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Abstract: This is partly an expository paper, where the authors’ work on pseudoriemannian Einstein metrics

on nilpotent Lie groups is reviewed. A new criterion is given for the existence of a diagonal Einstein metric

on a nice nilpotent Lie group. Classi�cations of special classes of Ricci-�at metrics on nilpotent Lie groups of

dimension ≤ 8 are obtained. Some related open questions are presented.
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This paper contains an account of our work on pseudoriemannian Einstein metrics on nilpotent Lie groups

and somenew results,mostly regarding the Ricci-�at case.We restrict to left-invariantmetrics, corresponding

to scalar products g on the corresponding Lie algebra, also called metrics; the Einstein condition

Ric = λg (1)

is then an algebraic equation in the entries of g, though generally quite complicated. A solution to (1) is called

a Ricci-�at metric when λ = 0, and when λ ≠ 0 an Einstein metric of nonzero scalar curvature. The nilpotent

Lie groups we consider often have rational structure constants, and therefore admit a lattice, i.e. a compact

quotient (see [24]); thus, the solutions that we obtain typically determine compact Einstein manifolds.

Examples of Ricci-�at nilpotent Lie algebras appear in the literature in particular contexts: four-

dimensional ([30]), bi-invariant ([9, 14, 19]), nearly parakähler ([5]), G*
2
-holonomy ([13]), or 2-step ([16]). The

�rst example of an Einstein metric with nonzero scalar curvature on a nilpotent Lie algebra was constructed

by the authors in [7].

The problem of constructing Einstein nilpotent Lie algebras has no Riemannian counterpart: by [25],

every Riemannian metric on a nonabelian nilpotent Lie algebra has a direction of positive Ricci curvature

and a direction of negative Ricci curvature, and cannot therefore be Einstein. Nevertheless, there is a well-

established theory of Einstein Riemannian solvmanifolds (see [21] for a survey), within which some of the

techniques we use originated. Indeed, the construction of Riemannian Einstein solvmanifolds is reduced to

the study of the Ricci operator on a nilpotent Lie algebra, as they are characterized by the so-called nilsoliton

equation ([22]), involving the Ricci operator of the metric restricted to the nilradical.

Since [17], an e�ective approach used to study the Ricci operator on a nilpotent Lie algebra is to

parametrize metric Lie algebras by �xing an orthonormal basis and letting the structure constants vary; the

Ricci operator can then be interpreted as a moment map in the sense of geometric invariant theory ([20]). In

fact, the Ricci operator can also be viewed as a moment map in the sense of symplectic geometry (see [7]).

This is true for every signature, although the convexity properties exploited in [20] appear not to hold in the

inde�nite case.
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A considerable amount of research has been devoted to the classi�cation of low-dimensional nilsolitons

(see [2, 12, 18, 23, 26, 27, 32]; more references can be found in [21]); most of these results employ, directly or

indirectly, the notion of a nice basis. A basis {e
1
, . . . , en} of a Lie algebra is called nice if each [ei , ej] is amul-

tiple of some eh and each contraction eiy dej is a multiple of some element of the dual basis e1

, . . . , en; nice
bases were introduced in [23] in the study of nilsolitons, with the observation that e

1
, . . . , en are eigenvectors

of the Ricci operator for any metric for which they form an orthogonal nice basis.

In [6], we de�ned a nice Lie algebra as a pair (g,B), with B a nice basis on the Lie algebra g, and an

equivalence of nice Lie algebras as an isomorphism that maps basis elements to multiples of basis elements.

This is the natural de�nition for classi�cation purposes, since the nice condition is una�ected by rescaling

any element of the basis. With this terminology, we have been able to classify nice nilpotent Lie algebras up

to dimension 9. The striking fact is that, at least up to dimension 7, most nilpotent Lie algebras admit exactly

one nice basis up to equivalence (see Theorems 1.5 and 1.6). This fact was proved in [6] using the classi�cation

of nilpotent Lie algebras of dimension ≤ 7 (see [15]).

On a nice nilpotent Lie algebra, there are two natural classes of metrics that can be considered: diagonal

metrics, that correspond to diagonal matrices in a nice basis, and σ-diagonal metrics, that correspond to

diagonalmatricesmultiplied by a suitable order twopermutationmatrix σ. In this paperwewill only consider

the case where σ is a diagram involution, meaning that [σ(ei), σ(ej)] is a multiple of σ([ei , ej]); this condition
will be implicitly assumed for the rest of this introduction. It was shown in [4] that, for any diagram involution

σ, σ-diagonal metrics have a diagonal Ricci operator, like diagonal metrics. For both classes, the Einstein

equation (1) reduces to a system of n polynomial equations in n unknowns. As n increases, �nding a solution

(e.g. with a computer algebra system) or proving directly its nonexistence becomes harder. In fact, for λ ≠ 0,

there is an algebraic obstruction to the existence of an Einsteinmetric ([7]); this is only a necessary condition,

though it holds for general invariant metrics on nilpotent Lie groups, nice or not. In [4, Corollary 2.6] we

obtained sharper necessary conditions for the existence of an Einstein metric in the nice diagonal and σ-
diagonal settings. With some computational work, this led to a classi�cation of nice nilpotent Lie algebras of

dimension ≤ 8 carrying an Einstein metric of nonzero scalar curvature (see Section 3).

In this paper we determine conditions on a nice Lie algebra that are both necessary and su�cient for

the existence of an Einstein metric of diagonal or σ-diagonal type (Theorems 2.2 and 2.7). These conditions

are still polynomial, but they involve a lower number of parameters and equations than (1). We apply this

criterion to the case λ = 0, obtaining a classi�cation of diagonal and σ-diagonal Ricci-�at metrics on nice

nilpotent Lie algebras of dimension ≤ 8. In particular, we obtain a one-parameter family of non-isometric

Ricci-�at metrics (Example 4.7).

This paper is organizedas follows. The�rst section reviews the classi�cationof nicenilpotent Lie algebras

of dimension ≤ 9 and some open problems in this context. The second section contains a characterization

of nice nilpotent Lie algebras admitting an Einstein metric of diagonal or σ-diagonal type. The third section

reviews our results for the case λ ≠ 0 and some related open problems. The �nal section is dedicated to the

Ricci-�at case; it contains a classi�cation of diagonal and σ-diagonal Ricci-�at metrics on nice nilpotent Lie

algebras of dimension ≤ 8, as well as some remarks on the 2-step case and examples related to parahermitian

geometry.

1 Nice Lie algebras
In this section we survey our work on the classi�cation of nice Lie algebras and state some open questions;

for details, we refer to [6].

The classi�cation of nice Lie algebras is based on linear algebra and combinatorics. We de�ne a labeled
diagram as a directed acyclic graph (with nomultiple arrows) endowedwith a function from the set of arrows

to the set of nodes; thenode so associated to anarrow is called its label. Two labeleddiagramswill be regarded

as isomorphic if there are compatible bijections between the corresponding nodes, arrows and labels; such
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a map is called an isomorphism. The group of self-isomorphisms of a labeled diagram ∆ is called its group of

automorphisms Aut(∆).

Given a labeled diagram, we write i j−→ k to indicate an arrow from node i to node k labeled by the node

j. We write i j,k−−→ v if there exists an l such that j k−→ l and i l−→ v are arrows.

A labeled diagram is called a nice diagram if the following hold:

(N1) any two distinct arrows with the same source have di�erent labels;

(N2) any two distinct arrows with the same destination have di�erent labels;

(N3) if i j−→ k is an arrow, then i di�ers from j and j i−→ k is also an arrow;

(N4) there do not exist four di�erent nodes i, j, k, v such that exactly one of

i j,k−−→ v, j k,i−−→ v, k i,j−→ v

holds.

Let g be a lie algebra; letB = {e
1
, . . . , en} be a basis, and denote byB* = {e1

, . . . , en} its dual basis. We

say thatB is nice if

• for any ei , ej ∈ B, [ei , ej] is a multiple of some element ofB;

• for any ei ∈ B, ej ∈ B*, eiy dej is a multiple of some element ofB*.

It is clear that rescaling one or more basis elements does not a�ect this de�nition, motivating the following:

De�nition 1.1. A nice Lie algebra is a pair (g,B), where g is a Lie algebra and B a nice basis of g. Two nice

Lie algebras (g
1
,B

1
) and (g

2
,B

2
) are equivalent if there exists a Lie algebra isomorphism g

1

∼
= g

2
that maps

each element ofB
1
to a multiple of an element ofB

2
; such a map is called an equivalence.

As a matter of notation, we will use a string of the form

62:4a (0, 0, 0, 0, e13

+ e24

, e12

+ e34

) (2)

to indicate a Lie algebra with a basisB = {e
1
, . . . , e

6
} such that

de1

= 0 = · · · = de4

, de5

= e13

+ e24

, de6

= e12

+ e34

(where, as usual, we have written eij in lieu of ei ∧ ej); the label 62:4a is the name of this Lie algebra in the

classi�cation of [6].

A nice Lie algebra (g,B) is reducible if there exist nice Lie algebras (g
1
,B

1
), (g

2
,B

2
) such that g = g

1
⊕g

2

and B = B
1
∪ B

2
, and irreducible otherwise. Notice that an irreducible nice Lie algebra may be reducible in

the category of Lie algebras. For instance, the nice Lie algebra (2) is isomorphic, but not equivalent, to the

reducible nice Lie algebra

62:2 (0, 0, e12

, 0, 0, e45

).

In this paper, wewill only be interested in the casewhere g is nilpotent. To each nice nilpotent Lie algebra

(g,B) we can associate a nice diagram ∆ by the following rules:

• the nodes of ∆ are the elements of the nice basisB;

• there is an arrow ei
ej−→ ek if ek is a nonzero multiple of [ei , ej].

It is clear that equivalent nice Lie algebras determine isomorphic diagrams.

