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ABSTRACT: Non-simply laced quivers, despite the lack of complete Lagrangian descriptions,
play an important role in characterising moduli spaces of supersymmetric field theories.
Notably, the moduli space of instantons in non-simply laced gauge groups can be understood
by means of such quivers. We generalise the notion of non-simply laced unitary quivers to
those whose edges carry two labels (p, ¢), dubbed (p, ¢)-edged quivers. The special case of
(p, 1) corresponds to a conventional non-simply laced edge studied in the literature. In the case
of unframed (p, ¢)-edged quivers, we show how to parametrise the lattice of magnetic fluxes
upon ungauging the decoupled U(1), and how one can pick sublattices thereof corresponding
to different global forms of the quiver related by discrete gauging. This form of discrete
gauging can be applied to any unframed unitary quivers, not just ones with generalised edges.
We utilise both the Hilbert series and the superconformal index to study moduli spaces and
't Hooft anomalies. In particular, we study mixed 't Hooft anomalies between a one-form
symmetry and a zero-form continuous topological symmetry in various (p, ¢)-edged quivers.
We also provide an alternative realisation of the moduli space of so(2n + 1) instantons via
gauging discrete symmetries in supersymmetric QCD with a symplectic gauge group and
a large number of flavours.
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1 Introduction and summary

Three dimensional N’ = 4 quiver gauge theories and their moduli spaces play a prominent
role in the study of superconformal field theories (SCFTs) with 8 supercharges in various
spacetime dimensions. Various properties of such SCFTs may not be accessible through
the weakly coupled Lagrangian description. Nevertheless, the Higgs branch at the strongly
coupled point of a number of such theories can be expressed via the Coulomb branch of
certain 3d N = 4 quiver theories, known as magnetic quivers, many of which can be obtained
from a brane system; see e.g. [1, 2|.

Conventional N' = 4 quivers with simply laced edges and unitary gauge groups nat-
urally appear as worldvolume theories of D3 branes in Hanany-Witten D5-D3-NS5 brane
configurations [3]. Adding an O3 orientifold plane to such a brane system changes the gauge
groups in the quiver from unitary to orthosymplectic; see e.g. [4]. Adding an ON orientifold
plane (ON~ or ON™ to be precise) to the brane system produces a unitary non-simply laced
quiver [5, 6]; see also [7-9] for a similar type of brane configurations. The non-simply laced
edge in the latter is generally not a representation of the accustomed hypermultiplet. In fact,
neither a Lagrangian description nor a Higgs branch construction of such quivers is known in
general. Nevertheless, the Coulomb branch moduli space can be constructed. In this paper,



we generalise the notion of the non-simply laced edge to a more general one, known as a
(p, q)-edge, carrying a label (p,q). As will be made more precise in the next section, one can
think of a non-simply laced edge as that with a label (p,1).

For an unframed (p, g)-edged quiver, there is an overall U(1) that acts trivially on the
generalised edges. Upon computing the Coulomb branch of such a quiver, one needs to
ungauge such an overall U(1). One of the key points of this paper is to provide a general
prescription to do so. A crucial step is to find a parametrisation of the lattice of the gauge
magnetic fluxes. We also demonstrate how one can pick sublattices that lead to gauging a
7y, zero-form symmetry.! This procedure leaves the Higgs branch invariant, but acts as a
quotient on the Coulomb branch, as well as produces a dual Z; one-form symmetry. We
study different global forms of the unframed (p, ¢)-edged quiver that are related to each
other by such discrete gaugings. A key tool we employ is the Coulomb branch Hilbert series,
computed via the monopole formula [12], which was generalised in [6] to allow for non-simply
laced quivers. In this paper, we generalise the latter even further to deal with the (p, ¢)-edged
quivers. Whenever the theory in question admits a Lagrangian description, we examine it
using the superconformal index [13-20].

We finally remark that non-simply laced quivers have appeared as magnetic quivers not
only for brane systems involving orientifold planes, but also to describe certain phases in brane
systems with identical branes of self-intersection zero [21, 22]. A natural question is to realise
general (p, q)-edged quivers from the brane perspective. We leave this problem for future work.

Organisation of the paper. In section 2, we give a detailed introduction to unitary quivers
with generalised (p, ¢)-edges and their Coulomb branches for various choices of global forms.
We compare this in some examples with wreathed quivers, which were first explored in [23]
and were recently studied in [24, 25]. In section 3, we present additional examples, including
an Abelian theory, in which the quiver has a Lagrangian description and we can study it
using the superconformal index, and a non-Abelian theory. We also examine mixed ’t Hooft
anomalies between a one-form symmetry and a zero-form continuous topological symmetry
in various (p, ¢)-edged quivers. In section 4, we demonstrate how to realise the moduli space
of s0(2n + 1) instantons via gauging discrete symmetries in supersymmetric QCD with a
symplectic gauge group and a large number of flavours. In appendix A, we illustrate in many
examples how to parametrise the magnetic lattice. Finally, in appendix B, we present a
way to produce quivers which are quotients of the form H"/Zj, where the Zj; can act with
various charges on the different coordinates.

2 Coulomb branch of unitary quivers with (p, g)-edges

Coulomb branches of 3d N' = 4 (simply laced) unitary quivers are well studied in the
literature. These quivers consist of a collection of gauge nodes (depicted by circles), flavour
nodes (depicted by boxes), and (possibly multiple) edges between such nodes. If there

'Modifying the magnetic lattice in Coulomb branch computations was considered in the context of non-
simply laced quivers in [10] and in the context of orthosymplectic quivers, and unitary quivers with a single
SU node, in [11].



are no flavour nodes in the quiver, it is called unframed; if there are flavour nodes in the
quiver, it is called framed.

