dominated pair contributes the flux-independent constants Wh(0) = −1
2B2

mh
and

P (0) = −1
6
∑

h B3
mh

— so the 1-form data is cleanly exhibited by the ratio

exp(−Vω)
exp(−V0)

= q
1
2 (p1p2)

1
2(Bm0−

∑
h

Bmh)
NΛ2∏
h=1

w
− 1

2
h zZ1

1 zZ2
2 . (6.13)

The ℤ
(1)
2 background therefore forces the half-unit flux µ = q1/2∏

h w
−1/2
h : a half-integer

instanton number (Q = 1
2 with I2 = 1; table 2) locked to a half-unit of flavour flux for each

antisymmetric hypermultiplet — note that the latter arises from the mass-dominated pair
and is independent of the sign of Bmh

.
The fate of this forced flux is again decided by the faithful global symmetry of section 5.

For NΛ2 = 1 the faithful symmetry is SU(2)w × SO(3)I : the flavour factor SU(2)w is simply
connected and plays no role, while ZF is the ℤ2 centre of SU(2)I , which acts trivially
since only integer 𝔰𝔲(2)I isospins appear in the index. The forced half-instanton flux
activates w2(SO(3)I), and the corresponding group extension is the non-split 𝔾 = ℤ4, by
the same intrinsic Postnikov argument as for SU(2)θ=0 and the Spin(N) theories above:
Bock(w2(SO(3)I)) = w3(SO(3)I) ̸= 0, the gauge centre ℤ2 containing no order-four element.
For NΛ2 = 2, by contrast, the faithful symmetry is the simply connected USp(6), into which
both 𝔲𝔰𝔭(4)w and 𝔰𝔲(2)I are absorbed: ZF is trivial (the centre-odd representation 14′

appears in the index, section 5), the extension (6.2) is trivial, and there is no 2-group. The
fractional fluxes in (6.13) are then interpreted as mixed ’t Hooft anomalies between ℤ

(1)
2

and the Cartan directions of 𝔲𝔰𝔭(6) — in particular, the half-integer instanton number is
precisely the mixed ℤ

(1)
2 –U(1)I anomaly of table 2. The pair of theories thus provides a

sharp illustration of the criterion of section 6.1: the blow-up returns the same forced flux
for NΛ2 = 1, 2, and it is solely the faithful symmetry — SU(2)w × SO(3)I versus USp(6) —
that decides between a non-split 2-group and no 2-group at all.
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17This indeed leads to the non-zero parameter Λ(0) = (p1p2)− 1
48 NΛ2

∏
h

w
− 1

8
h in the blow-up equation; see

appendix C.
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A Non-Lagrangian BN and B
(1,2,3)
N theories

The diagnostic of section 4 reads the cubic self-anomaly of the 1-form symmetry off the
fractional part of the (p1p2)-exponent P (n) of exp(−Vn), and relies on the W-boson one-loop
term 1

6
∑

α∈∆+(⟨n, α⟩3−⟨n, α⟩) being an integer on every coset. For genuinely non-Lagrangian
theories there are no W-bosons and this term is absent; the gravitational coupling that it
would otherwise package together with the cubic Chern–Simons term must then be reinstated
explicitly. In this appendix, we compute the cubic anomaly for the non-Lagrangian toric
models BN of [20, 56] — whose rank-one member B3 is the E0 (local ℙ2) theory [11] —
directly from the toric geometry of the resolved Calabi–Yau threefold X, and we give explicit
data for B3 and B4, as well as closed forms for general N . We then treat the sibling families
B

(1)
N , B

(2)
N and B

(3)
N (sections A.6–A.8), which, in addition, carry the non-Abelian flavour

symmetries SU(N − 2)×U(1), SU(N − 2) and SU(N − 1), respectively [56], and hence mixed
1-form–flavour-Cartan anomalies.

A remark on notation is in order. Whenever a theory possesses a non-trivial flavour
symmetry, each Cartan direction is associated with a non-compact flavour divisor DFa carrying
its own background magnetic flux. When there is a single such direction we denote its flux
by Bh (or Bm), as in section 3.7; when there are several, we write Bma (a = 1, 2, . . .) for the
flux through DFa . The two notations are therefore used interchangeably, with Bh ≡ Bm1

whenever only one flavour flux is present.

A.1 Geometric formula for the anomaly

We follow the analysis described in [25, (4.21)]. Let X be the resolved toric Calabi–Yau
threefold, Si its compact toric divisors, and let the 1-form symmetry be ℤ

(1)
𝔪 with

𝔪 = N(N − 3) + 3 . (A.1)

Denote by Z the central divisor representing the generator of the 1-form symmetry, i.e. the
integral combination Z =

∑
i kiSi such that Z ·C ≡ 0 (mod 𝔪) for every compact curve C, so

that Z/𝔪 is an admissible fractional flux. The cubic self-anomaly is the ℝ/ℤ-valued quantity

Ω =
[
−1

6
Z·Z·Z
𝔪3 + 1

24
Z·p1(T X)

𝔪

]
mod 1

=
[
− Z3

6𝔪3 − c2(X)·Z
12𝔪

]
mod 1

, (A.2)

where, in the second equality, we used p1(TX) = c1(TX)2 − 2c2(TX) = −2c2(TX), valid on
a Calabi–Yau threefold. As emphasised in [25], the two terms in (A.2) are not separately
well defined; only their sum is, the ambiguity being fixed by the index-theoretic congruence
x p1 ≡ 4x3 (mod 24) for x ∈ H2(M6;ℤ).

The same intersection data fix the Coulomb branch prepotential. In the conventions
of [85], the blow-up function is governed by

E = 1
ϵ1ϵ2

[
1
6 cijk ϕiϕjϕk + ϵ2

1+ϵ2
2

48 CG
i ϕi + ϵ2

+
2 CR

i ϕi

]
, ϵ+ ≡ 1

2(ϵ1 + ϵ2) , (A.3)

with the cubic, gravitational and SU(2)R couplings given by the intersection numbers

cijk = Si · Sj · Sk , CG
i = c2(X) · Si , CR

i = 2χ(OSi) . (A.4)
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The gravitational level CG
i entering (A.2) is thus the very same coefficient that multiplies

ϵ2
1 + ϵ2

2 in (A.3); this is the bridge between the prepotential read off from the blow-up and
the topological anomaly.18

Toric intersection rules. All numbers defined in (A.4) are computed on a smooth (crepant)
resolution, i.e. a fine star triangulation of the toric polytope with vertices (N−1, 0), (1, N−1),
(0, 1); each lattice point v gives a ray rv = (v, 1) and a toric divisor Dv, the interior points
giving the compact Si. Writing DuDvDw = 1 when {u, v, w} spans a triangle and 0 otherwise,
the self-intersections follow from the linear-equivalence (wall) relations: for an interior edge
(u, v) with the two adjacent apexes a, b, unimodularity gives ra + rb = α ru + β rv, and hence

D2
uDv = −α , DuD2

v = −β , D2
uDv + DuD2

v = −2 , (A.5)

the last equality being the statement that every compact curve is a rational curve of the Calabi–
Yau (normal-bundle degrees summing to −2). Cubes follow either by iterating (A.5) or, more
directly, from adjunction NS = KS : a smooth compact toric surface with ρ rays has χ(S) = ρ

and S3 = K2
S = 12− ρ, while c2(X) · S = χ(S)− K2

S = 2ρ − 12 and χ(OS) = 1 (so CR
i = 2).

Derivation of the wall relations. For readers less familiar with toric geometry, we spell
out (A.5); the argument combines three standard facts. The curve C = Du ∩ Dv is the ℙ1

dual to the wall (two-dimensional cone) ⟨ru, rv⟩; in a fine triangulation, this wall is shared
by exactly two top-dimensional cones ⟨ru, rv, ra⟩ and ⟨ru, rv, rb⟩, so the four rays ra, ru, rv, rb

form the entire star of C.
(i) Linear equivalence. For any character m in the dual lattice M , the principal divisor

of χm is div(χm) =
∑

w⟨m, rw⟩Dw, which is linearly — hence numerically — trivial∑
w

⟨m, rw⟩Dw ∼ 0 . (A.6)

We are free to choose m; take ⟨m, ru⟩ = −1 and ⟨m, rv⟩ = 0.
(ii) Capping with the curve. Intersecting (A.6) with C = DuDv, a triple intersection

DwDuDv is non-zero — and equal to 1 by smoothness — precisely when {w, u, v} spans a
top-dimensional cone, i.e. only for w ∈ {a, b}, while w = u, v return D2

uDv and DuD2
v . Hence

0 = ⟨m, ru⟩D2
uDv + ⟨m, rv⟩DuD2

v + ⟨m, ra⟩+ ⟨m, rb⟩ , (A.7)

using DaDuDv = DbDuDv = 1. With the above choice of m, this collapses to D2
uDv =

⟨m, ra + rb⟩.
(iii) The wall relation. Substituting ra + rb = α ru + β rv gives D2

uDv = α⟨m, ru⟩ +
β⟨m, rv⟩ = −α, and the mirror choice ⟨m, ru⟩ = 0, ⟨m, rv⟩ = −1 gives DuD2

v = −β. The
relation itself, with unit coefficients on ra, rb, is forced by smoothness: since {ru, rv, rb} is

18The ϵ2
1+ϵ2

2
48 CG

i term in (A.3) is the Ω-background form of the mixed gauge/gravitational Chern–Simons
term − 1

48 CG
i Ai ∧ p1(T ) of [43, (2.4)], obtained through the equivariant replacement p1(T ) → −(ϵ2

1 + ϵ2
2) of [43,

(2.13)] (a relation with unit coefficient). Here p1(T ) is the Pontryagin class of the five-dimensional spacetime,
and is not to be confused with the internal p1(T X) = −2c2(X) appearing in the anomaly (A.2); the level
CG

i = c2(X) · Si is the internal datum common to both. In particular, the 1
48 here and the 1

24 of (A.2) are
prefactors of these two distinct couplings, not two normalisations of the same one.
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a lattice basis, we may write ra = p ru + q rv + s rb with p, q, s ∈ ℤ, and det(ru, rv, ra) =
s det(ru, rv, rb), so smoothness of both cones forces |s| = 1; as a, b lie on opposite sides of the
wall, then s = −1, i.e. ra + rb = p ru + q rv with (α, β) = (p, q). Finally, all rays lie on the
height-one plane rw = (vw, 1) — the Calabi–Yau condition — so the last coordinate of the
wall relation reads 1+1 = α+β, giving D2

uDv +DuD2
v = −2. This is adjunction: the normal

bundle of the rational curve is NC/X = O(−α)⊕O(−β) with degNC/X = 2g(C)− 2 = −2,
so (α, β) = (1, 1) is a (−1,−1) curve, (0, 2) a (0,−2) curve, and so on. The worked B4 edge
(S1, S2) below, with apexes A, S3 and (α, β) = (0, 2), illustrates the rule.

