
J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

Published for SISSA by Springer

Received: November 19, 2024
Accepted: February 3, 2025

Published: March 5, 2025

Generalised-edged quivers and global forms

Julius F. Grimminger ,a William Harding b,c and Noppadol Mekareeya c,d

aMathematical Institute, University of Oxford,
Andrew Wiles Building, Woodstock Road, Oxford, OX2 6GG, U.K.

bDipartimento di Fisica, Università di Milano-Bicocca,
Piazza della Scienza 3, I-20126 Milano, Italy

cINFN, sezione di Milano-Bicocca,
Piazza della Scienza 3, I-20126 Milano, Italy

dDepartment of Physics, Faculty of Science, Chulalongkorn University,
Phayathai Road, Pathumwan, Bangkok 10330, Thailand

E-mail: julius.grimminger@maths.ox.ac.uk, w.harding@campus.unimib.it,
n.mekareeya@gmail.com

Abstract: Non-simply laced quivers, despite the lack of complete Lagrangian descriptions,
play an important role in characterising moduli spaces of supersymmetric field theories.
Notably, the moduli space of instantons in non-simply laced gauge groups can be understood
by means of such quivers. We generalise the notion of non-simply laced unitary quivers to
those whose edges carry two labels (p, q), dubbed (p, q)-edged quivers. The special case of
(p, 1) corresponds to a conventional non-simply laced edge studied in the literature. In the case
of unframed (p, q)-edged quivers, we show how to parametrise the lattice of magnetic fluxes
upon ungauging the decoupled U(1), and how one can pick sublattices thereof corresponding
to different global forms of the quiver related by discrete gauging. This form of discrete
gauging can be applied to any unframed unitary quivers, not just ones with generalised edges.
We utilise both the Hilbert series and the superconformal index to study moduli spaces and
’t Hooft anomalies. In particular, we study mixed ’t Hooft anomalies between a one-form
symmetry and a zero-form continuous topological symmetry in various (p, q)-edged quivers.
We also provide an alternative realisation of the moduli space of so(2n + 1) instantons via
gauging discrete symmetries in supersymmetric QCD with a symplectic gauge group and
a large number of flavours.

Keywords: Anomalies in Field and String Theories, Discrete Symmetries, Supersymmetric
Gauge Theory, Supersymmetry and Duality

ArXiv ePrint: 2410.16353

Open Access, © The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP03(2025)021

https://orcid.org/0000-0001-6962-6595
https://orcid.org/0009-0002-9842-433X
https://orcid.org/0000-0002-3557-7489
mailto:julius.grimminger@maths.ox.ac.uk
mailto:w.harding@campus.unimib.it
mailto:n.mekareeya@gmail.com
https://doi.org/10.48550/arXiv.2410.16353
https://doi.org/10.1007/JHEP03(2025)021


J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

Contents

1 Introduction and summary 1

2 Coulomb branch of unitary quivers with (p, q)-edges 2
2.1 (p, q)-edged unitary quivers 3
2.2 Global forms 12

3 Discrete gauging and mixed ’t Hooft anomalies 19
3.1 Abelian example 19
3.2 Non-Abelian example 30

4 Moduli Space of Bn instantons via discrete gauging 38
4.1 minBn via discrete gauging 38
4.2 Moduli space of k so(2n + 1) instantons 43

A Examples for parametrising magnetic lattices 46
A.1 Example 1: two node abelian quiver with N (p, p)-edges 46
A.2 Example 2: single U(2) node 52
A.3 Example 3: (2,3)-edged two node Abelian quiver 56

B Quotients Hn/Zk 61
B.1 Producing quivers 61
B.2 Examples 63

1 Introduction and summary

Three dimensional N = 4 quiver gauge theories and their moduli spaces play a prominent
role in the study of superconformal field theories (SCFTs) with 8 supercharges in various
spacetime dimensions. Various properties of such SCFTs may not be accessible through
the weakly coupled Lagrangian description. Nevertheless, the Higgs branch at the strongly
coupled point of a number of such theories can be expressed via the Coulomb branch of
certain 3d N = 4 quiver theories, known as magnetic quivers, many of which can be obtained
from a brane system; see e.g. [1, 2].

Conventional N = 4 quivers with simply laced edges and unitary gauge groups nat-
urally appear as worldvolume theories of D3 branes in Hanany-Witten D5-D3-NS5 brane
configurations [3]. Adding an O3 orientifold plane to such a brane system changes the gauge
groups in the quiver from unitary to orthosymplectic; see e.g. [4]. Adding an ON orientifold
plane (ON− or ÕN− to be precise) to the brane system produces a unitary non-simply laced
quiver [5, 6]; see also [7–9] for a similar type of brane configurations. The non-simply laced
edge in the latter is generally not a representation of the accustomed hypermultiplet. In fact,
neither a Lagrangian description nor a Higgs branch construction of such quivers is known in
general. Nevertheless, the Coulomb branch moduli space can be constructed. In this paper,
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we generalise the notion of the non-simply laced edge to a more general one, known as a
(p, q)-edge, carrying a label (p, q). As will be made more precise in the next section, one can
think of a non-simply laced edge as that with a label (p, 1).

For an unframed (p, q)-edged quiver, there is an overall U(1) that acts trivially on the
generalised edges. Upon computing the Coulomb branch of such a quiver, one needs to
ungauge such an overall U(1). One of the key points of this paper is to provide a general
prescription to do so. A crucial step is to find a parametrisation of the lattice of the gauge
magnetic fluxes. We also demonstrate how one can pick sublattices that lead to gauging a
Zk zero-form symmetry.1 This procedure leaves the Higgs branch invariant, but acts as a
quotient on the Coulomb branch, as well as produces a dual Zk one-form symmetry. We
study different global forms of the unframed (p, q)-edged quiver that are related to each
other by such discrete gaugings. A key tool we employ is the Coulomb branch Hilbert series,
computed via the monopole formula [12], which was generalised in [6] to allow for non-simply
laced quivers. In this paper, we generalise the latter even further to deal with the (p, q)-edged
quivers. Whenever the theory in question admits a Lagrangian description, we examine it
using the superconformal index [13–20].

We finally remark that non-simply laced quivers have appeared as magnetic quivers not
only for brane systems involving orientifold planes, but also to describe certain phases in brane
systems with identical branes of self-intersection zero [21, 22]. A natural question is to realise
general (p, q)-edged quivers from the brane perspective. We leave this problem for future work.

Organisation of the paper. In section 2, we give a detailed introduction to unitary quivers
with generalised (p, q)-edges and their Coulomb branches for various choices of global forms.
We compare this in some examples with wreathed quivers, which were first explored in [23]
and were recently studied in [24, 25]. In section 3, we present additional examples, including
an Abelian theory, in which the quiver has a Lagrangian description and we can study it
using the superconformal index, and a non-Abelian theory. We also examine mixed ’t Hooft
anomalies between a one-form symmetry and a zero-form continuous topological symmetry
in various (p, q)-edged quivers. In section 4, we demonstrate how to realise the moduli space
of so(2n + 1) instantons via gauging discrete symmetries in supersymmetric QCD with a
symplectic gauge group and a large number of flavours. In appendix A, we illustrate in many
examples how to parametrise the magnetic lattice. Finally, in appendix B, we present a
way to produce quivers which are quotients of the form Hn/Zk, where the Zk can act with
various charges on the different coordinates.

2 Coulomb branch of unitary quivers with (p, q)-edges

Coulomb branches of 3d N = 4 (simply laced) unitary quivers are well studied in the
literature. These quivers consist of a collection of gauge nodes (depicted by circles), flavour
nodes (depicted by boxes), and (possibly multiple) edges between such nodes. If there

1Modifying the magnetic lattice in Coulomb branch computations was considered in the context of non-
simply laced quivers in [10] and in the context of orthosymplectic quivers, and unitary quivers with a single
SU node, in [11].
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are no flavour nodes in the quiver, it is called unframed; if there are flavour nodes in the
quiver, it is called framed.

In this section we introduce unitary quivers with (p, q)-edges, which are generalisations
of the non-simply laced quivers first introduced in [6]. Coulomb branches of non-simply laced
unitary quivers have also been extensively studied in the literature, and the generalisation
to (p, q)-edged quivers is natural. However, in the following, we make some necessary
clarifications on how to deal with unframed non-simply laced unitary quivers (and, more
generally, (p, q)-edged ones). In particular, we address how to decouple the freely acting U(1)
gauge group, and how this leads to a notion of global form of an unframed unitary quiver.

2.1 (p, q)-edged unitary quivers

In a simply laced unitary quiver, an edge between two gauge nodes U(v1) and U(v2) represents
a hypermultiplet in the bifundamental representation (v1, v2)2 of U(v1)×U(v2):

v1 v2

hypermultiplet in (v1, v2)
(2.1)

The contribution of this hypermultiplet to the conformal dimension of a monopole operator
of magnetic charge (m1,a1 , m2,a2), with a1 = 1, . . . , v1 and a2 = 1, . . . , v2, is

2∆hyper(2.1)(m1,a1 , m2,a2) =
v1∑

a1=1

v2∑
a2=1

|m1,a1 − m2,a2 |. (2.2)

Let us consider the case where v1 = v2 = 1. The edge represents a hypermultiplet of
charge (1,−1). Naturally, one can consider a hypermultiplet of charge (p,−q), which we
shall denote with a “(p, q)-edge”:

1 1
p q

hyper of charge (p,−q)
(2.3)

The contribution of this hypermultiplet to the conformal dimension of a monopole operator
of magnetic charge (m1, m2) is3

2∆hyper(2.3)(m1, m2) = |p m1 − q m2|. (2.4)

One can ask for a generalisation of the (p, q)-edge in the case where v1, v2 > 1. A natural
generalisation would be to consider the representation (Sympv1, Symqv2). This is of course
a perfectly nice representation for a hypermultiplet to be in. We can take for example v1 = 2,
v2 = 1, p = 2, and q = 1. The contribution of this hypermultiplet to the conformal dimension
of a monopole operator of magnetic charge (m1,1, m1,2, m2) is

2∆hyper(Sym22,1)
(m1,1, m1,2, m2)

= |2m1,1 − m2|+ |2m1,2 − m2|+ |(m1,1 + m1,2)− m2|.
(2.5)

2The hypermultiplet is made of two chiral multiplets in the representation (v1, v2) ⊕ (v1, v2).
3In order to avoid cluttered notation, whenever we have U(1) gauge nodes labelled by i, we denote the

magnetic charge of the monopole operators simply by mi, instead of mi,1.
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However, this is not what we have in mind. A notion of non-simply laced edge, that is
a (p, 1)-edge in our language, was introduced in [6] (based on Hanany-Witten type brane
systems with orientifolds, and 3d mirror symmetry). For a (2, 1)-edge between a rank v1 = 2
and a rank v2 = 1 node, the hypermultiplet contribution to the conformal dimension of a
monopole operator of magnetic charge (m1,1, m1,2, m2), is

2∆(2,1)−edge(m1,1, m1,2, m2) = |2m1,1 − m2|+ |2m1,2 − m2|, (2.6)

which is different of course from (2.5). The edge does not represent a hypermultiplet in
a representation of U(v1)×U(v2)! The theory denoted by a quiver involving such edges is
hence non-Lagrangian, and yet remains to be fully understood. Such quivers do however
lead to a well defined notion of Coulomb branch [6, 26].

For generic v1 and v2, we propose a (p, q)-edge

v1 v2
p q

(p, q)-edge
(2.7)

which contributes to the conformal dimension of a monopole operator of magnetic charge
(m1,a1 , m2,a2), with a1 = 1, . . . , v1 and a2 = 1, . . . , v2, as

2∆(p,q)−edge(m1,a1 , m2,a2) =
v1∑

a1=1

v2∑
a2=1

|p m1,a1 − q m2,a2 |, (2.8)

which is a straightforward generalisation of [6].

2.1.1 Notation

Thus far, generic (p, q)-edges have not been studied in the literature,4 and hence no notation
has been introduced. We will denote N (p, q)-edges between a rank v1 and a rank v2
gauge node as

v1 v2
p qN

(2.9)

To give an idea on how this new notation works, let us connect with the commonly used
notation in the literature.

• A standard edge, i.e. a (1, 1)-edge, is typically drawn as a single line between the two
nodes:

v1 v2 = v1 v2
1 11

(2.10)

• N (1, 1)-edges are either depicted by N lines if N is low; for example, if N = 3, we have

v1 v2 = v1 v2
1 13

(2.11)

4With the exception of [26].
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Otherwise, for high or generic N , it is depicted by a double (or fat, or etc.) line with a
label N :

v1 v2

N
= v1 v2

1 1N
(2.12)

• A non-simply laced edge of ‘non-simply lacedness p’ from node v1 to node v2, i.e. a
(p, 1)-edge, is typically drawn as p lines with a “ > ” symbol if p is low. For example,
if p = 3, we have

v1 v2
> = v1 v2

3 11
(2.13)

Otherwise, for high or generic p, it is depicted by a double (or fat, or etc.) line with a “
> ” symbol and a label p:

v1 v2
>
p

= v1 v2
p 11

(2.14)

• For N (p, 1)-edges, there is no consistent notation in the literature, as such quivers have
barely been studied. For example, in the case of two (3, 1)-edges, one can write

v1 v2

>
> = v1 v2

3 12
(2.15)

2.1.2 Unframed unitary quivers and their adjacency matrix

In the following, we consider unframed unitary quivers with generalised edges. Let i, j, with
i ≥ j, label two nodes in the quiver. Then, we define eij to be the number of generalised edges
from node i to node j, and we denote by (pk, qk)k=1,...,eij

the charges of these generalised
edges. We require that

p1
q1

= · · · =
peij

qeij

, and

if i = j,
p1
q1

= · · · = peii

qeii

= 1.
(2.16)

These are not necessary conditions for the underlying quiver to make sense. For example, if
the ranks of all gauge nodes are one, then any hypermultiplets can have arbitrary charges
under all gauge groups, and this still gives a perfectly well-defined Lagrangian. However,
these conditions seem to be obeyed by any quivers (electric or magnetic) which are read from
brane systems. It also provides a convenient way to define a notation of the adjacency matrix
(see below), which can be interpreted as a generalised Cartan matrix, for a quiver.5

5We illustrate the significance of conditions (2.16) via an example as follows. Let us take a quiver with two
U(1) gauge nodes connected by a (p1, q1) = (2, 1)-edge and a (p2, q2) = (1, 3)-edge so that the conditions (2.16)
are violated. Let m1 and m2 be the gauge fluxes of each gauge node. Then, the conformal dimension of the
monopole operator with flux m1 and m2 is given by 2∆(m1, m2) = |2m1 − m2| + |m1 − 3m2|. The adjacency

matrix defined in (2.17) for this quiver is A =

(
−2 3
4 −2

)
. We see that 2∆ cannot be written in the form

of (2.32), namely |A12m1 − A21m2|.
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We define the adjacency matrix A of the quiver by setting

Aji =
eij∑

k=1
qk, Aij =

eij∑
k=1

pk for i > j,

Aii =− 2 + 2
eii∑

k=1
pk for i = j.

(2.17)

We refer to a collection of the ranks of the gauge nodes in the quiver as rank vector :

(vi)i=1,...,n . (2.18)

The adjacency matrix, together with the rank vector, defines a Coulomb branch, as we
will see shortly.

Some examples for quivers, with their corresponding adjacency matrices and rank vectors,
are given in the table below.

Quiver Adjacency matrix Rank vector

v1 v2
1 1N

−2 N

N −2

 v1

v2


v1 v2

N N
1

−2 N

N −2

 v1

v2



v1 v2

N
−

M
N
−

M

M M

1

1

−2 N

N −2

 v1

v2



v1 v2
2 11

−2 2
1 −2

 v1

v2


v1 v2

p qa
−2 ap

aq −2

 v1

v2



(2.19)

Note that the map from quiver to adjacency matrix is not one-to-one! The first three quivers
in (2.19), for example, are distinct, yet they have the same adjacency matrix. This is because
the adjacency matrix only captures the information about the singular Coulomb branch.
Hence, one can usually assign many different quivers to a given adjacency matrix. While
these quivers have the same singular Coulomb branch, they have different Higgs branches,6
and they allow for different sets of mass parameters deforming the Coulomb branch.