In this section we introduce unitary quivers with (p, ¢)-edges, which are generalisations
of the non-simply laced quivers first introduced in [6]. Coulomb branches of non-simply laced
unitary quivers have also been extensively studied in the literature, and the generalisation
to (p,q)-edged quivers is natural. However, in the following, we make some necessary
clarifications on how to deal with unframed non-simply laced unitary quivers (and, more
generally, (p, ¢)-edged ones). In particular, we address how to decouple the freely acting U(1)
gauge group, and how this leads to a notion of global form of an unframed unitary quiver.

2.1 (p, q)-edged unitary quivers

In a simply laced unitary quiver, an edge between two gauge nodes U(v1) and U(vs) represents
a hypermultiplet in the bifundamental representation (v1,vz)? of U(vy)xU(v2):

O——O

A (2.1)
hypermultiplet in (v1,V2) .

The contribution of this hypermultiplet to the conformal dimension of a monopole operator

of magnetic charge (my q,,M24,), With a1 = 1,...,v; and ag = 1,...,v9, is
V1 Vo
2Ahyper(21)(m1,a17m27a2) = Z Z |m17a1 - m27a2|' (2'2)
a1=1as=1

Let us consider the case where v; = vo = 1. The edge represents a hypermultiplet of
charge (1,—1). Naturally, one can consider a hypermultiplet of charge (p, —q), which we
shall denote with a “(p, ¢)-edge”:

O-P—0q-0

1 1 (2.3)

hyper of charge (p, —q)

The contribution of this hypermultiplet to the conformal dimension of a monopole operator
of magnetic charge (mq,ms) is?

2Ahyper, 5 (M1, Mm2) = [pm1 — gmal. (2.4)

One can ask for a generalisation of the (p, ¢)-edge in the case where v1, vy > 1. A natural
generalisation would be to consider the representation (SymPvy, Sym?v3). This is of course
a perfectly nice representation for a hypermultiplet to be in. We can take for example v; = 2,
v9g =1, p=2, and ¢ = 1. The contribution of this hypermultiplet to the conformal dimension
of a monopole operator of magnetic charge (mq,1,m12,m2) is

2Ahyper g 25 1) (71,1, 01,2, M) 25)

= [2ma1 — ma| + [2m12 — ma| + [(m11 + m12) — mal.

2The hypermultiplet is made of two chiral multiplets in the representation (v1,vz) @ (V1,Vva).
3In order to avoid cluttered notation, whenever we have U(1) gauge nodes labelled by i, we denote the
magnetic charge of the monopole operators simply by m;, instead of m; 1.



However, this is not what we have in mind. A notion of non-simply laced edge, that is
a (p,1)-edge in our language, was introduced in [6] (based on Hanany-Witten type brane
systems with orientifolds, and 3d mirror symmetry). For a (2, 1)-edge between a rank v; = 2
and a rank vo = 1 node, the hypermultiplet contribution to the conformal dimension of a
monopole operator of magnetic charge (mjy 1, m1 2, m2), is

2A2,1)—edge (1,1, M1,2, M2) = [2m11 — m2| + [2m1 2 — mal, (2.6)

which is different of course from (2.5). The edge does not represent a hypermultiplet in
a representation of U(v;)xU(vz)! The theory denoted by a quiver involving such edges is
hence non-Lagrangian, and yet remains to be fully understood. Such quivers do however
lead to a well defined notion of Coulomb branch [6, 26].

For generic v; and ve, we propose a (p, q)-edge

O-P—4q-0

U1 V2
(2.7)
iL (p, q)-edge

which contributes to the conformal dimension of a monopole operator of magnetic charge

(M1, M2,4,), With ag = 1,...,v1 and ag = 1,...,v9, as
v] Vg
2A(p,q)7edge(m1,a17m27a2) = Z Z |pm1,a1 - qm2,a2|7 (28)
a1=1as=1

which is a straightforward generalisation of [6].

2.1.1 Notation

Thus far, generic (p, q)-edges have not been studied in the literature,* and hence no notation
has been introduced. We will denote N (p,q)-edges between a rank v; and a rank v
gauge node as

o-rL g0

vl v2 (2.9)

To give an idea on how this new notation works, let us connect with the commonly used
notation in the literature.

o A standard edge, i.e. a (1,1)-edge, is typically drawn as a single line between the two

nodes: 1
O——0 _ c-1—1-0
U1 U2 - U1 ()

(2.10)

e N (1,1)-edges are either depicted by N lines if N is low; for example, if N = 3, we have

S — 3
o—0 _ o1210
U1 Vg = 1 Vs (2.11)

“With the exception of [26].



