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Abstract. The use of belief function theory (BFT) in machine learn-
ing has gained attention as researchers seek more principled founda-
tions for decision-making in uncertain environments. However, re-
search has mostly focused on the setting of batch learning. In this
article, in contrast and to our knowledge for the first time in the
literature, we study the application of BFT to the setting of online
(machine) learning. Within this context, online learning from expert
advice (LEA) offers a framework where learners iteratively update
their predictions based on experts’ input and (adversarially labeled)
observed outcomes. Despite extensive study and strong theoretical
results, the epistemological underpinnings of LEA remain largely
heuristic. This work addresses this gap by proposing belief func-
tion theory (BFT) as a formal foundation for LEA. Here we report
a theoretical and algorithmic integration of BFT into LEA, showing
that classical LEA algorithms such as Halving and Weighted Major-
ity can be derived as special cases of evidential reasoning. We fur-
ther introduce two novel LEA algorithms—Evidential Halving and
Evidential Weighted Majority—which fully exploit BFT and sup-
port cautious prediction through abstention. These new algorithms
demonstrate improved regret bounds over traditional methods, un-
der mild assumptions. These findings open a new direction in online
learning by leveraging the full expressive power of BFT to design
theoretically grounded algorithms.

1 Introduction

Online learning encompasses a class of machine learning problems
in which data are not provided in a single batch but are instead pre-
sented as a sequential data stream [32]. In this setting, the learner
maintains a state—for example, a probability distribution over dif-
ferent models—and receives data instances one at a time. At each
time step, the learner makes a prediction, after which the true target
value is revealed and used to assess the prediction. This feedback is
then employed to update the learner’s state [41].

As a relevant framework in online learning, in the learning from
expert advice (LEA) framework [20, 38, 52], the learner generates
predictions based on the classifications provided by a set of experts.
In this setting, the learner’s state is typically represented by a set of
weights—often interpreted as probabilities—assigned to the experts.
Both the input data and corresponding target values are viewed as
evidence about which expert performs best. The learner’s objective is
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to incorporate this evidence into its state in order to minimize regret
relative to the (unknown) best expert, with no assumption about the
input stream of data (so-called adversarial setting).

From the point of view of computational learning theory, the LEA
problem is well understood [8, 41]: indeed, several algorithms have
been proposed to solve this problem [30, 41], and tight computa-
tional bounds are known [10, 54], as well as connections with other
fields such as bandit theory [3], convex optimization [30], game the-
ory [8] and finance [49]. However, despite recent advances in the
field, particularly those stemming from research on game-theoretic
probability [45], the epistemological foundations of the LEA set-
ting remain insufficiently defined. In particular, the concept of evi-
dence—and the principles by which it should inform updates to the
learner’s state—has not been fully formalized. Practical algorithms
generally rely on intuitive interpretations of these notions, with their
design guided largely by heuristic principles often inspired by con-
vex optimization [47] that, despite being proven highly effective in
practice, do not provide a unified conceptual foundation of the field.

Conversely, the notion of evidence has been more explicitly stud-
ied in belief function theory (BFT) (also called evidence theory and
Dempster-Shafer theory), originally proposed by Dempster [17] in
the context of statistical inference, and then formalized by Shafer in
[44] as well as by other authors in subsequent work [16, 21, 40, 48].
BFT can be understood as a generalization of probability theory (as
well as possibility theory [16], and as a special case of imprecise
probability [35]), in which evidence is represented as a mass func-
tion: a probability distribution defined on the power set of a given
universe of interest (representing possible answers to a question),
where the mass assigned to a set quantifies the amount of available
evidence that the true answer lies in that set (and nothing more). BFT
then provides mathematical tools for reasoning about evidence (so-
called evidential reasoning), including methods to combine different
sources of evidence [18, 22, 53], as well as to express evidence on a
given universe of discourse at different granularity levels [44].

Despite the notion of evidence being central in both LEA (implic-
itly) and BFT (explicitly), up to our knowledge, no previous work
has explored the connections between these two fields of artificial
intelligence [4]. In this article', we address this gap by proposing
BFT as a theoretical foundation for the LEA problem. Focusing on
the setting of LEA with a finite set of experts and binary learning

1 For complete proofs, as well as additional material, we refer the reader to
the technical appendix [7].
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problems, we provide two main contributions. First, we show how
classical algorithms proposed in the LEA literature can be under-
stood as special cases of evidential reasoning and, hence, naturally
emerge from the application of BFT as a way to model the problem
of online learning. Second, we introduce the application of BFT as a
reasoning framework for devising novel LEA algorithms. To this end,
we first illustrate how BFT provides a natural setting to model cau-
tious learners that can abstain from providing predictions [13], thus
drawing a connection with selective prediction [25, 6], and then use
the introduced setup to propose two novel such algorithms, showing
that, under certain conditions, they can provide better performance
than any classical (i.e., non-cautious) LEA algorithm.