6It is still not known how to compute the Higgs branch of a generic non-simply laced or (p, q)-edged quiver.
In a few cases it is possible to obtain the Higgs branch of a non-simply laced quiver via 3d mirror symmetry.
Furthermore, it is always possible to directly compute the Higgs branch of a (p, q)-edged quiver with Abelian
nodes. In this paper, we simply assume the existence of a Higgs branch, and we rarely discuss it.
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To illustrate this, let us set vi = 1 in (2.19), and consider the first three quivers as follows:

Q1 =
1 1

1 1N
Q2 =

1 1
N N

1
Q3 = 1 1

N
−

M
N
−

M

M M

1

1

(2.20)

Such quivers possess the same Coulomb branch:

CB (Q1) = CB (Q2) = CB (Q3) = C2/ZN . (2.21)

Yet, the Higgs branches are different:

HB(Q1) = min.AN−1,

HB(Q2) = point,

HB(Q3) = {(x, y, z) ∈ C3|xy = z
N

gcd(N,N−M) }.

(2.22)

For Q1, there are N − 1 mass parameters, which allow to completely resolve the Coulomb
branch C2/ZN singularity. For Q2, there are no mass parameters, and the Coulomb branch
cannot be resolved. For Q3, there is one mass parameter. Turning it on produces a Coulomb
branch with two singular points: one of them is locally C2/ZN−M , and the other one is
locally C2/ZM .

2.1.3 Symmetrisability and shortness

We furthermore require A to be symmetrisable, i.e. there is a shortness vector

(si)i=1,...,n , (2.23)

such that the following conditions are satisfied:

Aijsi = Ajisj ∀ i, j = 1, . . . , n

gcd(si) = 1.
(2.24)

This implies that the quiver can be unfolded, i.e. there is a simply laced quiver Q̃ such
that, folding it, gives the non-simply laced quiver Q. A node of shortness si will appear
si times in the unfolded quiver.

Example. If we take the following quiver

Q =

v3 v1

v2

3 11
2

3
1

2

1
1 (2.25)
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with symmetrisable adjacency matrix and shortness vector given by

A =


−2 2 1
3 −2 1
3 2 −2

 , s =


3
2
1

 , (2.26)

then (2.25) can be unfolded to the following simply laced quiver

Q̃ =

v3
v1

v1

v1

v2 v2

(2.27)

Example. On the other hand, if we consider the following quiver

v3 v1

v2

3 11
1

1
1

2

1
1 (2.28)

the corresponding adjacency matrix is non-symmetrisable

A =


−2 1 1
1 −2 1
3 2 −2

 , (2.29)

meaning that (2.28) cannot be unfolded.

2.1.4 Naive gauge group and magnetic lattice

We refer to the gauge group that is manifest in the quiver diagram, namely

G̃ =
n∏

i=1
U(vi), (2.30)

as the naive gauge group, with magnetic (i.e. coweight) lattice Γmw
G̃

parametrised by magnetic
weights mi,ai , with ai = 1, . . . , vi and i = 1, . . . , n.7 Unless stated explicitly, such as
around (2.45), we generally take the magnetic weights to be integers. We also define

di =
vi∑

ai=1
mi,ai (2.31)

as the charge of the topological symmetry associated with the gauge group U(vi).
7As already anticipated in Footnote 3, we remark that, when vi = 1, we suppress the subscript ai = 1 and

we simply denote the magnetic weights by mi.
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2.1.5 Conformal dimension and shift symmetry

The conformal dimension of a bare monopole operator is given by

2∆(m) = 1
2

n∑
i=1

n∑
j=1

vi∑
ai=1

vj∑
bj=1

sign(Aij)
∣∣∣Aijmi,ai − Ajimj,bj

∣∣∣ . (2.32)

It has a shift symmetry – corresponding to the U(1) ⊂ G̃ acting trivially on the edges (i.e.
generalised hypermultiplets) – generated by the shift vector

δ ∈ Γmw
G̃

, with gcd(δi,ai) = 1, (2.33)

such that

2∆(m + xδ) = 2∆(m), ∀x ∈ Z. (2.34)

It is simple to check that

δi,ai = si. (2.35)

We refer to the one-dimensional sublattice generated by the shift vector δ as

Λδ ⊂ Γmw
G̃

. (2.36)

2.1.6 Weyl chamber

Given the Weyl group of G̃

W
G̃
=

n∏
i=1

Svi , (2.37)

then the Weyl chamber of the magnetic lattice of G̃, namely Γmw
G̃

/W
G̃

, can be parametrised
by setting

−∞ < mi,1 ≤ mi,2 ≤ · · · ≤ mi,vi < ∞ ∀ i ∈ {1, . . . , n}. (2.38)

2.1.7 Ungauging the decoupled U(1)

Upon decoupling an overall U(1), we refer to the resulting gauge group as the true gauge group:

G = G̃/U(1). (2.39)

The magnetic lattice of this group is Γmw
G = Γmw

G̃
/Λδ, where the Weyl chamber of the magnetic

lattice of Γmw
G , namely Γmw

G /WG, can be parametrised via a constraint on the mi,ai , while still
obeying (2.38). There are infinitely many such constraints. In appendix A, many examples
of such possible constraints are illustrated very explicitly for several quivers.

For instance, a simple choice for a constraint is

mi,ai ∈ {0, . . . , si − 1}, for some i and ai. (2.40)

If si = 1 we can set mi,1 = 0, which is what is commonly done in the literature, and
sometimes referred to as “ungauging on the long side” (see e.g. [10]). Yet, there seems to
be a much more general rule.
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General rule. Let us describe a general rule for ungauging an overall U(1) as follows. Let
us first choose the following set of non-negative integers:8

c = ci,ai ∈ Z≥0, with ai = 1, . . . , vi, i = 1, . . . , n . (2.41)

Then, if we define

λc =

 n∑
i=1

vi∑
ai=1

ci,aisi

− 1, (2.42)

we can pick the following constraint on the magnetic weights:

n∑
i=1

vi∑
ai=1

ci,aimi,ai ∈ {0, 1, . . . , λc} , (2.43)

which can also be generalised to

n∑
i=1

vi∑
ai=1

ci,aimi,ai ∈ {x0, x1, . . . , xλc} , where (xj mod λc) = j. (2.44)

Alternative approach. Let us discuss an alternative, but equivalent, approach in ungauging
an overall U(1). In this method, the magnetic fluxes are allowed to take integral and non-
integral values, subject to the condition that each term in the contribution of the matter
fields to the conformal dimension is integral. In particular, for a (p, q)-edge between the
U(vi) × U(vj) gauge group whose contribution is given by (2.8), we require that

pmi,ai − qmj,aj ∈ Z (2.45)

and allow mi,ai and mj,aj to be also non-integral. In the special case in which the gauge groups
are Abelian, namely vi = vj = 1, this theory admits a conventional Lagrangian description in
terms of a hypermultiplet of charge (p,−q) under U(vi) × U(vj), and the above condition
is simply the Dirac quantisation condition. In the next step, we choose the non-negative
integers ci,ai and impose the following constraint on the magnetic fluxes:

n∑
i=1

vi∑
ai=1

ci,aimi,ai = 0. (2.46)

In contrast to (2.43), we restrict the freedom on the linear combination of the left hand side
to be zero, but this lack of freedom is compensated by allowing mi,ai to take also non-integral
values. The two approaches thus yield the same result. In this method, the conditions (2.45)
and (2.46) determine the magnetic lattices that need to be summed over upon computing
the Coulomb branch Hilbert series or the superconformal index. This will be demonstrated
explicitly via a number of examples in section 3.

8Throughout this paper, whenever we encounter a U(1) gauge node, i.e. vi = 1, we suppress the subscript
ai = 1 in (2.41). Explicitly, for a U(1) gauge node labelled by i, we denote the associated non-negative integer
in (2.41) simply by ci.
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Let us suppose that the allowed values of the magnetic fluxes are fractional and that,
upon writing them in the lowest terms, the largest denominator is r. There is a natural Zr

zero-form symmetry that acts non-trivially on the monopole operators with such fractional
magnetic fluxes. Then, we can turn on a discrete fugacity associated with the Zr symmetry in
the Coulomb branch Hilbert series or in the index. This allows for gauging such a symmetry
by summing this discrete fugacity over all the r-th roots of unity. The gauging leads to
a dual Zr one-form symmetry. We finally remark that, upon gauging a discrete one-form
symmetry, the magnetic fluxes are also summed over non-integral values. This naturally
leads to the dual Zr zero-form as realised above. We will discuss the procedure of gauging
one-form symmetries in section 3.2.

2.1.8 Good, ugly, and bad

Following the nomenclature of [27], we call a theory:

• good, if 2∆(m) > 1 for all m ̸= 0;

• ugly, if 2∆(m) > 0 for all m ̸= 0, with some 2∆(m) = 1; and

• bad, if 2∆(m) ≤ 0 for some m ̸= 0.

Good theories have conical Coulomb branches. Ugly theories have Coulomb branches which
are a product of a cone and free space. Bad theories have more intricate Coulomb branches.
In this paper, we focus mainly on the good and ugly theories.

Balanced nodes. A useful quantity that can be associated with a node in a quiver is its
so-called balanced. For a quiver with adjacency matrix A and rank vector v, the balance of
a node i, with Aii = −2 (i.e. no adjoint loops), is given as

bi =
∑

j

Aijvj . (2.47)

Defining the analogous condition for a balanced node becomes more complex in the presence
of adjoint loops. We do not address this case in the present work.

2.1.9 Coulomb branch Hilbert series

The Hilbert series of the Coulomb branch of a good or ugly quiver Q can be computed
via the monopole formula [12]

HS [CB of Q] (t) =
∑

m∈
Γmw

G
WG

PG(m, t2)t2∆(m), (2.48)

where
PG(m, t2) = (1− t2)

n∏
i=1

PU(vi)(mi, t2), (2.49)

and

PU(vi)
(
mi, t2

)
=

N∏
l=1

 λl∏
k=1

1
(1− t2k)

 (2.50)

for λ = (λ1, . . . , λN ) a partition of vi, which encodes how many mi,ai are equal.
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This Hilbert series can be refined with respect to the fugacities wi associated with the
topological symmetries as

HS [CB of Q] (t, wi) =
∑

m∈
Γmw

G
WG

PG(m, t2)t2∆(m)
n∏

i=1
w

∑vi
ai=1 mi,ai

i , (2.51)

with the constraint
n∏

i=1
wsivi

i = 1. (2.52)

If the quiver is bad, then the monopole formula diverges. This is due to the non-conical
structure of the Coulomb branch of a bad theory.

2.2 Global forms

It is by now widely appreciated that, in gauge theory, it is important to specify the precise
global form of the gauge group. This choice determines amongst other things the magnetic
lattice, and hence affects the Coulomb branch of a 3d N = 4 gauge theory, while typically
leaving the Higgs branch unchanged. For a given 3d N = 4 gauge theory, the hypermultiplet
representations restrict the possible global forms of the gauge group.

Let us take an unframed simply laced unitary quiver with naive gauge group G̃ =∏n
i=1 U(vi), where ungauging the overall U(1) is understood, and pick a node labelled by i0,

with associated gauge node U(vi0) in the quiver. One way to parametrise the magnetic lattice of
the true gauge group, that is G = G̃/U(1), is by setting di0 =∑vi0

ai0=1 mi0,ai0
∈ {0, . . . , vi0−1}:

U(vi0)
U(1)

di0 ∈ {0, . . . , vi − 1} (2.53)

A different global form of the gauge group compatible with the hypermultiplet represen-
tations is

G′ =
n∏

i=1
i ̸=i0

U(vi)× SU(vi0), (2.54)

i.e. we replace U(vi0) with an SU(vi0) node, producing a special unitary quiver. The magnetic
lattice of G′ can be parametrised for example by setting di0 = 0:

SU(vi0)
di0 = 0 (2.55)

The newly obtained (special) unitary quiver has a Zvi0
one-form symmetry. Gauging this

Zvi0
one-form symmetry (at the level of the magnetic lattice, this implies adding di0 ∈

{1, . . . , vi0 − 1}) produces the original quiver

SU(vi0)
Zvi0

= U(vi0)
U(1)

di0 ∈ {0, . . . , vi − 1} (2.56)
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Any subgroup Z(vi0/k) ⊂ Zvi0
of the one-form symmetry may be gauged to reach a different

global form of the gauge group, G′′ = G′/Z(vi0/k). The magnetic lattice of G′′ can be
parametrised by setting di0 ∈ {kj|0 ≤ j ≤ (vi0/k) − 1}

SU(vi0)
Z(vi0/k)

di0 ∈ {kj|0 ≤ j ≤ (vi0/k)− 1} (2.57)

Note that the special cases of k = vi0 and k = 1 correspond to (2.55) and (2.56), respectively.
Such gauging leads to a dual Zk zero-form symmetry in the resulting theory. We will see
via the example below that the presence of the Zk zero-form symmetry is manifest in the
periodicity in di0 of the Coulomb branch Hilbert series.

We can thus associate many global structures to an unframed unitary quiver in the
following way. Pick a node i0 and impose di0 ∈ {kj|0 ≤ j ≤ (vi0/k)−1} for some k|vi0 .9 Such
a choice has no effect on the Higgs branch of the quiver, yet it does affect the Coulomb branch.
In particular, it leads to a Zk quotient of the Coulomb branch of the original theory. This
amounts to gauging the Zk zero-form symmetry, which leads to a dual Zk one-form symmetry.

For a general (p, q)-edged unframed unitary quiver, with symmetrisable adjacency matrix,
the story gets slightly more complicated. We can apply a similar method to that described
above by picking a node i0 and modifying the condition on di0 . We observe that, in this case,
the order of the discrete zero-form symmetry involves the product si0vi0 of shortness si0 and
the rank vi0 . Various examples will be provided below and in section 3.

Example. Let us consider the following quiver:

3

1

2

2

1

3
3 11 1 11 (2.58)

with adjacency matrix, rank vector and shortness vector

A =


−2 3 0
1 −2 1
0 1 −2

 , v =


3
2
1

 , s =


1
3
3

 , (2.59)

where the true gauge group is

G = G̃/U(1), with G̃ = U(3)×U(2)×U(1). (2.60)

Different global structures of this quiver are summarised in table 1. Let us discuss them
more in detail.

9Note that, once a condition has been imposed on di0 of some node labelled by i0, one cannot put another
condition on di1 of some node i1 ̸= i0, as this would reduce the dimension of the magnetic lattice. One could
consider picking two distinct nodes, i0 and i1, and impose a condition on a linear combination of di0 and di1 .
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Let us denote by m1 = (m1,1, m1,2, m1,3), m2 = (m2,1, m2,2) and m3 the magnetic fluxes
associated with the U(3), U(2) and U(1) gauge nodes respectively, with

d1 =
3∑

1=1
m1,i, d2 =

2∑
i=1

m2,i, d3 = m3. (2.61)

Then, the Coulomb branch Hilbert series of quiver (2.58) can be obtained via the monopole
formula (2.51) as

HS [CB of (2.58)] (t, w)

=
(
1− t2

) λc∑
j=0

∑
m∈

Γmw
G

WG

PU(3)(m1, t2)PU(2)(m2, t2)PU(1)(m3, t2)×
[ 3∏

i=1
wdi

i

]
t2∆(m)δf(m),j ,

(2.62)

where we denote by w1, w2 and w3 the topological fugacities associated with the U(3), U(2) and
U(1) gauge nodes respectively. From (2.32), the conformal dimension entering in (2.62) reads

2∆(m) = −2

 ∑
1≤i<j≤3

|m1,i − m1,j |

− 2 |m2,1 − m2,2|

+

 ∑
i=1,2,3

∑
j=1,2

|3mi,1 − m2,j |

+
∑

j=1,2
|m2,1 − m3| ,

(2.63)

where we have to take into account the constraint coming from the delta function δf(m),j ,
which can be explained as follows. The quantity λc, defined in (2.42), in this case reads

λc =
( 3∑

i=1
c1,i

)
+ 3

( 2∑
i=1

c2,i

)
+ 3c1 − 1, (2.64)

moreover we define the function

f(m) =
( 3∑

i=1
c1,im1,i

)
+
( 2∑

i=1
c2,im2,i

)
+ c3m3 (2.65)

implementing (2.43), which takes values in {0, 1, . . . , λc} for given ci,ai . Explicitly, some
convenient choices to ungauge the decoupled U(1) are the following.