A.2 The intersection matrix M , the generator k, and the spinc shift δ

The order (A.1) and the generator Z used above are both read off a single object: the pairing
between the compact divisors and the compact curves. We record here how that matrix is
assembled from the data of section A.1, how the generator k is extracted from it, and how it
fixes the quantisation of the magnetic flux including the spinc shift. All three steps are purely
linear-algebraic and require no field-theory input beyond the geometry already in hand.

The intersection matrix M . The compact curves Ca are the internal walls of the tri-
angulation, i.e. the edges (u, v) shared by two triangles (boundary edges of the polytope
give non-compact curves). Each pairing Mia = Si · Ca is the triple intersection Dwi · Du · Dv,
which the rules around (A.5) evaluate entry by entry: given a, b the two apexes of the edge
(u, v) and (α, β) its wall data, then

Mia = Dwi · Du · Dv =



−α wi = u

−β wi = v

+1 wi ∈ {a, b}
0 otherwise

. (A.8)

Only the two “diagonal” entries wi ∈ {u, v} carry the wall data; the remaining entries
are pure combinatorics of the triangulation. A useful check is that each column, summed
over all divisors (compact and non-compact alike), vanishes:

∑
w Dw ∼ 0 is the height-one

relation (A.6) with m = (0, 0, 1), and −α − β + 1 + 1 = 0 is precisely α + β = 2. The
matrix (A.8) is nothing but the charge matrix of the dynamical states: its columns are the
curve volumes vol(Ca) = −

∑
i(Si · Ca)ϕi, so M is equally available from the field theory

whenever the BPS central charges are known.

The generator k. Regard M as the linear map that sends each compact curve to its vector
of pairings with the compact divisors, Ca 7→ (Si ·Ca)i. Its cokernel is the divisor lattice modulo
the sublattice spanned by those image vectors, and by the structure theorem for finitely
generated Abelian groups — equivalently the Smith normal form M = U diag(d1, d2, . . . )V ,
with U, V unimodular and invariant factors d1 | d2 | · · · — this is given by

cokerM = ℤ#{Si}/M ℤ#{Ca} ∼= ℤ#{Si}−ρ︸ ︷︷ ︸
free

⊕
⊕

di>1 ℤdi︸ ︷︷ ︸
(cokerM)tor

, ρ = rankM . (A.9)
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The subscript tor denotes the finite torsion subgroup, the second summand
⊕

di>1 ℤdi
. The

free part ℤ#{Si}−ρ arises only when the pairing is degenerate — a combination of compact
divisors pairing trivially with every compact curve — which signals a continuous (flavour)
symmetry and is discarded; the discrete 1-form symmetry is precisely the torsion,

ℤ
(1)
𝔪 =

(
cokerM

)
tor . (A.10)

For the BN theories, there are no flavour branes, so M has full row rank (ρ = #{Si}, no free
part) and exactly one invariant factor exceeds one, namely 𝔪; hence (cokerM)tor = ℤ𝔪. Its
generator is the central divisor Z =

∑
i kiSi, where k is the left null-vector of M modulo 𝔪

kTM ≡ 0 (mod 𝔪) , k /∈ 𝔪ℤrank , (A.11)

equivalently the minimal fractional combination k/𝔪 whose pairing with every compact
curve is integral. This is the same vector that enters Z3 and the anomaly (A.2); it is defined
only up to multiplication by a unit of ℤ𝔪.

Flux quantisation and the spinc shift δ. A magnetic flux n =
∑

i niSi is admissible
when its pairing with every compact curve obeys the Freed–Witten (spinc) condition

⟨n, Ca⟩ = (MTn)a ∈ ℤ+ 1
2 C2

a , C2
a = D2

uDv (≡ DuD2
v mod 2) , (A.12)

the half-integer offset being present exactly on the curves of odd self-intersection. Writing
n = k/𝔪 + δ and using (A.11), the offset solves the congruence

MTδ ≡ s (mod 1) , sa = 1
2 C2

a ∈ {0, 1
2} , (A.13)

solvable by the Smith decomposition MT = U D V (the zero rows of D encode the consistency
of s). Thus δ = 0 precisely when every compact curve is even, while a single odd curve forces
a non-trivial half-integer offset. The invariant content of n is the offset δ — which curve-fluxes
are half-integral — since the individual ni depend on the choice of lift and of the generator k.

A.3 B3 = E0 (local ℙ2)

Here, the unique compact divisor is S = ℙ2, the 1-form symmetry is ℤ
(1)
3 (𝔪 = 3), and the

generator is Z = S. From Kℙ2 = O(−3), one has χ(ℙ2) = 3, K2 = 9, hence

S3 = K2
S = 9 , c2(X) · S = χ(S)− K2

S = 3− 9 = −6 , CR = 2 . (A.14)

The prepotential (A.3) reduces to the familiar E =
(3

2ϕ3 − 1
8ϕ(ϵ2

1 + ϵ2
2) + ϵ2

+ϕ
)
/ϵ1ϵ2, and (A.2)

gives
Ω = − 9

6 · 27 − −6
12 · 3 = − 1

18 + 1
6 = 1

9 . (A.15)

This 1
9 is the known cubic ℤ

(1)
3 anomaly of local ℙ2 (the E0 theory) [25, 28, 32]; only the

total is physical, the split between the cubic and gravitational contributions being scheme-
dependent (cf. section B.1); in [32], where this anomaly is obtained from the η-invariant
of the boundary S5/ℤ3 (with B3 = E0 realised as ℂ3/ℤ3(1, 1, 1)), an analogous scheme
dependence appears as a ℤ6 redundancy of the two coefficients. Note that the often-quoted
“c1 = 1” of [28, (4.27)] is a rescaled coupling, not the intersection number c2(X) · S = −6
(which is always even); the two differ by the field-normalisation and prefactor conventions,
and (A.2) works directly with the geometric −6.
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Flux lattice. The three internal edges join the interior point to the polytope vertices and
are all homologous to the hyperplane ℓ ⊂ ℙ2; (A.8) gives S · ℓ = D2

SDv = −3 for each, so
the pairing is M = (−3,−3,−3), with single elementary divisor 𝔪 = 3 and left null-vector
k = 1, Z = S. The line is odd, ℓ2 = 1 (equivalently S · ℓ = −3 is odd), so s = 1

2 and (A.13)
reads −3δ ≡ 1

2 (mod 1), giving δ = −1
6 and

n = k

𝔪 + δ = 1
3 − 1

6 = 1
6 , (A.16)

i.e. the spinc-shifted lattice 6n ∈ 2ℤ + 1. The three admissible fluxes {1
6 , 1

2 , 5
6} are the ℤ3

translates of 1
6 by the generator 1

3 ; in particular n = 1
2 = 1

6 + 1
3 is the doubly-charged coset,

not an uncharged half-integer flux, because the half-shift is locked onto every coset by the
odd curve ℓ — the would-be integer-charge fluxes {0, 1

3 , 2
3} (6n even) are simply absent.

A.4 B4

The polytope has vertices A = (3, 0), B = (1, 3), C = (0, 1) and three interior points

S1 = (1, 1) , S2 = (2, 1) , S3 = (1, 2) , (A.17)

so the rank is (N−1)(N−2)
2 = 3 and 𝔪 = N(N − 3) + 3 = 7. We work in the ℤ3-symmetric

chamber defined by the triangulation (7 unimodular triangles, as required by 𝔪 = 7)

(A, S2, S1), (A, S1, C), (C, S1, S3), (B, S3, C), (B, S2, S3), (B, A, S2), (S1, S2, S3) . (A.18)

Applying the rules (A.5), the non-vanishing triple intersections are

c111 = c222 = c333 = 8 , c113 = c122 = c233 = −2 , c123 = 1 , (A.19)

(with c112 = c223 = c331 = 0), and each Si is a four-ray surface, so

S3
i = 8 , CG

i = c2(X) · Si = −4 , CR
i = 2 (i = 1, 2, 3) . (A.20)

For example, the edge (S1, S2) has adjacent apexes A, S3 with

rA + rS3 = (3, 0, 1) + (1, 2, 1) = (4, 2, 2) = 0 · rS1 + 2 rS2 , (A.21)

giving c112 = 0 and c122 = −2 via (A.5). The prepotential (A.3) is then

EB4 = 1
ϵ1ϵ2

[
4
3
(
ϕ3

1 + ϕ3
2 + ϕ3

3
)
− ϕ2

1ϕ3 − ϕ2
2ϕ1 − ϕ2

3ϕ2 + ϕ1ϕ2ϕ3

− 1
12
(
ϵ2
1 + ϵ2

2
)
(ϕ1 + ϕ2 + ϕ3) + ϵ2

+(ϕ1 + ϕ2 + ϕ3)
]

.