Conversely, nice diagrams can be used to construct nice nilpotent Lie algebras; however, this requires

�xing some additional data. Given a nice diagram ∆ with nodes 1, . . . , n, let {ei} be the standard basis ofRn

and {ei} its dual basis, and let V∆ ⊂ Λ2

(Rn)

*⊗Rn be the vector space spanned by eij⊗ek, where i j−→ k ranges
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among arrows of ∆.We can parametrize the eij⊗ek by the index set I∆ that contains {{i, j}, k}whenever i j−→ k
is an arrow.

The generic element of V∆ has the form

c =

∑
I∈I∆

cIeI .

We shall also write c =

∑ cijkeij ⊗ ek, where {{i, j}, k}, i < j ranges in I∆. Let ˚V∆ be the open subset of V∆
where each coordinate cI is nonzero.

Proposition 1.2 ([6, Proposition 1.3]). For any c in V∆, suppose that the derivation d of Λ(Rn)

* given by dek =∑ cijkeij satis�es d2

= 0, thereby de�ning a Lie algebra g = (Rn , d). Then (g, {ei}) is nice and nilpotent. If in
addition c ∈ ˚V∆, the nice diagram associated to this Lie algebra is ∆.

On V∆, there is a natural action of Aut(∆); explicitly, if σ is a permutation of the nodes that belongs to Aut(∆),

we write

σ̃(eij ⊗ ek) = eσi ∧ eσj ⊗ eσk . (3)

In addition, the Lie group Dn of invertible diagonal matrices of order n acts naturally on V∆. By construction,

two elements c, c′ of V∆ de�ne equivalent Lie algebras if they are in the same Aut(∆) n Dn-orbit.
Let gbenicewith diagram ∆ and�x anordering on the index set I∆. In this paperwewill use lexicographic

ordering, obtained by associating to each {{i, j}, k} ∈ I∆ with i < j the triplet (k, i, j), i.e.

{{i, j}, k} < {{l,m}, h} ⇐⇒ (k < h) ∨ (k = h ∧ i < l), i < j, l < m.

Notice that by (N2), the two elements of I∆ coincide when k = h and i = l.
The action ofDn on V∆ hasweight vectors eij⊗ek; we denote byM∆ thematrixwhose rows are theweights

for this action, following the ordering of I∆. Explicitly, if E11
, . . . , Enn is the canonical basis of dn, we have

(x
1
E

11
+ · · · + xnEnn)(eij ⊗ ek) = (xk − xi − xj)eij ⊗ ek ,

so the weight of eij ⊗ ek is the linear map

x
1
E

11
+ · · · + xnEnn 7→ xk − xi − xj .

Up to a sign convention, M∆ is known as the root matrix in the literature.

Example 1.3. In the case of (2), we have

M∆ =


−1 0 −1 0 1 0

0 −1 0 −1 1 0

−1 −1 0 0 0 1

0 0 −1 −1 0 1

 .

The �rst row, for instance, corresponds to the weight vector e13 ⊗ e
5
; in other words, to the fact that [e

1
, e

3
]

is a nonzero multiple of e
5
. The other rows are obtained in the same way.

The root matrix is a useful tool in the construction of Einstein metrics, since the existence of a Riemannian

nilsoliton metric on a nice Lie algebra only depends on the root matrix ([28]). It is also useful in the classi�-

cation of nice Lie algebras; for instance, [18] used the root matrix to classify nice nilpotent Lie algebras with

invertible root matrix and simple pre-Einstein derivation in dimensions ≤ 8. In this case, any two elements of

˚V∆ de�ne equivalent Lie algebras and the group Aut(∆) is trivial.

In the general case, one needs to study the set of Aut(∆) n Dn-orbits in V∆; since Aut(∆) is discrete, it is

natural to break the problem in two and describe a section for the action of Dn �rst. One possible way to do so

is described in [29], by taking a subspace ∆p
0

that corresponds to a linear subspace in logarithmic coordinates.

Our approach is to consider a linear subspace in the coordinates cI .
By way of notation, since the entries of M∆ are integers, we can de�ne its reduction mod 2, that will be

indicated by M∆,2.
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Proposition 1.4 ([6, Proposition 2.2]). Choose J∆,2 ⊂ J∆ ⊂ I∆ so that J∆,2 parametrizes a maximal set of Z
2
-

linearly independent rows of M∆,2 and J∆ parametrizes a maximal set of R-linearly independent rows of M∆.
Set

W =

{∑
cIEI ∈ V∆ | cI = 1 ∀I ∈ J∆,2, cI = ±1 ∀I ∈ J∆ \ J∆,2

}
.

Then ˚W = W ∩ ˚V∆ is a fundamental domain in ˚V∆ for the action of Dn.

Considering now the full group Aut(∆) n Dn, it is not di�cult to compute the action of Aut(∆) on the set of

connected components of
˚W, and choose connected componentsW

1
, . . . ,Wk, one in each orbit. By construc-

tion, elements of di�erent families are in di�erent Aut(∆) n Dn-orbits (so they cannot de�ne equivalent nice

Lie algebras), although a singleWi may contain two points in the same orbit. Finally imposing the quadratic

equations corresponding to the Jacobi equality, one obtains (at most) k inequivalent families of nice Lie alge-

bras with diagram ∆.
Implementing this strategywith a computer (see https://github.com/diego-conti/DEMONbLAST), we ob-

tained:

Theorem 1.5 ([6, Proposition 3.1]). Among the 34 nilpotent Lie algebras of dimension 6:

• one does not admit any nice bases;
• 3 admit exactly two inequivalent nice bases;
• the remaining 30 admit exactly one nice basis up to equivalence.

Figure 1: Nice diagrams associated to inequivalent nice bases on the Lie algebra N
6,2,5

The analogous statement in dimension 7 is complicated by the fact that continuous families of Lie alge-

bras appear.

https://github.com/diego-conti/DEMONbLAST
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Theorem 1.6 ([6, Theorem 3.2]). Among the 175 isolated nilpotent Lie algebras of dimension 7:

• 34 does not admit any nice bases;
• 11 admit exactly two inequivalent nice bases;
• the remaining 130 admit exactly one nice basis up to equivalence.

Among the 9 families of nilpotent Lie algebras of dimension 7, with reference to the notation of [15],

• 12457N, 12457N
2
, 1357N, 1357S (for λ ≤ 0), 147E

1
(for λ > 1, λ ≠ 2) do not admit a nice basis;

• 1357QRS
1
for λ = 1 admits exactly two inequivalent nice bases;

• 1357S for λ > 0, 147E
1
(for λ = 2), 147E, 123457I, 1357QRS

1
(for λ ≠ 1), 1357M admit exactly one nice

basis up to equivalence.

Extending these results to higher dimensions is made di�cult by the fact that nilpotent Lie algebras are not

classi�ed, althoughwith the samemethodswe have been able to classify nicenilpotent Lie algebras of dimen-

sion 8 and 9 (see [6]). Nevertheless, it is natural to ask whether the low-dimensional behaviour generalizes.

Question 1.7. For �xed n ∈ N, are there nilpotent Lie algebras of dimension n with an in�nite number of

inequivalent nice bases? What is the largest number f (n) ∈ N ∪ {+∞} of inequivalent nice bases that can be

found on a nilpotent Lie algebra of dimension n?

By the above-mentioned result, we know that f (n) = 1 for n ≤ 5 and f (6) = 2 = f (7). In addition, in [6,

Corollary 3.7], we proved that the number of inequivalent nice bases on a �xed nilpotent Lie algebra is at

most countable.

Proposition 1.8. The function f : N → N ∪ {+∞} de�ned in Question 1.7 is nondecreasing and unbounded;
more precisely,

f (n) ≥

[n
6

]
+ 1.

Proof. We �rst show that f is nondecreasing. Given a Lie algebra g with center Z and derived Lie algebra g′,

we can decompose each nice basis as

B = B
0
∪B

+
,

whereB
0

= B∩ (Z \g′) andB
+
is its complement; this corresponds to decomposing the nice diagram into the

union of the subgraph of isolated vertices and the subgraph of vertices of positive degree.

It is clear that two bases B and B′
on g are equivalent if and only if B

+
is equivalent to B′

+
. Therefore, if

B andB′
are inequivalent nice bases on a nilpotent Lie algebra g of dimension n,B∪{en+1

} andB′ ∪{en+1
}

are inequivalent nice bases on g⊕R. This shows that f (n + 1) ≥ f (n).

To see that f is unbounded, let g be the nilpotent Lie algebra denoted by N
6,2,5

in [15]. As shown in [6],

g has two inequivalent nice bases; the associated nice diagrams ∆
1
and ∆

2
(see Figure 1) are connected and

not isomorphic.

Given h, k ∈ N, we can de�ne a nice diagram ∆hk by adjoining h copies of ∆
1
and k copies of ∆

2
; this

determines a nice basis on the nilpotent Lie algebra

g⊕ · · ·⊕ g︸ ︷︷ ︸
h+k

.

Two such nice bases can only be equivalent if the underlying nice diagrams ∆hk and ∆h′k′ are isomorphic; in

turn, this implies h = h′ and k = k′, because diagram isomorphismsmap connected components to connected

components.

This shows that f (6n) ≥ n + 1; since f is nondecreasing, the statement follows.
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Another striking consequence of the classi�cation is that two nice bases on a �xed nilpotent Lie algebra of

dimension ≤ 7 with isomorphic diagrams are always equivalent; thus, a nilpotent Lie algebra of dimension

≤ 7 has as many nice diagrams as inequivalent nice bases. It is then natural to ask:

Question 1.9. Howmany nonisomorphic nice diagrams can a nilpotent Lie algebra have?

Question 1.10. How many inequivalent nice bases with the same nice diagram can a nilpotent Lie algebra

have?

2 Einstein metrics on nice Lie algebras
Nice Lie algebras lend themselves to the construction of Einsteinmetrics. In this sectionwe review themethod

of ([4, Section 2]) to construct Einstein pseudoriemannianmetrics on a nice nilpotent Lie algebra and provide

a new condition on a �xed Lie algebra to determine whether the method can be applied.

We are interested in left-invariant metrics on a Lie group G, which can be identi�ed with scalar products

on its Lie algebra g; such a scalar product will be called a metric on g. We shall consider two distinct classes

of metrics, namely diagonal and σ-diagonal metrics.