• We can take c1,i = (1, 1, 1), c2,i = (0, 0) and c3 = 0, which is equivalent to λc = 2 and
f(m) = d1. Then, from the first summation in (2.62), we just have to consider the
contribution from d1 = {0, 1, 2}, whereas there is no restriction on d2 and d3. Observe
that the resulting Coulomb branch Hilbert series is periodic in d1, with periodicity
λc + 1 = 3. Explicitly, we can detect such periodicity by looking at the contributions
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coming from d1 = j = 0, . . . , 5 in the first summation in (2.62):

j = 0 : 1 + 8t2 + 100t4 + 645t6 + 2968t8 + 10976t10,

j = 1 : 10t2 + 100t4 + 640t6 + 2975t8 + 10976t10,

j = 2 : 10t2 + 100t4 + 640t6 + 2975t8 + 10976t10,

j = 3 : 1 + 8t2 + 100t4 + 645t6 + 2968t8 + 10976t10,

j = 4 : 10t2 + 100t4 + 640t6 + 2975t8 + 10976t10,

j = 5 : 10t2 + 100t4 + 640t6 + 2975t8 + 10976t10,

(2.66)

from which it is clear that every contribution coming from d1 = j = i + 3k, with
i = 0, 1, 2 and k = 0, . . . ,∞, is independent of k. The periodicity of 3 in d1 indicates
that the theory has a Z3 zero-form symmetry. We will gauge this symmetry later.

• Another possible option is to set c1,i = (0, 0, 0), c2,i = (1, 1) and c3 = 0, i.e. λc = 5
and f(m) = d2. It follows that, in this case, d2 takes values in {0, 1, 2, 3, 4, 5}, with no
restriction on d1 and d3. It follows that the resulting Coulomb branch Hilbert series is
periodic in d2, with periodicity λc + 1 = 6.

• Finally, another convenient parametrisation is c1,i = (0, 0, 0), c2,i = (0, 0) and c3 = 1,
namely λc = 2 and f(m) = d3. This choice corresponds to summing over d3 ∈ {0, 1, 2}
in (2.62), with no further restriction on d1 and d2. The resulting Coulomb branch
Hilbert series is periodic in d3, with periodicity λc + 1 = 3.

In all of such equivalent cases, upon setting the topological fugacities to unity, the Coulomb
branch Hilbert series of quiver (2.58) admits the following closed form:

HS [CB of (2.58)] (t, wi = 1)

= 1 + 18t2 + 65t4 + 65t6 + 18t8 + t10

(1− t2)10

= 1 + 28t2 + 300t4 + 1925t6 + 8918t8 + 32928t10 + . . .

= PE
[
28t2 − 106t4 + 833t6 − 8400t8 + 91392t10 + . . .

]
,

(2.67)

where the moment map operators appearing at order t2 in the series expansion reveal that
the Coulomb branch symmetry of the theory is so(8). Indeed, the Coulomb branch in
question is isomorphic to the closure of the minimal nilpotent orbit of so(8), denoted by
min.D4 [28]. A Lagrangian description possessing such Coulomb branch is known to be
the following affine D4 quiver:

2

1

1

1

1

/ U(1) (2.68)

We can now realise various discrete quotients of quiver (2.58) by picking different values
of the parameters ci,ai and restricting the first summation in (2.62) to j taking only some
of the values in a subset of {0, . . . , λc}.
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Z2 quotient. Let us take c2,i = (1, 1) and the other ci,ai = 0, i.e. λc = 5 and f(m) = d2.
The contributions to the Coulomb branch Hilbert series due to the first summation in (2.62)
for the various choices of j = 0, . . . , 5 are as follows:

j = 0 : 1 + 6t2 + 62t4 + 341t6 + 1558t8 + 5596t10,

j = 1 : 4t2 + 44t4 + 312t6 + 1448t8 + 5440t10,

j = 2 : 3t2 + 47t4 + 304t6 + 1464t8 + 5410t10,

j = 3 : 8t2 + 56t4 + 352t6 + 1536t8 + 5632t10,

j = 4 : 3t2 + 47t4 + 304t6 + 1464t8 + 5410t10,

j = 5 : 4t2 + 44t4 + 312t6 + 1448t8 + 5440t10.

(2.69)

We can perform a Z2 quotient by considering only the contributions highlighted in red and
in violet above, namely we take j ∈ {0, 2, 4} in the first summation in (2.62). This also
restricts d2 ∈ {0, 2, 4}.

This Z2 quotient admits the following Lagrangian description:

SU(2)

1

1

1

1

(2.70)

The resulting Coulomb branch Hilbert series is

HS [CB of (2.58)/Z2] (t, wi = 1)

= 1 + 7t2 + 101t4 + 244t6 + 666t8 + 650t10 + palindrome + t20

(1− t2)10 (1 + t2)5

= 1 + 12t2 + 156t4 + 949t6 + 4486t8 + 16416t10 + . . .

= PE
[
12t2 + 78t4 − 351t6 − 1832t8 + 23424t10 + . . .

]
,

(2.71)

where the moment map operators appearing at order t2 in the above series expansion signal
that the Coulomb branch symmetry is su(2)4.

Z3 quotient. We can realise a Z3 quotient instead by setting c3 = 1 and the other ci,ai = 0,
i.e. λc = 2 and f(m) = d3, where we consider only the contribution coming from j = 0 in
the first summation in (2.62). This also restricts d3 = 0. Equivalently, we can realise the
same Z3 quotient by taking the same choice of ci,ai as in the Z2 case discussed above, namely
c2,i = (1, 1) and the other ci,ai = 0, where we now consider only the contributions coming from
j = {0, 3} in the first summation in (2.62), which are highlighted in red and in blue in (2.69).
This amounts to restricting d2 = {0, 3}. The resulting Coulomb branch Hilbert series reads

HS [CB of (2.58)/Z3] (t, wi = 1)

= 1 + 4t2 + 23t4 + 23t6 + 4t8 + t10

(1− t2)10

= 1 + 14t2 + 118t4 + 693t6 + 3094t8 + 11228t10 + . . .

= PE
[
14t2 + 13t4 − 49t6 − 56t8 + 672t10 + . . .

]
,

(2.72)
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where we observe that the Coulomb branch symmetry is reduced to g2. The Coulomb branch
in question is isomorphic to the Z2 cover of the closure of the subregular nilpotent orbit of
G2, denoted by Z2 cover

(
subreg.G2

)
[10, (6.5)-(6.8)]. It turns out that this Coulomb branch

Hilbert series agrees with that of the Z3 wreathing of the affine D4 quiver [23]:

21 [1] ≀ Z3 ,
(2.73)

where [1] ≀ Z3 indicates the wreath product. The Higgs and Coulomb branch Hilbert series
of this was studied in [23, figures 8, 9, 11] (see also [24]), and the superconformal index
was computed in [25, section 3.4]. It is interesting to point out that the wreathed quiver
has the Higgs branch that is isomorphic to C2/Ê6, but we do not have an access to this
moduli space from the description (2.58).

Another Z3 quotient. We can also obtain a different Z3 quotient, which we denote by
Z3′ , by taking c1,i = (1, 1, 1) and the other ci,ai = 0, namely λc = 2 and f(m) = d1, and
considering only the contribution coming from j = 0 in the first summation in (2.62). Note
that this choice restricts d1 = 0. The resulting Coulomb branch Hilbert series is indicated
in violet in (2.66), and is given by

HS [CB of (2.58)/Z3′ ] (t, wi = 1)

= 1 + t2 + 65t4 + 75t6 + 305t8 + 309t10 + 309t12 + palindrome + t22

(1− t2)7 (1− t6)3

= 1 + 8t2 + 100t4 + 645t6 + 2968t8 + 10976t10 + . . .

= PE
[
8t2 + 64t4 + 13t6 − 1850t8 − 636t10 + . . .

]
,

(2.74)

where the Coulomb branch symmetry is su(3). Unlike the previously discussed Z3 quotient,
this Z3′ quotient does not arise from wreathing the affine D4 quiver, since this is not
contained in [23, figure 8].

As a check, we can compute the volume of the base of the Coulomb branch viewed
as a cone using the method described in [29, (1.17)]; see also [30] for the application in
the context of discrete gauging. Given a Coulomb branch Hilbert series H(t), the said
volume, denoted by Vol, can be computed as limt→1(1 − t)dH(t), where d is the complex
dimension of the Coulomb branch.

In this case, we obtain

Vol [CB of (2.58)]
Vol [CB of (2.58)/Z3′ ]

= 3, (2.75)

which is expected for a Z3 quotient

Z6 quotient. Finally, we can realise a Z6 quotient by taking the same choice of ci,ai as in
the Z2 case, namely c2,i = (1, 1) and the other ci,ai = 0. However, this time, we consider
only the contribution of j = 0 in the first summation in (2.58), meaning that we restrict to
d2 = 0. This Z6 quotient admits the following description as a wreathed quiver [23], but
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(2.58) CB CB symmetry Quiver with
same CB

d1 ∈ {0, 1, 2}

min.D4 so(8) (2.68)
or

d2 ∈ {0, 1, 2, 3, 4, 5}
or

d3 ∈ {0, 1, 2}
d2 ∈ {0, 2, 4} min.D4/Z2 su(2)4 (2.70)
d2 ∈ {0, 3}

min.D4/Z3

= Z2 cover
(
subreg.G2

) g2 (2.73)or
d3 ∈ {0}

d1 ∈ {0} min.D4/Z3′ ̸= Z2 cover
(
subreg.G2

)
su(3) Not known

d2 ∈ {0}
min.D4/Z6

=
(
Z2 cover

(
subreg.G2

))
/Z2

̸= subreg.G2

su(2)2 (2.76)

Table 1. Different global structures of the quiver (2.58) are given in the form of different possible
constraints on a di of the quiver. The corresponding Coulomb branch, and its global symmetry, are
provided. In the last column a quiver, possibly with a special unitary node, and/or a wreathing [23],
which has the same Coulomb branch, is given.

with the SU(2) central node (see [25, section 3.11]):

SU(2)1 [1] ≀ Z3 (2.76)

The resulting Coulomb branch Hilbert series reads

HS [CB of (2.58)/Z6] (t, wi = 1)

= 1 + t2 + 37t4 + 76t6 + 218t8 + 230t10 + 218t12 + palindrome + t20

(1− t2)10 (1 + t2)5

= 1 + 6t2 + 62t4 + 341t6 + 1558t8 + 5596t10 + . . .

= PE
[
6t2 + 41t4 + 39t6 − 524t8 − 1392t10 + . . .

]
,

(2.77)

where we observe that the Coulomb branch symmetry becomes su(2)2. Upon computing
the volume, we find that

Vol [CB of (2.58)]
Vol [CB of (2.58)/Z6]

= 6, (2.78)

in agreement with a Z6 quotient.

– 18 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

3 Discrete gauging and mixed ’t Hooft anomalies

In this section, we study zero-form and one-form discrete symmetries in various (p, q)-edged
quivers and gaugings thereof. We first demonstrate this in an Abelian example, where
both the Coulomb branch Hilbert series and the superconformal index are computed. We
subsequently examine sequential gauging in a non-Abelian example using the Coulomb
branch Hilbert series. We observe that, whenever a non-trivial (p, q)-edged quiver possesses a
discrete one-form symmetry, possibly arising from gauging the dual zero-form symmetry, the
former generally has a mixed ’t Hooft anomaly with some combinations of the continuous
topological symmetries in the quiver. This manifests itself in the Hilbert series or in the
index, as described in [31].

3.1 Abelian example

Let us consider the following (p, q)-edged Abelian quiver

1
m3

1
m1

1
m2

3 11
2

3
1

2

1
1

/ U(1) (3.1)

where we denote with mi ∈ Z, with i = 1, 2, 3, the magnetic fluxes associated with the
three U(1) gauge nodes. Note that, due to the U(1) gauge groups, this quiver admits a
conventional Lagrangian description where the matter fields are the hypermultiplets carrying
charges (0, 1,−2), (−1, 0, 3), (2,−3, 0) under the U(1) gauge groups labelled by (m1, m2, m3)
respectively.

The adjacency matrix, rank vector and shortness vector associated with (3.1) are given
respectively by

A =


−2 2 1
3 −2 1
3 2 −2

 , v =


1
1
1

 , s =


3
2
1

 , (3.2)

from which the quantity λc, defined in (2.42), in the present case reads

λc = 3c1 + 2c2 + c3 − 1. (3.3)

Any choices of ci ∈ Z≥0 lead to the same Coulomb branch Hilbert series. However, if we
would like to consider a specific discrete gauging, an appropriate choice must be made. We
will shortly state our choices of ci in subsequent calculations.

Let us define the function

f(m) =
3∑

i=1
cimi (3.4)
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as in (2.43), which takes values 0, 1, . . . , λc for given ci. Then, the Coulomb branch Hilbert
series of (3.1) can be obtained via the monopole formula (2.51) as follows:

HS [CB of (3.1)] (t, w)

=
(
1− t2

) λc∑
j=0

∑
m∈

Γmw
G

WG

[ 3∏
i=1

PU(1)(mi, t2)wmi
i

]
× t2∆(m)δf(m),j , (3.5)

where wi are the topological fugacities associated with the three U(1) gauge nodes, and
G = G̃/U(1) with G̃ = U(1)3. Using (3.2), the conformal dimension appearing in (3.5) reads

2∆(m) = |2m1 − 3m2|+ |m1 − 3m3|+ |m2 − 2m3| , (3.6)

where it is important to take into account the constraint coming from the delta function δf(m),j .
A convenient choice to ungauge the decoupled U(1) gauge group is to set c1 = c2 = 0

and c3 = 1, such that λc = 0 and f(m) = m3. Adopting this parametrisation, the conformal
dimension is given by (3.6), with the constraint m3 = 0. Upon setting the topological
fugacities to unity, the Coulomb branch Hilbert series admits the following closed form:

HS [CB of (3.1)] (t, wi = 1)

= 1 + t2 + 3t3 + 4t4 + 4t5 + 4t6 + 3t7 + t8 + t10

(1− t2) (1− t3) (1− t4) (1− t5)
= 1 + 2t2 + 4t3 + 7t4 + 10t5 + 16t6 + 22t7 + 31t8 + 40t9 + 54t10 + . . .

= PE
[
2t2 + 4t3 + 4t4 + 2t5 − 6t6 − 10t7 − 12t8 + 2t9 + 29t10 + . . .

]
.

(3.7)

We give an algebraic description of this Coulomb branch by computing the equations for
the Higgs branch of the mirror quiver in 3.1.2. Note that the Coulomb branch symmetry
of the theory, which can be read from the moment map operators appearing at order t2, is
u(1)2, reflecting that there are two independent U(1) topological symmetries in theory (3.1).
This is consistent with the relation (2.52).

Let us now demonstrate how to realise various Zr quotients, i.e. gauging Zr zero-form
symmetries, which we will refer to as Z[0]

r .

Z2 quotient. Suppose that we would like to perform a Z2 quotient, i.e. gauge the Z2
zero-form symmetry. We can take (c1, c2, c3) = (0, 1, 0) and consider only the contribution
of j = 0 in the first summation in (3.5). This amounts to setting m2 = 0 in (3.5). The
resulting Coulomb branch Hilbert series is

HS
[
CB of (3.1)/Z[0]

2

]
(t, wi = 1)

= 1 + t2 + t3 + t4 + 2t5 + 3t6 + 4t7 + 3t8 + 2t9 + t10 + t11 + t12 + t14

(1− t2) (1− t3) (1− t5) (1− t8)
= 1 + 2t2 + 2t3 + 3t4 + 6t5 + 8t6 + 12t7 + 17t8 + 20t9 + 28t10 + . . .

= PE
[
2t2 + 2t3 + 2t5 + t6 + 2t7 − 4t9 − 5t10 + . . .

]
.

(3.8)
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In this particular case, we obtain

Vol [CB of (3.1)]
Vol

[
CB of (3.1)/Z[0]

2

] = 2, (3.9)

as expected from the Z2 quotient.