(A.22)

The generating coset of ℤ
(1)
7 is represented by the central divisor

Z = S1 + 2S2 + 4S3 (k = (1, 2, 4)) , (A.23)

which satisfies Z · C ≡ 0 (mod 7) for all nine compact curves. Explicitly, ordering the nine
curves as the internal edges

(A, S1), (A, S2), (S1, S2),
(C, S1), (C, S3), (S1, S3),
(B, S3), (B, S2), (S2, S3),

(A.24)
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the rule (A.8) gives the pairing matrix19

M =

−2 1 0 −4 1 −2 0 0 1
1 −4 −2 0 0 1 1 −2 0
0 0 1 1 −2 0 −4 1 −2

 , (A.25)

whose Smith normal form is diag(1, 1, 7), confirming ℤ
(1)
7 ; the generator (A.11) is its

left null-vector k = (1, 2, 4). The three columns whose edge joins two interior points —
(S1, S2), (S1, S3), (S2, S3) — merely reproduce the compact triple intersections cijk of (A.19),
whereas the remaining columns involve a non-compact (boundary) divisor and are therefore
not among the cijk, so M encodes strictly more than the cubic prepotential: it also records
how the compact curves meet the non-compact divisors. Every edge has even wall coefficient
α, so all nine curves have even self-intersection; hence s ≡ 0 and δ = 0 in (A.13), and the
flux lattice is integral with generator n = k/𝔪 = (1

7 , 2
7 , 4

7). Thus B4 is the spinc-unshifted
member of the family, in contrast to the odd-curve case B3. Expanding Z3 =

∑
ijl kikjkl cijl

multilinearly with (A.19), we find

Z3 = 8(13 + 23 + 43)︸ ︷︷ ︸
584

+3
[
(12)(4)(−2)︸ ︷︷ ︸

c113

+(22)(1)(−2)︸ ︷︷ ︸
c122

+(42)(2)(−2)︸ ︷︷ ︸
c233

]
+ 6 (1)(2)(4)(1)︸ ︷︷ ︸

c123

= 584− 240 + 48 = 392 ,

(A.26)

while c2(X) · Z =
∑

i ki CG
i = (1 + 2 + 4)(−4) = −28. Hence, (A.2) gives

Ω = − 392
6 · 73 − −28

12 · 7 = 1
7 , (A.27)

in agreement with [25, (4.34)]. Note that, for B3, one has Z = S and Z3 = c111 directly,
whereas, for B4, the central divisor is a genuine multi-divisor combination and the full cijk

tensor is required.

A.5 General BN

The construction extends to all N . In the ℤ3-symmetric chamber we find the following closed
forms, verified explicitly for 3 ≤ N ≤ 8:

𝔪 = N(N − 3) + 3 , rank = (N−1)(N−2)
2 , CR

i = 2 , (A.28)
CG

i = 2χi − 12 = 12− 2 ciii , χi ∈ {4, 5, 6} , (A.29)
kv ≡ x + (N − 1)y − (N − 1) (mod 𝔪) for the interior point v = (x, y) , (A.30)

(the central vector k being defined up to an overall unit mod 𝔪), and the central divisor
evaluates to

Z3 = (N − 2)3 𝔪2 , c2(X) · Z = −2(N − 2)𝔪 . (A.31)
19To see the rule (A.8) at work, take the third curve, the edge (S1, S2), with wall relation (A.21). Its

two “diagonal” entries are self-intersections in which the row divisor is squared, each equal to minus the
coefficient of its own ray in (A.21): M13 = D2

S1 ·DS2 = 0 (coefficient of rS1 ) and M23 = D2
S2 ·DS1 = −2

(coefficient of rS2 ) — which are just c112 and c122 of (A.19). The remaining nonzero entry of the column,
M33 = DS1 ·DS2 ·DS3 = +1, arises because S3 is the other apex of the edge.
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N 𝔪 = N(N − 3) + 3 rank Z3 c2(X) · Z Ω

3 3 1 9 −6 1/9
4 7 3 392 −28 1/7
5 13 6 4563 −78 2/13
6 21 10 28224 −168 10/63
7 31 15 120125 −310 5/31
8 43 21 399384 −516 7/43

Table 4. Toric data and cubic 1-form anomaly Ω of the non-Lagrangian BN theories, in the ℤ3-
symmetric chamber. The values of Ω agree with [25, (4.34)]; the closed forms (A.31)–(A.32) hold for
all N checked.

Inserting (A.31) into (A.2) and using 𝔪 − (N − 2)2 = N − 1,

Ω = −(N − 2)3

6𝔪 + N − 2
6 = (N − 1)(N − 2)

6𝔪 , (A.32)

reproducing [25, (4.34)]. Table 4 collects the data.

Flux lattice. The central vector (A.30) is the left null-vector of the matrix (A.8) for
the chamber at hand, and the physical flux is n = k/𝔪 + δ with δ fixed by the spinc

congruence (A.13). Whether the offset is non-trivial is a property of the chamber: every
compact curve of B4 is even, so δ = 0 and its flux lattice is integral, whereas B3 has odd
curves and a genuine half-integer offset δ = −1

6 . The offset never affects the anomaly, however:
by (A.31), c2(X) · Z = −2(N − 2)𝔪 is a multiple of 2𝔪 for every N , so the gravitational
term in (A.2) is insensitive to the half-integer shift and Ω retains the value (A.32). This is
the same index-theoretic integrality that the (absent) W-boson one-loop term of section 4
would supply in a Lagrangian description.

The triple intersections cijk (hence the cubic part of E) are chamber-dependent, re-
lated across chambers by flops; the anomaly Ω and the closed forms (A.31)–(A.32)
are not. The BN theories carry no flavour symmetry (no boundary lattice points
beyond the vertices), so E has no mass parameters. As an illustration, in the
chamber specified above, the rank-six prepotential of B5 (𝔪 = 13, interior points
S1=(1, 1), S2=(1, 2), S3=(1, 3), S4=(2, 1), S5=(2, 2), S6=(3, 1), central k = (9, 6, 3, 5, 2, 1),
CG = (−4,−2,−4,−2,−2,−4), CR

i = 2) has cubic part

FB5 = 4
3
(
ϕ3

1 + ϕ3
3 + ϕ3

6
)
+ 7

6
(
ϕ3

2 + ϕ3
4 + ϕ3

5
)
− ϕ2

1ϕ2 + 1
2ϕ2

1ϕ4 + ϕ1ϕ2ϕ4 − 3
2ϕ1ϕ2

4

− 3
2ϕ2

2ϕ3 − 1
2ϕ2

2ϕ4 − 1
2ϕ2

2ϕ5 + 1
2ϕ2ϕ2

3 + ϕ2ϕ3ϕ5 − 1
2ϕ2ϕ2

4 + ϕ2ϕ4ϕ5 − 1
2ϕ2ϕ2

5

− ϕ2
3ϕ5 − 1

2ϕ2
4ϕ5 − 1

2ϕ4ϕ2
5 + ϕ4ϕ5ϕ6 − ϕ4ϕ2

6 − 3
2ϕ2

5ϕ6 + 1
2ϕ5ϕ2

6 .

(A.33)

The effective prepotential of this theory reads

EB5 = 1
ϵ1ϵ2

FB5 −
ϵ2
1 + ϵ2

2
24

(
2ϕ1 + ϕ2 + 2ϕ3 + ϕ4 + ϕ5 + 2ϕ6

)
+ ϵ2

+

6∑
j=1

ϕj

 , (A.34)
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with FB5 the cubic part above. The flux lattice carries a non-trivial spinc offset: 9 of the 18
compact curves are odd, so δ ≠ 0 in (A.13), and the generating flux of ℤ(1)

13 is

n = k

13 + δ =
(

9
26 , 3

13 , 3
26 , 9

13 , 1
13 , 1

26

)
, 13n =

(9
2 , 3, 3

2 , 9, 1, 1
2
)

, (A.35)

with the half-integer numerators of 13n being the spinc half-shift on the odd curves (cf. B3,
n = 1

6 , against the spinc-unshifted B4, n = k/7). The offset does not affect the anomaly,
since c2(X) · Z = −2(N − 2)𝔪 is a multiple of 2𝔪 (A.31).

The relations (A.31) are clean enough to suggest a direct geometric proof, which we
leave for future work.

A.6 The non-Lagrangian B
(1)
N family

The same toolkit applies to the sibling family B
(1)
N of [20, 56], which is the first non-Lagrangian

example in our list carrying both a ℤ
(1)
N−1 1-form symmetry and the non-Abelian flavour

symmetry SU(N − 2) × U(1) of rank N − 2 — so that the mixed 1-form–flavour-Cartan
anomaly (4.24) can be evaluated directly from the geometry. The toric polytope is the convex
hull of the height-one rays rv = (v, 1) over

(N − 1, 0) , (N − 1, 1) , (0, j) , with j = 1, . . . , N − 1 , (A.36)

its interior lattice points being the compact divisors Si, of which there are (N−1)(N−2)
2 . The

pairing matrix (A.8) has Smith normal form diag(1, . . . , 1, N − 1), so

𝔪 = N − 1 , ℤ
(1)
𝔪 = ℤ

(1)
N−1 , (A.37)

with central divisor Z =
∑

i kiSi its left null-vector (A.11). Building a fine star triangulation
and applying the rules of section A.1 — we have done so explicitly for 3 ≤ N ≤ 9 — gives
the closed forms

Z3 = 2(N − 2)2 𝔪2 , c2(X) · Z = −2(N − 2)𝔪 , Z2 · DF = −(N − 2)𝔪 , (A.38)

where DF = (N −1, 0) is the boundary vertex generating one of the N −2 flavour U(1) factors
(the one used in [25]); the closed form Z2 · DF = −(N − 2)𝔪 gives its mixed anomaly (4.16),
the others being read off the remaining flavour divisors.

Cubic self-anomaly. Since c2(X) · Z = −2(N − 2)𝔪 is a multiple of 2𝔪, the gravitational
(j3 − j) piece of (A.2) drops mod 1 (section A.9) and the anomaly is purely cubic. Insert-
ing (A.38) into (A.2) gives − (N−2)2

3𝔪 j3 + N−2
6 j; using the index congruence j3 ≡ j (mod 6)

to absorb the linear (gravitational) term into the cubic and 𝔪− 2(N − 2) = −(N − 3), then

Ω(1)(j) = (N − 2)(N − 3)
6 (N − 1) j3 (mod 1) , (A.39)

(up to the overall sign of the exp(−Vn) convention and the choice of generator k modulo
a unit of ℤ𝔪), reproducing [25, (4.35)]. It vanishes for N = 3: the rank-one member B

(1)
3

(ℤ(1)
2 ) has no cubic 1-form anomaly. Table 5 collects the data.
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N 𝔪 = N − 1 rank Z3 c2(X) · Z Ω(1) Ω(1)
ii,U(1)F

3 2 1 8 −4 0 1/4
4 3 3 72 −12 1/9 1/3
5 4 6 288 −24 1/4 3/8
6 5 10 800 −40 2/5 2/5
7 6 15 1800 −60 5/9 5/12
8 7 21 3528 −84 5/7 3/7

Table 5. Toric data and anomalies of the non-Lagrangian B
(1)
N theories: the cubic 1-form self-anomaly

Ω(1) (A.39) and the mixed 1-form–U(1)-flavour anomaly Ω(1)
ii,U(1)F

(4.16), both quoted as the coefficient
at the generating coset j = 1, reproducing [25, (4.35), (4.38)]. The closed forms (A.38) hold for all N

checked (3 ≤ N ≤ 8).