By our de�nition, nice Lie algebras are endowed with a nice basis B; a metric on a nice Lie algebra is

diagonal if its basis is orthogonal. Fixing an order in the basis, we de�ne the signature of a diagonal metric∑ giei ⊗ ei as the vector (logsign gi) ∈ Zn
2
, where

logsign x =

{
0 x > 0

1 x < 0

,

the notation being justi�ed by the identity (−1)

logsign x
= sign(x). We shall also write logsign g for the vector

with entries logsign gi.
If a nice Lie algebra g is reducible (in the nice category), a diagonal metric on g is the direct sum of

diagonal metrics on its factors; geometrically, this situation corresponds to a product metric. In particular, if

the diagonal metric on g is Einstein, so is the metric on each factor; for this reason, diagonal metrics are most

interesting when the nice Lie algebras are irreducible.

For v = (v
1
, . . . , vn) ∈ Rn, let vD ∈ dn be the diagonal matrix with entry vi at (i, i). The root matrix

determines a homomorphism of abelian Lie algebras

MD
∆ : dn → dm , MD

∆ (vD) = (M∆(v))

D
,

which is the di�erential at the identity of the Lie group homomorphism

eM∆
: Dn → Dm , eM∆

(gD) =

( n∏
j=1

g(M∆)
1j

j , . . . ,
n∏
j=1

g(M∆)mj
j

)D
Diagonal metrics are naturally parametrized by elements g = (g

1
, . . . , gn)

D ∈ Dn. It turns out (see [23])

that the Ricci tensor of a diagonal metric is again diagonal; for an explicit formula, we will use the following:

Proposition 2.1 ([4]). Let g be a diagonal metric on a nice Lie algebra with diagram ∆ and structure constants
c. De�ne X by

XD = eM∆
(g)(cD)

2

.

Then the Ricci operator is given by
Ric =

1

2

(

tM∆X)

D
.

The Einstein equation with cosmological constant

1

2

k then reads (

tM∆X)

D
= kId; we shall denote by [k] the

vector in Rm with all entries equal to k, and equivalently write

tM∆X = [k].
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Given real vectors X = (x
1
, . . . , xm) and α = (α

1
, . . . , αm), in usual multiindex notation we shall write |X|α =∏m

j=1

∣∣xj∣∣αj .
The existence of a diagonal Einstein metric can be determined via the following:

Theorem 2.2. Let g be a nice Lie algebrawith diagram ∆ and structure constants c ∈ V∆. Then g has a diagonal
metric of signature δ satisfying Ric =

1

2

kId, k ∈ R if and only if for some X ∈ Rm:

(K) tM∆X = [k]:
(H) X does not belong to any coordinate hyperplane;
(L) logsign X = M∆,2δ;
(P) for a basis α

1
, . . . , αk of ker

tM∆, we have

|X|αi = |c|2αi , i = 1, . . . , k.

Proof. Given δ ∈ (Z
2

)

n
, write (−1)

δ
for the matrix ((−1)

δ
1

, . . . , (−1)

δn
)

D
. A generic element of Dn has the form

g = (−1)

δ
exp v, with v ∈ dn. We then have

eM∆
(g) = (−1)

M∆,2(δ)

exp(M∆(v)

D
).

The metric g has signature δ; it solves Ric =

1

2

kId if

tM∆X = [k], XD = (−1)

M∆,2(δ)

exp(M∆(v)

D
)(cD)

2

;

equivalently, X is characterized by

logsign X = M∆,2δ, |X|D = exp(M∆(v)

D
)(cD)

2

.

Taking componentwise logarithms, we �nd

log |X| − 2 log |c| = M∆(v), (4)

where the left-hand side denotes a vector with entries log |xi| − 2 log |ci|. Since ImM∆ is ker α
1
∩ . . . ∩ ker αk,

(4) has a solution in v if and only if

αi(log |X| − log c2

) = 0, i = 1, . . . , k,

which is equivalent to Condition (P).

A similar result was presented in [4, Theorem 2.3], which characterized the existence of the metric in terms

of the existence of a solution to the polynomial equation eM∆
(g) = X, with X as in (K); in practice, applying

this criterion amounts to solving a polynomial system of n equations in n unknowns. The improvement of

Theorem 2.2 is that (P) corresponds to a polynomial system of k equations in k unknowns, and k is typically

less than n; for instance when n = 8, case-by-case computations show that the maximum value of k is 5.

Remark 2.3. By construction, given X as in Theorem 2.2, themetric g is obtained by solving XD = eM∆
(g)(cD)

2

.

In particular, X determines the metric uniquely up to the kernel of eM∆
.

To understand this ambiguity in the choice of g, identify g with Rn by �xing an order in the nice basis.

Then g = (g
1
, . . . , gn)

D ∈ Dn de�nes a Lie algebra automorphism if for any nonzero bracket [ei , ej] = cijkek
one has [gei , gej] = cijkgek, i.e. gk

gigj = 1. This holds precisely when eM∆
(g) = Id; therefore, ker eM∆

coincides

with the group of diagonal automorphisms of g.

Thus, when eM∆
(g) = eM∆

(h), we obtain a Lie algebra automorphism f = gh−1

: g→ g. If g and h lie in the

same connected component of Dn (in particular, they have the same signature), then we can write f = exp t
so that exp t/2 de�nes an isometry between the metric Lie algebras (g,

∑ gi(ei)2

) and (g,
∑ hi(ei)2

). Thus, X
determines themetric in an essentially uniqueway, at least for �xed signature; we refer to [6] formore details.
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Example 2.4. We illustrate the procedure in the example of the one-parameter families of nice Lie algebras

754321:9 (0, 0, (1 − λ)e12

, e13

, λe14

+ e23

, e15

+ e24

, e16

+ e25

+ e34

).

In this case there are no Einstein metrics of nonzero scalar curvature because there exist derivations with

nonzero trace (see Theorem 3.1); in terms of Theorem 2.2, this is re�ected in the fact that M∆X = [1] has no

solution. For k = 0, M∆X = 0 has solutions of the form

X = (x
9
, x

8
+ x

9
+ x

7
, x

8
, −x

8
− x

9
− x

7
, −x

8
− x

9
− x

7
, x

7
, −x

8
− x

9
, x

8
, x

9
).

The structure constants are c = (λ, 1, 1 − λ, 1, . . . , 1). Condition (P) gives∣∣∣∣ x2

9

(x
9

+ x
7

+ x
8

)(x
9

+ x
8

)

∣∣∣∣ = (−1 + λ)

2

,

∣∣∣∣ x
7

x
9

+ x
7

+ x
8

∣∣∣∣ = 1,∣∣∣∣ x2

8

(x
9

+ x
7

+ x
8

)(x
9

+ x
8

)

∣∣∣∣ = λ2

.

(5)

Condition (H) implies x
8

+ x
9

≠ 0, so the second equation in (5) is satis�ed if x
7

= −x
7
− x

8
− x

9
, i.e.

X = (x
9
, −x

7
, x

8
, x

7
, x

7
, x

7
, 2x

7
, x

8
, x

9
).

This is su�cient to prove that this nice Lie algebra has no diagonal Ricci-�at metric, since logsign X is not in

ImM∆,2.

For comparison, we note that applying [6, Theorem 2.3] (or Proposition 2.1) shows the Ricci-�at condition

to be equivalent to the system

g
3

g
1
g

2

=

x
9

(1 − λ)
2

,

g
4

g
1
g

3

= x
8

+ x
9

+ x
7
,

g
5

g
1
g

4

=

x
8

λ2

,

g
5

g
2
g

3

= −x
8
− x

9
− x

7
,

g
6

g
1
g

5

= −x
8
− x

9
− x

7
,

g
6

g
2
g

4

= x
7
,

g
7

g
1
g

6

= −x
8
− x

9
,

g
7

g
2
g

5

= x
8
,

g
7

g
3
g

4

= x
9
.

(6)

Equation (5) is obtained by eliminating the gi from this system, and the condition on logsign X means that,

after imposing (5), it is not possible to choose the signs of the gi consistently in order to satisfy (6).

Remark 2.5. In the above example, it is possible to solve separately |X|αi = |c|2αi and logsign X = M∆,2(δ),

with X in ker

tM∆; the essential fact is that the two equations cannot be solved simultaneously.

The second class of metrics that we consider is that of σ-diagonal metrics. Given a permutation of order two

σ ∈ Σn, we say that a σ-diagonal metric is a scalar product of the form∑
giei ⊗ eσi ,

where g is a σ-invariant element of (R*)n. By construction, logsign g is always an element of ((Z
2

)

n
)

σ
, i.e. a

σ-invariant element of (Z
2

)

n
. Notice that the signature of the scalar product depends on both logsign g and

σ.
We will consider the case where σ is a diagram involution, i.e. an element of Aut(∆); we therefore have a

commutative diagram

Rn M∆ //

σ
��

Rm

σ
��

Rn M∆ // Rm

Both the endomorphisms labeled by σ are symmetric of order two. In addition we have a linear map σ̃ : V∆ →
V∆ de�ned by (3); denoting by c ∈ V∆ the structure constants vector, we set

c̃ = σ̃(c) =

∑
cijkeσi ,σj ⊗ eσk .

A straightforward generalization of Proposition 2.1 gives
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Proposition 2.6 ([4]). Let ∆ be a nice diagram with a diagram involution σ, and let g be a σ-diagonal metric
on a nice Lie algebra with diagram ∆ and structure constants c. De�ne X by

XD = eM∆
(g)cD c̃D .

Then the Ricci operator is given by
Ric =

1

2

(

tM∆X)

D
.

Theorem 2.7. Let g be a nice Lie algebra with diagram ∆ and structure constants c ∈ V∆. Let σ be a diagram
involution. Then g has a σ-diagonal metric g such that logsign g = δ and Ric =

1

2

kId if and only if for some
σ-invariant X ∈ Rm:

(K) tM∆X = [k].
(H) X does not belong to any coordinate hyperplane;
(Lσ) logsign X + logsign c + logsign c̃ = M∆,2δ;
(Pσ) for a basis α

1
, . . . , αk of (ker

tM∆)

σ, we have

|X|αi = |c|2αi , i = 1, . . . , k.