Z3 quotient. This can be realised using (c1, c2, c3) = (1, 0, 0) and consider only the contribu-
tion of j = 0 in the first summation in (3.5). The resulting Coulomb branch Hilbert series is

HS
[
CB of (3.1)/Z[0]

3

]
(t, zi = 1)

= 1 + t2 + 2t4 + t5 + 2t6 + 3t7 + 2t8 + 3t9 + 2t10 + t11 + 2t12 + t14 + t16

(1− t2) (1− t4) (1− t5) (1− t9)
= 1 + 2t2 + 5t4 + 2t5 + 8t6 + 6t7 + 13t8 + 14t9 + 20t10 + . . .

= PE
[
2t2 + 2t4 + 2t5 + 2t7 − t8 − t10 + . . .

]
.

(3.10)

We also obtain

Vol [CB of (3.1)]
Vol

[
CB of (3.1)/Z[0]

3

] = 3, (3.11)

as expected from the Z3 quotient.

Another Z3 quotient. We can also realise a Z3 quotient by setting (c1, c2, c3) = (0, 1, 1)
and consider only the contribution of j = 0 in the first summation in (3.5). We point out
that this Z3 quotient is not equivalent to the one presented above, as can be seen from the
resulting Coulomb branch Hilbert series, which does not coincide with (3.10):

HS
[
CB of (3.1)/Z[0]

3′
]
(t, wi = 1)

= 1
(1− t) (1− t2) (1− t12) (1− t15)

(
1− t + t2 + t3 − t4 + t5 + t6 − t7

+3t8 + 3t9 − t10 + 3t11 + 2t12 − 2t13 + 2t14 + palindrome + t26
)

= 1 + 2t2 + 2t3 + 3t4 + 4t5 + 6t6 + 6t7 + 11t8 + 14t9 + 18t10 + . . .

= PE
[
2t2 + 2t3 − t6 + 2t8 + 4t9 + 2t10 + . . .

]
,

(3.12)

where, in order to avoid confusion with the previous Z3 quotient, we denote by Z[0]
3′ the

zero-form symmetry which is gauged in the present case. This Z3 quotient is consistent with

Vol [CB of (3.1)]
Vol

[
CB of (3.1)/Z[0]

3′
] = 3. (3.13)
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Z13 quotient. This can be realised using (c1, c2, c3) = (3, 2, 0) and consider only the contribu-
tion of j = 0 in the first summation in (3.5). The resulting Coulomb branch Hilbert series is

HS
[
CB of (3.1)/Z[0]

13

]
(t, wi = 1)

= 1
(1− t2) (1− t5) (1− t39) (1− t52)

(
1 + t2 + t4 + t5 + t6 + t7 + t8 + t9

+t10 + t11 + t12 + t13 + t14 + t15 + t16 + t17 + 3t18 + 5t19 + 3t20 + 5t21

+5t22 + 3t23 + 3t24 + 3t25 + 3t26 + 3t27 + 3t28 + 3t29 + 3t30 + 3t31

+3t32 + 3t33 + 3t34 + 5t35 + 5t36 + 7t37 + 9t38 + 8t39 + 7t40 + 6t41

+5t42 + 4t43 + 4t44 + 4t45 + 4t46 + 4t47 + 4t48 + palindrome + t94
)

= 1 + 2t2 + 3t4 + 2t5 + 4t6 + 4t7 + 5t8 + 6t9 + 8t10 + . . .

= PE
[
2t2 + 2t5 − t10 + . . .

]
.

(3.14)

We also obtain
Vol [CB of (3.1)]

Vol
[
CB of (3.1)/Z[0]

13

] = 13, (3.15)

which is expected for a Z13 quotient.
We will discuss such quotients, the resulting dual one-form symmetries and mixed ’t

Hooft anomalies more systematically using the index.

3.1.1 Superconformal index of theory (3.1)

As described in section 2.1.7, an overall U(1) in (3.1) can be modded out in many ways.
In this subsection, we adopt the alternative method described around (2.45), which is
more conventional for computing superconformal indices. In particular, we achieve this by
restricting the gauge fugacities and the corresponding magnetic fluxes in the following way:

3∏
i=1

zci
i = 1,

3∑
i=1

cimi = 0, (3.16)

where we also allow the magnetic fluxes mi to be non-integers. As we discussed earlier
around (2.45), this amounts to reducing the freedom on ∑3

i=1 cimi in (3.4) by setting it to
zero, but increasing the freedom on the magnetic fluxes by allowing them to take non-integral
values. We will soon discuss the conditions that determine the allowed values of mi. We will
also determine the discrete symmetry that acts on the monopole operators with fractional
magnetic fluxes, refine it with an appropriate fugacity in the index, and eventually gauge it.

The superconformal index of theory (3.1) can be computed from the following expression:

I(3.1) =
∑

m1,m2,m3

wm1
1 wm2

2 wm3
3

∮
dz1
2πiz1

∮
dz2
2πiz2

∮
dz3
2πiz3

δ(3.16) × Imatter,

Imatter =
[
I1

χ

(
a−2; 0;x

)]2
×
∏

s=±1
I

1
2
χ

(
(z−1

1 z3
3)sa; s(−m1 + 3m3);x

)
× I

1
2
χ

(
(z2

1z−3
2 a)s; s(2m1 − 3m2);x

)
× I

1
2
χ

(
(z2z−2

3 )sa; s(m2 − 2m3);x
)

,

(3.17)
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where the contribution of the chiral multiplet of R-charge R is

ZR
χ (z; l;x) =

(
x1−Rz−1

)|l|/2 ∞∏
j=0

1− (−1)lz−1x|l|+2−R+2j

1− (−1)lz x|l|+R+2j
. (3.18)

For simplicity, we have turned off the background magnetic fluxes for the axial symmetry a

and for the topological symmetries w1,2,3. The notation δ(3.16) means that we impose the
constraint (3.16) upon integrating over the gauge fugacities and summing over the gauge
fluxes. A set of conditions that needs to be satisfied in order to make the index well-defined
is the Dirac quantisation conditions which require that the magnetic fluxes in the arguments
of each factor I

1
2
χ must be integers:

m1 − 3m3 ∈ Z, 2m1 − 3m2 ∈ Z, m2 − 2m3 ∈ Z. (3.19)

In (3.17), we sum the gauge magnetic fluxes mi over all possible values (including the
fractional ones) that are allowed by (3.19).

The conditions (3.16) allow us to write, for example,

z2 = z
− c1

c2
1 z

− c3
c2

3 , m2 = −c1
c2

m1 −
c3
c2

m3, c2 ̸= 0. (3.20)

Imposing these in the above index amounts to ungauge the overall U(1) from the node
associated with m2. Using (3.20), we see that the Dirac quantisation conditions become

m1 − 3m3 ∈ Z,

3c1 + 2c2
c2

m1 +
3c3
c2

m3 ∈ Z,

c1
c2

m1 +
2c2 + c3

c2
m3 ∈ Z.

(3.21)

Due to the condition (3.20), we are left with two independent topological fugacities v1 and
v3 that appear in the index as vm1

1 vm3
3 , where10

v1 = w1w
− c1

c2
2 , v3 = w3w

− c3
c2

2 . (3.22)

Suppose that the allowed magnetic fluxes in (3.21) include those with non-integral values
and, upon writing them in the lowest terms, the largest denominator is r. This indicates
the presence of a Zr zero-form magnetic symmetry that acts non-trivially on the monopole
operators with fractional magnetic fluxes. In particular, whenever m1 or m3 is not an integer,
if there is an integer linear combination of m1 and m3 such that

r(x1m1 + x3m3) ̸= 0 (mod r), for some x1, x3 ∈ Z, (3.23)

then the index can then be refined with respect to a discrete fugacity g associated with Zr

such that gr = 1 by inserting the factor

gr(x1m1+x3m3) (3.24)
10The restriction of three topological fugacities to two was also achieved in (2.52) in a different way. In this

case, we impose the condition (3.16) on the magnetic fluxes and then seek two independent combinations of
topological fugacities which turn out to be v1 and v3.
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inside the summation in (3.17). For convenience, we will refer to this Zr zero-form symmetry
as (Z[0]

r )g. Explicitly, the index (3.17) up to order x2 reads

I(3.1) = 1 + (a2 + 2a−2)x +
(
g−2u1 + g−1u2 + gu−1

2 + g2u−1
1

)
a−3x

3
2

+
[
a4 − 4 +

(
g−3u1u2 + g−1u1u−1

2 + 3 + gu−1
1 u2 + g3u−1

1 u−1
2

)
a−4

]
x2 + . . . ,

(3.25)

where u1 and u2 are some functions of the topological fugacities v1 and v3, and at least
one of which, say u2, takes the form u2 = (vy1

1 vy3
3 ) 1

r , with y1 and y3 integers coprime to r.
Setting g = 1 and ui = 1, the Coulomb branch limit of (3.25) is in agreement with (3.7).
We will discuss the Higgs branch below.

This refinement allows us to gauge (Z[0]
r )g by summing g over all of the r-th roots of

unity and dividing the result by r. After gauging, the resulting theory, which we refer to
as (3.1)/(Z[0]

r )g, has a dual Z[1]
r one-form symmetry, denoted by (Z[1]

r )ĝ. The fractional powers
of v1 and v3 in u2 = (vy1

1 vy3
3 ) 1

r in the index of theory (3.1), in fact, imply the following
mixed ’t Hooft anomaly in theory (3.1)/(Z[0]

r )g:

exp
(2πi

r

∫
M4

B2
ĝ
∪
[
c1(U(1)v

y1
1 v

y3
3
) mod r

])
, (3.26)

where B
(2)
ĝ

is the two-form background field for (Z[1]
2 )ĝ and c1(U(1)v

y1
1 v

y3
3
) is the first Chern-

class associated with the linear combination y1 U(1)v1 + y3 U(1)v3 of the U(1)v1 and U(1)v3

topological symmetries associated with the fugacities v1 and v3 respectively. Here M4 is
the 4d bulk such that ∂M4 = M3, with M3 being the 3d spacetime in which the theory in
question lives. Indeed, (3.26) manifests itself in the following way: upon gauging (Z[1]

r )ĝ, we
go back to theory (3.1) whose index contains the terms involving (vy1

1 vy3
3 ) 1

r , which contains
an improper quantisation of the charge of U(1)v

y1
1 v

y3
3

. We will demonstrate this in the
following examples below:

• (c1, c2, c3) = (0, 1, 0) for Z2 ,

• (c1, c2, c3) = (1, 0, 0) for Z3 ,

• (c1, c2, c3) = (0, 1, 1) for another Z3 ≡ Z3′ ,

• (c1, c2, c3) = (3, 2, 0) for Z13 .

Let us briefly mention that one can take the Higgs and Coulomb branch limits of the
index to obtain the Higgs and Coulomb branch Hilbert series [32]. In particular, we define

h = x1/2a, c = x1/2a−1,

or equivalently x = hc, a = (h/c)1/2,
(3.27)

and substitute them in the index. In the Higgs branch limit we send c → 0 and keep h fixed,
whereas in the Coulomb branch limit we send h → 0 and keep c fixed. Note that, given a
series expansion of the index in terms of x, the Higgs (resp. Coulomb) branch limit can be
obtained by reading off the coefficients of the terms apx

p
2 (resp. a−px

p
2 ), with p ∈ Z≥0, and
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multiplying each of them to hp (resp. cp). Conventionally, the corresponding Hilbert series
can be obtained by simply setting h or c in each of the aforementioned limits to t.

The Coulomb branch limits of the indices of (3.1)/(Z[0]
r )g in these examples, upon

setting ui = 1, are in agreement with the Coulomb branch Hilbert series (3.8), (3.10), (3.12)
and (3.14), as expected.

On the other hand, the Higgs branch limit of the index (3.25) gives PE[t2+2t6−t12]. This
indicates that the Higgs branch of (3.1) is isomorphic to C2/Z6. The generators are as follows:

G0 = Q(0,1,−2)Q̃(0,1,−2) = Q(−1,0,3)Q̃(−1,0,3) = Q(2,−3,0)Q̃(2,−3,0),

G+ = Q3
(0,1,−2)Q

2
(−1,0,3)Q(2,−3,0),

G− = Q̃3
(0,1,−2)Q̃

2
(−1,0,3)Q̃(2,−3,0),

(3.28)

where we denote by Q(q1,q2,q3) the chiral field that carries charges (q1, q2, q3) under the
gauge groups labelled by i = 1, 2, 3 in (3.1), and by Q̃(q1,q2,q3) the chiral field in the same
hypermultiplet with the opposite gauge charge. These generators satisfy the defining relation
G+G− = G6

0 of C2/Z6, as expected. This moduli space is unaffected upon gauging the (Z[0]
r )g

zero-form symmetry. This can also be seen from the Higgs branch limit of the index (3.25):
the coefficients of the terms apx

p
2 , with p ∈ Z≥0, never contain g.

Example 1. (c1, c2, c3) = (0, 1, 0) for Z2. The solutions to (3.21) form the two-
dimensional lattices Λp =

(
Z+ p

2
)2, with p = 0, 1. In (3.23), we can choose, for example,

x1 = 1 and x3 = 0, so that, when p = 1, we have a non-trivial power of g in (3.24). The
index (3.17) therefore can be rewritten as

I(3.1) =
1∑

p=0

∑
(m1,m3)∈Λp

gp vm1
1 vm3

3

∮
dz1
2πiz1

∮
dz3
2πiz3

[Imatter](3.20) , (3.29)

where we denote by [Imatter](3.20) the matter contribution in (3.17) subject to the con-
straint (3.20). It can be easily seen that the fugacity g associated with the (Z[0]

2 )g zero-form
symmetry always appears with the topological fugacities as g(v1v3)

1
2 vr1

1 vr3
3 for some r1, r3 ∈ Z.

The explicit form of the index up to order x2 is given in (3.25) with

u1 = v1, u2 = (v1v3)
1
2 . (3.30)

Gauging (Z[0]
2 )g leads to theory (3.1)/(Z[0]

2 )g, with the mixed anomaly given by (3.26) with
r = 2 and y1 = y3 = 1. Note that theory (3.1)/(Z[0]

2 )g corresponds to opening up the
quiver (3.1) in the following way:

1
m3

1
m1

1 1

3 11
2

3

1

2

1

1 (3.31)

where the gauge magnetic fluxes are such that (m1, m3) ∈ Z2.
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Example 2. (c1, c2, c3) = (1, 0, 0) for Z3. In this case, since c2 = 0, in order to solve
the conditions (3.16) in a valid way, we have to modify (3.20) by swapping z1 ↔ z2, c1 ↔ c2
and m1 ↔ m2. It then follows that we have two independent topological fugacities v2 and
v3 appearing in the index as vm2

2 vm3
3 , which are defined by swapping the subscript 1 with

the subscript 2, and viceversa, in (3.22). Moreover, the Dirac quantisation conditions can
be expressed as

m2 − 2m3 ∈ Z,

3c1 + 2c2
c1

m2 +
2c3
c1

m3 ∈ Z,

c2
c1

m2 +
3c1 + c3

c1
m3 ∈ Z.

(3.32)

In particular, for (c1, c2, c3) = (1, 0, 0), these equations become

m2 − 2m3 ∈ Z, 3m2 ∈ Z, 3m3 ∈ Z. (3.33)

The solutions form the two-dimensional lattices Λp = (Z+ p
3)× (Z− p

3), with p = 0, 1, 2. The
index can be refined with a fugacity g by inserting the factor (3.24), with the substitution
x1 → x2 and m1 → m2. In particular, we can choose x2 = 1 and x3 = 0 such that, when
p = 1, 2, a non-trivial power of g appears in the index (3.17). The explicit form of the index
up to order x2 is given in (3.25) with

u1 = (v2v−1
3 )

1
3 , u2 = (v2

2v3)
1
3 . (3.34)

Note that the index (3.25) can also be rewritten in terms of u2 and integral powers of v2,
since u1 = v2u−1

2 . Gauging (Z[0]
3 )g leads to theory (3.1)/(Z[0]

3 )g with the mixed anomaly (3.26)
with r = 3, y2 = 2 and y3 = 1.