2 Background

Let X be a feature space and Y a target space. We focus on binary
classification problems, hence we assume that Y = {0, 1}. For each
teN,let Z' = (X xY)'and Z* = UsenZ": we denote with z; =
((z1,91),-- ., (me, 1)) a sequence in Z*. We assume the existence
of a set of experts H: an expert is a (possibly probabilistic) algorithm
taking input from Z* x X and returning an output in Y. We assume
that H is finite. A learning algorithm A is a (possibly probabilistic)
algorithm taking as input a set of experts H, a sequence in Z* x X
and returning an output in Y. A loss function is a function [ : Y X
Y — IR. In the LEA problem, we assume that a learning algorithm
A receives data according to a sequential protocol, as illustrated in
Algorithm 1. The aim of the LEA problem is to find an algorithm
that minimizes the regret (as defined in Algorithm 1):

T T
Regretzz yt, A(H, 2t U (x¢))) mlnz yt, h ),

as a function of the time horizon 7" (i.e., the maximum sequence
length observed by the learning algorithm, see Algorithm 1), with-
out any assumption (adversarial setting) on the sequence of incom-
ing data. If we assume that the incoming data stream is such that
the condition minpcy Err(h) = 0, then we say the LEA problem
is realizable. It is a well-known result from LEA theory [9, 26] that,
under general assumption, one typically aims for learning algorithms
A that achieve a regret on the order (up to logarithmic terms?) of
C\/Tlog(|H|), where C is a universal constant: in fact there ex-
ist simple algorithms (e.g., Weighted Majority [38], Hedge [27] and
other methods based on multiplicative weight update) that achieve
the mentioned bound. For additional details on online learning, we
refer the interested reader to [8, 30, 41].

Example 2.1. As a simple example of a LEA problem, we describe
an instantiation of the Halving algorithm (see Section 3). Let X =
{0,1,...,9}Y and Y = {0,1}. Assume that H = Y, that is, the
collection of all (deterministic) functions from X to Y. Additionally,
assume 1(y,y") = 1,2, is the 0-1 loss. Given a sequence zy, let

={h € H : V(zi,yi) € 2¢,h(xi) = yi}. Further, given an
instance x, define Ho = {h € H; : h(z) = 0} and H1 = {h €
H¢ = h(z) = 1}. Let A be the learning algorithm defined by:

1 [Ha] > |Hol

0 otherwise.

AH, 2z, 2) = {

2 The restriction of "up to logarithmic terms" is necessary since one can,

in certain cases, obtain bounds of the form C'\/TL(#H), where L(#H) <
log(|#]) is the Littlestone dimension of H [37].

Intuitively, A always selects the label that has been predicted by a
majority of experts, considering only those experts that have never
made an incorrect prediction on the observed sequence. Assuming
realizability (i.e., 3h € H s.t. Ethl l(yt, h(z)) = 0), the worst-
case regret of A can be easily seen to be at most log(|H|), since at
each mistake the set H, is halved.

In the same setting as above, we define a cautious predictor as a
(possibly probabilistic) algorithm taking input from Z* x X and re-
turning an output in Y U { L}, where the symbol L is interpreted
as abstaining from prediction: that is, a cautious predictor can some-
times refrain from providing a prediction. Cautious predictors have
been first proposed in [13] and studied mostly in the context of offline
learning [2, 6, 25], while only more recently their application has
been extended to the setting of online learning [2, 12, 15]%. Cortes et
al. [15], in particular, focus on the setting where each expertin H is a
cautious predictor and study LEA algorithms in this setting, proving
the existence of algorithms that can achieve the above-mentioned re-
gret bound of C'\/T log(|#|): nonetheless, the authors mostly focus
on the stochastic (rather than adversarial) setting. By contrast, Che-
ung et al [12] show that, in the same setting as [15] but assuming
realizability, there exist problems for which allowing cautious pre-
dictors results in a finite regret bound, but the regret of any disam-
biguation* of H cannot be bounded from above, showing that online
learning with cautious predictors is intrinsically more powerful than
its classical counterpart.

Example 2.2. We present a simplified example of LEA with cautious
predictors, in which we assume that the experts are as in Example
2.1, but the algorithm can select its predictions from the set Y U{L}.
Specifically, assume that A is defined as:

’ o
A(H, 2, ):{y Vh € He,h(z) =y

1 otherwise.

Thus, A abstains from providing a prediction whenever there is a
disagreement among the valid experts (i.e., the experts that did not
make any mistake in labeling the sequence z). Assume that A is
penalized according to the 0-1 loss with abstention, defined as:

o
Wy, y) = {
]lyséy’

Under the same assumptions as in Example 2.1, the worst-case re-
gret of Ais a(|H| — 1), as the algorithm abstains from making a
prediction whenever there is a possibility for error (which, in turn,
implies that at least one expert’s advice was incorrect).

y =1

otherwise.

We now turn our attention to evidence theory. Evidence theory is
an uncertainty representation formalism that generalizes probability
theory, providing a general framework to represent epistemic uncer-
tainty and evidence, as well as tools to combine evidence sources.
Formally, let €2 be a reference set. A mass function is a function m :
2% — [0,1] such that 3~ , -, m(A) = 1b. The focal sets of m are
the sets in the support of m, thatis F(m) = {A C Q : m(A) # 0}.
If § ¢ F(m) we say that m is normalized. A normalized mass func-
tion represents the evidence about the possible answers to some ques-
tion of interest: in particular, the value m(A) represents the evidence
that the correct answer lies in A C ) and nothing more.