Mixed 1-form–flavour anomalies. Each of the N − 2 flavour U(1) factors, with non-
compact divisor DFa , yields a mixed 1-form–flavour anomaly Ωii,a = −1

2 Z2 ·DFa/𝔪2 (4.16),
computed directly from the intersection ring. For B

(1)
4 (𝔪 = 3, Z = 2S1 + 2S2 + S3), the

two directions DF1 = (3, 0), DF2 = (0, 3) give

Z2 ·DF1 = −6 ⇒ Ωii,1 = 1
3 , Z2 ·DF2 = −12 ⇒ Ωii,2 = 2

3 , (A.40)

the first reproducing [25, (4.38)] (the general closed form Z2·(N−1, 0) = −(N−2)𝔪 of (A.38)).
These match the exp(−V𝔫) computation of section 3.7 term by term: at the bare background
𝔫 = jk/𝔪, the flavour exponent is Wa(𝔫) = 1

2(j/𝔪)2 Z2 ·DFa , so Ωii,a =
[
−Wa(𝔫)

]
frac —

explicitly −W1 = n2
1 − n1n3 + n2

3 → 1
3 and −W2 = 3

2n2
2 → 2

3 at the generator j = 1 (both
evaluated at zero flavour flux Bma = 0; the full second exponent is W2 = Bm2n2 − 3

2n2
2, the

Bm2-term not entering the anomaly). The anomalies thus reside in the fractional charges
(the wa-exponents), the dynamical flavour fluxes being quantised as in (A.46).

Whereas every compact curve of the BN -family member B4 was even, the B
(1)
N theories

with N ≥ 4 have odd compact curves and hence a non-trivial spinc offset δ: the dynamical
flux is n = jk/𝔪 + δ (given explicitly below), so that n = 0 is excluded, the half-integral
flux residing in the gauge directions. The bare 1-form background 𝔫 = jk/𝔪 pairs integrally
with every compact curve and is what enters (A.39) and (4.16); in any case, c2(X) · Z is a
multiple of 2𝔪, so the offset does not affect the cubic anomaly.

Explicit data: B
(1)
3 and B

(1)
4 . We label the boundary (non-compact) divisors A, B, C, . . .

and the compact ones Si. The flavour symmetry has rank equal to the number of boundary
lattice points minus three: one mass for B

(1)
3 (4 boundary points) but two for B

(1)
4 (5

boundary points). Turning on a mass ma along a non-compact divisor DFa extends the
prepotential: the well-defined couplings Si·Sj ·DFa add 1

2(SiSjDFa)ϕiϕj ma to the cubic part,
and Si · DFaDFb

adds 1
2(SiDFaDFb

)ϕi mamb.
For B

(1)
3 (ℤ(1)

2 1-form symmetry, rank one), the polytope is the convex hull of A = (2, 0),
B = (2, 1), C = (0, 1), D = (0, 2) with the single compact divisor S1 = (1, 1) and flavour
divisor DF = A. The four compact curves S1A, S1B, S1C, S1D give the row matrix M =
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(−2,−2,−2,−2), with c111 = S3
1 = 8, CG

1 = −4, CR
1 = 2 and mass coupling S2

1DF = −2.
Hence k = (1), Z = S1, and

E
B

(1)
3

= 1
ϵ1ϵ2

[
4
3ϕ3

1 − ϕ2
1 m − ϵ2

1 + ϵ2
2

12 ϕ1 + ϵ2
+ ϕ1

]
. (A.41)

All four curves are even (C2 ∈ {0,−2}), so there is no spinc shift and the generating flux
of ℤ

(1)
2 is n = k/2 = 1

2 .
For B

(1)
4 (ℤ(1)

3 1-form symmetry, rank three), the polytope is the hull of A = (3, 0),
B = (3, 1), C = (0, 1), D = (0, 2), E = (0, 3) with compact divisors S1 = (1, 1), S2 = (1, 2),
S3 = (2, 1) and two flavour divisors DF1 = A and DF2 = E.20 In the fine triangulation
with the nine triangles CDS1, CS1A, DES2, DS1S2, ES2B, S1S2S3, S1S3A, S2S3B, S3AB,
the eleven compact curves in the order

CS1, DS1, S1A, DS2, ES2, S1S2, S2B, S1S3, S2S3, S3A, S3B (A.42)

give the 3 × 11 pairing matrix M (rows S1, S2, S3; columns in the above order)

M =

 −3 −1 −2 1 0 −1 0 0 1 1 0
0 1 0 −1 −3 −1 −2 1 0 0 1
0 0 1 0 0 1 1 −2 −2 −2 −2

 , (A.43)

of Smith normal form diag(1, 1, 3) with central vector k = (2, 2, 1), i.e. Z = 2S1+2S2+S3. The
non-zero triple intersections are c111 = c222 = 7, c333 = 8, c112 = c122 = −1, c133 = c233 = −2,
c123 = 1, with CG = (−2,−2,−4), CR

i = 2. The two masses couple as (SiSjDF1) =(
−2 0 1
0 0 0
1 0 −2

)
, SiD

2
F1

= 0, and (SiSjDF2) =
( 0 0 0

0 −3 0
0 0 0

)
, S2D2

F2
= 1 (with SiDF1DF2 = 0), so

E
B

(1)
4

= 1
ϵ1ϵ2

[
7
6
(
ϕ3

1 + ϕ3
2
)
+ 4

3ϕ3
3 − 1

2ϕ2
1ϕ2 − 1

2ϕ1ϕ2
2 − ϕ1ϕ2

3 − ϕ2ϕ2
3 + ϕ1ϕ2ϕ3

+
(
−ϕ2

1 + ϕ1ϕ3 − ϕ2
3
)
m1 +

(
−3

2ϕ2
2
)
m2 + 1

2ϕ2 m2
2

−ϵ2
1 + ϵ2

2
24

(
ϕ1 + ϕ2 + 2ϕ3

)
+ ϵ2

+
(
ϕ1 + ϕ2 + ϕ3

) ]
.

(A.44)

The spinc flux quantisation is read off the zi-exponents of exp(−Vn) (section 3.7), with zero-
points κ = (−1

8 ,−1
8 , 0) (S3

1,2 = 7 odd, S3
3 = 8 even) so Zi(0) = κi /∈ ℤ and the trivial flux is

excluded. Of the five odd curves CS1, DS1, DS2, ES2, S1S2, only S1S2 is compact–compact:
it fixes the gauge spinc offset

δ =
(1

2 , 0, 0
)

, n = k

𝔪 + δ = j

3(2, 2, 1) +
(1

2 , 0, 0
)

, (A.45)

20The flavour lattice is the group of non-compact divisor classes modulo the compact Si and the three
toric linear relations

∑
ρ
⟨m, vρ⟩Dρ = 0, of rank N − 2; any N − 2 non-compact divisors independent in this

quotient may be taken as the masses. We choose the two vertices A = (N − 1, 0) and E = (0, N − 1): they
are independent, their mass couplings (SiSjDFa ) are diagonal in the gauge node, and A reproduces the
mixed anomaly of [25, (4.38)]. A different admissible basis rescales the anomaly values but carries the same
flavour-lattice data.
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N 𝔪 = N rank Z3 c2(X) · Z Ω(2) Ωii,U(1)F

3 3 1 9 −6 1/9 — (∼= B3)
4 4 3 32 −16 1/4 1/4
5 5 6 75 −30 2/5 3/10
6 6 10 144 −48 5/9 1/3
7 7 15 245 −70 5/7 5/14

Table 6. Toric data and anomalies of the non-Lagrangian B
(2)
N theories: the cubic 1-form anomaly

Ω(2) (reproducing [25, (4.36)]) and the mixed 1-form–U(1)F anomaly Ωii,U(1)F
(present for N ≥ 4).

B
(2)
3 has no flavour symmetry and coincides with the local ℙ2.

while the half-shifts on the four curves touching non-compact divisors are carried by the two
flavour fluxes Bm1 (through DF1) and Bm2 (through DF2). The total flux is N =

∑
i niSi +

Bm1DF1 + Bm2DF2 , and Zi ∈ ℤ on every central coset then requires

Bm1 ∈ 2ℤ , Bm2 ≡ j (mod 2) , (A.46)

with n = 0 excluded (it is the absence of the second flavour flux that obstructed a purely-gauge
spinc offset: zi-integrality of Z2, which is Bm1-independent, can only be met once Bm2 is
turned on, S2D2

F2
= 1). The bare 𝔫 = jk/𝔪 pairs integrally with all eleven curves and is

the 1-form background entering (A.39) and (4.16).

A.7 The non-Lagrangian B
(2)
N family

The third sibling B
(2)
N of [20, 56] carries a ℤ

(1)
N 1-form symmetry. Its toric polytope is the

convex hull of the height-one rays over

(N, 0) , (0, j) with j = 1, . . . , N − 1 , (A.47)

a triangle with (N−1)(N−2)
2 interior points (the compact divisors Si) and N boundary points,

so the flavour symmetry is SU(N − 2) (rank N − 3 [56]): none for B
(2)
3 — which is simply

the local ℙ2, i.e. B3 — and SU(2) for B
(2)
4 , whose Cartan is the single U(1)F used below.