We remark that (3.1)/(Z[0]
3 )g is also be described by the following quiver, which amounts

to opening up the quiver (3.1) at node labelled by m1:

1
m3

1
m2

1 1

2 11
3

2

1

3

1

1 (3.35)

where the gauge magnetic fluxes are such that (m2, m3) ∈ Z2.

Example 3. (c1, c2, c3) = (0, 1, 1) for Z3′. Let us also examine another Z3 quotient,
which we previously denoted by Z3′ . In this case, the two-dimensional lattices which arise
from solving the Dirac quantisation conditions (3.21) are given by Λp = Z×

(
Z+ p

3
)
, with

p = 0, 1, 2. Therefore, we can choose x1 = 0 and x3 = 1 in (3.23) such that, when p ̸= 0,
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the index is refined with a non-trivial power of g, given by (3.24). The explicit expression
of the index up to order x2 is given by (3.25), with

u1 = g2v1, u2 = v
− 1

3
3 . (3.36)

It follows that, upon gauging (Z[0]
3′ )g, we reach theory (3.1)/(Z[0]

3′ )g with the mixed anomaly
given by (3.26) with r = 3, y1 = 0 and y3 = 1.

Example 4. (c1, c2, c3) = (3, 2, 0) for Z13. Finally, let us consider the Z13 discrete
symmetry. The solutions to the conditions (3.21) form the two-dimensional lattices Λp =(
Z+ p

13
)
×
(
Z− 4p

13

)
, with p = 0, . . . , 12. We can choose x1 = 1 and x3 = 2 in (3.23) in such

a way that, when p ̸= 0, a non-trivial power of g, given by (3.24), appears in the index. Up
to order x2, the index is given explicitly by (3.25) with

u1 = (v4
1v−3

3 )
1
13 , u2 = (v2

1v5
3)

1
13 . (3.37)

Note that the index (3.25) can also be rewritten in terms of u2 and integral powers of v3, since
u1 = v−1

3 u2
2. Gauging (Z[0]

13)g leads to theory (3.1)/(Z[0]
13)g with the mixed anomaly (3.26)

with r = 13, y1 = 2 and y3 = 5.

3.1.2 Mirror dual of theory (3.1)

The 3d mirror of (3.1) is [33]

1

1

1

1

2

2

3

3
/U(1) (3.38)

where we can ungauge one of the two gauge nodes to obtain the framed quiver

1
1

1

11
2

3

(3.39)

which represents a U(1) gauge theory with one hypermultiplet of charge one, one hyper-
multiplet of charge two and one hypermultiplet of charge three. In N = 2 language, let us
denote by Qi and Q̃i the chiral multiplets with gauge charges ±i in each hypermultiplet
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of gauge charge i, and let us call the chiral field in the vector multiplet Φ. We can draw
the N = 2 quiver as follows:

1
1

1

1
Q1

Q̃1

Q2Q̃2

Q3

Q̃3

Φ

(3.40)

The superpotential reads

W = Q̃1ΦQ1 + Q̃2ΦQ2 + Q̃3ΦQ3, (3.41)

from which we obtain the F -term

F = ∂W

∂Φ = Q1Q̃1 + Q2Q̃2 + Q3Q̃3. (3.42)

The Higgs branch of (3.38). Let us list the generators of the Higgs branch below. At
degree 2, we have

A1 = Q̃1Q1, A2 = Q̃2Q2, A3 = Q̃3Q3, (3.43)

subject to the following relation coming from the F -term

A1 + A2 + A3 = 0. (3.44)

At degree 3, we have

B1 = Q̃1Q̃1Q2, B2 = Q1Q1Q̃2,

B3 = Q̃3Q2Q1, B4 = Q3Q̃2Q̃1.
(3.45)

At degree 4, we have

C1 = Q̃1Q̃1Q̃1Q3, C2 = Q1Q1Q1Q̃3,

C3 = Q̃1Q̃3Q2Q2, C4 = Q1Q3Q̃2Q̃2.
(3.46)

At degree 5, we have

D1 = Q̃2Q̃2Q̃2Q3Q3, D2 = Q2Q2Q2Q̃3Q̃3. (3.47)

The relations are as follows. At degree 6, we have

B2B4 − A1C4 = 0, B1B4 − A2C1 = 0,

B2B3 − A2C2 = 0, B1B3 − A1C3 = 0,

A1A2A3 − B3B4 = 0, A2
1A2 − B1B2 = 0.

(3.48)
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At degree 7, we have

B4C4 − A1D1 = 0, B3C3 − A1D2 = 0,

A1A2B4 − B1C4 = 0, A2
1B4 − B2C1 = 0,

A1A2B3 − B2C3 = 0, A2
1B3 − B1C2 = 0,

A2A3B2 − B3C4 = 0, A1A3B2 − B4C2 = 0,

A2A3B1 − B4C3 = 0, A1A3B1 − B3C1 = 0.

(3.49)

At degree 8, we have

C2
4 − B2D1 = 0, A2A3C4 − B3D1 = 0,

C2
3 − B1D2 = 0, A2A3C3 − B4D2 = 0,

A2B2
4 − B1D1 = 0, A1B2

4 − C1C4 = 0,

A2B3B4 − C3C4 = 0, A2B2
3 − B2D2 = 0,

A1B2
3 − C2C3 = 0, A3B2

2 − C2C4 = 0,

A3B2
1 − C1C3 = 0, A3

1A3 − C1C2 = 0.

(3.50)

At degree 9, we have

A3B2C4 − C2D1 = 0, A3B1C3 − C1D2 = 0,

B3
4 − C1D1 = 0, A2

2A3B4 − C3D1 = 0,

B3
3 − C2D2 = 0, A2

2A3B3 − C4D2 = 0.

(3.51)

Finally, at degree 10, we have

A3
2A2

3 − D1D2 = 0. (3.52)

Index of (3.38). The index of this theory is given by

I(3.39) =
∑
m∈Z

wm
∮

dz

2πiz
I1

χ(a−2; 0;x)×
[ ∏

s=±1
I

1
2
χ ((gz)s; sm;x)

× I
1
2
χ

(
(z2u1)s; 2sm;x

)
× I

1
2
χ

(
(z3u1u2)s; 3sm;x

) ]
,

(3.53)

where w is the topological fugacity and u1,2 are the fugacities for the continuous U(1)2 flavour
symmetry. In the notation of (3.40), we assign u±1

1 to Q2 and Q̃2 and (u1u2)±1 to Q3 and
Q̃3. As before we turn off the background magnetic fluxes for the global symmetries. In the
above, we turn on the fugacity g (with gr = 1) associated with (Z[0]

r )g symmetry. This turns
out to act on Q1 and Q̃1 as g and g−1 respectively. It is interesting to point out that, in
theory (3.1), the (Z[0]

r )g zero-form symmetry acts on the monopole operators via the gauge
magnetic fluxes, whereas in the mirror theory (3.39) it acts on the chiral multiplets Q1 and
Q̃1. This is consistent with mirror symmetry, in which the Higgs and Coulomb branches
of the dual theories get exchanged.
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To the first few orders in x, the index reads

I(3.39) = 1 + (a−2 + 2a2)x +
(
g−2u1 + g−1u2 + gu−1

2 + g2u−1
1

)
a3x

3
2

+
[
a−4 − 4 +

(
g−3u1u2 + g−1u1u−1

2 + 3 + gu−1
1 u2 + g3u−1

1 u−1
2

)
a4
]

x2 + . . .

= (3.25) with a ↔ a−1.

(3.54)

The fact that the indices of (3.39) and (3.1) can be equated upon exchanging a and a−1

supports the claim that these theories are indeed mirror dual. Gauging (Z[0]
r )g can be

performed as before, namely by summing g over the r-th roots of unity and dividing by r.
Since (Z[0]

r )g acts on Q1 and Q̃1 with the action g and g−1 (with gr = 1) respectively, such
discrete gauging removes the Higgs branch generators (3.43)–(3.47) that carry non-trivial
powers of g, i.e. those that are not neutral under (Z[0]

r )g.

The Coulomb branch of (3.38). Let us discuss the Coulomb branch of theory (3.38).
Indeed, its Hilbert series is given by ∑p≥0 cpt2p, where cp is given by the coefficient of the term
a−px

p
2 in index (3.54) (see [32]). The result is PE[t2 + 2t6 − t12], which is the Hilbert series

of C2/Z6, in agreement with (3.28). The term t2 in the PE corresponds to the generator Φ,
where Φ is the adjoint field residing in the vector multiplet of the U(1) gauge node in (3.39).
The term 2t6 in the PE corresponds to the elementary monopole operators V± with fluxes ±1
in the U(1) gauge node in (3.39). They satisfy the relation V+V− = Φ6, which is the defining
relation of C2/Z6. Furthermore, we see that the Coulomb branch does not get affected by
gauging (Z[0]

r )g, since g appears only in the terms with positive power of a. This is in perfect
agreement with the statement below (3.28) upon applying mirror symmetry.

3.2 Non-Abelian example

Let us analyse the following non-simply laced quiver

1

m4

SU(2)
m1,1 + m1,2 = 0

1

m2

1
m3

2 21
(3.55)

where we denote by m1,1 and m1,2, with m1,1 + m1,2 = 0, the magnetic fluxes associated
with the SU(2) gauge node and by mi ∈ Z, with i = 2, 3, 4, the magnetic fluxes associated
with the three U(1) gauge nodes. Given

G = G̃/U(1), with G̃ = U(2)×U(1)3, (3.56)
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the Coulomb branch Hilbert series can be obtained via the monopole formula (2.51), which
in this case reads

HS [CB of (3.55)] (t, w) =
(
1− t2

) ∑
m∈

Γmw
G

WG

PU(2)(m1, t2)

×
[ 4∏

i=2
PU(1)(mi, t2)wmi

i

]
t2∆(m)δm1,1+m1,2,0,

(3.57)

where wi, with i = 2, 3, 4, are the topological fugacities associated with the three U(1)
nodes. The adjacency matrix, rank vector and shortness vector associated with (3.55) are
given respectively by

A =


−2 2 1 1
2 −2 0 0
1 0 −2 0
1 0 0 −2

 , v =


2
1
1
1

 , s =


1
1
1
1

 , (3.58)

from which, using (2.32), the conformal dimension appearing in (3.57) reads

2∆(m) =− 2 |m1,1 − m1,2|+ 2 (|m1,1 − m2|+ |m1,2 − m2|)
+ (|m1,1 − m3|+ |m1,2 − m3|) + (|m1,1 − m4|+ |m1,2 − m4|) ,

(3.59)

with the constraint m1,1 + m1,2 = 0 coming from the delta function in (3.57). Explicitly, if
we set the topological fugacities to unity, we obtain the following expression for the Coulomb
branch Hilbert series:

HS [CB of (3.55)] (t, wi = 1) = 1 + 7t2 + 56t4 + 235t6 + 843t8 + . . .

= PE
[
7t2 + 28t4 − 45t6 − 242t8 + . . .

]
,

(3.60)

which tells us that the Coulomb branch symmetry of the theory is su(2)2 ⊕ u(1).
Let us point out that quiver (3.55) possesses a (Z[1]

2 )x̂ × (Z[1]
2 )ŷ one-form symmetry, where

the (Z[1]
2 )x̂ factor is associated with the centre of the SU(2) gauge group and (Z[1]

2 )ŷ arises
from the charge two U(1) matter field.11 The two Z2 factors of the one-form symmetry can
be gauged sequentially, giving rise to an interesting pattern of mixed ’t Hooft anomalies
and global symmetry extensions.

11As explained in [31, section 2] (see also [34, appendices B and C]), 3d N = 4 SQED with two hypermultiplets
of charge q possesses a Zq one-form symmetry, whose gauging leads to SQED with two hypermultiplets of
charge one. As a direct consequence of this statement, gauging (Z[1]

2 )
ŷ

in theory (3.55) leads to (3.61).
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Gauging (Z[1]
2 )ŷ. Let us start by gauging the (Z[1]

2 )ŷ one-form symmetry of quiver (3.55),
namely the one associated with the charge two U(1) matter field. The resulting quiver is

1

m4

SU(2)
m1,1 + m1,2 = 0

1

m2

1
m3

2 11
(3.61)

whose Coulomb branch Hilbert series is given by (3.57), where now the adjacency matrix,
rank vector and shortness vector associated with (3.61) are given respectively by

A =


−2 2 1 1
1 −2 0 0
1 0 −2 0
1 0 0 −2

 , v =


2
1
1
1

 , s =


1
2
1
1

 . (3.62)

It follows that the conformal dimension (2.32) entering in the monopole formula (3.57) of
quiver (3.61) reads

2∆(m) =− 2 |m1,1 − m1,2|+ (|2m1,1 − m2|+ |2m1,2 − m2|)
+ (|m1,1 − m3|+ |m1,2 − m3|) + (|m1,1 − m4|+ |m1,2 − m4|) ,

(3.63)

with the constraint m1,1 + m1,2 = 0. Upon setting wi = 1, the explicit expression of the
Coulomb branch Hilbert series reads

HS [CB of (3.61)] (t, wi = 1) = 1 + 9t2 + 88t4 + 405t6 + 1515t8 + . . .

= PE
[
9t2 + 43t4 − 147t6 − 538t8 + . . .

]
,

(3.64)

from which we observe that the Coulomb branch symmetry is su(2)3. Alternatively, the same
theory can be realised in an equivalent way by starting with quiver (3.55), with associated
monopole formula (3.57) and conformal dimension (3.59), and explicitly gauge its (Z[1]

2 )ŷ

one-form symmetry by summing the magnetic flux m2,1 over half-integer values, i.e. we
modify the summation over m2 in (3.57) as follows:

∑
m2∈Z

−→
1∑

p=0
yp

∑
m2∈Z+ p

2

, (3.65)

where y is the fugacity associated with the dual (Z[0]
2 )y zero-form symmetry arising from

gauging the one-form symmetry, such that y2 = 1. This procedure allows us to refine the
Coulomb branch Hilbert series of (3.61) with the fugacity y as follows:

HS [CB of (3.61)] (t, y, wi = 1) = 1 + (7 + 2y) t2 + (56 + 32y) t4

+ (235 + 170y) t6 + (843 + 672y) t8 + . . . .
(3.66)

– 32 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

Observe that, if we sum (3.66) over y = ±1 and divide by 2, we recover (3.60):

HS [CB of (3.55)] (t, w) = 1
2
∑

y=±1
HS [CB of (3.61)] (t, y, w). (3.67)

This is consistent with the fact that theory (3.55) can be obtained upon gauging the (Z[0]
2 )y

symmetry of quiver (3.61).

Gauging (Z[1]
2 )x̂. Next, we can proceed by gauging the (Z[1]

2 )x̂ one-form symmetry of
quiver (3.55), namely the one associated with the centre of the SU(2) gauge group. Taking
into account (2.56), the resulting quiver is

1

m4

2
m1,1 + m1,2 = {0, 1}

1

m2

1
m3

2 21
/ U(1) =

1

m4

2
m1,1, m1,2

1

m2 = 0

1
m3

2 11
(3.68)

where the equality between the two quivers is a consequence of the fact that the overall U(1)
factor can be ungauged equivalently either by setting m1,1 + m1,2 = {0, 1} or by setting one
of the three U(1) magnetic fluxes to zero, for instance m2 = 0.12 For definiteness, let us pick
the former choice of ungauging. The Coulomb branch Hilbert series reads

HS [CB of (3.68)] (t, w) =
(
1− t2

) ∑
j=0,1

∑
m∈

Γmw
G

WG

PU(2)(m1, t2)wm1,1+m1,2
1

×
[ 4∏

i=2
PU(1)(mi, t2)wmi

i

]
t2∆(m)δm1,1+m1,2,j ,

(3.69)

where w1 is the topological fugacity associated with the U(2) gauge group and the conformal
dimension is given by (3.59), with m1,1+m1,2 = {0, 1}. Upon setting the topological fugacities
to unity, (3.69) yields the Hilbert series of the closure of the next-to-minimal orbit of su(4),
denoted by n.minA3 ∼= n.minD3, see [35, section 3]:

HS [CB of (3.68)] (t, wi = 1) =
(
1 + t2)2 (1 + 5t2 + t4)

(1− t2)8

= 1 + 15t2 + 104t4 + 475t6 + 1659t8 + . . .

= PE
[
15t2 − 16t4 + 35t6 − 126t8 + . . .

]
.