3 Related models have been previously proposed in the literature, e.g. the
sleeping experts model [28], the selective sampling model [11], and the
Knows-What-It-Knows model [36], however these models differ from the
notion of cautious prediction we consider in this article.

4 Intuitively, a disambiguation of a cautious predictor is a classical algorithm
that replaces _L with either O or 1. See [2, 12] for a formal definition.
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Algorithm 1 General scheme of a learning from expert advice algo-
rithm .
z=]
Regret =0
Foreach h € H, Err(h) =0
fortin {1,...,7} do
Receive x € X
Predicty’ := A(H, z.append(x))
Receivey € Y
Foreach h € H, Err(h) += l(y, h(z.append((z,y))
Regret +=I(y,y’)
z = z.append((x,y))
end for
Regret —= minpey Err(h)

Given m, one can define a belief function Bel(A) =
>_pcam(B), a plausibility function PU(A) = 3 5. 45 m(B)
and a commonality function Q(A) = > -z m(B). The belief
Bel(A) can be interpreted as measuring the evidence supporting the
claim that the correct answer is in A, or, equivalently, the probability
that the correct answer necessarily lies in A [24]. Similarly, the plau-
sibility PI(A) can be interpreted as a measure of the lack of support
for the complement of A, or, equivalently, as the probability that the
correct answer may possibly lie in A.

As mentioned in the introduction, evidence theory can be seen as a
generalization of other uncertainty representation formalisms, chiefly
among them probability and possibility theory. In the first case, a
mass function m is Bayesian if all its focal sets are singletons, i.e.,
VA € F(m),|A| = 1:in this case, for each A C Q, Bel(A) =
PI(A) and m is equivalent to a probability distribution. As for the
case of possibility theory, the contour function pl,, : @ — [0, 1] of
a mass function m is defined as pl., (z) = Pl({z}) = Q({z}) for
each z € Q: irrespective of m, the corresponding countour function
plm always defines a possibility distribution over ) [21, 44].

This connection between evidence theory, on the one hand, and
probability and possibility theory, on the other hand, is particularly
relevant in the context of decision-making, as one of the most com-
monly adopted approaches to derive a decision theory based on evi-
dence theory is based on defining a way to transform a mass function
into a decisional probability distribution [19]. In this sense, we define
the plausibility transform [14, 51] of m as the Bayesian mass func-

tion t,,, defined by ¢, (z) = %, for each z € X. The
xTE m

pignistic transform [48] of m is the Bayesian mass function Bet(m)
defined by Bet(m)(z) = 3 sca.uea %. A mass function m is
simple if it is in the form, for s € [0, 1]:

1-s A=C#0
mc(A) =<s A=0Q
0 otherwise.

Example 2.3. We illustate the above abstract definition of evidence
theory through an example originally discussed by Shafer in [44].
Assume we need to assess whether a vase, presented as a product of
the Ming dynasty, is genuine (G) or counterfeit (C). In this case, ) =
{G, C}. To decide upon the genuinity of the vase, we involve a rater
that provides their judgment: assume it is G (so, the rater believes
the vase is genuine). Given that the rater could be wrong in their
assessment, we can represent our uncertainty about the genuinity of
the vase as a (simple) mass function m({G}) = p, m(Q) =1 —p,
where p represents our subjective belief that the rater is correct in its

Jjudgment (in which case the vase is genuine): for example, this could
be measured as the previous accuracy of the rater in assessing other
similar items. In this case, we cannot exclude that the judgment of
the rater may be not sufficiently convincing, in which case we have
no information about the genuinity of the vase: this is represented by
the evidence mass 1 — p assigned to the vacuous event Q = {G, C'}.

In this case, the belief and plausibility of all subsets of §2 can be
easily calculated as Bel({G}) = p, PI({G}) = 1, Bel({C}) =
0,PI({C}) = 1 — p and Bel(2) = PI(Q) = 1. If asked to take
a decision about the genuinity of the vase, we could convert our ev-
idence assessment into a probability distribution by using either the
pignistic or the plausibility transform. In the first case, we obtain
Bet(m)(G) = p + 52 and Bet(m)(C) = 2. In the second
case, tm (G) = ﬁ and t,, (C) = %. It is easy to observe that,
in both cases, the assignment of probability would be different from
what we could have obtained had we directly adopted a probabilistic
model of our uncertainty in which Pr(G) = p and Pr(C) =1 —p.

Given two mass functions mi, ma, we define their unnormal-
ized combination as the mass function mi N mo defined by m1 N
m2(A) = > pnooa mi1(B)mz(C): it can be shown that it holds
that Qm;nms(A) = Qm, (A)Qm, (A). The degree of conflict be-
tween m1,mo is defined as Ky = m1 N mo(0). Given two mass
functions such that Ky # 1, we define their Dempster combina-
tion (or, orthogonal sum) as the mass function mg, s.t. mg (¢) = 0
and mg (A) = %KZ(A). Let Q1, Q2 two sets s.t. [Q1] < Q2]
and let p : Q2 — €2 be a surjective function: we say that (2
is a refinement of ()1 and, symmetrically, {2; is a coarsening of
25. Given a mass function m on €2, we call the mass function
m17%2 on O, defined by m1 72 (p=1(A)) = m(A), the vacuous
extensions of m induced by p. Symmetrically, given a mass func-
tion m on s, we call the mass function m?2¥1 on Q; defined by
mf2¥(4) = 2 BCOy: {p(b):be B}=a M(DB), the restriction of m.
For additional details on BFT, we refer the reader to [16, 44].