Otherwise, for high or generic N, it is depicted by a double (or fat, or etc.) line with a

label N:
N N

O-1=—1-0
O————=0 = .
o O o o (2.12)

¢ A non-simply laced edge of ‘non-simply lacedness p’ from node v; to node vo, i.e. a
(p, 1)-edge, is typically drawn as p lines with a “ > 7 symbol if p is low. For example,
if p = 3, we have 1

O——=>0 _ O=3=—1=0
o Vg vt e (2.13)
Otherwise, for high or generic p, it is depicted by a double (or fat, or etc.) line with a “
> 7 symbol and a label p:
D 1

_ O-P—=1-0
O———=0 = 0 Vg (214)

U1 V2

o For N (p,1)-edges, there is no consistent notation in the literature, as such quivers have
barely been studied. For example, in the case of two (3, 1)-edges, one can write

E——— 2
0—=—-0 B o-3-21-0
vy U2 = vl V9 (2.15)

2.1.2 Unframed unitary quivers and their adjacency matrix

In the following, we consider unframed unitary quivers with generalised edges. Let i, j, with
i > j, label two nodes in the quiver. Then, we define e;; to be the number of generalised edges
from node i to node j, and we denote by (py, qk)k:17,,,7eij the charges of these generalised
edges. We require that

pr_ _ Pey and

q1 QGij7
- (2.16)
if i=j, —=... =" =1.

q1 Ge;;

These are not necessary conditions for the underlying quiver to make sense. For example, if
the ranks of all gauge nodes are one, then any hypermultiplets can have arbitrary charges
under all gauge groups, and this still gives a perfectly well-defined Lagrangian. However,
these conditions seem to be obeyed by any quivers (electric or magnetic) which are read from
brane systems. It also provides a convenient way to define a notation of the adjacency matrix

(see below), which can be interpreted as a generalised Cartan matrix, for a quiver.®

5We illustrate the significance of conditions (2.16) via an example as follows. Let us take a quiver with two
U(1) gauge nodes connected by a (p1,q1) = (2,1)-edge and a (pz2, ¢2) = (1, 3)-edge so that the conditions (2.16)
are violated. Let m; and ms be the gauge fluxes of each gauge node. Then, the conformal dimension of the
monopole operator with flux m; and mg is given by 2A(m1, m2) = |2m1 — ma| + |m1 — 3mz|. The adjacency
-2 3
matrix defined in (2.17) for this quiver is A = 4 o We see that 2A cannot be written in the form
of (2.32), namely |A12m1 — A21ma.



We define the adjacency matriz A of the quiver by setting

elj 6”

k=1 k=1 (2.17)

€47

Aii:—2+22pk for ¢ = j.
k=1
We refer to a collection of the ranks of the gauge nodes in the quiver as rank vector:

(Ui)z':l,...,n . (2.18)

The adjacency matrix, together with the rank vector, defines a Coulomb branch, as we
will see shortly.

Some examples for quivers, with their corresponding adjacency matrices and rank vectors,
are given in the table below.

Quiver Adjacency matrix | Rank vector
-2 N
o110 .
V1 Vg N -2 )
oNLINoO 2N v
U1 U2 N -2 V2
2 1
R
-2 N (g (2.19)
U1 V2
N -2 V9
M=M
1
02110 w22 v
U1 V2 1 =2 V9
O-P—=4q-0 —2 ap v
U1 v2 aq —2 ()

Note that the map from quiver to adjacency matrix is not one-to-one! The first three quivers
in (2.19), for example, are distinct, yet they have the same adjacency matrix. This is because
the adjacency matrix only captures the information about the singular Coulomb branch.
Hence, one can usually assign many different quivers to a given adjacency matrix. While
these quivers have the same singular Coulomb branch, they have different Higgs branches,’
and they allow for different sets of mass parameters deforming the Coulomb branch.

5Tt is still not known how to compute the Higgs branch of a generic non-simply laced or (p, q)-edged quiver.
In a few cases it is possible to obtain the Higgs branch of a non-simply laced quiver via 3d mirror symmetry.
Furthermore, it is always possible to directly compute the Higgs branch of a (p, g)-edged quiver with Abelian
nodes. In this paper, we simply assume the existence of a Higgs branch, and we rarely discuss it.



To illustrate this, let us set v; = 1 in (2.19), and consider the first three quivers as follows:

7 1 NS
N 1 K
Q=01—1-0 Qu=OCN=NO Q3= 1 1 (2.20)
1 1 1 1
M=M
1
Such quivers possess the same Coulomb branch:
CB(Q1) = CB(Q2) = CB(Q3) = C?/Zy. (2.21)

Yet, the Higgs branches are different:

HB (Ql) = Hlin.ANfl,

HB (Q2) = point, (2.22)

N

HB (Q3) = {(z,y,2) € C|zy = zed® =0 },
For Qi, there are N — 1 mass parameters, which allow to completely resolve the Coulomb
branch C?/Zy singularity. For Qa, there are no mass parameters, and the Coulomb branch
cannot be resolved. For Qs, there is one mass parameter. Turning it on produces a Coulomb
branch with two singular points: one of them is locally C?/Zx_js, and the other one is
locally C2/Zyy;.
2.1.3 Symmetrisability and shortness

We furthermore require A to be symmetrisable, i.e. there is a shortness vector

(Si)izl,...,n ) (2.23)
such that the following conditions are satisfied:

Aijsi:AjiSj \V/i,j:L...,n

ged(s;) = 1. (2.24)

This implies that the quiver can be unfolded, i.e. there is a simply laced quiver Q such
that, folding it, gives the non-simply laced quiver Q. A node of shortness s; will appear
s; times in the unfolded quiver.

Example. If we take the following quiver

1 A 3
Q= 1/ \i (2.25)
2 2
ey —L 1
U3 U1



with symmetrisable adjacency matrix and shortness vector given by

—2 2 1 3
A=|3 21|, s=]2], (2.26)
3 2 -2 1

then (2.25) can be unfolded to the following simply laced quiver

v2 V2
Q= (2.27)
U1
U3 U1
U1
Example. On the other hand, if we consider the following quiver
U2
A
1 ! ! 1
/? \\ (2.28)
2 1
t—3—L 1%
U3 U1
the corresponding adjacency matrix is non-symmetrisable
-2 1 1
A=11 -2 1 [, (2.29)
3 2 =2
meaning that (2.28) cannot be unfolded.
2.1.4 Naive gauge group and magnetic lattice
We refer to the gauge group that is manifest in the quiver diagram, namely
n
G =[] Uw). (2.30)
i=1
as the naive gauge group, with magnetic (i.e. coweight) lattice F’GLL“’ parametrised by magnetic
weights m; q;, with a; = 1,...,v; and i = 1,...,n.”7 Unless stated explicitly, such as

around (2.45), we generally take the magnetic weights to be integers. We also define

d; = EL: mj a, (231)

a;=1

as the charge of the topological symmetry associated with the gauge group U(v;).