The pairing matrix (A.8) has Smith normal form diag(1, . . . , 1, N), and a fine triangulation
gives the closed forms (verified for 3 ≤ N ≤ 7)

Z3 = (N − 2)N2 , c2(X) · Z = −2(N − 2)N , Z2 · DF = −(N − 2)N , (A.48)

with DF the boundary vertex (N, 0). As c2(X) · Z is a multiple of 2𝔪 = 2N , the cubic
anomaly is pure cubic; inserting (A.48) into (A.2), and (4.24) with DF , one obtains

Ω(2) = (N − 2)(N − 1)
6N

, Ωii,U(1)F
= −1

2
Z2 · DF

N2 = N − 2
2N

(N ≥ 4) , (A.49)

the first reproducing [25, (4.36)], the second the mixed 1-form–flavour anomaly (obtained
as for B

(1)
N ; not given in [25]). Table 6 collects the data.
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Explicit data: B
(2)
4 . With boundary divisors A = (4, 0) (= DF ), C = (0, 1), D = (0, 2),

E = (0, 3) and compact divisors S1 = (1, 1), S2 = (1, 2), S3 = (2, 1), the fine triangulation
CDS1, CS1A, DES2, DS1S2, ES2A, S1S2S3, S1S3A, S2S3A gives the ten compact curves
CS1, DS1, S1A, DS2, ES2, S1S2, S2A, S1S3, S2S3, S3A and the pairing matrix

M =

 −4 −1 −2 1 0 −1 0 1 1 1
0 1 0 −1 −4 −1 −2 1 1 1
0 0 1 0 0 1 1 −3 −3 −3

 , (A.50)

of Smith normal form diag(1, 1, 4) with central vector k = (1, 1, 2), Z = S1 + S2 + 2S3.
The non-zero triple intersections are c111 = c222 = 7, c333 = 9, c112 = c122 = −1, c113 =
c223 = 1, c123 = 1, c133 = c233 = −3, with CG = (−2,−2,−6), CR

i = 2 and mass couplings
(SiSjDF ) =

(
−2 0 1
0 −2 1
1 1 −3

)
, SiD

2
F = (0, 0, 1), so

E
B

(2)
4

= 1
ϵ1ϵ2

[
7
6(ϕ

3
1 + ϕ3

2) + 3
2ϕ3

3 − 1
2ϕ2

1ϕ2 + 1
2ϕ2

1ϕ3 − 1
2ϕ1ϕ2

2 + ϕ1ϕ2ϕ3 − 3
2ϕ1ϕ2

3

+1
2ϕ2

2ϕ3 − 3
2ϕ2ϕ2

3 +
(
−ϕ2

1 − ϕ2
2 − 3

2ϕ2
3 + ϕ1ϕ3 + ϕ2ϕ3

)
m + 1

2ϕ3 m2

−ϵ2
1 + ϵ2

2
24 (ϕ1 + ϕ2 + 3ϕ3) + ϵ2

+(ϕ1 + ϕ2 + ϕ3)
]

.

(A.51)

As for B
(1)
N , the BPS curves carry integer charges DF · Ca ∈ ℤ, so the flavour flux is integral,

Bh ∈ ℤ. In contrast to B
(1)
N , however, the spinc congruence (A.13) is now solvable over

the compact divisors. The six odd curves DS1, DS2, S1S2, S1S3, S2S3, AS3 (C2 odd) impose
⟨δ, Ca⟩ ≡ 1

2 , and (A.13) has the solution

δ =
(1

2 , 0, 0
)

, n = k

𝔪 + δ = j

4(1, 1, 2) +
(1

2 , 0, 0
)

, (A.52)

so the dynamical fluxes are the central cosets shifted by δ — e.g. n = (1
2 , 0, 0) at j = 0 —

and the trivial flux n = 0 is excluded, exactly as for local ℙ2. Equivalently, with Bh ∈ ℤ,
the gauge combination n1 + n2 − 3n3 is forced half-integral (the zi-integrality condition
Z3 ∈ ℤ ⇔ n1 + n2 − 3n3 + Bh ∈ ℤ+ 1

2 of section 3.7); the spinc half-unit sits in the gauge
flux, not in Bh. The bare 𝔫 = jk/N remains the 1-form background entering (A.49).

A.8 The non-Lagrangian B
(3)
N family

The last sibling B
(3)
N of [20, 56] has toric fan generated by the height-one rays over (0, 1) and

(N − k, k), k = 0, . . . , N − 1 (the latter N points collinear on x + y = N). It carries a ℤ
(1)
N−1

1-form symmetry, rank (N−1)(N−2)
2 (interior points), and the flavour symmetry SU(N − 1) of

rank N − 2 [56]. A fine star triangulation gives the closed forms (verified for 3 ≤ N ≤ 7)

Z3 = (N − 1)3(N − 2) , c2(X) · Z = −2(N − 1)(N − 2) , (A.53)

Z =
∑

i kiSi generating ℤ
(1)
N−1. Strikingly, the cubic 1-form anomaly vanishes: with 𝔪 = N−1,

this yields

Ω(3)(j) = − Z3

6𝔪3 j3 − c2(X) · Z

12𝔪 j = −𝔪− 1
6 (j3 − j) ≡ 0 (mod 1) , (A.54)

– 68 –



J
H
E
P
0
9
(
2
0
2
6
)
2
4
8

because the genuine cubic coefficient cancels, A + B = −𝔪−1
6 + 𝔪−1

6 = 0, and the leftover
gravitational (j3 − j) piece is divisible by 6. This reproduces the vanishing B3

2 anomaly
of [25]. The mixed 1-form–flavour anomalies are instead non-trivial: Ωii,a = −1

2 Z2 ·DFa/𝔪2

for each flavour divisor DFa .

Explicit data: B
(3)
3 . (ℤ(1)

2 1-form symmetry, rank one, flavour rank one.) The polytope
is the hull of (0, 1) and (3, 0), (2, 1), (1, 2), with a single compact divisor S1 = (1, 1) and
central vector k = (1), Z = S1. Labelling the boundary divisors A = (3, 0), B = (2, 1),
C = (1, 2), E = (0, 1), the fine triangulation has the four triangles ES1C, ES1A, S1CB,
S1BA, hence the four compact curves ES1, S1C, S1A, S1B and the 1 × 4 pairing matrix
M = (−4, −2, −2, 0), of Smith normal form diag(2), confirming the ℤ

(1)
2 1-form symmetry.

The single triple intersection is c111 = S3
1 = 8, with CG

1 = −4, CR
1 = 2. Taking the mass along

DF = A = (3, 0), with couplings S2
1DF = −2 and S1D2

F = 0, the effective prepotential reads

E
B

(3)
3

= 1
ϵ1ϵ2

[
4
3ϕ3

1 − ϕ2
1m − ϵ2

1 + ϵ2
2

12 ϕ1 + ϵ2
+ϕ1

]
, (A.55)

of the same algebraic form as E
B

(1)
3

(A.41). The two are nevertheless distinct geometries: the

B
(1)
3 toric diagram is the parallelogram (2, 0), (2, 1), (0, 1), (0, 2), whose compact divisor is

𝔽0 = ℙ1×ℙ1 (curve self-intersections {0, 0, 0, 0}), whereas the B
(3)
3 diagram above is a triangle

with compact divisor 𝔽2 ({−2, 0, 0, 2}); having four versus three convex-hull vertices, they
are not related by any GL(2,ℤ) transformation. Only the coarse invariants c111 = S3

1 = 8
and CG

1 = −4 coincide — both compact divisors being degree-eight Hirzebruch surfaces.
As 𝔽0 and 𝔽2 are flop-related, the two are plausibly the same rank-one SCFT in different
toric phases, but this is a birational (flop) statement, not a unimodular equivalence of the
diagrams. The spinc zero-point is κ1 = 0 (S3

1 = 8 even), so the trivial flux is allowed and
there is no offset; Z1 ∈ ℤ on the ℤ

(1)
2 cosets gives

n = j
2 + δ , δ = 0 , Bm ∈ ℤ . (A.56)

The cubic 1-form anomaly vanishes, Ω(3) = −𝔪−1
6 (j3 − j) ≡ 0 (A.54), so the only ’t Hooft

anomaly is the mixed 1-form–flavour-Cartan one, Ωii,F = −1
2Z2 ·DF /𝔪2 = 1

4 (since Z2 ·
DF = −2).

Explicit data: B
(3)
4 . (ℤ(1)

3 1-form symmetry, rank three, flavour rank two.) The polytope
is the hull of (0, 1) and (4, 0), (3, 1), (2, 2), (1, 3), with compact divisors S1 = (1, 1), S2 = (1, 2),
S3 = (2, 1) and central vector k = (2, 1, 1), Z = 2S1 + S2 + S3. Labelling the boundary
divisors A = (4, 0), B = (3, 1), C = (2, 2), D = (1, 3), E = (0, 1), the fine triangulation
has the nine triangles ES1S2, AES1, EDS2, S1S2S3, AS1S3, DCS2, CS2S3, BCS3, ABS3,
hence the eleven compact curves (in order)

ES1, ES2, S1S2, S1A, S2D, S1S3, S2S3, S3A, S2C, S3C, S3B (A.57)

and the 3 × 11 pairing matrix (rows S1, S2, S3; columns in the above order)

M =

 −5 1 −2 −2 0 1 1 1 0 0 0
1 −2 0 0 −3 1 −1 0 −1 1 0
0 0 1 1 0 −3 −1 −2 1 −1 0

 , (A.58)
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of Smith normal form diag(1, 1, 3), confirming the ℤ
(1)
3 1-form symmetry. The non-zero

triple intersections are c111 = 8, c222 = c333 = 7, c112 = −2, c113 = c123 = 1, c133 = −3,
c223 = c233 = −1, with CG = (−4,−2,−2), CR

i = 2. Taking the two masses along DF1 =
A = (4, 0) and DF2 = D = (1, 3) — whose couplings (SiSjDF1) =

(
−2 0 1
0 0 0
1 0 −2

)
, SiD

2
F1

= 0 and

(SiSjDF2) =
( 0 0 0

0 −3 0
0 0 0

)
, S2D2

F2
= 1 coincide with those of B

(1)
4 — one finds

E
B

(3)
4

= 1
ϵ1ϵ2

[
4
3ϕ3

1 + 7
6ϕ3

2 + 7
6ϕ3

3 − ϕ2
1ϕ2 + 1

2ϕ2
1ϕ3 + ϕ1ϕ2ϕ3 − 3

2ϕ1ϕ2
3 − 1

2ϕ2
2ϕ3

−1
2ϕ2ϕ2

3 +
(
−ϕ2

1 + ϕ1ϕ3 − ϕ2
3
)
m1 − 3

2ϕ2
2m2 + 1

2ϕ2m2
2

−ϵ2
1 + ϵ2

2
24

(
2ϕ1 + ϕ2 + ϕ3

)
+ ϵ2

+
(
ϕ1 + ϕ2 + ϕ3

) ]
.