Example 2.4. To continue on Example 2.3, assume that we also in-
volved a second rater. We are absolutely certain of the competence
of this rater. However, the rater is unsure about the genuinity of the
vase, and provides a judgment in the form of a Bayesian mass func-
tion (hence, a probability distribution) m({G}) = a,m({C}) =
1 — a. We can measure our evidence concerning the genuinity of
the vase by combining the two mass function. Adopting the Demp-
ster combination rule, we obtain the mass function mp defined by
mp({G}) = %, mp({C}) = %: it is easy to see
that mp is a Bayesian mass function.

3 Methods

In this section we will study how the LEA problem can be seen as
an instance of the evidential reasoning expressed in BFT. In partic-
ular, we first show how two optimal (up to logarithmic terms) LEA
algorithms can be derived as restricted forms of evidential reason-
ing; then, we propose two new LEA algorithms directly inspired by
evidential reasoning, while also studying their properties. In the fol-
lowing, we will reformulate the LEA problem as an evidential rea-
soning protocol following the general scheme defined by Algorithm
2, where H is the set of experts, and we interpret the prediction {0, 1}
as equivalent to an abstention (i.e., the symbol _L, see Section 2).

As hinted at in the Introduction, the protocol defined in Algorithm
2 provides a natural setting to describe cautious prediction meth-
ods in the LEA setting. Nonetheless, we note that this approach is
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Algorithm 2 General evidential reasoning protocol for describing
online learning algorithms .

The learner defines a mass function m over H

fort € {1,...,T} do
The learner receives z € X
The learner predicts ' € Y U {{0, 1} } based on m
The learner receives a target y and a mass function u over Y’
The learner is penalized based on a loss function I(y, 3")
The learner updates m based on u

end for

not entirely equivalent to that assumed in [12, 15]. While in the lat-
ter case each expert is assumed to be a cautious predictor, in Al-
gorithm 2, experts in H are classical binary predictors. In contrast,
abstentions in Algorithm 2 derive from identifying sets of experts
as cautious predictors: that is, given A C H and z € X, we de-
fine A(z) = {y € Y : 3h € A, h(z) = y}. In this sense, Algo-
rithm 2 can be understood as a special case of the setting described
in [12, 15], where each cautious predictor corresponds to a set of
classical experts, similarly to the version space-based selective pre-
diction framework proposed in [25]. Differently from this latter ap-
proach, however, our evidential framework is based on evidence the-
ory, which is a generalization of version space theory [23, 34], and is
applied to the online learning, rather than batch learning, setting.

In the following, with the notation mM+={01} we denote the re-
striction of a mass function m, originally defined on the set of ex-
perts H, to the set Y obtained by means of the surjective func-
tion p, : H — Y, defined by p.(h) = h(z). Thus, intuitively,
m {01} represents the projection of the expert set H to the set of
possible predictions for instance x.

3.1 Learning from Expert Advice Algorithms as
Restricted Evidential Reasoning

In this first section, we will show that two classical algorithms,
namely Halving [46] and Weighted Majority [38], can be derived as
special cases of the evidential reasoning protocol described in Algo-
rithm 2. We focus on these two algorithms since they provide optimal
regret bounds (up to logarithmic terms) in the realizable and agnos-
tic (i.e., non-realizable) settings [1], respectively. As we show in this
section, these two algorithms represent approximations of the fully
evidential approach described in Algorithm 2, where evidence is re-
stricted to, respectively, probabilistic and possibilistic terms.

Halving The Halving algorithm can be derived as a special case of
Algorithm 2 where the evidence about the optimal expert is repre-
sented as a (uniform) probability distribution and each new instance
(z,y) provides a way to update the evidence obtained so far by con-
ditioning, that is, by combining a Bayesian mass function with a bi-
nary mass function: a binary mass function is employed since, under
the assumption of realizability, the optimal expert cannot make an
incorrect prediction, and hence any mistake committed by an expert
constitutes evidence that this latter cannot be the optimal one. This
idea is formalized in Algorithm 3, which we show to be equivalent
to the Halving algorithm in Theorem 3.1.

Theorem 3.1. Let lo—1(y,y’) = 1., be the 0 — 1 loss function.
Then, Algorithm 3 is equivalent to the Halving algorithm: in partic-
ular, the two algorithms always make the same predictions. Conse-
quently, under realizability, Algorithm 3 enjoys O(log, (|H|)) regret.

