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Abstract
We propose formulas for the large N expansion of the generating function of con-
nected correlators of the β-deformed Gaussian and Wishart–Laguerre matrix models.
We show that our proposal satisfies the known transformation properties under the
exchange of β with 1/β and, using Virasoro constraints, we derive a recursion for-
mula for the coefficients of the expansion. In the undeformed limit β = 1, these
coefficients are integers and they have the combinatorial interpretation of generalized
Catalan numbers. For generic β, we define the higher genus Catalan polynomials
Cg,ν(β) whose coefficients are integer numbers.
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1 Introduction

It is by now a well-known fact that the generating functions of connected correlators
of matrix models often admit a topological expansion [1] which contains informa-
tion about some enumerative geometric problems, such as map enumeration, Hurwitz
theory, intersection theory on moduli spaces and Gromov–Witten theory [2–5].

On the other hand, matrix models satisfy Virasoro (or W-algebra) constraints
associated to reparametrization invariance of the integrals under certain infinitesi-
mal deformations [5]. Such constraints arise as Ward identities for the correlations
functions and can be recast in the form of linear differential equations for the formal
generating function of all correlation functions. The generating function of connected
correlators of the matrix model, being the logarithm of the generating function of all
correlators, satisfies a related set of non-linear equations which follow directly from
Virasoro constraints.

In this article, we will be studying the interplay between these two aspects of the
theory of random matrix models; namely, we will be interested in exploiting Virasoro
constraints to derive the topological expansion of the generating function of connected
correlators. By a slight abuse of notation, we will refer to this generating function as
the time-dependent free energy which is a formal power series in higher times.

More specifically, we consider β-deformed ensembles of random Hermitian matri-
ces with polynomial potentials,

Z(N , β, λ,u) = 1

N !
∫ N∏

i=1

dxi
∏
i< j

|xi − x j |2βe−∑N
i=1 V (xi )+ 1

N

∑∞
k=1 uk

∑N
i=1 x

k
i (1.1)

where V (x) = N
mλ

xm and β is an arbitrary complex deformation parameter which
allows to interpolate between the various types of standard ensembles such as orthogo-
nal (β = 1/2), unitary (β = 1) and symplectic (β = 2) [7–9]. This generating function
provides an highest weight representation of theVirasoro algebrawhose generators are
represented by differential operators in the higher times variables u = {u1, u2, . . . },
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such that (1.1) is annihilated by a parabolic subalgebra,

(
N 2

λ

∂

∂un+m
− Ln

)
Z(N , β, λ,u) = 0 , n ≥ 1 − m (1.2)

for certain operators Ln defined as in (3.2). In the case of m = 1, 2, the constraints
admit a unique solution which can be recast either in the form of exponentials of W-
operators [10, 11] or in the form of superintegrability formulas for Jack polynomials
[11–14].

We restrict ourselves to considering these two cases, which correspond to the Gaus-
sian β-ensemble (GβE) for m = 2 and the Wishart–Laguerre β-ensemble (WLβE)
for m = 1. In order to derive the topological expansion of the time-dependent free
energy, we make use of the following key ingredients:

• nonlinear Virasoro constraints for the generating function

F(N , β, λ,u) := log
Z(N , β, λ,u)

Z(N , β, λ, 0)
;

• superintegrability formulas for the average of characters [12], i.e., the property of
some matrix models that

〈Jackλ〉 ∼ Jackλ ;
• symmetries of the constraint equations under the involution that sends β to 1/β.

Combining these properties of the matrix model, we are led to the following ansatz
for the time-dependent free energy,

F(N , β, λ,u) =
∞∑

�=1

∑
g∈ 1

2N

N 2−2g−2�β1−�−2g

�!
∞∑

k1,...,k�=1

(βλ)
∑�

j=1
k j
m

×
∑

i1+i2=2g

(−β)i1C (i1,i2)
g,[k1,...,k�]

�∏
j=1

uk j (1.3)

where the sum over half-integers g is interpreted as a genus expansion. Correspond-
ingly, the coefficients C (i1,i2)

g,[k1,...,k�] take the role of enumerative invariants associated to
the β-deformed model. By analogy with the undeformed case, we define the sum

Cg,[k1,...,k�](β) :=
∑

i1+i2=2g

(−β)i1C (i1,i2)
g,[k1,...,k�] (1.4)

to be the Catalan polynomial of genus g associated to the tuple [k1, . . . , k�]. Plugging
the ansatz into the Virasoro constraint equations gives a set of (cut-and-join) recursion
relations for the polynomials Cg,[k1,...,k�](β) which can be solved uniquely. Remark-

ably, the coefficientsC (i1,i2)
g,[k1,...,k�] are all integer numbers and they provide a refinement

of the ordinary higher genus Catalan numbers described in [15, 16].
The organization of the article is as follows.
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• In Sects. 2 to 7 we give the definition of the generating function of (connected)
correlators of the GβE as a function of higher times, the rank N , the coupling λ and
the deformation parameter β. We derive the Virasoro constraints satisfied by the
time-dependent free energy, and we observe the symmetry of these objects under
the involution that exchanges β and 1/β. Making use of these properties, we then
derive an ansatz for the 1/N expansion of the time-dependent free energy, and we
identify the coefficients Cg,ν(β) as β-deformations of the higher genus Catalan
numbers that appear in the topological expansion of the ordinary Gaussian matrix
model. We show that the β-dependence of the Catalan polynomials Cg,ν(β) can
be reabsorbed into Schur polynomials of two variables sλ(1,−β) and this leads
to the definition of a secondary set of integer invariants, the nν,λ. A cut-and-join
recursion formula for the Catalan polynomials is then obtained from Virasoro
constraints and the undeformed limit β → 1 is discussed.

• In Sect. 8 we repeat the analysis for the case of linear potential, i.e., the WLβE
matrix model, and we obtain similar formulas for the genus expansion and the
recursion relations.

• In Sect. 9 we comment on our results and identify some of the open questions that
deserve further investigation.

Finally, in Appendix A we collect some useful facts about Schur polynomials in two
variables, in Appendix B we provide a formula to relate the Catalan polynomials of
the GβE to the marginal b-polynomials that appear in the b-conjectures of Goulden
and Jackson, and in Appendix C we tabulate some of the polynomials Cg,ν(β) and
integer invariants nν,λ obtained by solving the recursion up to finite order in the genus
and in higher times.

2 Theˇ-deformed Gaussian ensemble

Recall that the classical Gaussian unitary ensemble (GUE) is defined by the matrix
integral ∫

N×N
dM e− N

2λTrM
2

(2.1)

where the integration is over the space of Hermitian N×N matrices and the parameter
N is the rank. Here we consider a quadratic potential with coupling constant λ such
that 	(λ) > 0.

The measure and the potential are invariant under the adjoint action of the group
U (N ); therefore, it is possible to rewrite this matrix integral as an integral over eigen-
values xi as

1

N !
∫
RN

N∏
i=1

dxi
∏
i< j

|xi − x j |2 e− N
2λ

∑
i x

2
i (2.2)

where
∏

i< j (xi −x j ) is theVandermonde determinant. The β-deformation of theGUE
is defined as a 1-parameter deformation of the eigenvalue integral by substituting the
Vandermonde determinant with its β power. This is a very natural and well-studied
deformation which is known to have a matrix integral representation via tridiagonal
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matrices as shown in [17]. We refer to this matrix model as the Gaussian β-deformed
ensemble.

The generating function of all polynomial expectation values is defined by the
formal power series in higher times u = {u1, u2, . . . } as

Z(N , β, λ,u) := 1

N !
∫
RN

N∏
i=1

dxi
∏
i< j

|xi − x j |2β e− N
2λ

∑
i x

2
i + 1

N

∑∞
k=1 uk

∑
i x

k
i (2.3)

This is themainobject thatwewill study in the following. Its logarithm is the generating
function of all connected correlation functions and is known as the time-dependent
free energy of the matrix model. We denote this function as

F(N , β, λ,u) := log
Z(N , β, λ,u)

Z(N , β, λ, 0)
(2.4)

where we normalized the time-dependent free energy so that F(N , β, λ, 0) = 0.
It is a well-known fact that the time-dependent free energy of a matrix model

admits a simultaneous expansion in the parameter N and higher times uk which can
be interpreted as a genus expansion, i.e., a sumover contributions coming fromsurfaces
of arbitrary genus g and punctures. In Sect. 5 we show that a similar expansion also
exists after the β-deformation.

We conclude this section by observing that the dependence on the coupling param-
eter λ is quite simple, and it can be easily reabsorbed via a rescaling of times, as we
show in the following lemma.