Proof. Following the proof of Theorem 2.2, a σ-diagonal metric has the form g = (−1)

δ
exp v, where both δ

and v are σ-invariant. The metric g has signature δ; it solves Ric =

1

2

kId if

tM∆X = [k], XD = (−1)

M∆,2(δ)

exp(M∆(v)

D
)cD c̃D;

equivalently, X is characterized by

logsign X = M∆,2δ + logsign c + logsign c̃, |X|D = exp(M∆(v)

D
)cD c̃D;

notice that X is σ-invariant, because so are c, c̃ and g. Taking componentwise logarithms, we �nd

log |X| − log |c| − log |c̃| = M∆(v). (7)

Thus, the existence of a σ-diagonal metric with signature δ and Ric =

1

2

kId is equivalent to the existence of

a vector X satisfying conditions (K), (H), (Lσ) and (7) for some σ-invariant v ∈ dn. For �xed X, Equation (7)

has a solution in v if and only if the left-hand side is orthogonal to ker

tM∆; such a solution can always be

assumed to be σ-invariant up to replacing v with

1

2

(v + σ(v)).

Since σ is symmetric of order two, we have an orthogonal decomposition

Rm = V
+
⊕ V

−
, σ|V

±

= ±Id|V
±

.

As ker

tM∆ is σ-invariant, a vector in V
+
is orthogonal to ker

tM∆ if and only if it is orthogonal to ker

tM∆∩V+
=

(ker

tM∆)

σ
. Therefore, Equation (7) has a solution in v if and only if, for every α in (ker

tM∆)

σ
,

α(log |X|) = α(log |c|) + α(log |c̃|) = α(log |c|) + α(log

∣∣σ(c)

∣∣
) = 2α(log |c|),

where we have used

∣∣σ̃(c)

∣∣
=

∣∣σ(c)

∣∣
and σ-invariance of α. Last equation is equivalent to |X|α = |c|2α.

Example 2.8. To illustrate the case k = 0, take the Lie algebra

731:15 (0, 0, 0, 0, e12

, e13

, e26

+ e35

).

Then σ = (23)(56) is an automorphism, acting on V∆ ∼= R4

as (12)(34). The kernel of

tM∆ is generated by

(1, −1, −1, 1), so it does not contain any non-trivial σ-invariant element. Therefore, this nice Lie algebra does

not admit any σ-diagonal Ricci-�at metric.
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Of special interest is the case of permutations σ ∈ Aut(∆) with no �xed points, corresponding to linear iso-

morphisms σ : Rn → Rn that do not �x any element in the nice basis. Then n is even and a σ-diagonal metric

has the form

g =



0 1

1 0

.
.
.

0 1

1 0

 ;

consequently, it has neutral signature.

Remark 2.9. Recall that an almost paracomplex structure on amanifoldM is an endomorphism K : TM → TM
such that K2

= Id and the ±1-eigendistributions have the same rank. A neutral metric g is compatible with

K if g(K·, K·) = −g (see [31] and the references therein); in this case (K, g) is called an almost parahermitian

structure.

A �xed-point-free permutation σ ∈ Aut(∆) de�nes an almost paracomplex structure which is not com-

patible in this sense with the σ-diagonal metric g, because the σ-invariant vectors are not null vectors for the

metric g. We observe that this almost paracomplex structure is not integrable (i.e. the eigendistributions are

not involutive), unless the Lie algebra is abelian. Assume that g is not abelian, and suppose that [ei , ej] = aek
for some nonzero constant a. Since σ is an automorphism, [eσi , eσj ] = beσk for some nonzero constant b.
Write f ±i = ei ± eσi , so that f ±i is in the ±1-eigenspace of σ. Then

[f +

i , f +

j ] = aek + beσk + v, [f −i , f −j ] = aek + beσk − v,

where by the nice conditions v lies in the span of the basis elements that di�er from both ek and eσk . Since
the nonzero vector aek + beσk cannot be in both eigenspaces, at least one of the eigendistributions is not

involutive.

Remark 2.10. By contrast, given an automorphism σ with no �xed point, it is possible to construct an almost

parahermitian structure (K, g) for any σ-diagonal metric g. In fact, partition the nice basis asB = B+ ∪ σ(B+

)

and de�ne an almost paracomplex structure K such that K|B+ = Id and K|σ(B+

)
= −Id; the σ-diagonal metric

is an almost parahermitian metric compatible with K. We observe that, in general, the almost paracomplex

structure is not integrable. These types of metrics �t into the framework of [5]; their Ricci tensor can therefore

be related to the intrinsic torsion of the almost parahermitian structure (see Example 4.10).

3 The case of nonzero scalar curvature
In this section we review our results concerning Einstein metrics of nonzero scalar curvature s (namely, so-

lutions of (1) with λ ≠ 0); the results stated here are contained in [4, 6, 7].

The existence of an Einstein metric with nonzero scalar curvature puts strong constraints on the Lie al-

gebra, even outside of the nice context. In fact, the following holds:

Theorem 3.1 ([7]). Nilpotent Lie algebras admitting a derivation with nonzero trace do not carry Einstein met-
rics with s ≠ 0.

For nice Lie algebras, this obstruction only depends on the diagram, or equivalently the root matrix M∆ (see

[4, Lemma 2.1]). Linear case-by-case computations lead to the following:

Corollary 3.2 ([7]). If g is either:

• a nilpotent Lie algebra of dimension ≤ 6; or
• a nice nilpotent Lie algebra of dimension 7,
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then g admits no Einstein metric with s ≠ 0.

More precisely, from Theorem 3.1 it follows that at most 11 nilpotent Lie algebras of dimension 7 (none of

which are nice) can admit an Einstein metric with s ≠ 0. This result makes it natural to ask:¹

Question 3.3. Are there any nilpotent Lie algebras of dimension 7 with an Einstein metric of nonzero scalar

curvature?

The di�culty of answering this question is that the Ricci tensor of a general 7-dimensional metric has

(
8

2

)
components, as opposed to the metrics considered in Section 2, that have at most 7 nonzero components.

Even if we restrict to diagonal or σ-diagonal metrics on nice Lie algebras, however, determining the existence

of an Einstein metric generally requires solving nonlinear equations equivalent to (P) and (Pσ).
In dimension 8, there are in�nitely many inequivalent nice nilpotent Lie algebras; more precisely, there

are 45 continuous families and 872 isolated nice Lie algebras (see [6]). However, only few of them admit

diagonal or σ-diagonal Einstein metrics with s ≠ 0:

Theorem 3.4 ([4, Theorem 4.4]). Among 8-dimensional nice nilpotent Lie algebras, up to equivalence:

• exactly 6 admit a diagonal Einstein metric with s ≠ 0;
• exactly 4 admit a σ-diagonal Einstein metric with s ≠ 0 for some diagram involution σ.

Remark 3.5. The nice Lie algebras of Theorem 3.4 are listed in Table 1. We note that 842:117 and 842:121b
are isomorphic via

e1 7→ e1

− e4

, e2 7→ −e2

− e3

, e3 7→ e1

− e4

, e4 7→ e2

− e3

,

e5 7→ −e5

− e6

, e6 7→ e5

− e6

, e7 7→ 2e8

, e8 7→ 2e7

.

With this exception, the Lie algebras of Table 1 are pairwise nonisomorphic, as one can check by taking

the quotient by a line in the center and using the classi�cation of [15].

Table 1: 8-dimensional nice Lie algebras with a non-Ricci-flat, Einstein metric of diagonal or σ-diagonal type

Name g diag. σ-comp.

86532:6 0, 0, e12

, −e13

, e23

, −e15

+ e24

, X X
e16

+ e25

+ e34

, e14

+ e26

+ e35

8531:60a 0, 0, 0, e12

, e13

, e24

, e15

+ e23

, e14

+ e26

+ e35 X

8531:60b 0, 0, 0, −e12

, e13

, e24

, e15

+ e23

, e14

+ e26

+ e35 X

842:117 0, 0, 0, 0, e12

, e34

, e15

+ e24

+ e36

, e13

+ e25

+ e46 X X

842:121a 0, 0, 0, 0, e13

− e24

, e12

+ e34

, X X
e14

+ e25

+ e36

, e15

+ e23

+ e46

842:121b 0, 0, 0, 0, −e13

+ e24

, −e12

+ e34

, X X
e14

+ e25

+ e36

, e15

+ e23

+ e46

1 After a �rst draft of this paper appeared online, an example providing a positive answer to this questionwas found in [11]. To our

knowledge, the complete classi�cation of nilpotent Lie algebras of dimension 7 admitting an Einstein metric with s ≠ 0 remains

an open problem.
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It is striking that the Lie algebras appearing in Table 1 are precisely the 8-dimensional nice Lie algebras that

are characteristically nilpotent; this condition means that all derivations are nilpotent (see [1] and the refer-

ences therein). In particular, characteristically nilpotent Lie algebras trivially satisfy the obstruction of The-

orem 3.1. In the nice context, the set of derivations diagonalized by the nice basis corresponds to the kernel

of the root matrix; thus, the characteristically nilpotent condition implies that the root matrix is injective.

However, the two conditions are not equivalent, as can be seen by considering the nice nilpotent Lie algebra

9521:70a (0, 0, 0, 0, e12

, e14

+ e23

, e13

+ e24

, e15

, e18

+ e25

+ e34

),

which has injective root matrix, but is not characteristically nilpotent.

Notice that characteristically nilpotent Lie algebras only exist in dimension 7 and greater (see [10]); nice

characteristically nilpotent Lie algebras, by contrast, have dimension at least 8, as one can verify using the

classi�cation. The above observations make it natural to ask:

Question 3.6. Do all characteristically nilpotent Lie algebras admit an Einstein metric with s ≠ 0?