(3.70)

Indeed, it was formerly pointed out in [10] that the Coulomb branch Hilbert series of the quiver
on the right hand side of (3.68) coincides with the Hilbert series of n.minA3. Equivalently,
we can also obtain the same result by gauging explicitly the (Z[1]

2 )x̂ symmetry at the level of
12Note that, upon setting m2 = 0, we can trade the (2, 2)-edge between the U(2) and U(1) nodes for a

(2, 1)-edge while leaving the conformal dimension invariant.
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the monopole formula. This gauging can be performed explicitly by modifying the summation
over the magnetic fluxes in (3.57) as follows:

∑
m1,1∈Z≥0

∑
(m2,m3,m4)∈Z3

−→
1∑

q=0
xq

∑
m1,1∈Z≥0+ q

2

∑
(m2,m3,m4)∈(Z+ q

2)
3

, (3.71)

where we denote by x the fugacity associated with the (Z[0]
2 )x zero-form symmetry, which

arises from gauging the (Z[1]
2 )x̂ one-form symmetry, with x2 = 1. We can then refine the

Coulomb branch Hilbert series (3.70) with respect to the fugacity x:

HS [CB of (3.68)] (t, x, wi = 1) = 1 + (7 + 8x) t2 + (56 + 48x) t4

+ (235 + 240x) t6 + (843 + 816x) t8 + . . . .
(3.72)

Note that we recover (3.60) by summing over x = ±1 and dividing by 2:

HS [CB of (3.55)] (t, w) = 1
2
∑

x=±1
HS [CB of (3.68)] (t, x, w), (3.73)

which coincides with gauging (Z[0]
2 )x.

Gauging the whole one-form symmetry. Finally, let us gauge the whole (Z[1]
2 )x̂ × (Z[1]

2 )ŷ

one-form symmetry of quiver (3.55). Equivalently, this corresponds to either gauging (Z[1]
2 )x̂

in theory (3.61) or to gauging (Z[1]
2 )ŷ in theory (3.68). This yields the affine B3 quiver

1

m4

2
m1,1 + m1,2 = {0, 1}

1

m2

1
m3

2 11
/ U(1) (3.74)

whose Coulomb branch Hilbert series,13 once unrefined with respect to the topological
fugacities, yields the Hilbert series of the closure of the minimal nilpotent orbit of so(7),
which is denoted by minB3, namely [35, section 4]

HS [CB of (3.74)] (t, wi = 1) =
(
1 + 13t2 + 28t4 + 13t6 + t8)

(1− t2)8

= 1 + 21t2 + 168t4 + 825t6 + 3003t8 + . . .

= PE
[
21t2 − 63t4 + 377t6 − 2940t8 + . . .

]
.

(3.75)

This can also be achieved directly from theory (3.55) by gauging the whole (Z[1]
2 )x̂ × (Z[1]

2 )ŷ

one-form symmetry at the level of the monopole formula by combining (3.65) and (3.71).
13This is given by (3.69) with conformal dimension (3.63), where m1,1 + m1,2 = {0, 1}.
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Explicitly, we modify the summation in (3.57) as follows:∑
m1,1∈Z≥0

∑
(m2,m3,m4)∈Z3

−→
1∑

q=0

1∑
p=0

xqyp
∑

m1,1∈Z≥0+ q
2

∑
m2∈Z+ q

2+ p
2

∑
(m3,m4)∈(Z+ q

2)
2

.
(3.76)

In this way, we can refine the Coulomb branch Hilbert series (3.75) with both Z2 fugacities
x and y:

HS [CB of (3.74)] (t, x, y, wi = 1) = 1 + (7 + 8x + 2y + 4xy) t2

+ (56 + 48x + 32y + 32xy) t4

+ (235 + 240x + 170y + 180xy) t6

+ (843 + 816x + 672y + 672xy) t8 + . . . ,

(3.77)

where we emphasise that the so(7) symmetry of (3.74) is manifest only when x and y are
set to unity. Note that we can reproduce (3.66), (3.72) and (3.60) by gauging (Z[0]

2 )x, (Z[0]
2 )y

and (Z[0]
2 )x × (Z[0]

2 )y respectively, namely

HS [CB of (3.61)] (t, y, w) = 1
2
∑

x=±1
HS [CB of (3.74)] (t, x, y, w), (3.78a)

HS [CB of (3.68)] (t, x, w) = 1
2
∑

y=±1
HS [CB of (3.74)] (t, x, y, w), (3.78b)

HS [CB of (3.55)] (t, w) = 1
4
∑

x=±1

∑
y=±1

HS [CB of (3.74)] (t, x, y, w). (3.78c)

Observe that (3.78b) is consistent with the well-known result of [36] (see also [10]):

n.minA3 = minB3/Z2. (3.79)

The various one-form symmetry gaugings of quiver (3.55) are summarised in figure 1, together
with the dual zero-form symmetry gaugings.

Mixed ’t Hooft anomalies. The Coulomb branch Hilbert series (3.77) turns out to be
very interesting if, in addition to x and y, we also turn on the topological fugacities wi. Let
us focus on the coefficient appearing at order t2 of such Hilbert series:14

HS [CB of (3.74)] (t, x, y, w)

= 1 +
[
3 + w3 + w−1

3 + w4 + w−1
4 + x

(
w

1
2
2 + w

− 1
2

2

)(
w

1
2
3 + w

− 1
2

3

)(
w

1
2
4 + w

− 1
2

4

)
+y

(
w

1
2
2 + w

− 1
2

2

)
+ xy

(
w

1
2
3 + w

− 1
2

3

)(
w

1
2
4 + w

− 1
2

4

)]
t2 + . . . ,

(3.80)

14For our purpose, it suffices to consider the coefficient of t2 in the Hilbert series. This is due to the fact that
the Coulomb branch of the theory in question is min B3, which has precisely one set of generators appearing
at order t2 and transforming in the adjoint representation of so(7); see also the last line of (3.75). As we will
discuss below, upon turning on the fugacities x and y, the characters that are manifest in the Hilbert series
are those of su(2)wi , with i = 2, 3, 4.
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1 SU(2) 1

1

2 21

(3.55)

1 SU(2) 1

1

2 11

(3.61)

1 2 1

1
/ U(1)

2 21

(3.68)

1 2 1

1
/ U(1)

2 11

(3.74)

(Z[1]
2 )x̂

(Z[0]
2 )x

(Z[1]
2 )ŷ

(Z[0]
2 )y

(Z[1]
2 )ŷ

(Z[0]
2 )y

(Z[1]
2 )x̂

(Z[0]
2 )x

(Z[1]
2 )x̂ × (Z[1]

2 )ŷ

(Z[0]
2 )x × (Z[0]

2 )y

Figure 1. Sequential gauging of the (Z[1]
2 )

x̂
× (Z[1]

2 )
ŷ

one-form symmetry of quiver (3.55) and
subgroups thereof. Each downwards arrow with label F̂ denotes the gauging of the one-form symmetry
F̂ , whereas each upwards arrow with label F denotes the gauging of the zero-form symmetry F .
In each case, the manifest UV topological symmetry

∏4
i=2 U(1)wi

gets enhanced to the following
symmetry: (3.55): u(1)w2 × su(2)w3 × su(2)w4 , (3.61):

∏4
i=2 su(2)wi , (3.68): su(4), and (3.74): so(7).

where we highlight the topological fugacities appearing with half-integer powers in blue, red
and green. Note that the SO(7) flavour symmetry is manifest in the Hilbert series as the
U(1)w2 × SU(2)w3 × SU(2)w4 subgroup.15 The normalisations of the fugacities are as follows:
w

± 1
2

2 corresponds to the U(1)w2 charge ±2,16 and, for SU(2)wi (with i = 3, 4), the character
of the fundamental representation is w

1
2
i + w

− 1
2

i and that of the adjoint representation is
1 + wi + w−1

i .
The product of the brackets in green, namely

(
w

1
2
3 + w

− 1
2

3

)(
w

1
2
4 + w

− 1
2

4

)
, corresponds

to (2;2) representation of [SU(2)w3 × SU(2)w4 ] /Z2, where the quotient by Z2 indicates the
15Naively, the character that appears in (3.80) might seem to be that of SU(2)w2 × SU(2)w3 × SU(2)w4 , but

this does not fit into the branching rule 21 → (3, 2, 2) ⊕ (3, 1, 1) ⊕ (1, 3, 1) ⊕ (1, 1, 3) of SO(7) → SU(2)3. In
fact, we see that the first SU(2) factor in the aforementioned branching rule is broken to U(1)w2 and we have
to further use the branching rule 3 → (2) ⊕ (0) ⊕ (−2) of SU(2) → U(1)w2 . We see that, in this convention,
the normalisation for w2 is such that w

± 1
2

2 corresponds to the U(1)w2 charge ±2.
16See Footnote 15 for the convention.
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action that there is one independent combination of the centres of SU(2)w3 and SU(2)w4

that acts trivially. Specifically, the aforementioned Z2 acts by
(

w
1
2
3 → −w

1
2
3 , w

1
2
4 → −w

1
2
4

)
simultaneously. On the other hand, the product of the brackets in blue, namely(

w
1
2
2 + w

− 1
2

2

)(
w

1
2
3 + w

− 1
2

3

)(
w

1
2
4 + w

− 1
2

4

)
, corresponds to the (2;2)(2)⊕ (2;2)(−2) represen-

tation of [U(1)w2 × SU(2)w3 × SU(2)w4 ] /(Z2 × Z2), where the quotient by Z2 × Z2 indicates
that there are two independent combinations of the centres of SU(2)w3,4 and U(1)w2 that act

trivially. Specifically, the action of this Z2 × Z2 can be taken as
(

w
1
2
2 → −w

1
2
2 , w

1
2
3 → −w

1
2
3

)
and

(
w

1
2
3 → −w

1
2
3 , w

1
2
4 → −w

1
2
4

)
.

The terms in colour in (3.80) indicate the following mixed ’t Hooft anomalies (see for
instance [31, 37–40]).

• The red terms in (3.80) indicate that gauging (Z[1]
2 )ŷ, which leads to the dual symmetry

(Z[0]
2 )y, gives rise to the half-integral power in w

± 1
2

2 . Indeed, the smallest magnitude of
the U(1)w2 charge that appears in the Hilbert series is 2. This means that there is a
mixed ’t Hooft anomaly characterised by the following anomaly theory:

exp
(

iπ

∫
M4

B(2)
y ∪ [c1(U(1)w2) mod 2]

)
, (3.81)

where B
(2)
y ∈ H2(M3,Z[1]

2 ) is the two-form background field for the (Z[1]
2 )ŷ one-form

symmetry, and c1(U(1)w2) is the first Chern-class associated with the U(1)w2 symmetry.
Here, M4 is the 4d bulk such that ∂M4 = M3, with M3 being the 3d spacetime in which
the theory in question lives.

• Similarly, the terms highlighted in blue in (3.80) indicate that gauging (Z[1]
2 )x̂, which

leads to the dual (Z[0]
2 )x symmetry, is in conflict with the global form of the symmetry

(U(1)w2/Z2)× SO(3)w3 × SO(3)w4 , due to the presence of the representation (2;2)(2)⊕
(2;2)(−2). Thus, there is a mixed ’t Hooft anomaly characterised by the following
anomaly theory:

exp
(

iπ

∫
M4

B(2)
x ∪ v2

)
, (3.82)

where B
(2)
x ∈ H2(M3,Z[1]

2 ) is the two-form background field associated with the (Z[1]
2 )x̂

one-form symmetry, and v2 is the second Stiefel-Whitney class that obstructs the lift of
the (U(1)w2/Z2)×SO(3)w3×SO(3)w4 bundle to the (U(1)w2×SU(2)w3×SU(2)w4)/(Z2×
Z2) bundle.

• Finally, for the green terms in (3.80), the fugacity xy corresponds to the diagonal
subgroup of (Z[0]

2 )x × (Z[0]
2 )y, which we will denote by (Z[0]

2 )xy. The dual one-form
symmetry is the diagonal subgroup of (Z[1]

2 )x̂ × (Z[1]
2 )ŷ which we will denote by (Z[1]

2 )x̂ŷ.
Gauging (Z[1]

2 )x̂ŷ is in conflict with the global form of the symmetry SO(3)w3 ×SO(3)w4 ,
due to the presence of the representation (2;2). This signals that there is a mixed ’t
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Hooft anomaly characterised by

exp
(

iπ

∫
M4

B(2)
xy ∪w2

)
, (3.83)

where B
(2)
xy is the two-form background field associated with the (Z[1]

2 )x̂ŷ one-form
symmetry, and w2 is the second Stiefel-Whitney class that obstructs the lift of the
SO(3)w3 ×SO(3)w4 bundle to the (SU(2)w3 ×SU(2)w4)/Z2 bundle. Note that this mixed
anomaly does not involve the topological symmetry associated with w2.

4 Moduli Space of Bn instantons via discrete gauging

4.1 min Bn via discrete gauging

In this section, we present a method for obtaining the Hilbert series of the minimal nilpotent
orbit closure of Bn, denoted by minBn, by means of discrete gauging. So far in the literature,
this has been obtained in two ways. The first way is from the USp(2) gauge theory with
1
2(2n + 1) flavours. Since the number of flavours is not integral, in order for the theory
to be consistent, the USp(2) gauge group must possess a half-integral Chern-Simons level.
The latter reduces the amount of supersymmetry and lifts the Coulomb branch. In this
approach, minBn should be regarded as a subvariety of the total moduli space of vacua of
the supersymmetric Chern-Simons theory with vanishing expectation values for monopole
operators. The second way is to apply the Coulomb branch formula [12] to the following
affine Bn quiver with the prescription described in [6]:

1 2

2

2
. . .

2 1
>

(4.1)

Although this method gives the required result, quiver (4.1) does not possess a conventional
Lagrangian description, due to the presence of the non-simply laced edge. In the following,
we provide an alternative approach to realise the closure of the minimal nilpotent orbit of
Bn involving only 3d N = 4 theories with a Lagrangian description.

Our starting point is to consider the 3d N = 4 USp(2) gauge theory with 1
2 [(2n + 1) + m]

flavours, where m is odd.

USp(2) SO(2n + 1 + m) (4.2)

Observe that the number of flavours is integral. The flavour symmetry algebra is so(2n+1+m),
where 2n + 1 + m is even. The Higgs branch is indeed the closure of the minimal nilpotent
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orbit of D(2n+1+m)/2. Next we rewrite this quiver in an equivalent way as

USp(2) SO(2n + 1)

SO(1)

SO(1)

...

SO(1)

SO(1)

m (4.3)

We then implement discrete gauging by replacing each SO(1) by a Zm gauge group:

USp(2) SO(2n + 1)

Zm

Zm

...

Zm

Zm

m (4.4)

where each line connecting Zm and USp(2) denotes a half-hypermultiplet in the representation
(e2πi/m;2) of Zm × USp(2).

Our main claim is that, upon taking the limit m → ∞, the Higgs branch of theory (4.4)
is the closure of the minimal nilpotent orbit of Bn. In other words, we propose a realisation
of the transition between the following nilpotent orbits:

min D(2n+1+m)/2 −→ min Bn. (4.5)

Let us also emphasise that, for each m ∈ Zm≥1 (with m odd), the Higgs branch moduli space
is a (2m + n − 2) quaternionic dimensional hyperKähler cone, whose Hilbert series has a
palindromic numerator. The Coulomb branch of theory (4.4) is isomorphic to C2/D̂(2n+1+m)/2,
which is actually the Coulomb branch of the orginal theory (4.2). We subsequently demonstrate
these claims using the superconformal index and Hilbert series.