Lemma 2.1 The function F(N , β, λ,u) satisfies the following homogeneity equation

F(N , β, λ,u) = λ
Du
2 F(N , β, 1,u) (2.5)

with the dilation operator defined as

Du =
∑
k≥1

kuk
∂

∂uk
. (2.6)

Proof This follows from the change of variables xi = λ
1
2 yi in the integral (2.2). 
�

3 Virasoro constraints

The generating function of a matrix model satisfies an infinite set of differential equa-
tions known as Virasoro constraints [6] which encode all the linear relations among the
correlation functions. These constraints are a consequence of invariance of the integral
under infinitesimal reparametrizations generated by the vector fields

∑
i x

n+1
i

∂
∂xi

for
n ∈ Z which provide a representation of the Virasoro algebra.
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In the case of the β-ensemble in (2.3), the constraints can be written explicitly as

(
N 2

λ

∂

∂un+2
− Ln

)
Z(N , β, λ,u) = 0 , n ≥ −1 (3.1)

with the Virasoro generators Ln defined as

Ln>0 = 2βN 2 ∂

∂un
+ βN 2

∑
i+ j=n

∂2

∂ui∂u j
+ (1 − β)N (n + 1)

∂

∂un
+

∑
k>0

kuk
∂

∂uk+n

L0 = βN 2 + (1 − β)N +
∑
k>0

kuk
∂

∂uk

L−1 = u1 +
∑
k>0

kuk
∂

∂uk−1
,

(3.2)
While these constraints are linear for the function Z(N , β, λ,u), they are nonlinear
and non-homogeneous for F(N , β, λ,u); in fact, we have

(N 2

λ

∂

∂un+2
−

(
2βN 2 + (1 − β)N (n + 1)

) ∂

∂un
− βN 2

∑
i+ j=n

∂2

∂ui∂u j

−
∑
k>0

kuk
∂

∂uk+n

)
F(N , β, λ,u)

−βN 2
∑

i+ j=n

∂F(N , β, λ,u)

∂ui

∂F(N , β, λ,u)

∂u j

=
(
βN 2 + (1 − β)N

)
δn,0 + u1δn,−1 (3.3)

Later, we will use these equations to derive a recursion relation for the coefficients of
the series expansion of F(N , β, λ,u).

Remark 3.1 The rank N of a matrix model, even β-deformed, is by definition the
number of eigenvalues (integration variables) and therefore it is a positive integer
number. We remark, however, that the Virasoro constraint Eq. (3.3) make sense not
just for positive integer rank but can be analytically continued to arbitrary complex
values. The corresponding solutionswill then interpolate between actualmatrixmodels
andmore general functions that can be interpreted as analytic continuations away from
integer rank N . From now on, we will therefore assume that N is just another complex
variable on which the coefficients of the generating function F(N , β, λ,u) depend
analytically.
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4 Symmetries of the GˇE

Before discussing the dependence of F(N , β, λ,u) on the parameter N as a power
series, we pause to observe that the β-ensemble has a non-trivial symmetry under the
exchange of β and β−1, [17]. This is not a symmetry which is manifest at the level
of the integral representation of the model, and in fact, it is better understood as a
non-perturbative duality known as Langlands duality [17]. Namely, one notices that
the Virasoro constraints (3.1) are invariant under the duality transformation

β �→ 1/β, (4.1)

together with the rescalings

N �→ −βN , uk �→ uk, λ �→ β2λ (4.2)

Since the solution of the constraints is unique (up to normalization), it must follow that
the (normalized) generating function is invariant under this symmetry. This produces
the identity

F(−βN , β−1, β2λ,u) = F(N , β, λ,u) (4.3)

for the time-dependent free energy. We will use this identity to constrain the form of
F(N , β, λ,u) as a power series in N .

In addition to the inversion symmetry of β, the GβE just like the GUE is symmetric
under the transformation xi �→ −xi . Then it iswell-known that there is a corresponding
Ward identity that sets all odd correlation functions to zero, namely

∂

∂uk1
. . .

∂

∂ukn
Z(N , β, λ,u) = 0 (4.4)

when k1 + · · · + kn is odd. Correspondingly, F(N , β, λ,u) must be a formal power
series in times such that eachmonomial is evenw.r.t. the degree induced by the dilation
operator Du in (2.6).

5 Large N behavior and genus expansion

The Virasoro constraints of the GβE induce a recursion for the correlation functions,
and this recursion is known to have a unique solution [18] up to normalization. Using
the superintegrability formula for averages of Jack polynomials [10, 12, 13, 17],

〈JackPμ(x1, . . . , xN )〉GβE

〈1〉GβE
= JackPμ(pk = N )JackPμ

(
pk = (

βλ
N )

k
2 δk,2

)
JackPμ

(
pk = δk,1

) (5.1)

123
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together with Cauchy’s identity for Jack polynomials

exp
(
β

∑
k≥1

pktk
k

)
=

∑
μ

JackPμ(pk)JackQμ(tk) (5.2)

we can rewrite the generating function as follows

Z(N , β, λ,u)

Z(N , β, λ, 0)
=

∑
μ

JackPμ(pk = N )JackPμ(pk = δk,2)

JackPμ(pk = δk,1)
JackQμ

(
pk = (

βλ
N )

k
2
kuk
βN

)

(5.3)
This implies that Z(N , β, λ,u) admits a Taylor series expansion in N around ∞ and,
after taking the logarithm, the same is also true of F(N , β, λ,u), so that we can write
the series expansion

F(N , β, λ,u) =
∞∑
s=0

N−s Fs(β, λ,u) . (5.4)

The Virasoro constraints for the coefficients Fs(β, λ,u) read

(
λ−1 ∂

∂un+2
− 2β

∂

∂un
− β

∑
n1+n2=n

∂2

∂un1∂un2

)
Fs(β, λ,u)

= (1 − β)(n + 1)
∂

∂un
Fs−1(β, λ,u) +

∑
k>0

kuk
∂

∂uk+n
Fs−2(β, λ,u)

+β
∑

n1+n2=n
s1+s2=s

∂Fs1(β, λ,u)

∂un1

∂Fs2(β, λ,u)

∂un2

+βδn,0δs,0 + (1 − β)δn,0δs,1 + u1δn,−1δs,2 (5.5)

Let us assume we know the functions F0(β, λ,u), . . . , Fs−1(β, λ,u) and we want
to solve the constraints with respect to Fs(β, λ,u). Then (5.5) gives the following

(
λ−1 ∂

∂un+2
− 2β

∂

∂un
− β

∑
n1+n2=n

∂2

∂un1∂un2
− 2β

∑
n1+n2=n

∂F0(β, λ,u)

∂un1

∂

∂un2

)

Fs(β, λ,u)

= Bs,n(β, λ,u) (5.6)

123
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where Bs,n(β, λ,u) is given by

Bs,n(β, λ,u) := (1 − β)(n + 1)
∂Fs−1(β, λ,u)

∂un

+
∑
k>0

kuk
∂Fs−2(β, λ,u)

∂uk+n
+ β

n−1∑
a=1

s−1∑
j=1

∂Fj (β, λ,u)

∂ua

∂Fs− j (β, λ,u)

∂un−a

+βδn,0δs,0 + (1 − β)δn,0δs,1 + u1δn,−1δs,2 (5.7)

Observe that (5.6) as an equation for Fs(β, λ,u) is now non-homogeneous but linear
(for s > 0). This fact nowallows us to solve theVirasoro constraints in a fashion similar
to that of [20] in the case of matrix models with boundaries. A formal solution can be
derived as follows. We multiply (5.6) by (n + 2)un+2 and sum over n = −1, 0, . . . ,
to get (

Du − (βλ)W
)
Fs(β, λ,u) = λ

∞∑
n=1

nun Bs,n−2(β, λ,u) (5.8)

with

W := 2
∞∑
n=1

(n + 2)un+2
∂

∂un
+

∞∑
n1,n2=1

(n1 + n2 + 2)un1+n2+2

×
(

∂2

∂un1∂un2
+ 2

∂F0(β, λ,u)

∂un1

∂

∂un2

)
(5.9)

and Du is the dilation operator in (2.6). Since both Fs(β, λ,u) and the function in the
r.h.s. have no constant terms in u, we can invert the operator Du to get

Fs(β, λ,u) =
∞∑
k=0

(βλ)k(D−1
u W )kλD−1

u

∞∑
n=1

nun Bs,n−2(β, λ,u) (5.10)

With enough computational power, this formula allows to derive recursively all the
functions Fs(β, λ,u) by repeatedly applying the operatorsW and D−1

u . Unfortunately,
we do not know how to use (5.10) to give a closed formula for the solution of the
constraints. In the next sections, however, we will make use of this formal expression
to argue some properties about the polynomial dependence on the times u. In fact,
equation (5.10) is instrumental in the proof of proposition 5.1.
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5.1 Order zero

The order-zero term F0(β, λ,u) can be easily computed by solving Virasoro con-
straints in that limit. The constraints (5.5) for s = 0 yield the relations

(
(βλ)−1 ∂

∂un+2
− 2

∂

∂un
−

∑
n1+n2=n

∂2

∂un1∂un2

)
F0(β, λ,u)

=
∑

n1+n2=n

∂F0(β, λ,u)

∂un1

∂F0(β, λ,u)

∂un2
+ δn,0 (5.11)

In order to solve this equation, we first come up with an ansatz for the function
F0(β, λ,u) and we plug it in the constraint. If we can fix the parameters of the ansatz
so that the constraints are satisfied, then it must follow that the ansatz is correct, since
we know that the solution is unique. Let us consider the ansatz

F0(β, λ,u) =
∞∑
k=1

(βλ)
k
2 F0,[k](β) uk (5.12)

with F0,[k](β) some coefficients to be determined. From the Virasoro constraints, we
get the recursion relation

F0,[n+2](β) = 2F0,[n](β) +
∑

n1+n2=n

F0,[n1](β)F0,[n2](β) + δn,0 (5.13)

which admits the unique solution

F0,[k](β) = (1 + (−1)k)

2

1

k/2 + 1

(
k

k/2

)
(5.14)

for k ≥ 1. We then have that, at order zero, the coefficients F0,[k](β) are constant that
do not depend on the deformation parameter β.