"As already anticipated in Footnote 3, we remark that, when v; = 1, we suppress the subscript a; = 1 and
we simply denote the magnetic weights by m,.



2.1.5 Conformal dimension and shift symmetry

The conformal dimension of a bare monopole operator is given by

no v Y5

1
2A(m) = 5 ZZ Z Z Sign(Aij) ‘Az‘jmi7ai - Ajimj,bj . (2.32)

i=1j=1a;=1b;=1

It has a shift symmetry — corresponding to the U(1) C G acting trivially on the edges (i.e.
generalised hypermultiplets) — generated by the shift vector

geTZv, with ged(diq,) =1, (2.33)
such that
2A(m + xd) = 2A(m), VzeZ. (2.34)
It is simple to check that
i, = Si- (2.35)

We refer to the one-dimensional sublattice generated by the shift vector § as

As C I‘gw. (2.36)
2.1.6 Weyl chamber
Given the Weyl group of G
Wz =[] 5w, (2.37)
i=1

then the Weyl chamber of the magnetic lattice of é, namely Fgw / Wg, can be parametrised
by setting

—00 <mi1 <mig < - <my,, <oo Vie{l,...,n}. (2.38)
2.1.7 Ungauging the decoupled U(1)

Upon decoupling an overall U(1), we refer to the resulting gauge group as the true gauge group:
G=G/U(1). (2.39)

The magnetic lattice of this group is I'¥" = F%”” /As, where the Weyl chamber of the magnetic
lattice of I'W", namely I'" /W, can be parametrised via a constraint on the m; 4,, while still
obeying (2.38). There are infinitely many such constraints. In appendix A, many examples
of such possible constraints are illustrated very explicitly for several quivers.

For instance, a simple choice for a constraint is

Mia; €{0,...,s; — 1}, for some i and a;. (2.40)

If s; = 1 we can set m;; = 0, which is what is commonly done in the literature, and
sometimes referred to as “ungauging on the long side” (see e.g. [10]). Yet, there seems to
be a much more general rule.



General rule. Let us describe a general rule for ungauging an overall U(1) as follows. Let

us first choose the following set of non-negative integers:®

C:CLaiGZzQ, with a;=1,...,v, i=1,...,n. (241)

Then, if we define

n Vg
A = Z Z Cia;Si | — 1L, (2.42)

i=1a;=1

we can pick the following constraint on the magnetic weights:

Z zz: Cia;Miya; € {07 1... 7)\c} ) (2.43)

i=1a;=1
which can also be generalised to

n (%

Z Z Cia;Mia; € {T0,%1,...,Zx.}, where (z; mod A;) = j. (2.44)

i=1a;=1

Alternative approach. Let us discuss an alternative, but equivalent, approach in ungauging
an overall U(1). In this method, the magnetic fluxes are allowed to take integral and non-
integral values, subject to the condition that each term in the contribution of the matter
fields to the conformal dimension is integral. In particular, for a (p,¢)-edge between the
U(v;) x U(vj) gauge group whose contribution is given by (2.8), we require that

PMia; — qMyja; €72 (2.45)

and allow m; o, and my o, to be also non-integral. In the special case in which the gauge groups
are Abelian, namely v; = v; = 1, this theory admits a conventional Lagrangian description in
terms of a hypermultiplet of charge (p, —¢) under U(v;) x U(v;), and the above condition
is simply the Dirac quantisation condition. In the next step, we choose the non-negative
integers ¢; 4, and impose the following constraint on the magnetic fluxes:

no v
Z Z Ci,a;Miyq; = 0. (246)

i=1a;=1

In contrast to (2.43), we restrict the freedom on the linear combination of the left hand side
to be zero, but this lack of freedom is compensated by allowing m; 4, to take also non-integral
values. The two approaches thus yield the same result. In this method, the conditions (2.45)
and (2.46) determine the magnetic lattices that need to be summed over upon computing
the Coulomb branch Hilbert series or the superconformal index. This will be demonstrated

explicitly via a number of examples in section 3.

8Throughout this paper, whenever we encounter a U(1) gauge node, i.e. v; = 1, we suppress the subscript
a; = 1in (2.41). Explicitly, for a U(1) gauge node labelled by 4, we denote the associated non-negative integer
in (2.41) simply by c;.

,10,



Let us suppose that the allowed values of the magnetic fluxes are fractional and that,
upon writing them in the lowest terms, the largest denominator is r. There is a natural Z,
zero-form symmetry that acts non-trivially on the monopole operators with such fractional
magnetic fluxes. Then, we can turn on a discrete fugacity associated with the Z, symmetry in
the Coulomb branch Hilbert series or in the index. This allows for gauging such a symmetry
by summing this discrete fugacity over all the r-th roots of unity. The gauging leads to
a dual Z, one-form symmetry. We finally remark that, upon gauging a discrete one-form
symmetry, the magnetic fluxes are also summed over non-integral values. This naturally
leads to the dual Z, zero-form as realised above. We will discuss the procedure of gauging
one-form symmetries in section 3.2.