In dimension 9 and higher, the polynomial equations become increasingly di�cult to solve. However, we

can use a simpler su�cient condition for the existence of an Einstein metric that only depends on linear

computations:

Theorem 3.7 ([4, Theorem 2.9]). Let g be a nice nilpotent Lie algebra with diagram ∆; if M∆,2 is surjective and
X is a vector satisfying Conditions (K) and (H) in Theorem 2.2, then there exists a diagonal Einstein metric with
s ≠ 0.

Restricting to the case where M∆ is surjective, we obtain the following:

Theorem 3.8 ([4, Theorem 4.8]). Among 9-dimensional nice nilpotent Lie algebras with surjective root matrix,
up to equivalence:

• exactly 48 admit a diagonal Einstein metric with s ≠ 0;
• exactly 7 admit a σ-diagonal Einstein metric with s ≠ 0 for some diagram involution σ.

Remark 3.9. All the Lie algebras appearing in Theorems 3.4 and 3.8 have rational structure constants. There-

fore, the associated Lie group G has a lattice Γ, and the left-invariant Einsteinmetric on G induces an Einstein

metric on a nilmanifold, namely the compact quotient Γ\G.

Remark 3.10. In light ofQuestion 3.6,wenotice that among theEinstein Lie algebras appearing in Theorem3.8

there are 44 characteristically nilpotent Lie algebras.

In the situation of Theorem 3.8, there do not appear families of nice nilpotent Lie algebras; this is a general

consequence of the surjectivity ofM∆. It would be interesting to investigate the general behaviour of families

of nice nilpotent Lie algebras sharing the same diagram and root matrix. Indeed, [28] showed that the exis-

tence of a Riemannian nilsoliton metric on a nice nilpotent Lie algebra only depends on the root matrix —

or, in our language, the diagram. Since nilsoliton metrics, like Einstein metrics, arise as critical points of the

scalar curvature, it is natural to ask whether this property applies to Einstein metrics in the pseudorieman-

nian case, i.e.:

Question 3.11. Are there any families of nice Lie algebras with the same diagram such that only some ele-

ments of the families admit a (diagonal) Einstein metric with s ≠ 0?

We point out that, with the methods of this section, it is not di�cult to construct families of nice Lie algebras

that have a diagonal Einstein metric for all values of the parameters (see e.g. [4, Remark 4.6]).
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In the case s = 0, a family of nice Lie algebras can admit a Ricci-�atmetric for all values of the parameters,

some or none; among the Lie algebras considered in this paper, see e.g. 741:6 (Theorem 4.3), 8542:15a and

85321:48 (Theorem 4.5).

Fixing the Lie algebra, a di�erent question to consider is the following:

Question 3.12. Are there any (nice) nilpotent Lie algebras with a family of non-isometric Einstein metrics

with s ≠ 0?

The analogous question for s = 0 can be answered in the a�rmative; see Example 4.7.

4 Ricci-flat metrics
In this section we apply Theorem 2.2 and Theorem 2.7 constructively and classify nice Lie algebras of dimen-

sion ≤ 8 admitting diagonal or σ-diagonal Ricci-�atmetrics, with σ a diagram involution. Unlike the situation

of Section 3, some of the Lie algebras obtained in this section appear in families; for rational values of the

parameter(s), the argument of Remark 3.9 yields a Ricci-�at metric on a nilmanifold.

We use the classi�cation of nice Lie algebras contained in [6]. We start by observing that, for k = 0,

conditions (K) and (H) can only be satis�ed whenM∆ is nonsurjective. In dimension less than seven the only

Lie algebra with nonsurjective M∆ is the Lie algebra 631:6. We will carry out the computations in detail in

the following example, where we also introduce the conventions used throughout the section.

Example 4.1. Consider the Lie algebra:

631:6 (0, 0, 0, e12

, e13

, e25

+ e34

).

Then

tM∆X = 0 has general solution

X = (x, −x, −x, x),

and (P) is trivially satis�ed. If nonzero, the vector X belongs to one of two orthants, according to the sign of x.
By (L), the vectors δ ∈ Z6

2
such that logsign X ∈ M∆,2(δ) form the possible signatures of a diagonal Ricci-�at

metric g. Here and in the sequel, we will refer to these vectors δ as the admissible signatures.
Given a diagonal metric g = giei ⊗ ei we will identify its signature by listing the indices i for which gi is

negative; for instance, 14 stands for a diagonal metric such that g
1
and g

4
are negative and the other gi are

positive; in conventional language, the signature of this metric is (n − 2, 2). The set of admissible signatures

S will be ordered by length and lexicographic order.

Recall that when g is a Ricci-�at metric, then so is −g: thus, assuming the dimension is 6, if 14 is an

admissible signature then 2356 is also admissible. For brevity, we will only list one admissible signature in

each like complementary pair, namely the one coming �rst in the order. On a �xed nice Lie algebra, we will

denote by

1

2

S the halved set of admissible signatures obtained in this way.

In particular, for 631:6 we obtain

1

2

S = {4, 5, 12, 13, 26, 36, 146, 156};

this shows that this Lie algebra contains a Ricci-�at metric in each inde�nite signature (p, q).

To obtain the explicit metrics, we have to solve the system eM∆
(g) = X, which (normalizing to x = 1) leads

to

g
4

g
1
g

2

= −

g
5

g
1
g

3

= −

g
6

g
2
g

5

=

g
6

g
3
g

4

= 1.

This system has solution

g
4

= g
1
g

2
, g

5
= −g

1
g

3
, g

6
= g

1
g

2
g

3
,

giving a 3-parameter family of Ricci-�at metrics, consistently with the fact that kerM∆ has dimension 3 (see

Remark 2.3). In this case there are no diagram involutions σ with a σ-diagonal metric because the only non-

trivial automorphism is (23)(45), which does not preserve any nonzero element of ker

tM∆.
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We have obtained the following:

Proposition 4.2. There are no diagonal Ricci-�at metrics on any nice nilpotent Lie algebra of dimension ≤ 5.
In dimension 6, the nice nilpotent Lie algebra

631 : 6 (0, 0, 0, e12

, e13

, e25

+ e34

)

is the only one that admits a diagonal Ricci-�at metric, and the admissible signatures are represented by

1

2

S = {4, 5, 12, 13, 26, 36, 146, 156}.

There are no σ-diagonal Ricci-�at metrics on any nice nilpotent Lie algebra of dimension ≤ 6, for any dia-
gram involution σ.

Table 2: 7-dimensional nice nilpotent Lie algebras that satisfy (K), (H), (L) and (P) for k = 0

Name g

75432:3 0, 0, −e12

, e13

, e14

+ e23

, e15

+ e24

, e25

+ e34

1

2

S = {5, 47, 137, 267}

741:6 0, 0, 0, (λ − 1)e12

, λe13

, e23

, e16

+ e25

+ e34

λ > 1

1

2

S = {6, 17, 23, 45, 125, 134, 247, 357}
0 < λ < 1

1

2

S = {5, 13, 27, 46, 126, 147, 234, 367}
λ < 0

1

2

S = {4, 12, 37, 56, 136, 157, 235, 267}

731:15 0, 0, 0, 0, e12

, e13

, e26

+ e35

1

2

S = {5, 6, 12, 13, 27, 37, 45, 46, 124, 134, 157, 167, 235, 247, 236, 347}

In dimension 7, we obtain the following:

Theorem 4.3. The 7-dimensional nice nilpotent Lie algebras admitting a diagonal Ricci-�at metric are listed
in Table 2.

Proof. Linear computations ona case-by-case basis show that thenice Lie algebras of dimension7 that satisfy

(K) and (H) are precisely those listed in Table 2 plus the following:

754321:9 (0, 0, (1 − λ)e12

, e13

, λe14

+ e23

, e15

+ e24

, e16

+ e25

+ e34

),

75421:4 (0, 0, e12

, e13

, e23

, e15

+ e24

, e16

+ e34

),

74321:12 (0, 0, 0, −e12

, e14

+ e23

, e15

+ e34

, e16

+ e35

).

The computations for 754321:9 have been made in Example 2.4.

For 75421:4 we �nd that vectors in ker

tM∆ have the form X = (x
7
, x

7
+x

6
, −x

7
−x

6
, −x

7
−x

6
, x

6
, −x

7
, x

7
),

and (P) reads ∣∣∣∣ x
6

x
6

+ x
7

∣∣∣∣ = 1,

∣∣∣∣ x
7

x
6

+ x
7

∣∣∣∣ = 1;

the only solution is x
6

= x
7

= 0, which violates (H); similarly for 74321:12.
For 75432:3, (P) is trivially satis�ed. Imposing (L) on a generic vector of ker

tM∆ not contained in a coor-

dinate hyperplane, we �nd 8 admissible signatures, i.e.

1

2

S = {5, 47, 137, 267};
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see also Example 4.7. Similarly for 731:15; the admissible signatures for this nice Lie algebra are listed in

Table 2.

For 741:6, we get X = (x
6
, −x

5
− x

6
, x

5
, x

5
, −x

5
− x

6
, x

6
), and (P) gives:

x2

6

(x
6

+ x
5

)

2

= (−1 + λ)

2

,

x2

5

(x
6

+ x
5

)

2

= λ2

,

which has a solution x
6

= (

1

λ −1)x
5
for all λ. Note that x

5
+ x

6
has the same sign as λ, and x

5
is positive if and

only if x
6
has the same sign as −1 + 1/λ. Hence, the admissible signatures are represented by:

λ > 1 :

1

2

S = {6, 17, 23, 45, 125, 247, 134, 357}

0 < λ < 1 :

1

2

S = {5, 13, 27, 46, 126, 147, 234, 367}

λ < 0 :

1

2

S = {4, 37, 12, 56, 136, 157, 235, 267}.

These results are collected in Table 2.