Observe that naively it would appear that F0(β, λ,u) is not polynomial inβ because

of the fractional power in the term (βλ)
k
2 . However, by explicitly solving the recursion

(5.13), we obtain that F0,[k](β) = 0 if k is odd, so that F0(u) is indeed polynomial in β

(at each order in the expansion in times u). It then follows that the numbers F0,[2k](β)

coincide with the ordinary Catalan numbers.

123
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5.2 Order one

The order-one term F1(β, λ,u) satisfies the constraints

(
λ−1 ∂

∂un+2
− 2β

∂

∂un
− β

∑
n1+n2=n

∂2

∂un1∂un2
− 2β

∑
n1+n2=n

∂F0(β, λ,u)

∂un1

∂

∂un2

)

F1(β, λ,u)

= (1 − β)(n + 1)
∂

∂un
F0(β, λ,u) + (1 − β)δn,0 (5.15)

which also involve the order-zero function F0(β, λ,u). In this case we consider the
following ansatz

F1(β, λ,u) = β−1
∞∑
k=1

(βλ)
k
2 F1,[k](β) uk (5.16)

with F1,[k](β) some polynomial function of β. Then from the Virasoro constraints,
we get the recursion relation

F1,[n+2](β) = 2F1,[n](β) + (1 − β)(n + 1)F0,[n](β)

+ 2
∑

n1+n2=n

F0,[n1](β)F1,[n2](β) + (1 − β)δn,0 (5.17)

which admits the unique solution

F1,[k](β) = (1 − β)
(1 + (−1)k)

2

(
2k−1 −

(
k − 1

k/2

))
(5.18)

for k ≥ 1. As in the previous case, the ansatz allows to solve the recursion uniquely,
and therefore, it is the correct formula for the function F1(β, λ,u).

It would appear at this point that Fs(β, λ,u) is always a polynomial of degree 1 in
the times (w.r.t. the grading operator

∑
k≥1 uk

∂
∂uk

); however, this is not true for s ≥ 2,
as we will show in the next section.

5.3 Higher orders

Next, we want to compute all higher-order terms in the 1/N expansion. While the
constraint equations for the leading order are self-contained and can be solved inde-
pendently of other orders, the constraints for higher-order functions Fs(β, λ,u) do
depend explicitly on lower orders as well. Nevertheless, we would like to use the same
strategy to solve the constraints at all orders. Namely, we come up with an ansatz for
the full time-dependent free energy, and we use the constraints to fix the coefficients.
If a solution exists, then it must follow that the ansatz gives the correct answer for
F(N , β, λ,u). Moreover, the Virasoro constraints will give a recursive definition of
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the coefficients. By analogy with the order-zero case, we name these coefficients β-
deformed generalized Catalan numbers. This is in fact compatible with the definition
of (undeformed) generalized Catalan numbers of [15, 16] when β = 1.

Wefirstwant tofix the polynomial dependence on times of the functions Fs(β, λ,u).
Making use of the formal solution (5.10), we obtain the following.

Proposition 5.1 The function Fs(β, λ,u) is polynomial in the time variables u of
degree at most 
s/2� + 1 w.r.t. the grading operator

∑
k>0 uk

∂
∂uk

.

Proof The proposition can be proven by induction on s. The functions F0(β, λ,u) and
F1(β, λ,u) are both of degree 1 in times as shown in the previous sections; hence,
they satisfy the statement of the proposition. For s ≥ 2, we assume that Fr (β, λ,u)

is of degree at most 
r/2� + 1 for 0 ≤ r < s; then, from (5.7) one observes that the
function ∞∑

n=1

nun Bs,n−2(β, λ,u) (5.19)

is of degree at most 
s/2� + 1. 1 Since the operator Du is degree 0 and W is the sum
of a degree 0 and a degree -1 operator, it follows from (5.10) that Fs(β, λ,u) is a
polynomial of degree at most 
s/2� + 1. 
�

Next, we want to fix the λ and β dependence. The former is dictated by the homo-
geneity property in lemma 2.1, while the latter follows from the fact that Fs(β, λ,u)

is polynomial in β at every order in times. We can then write an explicit formula for
Fs(β, λ,u),

Fs(β, λ,u) =

s/2�+1∑

�=1

βm(s,�)

�!
∞∑

k1,...,k�=1

(βλ)
k1+···+k�

2 Fs,[k1,...,k�](β)

�∏
j=1

uk j (5.20)

where the coefficients Fs,[k1,...,k�](β) and the exponentm(s, �) are yet to be determined
(via the constraints). Our analysis now indicates that the coefficients Fs,[k1,...,k�](β)

are polynomial functions of β. Moreover, the exponent m(s, �) is an integer-valued
function of s, � such that m(s, �) ≥ 0 if Fs,[k1,...,k�](β) �= 02.

At this point of our derivation, we would like to find a concrete formula form(s, �).
As this is not fully specified by just polynomiality or symmetry arguments, we propose
the following ansatz.

Ansatz 5.1 The integer function m(s, �) is given by

m(s, �) = � − s − 1 (5.21)

A proof that this ansatz is indeed the correct choice for the function m(s, �) will
follow from the recursion relations that theVirasoro constraint impose on the functions
Fs,[k1,...,k�](β).

1 To see this, we need to use the inequality 
i/2�+
 j/2� ≤ 
s/2� for all 0 < i, j < s such that i + j = s.
2 This positivity constraint on m(s, �) follows from the requirement that Fs (β, λ, u) must be polynomial
in β.
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Let us make sure that our formulas satisfy the symmetry discussed in Sect. 4. In
the new variables, the symmetry acts trivially on the times u, while it transforms the
coupling as

λ �→ β2λ, (5.22)

so that from (4.3) it must follow that

Fs(β
−1, β2λ,u) = (−β)s Fs(β, λ,u) (5.23)

This can be checked explicitly for s = 0, 1 from (5.12) and (5.16). More generally,
we get the non-trivial relation

Fs,[k1,...,k�](β−1) = (−β)2�−s−2Fs,[k1,...,k�](β) (5.24)

Let deg Fs,[k1,...,k�](β) denote the polynomial degree in β, then we can write

Fs,[k1,...,k�](β) =
deg Fs,[k1,...,k�](β)∑

i=0

(−β)i Fs,[k1,...,k�],i (5.25)

for some constant coefficients Fs,[k1,...,k�],i . Then the symmetry constraint (5.24)
implies the following:

deg Fs,[k1,...,k�](β) = 2 − 2� + s (5.26)

Fs,[k1,...,k�],2−2�+s−i = Fs,[k1,...,k�],i (5.27)

where the second equation can be equally stated as saying that Fs,[k1,...,k�](β) is a
palindromic polynomial in −β.

Remark 5.1 Observe that any polynomial P(x, y) = ∑r
i=0 Pi x

i yr−i such that the
coefficients are palindromic (i.e., Pr−i = Pi ), is symmetric in the exchange of x and
y, and therefore can be written as a linear combination of homogeneous degree-r
symmetric polynomials in two variables. The space of such symmetric functions has a
special linear basis consisting of Schur polynomials sλ(x, y) associated to partitions λ

with r boxes (see appendixA). If the coefficients Pi are integers, then the coefficients in
the expansion of P(x, y)over theSchur basis are also integer numbers. The polynomial
functions Fs,[k1,...,k�](β) canbe regarded as special cases of polynomials P(x, y)where
x = −β, y = 1 and r = 2 − 2� + s.

Lemma 5.1 If s is odd, the polynomial Fs,[k1,...,k�](β) has a zero at β = 1.

Proof Let us use the symbol ν to indicate the tuple [k1, . . . , k�]. If s is odd, we can
assume that there is an integer h such that 2− 2� + s = 2h + 1. Then we can use the
identity (5.27) to write
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Fs,ν(β) =
2h+1∑
i=0

(−β)i Fs,ν,i

=
h∑

i=0

(−β)i Fs,ν,i +
2h+1∑
i=h+1

(−β)i Fs,ν,i

=
h∑

i=0

(−β)i Fs,ν,i +
h∑

i=0

(−β)2h+1−i Fs,ν,2h+1−i

=
h∑

i=0

(−β)i Fs,ν,i

(
1 − β1+2(h−i)

)

= (1 − β)

h∑
i=0

(−β)i Fs,ν,i
1 − β1+2(h−i)

1 − β

(5.28)

where 1−β1+2(h−i)

1−β
= 1 + β + · · · + β2(h−i) is a polynomial for all i s.t. 0 ≤ i ≤ h. 
�

Putting everything together, we get the expansion

F(N , β, λ,u) =
∞∑
s=0

N−s

s/2�+1∑

�=1

β�−s−1

�!
∞∑

k1,...,k�=1

(βλ)
∑�

j=1
k j
2

2−2�+s∑
i=0

(−β)i Fs,[k1,...,k�],i
�∏

j=1

uk j (5.29)

5.4 Genus expansion

Recall that for any function f (s, �) we have the identity

∞∑
s=0

N−s

s/2�+1∑

�=1

f (s, �) =
∞∑

�=1

∑
g∈ 1

2N

N 2−2g−2� f (2g − 2 + 2�, �) (5.30)

which is just a reorganization of the sum on the left. Hence, we can rewrite the time-
dependent free energy as

F(N , β, λ,u) =
∞∑

�=1

∑
g∈ 1

2N

N 2−2g−2�β1−�−2g

�!
∞∑

k1,...,k�=1

(βλ)
∑�

j=1
k j
2

×
2g∑
i=0

(−β)i F2g−2+2�,[k1,...,k�],i
�∏

j=1

uk j (5.31)
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where, by analogy with the undeformed case, we regard the sum over the half-integer
g as the genus expansion of the time-dependent free energy.