Proof. See Appendix [7]. O

Algorithm 3 Evidential reasoning protocol for the Halving algorithm
Foreach h € H, m'({h}) = ‘17‘
fort € {1,...,T} do
Receive =
Compute m”+=¥’ | restriction of m*
Predict y = arg max,e (0,1} m =10 (y)
1 {heH:h(z)=uy}
0 otherwise

Hila

Receive y and construct m? :=

Penalize learner based on lo—1(y, y’)
w=m"¥ @mY

Compute wY T
m'T! = Bet(w)
end for

Weighted Majority Similarly to the Halving algorithm, also the
Weighted Majority algorithm can be derived as a special case of Al-
gorithm 2. In this case, however and as shown in Algorithm 4, evi-
dence about the optimal expert is represented in terms of a (initially
vacuous) mass function (rather than a probability distribution), and
each new instance provides a way to update the available evidence
based on a simple mass function using Dempster rule of combina-
tion. In this case, a simple mass function is employed since, in the
agnostic setting, even the best expert can issue mistaken predictions:
therefore, the evidence of any expert being the optimal one can never
be fully discounted, as represented by the mass assigned to the full
expert set H. Interestingly, while Algorithm 4 maintains a mass func-
tion m' defined over the set of experts H, each prediction is made
solely based on the corresponding contour function pl,,,+, which is
a possibility distribution over H. As we prove the equivalence of
Weighted Majority and Algorithm 4 in Theorem 3.2, this implies that
similarly as to how Halving can be seen as probabilistic approxima-
tion of the evidential reasoning protocol in Algorithm 2, Weighted
Majority can instead be seen as a possibilistic approximation.

Algorithm 4 Evidential reasoning protocol for the Weighted Major-
ity algorithm

Setm!'(H) =1

Setn) < /287D

fort € {1,...,T} do
Receive =
Compute ™, plausibility transform of m/
Select h € #H randomly according to t™
Predict y' := h(z)
Receive y
Penalize learner based on I(y, y")

s=e T A=H
Constructm?(A) :=< 1 —s A={heHH:h(z) =1y}
0 otherwise
mtt =mt nm?
end for

Theorem 3.2. Assume that the loss function | satisfies I(y,y') €
[0,1], for any y,y' € Y. Then, Algorithm 4 is equivalent to the
Weighted Majority algorithm, in the sense that, at each time step
t = {1,...,T}, the two algorithms will select a prediction y' €
{0, 1} according to the same probability distribution. Consequently,
Algorithm 4 enjoys a regret bound of /2 log(|H|)T.

Proof. See Appendix [7]. O
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3.2 Novel Learning from Expert Advice Algorithms
Inspired by Evidential Reasoning

In the previous section, we showed how two optimal LEA algorithms
can be derived as restricted cases of the evidential reasoning protocol
defined in Algorithm 2, where we require evidence to be represented
in an approximated form. A natural question, then, would be to un-
derstand the effects of adopting a fully evidential approach, rather
than an approximate one. In this section, we will derive two new
cautious LEA algorithms, all of which are based on adopting a fully
evidential approach. We will discuss, in particular, one algorithm for
the realizable setting and one for the agnostic one: in both cases,
we will show that, under certain conditions, these algorithms provide
better regret bounds than any non-cautious LEA algorithm.

Evidential Halving Evidential Halving is a generalization of the
Halving algorithm, described in Algorithm 5. Evidential Halving ini-
tially assumes no knowledge about the optimal expert, as represented
by the vacuous mass function m'(#) = 1. At each step t, the Al-
gorithm construct a new mass function w which is obtained by first
transforming the current evidence m! into a probability distribution
(using the pignistic transform) Bet(m') and then computing its re-
striction to Y. The mass w is then transformed into a binary mass
function by moving all mass to, either, the prediction ¢y’ € Y associ-
ated with highest probability, if this latter is larger than a pre-defined
threshold 3, or to the abstention decision {0, 1}. After receiving the
correct label y, the evidence is updated by combining the original
mass function m® with a binary mass function (assigning mass 1 to
all experts that predicted correctly). It is easy to observe that, when
B = %, Algorithm 5 is equivalent to the Halving algorithm. More in
general, however, the following result holds.

Algorithm 5 Evidential Halving
m'(H) =1
fort e {1,...

Receive x
w = Bet(m') |, Y

q = argmaxye (0,13 w({y})
s = maxye(o,1} w({y})

,T} do

Ll A={q}
mp(A) =41l A= {0,1}
0 otherwise

Predict ' := arg max e r(m,) mp(A)
Receive y and construct m? := {1 {ne H Hh(z) =y}
0 otherwise
Penalize learner based on Io (y, ")
mtt =mt e mY
end for

Theorem 3.3. Assume realizability, and that

a A=1{0,1}
0 A={y}

1 otherwise,

la(y,A) =

with a < 1. Then, Algorithm 5 enjoys a regret bound of Regret <

llog(IHD + alog(‘f‘). For any o < 0.08 there exists 8 € (0.6,1)
os(125) log(5)

such that the above bound is smaller (up to logarithmic terms) than
the minimum possible regret obtained by any (non-cautious) LEA al-
gorithm. In particular, this holds for the Halving algorithm.

Proof. See Appendix [7]. O

Theorem 3.3 shows that when the cost associated with an absten-
tion is small, Evidential Halving can obtain better performance (up to
logarithmic terms) than any non-cautious LEA algorithm. In partic-
ular, if « — 0, setting 5 = 1, would provide an algorithm that never
makes an error (as Algorithm 5 would make a prediction only when
all experts agree which, under realizability, ensures that the predic-
tion must be correct) but can abstain up to || — 1 times: hence, this
setting makes Evidential Halving equivalent to a cautious version of
the classical Consistent algorithm [46].