(A.59)

The flux quantisation follows the same route as for B
(1)
N : with spinc zero-points κ = (0,−1

8 ,−1
8)

(S3
1 = 8 even, S3

2,3 = 7 odd), Zi(0) = κi /∈ ℤ, so the trivial flux is excluded; the two odd
compact–compact curves S1S3, S2S3 fix the gauge spinc offset, and Zi ∈ ℤ on the central
cosets gives

n = j
3(2, 1, 1) + δ , δ =

(
0, 1

2 , 0
)

, Bm1 , Bm2 ∈ ℤ , (A.60)

with n = 0 excluded and the half-integral spinc flux residing in the gauge direction S2.
The cubic 1-form anomaly vanishes (A.54), so the only ’t Hooft anomalies are the mixed
1-form–flavour ones, Ωii,a = −1

2Z2 ·DFa/𝔪2:

Z2 ·DF1 = −6 ⇒ Ωii,1 = 1
3 , Z2 ·DF2 = −3 ⇒ Ωii,2 = 1

6 . (A.61)

The value 1
3 coincides numerically with the B

(1)
N mixed anomaly of [25, (4.38)], but it is

an independent computation here — [25, (4.38)] is stated only for B
(1)
N , and [25] gives no

mixed anomaly for B
(3)
N .

A.9 Comments on the mixed 1-form–gravitational anomalies

We emphasise that the cubic anomalies of the BN theories of appendix A were all pure cubic:
by (A.31), the gravitational coupling c2(X) · Z is a multiple of 2𝔪, and — as we explain
below — the would-be gravitational contribution then drops modulo 1.

One evaluates the anomaly (A.2) on the j-th element of the 1-form symmetry, i.e. on the
central divisor scaled to jZ, with j ∈ ℤ𝔪. Since Z3 scales as j3 and c2(X) · Z as j, then

Ω(j) = A j3 + B j , A = − Z3

6𝔪3 , B = −c2(X) · Z

12𝔪 , (A.62)

and we may split off the genuine cubic monomial,

Ω(j) = (A + B) j3 − B (j3 − j) . (A.63)

The second term is what we call the gravitational piece: it carries the coefficient B of the
mixed gauge/gravitational coupling, organised in the W-boson/index combination j3 − j.
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Because j3 − j = (j − 1) j (j + 1) is a product of three consecutive integers, with 6 | (j3 − j),
writing j3 − j = 6 tj with tj ∈ ℤ, one gets

−B (j3 − j) = c2(X) · Z

12𝔪 6 tj = c2(X) · Z

2𝔪 tj , (A.64)

which is an integer for every j — so the gravitational piece drops modulo 1 — if and only if

2𝔪
∣∣ c2(X) · Z . (A.65)

The condition is sharp: t2 = 1, so j = 2 already detects a failure. Two ingredients enter.
The factor 6 is the index (x3 ≡ x mod 6) integrality that, in a Lagrangian theory, is supplied
by the one-loop term 1

6
∑

α∈∆+
(
⟨n, α⟩3 − ⟨n, α⟩

)
of the W-bosons (cf. the discussion opening

appendix A); the extra factor of 2 — so that the threshold is 2𝔪 rather than 𝔪 — is the
spinc shift δ of (A.13), present whenever a relevant compact curve has odd self-intersection.
When (A.65) holds, the anomaly is the pure cubic Ω(j) = (A+B)j3; when it fails, the (j3− j)
term survives mod 1. For the BN theories, (A.31) gives c2(X) · Z = −2(N − 2)𝔪, manifestly
divisible by 2𝔪, so (A.65) always holds and (A.32) is a pure cubic term.

B Non-Lagrangian ℙ2 ∪ 𝔽3 and ℙ2 ∪ 𝔽6 theories

In this appendix we apply the same machinery to two rank-two non-Lagrangian SCFTs
of [14, 17], the local ℙ2 ∪ 𝔽3 and ℙ2 ∪ 𝔽6 theories, which differ only in the gluing of the two
compact surfaces, and find that they sit on opposite sides of the divisibility criterion (A.65)
of appendix A.9. ℙ2 ∪ 𝔽6 has a pure cubic anomaly, exactly like the BN ; ℙ2 ∪ 𝔽3 does
not — its anomaly is carried entirely by a mixed 1-form–gravitational term that survives
precisely because the divisibility (A.65) fails. Nevertheless, we can explicitly show that the ’t
Hooft anomaly for ℤ

(1)
5 is truly cubic due to the mod 24 index ambiguity, which amounts

to adding appropriate local counterterms. We note that ℙ2 ∪ 𝔽3 is the first member of
the family of isolated orbifolds ℂ3/ℤ2n+3(1, 1, 2n + 1), whose resolutions are linear chains
ℙ2∪𝔽3∪𝔽5∪· · ·∪𝔽2n+1; the 1-form anomalies of this family were recently computed by means
of extra-dimensional η-invariants in [32], and from the quiver Hilbert series in [33], where
a ℤ6 redundancy of the pair of cubic and mixed 1-form–gravitational anomaly coefficients,
rooted in the same index congruence as the mod 24 ambiguity exploited here, is discussed.

B.1 ℙ2 ∪ 𝔽3

The theory [43, section 5.2.1] has compact divisors S1 = ℙ2 and S2 = 𝔽3. From the
prepotential [43, (5.63)], 6F = 9ϕ3

1 − 9ϕ2
1ϕ2 + 3ϕ1ϕ2

2 + 8ϕ3
2, with

Eℙ2∪𝔽3 = 1
ϵ1ϵ2

[
F − ϵ2

1 + ϵ2
2

24 (3ϕ1 + 2ϕ2) + ϵ2
+ (ϕ1 + ϕ2)

]
, (B.1)

one reads off, in the conventions of (A.4), the following data:

c111 = 9, c112 = −3, c122 = 1, c222 = 8 , CG = (−6,−4) , CR = (2, 2) , (B.2)
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the two surfaces contributing S3
1 = 9, c2(X) · S1 = −6 (ℙ2) and S3

2 = 8, c2(X) · S2 = −4 (a
Hirzebruch surface). The curve volumes [43, (5.62)], vol(ℓ) = 3ϕ1−ϕ2 and vol(f2) = −ϕ1+2ϕ2,
give, through vol(C) = −

∑
i(Si · C)ϕi, the pairing matrix (A.8)

M =
(

S1 · ℓ S1 · f2

S2 · ℓ S2 · f2

)
=
(
−3 1
1 −2

)
, detM = 5 , (B.3)

so the 1-form symmetry is ℤ
(1)
5 , consistent with the flux n1 ∈ ℤ + 1

5 of [43, (5.64)]. The
generator (A.11) is k = (1, 3), i.e. Z = S1 + 3S2, giving

Z3 = 225 , c2(X) · Z = −18 , 𝔪 = 5 . (B.4)

Here 2𝔪 = 10 ∤ 18, so the criterion (A.65) fails. From (A.62) and (A.63), with A = − 3
10 and

B = + 3
10 the pure cubic coefficient vanishes, A + B = Ω(1) = 0, and the entire anomaly

is the surviving gravitational piece

Ω(j) = − 3
10(j

3 − j) ≡ 1
5(j

3 − j) (mod 1) =
{
0, 1

5 , 4
5 , 0

}
(j = 1, 2, 3, 4) , (B.5)

the second equality using 1
2(j

3 − j) ∈ ℤ. The spinc origin is captured by the offset δ of (A.13).
Since ℙ2 is non-spin, the line ℓ has ℓ2 = 1 odd, while the fibre f2 takes integral flux [43,
(5.62), (5.64)], so the source is s = (1

2 , 0) and (A.13) gives δ = (0, 1
2). The physical flux is then

n = k

𝔪 + δ =
(

1
5 , 3

5

)
+
(
0, 1

2

)
≡
(

1
5 , 1

10

)
(mod 1) , (B.6)

reproducing [43, (5.64)]; the half-shift n2 ∈ ℤ + 1
10 (denominator 2𝔪) is the imprint of

the odd curve.

The mod 24 ambiguity

The vanishing Ω(1) = 0 is a property of the representative delivered by the geometry, not of
the anomaly class. As noted below (A.2) (and in [25]), the cubic and gravitational terms are
not separately well defined; the ambiguity is the index congruence x p1 ≡ 4x3 (mod 24), i.e.
Z · p1 = −2 c2(X) · Z is defined only modulo 24. We utilise this ambiguity as follows. For
ℙ2 ∪ 𝔽3, one has Z · p1 = 36; adding a single unit of 24, it follows that

Z · p1 : 36 −→ 60 , equivalently c2(X) · Z : −18 −→ −30 , (B.7)

makes c2(X) · Z divisible by 2𝔪 = 10, so the gravitational piece now drops and

Ω̃(j) = −1
6

Z3

𝔪3 j3 + 1
24

Z · p1
𝔪 j = − 3

10j3 + 1
2j ≡ 1

5 j3 (mod 1) , (B.8)

which is the pure cubic ℤ
(1)
5 anomaly with Ω̃(1) = 1

5 .
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theory 1-form Z3 c2(X)·Z 2𝔪 | c2(X)·Z Ω(j)

ℙ2 ∪ 𝔽3 ℤ5 225 −18 no − 3
10(j

3 − j) → 1
5j3

ℙ2 ∪ 𝔽6 ℤ4 32 −16 yes 1
4 j3

Table 7. The two rank-two SCFTs of [43], differing only in the gluing of the ℙ2 and Hirzebruch
surfaces. The divisibility (A.65) separates a pure cubic anomaly (𝔽6, like the BN ) from one carried
by the mixed 1-form–gravitational term (𝔽3). However, in the latter case, taking into account the
mod 24 ambiguity, we recover the cubic anomaly.