Definition 5.1 Let ν be an integer partition.We define the genus-g Catalan polynomial
associated to ν as

Cg,ν(β) := F2g−2+2�(ν),ν(β) (5.32)

where �(ν) is the length of the partition and the polynomial in the r.h.s. is defined as
in eq. (5.20). Moreover, from (5.24) it follows that

Cg,ν(β
−1) = (−β)−2gCg,ν(β) (5.33)

and we can use this symmetry to write

Cg,ν(β) =
∑

i1+i2=2g

C (i1,i2)
g,ν (1)i1(−β)i2 (5.34)

with coefficients C (i1,i2)
g,ν symmetric in i1, i2.

In the next section, we will argue that Catalan polynomials satisfy the two crucial
properties:

• the coefficients of Cg,ν(β) are integers;
• the polynomials Cg,ν(β) evaluate to the generalized Catalan numbers of [15] at

β = 1.

Observe that the summation label g in (5.31) can now be interpreted as the genus of
some surface. Remarkably, the sum over g ranges over both integer and half-integer
(positive) numbers, which suggests that the combinatorial interpretation of the time-
dependent free energy is not as simple as in the undeformed case. Namely, the fact that
the genus is allowed to take half-integer values is an indication that what the GβE is
counting are not just orientable maps but more generally all locally orientable3 maps
as already recognized in works of Goulden and Jackson (see [23, 24]). We provide a
more in-depth discussion of the combinatorial interpretation of our results inAppendix
B.

In order to solve for the coefficients Cg,ν(β), we will now simplify the genus
expansion of the time-dependent free energy as much as possible. To this end, we
consider the change of time variables4

uk = βN 2(βλ)−
k
2 vk (5.35)

3 Observe that the genus of an orientable surface with Euler characteristic χ is defined as g = 1
2 (2 − χ)

where χ is always an even integer. For a non-orientable surface, however, the Euler number χ can be odd,
therefore 1

2 (2 − χ) can be half-integer.
4 Under the inversion symmetry β �→ 1/β, the new times v transform trivially, as the combinations of
parameters βN2 and βλ are both invariant.
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which leads to the following expression

F(N , β, λ, {uk = βN 2(βλ)−
k
2 vk})

=
∞∑

�=1

∑
g∈ 1

2N

(βN 2)1−gβ−g

�!
∞∑

k1,...,k�=1

Cg,[k1,...,k�](β)

�∏
j=1

vk j

= βN 2
∑
g∈ 1

2N

(βN )−2g
∑
ν �=∅

1

|Aut(ν)|Cg,ν(β) pν(v) , (5.36)

where pν(v) = ∏
k∈ν vk are power-sum polynomials in times v, and we used the

combinatorial identity

∞∑
�=1

1

�!
∞∑

k1,...,k�=1

f[k1,...,k�] =
∑
ν �=∅

1

|Aut(ν)| fν , (5.37)

with |Aut(ν)| = pν({ ∂
∂vk

})pν(v) being the order of the automorphism group of the
partition ν.

Let us define the function

G(z, β, v) := βz2F((βz)−1, β, λ, {uk = (βz2)−1(βλ)−
k
2 vk}) (5.38)

then we have that

G(z, β, v) =
∞∑
r=0

zrGr (β, v) =
∞∑
r=0

zr
∑
ν �=∅

1

|Aut(ν)|Cr/2,ν(β) pν(v) (5.39)

is the generating function of all Catalan polynomials, with z being the genus counting
variable. The Virasoro constraints for the function G(z, β, v) become

(
∂

∂vn+2
− (2 + z(1 − β)(n + 1))

∂

∂vn

−z2β
∑

n1+n2=n

∂2

∂vn1∂vn2
−

∑
k>0

kvk
∂

∂vk+n

)
G(z, β, v)

−
∑

n1+n2=n

∂G(z, β, v)
∂vn1

∂G(z, β, v)
∂vn2

= (1 + z(1 − β)) δn,0 + v1δn,−1,

(5.40)
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and expanding in powers of z, we get

( ∂

∂vn+2
− 2

∂

∂vn
−

∑
k>0

kvk
∂

∂vk+n

)
Gr (β, v) = (1 − β)(n + 1)

∂Gr−1(β, v)
∂vn

+β
∑

n1+n2=n

∂2Gr−2(β, v)
∂vn1∂vn2

+
∑

n1+n2=n

∑
r1+r2=r

∂Gr1(β, v)
∂vn1

∂Gr2(β, v)
∂vn2

+(δn,0 + v1δn,−1)δr ,0 + (1 − β)δn,0δr ,1 . (5.41)

Remark 5.2 Let us consider the case when β = − ε2
ε1
. Then, we can write

ε
2g
1 Cg,ν(−ε2/ε1) =

∑
i1+i2=2g

ε
i1
1 ε

i2
2 C

(i1,i2)
g,ν (5.42)

which is a homogeneous degree-2g symmetric polynomial in ε1, ε2, due to the property
(5.33). Since any such symmetric polynomial can be expressed as an integer linear
combination of Schur polynomials sλ(ε1, ε2) for |λ| = 2g (see appendix A), we can
rewrite (5.42) as

ε
2g
1 Cg,ν(−ε2/ε1) =

∑
λ�2g

nν,λsλ(ε1, ε2) , (5.43)

where nν,λ ∈ Z. Then we can define the generating function of all nν,λ as

n(ε1, ε2, v) := G(ε1,−ε2/ε1, v) (5.44)

or, equivalently, we can write G(z, β, v) = n(z,−βz, v). The constraints for the
function n(ε1, ε2, v) are

( ∂

∂vn+2
− (2 + (ε1 + ε2)(n + 1))

∂

∂vn
+ (ε1ε2)

∑
n1+n2=n

∂2

∂vn1∂vn2

−
∑
k>0

kvk
∂

∂vk+n

)
n(ε1, ε2, v)

−
∑

n1+n2=n

∂n(ε1, ε2, v)
∂vn1

∂n(ε1, ε2, v)
∂vn2

= (1 + (ε1 + ε2)) δn,0 + v1δn,−1

(5.45)

Observe that Schur functions of two variables vanish identically for �(λ) > 2;
therefore, the sum over λ collapses to a sum over partitions of the form λ = [h+d, d]
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for h, d ≥ 0. We then have

n(ε1, ε2, v) =
∑
ν �=∅

pν(v)
|Aut(ν)|

∞∑
r=0


r/2�∑
d=0

nν,[r−d,d]s[r−d,d](ε1, ε2)

=
∑
ν �=∅

pν(v)
|Aut(ν)|

∞∑
h=0

∞∑
d=0

nν,[h+d,d]s[h+d,d](ε1, ε2)

=
∑
ν �=∅

pν(v)
|Aut(ν)|

∑
i, j,d≥0

nν,[i+ j+d,d]εd+i
1 ε

d+ j
2

=
∑
ν �=∅

pν(v)
|Aut(ν)|

∑
a,b≥0

C (a,b)
a+b
2 ,ν

εa1 εb2

(5.46)

where we used the combinatorial identity

∞∑
r=0


r/2�∑
d=0

f (r , d) =
∞∑
h=0

∞∑
d=0

f (h + 2d, d) (5.47)

together with (A.4). The genus in the formula for n(ε1, ε2, v) is given by half of the
monomial degree in the εi ’s, i.e., the eigenvalue of the operator 1

2 (ε1
∂

∂ε1
+ ε2

∂
∂ε2

). We
have the relation of coefficients

C (i,2g−i)
g,ν =

min(i,2g−i)∑
d=0

nν,[2g−d,d] (5.48)

which suggests that the integers nν,λ might have a more fundamental role than the
coefficients of the Catalan polynomials Cg,ν(β). Moreover, explicit computations of
some of the nν,λ indicate that these coefficients are always positive integers, see Table
2. While this is strong evidence that these numbers are the solution to some count-
ing problem, we are not aware of possible combinatorial or enumerative geometric
interpretations of the integers nν,λ. It would be interesting to investigate this further.

6 Recursion formula

Having fixed the general form of the series expansion of the time-dependent free
energy, and the closely related function G(z, β, v), we now need to fix the coefficients
ofCg,[k1,...,k�](β). To this end, wemake use again of the Virasoro constraints as written
in (5.41). By plugging the formula for the generating function G(z, β, v) into the con-
straint equations, we get non-linear relations between the coefficients. Provided we fix
some appropriate initial conditions, these relations determine a recursion on the Cata-
lan polynomials, which can be solved uniquely. This recursion formula is completely
equivalent to the Virasoro constraints themselves, and it is in fact also interpreted as
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a topological recursion formula for the genus expansion of the time-dependent free
energy. Similar topological recursion formulas for the GβE were already considered
in [21].