Evidential Weighted Majority Similarly to the case of Eviden-
tial Halving, Evidential Weighted Majority, described in Algorithm
6, can be understood as a fully evidential generalization of Weighted
Majority. Similarly to Weighted Majority, Algorithm 6 initially as-
sumes no knowledge about the optimal expert, as represented by
the vacuous mass function m'. However, Algorithm 6 differs from
Weighted Majority in two main points: 1) at each step ¢, the current
evidence is not approximated by means of a possibility distribution,
but is represented as a full (unnormalized) mass function w?; 2) pre-
dictions are not made by sampling from a probability distribution
over experts, but rather by directly sampling from the mass function
representing the current evidence m'. Hence, Algorithm 6 directly
defines a cautious predictor by allowing to sample sets of experts
that disagree on the predictions associated with the given labels. We
provide an analysis of the behavior of Algorithm 6 in Theorem 3.4.

Algorithm 6 Evidential reasoning protocol for the Evidential
Weighted Majority algorithm

Foreach h € H, setw'(H) =1

Setn € (0.02,1n(2)]

fort € {1,...,T} do
Receive z .
Select) # H C H randomly according to m'(H) = lfuffi(é)
Predict y' := H(z)
Receive y
Penalize learner based on I(y, y')
s=e " A=H
Construct m?(A) :=< 1 —s A={heH:h(z)=1y}
0 otherwise
w' = wt NmY
end for

Theorem 3.4. Assume that l(y,y’) € [0,1] foranyy € Y,y C Y
and, furthermore 1(y, {0,1}) < l(y,y') whenever y' # {y}. Then,
Algorithm 6, with € (0.2,1n(2)], satisfies the regret bound:

T
Zmlyt, )y —

where 1(yi, H) = ((yt, A(zt)))acn. For H sufficiently large,
the above bound is smaller than the regret obtained by any
(non-cautious) LEA algorithm achieving a bound of the form
C /T log |H|. In particular, this holds for Weighted Majority.

T+1

manvh<§<71_en+n> €))

2n

Proof. See Appendix [7]. O

Theorem 3.4 shows two remarkable properties of Algorithm 6.
First, the proven regret bound has no dependence on the size of the
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expert set H: this is in stark contrast with the standard LEA frame-
work, where the best known regret bounds show a logarithmic depen-
dence of the form 4/log |#|. In particular, this allows Algorithm 6 to
enjoy small regret bounds even for very large (actually, even infinite)
experts sets, while the same is not known to be achievable by any
non-cautious LEA algorithm. Thus, Theorem 3.4 provides a stronger
result than those previously known in the literature [15], showing that
cautious prediction algorithms can potentially obtain better perfor-
mance than non-cautious ones. In general, however, neither Weighted
Majority nor Evidential Weighted Majority is uniformly better than
the other: for example, when # is small compared to e”, Weighted
Majority can provide better performance than Evidential Weighted
Majority. However, Evidential Weighted Majority offers another ad-
vantage in comparison with other non-cautious LEA algorithms. In-
deed, while these latter typically require a learning rate 7 which van-
ishes with the time horizon T (i.e., limr_,oc n = 0), this is not the
case for Algorithm 6 (as Theorem 3.4 requires 7 > 0.02). To under-
stand why this can be advantageous, it is easy to see from Algorithm
4, that smaller learning rates 7 will have the effect of slowing down
the accumulation of evidence, as m¥ () ~ 1, thus making learning
in general harder. Indeed, it is important to note that the regret bounds
in Theorems 3.2 and 3.4 are worst-case bounds: while they can, in
principle, be enforced by an adversary, in practice one could expect to
see an algorithm obtaining better performance, especially if it is able
to quickly pinpoint the optimal experts in : the rate of this conver-
gence process depends on the learning rate, with larger values of n
leading to faster learning. In this sense, even though the worst-case
optimal setup of 7 in Algorithm 6 would be 7 ~ 0.02 (resulting in a
regret bound of approximately %, meaning that Evidential Weighted
Majority does not make more than % incorrect predictions than the
best expert), the increased flexibility resulting from the possibility to
select larger learning rates allows Evidential Weighted Majority to,
at the same time, enjoy a worst-case regret bound (indeed, the bound
in Theorem 3.4 is non-vacuous for any n < 0.5) while also speeding-
up practical learning. In contrast, such faster learning can be achieved
using Weighted Majority only at the price of losing any informative
worst-case regret bound. Finally, we note that the bound in Theo-
rem 3.4 is not as sharp as possible. Indeed, under the assumptions of
Theorem 3.4, a strictly sharper upper bound can easily be derived as:

T 1 e,,,] T T+1 T+1
- t t . t . t
5 ( o +77) ;(m,gHglCl%;vA gggt;%

<0
@)
where ¢* = v — I(y:, m"). We note that this bound provides
strictly better performance guarantees than the one provided above
and, in general, can also provide a negative regret bound (meaning
that the Algorithm 6 is better than any of the experts in /) when
the gap in performance between the experts h € H and the cautious
predictors A C H is large enough. Nonetheless, the bound given in
Theorem 3.4 is mathematically simpler, as it does not depend on any
non-constant quantity and, hence, can be used to evaluate the worst-
case performance of Evidential Weighted Majority a priori, before
observing any sequence of instances.