For a σ-diagonal metric g = giei ⊗ eσi , we will also denote by gij the coe�cient of ei ⊗ ej, and represent

the signature by listing the indices i for which giσi = gi is negative. We remark that if σ interchanges i and j,
then giσi and gjσj coincide by construction, so either both or none of i and j must appear in the list. For each

signature (p, q), we will denote by Sσ(p, q) the set of δ ∈ Zn
2
such that there is a diagram involution σ and a

Ricci-�at σ-diagonal metric g of signature (p, q) with logsign g = δ; as usual, each δ will be represented by

the indices of its nonzero entries.

With the aim of constructing σ-diagonal Ricci-�at metrics, we apply Theorem 2.7 to nice nilpotent Lie al-

gebras. Since conditions (K), (H) are the same as in Theorem 2.2, we restrict our attention to those Lie algebras

that satisfy both conditions and that have an order 2 automorphism of the diagram ∆. We obtain:

Theorem 4.4. The only nonabelian nice nilpotent Lie algebra of dimension 7 with a diagram involution σ and
a Ricci-�at σ-diagonal metric is

741 : 6 (0, 0, 0, (λ − 1)e12

, λe13

, e23

, e16

+ e25

+ e34

)

with

• σ = (23)(45), λ =

1

2

and

Sσ(4, 3) = {1, 237, 457, 12345}, Sσ(3, 4) = {67, 1236, 1456, 234567};

• σ = (12)(56), λ = −1 and

Sσ(4, 3) = {3, 127, 567, 12356}, Sσ(3, 4) = {47, 1234, 3456, 124567};

• σ = (13)(46), λ = 2 and

Sσ(4, 3) = {2, 137, 467, 12346}, Sσ(3, 4) = {57, 1235, 2456, 134567}.

Proof. By Theorem 2.7, a σ-diagonal metric exists only if there exists a σ-invariant X ∈ ker

tM∆ which is not

contained in a coordinate hyperplane. This eliminates all 7-dimensional nice Lie algebras except 741:6. We

have three possibilities for σ ∈ Aut(∆):

• σ = (23)(45), acting on R6 ∼
= V∆ as (12)(56). The elements in (ker

tM∆)

σ
can be written as

X = (x, x, −2x, −2x, x, x),

whilst c = (λ − 1, λ, 1, 1, 1, 1) and c̃ = (λ, λ − 1, −1, 1, 1, 1). Condition (Pσ) reads

(λ − 1)

2λ2

=

x4

(2x)
4

=

1

16

;
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condition (Lσ) holds if

ϵ = (logsign(λ − 1) + logsign λ, logsign(λ − 1) + logsign λ, 1, 0, 0, 0) + logsign X

is in ImM∆,2. This condition is una�ected by changing the sign of X, since [1] belongs to ImM∆,2; in fact,

changing the sign of X corresponds to changing the sign of the corresponding σ-diagonal metrics, which

clearly preserves Ricci-�atness.

Thus, we can assume

ϵ = (logsign(λ − 1) + logsign λ, logsign(λ − 1) + logsign λ, 0, 1, 0, 0);

then ϵ is in the image of M∆,2 for logsign(λ − 1) + logsign λ = 1, i.e. λ(λ − 1) < 0. This implies λ =

1

2

and

ϵ = (1, 1, 0, 1, 0, 0). The σ-invariant solutions of M∆,2δ = ϵ are

(1, 0, 0, 0, 0, 0, 0), (1, 1, 1, 1, 1, 0, 0), (0, 0, 0, 1, 1, 0, 1), (0, 1, 1, 0, 0, 0, 1),

which we abbreviate as 1, 12345, 457 and 237. The actual signature of the resulting σ-diagonal metrics is

(4, 3), as one can see by writing

g = g
11
e1 ⊗ e1

+ g
23
e2 � e3

+ g
45
e4 � e5

+ g
66
e6 ⊗ e6

+ g
77
e7 ⊗ e7

.

The other possible signature (corresponding to changing the sign of X) is (3, 4); summing up,

Sσ(4, 3) = {1, 237, 457, 12345}, Sσ(3, 4) = {67, 1236, 1456, 234567}.

• σ = (12)(56), acting on R6

as (23)(45), with X = (2x, −x, −x, −x, −x, 2x), c = (λ − 1, λ, 1, 1, 1, 1) and

c̃ = (1 − λ, 1, λ, 1, 1, 1). In this case we get

(λ − 1)

4

λ2

=

(2x)

4

x4

= 16.

For x > 0, (Lσ) reads
(0, logsign λ, logsign λ, 0, 0, 1) = M∆,2(δ),

which has a solution in δ if and only if λ < 0. Therefore, there only exist Ricci-�at σ-diagonal metrics for

λ = −1. Computations as in the previous case show that the possible signatures are

Sσ(4, 3) = {3, 127, 567, 12356}, Sσ(3, 4) = {47, 1234, 3456, 124567}.

• σ = (13)(46), acting on R6

as (13)(46), with X = (−x, 2x, −x, −x, 2x, −x), c = (λ − 1, λ, 1, 1, 1, 1) and

c̃ = (−1, −λ, 1 − λ, 1, 1, 1). We get

λ4

(λ − 1)
2

= 16

and, for x > 0, ϵ = (logsign(λ−1), 1, logsign(λ−1), 1, 0, 1), giving λ−1 > 0, i.e. λ = 2. The possible signatures

are listed below:

Sσ(4, 3) = {2, 137, 467, 12346}, Sσ(3, 4) = {57, 1235, 2456, 134567}.

Table 3: 8-dimensional nice nilpotent Lie algebras that satisfy (K), (H), (L) and (P) for k = 0

Name g

86531:5 0, 0, −e12

, e13

, e23

, e14

, e15

+ e24

, e26

+ e34

1

2

S = {48, 56, 125, 138, 278, 357, 1457, 1678}

85432:9 0, 0, 0, −e12

, e14

, e15

+ e24

, e16

+ e25

, e26

+ e45

1

2

S = {6, 36, 58, 148, 278, 358, 1348, 1456}

Table 3 – Continued to next page
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Name g

8542:11 0, 0, 0, e12

, e13

+ e24

, e14

, e25

+ e34

, e15

+ e26

1

2

S = {5, 126, 138, 147, 234, 278, 367, 468}

8542:15a 0, 0, 0, (a
2
− 1)e12

, a
2
e13

+ e24

, e14

+ e23

, e15

+ e26

, e16

+ e25

+ e34

a
2
> 1

1

2

S = {5, 126, 137, 148, 234, 278, 368, 467}
0 < a

2
< 1

1

2

S = {6, 125, 134, 178, 237, 248, 358, 457}

8542:15b 0, 0, 0, (a
2
− 1)e12

, a
2
e13

+ e24

, −e14

+ e23

, −e15

+ e26

, e16

+ e25

+ e34

a
2
> 1

1

2

S = {5, 126, 137, 148, 234, 278, 368, 467}
0 < a

2
< 1

1

2

S = {6, 125, 134, 178, 237, 248, 358, 457}

842:111a 0, 0, 0, 0, e14

+ e23

, e13

+ e24

, e16

+ e25

, e15

+ e26

1

2

S = {5, 6, 125, 126, 134, 137, 148, 178, 234, 237, 248, 278, 358, 368, 457, 467}

842:111b 0, 0, 0, 0, −e14

+ e23

, e13

+ e24

, −e16

+ e25

, e15

+ e26

1

2

S = {5, 6, 125, 126, 134, 137, 148, 178, 234, 237, 248, 278, 358, 368, 457, 467}

841:48 0, 0, 0, 0, (a
2
− 1)e12

, a
2
e13

, e23

, e17

+ e26

+ e35

a
2
> 1

1

2

S = {6, 13, 28, 46, 57, 127, 134, 158, 235, 248, 378, 457, 1247, 1256, 1458, 1678}
0 < a

2
< 1

1

2

S = {7, 18, 23, 47, 56, 126, 135, 148, 234, 258, 368, 456, 1246, 1345, 1367, 1257}
a

2
< 0

1

2

S = {5, 12, 38, 45, 67, 124, 137, 168, 236, 278, 348, 467, 1347, 1356, 1468, 1578}

831:37 0, 0, 0, 0, 0, e12

, e13

, e27

+ e36

1

2

S = {6, 7, 12, 13, 28, 38, 46, 47, 56, 57, 124, 125, 134, 135, 168, 178, 236, 237, 248,

258, 348, 358, 457, 456, 1245, 1267, 1345, 1367, 1468, 1478, 1568, 1578}

We now turn our attention to nice nilpotent Lie algebras of dimension 8.

Theorem 4.5. The 8-dimensional nice nilpotent Lie algebras admitting a diagonal Ricci-�at metric are listed
in Table 3.

Proof. For each 8-dimensional nice nilpotent Lie algebra in the classi�cation of [6], we compute the generic

vector X in ker

tM∆, ruling out those Lie algebras for which no choices of X satis�es (K) and (H). In the re-

maining cases we need to study the polynomial condition (P) and its compatibility with (H) and (L). We omit

explicit computations, since they are essentially the same as in Example 4.1 and Theorem4.3, although longer

and more tedious, and only summarize the results. The nice Lie algebras:

8654321:19 (0, 0, e12

, e13

, e14

+ e23

, e15

+ e24

, 2e16

+ e25

+ e34

, e17

+ e35

)

8654321:20 (0, 0, e12

, −e13

, e14

+ e23

, −e15

+ e24

, e16

+ e34

, e17

+ e26

+ e35

)

8654321:25 (0, 0, −e12

, −e13

,

3

2

e14

−

1

2

e23

, e15

+

1

2

e24

, e16

+ e25

+ e34

, e27

+ e36

+ e45

)

865431:9 (0, 0, −e12

, 2e13

, e14

+ e23

, 2e15

+ e24

, e25

+ e34

, e17

+ e26

+ e35

)

854321:25 (0, 0, 0, −e12

, e14

+ e23

, e15

+ e34

, e16

+ e24

+ e35

, e17

+ e25

+ e36

)

85421:26 (0, 0, 0, e12

, e14

, e24

, e16

+ e25

, e17

+ e45

)

8531:90 (0, 0, 0, e12

, e13

, e24

, e25

+ e34

, e27

+ e36

)

8531:93 (0, 0, 0, −e12

, e13

, e14

, e15

, e27

+ e36

+ e45

)

84321:20 (0, 0, 0, 0, −e12

, e15

+ e23

, e16

+ e35

, e17

+ e36

)

842:107 (0, 0, 0, 0, −e12

, −e14

+ e23

, e16

+ e35

, e26

+ e45

)
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do not satisfy (P). The following nice Lie algebras do not admit a vector X satisfying all of (H), (L) and (P):

8654321:24 (0, 0, (1 − a
4

)e12

, a
4
e13

, e14

+ e23

,

e15

+ a
4
e24

, (2 − a
4

)e16

+ e25

+ e34

, e17

+ e26

+ e35

)

86531:14 (0, 0, a
1
e12

, e13

, e23

, (1 − a
1

)e14

, e15

+ e24

, e17

+ e26

+ e34

)

854321:20 (0, 0, 0, (1 − a
3

)e12

, e14

, a
3
e15

+ e24

, e16

+ e25

, e17

+ e26

+ e45

)

85321:48 (0, 0, 0, e12

, (a
3
− 1)e13

, a
3
e14

+ e23

, e25

+ e34

+ (a
3
− 2)e16

, e36

+ e17

+ e45

)

8531:103 (0, 0, 0, e12

, e13

, 2e14

, e25

+ e34

, e17

+ e36

+ e45

)

8521:12 (0, 0, 0, e12

, −e13

, e23

, −2e16

+ e25

+ e34

, e17

+ e45

).