6.1 Initial conditions

We consider first the constraint equations following from the Virasoro constraints for
n = −1 and n = 0 as they allow to define the initial conditions for the recursion.

For n = −1 we have the differential equation

n = −1
( ∂

∂v1
−

∑
k>0

kvk
∂

∂vk−1

)
Gr (β, v) = v1δr ,0 (6.1)

which translates to the following recursion relation for the Catalan polynomials

Cg,[k1,...,k�,1](β) =
�∑

j=1

k jCg,[k1,...,k j−1,k j−1,k j+1,...,k�](β) + δ[k1,...,k�],[1]δg,0 (6.2)

Similarly, for n = 0 we have the differential equation

n = 0
( ∂

∂v2
−

∑
k>0

kvk
∂

∂vk

)
Gr (β, v) = δr ,0 + (1 − β)δr ,1 (6.3)

which translates to

Cg,[k1,...,k�,2](β) =
�∑

j=1

k jCg,[k1,...,k�](β) +
(
δg,0 + (1 − β)δg, 12

)
δ[k1,...,k�],[] . (6.4)

Observe that both equations only contain contributions Gr (β, v) for a fixed r , which
means that these relations are independent of all other genera (differently from what
happens for n ≥ 1).

6.2 Recursion for n ≥ 1

In general,we canwrite the recursion relation for an arbitrary polynomialCg,[k1,...,k�](β)

by expanding (5.41) in all possible monomials in times v. For n ≥ 1, the equation
corresponding to the monomial p[k1,...,k�](v) = vk1 · · · vk�

gives the recursion
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Cg,[k1,...,k�,n+2](β) = 2Cg,[k1,...,k�,n](β) +
�∑

j=1

k jCg,[k1,...,k j−1,k j+n,k j+1,...,k�](β)

+(1 − β)(n + 1)Cg− 1
2 ,[k1,...,k�,n](β) + β

∑
n1+n2=n
n1,n2≥1

Cg−1,[k1,...,k�,n1,n2](β)

+
∑

n1+n2=n
n1,n2≥1

∑
g1+g2=g
g1,g2≥0

∑
I1∪I2=[k1,...,k�]

I1∩I2=∅

Cg1,I1∪[n1](β)Cg2,I2∪[n2](β) (6.5)

where it is understood that the polynomials Cg,[k1,...,k�](β) are identically zero when-
ever one or more of the labels k j are ≤ 0. This recursion relation is sometimes also
known as cut-and-join recursion, and it corresponds to the β-deformed version of the
recursion in [15, (6)]. Observe that symmetry of the equation (6.5) under β �→ 1/β is
a straightforward consequence of (5.33).

Expanding further in powers of β, we get

C (i,2g−i)
g,[k1,...,k�,n+2] = 2C (i,2g−i)

g,[k1,...,k�,n] +
�∑

j=1

k jC
(i,2g−i)
g,[k1,...,k j−1,k j+n,k j+1,...,k�]

+(n + 1)

(
C (i−1,2g−i)
g− 1

2 ,[k1,...,k�,n] + C (i,2g−i−1)
g− 1

2 ,[k1,...,k�,n]

)
−

∑
n1+n2=n
n1,n2≥1

C (i−1,2g−i−1)
g−1,[k1,...,k�,n1,n2]

+
∑

i1+i2=i
i1,i2≥0

∑
n1+n2=n
n1,n2≥1

∑
g1+g2=g
g1,g2≥0

∑
I1∪I2=[k1,...,k�]

I1∩I2=∅

C (i1,2g1−i1)
g1,I1∪[n1] C (i2,2g2−i2)

g2,I2∪[n2]

+
(
δg,0 + (δi,1 + δ2g−i,1)δg, 12

)
δ[k1,...,k�],[]δn,0 + δ[k1,...,k�],[1]δg,0δn,−1

One can check explicitly that this recursion admits a unique solution and, moreover,
that the coefficients C (i,2g−i)

g,ν that solve the recursion are integer numbers. Solving the
equations for the first few Catalan polynomials gives Table 1.

7 The undeformed limit

In the limit β → 1, the polynomials Cg,[k1,...,k�](β) reduce to alternating sums of

coefficients C (a,b)
g,[k1,...,k�] as follows

Cg,[k1,...,k�](1) =
2g∑
i=0

(−1)iC (i,2g−i)
g,[k1,...,k�] =: CCLPS

g,[k1,...,k�] (7.1)

where CCLPS
g,[k1,...,k�] are the coefficients of [16].
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Observe also that, in the limit β → 1 (i.e., ε1 + ε2 = 0), the Schur polynomials
sλ(ε1, ε2) evaluate to either 0 or ±1 (see A.4):

lim
β→1

s[h+d,d](z,−βz) = zh+2d(−1)d
1 + (−1)h

2
(7.2)

This implies that

lim
β→1

G(z, β, v) =
∑
ν �=∅

pν(v)
|Aut(ν)|

∞∑
h=0

∞∑
d=0

z2(h+d)(−1)dnν,[2h+d,d] (7.3)

which means that the genus expansion of G(z, 1, v) only contains integer genera
contributions.

Similarly, the time-dependent free energy simplifies to

lim
β→1

F(N , β, λ,u) =
∞∑

�=1

∑
g∈N

1

�!N
2−2g−2�

∞∑
k1,...,k�=1

λ
∑�

j=1 k j /2CCLPS
g,[k1,...,k�]

�∏
j=1

uk j

(7.4)
so that

CCLPS
g,ν =

g∑
d=0

(−1)dnν,[2g−d,d] . (7.5)

Observe that from Lemma 5.1 we have that the sum in (7.1) vanishes identically when
2g is odd. The sum over the genus g then collapses to a sum over only positive integers,
and we recover the known genus expansion of the time-dependent free energy of the
GUE as described in [15].

8 Wishart–Laguerreˇ-ensemble

There is another example of β-deformed ensemble that has the property that Virasoro
constraints admit a unique solution. This is the Wishart–Laguerre β-ensemble which
corresponds to the deformation of the matrix model with linear potential V (x) = N

λ
x .

Differently from the case of the Gaussian matrix model, one can additionally intro-
duce a logarithmic term in the potential without spoiling the solvability of Virasoro
constraints [11]. We will denote as α the coupling corresponding to such logarith-
mic interaction. After exponentiation of the potential, this gives rise to a determinant
insertion of the form

∏N
i=1 x

α
i . The generating function of all polynomial expectation

values can then be defined as

1

N !
∫
R
N+

N∏
i=1

dxi
∏
i< j

|xi − x j |2β
N∏
i=1

xα
i e− N

λ

∑
i xi+ 1

N

∑∞
k=1 uk

∑
i x

k
i (8.1)

123



26 Page 22 of 64 L. Cassia et al.

Convergence of the integral imposes that the contour be restricted to the positive
orthant in real N -dimensional space, together with the conditions 	(α) > −1 and
	(λ−1) > 0.

8.1 Symmetries

The time-dependent free energy of the WLβE satisfies the following symmetry prop-
erties. First, both the normalized generating function and its logarithm are invariant
under the involution

β �→ 1
β

, N �→ −βN , λ �→ β2λ , α �→ − 1
β
α (8.2)

For later convenience, we introduce a new parameter φ defined by the equation

α = (1 − β)(φ − 1) (8.3)

which impliesφ = 1+ α
1−β

. Observe that under the symmetry (8.2), the new parameter
φ is trivially mapped to itself. We then have

F(−βN , β−1, β2λ, φ,u) = F(N , β, λ, φ,u) (8.4)

Second, we observe the homogeneity equation

F(N , β, λ, φ,u) = λDuF(N , β, 1, φ,u) (8.5)

which follows from the change of variables xi = λyi in the integral (8.1). This is anal-
ogous to the equation (2.1) in the Gaussian case, with the caveat that the homogeneity
degree of the time-dependent free energy is different in the two cases.

8.2 Superintegrability

Similarly to the Gaussian case, the WLβE is a matrix model that exhibits superinte-
grability for the averages of characters; namely, it can be shown [11, 14, 28] that the
ensemble average of Jack polynomials satisfies

〈JackPμ(x1, . . . , xN )〉WLβE

〈1〉WLβE

= JackPμ(pk = N )JackPμ(pk = (
βλ
N )k(N + β−1φ(1 − β)))

JackPμ(pk = δk,1)
(8.6)
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This formula then can be used to define the generating function of the matrix model

Z(N , β, λ, φ,u)

Z(N , β, λ, φ, 0)
=

∑
μ

JackPμ(pk = N )JackPμ(pk = N + β−1φ(1 − β))

JackPμ(pk = δk,1)

JackQμ

(
pk = (

βλ
N )k

kuk
βN

)
(8.7)

and can be used to argue for the polynomiality of the time-dependent free energy in
the parameters β and φ.