Computational Complexity We conclude our analysis with a dis-
cussion of the computational complexity of the analyzed algorithms.
To this aim, we assume that the expert set 7 is finite: while, in princi-
ple, certain algorithm can be implemented efficiently even for infinite
expert sets, the restriction to a finite a number of experts is common
in the LEA literature and simplifies the analysis. Under the finiteness

assumption it is easy to observe that Algorithms 3 and 5 can be triv-
ially implemented in time polynomial (actually, linear) in |H|, with
a time complexity of O(T'|H|). For the case of Algorithm 4, a simi-
lar result can be obtained by maintaining the contour function of m’
rather than the mass function itself. These results are summarized in
the following proposition.

Proposition 3.1. Algorithms 3, 4 and 5 can be implemented in time
complexity O(T|H)).

The preceding positive result, however, cannot be applied for Al-
gorithm 6. Indeed, at each step t, Algorithm 6 requires computing
the Dempster combination of two non-binary mass functions: in par-
ticular, m? is simple, while mt is separable, i.e. obtained as the
Dempster combination of simple mass functions [44]. Unfortunately,
in general and without any further assumption on H, this problem
is known to be #P-complete [42], even for simple mass functions
[43]. This shows that while Algorithm 6 can provide better guaran-
tees than any non-cautious LEA algorithm, in practice, its execution
can be computationally unfeasible. We provide, however, a case in
which Algorithm 6 can be executed in time polynomial in ||. More
general assumptions ensuring that Algorithm 6 is (fixed-parameter)
tractable can be derived from [43], Theorem 6.6.

Proposition 3.2. Let mY be defined as in Algorithm 6, and assume
that for each t € {1,..., T}, it holds that [{h € H : h(z) = y}| <
¢, where c is a constant. Then, Algorithm 6 can be executed in time
polynomial® in |H).

Proof. Under the assumptions of the result, the result directly fol-
lows from [43], Prop. 3.2. O

4 Discussion and Interpretation

In the Introduction, we motivated our study of evidence theory as
a conceptual foundation for LEA; in this section, we examine this
aspect in greater detail. First of all, we describe more in detail how
the evidence-theoretical interpretation of uncertainty connects with
the algorithms studied. In particular the notion of uncertainty in BFT
is reflected in the following aspects: 1) updating in LEA algorithms
can be naturally interpreted as a combination of evidence, reveal-
ing how a purely algorithmic operation can be re-interpreted through
an evidence-theoretic lens; 2) states in LEA algorithms can be rep-
resented as mass functions, wherein different structural constraints
yield different algorithms; 3) predictions can be interpreted as the
result of an evidence-theoretic decision-making process, involving
either the approximation of the available evidence into a probability
distribution, aligning with the decision theories proposed in [48] and
[14], or the selection of a set of experts, which relates more closely
to the random set semantics of BFT [40].

We then focus on the studied algorithms. We begin our anal-
ysis with the Halving algorithm: as shown by Theorem 3.1, the
evidence-theoretic perspective clarifies how the Halving algorithm
can be understood as a Bayesian approach. Specifically, the algo-
rithm assumes a uniform prior over the set of experts H, which is
then updated via conditioning. Notably, the Halving algorithm cor-
responds to the Bayes-optimal prediction rule under the assumptions
of realizability and a uniform prior. This Bayesian interpretation also

5 Note, however, that the time complexity can have exponential dependency
on ¢, so in general Algorithm 6 is only fixed-parameter tractable.
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suggests that variants of the algorithm could be defined by modi-
fying the initial prior over the experts. In this sense, the evidence-
theoretic perspective provides a useful link between the Halving al-
gorithm and developments in structural risk minimization [50] and
minimum description length (MDL)-inspired machine learning [29].
Although such algorithms are necessarily sub-optimal in adversarial
settings—since their worst-case regret bounds cannot improve upon
O(log |H|)—they may yield better performance in non-adversarial
scenarios. A detailed analysis of these variants is left for future work.