2.1.8 Good, ugly, and bad

Following the nomenclature of [27], we call a theory:
o good, if 2A(m) > 1 for all m # 0;
o ugly, if 2A(m) > 0 for all m # 0, with some 2A(m) = 1; and
e bad, if 2A(m) < 0 for some m # 0.

Good theories have conical Coulomb branches. Ugly theories have Coulomb branches which
are a product of a cone and free space. Bad theories have more intricate Coulomb branches.
In this paper, we focus mainly on the good and ugly theories.

Balanced nodes. A useful quantity that can be associated with a node in a quiver is its
so-called balanced. For a quiver with adjacency matrix A and rank vector v, the balance of
a node 7, with 4;; = —2 (i.e. no adjoint loops), is given as

bi = > Ayv;. (2.47)

Defining the analogous condition for a balanced node becomes more complex in the presence
of adjoint loops. We do not address this case in the present work.

2.1.9 Coulomb branch Hilbert series

The Hilbert series of the Coulomb branch of a good or ugly quiver Q can be computed
via the monopole formula [12]

HS[CBof Q(t) = Y. Pg(m,t*)*2m), (2.48)
et
where
Po(m,t?) = (1 —t%) ﬁ Py (mi, 17), (2.49)
and -
N l
Pyy(y,) (mi, 1?) = 1:[ [1:[ — t%)] (2.50)
for A = (A1,...,An) a partition of v;, which encodes how many m; ,, are equal.

— 11 —



This Hilbert series can be refined with respect to the fugacities w; associated with the
topological symmetries as

n vy o
HS[CB of Q] (t,wi) = Y. PG(m,ﬂ)t?A(m)HwiZ“Flm“ " (2.51)
mel“;: =1
with the constraint
n
[[wi =1 (2.52)
=1

If the quiver is bad, then the monopole formula diverges. This is due to the non-conical
structure of the Coulomb branch of a bad theory.

2.2 Global forms

It is by now widely appreciated that, in gauge theory, it is important to specify the precise
global form of the gauge group. This choice determines amongst other things the magnetic
lattice, and hence affects the Coulomb branch of a 3d N' = 4 gauge theory, while typically
leaving the Higgs branch unchanged. For a given 3d N' = 4 gauge theory, the hypermultiplet
representations restrict the possible global forms of the gauge group.
Let us take an unframed simply laced unitary quiver with naive gauge group G =
i1 U(v;), where ungauging the overall U(1) is understood, and pick a node labelled by 1o,
with associated gauge node U(v;,) in the quiver. One way to parametrise the magnetic lattice of
the true gauge group, that is G = CNJ/U(l), is by setting d;, = 2222:1 Mig,a,, € {0,...,v5p—1}:

U(v;,) / di, € {0,...,v; — 1} (2.53)
u(1)

A different global form of the gauge group compatible with the hypermultiplet represen-
tations is

n
G" = ] U(vi) x SU(vy,), (2.54)
o
i.e. we replace U(v;,) with an SU(v;,) node, producing a special unitary quiver. The magnetic
lattice of G’ can be parametrised for example by setting d;, = 0:

U] diy =0 (2.55)

The newly obtained (special) unitary quiver has a Ly, one-form symmetry. Gauging this
Ly,
{1,...,vi, — 1}) produces the original quiver

N -

SU(viy) = U(vy,) / di, €1{0,...,v; — 1} (2.56)
Loy u(1)

one-form symmetry (at the level of the magnetic lattice, this implies adding d;, €



Any subgroup Z(% k) C L, of the one-form symmetry may be gauged to reach a different
global form of the gauge group, G” = G’ /Z(vio /k)- The magnetic lattice of G” can be
parametrised by setting d;, € {kj|0 < j < (v;,/k) — 1}

IV

SU(UZ‘O) / dio S {k]|0 < ] < (’Uio/]f) — 1} (2.57)
Liv,, k)

Note that the special cases of k = v;, and k = 1 correspond to (2.55) and (2.56), respectively.
Such gauging leads to a dual Zj zero-form symmetry in the resulting theory. We will see
via the example below that the presence of the Zj zero-form symmetry is manifest in the
periodicity in d;, of the Coulomb branch Hilbert series.

We can thus associate many global structures to an unframed unitary quiver in the
following way. Pick a node ip and impose d;, € {kj|0 < j < (v;,/k) — 1} for some k|v;,.” Such
a choice has no effect on the Higgs branch of the quiver, yet it does affect the Coulomb branch.
In particular, it leads to a Zj quotient of the Coulomb branch of the original theory. This
amounts to gauging the Zj zero-form symmetry, which leads to a dual Z;, one-form symmetry.

For a general (p, ¢)-edged unframed unitary quiver, with symmetrisable adjacency matrix,
the story gets slightly more complicated. We can apply a similar method to that described
above by picking a node ¢y and modifying the condition on d;,. We observe that, in this case,
the order of the discrete zero-form symmetry involves the product s;,v;, of shortness s;, and
the rank v;,. Various examples will be provided below and in section 3.

Example. Let us consider the following quiver:

1

2
3 1-C-1
2

wQH

3
1-0 (2.58)
1

with adjacency matrix, rank vector and shortness vector

-2 3 0 3 1
A=11 -2 1 |,v=[2],s=|3], (2.59)
0 1 -2 1 3
where the true gauge group is
G=G/U(1), with G=U(@3)xU2) xUQ). (2.60)

Different global structures of this quiver are summarised in table 1. Let us discuss them
more in detail.