B.2 ℙ2 ∪ 𝔽6

The sister theory [43, section 5.2.2] replaces 𝔽3 by 𝔽6; the gluing changes only the mixed
cubic couplings. From [43, (5.67)], the prepotential is 6F = 9ϕ3

1 − 18ϕ2
1ϕ2 + 12ϕ1ϕ2

2 + 8ϕ3
2,

with effective prepotential

Eℙ2∪𝔽6 = 1
ϵ1ϵ2

[
F − ϵ2

1 + ϵ2
2

24 (3ϕ1 + 2ϕ2) + ϵ2
+ (ϕ1 + ϕ2)

]
, (B.9)

from which

c111 = 9, c112 = −6, c122 = 4, c222 = 8 , CG = (−6,−4) , (B.10)

and the curve volumes [43, (5.66)], vol(ℓ) = 3ϕ1 − 2ϕ2, vol(f2) = −ϕ1 + 2ϕ2, give

M =
(
−3 1
2 −2

)
, detM = 4 , (B.11)

so the 1-form symmetry is now ℤ
(1)
4 (matching n1 ∈ ℤ+ 1

4 of [43, (5.68)]). The generator (A.11)
is the order-four element k = (2, 1), i.e. Z = 2S1 + S2, with

Z3 = 32 , c2(X) · Z = −16 , 𝔪 = 4 . (B.12)

Now 2𝔪 = 8 | 16, so (A.65) holds: the gravitational piece drops and the anomaly is the
pure cubic

Ω(j) = (A + B) j3 = 1
4 j3 (mod 1) =

{
1
4 , 0, 3

4 , 0
}

, Ω(1) = 1
4 ̸= 0 . (B.13)

As for 𝔽3, the line ℓ (ℓ2 = 1) is the unique odd curve, so s = (1
2 , 0) and (A.13) now gives

δ ≡ (−1
4 ,−1

8), hence the physical flux n = k/𝔪+ δ = (1
4 , 1

8) of [43, (5.68)]. Thus, although
𝔽6 also carries a spinc shift in its flux lattice (n2 ∈ ℤ+ 1

8 , denominator 2𝔪), the shift does
not reach the anomaly: ℙ2 ∪ 𝔽6 behaves exactly like the BN theories, with a genuine cubic
ℤ4 anomaly. Table 7 summarises the contrast.
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C Blow-up equations for SU(3)kCS=6 and USp(4)θ=0 + 2Λ2

In this appendix, we provide detailed analyses of the blow-up equations for the pure SU(3)kCS=6
gauge theory and for the USp(4)θ=0 gauge theory with two antisymmetric hypermultiplets.
The two theories share the following features:

1. The one-instanton partition function starts at order x, and the two-instanton partition
function starts at order x2; in both cases, the leading term contains no gauge fugacities.
The presence of the order-x term in the one-instanton partition function means that, in
computing the superconformal index, the contribution of a free hypermultiplet has to
be taken into account appropriately.

2. The computation of the parameters Λ(k) entering the k-instanton blow-up equation (2.19)
is subtle and deserves explanation.

For point (1), the index of SU(3)6 was given in [45, (7)], and for point (2), many of the steps
for SU(3)6 were already presented in [43, (3.72)–(3.78)]. In the following, we first present
the details for SU(3)6 and subsequently discuss USp(4)0 + 2Λ2.

The SU(3)6 pure gauge theory

The blow-up function is given by (3.8). It follows from (2.20) that Λ(0) = 0, while at the
one-instanton level

Λ(1) = 0 for Bm0 = ±1
2 , Λ(1) = −(p1p2)1/2 for Bm0 = 3

2 , (C.1)

as stated in [43, (3.73)]. Using (2.19), we obtain the one-instanton partition function

Ẑinst,(1) = x + χ[1](y)x2 +
[
χ[2](y) + χ

𝔰𝔲(3)
adj (zi)

]
x3

+
[
χ[3](y) + χ[1](y)χ

𝔰𝔲(3)
adj (zi)

]
x4 + . . . ,

(C.2)

where χ
𝔰𝔲(3)
adj (zi) is the character of the adjoint representation of 𝔰𝔲(3), whose explicit form

is collected in appendix D. At the two-instanton level, (2.20) gives

Λ(2) =



− 2 p1p2
(1− p1)(1− p2)(p1 − p2)2 Bm0 = −1

2

− 2 p2
1p2

2
(1− p1)(1− p2)(p1 − p2)2 Bm0 = +1

2

− F (p1, p2)
(1− p1)(1− p2)(p1 − p2)2 Bm0 = 3

2

, (C.3)

with

F (p1, p2) = p1p2
(
2p1p2 + 2p2

1p2
2 − p2

1 − p2
2 − p4

1 − p4
2

+ p3
1p2 + p1p3

2 + p4
1p2 + p1p4

2 − p3
1p2

2 − p2
1p3

2
)

,
(C.4)

in agreement with [43, (3.75)–(3.76)]. Using this in the blow-up equation (2.19), we obtain

Ẑinst,(2) =
[
χ
𝔰𝔲(3)
adj (zi)− χ[2](y)

]
x4 + . . . . (C.5)
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However, this is not the desired result for the two-instanton partition function, owing to the
observation that the plethystic logarithm contains, at order q2, the zi-independent term

PL
[
1 + q Ẑinst,(1) + q2 Ẑinst,(2)

]∣∣∣
q2

= − p1p2
(1− p1)2(1− p2)2 ≡ X(p1, p2) , (C.6)

cf. [43, (3.77)], where PL [f(a)] =
∑∞

n=1
µ(n)

n log f(an). The correct parameters Λ(2) can then
be computed as follows. We consider the following terms on the right-hand side of (2.19)
at the two-instanton level (order q2):

p
2Bm0
1 Ẑ

(N)
inst,(2) + p

2Bm0
2 Ẑ

(S)
inst,(2) . (C.7)

Substituting X(p1, p2/p1) for Ẑ
(N)
inst,(2) and X(p1/p2, p2) for Ẑ

(S)
inst,(2), we obtain the quantity

Y (p1, p2) =


Λ(2)

∣∣
Bm0 =± 1

2
Bm0 = ±1

2
Λ(2)

∣∣
Bm0 = 3

2
+ p1p2(p1 + p2) Bm0 = 3

2

, (C.8)

where Λ(2) for each Bm0 is given in (C.3). Subtracting (C.8) from Λ(2) in (C.3) yields the
appropriate parameters Λ′

(2):

Λ′
(2) = Λ(2) − Y (p1, p2) =


0 Bm0 = ±1

2
−p1p2(p1 + p2) Bm0 = 3

2

, (C.9)

in agreement with [43, (3.78)]. The two-instanton partition function obtained from the
parameters Λ′

(2) is

Ẑ ′
inst,(2) = x2 + 2χ[1](y)x3 +

[
1 + 2χ[2](y) + χ

𝔰𝔲(3)
adj (zi)

]
x4 + . . . , (C.10)

which is the desired result. In order to compute the index, we have to turn the hatted
partition functions into the unhatted ones according to (2.14), which amounts to changing
the signs x → −x and y → −y simultaneously. The index computed by using Zinst = 1 +
Zinst,(1) q + Z ′

inst,(2) q2 in (2.24) is

1− χ
𝔰𝔲(2)I

[1] (q)x +
[
1 + χ

𝔰𝔲(2)I

[2] (q)− χ
𝔰𝔲(2)I

[1] (q)χ[1](y)
]

x2

+
[
2χ[1](y)

(
1 + χ

𝔰𝔲(2)I

[2] (q)
)
− χ

𝔰𝔲(2)I

[1] (q)
(
2 + χ[2](y)

)]
x3 + . . . ,

(C.11)

where χ
𝔰𝔲(2)I

[1] (q) = q + q−1 and χ
𝔰𝔲(2)I

[2] (q) = q2 + 1 + q−2. The negative coefficient at order x

stems from going from Ẑinst,(1) to Zinst,(1), and implies that we need to multiply this result
by the index of a free hypermultiplet,

Ifree = PE

 x

(1− xy)
(
1− x

y

) χ
𝔰𝔲(2)I

[1] (q)

 . (C.12)

Upon doing so and keeping the terms in the power series in x up to q2 (two-instanton
contributions), we obtain

1 + χ
𝔰𝔲(2)I

[2] (q)x2 + χ[1](y)
[
1 + χ

𝔰𝔲(2)I

[2] (q)
]

x3 + . . . , (C.13)

in agreement with [45, (7)].
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The USp(4)0 + 2Λ2 gauge theory

The blow-up function is given in section 3.4, with the flavour fluxes fixed to Bm1 = Bm2 = 1
2

and Bm0 ∈ ℤ + 1
2 , in accordance with (3.31). A novel feature, compared with the SU(3)6

case, is that Λ(0) is non-trivial:

Λ(0) = (p1p2)−
1

24 (w1w2)−
1
8 . (C.14)

This is precisely the blow-up function at vanishing gauge flux, exp(−Vn)
∣∣
n=0, which is

non-trivial for this theory owing to the mass-dominated weight pair of the antisymmetric
representation, as pointed out in section 6.4. At the one-instanton level, we find

Λ(1) = 0 for Bm0 = ±1
2 , (C.15)

whereas, for Bm0 = 3
2 , we have

Λ(1) = −Λ(0) (p1p2)
1
2
[
1 + (p1p2)

1
2 (w1 + w2)− p1p2 w1w2

]
, (C.16)

whose leading term, −Λ(0) (p1p2)1/2, parallels the value Λ(1) = −(p1p2)1/2 of the SU(3)6
theory. Solving (2.19), we obtain the one-instanton partition function

Ẑinst,(1) = x +
[
χ
𝔲𝔰𝔭(4)w

[1,0] (wi) + χ[1](y)
]

x2

+
[
χ[2](y) + χ

𝔲𝔰𝔭(4)w

[1,0] (wi)χ[1](y) + χ
𝔲𝔰𝔭(4)
Λ2 (zi)− χ

𝔲𝔰𝔭(4)w

[0,1] (wi)
]

x3 + . . . ,
(C.17)

where χ
𝔲𝔰𝔭(4)
Λ2 (zi) is the character (D.4) of the antisymmetric representation of the gauge

algebra, while

χ
𝔲𝔰𝔭(4)w

[1,0] (wi) = w1 + w−1
1 + w2 + w−1

2 ,

χ
𝔲𝔰𝔭(4)w

[0,1] (wi) = 1 + w1w2 +
w1
w2

+ w2
w1

+ 1
w1w2

(C.18)

are the characters of the representations 4 = [1, 0] and 5 = [0, 1] of the flavour algebra
𝔲𝔰𝔭(4)w. At the two-instanton level, (2.20) yields the naive parameters

Λ(2) = Λ(0) ×


− 2 p1p2
(1− p1)(1− p2)(p1 − p2)2 Bm0 = −1

2

− 2 p2
1p2

2
(1− p1)(1− p2)(p1 − p2)2 Bm0 = +1

2

, (C.19)

whereas for Bm0 = 3
2 ,

Λ(2) = Λ(0)

[
− F (p1, p2)

(1− p1)(1− p2)(p1 − p2)2 + (p1p2)
3
2 (1− p1p2) (w1 + w2)

− (p1p2)
5
2 (w1 + w2)w1w2 − (p1p2)3 w1w2

]
,

(C.20)

with F (p1, p2) the same function (C.4) as in the SU(3)6 theory. The parallel with (C.3) is
remarkable: up to the overall factor of Λ(0), the values at Bm0 = ±1