A Bayesian interpretation has also been proposed for the Weighted
Majority algorithm [27]. By analogy with the AdaBoost algorithm, it
has been shown that, under certain assumptions, Weighted Majority
can be interpreted as a Bayes-optimal learner. However, this inter-
pretation has two limitations in the context of adversarial LEA. First,
it assumes that the predictions made by the learner (and the experts)
at different time steps are independent. In practice, this assumption
often fails, as both the learner and the adversary may adapt to each
other’s behavior over time. Second, the Bayesian interpretation only
establishes an equivalence with the Bayes-optimal predictor at the fi-
nal time step. It does not provide a justification for the specific update
rule employed by the algorithm. Theorem 3.2 offers a clearer inter-
pretation, suggesting that Weighted Majority is better understood as
a possibilistic, rather than probabilistic, algorithm. Indeed, our re-
sults show that experts’ weights can be interpreted as a possibility
distribution, updated iteratively via Dempster’s rule of combination
with a simple mass function that discounts evidence attributed to un-
reliable experts (i.e., those who made incorrect predictions). Theo-
rem 3.2 further shows that, under the independence assumption of
[27]—which holds, for example, in batch or stochastic, non-adaptive
settings—a possibilistic approximation of evidential reasoning re-
sults in a Bayes-optimal decision rule. More generally, this evidence-
theoretic analysis also sheds light on the optimization-based view
of the same algorithm. In this sense, while the use of exponential
weights in the algorithm is known to correspond to mirror descent
with an exponential loss function [31], this perspective does not
clearly justify the choice of this loss. Our analysis shows that these
mirror updates emerge naturally as evidence combination in BFT.
In this light, our contribution parallels the Bayesian interpretation
of batch machine learning: in the latter case, natural loss functions
arise from specific priors on model parameters, with regularized risk
minimization corresponding to MAP inference (e.g., ridge regression
from a normal prior). Analogously, mirror descent (with exponential
discounting) in online learning can be seen as resulting from a vac-
uous prior updated through a possibilistic revision of evidence using
unnormalized Dempster’s rule. This connection also suggests a prin-
cipled way to design algorithm variants by modifying either the ini-
tial prior (e.g., using a non-vacuous mass function) or the form of the
update mechanism (e.g., likelihood- based discounting, as recently
proposed in the context of uncertainty quantification [34]), which,
in turn, may uncover deeper links with mirror descent. We plan to
explore these connections in future work.

The evidence-theoretic perspective also clarifies how classical al-
gorithms can be naturally interpreted as special or approximated
cases of a more general, fully evidential approach to online learn-
ing, as exemplified by Algorithms 5 and 6. In both cases, while the
update mechanisms mirror those of the corresponding classical algo-
rithms, the evidential variants adopt an evidential representation of
uncertainty through vacuous mass functions, rather than probabilis-
tic (uniform distributions) or possibilistic (vacuous possibility distri-
butions) approximations. In the case of Evidential Halving, the fully
evidential version modifies the classical Halving algorithm by not

discarding the entire mass associated with the minority prediction.
Instead, this mass is reallocated to an abstention decision. This mod-
ification helps avoid scenarios in which a prediction y is made over
1 — y even when the evidence masses for both are similar. In such
situations, Evidential Halving abstains from predicting, thereby re-
ducing regret. In the most extreme case, as previously discussed, this
approach leads to an algorithm that never makes errors. Notably, this
result demonstrates that Evidential Halving (with 8 = 1) qualifies as
a KWIK (Knows-What-It-Knows) algorithm [36]°.

Similarly, Evidential Weighted Majority extends the classical al-
gorithm by maintaining a full mass function over experts, rather than
resorting to a possibilistic approximation. This fully evidential rea-
soning framework naturally enables the learner to abstain from mak-
ing predictions by allowing it to sample sets of experts larger than
singletons. In this sense, Evidential Weighted Majority can be inter-
preted as a strict generalization of Weighted Majority, in the sense
that it assigns evidence mass in a more general way: this result in
increased flexibility (as shown by the fact that in some cases Eviden-
tial Weighted Majority can also achieve negative regret with respect
to the best expert) but, at the same time, in increased computational
costs, as the algorithm generally requires both time and space on the
order of O(2%). In both cases—Evidential Halving and Evidential
Weighted Majority—further algorithmic variants may be developed
by modifying the initial assignment of evidence (e.g., to use a non-
vacuous mass function) or the update mechanism (e.g., to use a non-
simple mass function). We leave this development for future work.

5 Conclusion

In this article, we examined the application of evidence theory to
the domain of online (machine) learning, and in particular, demon-
strated how it can be used to formalize the learning from expert ad-
vice (LEA) problem. To this end, we made two main contributions.
First, we showed that two classical LEA algorithms can be derived
as special cases of evidence theory, where evidence is approximated
using, respectively, probability and possibility distributions. Second,
we introduced two novel, fully evidential LEA algorithms and an-
alyzed their theoretical properties. We believe these results lay the
groundwork for further investigations into the relationship between
evidence theory and online learning. In particular, we consider the
following research directions to be especially promising: 1) While
this article focused on specific algorithms, future work should ex-
plore the general strengths and limitations of the evidence-theoretic
approach, including learning-theoretic lower bounds. 2) Our study
highlighted significant differences between approximate inference
and fully evidential methods. Further research is warranted to deepen
the understanding of how various uncertainty representation frame-
works interact with online learning. 3) This work was limited to fi-
nite expert sets; extending the approach to other settings—such as
the widely studied convex online learning framework [30]—remains
an important direction for future research. 4) Finally, in this work
we focused on settings where all available information, including the
advice of the experts, are precise: that is, they are complete and not
affected by noise. Evidence theory, and related formalisms, have also
been used to model weakly supervised learning tasks in the batch set-
ting [5, 33, 39]: the extension of weakly supervised learning to online
learning, using tools from evidence theory, represents an interesting
avenue for future work.

6 In this case, Evidential Halving achieves the same regret bound as the Enu-
meration algorithm introduced in the KWIK literature.
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