9Note that, once a condition has been imposed on d;, of some node labelled by 40, one cannot put another
condition on d;, of some node i1 # 40, as this would reduce the dimension of the magnetic lattice. One could
consider picking two distinct nodes, ip and 41, and impose a condition on a linear combination of d;, and d;, .
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Let us denote by my = (mq,1,m1,2,m13), M2 = (ma 1, ma2) and mz the magnetic fluxes
associated with the U(3), U(2) and U(1) gauge nodes respectively, with

3 2
d1 = Z migq, d2 = Zmli? d3 = ms. (2.61)
1=1 =1

Then, the Coulomb branch Hilbert series of quiver (2.58) can be obtained via the monopole
formula (2.51) as

HS [CB of (2.58)] (, w)

Ac 3
= (1=2)3 3 Pug(ma, ) Py (ma, 1) Py (ms, £2) x [H wﬂ 2 ).
j:() Fguu N
me We

(2.62)

where we denote by w;, ws and w3 the topological fugacities associated with the U(3), U(2) and
U(1) gauge nodes respectively. From (2.32), the conformal dimension entering in (2.62) reads

2A(m) = =2 > |mii—mil| —2|ma1 —mag|
1<i<j<3 (2 63)

+< Z Z |3mi 1 —mz,j|) + Z Ima1 —mal,

i=1,2,3 j=1,2 =12

where we have to take into account the constraint coming from the delta function 67, ;,

which can be explained as follows. The quantity A, defined in (2.42), in this case reads

3 2
A = (Z cLZ-) +3 <Z cg,i> +3c1 — 1, (2.64)
=1 i=1

moreover we define the function

3 2
fm) = (Z Cl,z'm1,z‘> + (Z Cz,imz,i> + c3mg3 (2.65)
i=1

=1

implementing (2.43), which takes values in {0,1,..., A} for given ¢;,,. Explicitly, some
convenient choices to ungauge the decoupled U(1) are the following.

o We can take ¢;; = (1,1,1), c2; = (0,0) and ¢3 = 0, which is equivalent to A\ = 2 and
f(m) = dy. Then, from the first summation in (2.62), we just have to consider the
contribution from d; = {0, 1,2}, whereas there is no restriction on da and ds. Observe
that the resulting Coulomb branch Hilbert series is periodic in di, with periodicity
Ac + 1 = 3. Explicitly, we can detect such periodicity by looking at the contributions

— 14 —



coming from d; = j =0,...,5 in the first summation in (2.62):

§=0 : 148> +100t* 4+ 645t% + 2968t> + 109767,
j=1: 10t 4 100t* 4 640t° 4 2975t + 1097617,
j=2: 10t2 4 100t* + 640t° 4+ 2975t% + 10976110,
j=3: 148>+ 100t* + 645t° + 2968t% 4 10976t
j=4 : 10t* 4 100t* 4 640t° 4 2975t + 1097617,
j=5 : 10t> 4 100t* + 640t° 4 2975t% 4 10976,

(2.66)

from which it is clear that every contribution coming from d; = j = i + 3k, with
1=0,1,2and k£ =0,...,00, is independent of k. The periodicity of 3 in d; indicates
that the theory has a Zs zero-form symmetry. We will gauge this symmetry later.

o Another possible option is to set ¢;; = (0,0,0), ¢2; = (1,1) and ¢3 = 0, i.e. A, =5
and f(m) = da. It follows that, in this case, dy takes values in {0,1,2,3,4,5}, with no
restriction on dy and ds. It follows that the resulting Coulomb branch Hilbert series is
periodic in dg, with periodicity A + 1 = 6.

 Finally, another convenient parametrisation is ¢;; = (0,0,0), ¢2; = (0,0) and ¢3 = 1,
namely A\ = 2 and f(m) = d3. This choice corresponds to summing over d3 € {0, 1,2}
in (2.62), with no further restriction on d; and ds. The resulting Coulomb branch
Hilbert series is periodic in d3, with periodicity A\ +1 = 3.

In all of such equivalent cases, upon setting the topological fugacities to unity, the Coulomb
branch Hilbert series of quiver (2.58) admits the following closed form:
HS [CB of (2.58)] (t,w; = 1)
1+ 18t 4 65t* + 65t° + 1815 + ¢1°
(1-e2)" (2.67)
= 1+ 28% + 300t* + 1925¢° + 8918¢% + 32928'° 4 ...
—PE [281&2 — 106t + 8335 — 8400¢3 + 9139210 + .. } ,

where the moment map operators appearing at order t? in the series expansion reveal that
the Coulomb branch symmetry of the theory is s0(8). Indeed, the Coulomb branch in
question is isomorphic to the closure of the minimal nilpotent orbit of s0(8), denoted by
min.Dy [28]. A Lagrangian description possessing such Coulomb branch is known to be
the following affine D4 quiver:

1 1
2 /U(1) (2.68)

1 1

We can now realise various discrete quotients of quiver (2.58) by picking different values
of the parameters ¢; o, and restricting the first summation in (2.62) to j taking only some
of the values in a subset of {0,...,\}.
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Zz quotient. Let us take c; = (1,1) and the other ¢;,, = 0, i.e. Ac =5 and f(m) = d.
The contributions to the Coulomb branch Hilbert series due to the first summation in (2.62)
for the various choices of j = 0,...,5 are as follows:

§=0: 146t +62t" + 3415 + 1558t% + 5596t
G=1: 4t% + 44¢* + 312¢% 4 1448¢% + 5440t'°,
j=2: 3t2 +47t* + 304¢° 4 1464¢% 4 5410t1°,
j=3: 8t2+56t*+ 352t% + 1536t% + 5632¢17,
j=4 : 3t% +47t" 4 3041° + 146445 + 5410t1°,
§=5 : 4% + 441" + 3125 + 14485 4 5440t

(2.69)

We can perform a Zy quotient by considering only the contributions highlighted in red and
in violet above, namely we take j € {0,2,4} in the first summation in (2.62). This also
restricts dy € {0,2,4}.