2 coincide with those
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of SU(3)6, and the wh-independent part at Bm0 = 3
2 is governed by the same function

F (p1, p2); the flavour fugacities enter only through the additional terms in (C.20). With
these parameters, the blow-up equation (2.19) gives the two-instanton partition function

Ẑinst,(2) = χ
𝔲𝔰𝔭(4)w

[1,0] (wi)x3 +
[
χ
𝔲𝔰𝔭(4)w

[2,0] (wi)− χ
𝔲𝔰𝔭(4)w

[0,1] (wi)− χ[2](y)

+ 2χ
𝔲𝔰𝔭(4)w

[1,0] (wi)χ[1](y) + χ
𝔲𝔰𝔭(4)
Λ2 (zi)

]
x4 + . . . ,

(C.21)

where χ
𝔲𝔰𝔭(4)w

[2,0] (wi) is the character of the adjoint representation 10 = [2, 0] of the flavour
algebra 𝔲𝔰𝔭(4)w. As in the SU(3)6 case, this is not the desired result for the two-instanton
partition function: the plethystic logarithm contains, at order q2, precisely the same zi- and
wh-independent term X(p1, p2) as in (C.6), namely

PL
[
1 + q Ẑinst,(1) + q2 Ẑinst,(2)

]∣∣∣
q2

= − p1p2
(1− p1)2(1− p2)2 = X(p1, p2) . (C.22)

The correction proceeds exactly as in the SU(3)6 case: substituting X(p1, p2/p1) and
X(p1/p2, p2) into Ẑ

(N)
inst,(2) and Ẑ

(S)
inst,(2) in the following terms of the right-hand side of (2.19)

at order q2, that is

Λ(0)
[
p

2Bm0
1 Ẑ

(N)
inst,(2) + p

2Bm0
2 Ẑ

(S)
inst,(2)

]
, (C.23)

yields the analogue of (C.8), and subtracting it from (C.19)–(C.20) gives the appropriate
parameters

Λ′
(2) = 0 for Bm0 = ±1

2 , (C.24)

whereas, for Bm0 = 3
2 , we find

Λ′
(2) = Λ(0)

[
− p1p2 (p1 + p2) + (p1p2)

3
2 (1− p1p2) (w1 + w2)

− (p1p2)
5
2 (w1 + w2)w1w2 − (p1p2)3 w1w2

]
.

(C.25)

Remarkably, (C.25) is obtained from the naive parameter (C.20) simply by replacing
−F (p1, p2)/

[
(1 − p1)(1 − p2)(p1 − p2)2] with −p1p2(p1 + p2), leaving the wh-dependent

terms untouched — in exact parallel with the passage from (C.3) to (C.9) in the SU(3)6
theory. The two-instanton partition function obtained from the parameters Λ′

(2) is

Ẑ ′
inst,(2) = x2 +

[
χ
𝔲𝔰𝔭(4)w

[1,0] (wi) + 2χ[1](y)
]

x3

+
[
1 + χ

𝔲𝔰𝔭(4)w

[2,0] (wi)− χ
𝔲𝔰𝔭(4)w

[0,1] (wi) + 2χ[2](y)

+ 2χ
𝔲𝔰𝔭(4)w

[1,0] (wi)χ[1](y) + χ
𝔲𝔰𝔭(4)
Λ2 (zi)

]
x4 + . . . ,

(C.26)

which is the desired result. As in the SU(3)6 case, we turn the hatted partition functions into
the unhatted ones according to (2.14) and compute the index using Zinst = 1 + Zinst,(1) q +
Z ′

inst,(2) q2 in (2.24). Setting the flavour fugacities wh = 1 for brevity, the result reads

1− χ
𝔰𝔲(2)I

[1] (q)x +
[
11 + χ

𝔰𝔲(2)I

[2] (q) + 4χ
𝔰𝔲(2)I

[1] (q)− χ
𝔰𝔲(2)I

[1] (q)χ[1](y)
]

x2

+
[
χ[1](y)

(
12 + 2χ

𝔰𝔲(2)I

[2] (q) + 4χ
𝔰𝔲(2)I

[1] (q)
)

− 7χ
𝔰𝔲(2)I

[1] (q)− 4χ
𝔰𝔲(2)I

[2] (q)− χ
𝔰𝔲(2)I

[1] (q)χ[2](y)
]

x3 + . . . .

(C.27)
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The negative coefficient at order x again signals the presence of a free hypermultiplet carrying
instanton charges q±1, and we multiply the result by the index Ifree of (C.12). Upon doing
so and keeping the terms up to q2 (two-instanton contributions), the index organises into
characters of the enhanced algebra 𝔲𝔰𝔭(6) ⊃ 𝔲𝔰𝔭(4)w ⊕ 𝔰𝔲(2)I :

1 + χ
𝔲𝔰𝔭(6)
adj x2 +

(
χ
𝔲𝔰𝔭(6)
[0,0,1] + χ[1](y)

[
1 + χ

𝔲𝔰𝔭(6)
adj

])
x3 + . . . , (C.28)

in exact agreement with the index (5.25) of section 5, with the branchings of χ
𝔲𝔰𝔭(6)
adj and

χ
𝔲𝔰𝔭(6)
[0,0,1] as given there. In arriving at (C.28), we have discarded the terms

(
q3 + q−3)x3:

these pair the two-instanton states with the instanton charge of the free hypermultiplet
and can only be completed into 𝔰𝔲(2)I characters by the three-instanton sector, which lies
beyond the order computed here.21

D Group theory conventions

In this appendix, we collect the explicit expressions for the Haar measures and the characters
used in the computation of the superconformal indices throughout this paper. The Haar
measure for a gauge group G is given by (2.26), with the product running over the positive roots
of the Lie algebra 𝔤; below, we list the resulting expressions, together with the characters
of the adjoint representation and of the relevant matter representations, in the fugacity
conventions of the main text.

𝖘𝖚(2) ∮ [
dµSU(2)(z1)

]
=
∮

dz1
2πiz1

(
1− 1

z2
1

)
,

χ
𝔰𝔲(2)
adj = z2

1 + 1 + 1
z2

1
, χ

𝔰𝔲(2)
F = z1 +

1
z1

.

(D.1)

𝖘𝖚(3)∮ [
dµSU(3)(zj)

]
=
∮

dz1
2πiz1

dz2
2πiz2

(
1− z2

z2
1

)(
1− z1

z2
2

)(
1− 1

z1z2

)
,

χ
𝔰𝔲(3)
adj = 2 + z1z2 +

z2
1

z2
+ z2

2
z1

+ 1
z1z2

+ z2
z2

1
+ z1

z2
2

, χ
𝔰𝔲(3)
F = z1 +

z2
z1

+ 1
z2

.

(D.2)

𝖘𝖚(4) ∮ [
dµSU(4)(zj)

]
=
∮

dz1
2πiz1

dz2
2πiz2

dz3
2πiz3

6∏
j=1

(
1− z̃+

j

)
,

χ
𝔰𝔲(4)
adj = 3 + z2

1
z2

+ z2
z2

1
+ z1z2

z3
+ z3

z1z2
+ z1z3 +

1
z1z3

+ z2
2

z1z3
+ z1z3

z2
2

+ z2z3
z1

+ z1
z2z3

+ z2
3

z2
+ z2

z2
3

,

χ
𝔰𝔲(4)
Λ2 = z2 +

z1z3
z2

+ z1
z3

+ z3
z1

+ z2
z1z3

+ 1
z2

,

(D.3)

21More precisely, the terms
(
q3 + q−3)x3 are expected to be cancelled by the leading contribution of the

three-instanton partition function: in analogy with (C.17) and (C.26), Ẑinst,(3) is expected to start at order
x3, and this leading term becomes −x3 in the unhatted partition function upon applying the shift (2.14).
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where z̃+
j =

{
z2
z2

1
, z2

z2
3
, 1

z1z3
, z1

z2z3
, z1z3

z2
2

, z3
z1z2

}
.

𝖚𝖘𝖕(4)∮ [
dµUSp(4)(zj)

]
=
∮

dz1
2πiz1

dz2
2πiz2

(
1− 1

z2
1

)(
1− z2

1
z2

2

)(
1− 1

z2

)(
1− z2

z2
1

)
,

χ
𝔲𝔰𝔭(4)
adj = 2 + 1

z2
1
+ z2

1 + z2
1

z2
2
+ 1

z2
+ z2

1
z2

+ z2 +
z2
z2

1
+ z2

2
z2

1
,

χ
𝔲𝔰𝔭(4)
Λ2 = 1 + 1

z2
+ z2

1
z2

+ z2 +
z2
z2

1
.

(D.4)

𝖘𝖔(7) ∮ [
dµSpin(7)(zj)

]
=
∮ 3∏

j=1

dzj

2πizj

9∏
j=1

(
1− z̃+

j

)
,

χ
𝔰𝔬(7)
adj = 3 +

9∑
j=1

(
z̃+

j + 1
z̃+

j

)
,

χ
𝔰𝔬(7)
F = 1 + z1 +

1
z1

+ z2
z1

+ z1
z2

+ z2
3

z2
+ z2

z2
3

,

(D.5)

where

z̃+
j =

{
z2
z2

1
,

z1z2
3

z2
2

,
z2
z2

3
,

z2
3

z1z2
,

z1
z2

,
1
z1

,
z1
z2

3
,

z2
z1z2

3
,

1
z2

}
. (D.6)

𝖘𝖔(8) ∮ [
dµSpin(8)(zj)

]
=
∮ 4∏

j=1

dzj

2πizj

12∏
j=1

(
1− z̃+

j

)
,

χ
𝔰𝔬(8)
adj = 4 +

12∑
j=1

(
z̃+

j + 1
z̃+

j

)
,

χ
𝔰𝔬(8)
8v

= z1 +
1
z1

+ z2
z1

+ z1
z2

+ z3z4
z2

+ z2
z3z4

+ z4
z3

+ z3
z4

,

(D.7)

where

z̃+
j =

{
z2
z2

1
, z1z3z4

z2
2

, z2
z2

3
, z2

z2
4
, z3z4

z1z2
, z1z4

z2z3
, z1z3

z2z4
, z4

z1z3
, z3

z1z4
, z1

z3z4
, z2

z1z3z4
, 1

z2

}
. (D.8)
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