The index of theory (4.4) is given by

I(4.4)(f , m|a, na;x)

= 1
2
∑
l∈Z

∮
dz

2πiz
ZUSp(2)

vec (z; l;x)
∏

s=0,±1
Z1

χ

(
z2sa−2; 2sl − 2na;x

)

× 1
m

m−1∑
j=0

∏
s′=±1

[
Z1/2

χ

(
e

2πi
m

jzs′a; s′l + na;x
)]m

×
∏

s1=±1
Z1/2

χ (zs1a; s1l + na;x)
∏

s2=±1

n∏
i=1

Z1/2
χ (zs1f s2

i a; s1l + s2mi + na;x) ,

(4.6)
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where the USp(2) vector multiplet contribution is

ZUSp(2)
vec (z; l;x) = x−|2l| ∏

s=±1

(
1− (−1)2slz2sx2|sl|

)
. (4.7)

For m ≥ 3 and a general value of n, upon setting the background fluxes for the flavour
symmetry and for the axial symmetry, i.e. m and na respectively, to zero, the series expansion
of the index up to order x2 reads

I(4.4)(f |a;x) = 1+
[
χBn

[0,1,0,...,0](f)a
2
]
x

+
[(

χBn

[0,2,0,...,0](f)+R
)

a4+(1+r)a−4−
(
1+χBn

[0,1,0,...,0](f)+m2
)]

x2+ . . . ,

(4.8)

where

R =

8χBn

[1,0,...,0](f) m = 3
0 m ≥ 5

and r =

1 n = 2, m = 3
0 otherwise

. (4.9)

This has many interesting features which we now explain. At order x, we see that the
continuous flavour symmetry of theory (4.4) is indeed so(2n + 1), whose fugacities are
f = (f1, . . . , fn). We therefore do not refine the fugacities with respect to the m bifundamental
half-hypermultiplets in the gauge group Zm ×USp(2), whose contribution is denoted in the
second line of (4.6). Note, however, that the contributions to the negative terms at order
x2 are as follows:

• 1: the U(1)a axial symmetry current,

• χBn

[0,1,0,...,0]: the so(2n + 1) flavour curents, and

• m2: the conserved currents from the Zm discrete gauging of m hypermultiplets.17

The representations [0, p, 0, . . . , 0] that appear as coefficients of a2pxp in the index precisely
agree with those appearing in the Hilbert series of minBn [28]:

HS
[
minBn

]
(t, f) =

∞∑
p=0

χBn

[0,p,0,...,0](f)t
2p. (4.10)

17The index of the Zm discrete gauging of m hypermultiplets can be written in terms of su(m) × u(1)
representations as

1
m

m−1∑
j=0

m∏
i=1

Z1/2
χ (e

2πi
m

jy−1
i , 0; x)Z1/2

χ (e−
2πi
m

jyi, 0; x) = 1 + (1 + [1, 0, . . . , 0, 1]0) x

+ {[2, 0, . . . , 0, 2]0 − (1 + [1, 0, . . . , 0, 1]0)}x2 + ([n, 0, . . . , 0]+n + [0, . . . , 0, n]−n) xn/2 + . . . ,

where Rr denotes the su(m) character representation R with u(1) charge r. Observe that the negative terms
at order x2 are of dimension 1 + (m2 − 1) = m2, as required. This expression can also be obtained by starting
from the index of m hypermultiplets, namely

∏m

i=1 Z
1/2
χ (y−1

i , 0; x)Z1/2
χ (yi, 0; x), and then projecting out all

representations of su(m) except those with N -ality m, i.e. those with the Young diagram with the number of
boxes equal to zero modulo m.
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For the special case of m = 3, the additional gauge invariant operators that contribute
8χBn

[1,0,...,0](f) correspond to ϵabϵcdQi
aq

(α1)
b q

(α2)
c q

(α3)
d , where i = 1, . . . , 2n + 1, a, b, c, d = 1, 2,

and α1, α2, α3 = 1, 2, 3.18 Here, Qi
a denotes the half-hypermultiplets in the bifundamental

representation of USp(2) × SO(2n + 1), and q
(αj)
a denotes the half-hypermultiplets in the

bifundamental representation of Z(j)
m ×USp(2). Finally, the term a−4 at order x2 corresponds

to the Coulomb branch operator tr(φ2), where φ is the complex scalar in the USp(2) vector
multiplet. We remark that, for the special case of n = 2 and m = 3, as will be seen
in (4.12), we have a monopole operator with dimension two that contributes an extra term
a−4x2 to the index.

From (3.27), we see that, upon setting h = t, the Higgs branch limit of the index (4.6)
gives rise to the following Hilbert series:

HS[HB of (4.4)](t, f)

=
∮
|z|=1

dz

2πiz
(1− z2)× 1

m

m−1∑
j=0

(
PE

[
(z + z−1)e

2πi
m

jt
])m

× PE
[
(z + z−1)

{
1 +

n∑
i=1

(
fi + f−1

i

)}
t −

(
z2 + 1 + z−2

)
t2
]

,

(4.11)

Note that the blue terms are effectively the contribution of m hypermultiplets, each carrying
charge +1 under Zm. Since the total charge is m ≡ 0 (mod m), we expect that gauging the
Zm symmetry preserves the hyperKähler structure, and so the Hilbert series is expected
to have a palindromic numerator for every m ∈ Z≥1 and m odd. We also point out that
the blue term approaches 1 as m → ∞ and so, in this limit, the integral reproduces the
Hilbert series (4.10) as expected.

On the other hand, the Coulomb branch limit gives the monopole formula of the original
theory (4.2), namely that of the USp(2) gauge theory with 1

2(2n + 1 + m) flavours. The is
explicitly given in [12, section 5.2]. The Coulomb branch of (4.4) is therefore C2/D̂(2n+1+m)/2.
As m → ∞, the Coulomb branch Hilbert series simply reduces to PE[t4] = (1 − t4)−1,
with t = c.

We demonstrate these statements explicitly in the case of n = 2 below.

18The multiplicity 8 can be seen as follows. The tensor ϵcd imposes the antisymmetrisation of the indices
α2, α3, and so (α2, α3) can be taken as (1, 2), (1, 3), (2, 3). On the other hand, α1 runs over 1, 2, 3, and so we
have 3 × 3 = 9 components that are subject to the identity 0 = ϵα1α2α3 q

(α1)
b q

(α2)
c q

(α3)
d (since b, c, d = 1, 2).

The latter implies that ϵbc
(

q
(1)
a q

(2)
b q

(3)
c − q

(2)
a q

(1)
b q

(3)
c + q

(3)
a q

(1)
b q

(2)
c

)
= 0. We thus have 8 components, namely

(α1, α2, α3) = {(1, 1, 2) , (2, 1, 2), (3, 1, 2), (1, 1, 3), (2, 1, 3), (3, 1, 3), (2, 2, 3), (3, 2, 3)}.
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4.1.1 The Case of n = 2

Let us focus on the example of n = 2. We provide explicit expressions of the indices of (4.4)
for m = 3, 5, 7 below.19

n = 2 and m = index of (4.4)
3 1 + 10a2x +

(
75a4 + 2a−4 − 20

)
x2

+
(
674a6 + a−6 − 235a2 − 10a−2)x3

+
(
3023a8 + 169 + 3a−8 − 1791a4 − 10a−4)x4 + . . .

5 1 + 10a2x +
(
35a4 + a−4 − 36

)
x2

+
(
959a6 + a−6 − 669a2 − 25a−2)x3

+
(
13010a8 + 593 + 2a−8 − 1924a4 − 26a−4)x4 + . . .

7 1 + 10a2x +
(
35a4 + a−4 − 60

)
x2

+
(
84a6 − 1245a2 − 49a−2)x3

+
(
23685a8 + 1709 + 2a−8 − 5828a4 − 49a−4)x4 + . . .

(4.12)

The coefficient 10 in 10a2x corresponds to the adjoint representation [0, 2] of B2. For m = 3,
the coefficient 75 in 75a4x2 corresponds to [0, 4] + 8[1, 0]. The negative terms at order x2

for a generic value of m is equal to −1− 10− m2. These are in accordance with the general
statement presented above.

The Higgs branch Hilbert series of (4.4) can be computed as in (4.11) or simply by
reading off the coefficients of the terms a2pxp (with p = 0, 1, 2, . . .) in the index.

n = 2 and m = Higgs branch Hilbert series of (4.4)
3 1

(1−t)10(1+t)10(1−t+t2)6(1+t+t2)6

×
(
1 + t2) (1 + 5t2 + 36t4 + 388t6 + 314t8 + 1773t10 + 3055t12

+1421t14 + 6426t16 + 1421t18 + palindrome + t32)
= 1 + 10t2 + 75t4 + 674t6 + 3023t8 + 10671t10 + . . .

5 1
(1−t)14(1+t)14(1−t+t2−t3+t4)8(1+t+t2+t3+t4)8

×(1 + t2)(1 + 3t2 − 13t4 + 892t6 + 6704t8 − 5144t10 + 21884t12

+197616t14 − 29371t16 + 285351t18 + 877263t20 + 769373t22

+2300312t24 + 619674t26 + 3913260t28 + 5787010t30

+3453595t32 + 5569730t34 + 5062175t36 + 9370620t38

+5062175t40 + palindrome + t76)
= 1 + 10t2 + 35t4 + 959t6 + 13010t8 + 65799t10 + . . .

7 1 + 10t2 + 35t4 + 84t6 + 23685t8 + 358966t10 + . . .

(4.13)

In the case of m = 7, the closed form is complicated and so we report only the series expansion

19Below we set fi = 1 and mi = na = 0 for convenience.
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in t up to order 10. It is instructive to compare these results with the Hilbert series of min B2:

HS
[
min B2

]
= 1 + 6t2 + t4

(1− t)4(1 + t)4

= 1 + 10t2 + 35t4 + 84t6 + 165t8 + 286t10 + . . . .

(4.14)

From the above, we see that the Higgs branch Hilbert series of (4.4) with for a given m

reproduces (4.14) correctly up to order tm−1.
The Coulomb branch Hilbert series can be obtained by reading off the coefficients of

the terms a−2pxp (with p = 0, 1, 2, . . .) in the index.

n = 2 and m = Coulomb branch Hilbert series of (4.4) Coulomb branch
3 1 + 2t4 + t6 + 3t8 + 2t10 + . . . C2/D̂4

= PE[2t4 + t6 − t12]
5 1 + t4 + t6 + 2t8 + t10 + . . . C2/D̂5

= PE[t4 + t6 + t8 − t16]
7 1 + t4 + 2t8 + t10 + 2t12 + . . . C2/D̂6

= PE[t4 + t8 + t10 − t20]

(4.15)

4.2 Moduli space of k so(2n + 1) instantons

The above method can be immediately generalised to study the moduli space of k so(2n + 1)
instantons on C2. The latter can be realised as the Higgs branch in the m → ∞ limit
of the following theory:

USp(2k) SO(2n + 1)

Zm

...

Zm

A

m (4.16)

where the loop around the USp(2k) node with label A denotes a hypermultiplet in the
antisymmetric representation. For simplicity, we will focus on the case of k = 2, for which
the index is

I(4.16)k=2
(f , m|y, ny|a, na;x)

= 1
8
∑

l1,l2∈Z

∮
dz1
2πiz1

∮
dz2
2πiz2

ZUSp(4)
vec (z; l;x)ZUSp(4)

χ,adj (z, l; a, na;x)

×
∏

s=±1

[
Z1/2

χ (ysa; sny + na;x)
∏

s1,s2=±1
Z1/2

χ (yszs1
1 zs2

2 a; sny + s1l1 + s2l2 + na;x)
]

×
2∏

p=1

[
1
m

m−1∑
j=0

∏
s′=±1

[
Z1/2

χ

(
e

2πi
m

jzs′
p a; s′lp + na;x

)]m
×

∏
s1=±1

Z1/2
χ

(
zs1

p a; s1lp + na;x
) ∏

s2=±1

n∏
j=1

Z1/2
χ

(
zs1

p f s2
j a; s1lp + s2mj + na;x

) ]
,

(4.17)
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where (f , m) are fugacities/fluxes for the so(2n + 1) flavour symmetry, (y, ny) are the
fugacity/flux for the su(2) symmetry associated with the antisymmetric hypermultiplet, and
the contribution of the USp(4) vector multiplet and of the scalar in the vector multiplet
of USp(4) are given respectively by

ZUSp(4)
vec (z; l;x) =

2∏
i=1

x−|2li|
∏

s=±1

(
1− (−1)2sliz2s

i x2|sli|
)

× x−|l1+l2|x−|l1−l2|
∏

s1,s2=±1

(
1− (−1)s1l1+s2l2zs1

1 zs2
2 x|s1l1+s2l2|

)
,

(4.18)

ZUSp(4)
χ,adj (z, l; a, na;x) = Z1

χ

(
a−2;−2na;x

)2 ∏
s=±1

2∏
i=1

Z1
χ

(
z2s

i a−2; 2sli − 2na;x
)

×
∏

s1,s2=±1
Z1

χ

(
zs1

1 zs2
2 a−2; s1l1 + s2l2 − 2na;x

)
. (4.19)

In the following, we will remove the free hypermultiplet and focus on the interacting part.
The corresponding index is

Iint (4.16)k=2
(f , m|y, ny|a, na;x) =

I(4.16)k=2
(f , m|y, ny|a, na;x)∏

s=±1 Z
1/2
χ (ysa; sny + na;x)

. (4.20)

The expressions for Iint (4.16)k=2
with n = 2 and m = 3, 5, 7 (with fi = y = 1 and mi =

ny = na = 0) are as follows.

n = 2 and m = Iint (4.16)k=2

3 1 + 13a2x + 20a3x3/2 +
(
135a4 + 2a−4 − 23

)
x2

+
(
370a5 + 4a−3 − 40a

)
x5/2

+
(
1922a6 + 16a−2 + a−6 − 419a2)x3 + . . .

5 1 + 13a2x + 20a3x3/2 +
(
90a4 + a−4 − 39

)
x2

+
(
200a5 + 2a−3 − 72a

)
x5/2

+
(
1907a6 + a−6 − 1117a2 − 12a−2)x3 + . . .

7 1 + 13a2x + 20a3x3/2 +
(
90a4 + a−4 − 63

)
x2

+
(
200a5 + 2a−3 − 120a

)
x5/2

+
(
537a6 − 2029a2 − 36a−2)x3 + . . .

(4.21)

As before, the Higgs (resp. Coulomb) branch limit can be obtained as stated in (3.27) or
simply by reading off the coefficients of the terms apx

p
2 (resp. a−px

p
2 ) in the index. We

emphasise that the closed form of the unrefined Higgs branch Hilbert series always has a
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palindromic numerator for each m.20 It is instructive to compare this with the Hilbert series
of the centred moduli space of 2 so(5) instantons [41, (4.23)] (see also [6]):

1
(1− t)10(1 + t)6(1 + t + t2)5

(
1 + t + 8t2 + 23t3 + 50t4 + 95t5 + 177t6

+ 222t7 + 236t8 + 222t9 + palindrome + t16
)

= 1 + 13t2 + 20t3 + 90t4 + 200t5 + 537t6 + . . . .

(4.22)

We see that the Higgs branch limit of the index for a given m reproduces (4.22) correctly
up to order tm.

The Coulomb branch limit of (4.21) is indeed equal the Coulomb branch Hilbert series of
the USp(2k) gauge theory with one rank-two antisymmetric and (2n + 1 + m)/2 fundamen-
tal hypermultiplets, which is isomorphic to Symk

(
C2/D̂(2n+1+m)/2

)
[12, section 4.2]. For

example, the case of k = 2, n = 2 and m = 3, the Hilbert series of Sym2(C2/D̂4) reads
1
2

(
PE

[
2t4 + t6 − t12

]2
+ PE

[
2t8 + t12 − t24

])
= 1− 2t2 + 2t4 − t6 + 2t8 − 2t10 + t12

(1− t2)4(1 + t2)2(1 + t4)
= 1 + 2t4 + t6 + 6t8 + 4t10 + . . . .

(4.23)

In the limit m → ∞, the Coulomb branch Hilbert series of (4.16)k=2, which is equal to
that of Sym2(C2/D̂r) with r → ∞, reads

1
2
(
PE[t4]2 + PE[t8]

)
= PE[t4 + t8]. (4.24)
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A Examples for parametrising magnetic lattices

In this appendix, we illustrate various possible constraints on the mi,ai ∈ Γmw
G which can

be used to parametrise the Γmw
G̃

lattice, for several examples of quivers.