This Zg quotient admits the following Lagrangian description:

1 1
SU(2) (2.70)

1 1
The resulting Coulomb branch Hilbert series is
HS [CB of (2.58)/Zs] (t,w; = 1)
1+ 762 4 101¢* + 244¢° 4 666t + 650t + palindrome + 2
(1—) (1 +2)° (2.71)
=1+ 1262 + 156t* + 949¢5 + 4486t% + 164160 + . ..
= PE [12t2 + 784 — 35145 — 183243 + 23424¢10 + .. } :

where the moment map operators appearing at order t? in the above series expansion signal
that the Coulomb branch symmetry is su(2)*.

Z3 quotient. We can realise a Z3 quotient instead by setting ¢3 = 1 and the other ¢; ,, = 0,
ie. Ac = 2 and f(m) = ds, where we consider only the contribution coming from j = 0 in
the first summation in (2.62). This also restricts d3 = 0. Equivalently, we can realise the
same Z3 quotient by taking the same choice of ¢; 4, as in the Zy case discussed above, namely
¢2,; = (1,1) and the other ¢; ,, = 0, where we now consider only the contributions coming from
j = 40,3} in the first summation in (2.62), which are highlighted in red and in blue in (2.69).
This amounts to restricting da = {0, 3}. The resulting Coulomb branch Hilbert series reads

HS [CB of (2.58)/Zs] (t,w; = 1)
1448+ 23t 4 2310 + 445 + 10
(1—2)*° (2.72)
=1+ 14t% + 118t 4+ 693t° 4 30941 + 11228¢10 + ...
= PE [141% + 13" — 4916 — 561° + 6721 + .. |,
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where we observe that the Coulomb branch symmetry is reduced to go. The Coulomb branch
in question is isomorphic to the Zso cover of the closure of the subregular nilpotent orbit of
G, denoted by Zg cover (M) [10, (6.5)-(6.8)]. It turns out that this Coulomb branch
Hilbert series agrees with that of the Zs wreathing of the affine D4 quiver [23]:

Oo——O0—=0

1 2 [112Zs (2.73)
where [1] Z3 indicates the wreath product. The Higgs and Coulomb branch Hilbert series
of this was studied in [23, figures 8, 9, 11] (see also [24]), and the superconformal index
was computed in [25, section 3.4]. It is interesting to point out that the wreathed quiver
has the Higgs branch that is isomorphic to C?/ E@, but we do not have an access to this
moduli space from the description (2.58).

Another Z3s quotient. We can also obtain a different Zs quotient, which we denote by
Zg, by taking ¢;; = (1,1,1) and the other ¢; o, = 0, namely A\ = 2 and f(m) = d;, and
considering only the contribution coming from j = 0 in the first summation in (2.62). Note
that this choice restricts di = 0. The resulting Coulomb branch Hilbert series is indicated
in violet in (2.66), and is given by

HS [CB of (2.58)/Zy] (t,w; = 1)

1412465t + 75t° + 305¢° + 309¢'0 + 309¢'2 4 palindrome + 22

N (1—2)7 (1—t)° (2.74)
=1+ 8t2 + 100t* + 6455 + 29685 + 10976¢1° 4- . ..

— PE [8# 64t + 1365 — 185018 — 636110 + .. ] ,

where the Coulomb branch symmetry is su(3). Unlike the previously discussed Zj quotient,
this Zg quotient does not arise from wreathing the affine D4 quiver, since this is not
contained in [23, figure 8].

As a check, we can compute the volume of the base of the Coulomb branch viewed
as a cone using the method described in [29, (1.17)]; see also [30] for the application in
the context of discrete gauging. Given a Coulomb branch Hilbert series H(t), the said
volume, denoted by Vol, can be computed as lim;_,1(1 — ¢t)?H (), where d is the complex
dimension of the Coulomb branch.

In this case, we obtain

Vol [CB of (2.58)]
Vol [CB of (2.58)/Zs/]

=3, (2.75)
which is expected for a Zs quotient

Ze quotient. Finally, we can realise a Zg quotient by taking the same choice of ¢;,, as in
the Zy case, namely cz; = (1,1) and the other ¢; ,, = 0. However, this time, we consider

only the contribution of j = 0 in the first summation in (2.58), meaning that we restrict to
dy = 0. This Zg quotient admits the following description as a wreathed quiver [23], but
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(2.58) CB CB symmetry | Quiver with
same CB
dy €40,1,2}
or
dy € {0,1,2,3,4,5} min.Dy 50(8) (2.68)
or
ds €4{0,1,2}
dy € {0,2,4} min.Dy/Zs su(2)* (2.70)
dy € {0,3} D/ Zs
o = 79 cover (M) 82 (273)
ds € {0}
d, € {0} min.Dy/Zs # Zs cover (M) s5u(3) Not known
min.Dy/Zg
ds € {0} = (ZQ cover (M)) /Zs su(2)2 (2.76)
= subreg.Go

Table 1. Different global structures of the quiver (2.58) are given in the form of different possible
constraints on a d; of the quiver. The corresponding Coulomb branch, and its global symmetry, are
provided. In the last column a quiver, possibly with a special unitary node, and/or a wreathing [23],
which has the same Coulomb branch, is given.

with the SU(2) central node (see [25, section 3.11]):

1 SU(2) (1123 (2.76)

The resulting Coulomb branch Hilbert series reads

HS [CB of (2.58)/Z] (t,w; = 1)

142+ 37t + 76t° 4 218¢° + 2300 + 218¢'% 4 palindrome + 2

- (1-2)" (1+2)° (2.77)
= 1+ 6t% 4 62t* + 3415 + 1558t% 4 5596t1° + . ..