The same holds for 8542:15a and 8542:15b with a
2
< 0 (recall that parameters that appear in the structure

constants of a family of nice Lie algebras are always assumed to be nonzero).

The nice nilpotent Lie algebras that satisfy all the conditions of Theorem 2.2 are listed in Table 3 together

with their admissible signatures, according with the convention explained in Example 4.1.

Notice that some of the Lie algebras listed in Tables 2 and 3 are decomposable in the category of nice Lie

algebras: since a diagonal metric is the product of diagonal metrics on each factor, the Ricci-�at diagonal

metric can be recovered from Ricci-�at diagonal metrics of lower dimension. In particular we have that:

731:15 = 631:6⊕R

85432:9 = 75432:3⊕R

841:48 = 741:6⊕R

831:37 = 731:15⊕R = 631:6⊕R2

and the admissible signatures of diagonal Ricci-�at metrics on these Lie algebras can be recovered from the

admissible signatures in lower dimension.

Table 4: 8-dimensional nice nilpotent Lie algebras that admit an order two automorphism σ and that satisfy (K), (H), (Lσ)
and (Pσ) for k = 0

Name g

σ Metric

852:30 0, 0, 0, a
1
e12

, a
2
e13

, e23

, e14

+ e26

+ e35

, e15

+ e24

+ e36

(23)(45)(78) a
2
a

1
= 2 (g

11
, g

23
, g

45
, g

66
, g

78
)

Sσ(5, 3) = {2345}, Sσ(4, 4) = {236, 14578}, Sσ(3, 5) = {1678}

(12)(56)(78) a
2

= 2a2

1

(g
12
, g

33
, g

44
, g

56
, g

78
)

Sσ(5, 3) = {1256}, Sσ(4, 4) = {124, 35678}, Sσ(3, 5) = {3478}

(13)(46)(78) a
1

= −2a2

2

(g
13
, g

22
, g

46
, g

55
, g

78
)

Sσ(5, 3) = {1346}, Sσ(4, 4) = {135, 24678}, Sσ(3, 5) = {2578}

842:111a 0, 0, 0, 0, e14

+ e23

, e13

+ e24

, e16

+ e25

, e15

+ e26

(34)(56)(78) (g
11
, g

22
, g

34
, g

56
, g

78
)

Sσ(4, 4) = {134, 178, 234, 278, 13456, 15678, 23456, 25678}

(12)(34)(78) (g
12
, g

34
, g

55
, g

66
, g

78
)

Sσ(4, 4) = {5, 6, 125, 126, 34578, 34678, 1234578, 1234678}

841:48 0, 0, 0, 0, (−1 + a
2

)e12

, a
2
e13

, e23

, e17

+ e26

+ e35

(23)(56) a
2

=

1

2

(g
11
, g

23
, g

44
, g

56
, g

77
, g

88
)

Sσ(5, 3) = {1, 238, 568, 12356}
Sσ(4, 4) = {14, 78, 1237, 1567, 2348, 4568, 123456, 235678}

Sσ(3, 5) = {478, 12347, 14567, 2345678}

(12)(67) a
2

= −1 (g
12
, g

33
, g

44
, g

55
, g

67
, g

88
)

Sσ(5, 3) = {3, 128, 678, 12367}
Sσ(4, 4) = {34, 58, 1235, 1248, 3567, 4678, 12348, 125678}

Sσ(3, 5) = {458, 12345, 34567, 1245678}

Table 4 – Continued to next page
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Name g

σ Metric

(13)(57) a
2

= 2 (g
13
, g

22
, g

44
, g

57
, g

66
, g

88
)

Sσ(5, 3) = {2, 138, 567, 12357}
Sσ(4, 4) = {24, 68, 1236, 1348, 2567, 4578, 123457, 135678}

Sσ(3, 5) = {468, 12348, 24567, 1345678}

831:37 0, 0, 0, 0, 0, e12

, e13

, e27

+ e36

(45) (g
11
, g

22
, g

33
, g

45
, g

66
, g

77
, g

88
)

Sσ(6, 2) = {6, 7, 456, 457}
Sσ(5, 3) = {12, 13, 28, 38, 1245, 1345, 2458, 3458}

Sσ(4, 4) = {168, 178, 236, 237, 14568, 14578, 23456, 23457}
Sσ(3, 5) = {1267, 1367, 2678, 3678, 124567, 134567, 245678, 345678}

Sσ(2, 6) = {12368, 12378, 1234568, 1234578}

Finally, we apply Theorem 2.7 in the 8-dimensional case, obtaining the following classi�cation.

Theorem 4.6. The 8-dimensional nice nilpotent Lie algebras admitting a diagram involution σ and a σ-
diagonal diagonal Ricci-�at metric are listed in Table 4.

Proof. As in the proof of Theorem 4.4, we �rst list all the nice Lie algebras that admit a nontrivial automor-

phism σ of order two such that (K) has a σ-invariant solution that does not belong to any coordinate hyper-

plane.

Among the surviving Lie algebras, we �nd that the following:

8531:93 (0, 0, 0, −e12

, e13

, e14

, e15

, e27

+ e36

+ e45

)

842:107 (0, 0, 0, 0, −e12

, −e14

+ e23

, e16

+ e35

, e26

+ e45

)

do not satisfy (Pσ). The following list contains the Lie algebras that do not satisfy all of (H), (Lσ) and (Pσ):

8521:12 (0, 0, 0, e12

, −e13

, e23

, −2e16

+ e25

+ e34

, e17

+ e45

)

8431:30 (0, 0, 0, 0, a
1
e12

, e15

+ e23

, e14

+ e25

, e17

+ e26

+ e34

)

842:111b (0, 0, 0, 0, −e14

+ e23

, e13

+ e24

, −e16

+ e25

, e15

+ e26

).

The same applies to 852:30 and 841:48 for values of the parameter di�erent from those appearing in Table 4.

For the remaining Lie algebras and each automorphism σ of order 2, we impose the condi-

tions (K), (H), (Lσ) and (Pσ). The results are listed in Table 4.

The above classi�cations show that diagonal and σ-diagonal metrics Ricci-�at metrics are quite scarce in the

nice nilpotent context, although most of these Lie algebras do admit a Ricci-�at metric of more general type

(see the references quoted in the introduction, as well as the forthcoming [3]). For example, all the nearly

parakähler 8-dimensional examples presented in [5, Section 7] admit a nice basis; in the notation of [6], they

can be written as

8431:10 (0, 0, 0, e12

, e14

+ e23

, e24

, e15

− e34

)

8431:12a (0, 0, 0, e12

, e23

+ e14

, e13

+ e24

, e15

− e34

)

8431:26a (0, 0, e12

, 0, e13

+ e24

, e23

, e15

+ e26

+ e34

)

8431:12b (0, 0, 0, e12

, e14

+ e23

, e13

− e24

, e15

− e34

)

8431:26a (0, 0, e12

, 0, e13

+ e24

, e23

, e15

− e26

+ e34

).

Thus, these nice Lie algebras admit a Ricci-�at metric of neutral signature, but not a diagonal or σ-diagonal
Ricci-�at metric with σ a diagram involution, as they do not appear in Tables 3 and 4. This is in sharp contrast
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with the case of nonzero scalar curvature, where the only known examples of Einstein nilpotent Lie algebras

are nice Lie algebras with a diagonal or σ-diagonal metric.

We end this section with more examples of Ricci-�at nilpotent Lie algebras obtained by using Theo-

rems 2.2 and 2.7.

Example 4.7. Consider the nice Lie algebra g:

75432:3 (0, 0, −e12

, e13

, e14

+ e23

, e15

+ e24

, e25

+ e34

).

We see that the generic vector X ∈ ker

tM∆ is given by

X = (x, y, −x, −y, −y, y, −x, x),

and for x, y ≠ 0 it satis�es (K), (H), (L) and (P). The equation eM∆
(g) = X reads

g
3

g
1
g

2

= x, g
4

g
1
g

3

= y, g
5

g
1
g

4

= −x, g
5

g
2
g

3

= −y,
g

6

g
1
g

5

= −y, g
6

g
2
g

4

= y, g
7

g
2
g

5

= −x, g
7

g
3
g

4

= x,

which has the following solution:

g
2

= xg2

1
, g

3
= x2g3

1
, g

4
= x2yg4

1
,

g
5

= −x3yg5

1
, g

6
= x3y2g6

1
, g

7
= x5yg7

1
.