8.3 Virasoro constraints

By analogy with the GβE, we are led to consider the change of time variables

uk = βN 2(βλ)−kvk (8.8)

where the power of (βλ) has no factors of 1
2 due to the different dependence on the

coupling λ as observed in (8.5).
A similar analysis to that of Sect. 5 then suggests that one should consider the

function

G(z, β, φ, v) := βz2F
(
(βz)−1, β, λ, φ, {uk = (βz2)−1(βλ)−kvk}

)
(8.9)

for which the Virasoro constraints 5 become

( ∂

∂vn+1
− (2 + z(1 − β)(n + φ))

∂

∂vn
− z2β

∑
n1+n2=n

∂2

∂vn1∂vn2

−
∞∑
k=1

kvk
∂

∂vk+n

)
G(z, β, φ, v)

−
∑

n1+n2=n

∂G(z, β, φ, v)
∂vn1

∂G(z, β, φ, v)
∂vn2

= (1 + z(1 − β)φ)δn,0 (8.10)

with n ≥ 0.

5 See [11] for a derivation of the constraints for the generating function Z(N , β, λ, φ, u) of the WLβE.
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The function G(z, β, φ, v) then admits the following genus expansion in z,

G(z, β, φ, v) =
∞∑
r=0

zrGr (β, φ, v)

=
∞∑
r=0

zr
∑
ν �=∅

pν(v)
|Aut(ν)|Cr/2,ν(β, φ)

=
∑
ν �=∅

pν(v)
|Aut(ν)|

∑
λ

z|λ|nν,λ(φ)sλ(1,−β)

(8.11)

where Cg,ν(β, φ) are polynomial functions in β and φ,

Cg,ν(β, φ) ≡
2g∑

i, j=0

(−β)iφ jC (i,2g−i)
g,ν, j (8.12)

with coefficients C (i,2g−i)
g,ν, j to be fixed by the constraints. We shall call Cg,ν(β, φ) the

Catalan polynomials in genus g. The symmetry in (8.2) imposes that Cg,ν(β, φ) be
palindromic polynomials in (−β); however, there does not seem to be such a symmetry
w.r.t. the variable φ.

The equations in (8.10) then can be expanded in powers of z and monomials in
times v, to obtain a recursion on the Catalan polynomials Cg,ν(β, φ). Namely, we
have

Cg,[k1,...,k�,n+1](β, φ) = 2Cg,[k1,...,k�,n](β, φ) +
�∑

j=1

k jCg,[k1,...,k j−1,k j+n,k j+1,...,k�](β, φ)

+(1 − β)(n + φ)Cg− 1
2 ,[k1,...,k�,n](β, φ) + β

∑
n1+n2=n
n1,n2≥1

Cg−1,[k1,...,k�,n1,n2](β, φ)

+
∑

n1+n2=n
n1,n2≥1

∑
g1+g2=g
g1,g2≥0

∑
I1∪I2=[k1,...,k�]

I1∩I2=∅

Cg1,I1∪[n1](β, φ)Cg2,I2∪[n2](β, φ)

+
(
δg,0 + (1 − β)φ δg, 12

)
δ[k1,...,k�],[]δn,0 (8.13)

for n ≥ 0. We recall that the n = −1 constraint is not well-defined in the WLβE case;
however, the recursion for non-negative n can still be solved uniquely.

These recursion relations imply that the coefficients ofCg,[k1,...,k�](β, φ) are integer
numbers. Equivalently, we have that nν,λ(φ) are polynomials in φ of degree 2g = |λ|
and coefficients in Z. Explicit computations of these integer numbers by means of the
recursion suggest that they are always positive; however, we do not have a proof of
this claim. See Tables 4 and 5 for lists of some of these coefficients for arbitrary φ and
for φ = 1, respectively.
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9 Outlook

In this article we have analyzed the dependence of the free energy (logarithm of the
generating function of correlators) of the GβE and WLβE on the parameters of the
matrix model, most importantly the rank N and the deformation parameter β.

We exploited Virasoro constraints for the (time-dependent) free energy to derive an
ansatz for the genus expansion (5.31) with coefficients defined as β-deformations of
generalized higher genus Catalan numbers. The ansatz is motivated both by symmetry
arguments and by showing that it leads to a (topological) recursion relation on the
coefficients, whose solution is unique.

Upon suitable change of time variables,we have been able to also define the function
G(z, β, v)which naturally admits a genus expansion in the variable z, with coefficients
given by the higher genus Catalan polynomials Cg,ν(β). This led us to reformulate
the genus expansion in terms of more fundamental integer invariants nν,λ and their
generating function n(ε1, ε2, v), which is manifestly symmetric in the exchange of
ε1 and ε2, equivalent to the involution sending β to 1/β. Quite remarkably, all the
invariants nν,λ that we have been able to compute turn out to be positive integers,
strongly suggesting that they should have a specific combinatorial interpretation.

As a last comment, we observe that our results hold for arbitrary values of the
deformation parameter β, and that, by specializing to the values β = 1

2 , 1 and 2 we
immediately obtain the case of the orthogonal, unitary and symplectic ensembles,
respectively. This implies that the Cg,ν(β) provide an analytic continuation of higher
genus Catalan numbers for all those classical matrix ensembles.

A number of question arise naturally from our discussion.

• While integrality of the nν,λ follows from the cut-and-join recursion relations,
their positivity is not immediately obvious; however, Tables 2 and 5 give strong
evidence for this claim. A possible explanation of this fact could follow from some
combinatorial interpretation of the positive integers nν,λ as dimensions of certain
vector spaces. Comparison with the results of [23, 24, 29] would suggest that they
should be related to counts of locally orientable maps as discussed in appendix B;
however, the precise details of the identification remain unclear. Another possible
connection is with the theory of monotone Hurwitz numbers, as in recent works
of [30, 31].

• Can one use similar techniques to derive a genus expansion for the time-dependent
free energy of q, t-deformed matrix models as those considered in [11, 32, 33]?
What kind of topological recursion relation can one obtain from q-Virasoro con-
straints?What is the combinatorialmeaningof the coefficients of the corresponding
genus expansion?

• It would appear from our analysis that one could come up with an ansatz for the
time-dependent free energy of any β-deformed matrix model with polynomial
potential V (x) = N

mλ
xm . The natural generalization of the ansatz for the genus

expansion would be
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F(N , β, λ,u) =
∞∑

�=1

∑
g∈ 1

2N

N 2−2g−2�β1−�−2g

�!
∞∑

k1,...,k�=1

(βλ)
∑�

j=1
k j
m

×
∑

i1+i2=2g

(−β)i1C (i1,i2)
g,[k1,...,k�]

�∏
j=1

uk j (9.1)

for some appropriate coefficients C (i1,i2)
g,[k1,...,k�]. However, it is known from [10, 11,

20] for example, thatVirasoro constraints form ≥ 3 do not admit a unique solution.
For this reason, the polynomials Cg,[k1,...,k�](β) are not well-defined in this case,
and we cannot guarantee that the ansatz (9.1) gives the correct genus expansion of
the time-dependent free energy. It would be interesting to study this case further,
as it seems to require different techniques from those used in this article.

• In the case of the GβE, we are able to give an explicit identification between
Catalan polynomials and marginal b-polynomials as discussed in appendix B. It is
not known to us whether marginal b-polynomials can be defined also in the case
of the WLβE or not. Nevertheless, an analogue of the rooted map series (B.5) can
be defined as

M(N , b, φ, y) :=H({xk = N }, y, {zk = N + bφ}; b)
=

∑
μ,ν,λ

cμ,ν,λ(b)N
�(μ)(N + bφ)�(λ) pν(y) (9.2)

by using superintegrability (8.7). The obvious question now is: what is the function
M(N , b, φ, y) counting? Moreover, what is the combinatorial meaning of the
parameter φ? The answer might be related to a β-deformed version of the analysis
in [34, 35] which relates moments of the WLβE at β = 1 and double monotone
Hurwitz numbers.

• Superintegrability of averages of Jack polynomials gives a closed formula for the
character expansionof the generating function Z(N , β, λ,u). Is there an equivalent
reformulation of superintegrability for the function F(N , β, λ,u)? The existence
of such a formula would give a closed form expression for all Catalan polynomials
Cg,ν(β) and integer invariants nν,λ. A possible way to relate superintegrability to
the topological expansion could be via the W-representation of the matrix model
as discussed in [36].

We leave the investigation of these and other questions to future research.
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A Schur polynomials in two variables

We recall some properties of Schur symmetric polynomials in two variables. See [37]
for a thorough discussion on symmetric functions.

Schur polynomials constitute a linear basis of the space of symmetric functions in
n variables. They are labeled by integer partitions λ, which correspond to irreducible
representations of gln . Whenever the length of the partition λ is greater than the
number of variables n, the corresponding Schur polynomial sλ vanishes identically. In
the case n = 2, the only nonzero Schur polynomials are those associated to partitions
of length at most two. Any such partition can be represented by an ordered set of two
nonnegative integers, [λ1, λ2] with λ1 ≥ λ2 ≥ 0. We parametrize such partitions as
λ = [h + d, d] for h, d ∈ N.