A.1 Example 1: two node abelian quiver with N (p, p)-edges

Let us consider the following quiver:

1

m1

1

m2
p pN (A.1)

with magnetic weights (m1, m2) ∈ Γmw
U(1)×U(1) of the naive gauge group G̃ = U(1)×U(1). The

adjacency matrix A, rank vector v and shortness vector s are given by

A =

−2 Np

Np −2

 , v =

1
1

 , s =

1
1

 , (A.2)

from which the conformal dimension (2.32) is

2∆(m1, m2) = N |p m1 − p m2| = Np|m1 − m2|. (A.3)

The shift vector is then

δ = (1, 1), (A.4)

where δ acts on (m1, m2) ∈ Γmw
U(1)×U(1) by translation:

m1

m2

δ

δ

δ (A.5)
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We can indicate the Λδ-orbits in Γmw
U(1)×U(1), where 2∆(m1, m2) = constant, via dashed

green lines:

m1

m2

(A.6)

These orbits are the magnetic lattice Γmw
G of the true gauge group G = G̃/U(1).

We can parametrise Γmw
G in many different ways. We will show a few of these here

1. Fix m1 = 0. Let us depict the points in Γmw
G̃

obeying the constraint as red dots, and
the corresponding Λδ-orbits as red lines:

m1

m2

(A.7)

We can see that every Λδ-orbit in Γmw
G̃

is represented exactly once, and hence we have a
good parametrisation of Γmw

G . Note that fixing m1 = a for any a ∈ Z works just as well.

– 47 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

2. Fix m2 = 0. Let us depict the points in Γmw
G̃

obeying the constraint as blue dots, and
the corresponding Λδ-orbits as blue lines:

m1

m2

(A.8)

We can see that every Λδ-orbit in Γmw
G̃

is represented exactly once, and hence we have a
good parametrisation of Γmw

G . Note that, just like before, fixing m2 = a for any a ∈ Z
works just as well.

3. Fix m1 + m2 ∈ {0, 1}. This is a more interesting case.

Let us first depict the points in Γmw
G̃

obeying m1 + m2 = 0 as orange dots, and the
corresponding Λδ-orbits as orange lines:

m1

m2

(A.9)

We can see that not all Λδ-orbits in Γmw
G̃

are represented.

Let us now depict the points in Γmw
G̃

obeying m1 + m2 = 1 as purple dots, and the
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corresponding Λδ-orbits as purple lines:

m1

m2

(A.10)

We can see that all the remaining Λδ-orbits in Γmw
G̃

are represented.

Combining the two we get

m1

m2

(A.11)

where all Λδ-orbits in Γmw
G̃

are represented exactly once, and hence we have a good
parametrisation of Γmw

G .

Note that fixing m1 + m2 ∈ {a, b} for any a, b ∈ Z with a even and b odd works as well.
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4. Fix 2m1 + m2 ∈ {0, 1, 2}.

Let us first depict the points in Γmw
G̃

obeying 2m1 + m2 = 0 as orange dots, and the
corresponding Λδ-orbits as orange lines:

m1

m2

(A.12)

We can see that not all Λδ-orbits in Γmw
G̃

are represented.

Let us now depict the points in Γmw
G̃

obeying 2m1 + m2 = 1 as purple dots, and the
corresponding Λδ-orbits as purple lines:

m1

m2

(A.13)

We can see that still not all remaining Λδ-orbits in Γmw
G̃

are represented.

Let us now depict the points in Γmw
G̃

obeying 2m1 + m2 = 2 as cyan dots, and the
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corresponding Λδ-orbits as cyan lines:

m1

m2

(A.14)

We can see that now all remaining Λδ-orbits in Γmw
G̃

are represented.

Combining the three we get

m1

m2

(A.15)

where all Λδ-orbits in Γmw
G̃

are represented exactly once, and hence we have a good
parametrisation of Γmw

G .

Note that fixing 2m1+m2 ∈ {a, b, c} for any a, b, c ∈ Z with (a mod 3) = 0, (b mod 3) =
1, and (c mod 3) = 2 works just as well.

5. Now, consider a constraint on 2m1. Since 2m1 = 0 is equivalent to m1 = 0, 2m1 ∈ {0} is
a fine constraint. However one could also use the constraint 2m1 ∈ {0, 1}. Observe that
2m1 = 1 implies m1 = 1

2 , and, since (1
2 , m2) /∈ Γmw

G , there is no additional contribution
coming from 2m1 = 1.

It may seem silly to use the constraint 2m1 ∈ {0, 1} over 2m1 ∈ {0}. We discuss it here
to explain why the general formula (2.43) applies even in such boundary cases.
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6. Similarly, consider a constraint on 2m1 + 2m2. Note that 2m1 + 2m2 ∈ {0, 1, 2, 3} is
equivalent to 2m1 + 2m2 ∈ {0, 2}, which is equivalent to m1 + m2 ∈ {0, 1}, which is a
valid constraint as discussed before.
We discuss the constraint 2m1 + 2m2 ∈ {0, 1, 2, 3}, since it agrees with the general
formula (2.43).

A.2 Example 2: single U(2) node

Let us consider a single U(2) gauge node

2

m1,1, m1,2
(A.16)

with magnetic weights (m1,1, m1,2) ∈ Γmw
U(2) of the naive gauge group G̃ = U(2). The Weyl

group of G̃ = U(2) is

WU(2) = S2 = Z2 (A.17)

and we may parametrise Γmw
U(2)/Z2 by setting

−∞ < m1,1 ≤ m1,2 < ∞. (A.18)

We depict the region of m1,1 = m1,2 with an orange shading, and the region of m1,1 < m1,2
with a lighter orange shading:

m1,1

m1,2

(A.19)

The adjacency matrix A, rank vector v and shortness vector s are given by

A =
(
−2
)

, v =
(
2
)

, s =
(
1
)

. (A.20)

The conformal dimension (2.32) is then

2∆(m1,1, m1,2) = −2|m1,1 − m1,2|. (A.21)
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The shift vector is given by

δ = (1, 1), (A.22)

where δ acts on (m1,1, m1,2) ∈ Γmw
U(2) by translation:

m1,1

m1,2

δ

δ

δ
(A.23)

We can indicate the Λδ-orbits in Γmw
U(2), where 2∆(m1,1, m1,2) = constant, via dashed green

lines:

m1,1

m1,2

(A.24)

These orbits are the magnetic lattice Γmw
G of the true gauge group G = G̃/U(1).
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We can again parametrise Γmw
G in many different ways. We will show a few of these here.

1. Fix m1,1 = 0. Let us depict the points in Γmw
G̃

obeying the constraint as red dots, and
the corresponding Λδ-orbits as red lines:

m1,1

m1,2

(A.25)

We can see that every Λδ-orbit in Γmw
G̃

is represented exactly once, and hence we have
a good parametrisation of Γmw

G . Furthermore, restricting to the shaded part via the
constraint m1,1 ≤ m1,2, we get a good parametrisation of Γmw

G /WG = Γmw
U(2)/U(1)/Z2 =

Γmw
SU(2)/Z2

/Z2. Note that fixing m1,1 = a for any a ∈ Z works just as well. Note also
that we could instead have imposed this constraint on m1,2 instead of m1,1.

2. Fix m1,1 + m1,2 ∈ {0, 1}. This is again a more interesting case.

Let us first depict the points in Γmw
G̃

obeying m1,1 + m1,2 = 0 as orange dots, and the
corresponding Λδ-orbits as orange lines:

m1,1

m1,2

(A.26)
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We can see that not all Λδ-orbits in Γmw
G̃

are represented, just as in the previous example.
However, this case is quite different. The Λδ-orbits indicated in orange make up Γmw

SU(2),
and those located in the shaded area represent Γmw

SU(2)/Z2. Since SU(2) is the double
cover of G = SU(2)/Z2, we can see that choosing m1,1+m1,2 = 0 corresponds to picking
a different global structure of the true gauge group.

Let us now depict the points in Γmw
G̃

obeying m1,1 + m1,2 = 1 as purple dots, and the
corresponding Λδ-orbits as purple lines:

m1,1

m1,2

(A.27)

We can see that all the remaining Λδ-orbits in Γmw
G̃

are represented.

Combining the two we get

m1,1

m1,2

(A.28)

where all Λδ-orbits in Γmw
G̃

are represented exactly once, and hence we have a good
parametrisation of Γmw

G .
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Note that fixing m1,1 + m1,2 ∈ {a, b} for any a, b ∈ Z with a even and b odd works as
well. Note further that m1,1 + m1,2 = a for any a ∈ Z with a even picks the magnetic
lattice for SU(2) instead of G = SU(2)/Z2.

A.3 Example 3: (2,3)-edged two node Abelian quiver

Let us consider the following quiver

1

m1

1

m2
2 31 , (A.29)

with magnetic weights (m1, m2) ∈ Γmw
U(1)×U(1) of the naive gauge group G̃ = U(1)×U(1). The

adjacency matrix A, rank vector v and shortness vector s are given by

A =

−2 2
3 −2

 , v =

1
1

 , s =

3
2

 . (A.30)

It follows that the conformal dimension (2.32) is

2∆(m1, m2) = |2m1 − 3m2|. (A.31)

The shift vector is given by

δ = (3, 2), (A.32)

where δ acts on (m1, m2) ∈ Γmw
U(1)×U(1) by translation:

m1

m2

δ

δ

δ

(A.33)
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We can indicate the Λδ-orbits in Γmw
U(1)×U(1), where 2∆(m1, m2) = constant, via dashed

green lines:

m1

m2

(A.34)

These orbits are the magnetic lattice Γmw
G of the true gauge group G = G̃/U(1).

We can parametrise Γmw
G in many different ways. We will show a few of these here

1. Fix m1 ∈ {0, 1, 2}. We depict the points in Γmw
G̃

obeying m1 ∈ {0, 1, 2} as red dots, and
the corresponding Λδ-orbits as red lines:

(a) m1 = 0:

m1

m2

(A.35)
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(b) m1 = 1:

m1

m2

(A.36)

(c) m1 = 2:

m1

m2

(A.37)

Combining the three we see that all Λδ-orbits in Γmw
G̃

are represented exactly once, and
hence we have a good parametrisation of Γmw

G .
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2. Fix m2 ∈ {0, 1}. We depict the points in Γmw
G̃

obeying m2 ∈ {0, 1} as blue dots, and
the corresponding Λδ-orbits as blue lines:

(a) m2 = 0:

m1

m2

(A.38)

(b) m2 = 1:

m1

m2

(A.39)

Combining both we see that all Λδ-orbits in Γmw
G̃

are represented exactly once, and
hence we have a good parametrisation of Γmw

G .

3. Fix m1 + m2 ∈ {0, 1, 2, 3, 4}. In figure 2, we depict the points in Γmw
G̃

obeying m1 +
m2 ∈ {0, 1, 2, 3, 4} as orange dots, and the corresponding Λδ-orbits as orange lines.
Combining all five we see that all Λδ-orbits in Γmw

G̃
are represented exactly once, and

hence we have a good parametrisation of Γmw
G .
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m1

m2

(a) m1 + m2 = 0

m1

m2

(b) m1 + m2 = 1

m1

m2

(c) m1 + m2 = 2

m1

m2

(d) m1 + m2 = 3

m1

m2

(e) m1 + m2 = 4

Figure 2. For (A.29): depiction of points in Γmw

G̃
obeying m1 + m2 ∈ {0, 1, 2, 3, 4} as orange dots,

and the corresponding Λδ-orbits as orange lines.
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B Quotients Hn/Zk

In this section we produce quivers which are unframed, simply-laced, loop-free and unitary,
with one special unitary node, whose Coulomb branch is the quotient Hn/Zk.

The quotients Hn/Zk we study here are specified not only by n and k, but also by
an n-tuple of charges q = (q1 . . . , qn), where qi ∈ {1, . . . , ⌊k

2⌋}. After picking a complex
structure Hn = C2n, with (x1, . . . , xn, y1, . . . , yn) the coordinates of C2n, a quotient is defined
by the action:

Zk ∋ 1 : C2n → C2n

xi 7→ ωqi
k xi

yi 7→ ω−qi
k yi, where ωk = e

2πi
k

(B.1)

We can introduce a ⌊k
2⌋-tuple q = (q1, . . . , q⌊ k

2 ⌋
) where qj is the number of times j appears

in q. This allows for the following notation of the quotient:

hn,k,q = Hn/Zk with charges given by q, (B.2)

with the shorthand notation:

hn,k := hn,k,(n,0,...,0). (B.3)

The Hilbert series of the quotient is computed via the Molien sum:

HS(hn,k,q; t) =
1
k

k∑
s=1

⌊ k
2 ⌋∏

j=1

1
(1− ωsj

k t)qj (1− ω−sj
k t)qj

. (B.4)

The global symmetry G of the quotient (as a hyper-Kähler space) is

G =


⊕⌊ k

2 ⌋
j=1 u(qj) k odd⊕ k
2−1
j=1 u(qj)⊕ usp(2q k

2
) k even

. (B.5)

B.1 Producing quivers

One method of producing such a quiver is the following.

1. Take a unitary quiver whose Coulomb branch is Hn. For example:

CB

 1 2 2 2

1

1

 = H8 (B.6)
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2. Replacing one U(k) node with an SU(k) node,21 the Coulomb branch of the resulting
quiver will be a Zk quotient of the one before. For example:

CB

 1 2 SU(2) 2

1

1

 = H8/Z2 (B.7)

3. The resulting Coulomb branch may have a free part, i.e. it is of the form Hd ×Hn−d/Zk.
Strap off the free part by replacing the U(k) nodes with a −1 balance by U(k−1) nodes
iteratively, until there are no more unitary nodes of balance −1. For example:

1 2 SU(2) 2

1

1

1 1 SU(2) 2

1

1

0 1 SU(2) 2

1

1

−1

−1
(B.8)

4. The Coulomb branch of the final quiver should be a symplectic singularity of the form
Hn−d/Zk. For example:

CB

 1 SU(2) 2

1

1

 = H6/Z2 = c6 (B.9)

21Replacing an U(k) node with an SU(k) is implemented by picking a specific sublattice of the magnetic
lattice of the original quiver. One could pick other sublattices to produce different discrete quotients.
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B.2 Examples

Families. For instance, we have

CB

 1 2
. . .

N − 1 SU(N) N

. . .

N

1

N − 1
. . .

2 1

m

 = h(N+m−1)N,N (B.10)

and

CB

 1 2
. . .

2N − 1 SU(2N) 2N

. . .

2N N
>

m

 = h2(N+m)N−1,2N (B.11)

Special quivers. Let us construct some special quivers. We start with an En affine Dynkin
quiver, whose Coulomb branch is min.En, and we lower the rank of a single node by 1.
This produces a quiver whose Coulomb branch is freely generated. We can turn one of
the unitary nodes in the resulting quiver into a special unitary node, then strap off the
free part as explained before. The resulting quiver is either part of the (B.10) family, or
it is given in table 2 below.

Q CB(Q) Global symmetry
of CB(Q)

SU(2) 3 4 5 6

3

4 2

h28,2 usp(56)

1 SU(3) 4 5 6

3

4 2

h27,3 u(27)

1 2 SU(4) 5 6

3

4 2

h26,4,(16,10) u(16)⊕usp(20)

1 2 3 SU(4) 4 4

2

2 1

h22,4,(16,6) u(16)⊕usp(12)
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1 2 3 SU(5) 6

3

4 2

h25,5,(10,15) = h25,5,(15,10) u(10)⊕u(15)

1 2 3 4 SU(5) 5

2

3 1

h25,5,(10,15) = h25,5,(15,10) u(10)⊕u(15)

1 2 3 4 SU(6)

3

4 2

h24,6,(6,12,6) u(6)⊕u(12)⊕usp(12)

1 2 3 4 5 SU(6)

2

4 2

h28,6,(18,0,10) u(18)⊕usp(20)

1 2 3 4 5 SU(6)

3

3 1

h27,6,(12,15,0) u(12)⊕u(15)

1 2 3 4 5

2

SU(4) 2

h22,4,(12,10) u(12)⊕usp(20)

1 2 3 4 5 6

3

SU(4) 1

h28,4 u(28)

1 2 3 4

2

3 SU(2)

h16,2 usp(32)

– 64 –



J
H
E
P
0
3
(
2
0
2
5
)
0
2
1

1 2 3 4 5

SU(3)

3 1

h21,3 u(21)

1 2 3 SU(4)

2

2 1

h14,4,(8,6) u(8)⊕usp(12)

Table 2. Quivers with Hn/Zk Coulomb branches and their global symmetry.
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