Thus, we obtain a family of Ricci-�at metrics depending on 3 parameters. We can rescale the metric to nor-

malize ad |g′ : g′ → g′, imposing

1 = g(ad |g′ , ad |g′ ) = g(e34 ⊗ e
7
, e34 ⊗ e

7
) = x;

in addition, the parameter g
1
can be eliminated since it re�ects the kernel ofM∆ (see Remark 2.3). We obtain

the one-parameter family of Ricci-�at metrics

g
1

= 1 = g
2

= g
3
, g

4
= y, g

5
= −y, g

6
= y2

, g
7

= y. (8)

The Riemann tensor R : Λ2g→ End g and its projection R′
: Λ2g′ → End g′ satisfy

g(R, R) =

1

2

y + y2

+ 1, g(R′
, R′

) = −y2

− y +

13

8

;

this proves that the metrics (8) are pairwise nonisometric.

Example 4.8. Among 2-step nice nilpotent Lie algebras of dimension 9, the only ones that satisfy (K), (H)

and (L) for k = 0 are the Lie algebras in the one-parameter family

93:86 (0, 0, 0, 0, 0, 0, ae15

+ e24

+ e36

, e13

+ e25

+ e46

, e12

+ e34

+ e56

).

The generic element of ker

tM∆ is

X = (−

1

2

x, x, −1

2

x, x, −1

2

x, −1

2

x, −1

2

x, −1

2

x, x);

(H) is trivially satis�ed for x ≠ 0, and (P) gives 64a2

= 1. Thus, there are two nice Lie algebras in this family

that admit a diagonal Ricci-�at metric, with admissible signatures determined by (L), i.e.
1

2

S = {125, 346}.

In particular, we do not obtain Ricci-�at metrics of Lorentzian signature. In fact, it was proved in [16] that

Ricci-�at Lorentzian metrics on 2-step nilpotent Lie algebras have degenerate center; diagonal metrics on a

nice Lie algebra never have this property.

We note that these metrics are not ad-invariant, i.e. they do not satisfy

〈[x, y], z〉 + 〈y, [x, z]〉 = 0, x, y, z ∈ g.

In fact, a diagonal metric on a 2-step nice Lie algebra cannot be ad-invariant, as one can see by taking x and
y to be elements of the nice basis with z = [x, y] ≠ 0. This is consistent with [8, Corollary 2.6].
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Example 4.9. Let g be the 10-dimensional nice Lie algebra with structure equations given by

(0, 0, 0, 0, 0, 0, 0, 0, e12

+ e34

+ e56

+ e78

, e15

+ e26

+ e37

+ e48

).

This Lie algebra is also 2-step nilpotent, and (K) implies

X = (x, −x, x, −x, −x, −x, x, x);

(H) and (P) are trivially satis�ed for x ≠ 0, and we only need to compute the admissible signatures using (L).
We obtain

1

2

S = {169, 160, 259, 250, 389, 380, 479, 470, 1237, 1248, 1345, 1578, 2346, 2678, 3567, 4568}

(where a zero stands for the index 10). To obtain an explicit metric, we need to solve the system eM∆
(g) = X;

normalizing to x = 1, we obtain

g
9

g
1
g

2

= −

g
9

g
3
g

4

=

g
9

g
5
g

6

= −

g
9

g
7
g

8

= −

g
0

g
1
g

5

= −

g
0

g
2
g

6

=

g
0

g
3
g

7

=

g
0

g
4
g

8

= 1

which has solution:

g
1

= ±g
6
, g

2
= ±g

5
, g

4
= −

g
5
g

6

g
3

,

g
7

= ∓ g5
g

6

g
3

, g
8

= ±g
3
, g

9
= g

5
g

6
, g

0
= ∓g

5
g

6
.

This de�nes a 3-parameter family of (normalized) Ricci-�at metrics, and since kerM∆ has dimension 3, it

gives an essentially unique Ricci-�at metric (see Remark 2.3).

Example 4.10. To illustrate the relation between σ-diagonal metrics and parahermitian geometry, con-

sider the Lie algebra g of Example 4.9, which admits the order 2, �xed-point-free automorphism σ =

(13)(27)(45)(68)(90) (as before, zero represents the index 10). The σ-invariant vectors in ker

tM∆ have the

form

X = (x, −x, x, −x, −x, −x, x, x).

Note that (H) holds trivially for x ≠ 0. Since logsign c = logsign c̃ = [0], it is easy to �nd δ satisfying (Lσ), i.e.
logsign(X) = M∆,2δ; thus, there exists a σ-diagonal Ricci-�at metric with signature (5, 5). In fact, we obtain

the following list of admissible signatures:

Sσ(5, 5) = {1237, 1345, 2678, 4568, 123790, 134590, 267890, 456890}.

By Remark 2.9, or a direct computation, the paracomplex structure de�ned by σ is not integrable.

However, we can choose several almost paracomplex structures adapted to the nice basis, either in-

tegrable or not. For example, consider the almost paracomplex structure K such that the eigenspace as-

sociated to the eigenvalue +1 is g+

K = Span {e
1
, e

4
, e

6
, e

7
, e

9
} whilst the eigenspace associated to −1 is

g−K = Span {e
2
, e

3
, e

5
, e

8
, e

0
}. We note that K is integrable, and by Remark 2.10 any σ-diagonal metric g

is compatible with the paracomplex structure K, de�ning a parahermitian structure (K, g).

We recall that a parahermitian structure can be viewed as a GL(5,R)-structure and the Ricci tensor can be

computed using the intrinsic torsion of a reduction to SL(5,R) obtained by �xing a volume of one eigendistri-

bution (refer to [5] for more details). In particular, the SL(5,R) intrinsic torsion can be split into ten invariant

components:

R5 ⊗ so(5, 5)

sl(5,R)

= W
1
⊕W

2
⊕W

3
⊕W

4
⊕W

5
⊕W

6
⊕W

7
⊕W

8
⊕W1,0 ⊕W0,1

.

To compute explicitly the intrinsic torsion, let g be the generic σ-invariantmetric that solves the equation

eM∆
(g) = X for a generic σ-invariant X. Then the nonzero components of the metric tensor are:

g
27

= −g
45
, g

68
= −g

13
, g

90
= −xg

13
g

45
.
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We �x an orthonormal basis by setting

ê
1

=

e
1

g
13

, ê
2

=

e
2

−g
45

, ê
3

= e
3
, ê

4
=

e
4

g
45

, ê
5

= e
5
,

ê
6

=

e
6

−g
13

, ê
7

= e
7
, ê

8
= e

8
, ê

9
=

e
9

−xg
13
g

45

, ê
0

= e
0
,

(9)

and consider the SL(5,R)-reduction de�ned by the volume form ê14679

. In this case, the SL(5,R)-structure

has intrinsic torsion τ
3

+ τ
7
∈ W

3
⊕W

7
, and all the other components vanish.

We have:

τ
3

= −

x
2

ê1 ⊗ ê20

−

g
13
x

2

ê4 ⊗ ê30

+

g
45
x

2

ê6 ⊗ ê50

+

g
13
g

45
x

2

ê7 ⊗ ê80

,

f
3

= xê120

− g
13
xê340

+ g
45
xê560

− g
13
g

45
xê780

,

τ
7

= −

1

2g
13
g

45

ê2 ⊗ ê69

−

1

2

ê3 ⊗ ê79

+

1

2g
13

ê5 ⊗ ê19

+

1

2g
45

ê8 ⊗ ê49

,

f
7

= −

1

g
13

ê159

−

1

g
13
g

45

ê269

− ê379

−

1

g
45

ê489

;

where f
3
, f

7
are di�erential forms uniquely associated to τ

3
and τ

7
. As the intrinsic torsion lies inW

3
⊕W

7
,

by [5, Theorem 5.4] the Ricci tensor has the form

Ric = 3[Λ(df
3

+ ∂(τ
7

)y f
3

)]sl(5,R)
− 2F(τ

3
, τ

7
) + ϵ

(
Ric(−∂(τ

3
)y τ

3
)

)
+ ϵ
(

Ric(−∂(τ
7

)y τ
7

)

)
.

A computation shows that in this case the only nonzero components are

3[Λ(∂(τ
7

)y f
3

)]sl(5,R)
= 2F(τ

3
, τ

7
)

=

x
2

(ê1 ⊗ ê3

− ê3 ⊗ ê1

) +

x
2

(ê2 ⊗ ê7

− ê7 ⊗ ê2

)

+

x
2

(−ê4 ⊗ ê5

+ ê5 ⊗ ê4

) +

x
2

(ê6 ⊗ ê8

− ê8 ⊗ ê6

),

proving that Ric = 0, as we already knew from Theorem 2.7. We observe that the Riemann curvature is not

zero.

It is possible to de�ne a di�erent almost paracomplex structure which is not integrable. For ex-

ample, let
˜K be the almost paracomplex structure such that g+

˜K = Span {e
1
, e

2
, e

3
, e

4
, e

9
} and g−

˜K =

Span {e
5
, e

6
, e

7
, e

8
, e

0
}; note that ˜K is not integrable. As before, all σ-diagonalmetrics g are compatiblewith

˜K, giving an almost parahermitian structure. Using the orthonormal basis (9) and the volume form ê12349

,

the nonzero components of the intrinsic torsion are

τ
1

= −

1

6g
13
g

45

ê269

,

τ
2

= −

1

3g
13
g

45

ê2 ⊗ ê69

+

1

3g
13
g

45

ê6 ⊗ ê29

+

2

3g
13
g

45

ê9 ⊗ ê26

,

τ
3

= −

g
13
x

2

ê4 ⊗ ê30

+

g
45
x

2

ê6 ⊗ ê50

+

1

2

ê9 ⊗ ê37

,

τ
5

=

g
13
g

45
x

6

ê780

,

τ
6

=

g
13
g

45
x

3

ê7 ⊗ ê80

−

g
13
g

45
x

3

ê8 ⊗ ê70

+

−2g
13
g

45
x

3

ê0 ⊗ ê78

,

τ
7

=

1

2g
13

ê5 ⊗ ê19

+

1

2g
45

ê8 ⊗ ê49

+

x
2

ê0 ⊗ ê12

.

Using the formula in [5] we recover that the Ricci is zero.
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