Let ε1, ε2 be the two arguments of the Schur polynomial. Then one of the Pieri rule
can be stated as

s[h+d,d](ε1, ε2) = s[1,1](ε1, ε2)ds[h](ε1, ε2) (A.1)

where
s[1,1](ε1, ε2) = ε1ε2 (A.2)

This implies that knowing s[h](ε1, ε2) for any h is enough to determine uniquely all
other Schur polynomials. Using the coproduct rule

sλ(ε1, ε2) =
∑
ν⊂λ

sλ/ν(ε1)sν(ε2), (A.3)

we obtain the closed formula

s[h+d,d](ε1, ε2) =
∑

i+ j=h

εd+i
1 ε

d+ j
2 = (ε1ε2)

d εh+1
1 − εh+1

2

ε1 − ε2
(A.4)

As a corollary, we observe that

s[2h+1+d,d](ε1, ε2)
s[1](ε1, ε2)

= (ε1ε2)
d ε

2(h+1)
1 − ε

2(h+1)
2

ε21 − ε22
(A.5)
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where the r.h.s. is a symmetric polynomial in ε1, ε2 for all values of d, h ∈ N. In other
words, s[1](ε1, ε2) always divides s[2h+1+d,d](ε1, ε2). This implies that if |λ| is odd
and ε1 + ε2 = 0, then sλ(ε1, ε2) = 0.

B Hypermap counts and the b-conjecture

In this section, we review some known results regarding counting hypermaps and
the so-called b-conjecture [23, 29]. Our reference on the subject will be [24]. After
introducing the rooted hypermap series H , rooted map series M and the marginal
b-polynomials d�,ν(b), we will give a formula to relate the polynomials d�,ν(b) to the
Catalan polynomials Cg,ν(β) that we have defined in Sect. 5.

Throughout this section, we adopt the notations of [24], with the understanding that
the parameters b and β are related by the equation

1 + b = β−1 (B.1)

Let us introduce the series

�(x, y, z;β) :=
∑
λ

JackPλ(x)JackQλ(y)JackPλ(z)
JackPλ(pk = δk,1)

(B.2)

for three independent sets of times x = {x1, x2, . . . }, y = {y1, y2, . . . } and z =
{z1, z2, . . . }.
Definition B.1 The rooted Hypermap series is defined as

H(x, y, z; b) := (1 + b)Dy log�(x, y, z; 1
1+b ) (B.3)

with Dy = ∑
k>0 kyk

∂
∂ yk

being the degree operator in the y times.

Then we can express H(x, y, z; b) in the power-sum basis

H(x, y, z; b) =
∑
μ,ν,λ

|μ|=|ν|=|λ|

cμ,ν,λ(b) pμ(x) pν(y) pλ(z) (B.4)

with coefficients cμ,ν,λ(b) being the b-polynomials implicitly defined by this expan-
sion. Here, pμ(x) = ∏

k∈μ xk and similarly for pν(y), pλ(z).

Definition B.2 The rooted map series M(N , b, y) is defined as a specialization of
H(x, y, z; b),

M(N , b, y) :=H({xk = N }, y, {zk = δk,2}; b)

=
∞∑
n=0

∑
μ,ν�2n

cμ,ν,[2n ](b)N �(μ) pν(y)

=
∞∑
n=0

∞∑
�=0

N �
∑
ν�2n

d�,ν(b)pν(y)

(B.5)
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where the coefficients
d�,ν(b) =

∑
μ�2n

�(μ)=�

cμ,ν,[2n ](b) (B.6)

are the marginal b-polynomials.

The marginal b-conjecture (proven in [24, Corollary 4.17]) states the following.

Theorem B.1 (La Croix) The d�,ν(b) are polynomials with non-negative integer coef-
ficients. Moreover, the coefficient of bk in d�,ν(b) is the number of rooted maps with �

vertices, face-degree partition ν, and a total of k twisted edges.

We now claim that marginal polynomials d�,ν(b) and Catalan polynomials Cg,ν(β)

are related (up to overall combinatorial factors) by an appropriate identification of
labels and variables as in (B.1). In order to show this,wefirst identify the corresponding
generating functions. From (5.3), we can identify the time-dependent free energy of
the GβE with a specialization of the logarithm of �(x, y, z;β),

F(N , β, λ,u) = log�
(
{xk = N },

{
yk = (

βλ
N )

k
2
kuk
βN

}
, {zk = δk,2};β

)
(B.7)

which, together with (5.38), implies

DvG(z, β, v) = (βz)2M
(
(βz)−1, β−1 − 1, {yk = (βz)

k
2−1kvk}

)
(B.8)

Expanding both sides as power series as in (5.39) and (B.5), we can identify the
coefficients to finally obtain the relation

Cg,ν(β) = |Aut(ν)|
∏

k∈ν k

|ν| β2g d2−2g−�(ν)+ |ν|
2 ,ν

(β−1 − 1) . (B.9)

This identification of polynomials is evidence of an underlying relation between the
invariants nν,λ with the counting of locally orientable maps; however, the precise
nature of this relation is unclear to us.

C Tables of Catalan polynomials

C.1 The GˇE case

See Tables 1 and 2
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Ta
bl
e
1

Po
ly
no
m
ia
ls
C
g,

ν
(β

)
fo
r
th
e
G

β
E

ν
g

=
0

g
=

1/
2

g
=

1
g

=
3/
2

g
=

2

[1,
1]

1
0

0
0

0

[2]
1

1
−

β
0

0
0

[1,
1,
1,
1]

0
0

0
0

0

[2,
1,
1]

2
0

0
0

0

[2,
2]

2
2

−
2β

0
0

0

[3,
1]

3
3

−
3β

0
0

0

[4]
2

5
−

5β
3β

2
−

5β
+

3
0

0

[1,
1,
1,
1,
1,
1]

0
0

0
0

0

[2,
1,
1,
1,
1]

0
0

0
0

0

[2,
2,

1,
1]

8
0

0
0

0

[2,
2,

2]
8

8
−

8β
0

0
0

[3,
1,
1,
1]

6
0

0
0

0

[3,
2,

1]
12

12
−

12
β

0
0

0

[3,
3]

12
27

−
27

β
15

β
2

−
27

β
+

15
0

0

[4,
1,
1]

12
12

−
12

β
0

0
0

[4,
2]

8
20

−
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β
12

β
2

−
20

β
+

12
0

0

[5,
1]

10
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−
25

β
15

β
2

−
25

β
+

15
0

0

[6]
5
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−

22
β

32
β
2

−
54

β
+

32
−1

5β
3

+
32

β
2

−
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β
+

15
0

[1,
1,
1,
1,
1,
1,
1,
1]

0
0

0
0

0

[2,
1,
1,
1,
1,
1,
1]

0
0

0
0

0

[2,
2,

1,
1,
1,
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0

0
0
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2,
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1,
1]

48
0

0
0

0
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−
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0
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Table 2 Integers nν,λ for the GβE

ν λ

[] [1] [1,1] [2] [2,1] [3] [2,2] [3,1] [4]

[1, 1] 1 0 0 0 0 0 0 0 0

[2] 1 1 0 0 0 0 0 0 0

[1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 1, 1] 2 0 0 0 0 0 0 0 0

[2, 2] 2 2 0 0 0 0 0 0 0

[3, 1] 3 3 0 0 0 0 0 0 0

[4] 2 5 2 3 0 0 0 0 0

[1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 1, 1] 8 0 0 0 0 0 0 0 0

[2, 2, 2] 8 8 0 0 0 0 0 0 0

[3, 1, 1, 1] 6 0 0 0 0 0 0 0 0

[3, 2, 1] 12 12 0 0 0 0 0 0 0

[3, 3] 12 27 12 15 0 0 0 0 0

[4, 1, 1] 12 12 0 0 0 0 0 0 0

[4, 2] 8 20 8 12 0 0 0 0 0

[5, 1] 10 25 10 15 0 0 0 0 0

[6] 5 22 22 32 17 15 0 0 0

[1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 1, 1] 48 0 0 0 0 0 0 0 0

[2, 2, 2, 2] 48 48 0 0 0 0 0 0 0

[3, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 1, 1, 1] 36 0 0 0 0 0 0 0 0

[3, 2, 2, 1] 72 72 0 0 0 0 0 0 0

[3, 3, 1, 1] 72 72 0 0 0 0 0 0 0

[3, 3, 2] 72 162 72 90 0 0 0 0 0

[4, 1, 1, 1, 1] 24 0 0 0 0 0 0 0 0

[4, 2, 1, 1] 72 72 0 0 0 0 0 0 0

[4, 2, 2] 48 120 48 72 0 0 0 0 0

[4, 3, 1] 72 168 72 96 0 0 0 0 0

[4, 4] 36 152 152 212 116 96 0 0 0

[5, 1, 1, 1] 60 60 0 0 0 0 0 0 0

[5, 2, 1] 60 150 60 90 0 0 0 0 0

[5, 3] 45 180 180 240 135 105 0 0 0

[6, 1, 1] 60 150 60 90 0 0 0 0 0

[6, 2] 30 132 132 192 102 90 0 0 0
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Table 2 continued

ν λ

[] [1] [1,1] [2] [2,1] [3] [2,2] [3,1] [4]

[7, 1] 35 154 154 224 119 105 0 0 0

[8] 14 93 164 234 305 260 71 155 105

[1, 1, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 2, 1, 1] 384 0 0 0 0 0 0 0 0

[2, 2, 2, 2, 2] 384 384 0 0 0 0 0 0 0

[3, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 2, 1, 1, 1] 288 0 0 0 0 0 0 0 0

[3, 2, 2, 2, 1] 576 576 0 0 0 0 0 0 0

[3, 3, 1, 1, 1, 1] 216 0 0 0 0 0 0 0 0

[3, 3, 2, 1, 1] 576 576 0 0 0 0 0 0 0

[3, 3, 2, 2] 576 1296 576 720 0 0 0 0 0

[3, 3, 3, 1] 648 1458 648 810 0 0 0 0 0

[4, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[4, 2, 1, 1, 1, 1] 192 0 0 0 0 0 0 0 0

[4, 2, 2, 1, 1] 576 576 0 0 0 0 0 0 0

[4, 2, 2, 2] 384 960 384 576 0 0 0 0 0

[4, 3, 1, 1, 1] 504 504 0 0 0 0 0 0 0

[4, 3, 2, 1] 576 1344 576 768 0 0 0 0 0

[4, 3, 3] 432 1656 1656 2124 1224 900 0 0 0

[4, 4, 1, 1] 576 1344 576 768 0 0 0 0 0

[4, 4, 2] 288 1216 1216 1696 928 768 0 0 0

[5, 1, 1, 1, 1, 1] 120 0 0 0 0 0 0 0 0

[5, 2, 1, 1, 1] 480 480 0 0 0 0 0 0 0

[5, 2, 2, 1] 480 1200 480 720 0 0 0 0 0

[5, 3, 1, 1] 540 1290 540 750 0 0 0 0 0

[5, 3, 2] 360 1440 1440 1920 1080 840 0 0 0

[5, 4, 1] 360 1480 1480 2020 1120 900 0 0 0

[5, 5] 180 1075 1850 2450 3225 2500 775 1555 945

[6, 1, 1, 1, 1] 360 360 0 0 0 0 0 0 0

[6, 2, 1, 1] 480 1200 480 720 0 0 0 0 0

[6, 2, 2] 240 1056 1056 1536 816 720 0 0 0

[6, 3, 1] 360 1476 1476 2016 1116 900 0 0 0

[6, 4] 144 912 1584 2184 2856 2316 672 1416 900

[7, 1, 1, 1] 420 1050 420 630 0 0 0 0 0

[7, 2, 1] 280 1232 1232 1792 952 840 0 0 0
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Table 2 continued

ν λ

[] [1] [1,1] [2] [2,1] [3] [2,2] [3,1] [4]

[7, 3] 168 1029 1764 2394 3129 2478 735 1533 945

[8, 1, 1] 280 1232 1232 1792 952 840 0 0 0

[8, 2] 112 744 1312 1872 2440 2080 568 1240 840

[9, 1] 126 837 1476 2106 2745 2340 639 1395 945

[10] 42 386 1030 1450 3300 2750 1850 3956 2589

[1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 2, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[2, 2, 2, 2, 2, 1, 1] 3840 0 0 0 0 0 0 0 0

[2, 2, 2, 2, 2, 2] 3840 3840 0 0 0 0 0 0 0

[3, 1, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 2, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 2, 2, 2, 1, 1, 1] 2880 0 0 0 0 0 0 0 0

[3, 2, 2, 2, 2, 1] 5760 5760 0 0 0 0 0 0 0

[3, 3, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[3, 3, 2, 1, 1, 1, 1] 2160 0 0 0 0 0 0 0 0

[3, 3, 2, 2, 1, 1] 5760 5760 0 0 0 0 0 0 0

[3, 3, 2, 2, 2] 5760 12960 5760 7200 0 0 0 0 0

[3, 3, 3, 1, 1, 1] 5184 5184 0 0 0 0 0 0 0

[3, 3, 3, 2, 1] 6480 14580 6480 8100 0 0 0 0 0

[3, 3, 3, 3] 5184 19116 19116 23652 13932 9720 0 0 0

[4, 1, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[4, 2, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[4, 2, 2, 1, 1, 1, 1] 1920 0 0 0 0 0 0 0 0

[4, 2, 2, 2, 1, 1] 5760 5760 0 0 0 0 0 0 0

[4, 2, 2, 2, 2] 3840 9600 3840 5760 0 0 0 0 0

[4, 3, 1, 1, 1, 1, 1] 1440 0 0 0 0 0 0 0 0

[4, 3, 2, 1, 1, 1] 5040 5040 0 0 0 0 0 0 0

[4, 3, 2, 2, 1] 5760 13440 5760 7680 0 0 0 0 0

[4, 3, 3, 1, 1] 6048 13896 6048 7848 0 0 0 0 0

[4, 3, 3, 2] 4320 16560 16560 21240 12240 9000 0 0 0

[4, 4, 1, 1, 1, 1] 4032 4032 0 0 0 0 0 0 0

[4, 4, 2, 1, 1] 5760 13440 5760 7680 0 0 0 0 0

[4, 4, 2, 2] 2880 12160 12160 16960 9280 7680 0 0 0

[4, 4, 3, 1] 4320 16896 16896 22080 12576 9504 0 0 0
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Table 2 continued

ν λ

[] [1] [1,1] [2] [2,1] [3] [2,2] [3,1] [4]

[4, 4, 4] 1728 10592 18176 24512 32096 25152 7584 15648 9504

[5, 1, 1, 1, 1, 1, 1, 1] 0 0 0 0 0 0 0 0 0

[5, 2, 1, 1, 1, 1, 1] 1200 0 0 0 0 0 0 0 0

[5, 2, 2, 1, 1, 1] 4800 4800 0 0 0 0 0 0 0

[5, 2, 2, 2, 1] 4800 12000 4800 7200 0 0 0 0 0

[5, 3, 1, 1, 1, 1] 3960 3960 0 0 0 0 0 0 0

[5, 3, 2, 1, 1] 5400 12900 5400 7500 0 0 0 0 0

[5, 3, 2, 2] 3600 14400 14400 19200 10800 8400 0 0 0

[5, 3, 3, 1] 4320 16920 16920 22140 12600 9540 0 0 0

[5, 4, 1, 1, 1] 5040 11880 5040 6840 0 0 0 0 0

[5, 4, 2, 1] 3600 14800 14800 20200 11200 9000 0 0 0

[5, 4, 3] 2160 12540 21240 27720 36420 27420 8700 17340 10080

[5, 5, 1, 1] 3600 14800 14800 20200 11200 9000 0 0 0

[5, 5, 2] 1800 10750 18500 24500 32250 25000 7750 15550 9450

[6, 1, 1, 1, 1, 1, 1] 720 0 0 0 0 0 0 0 0

[6, 2, 1, 1, 1, 1] 3600 3600 0 0 0 0 0 0 0

[6, 2, 2, 1, 1] 4800 12000 4800 7200 0 0 0 0 0

[6, 2, 2, 2] 2400 10560 10560 15360 8160 7200 0 0 0

[6, 3, 1, 1, 1] 4680 11340 4680 6660 0 0 0 0 0

[6, 3, 2, 1] 3600 14760 14760 20160 11160 9000 0 0 0

[6, 3, 3] 2160 12582 21240 27900 36558 27648 8658 17478 10170

[6, 4, 1, 1] 3600 14784 14784 20184 11184 9000 0 0 0

[6, 4, 2] 1440 9120 15840 21840 28560 23160 6720 14160 9000

[6, 5, 1] 1800 11010 19020 25620 33630 26580 8010 16410 10170

[6, 6] 600 5184 13476 18276 41196 32616 22920 47244 29094

[7, 1, 1, 1, 1, 1] 2520 2520 0 0 0 0 0 0 0

[7, 2, 1, 1, 1] 4200 10500 4200 6300 0 0 0 0 0

[7, 2, 2, 1] 2800 12320 12320 17920 9520 8400 0 0 0

[7, 3, 1, 1] 3360 14028 14028 19488 10668 8820 0 0 0

[7, 3, 2] 1680 10290 17640 23940 31290 24780 7350 15330 9450

[7, 4, 1] 1680 10500 18144 24864 32508 26124 7644 16044 10080

[7, 5] 700 5810 14910 19810 44520 34440 24710 50050 30135

[8, 1, 1, 1, 1] 3360 8400 3360 5040 0 0 0 0 0

[8, 2, 1, 1] 2800 12320 12320 17920 9520 8400 0 0 0
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Table 2 continued

ν λ

[] [1] [1,1] [2] [2,1] [3] [2,2] [3,1] [4]

[8, 2, 2] 1120 7440 13120 18720 24400 20800 5680 12400 8400

[8, 3, 1] 1680 10464 18048 24768 32352 26064 7584 15984 10080

[8, 4] 560 4912 12816 17576 39600 31776 22024 45896 28632

[9, 1, 1, 1] 2520 11088 11088 16128 8568 7560 0 0 0

[9, 2, 1] 1260 8370 14760 21060 27450 23400 6390 13950 9450

[9, 3] 630 5400 13896 18936 42354 33642 23418 48564 29871

[10, 1, 1] 1260 8370 14760 21060 27450 23400 6390 13950 9450

[10, 2] 420 3860 10300 14500 33000 27500 18500 39560 25890

[11, 1] 462 4246 11330 15950 36300 30250 20350 43516 28479

[12] 132 1586 5868 8178 27995 22950 27080 57112 36500

C.2 TheWLˇE case

See Tables 3, 4, and 5
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