= PE |62 + 41¢* + 396 — 52448 — 1302¢10 + .. ] ,

where we observe that the Coulomb branch symmetry becomes su(2)2. Upon computing
the volume, we find that

Vol [CB of (2.58)]
Vol [CB of (2.58)/Z¢]

=6, (2.78)

in agreement with a Zg quotient.

,18,



3 Discrete gauging and mixed ’t Hooft anomalies

In this section, we study zero-form and one-form discrete symmetries in various (p, q)-edged
quivers and gaugings thereof. We first demonstrate this in an Abelian example, where
both the Coulomb branch Hilbert series and the superconformal index are computed. We
subsequently examine sequential gauging in a non-Abelian example using the Coulomb
branch Hilbert series. We observe that, whenever a non-trivial (p, ¢)-edged quiver possesses a
discrete one-form symmetry, possibly arising from gauging the dual zero-form symmetry, the
former generally has a mixed 't Hooft anomaly with some combinations of the continuous
topological symmetries in the quiver. This manifests itself in the Hilbert series or in the
index, as described in [31].

3.1 Abelian example

Let us consider the following (p, q)-edged Abelian quiver

1
Amg
RN
yd 0 /() (3.1)
2 9
my (fe 3 A ] =0 1
1 1

where we denote with m; € Z, with ¢« = 1,2,3, the magnetic fluxes associated with the
three U(1) gauge nodes. Note that, due to the U(1) gauge groups, this quiver admits a
conventional Lagrangian description where the matter fields are the hypermultiplets carrying
charges (0,1,—2), (—1,0,3), (2,—3,0) under the U(1) gauge groups labelled by (m1, mo, ms3)
respectively.

The adjacency matrix, rank vector and shortness vector associated with (3.1) are given
respectively by

-2 2 1 1 3
A=1|3 —2 1 |, v=1_1], s=1|2], (3.2)
3 2 =2 1 1

from which the quantity )., defined in (2.42), in the present case reads
Ae = 3¢1 4+ 209 + 3 — 1. (3.3)

Any choices of ¢; € Z>g lead to the same Coulomb branch Hilbert series. However, if we
would like to consider a specific discrete gauging, an appropriate choice must be made. We
will shortly state our choices of ¢; in subsequent calculations.

Let us define the function

3
fm) =Y cm; (3.4)
i=1
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as in (2.43), which takes values 0,1, ..., A for given ¢;. Then, the Coulomb branch Hilbert
series of (3.1) can be obtained via the monopole formula (2.51) as follows:

HS[CB of (3.1)] (¢,w)

Ae 3
(=% 5 [Tt < s, 69
jzomervgiw i=1
G

where w; are the topological fugacities associated with the three U(1) gauge nodes, and
G = G/ U(1) with G = U(1)3. Using (3.2), the conformal dimension appearing in (3.5) reads

2A(m) =|2my — 3ma| + |m1 — 3ms| + |ma — 2mg|, (3.6)

where it is important to take into account the constraint coming from the delta function d ¢ () ;-

A convenient choice to ungauge the decoupled U(1) gauge group is to set ¢; = co =0
and ¢ = 1, such that A\, = 0 and f(m) = m3. Adopting this parametrisation, the conformal
dimension is given by (3.6), with the constraint ms = 0. Upon setting the topological

fugacities to unity, the Coulomb branch Hilbert series admits the following closed form:

HS[CB of (3.1)] (t,w; = 1)
124 33 At 4 At + 418 4 317 + 48 4 10
(I=2) (1 —=t3) (1 —t4) (1 —1¢7) (3.7)
=1+ 2t + 4¢3 4 7t* + 1067 + 1615 + 2267 + 3165 + 40° 4 54¢10 4 . ..
—PE [2t2 AP At 25 — 615 — 107 — 1268 + 2¢° + 20¢10 4 . } .

We give an algebraic description of this Coulomb branch by computing the equations for
the Higgs branch of the mirror quiver in 3.1.2. Note that the Coulomb branch symmetry
of the theory, which can be read from the moment map operators appearing at order t2, is
u(1)?, reflecting that there are two independent U(1) topological symmetries in theory (3.1).
This is consistent with the relation (2.52).

Let us now demonstrate how to realise various Z, quotients, i.e. gauging Z, zero-form

symmetries, which we will refer to as ZLO].

Zo quotient. Suppose that we would like to perform a Zo quotient, i.e. gauge the Zo
zero-form symmetry. We can take (c1, ¢2,¢3) = (0,1,0) and consider only the contribution
of j = 0 in the first summation in (3.5). This amounts to setting ma = 0 in (3.5). The
resulting Coulomb branch Hilbert series is

HS [CB of (3.1)/2Z8"] (t,w; = 1)

L+ 3t 205 + 360 4 467 4 38 4+ 209 + 410 g1 4 12 4 g1

- (1—2)1—13)(1—°) (1 —19) (3.8)
=142+ 23+ 3t* +6¢° + 8% + 12t7 + 1765 + 20t + 28¢10 + . ..

:PE{2t2+2t3+2t5+t6+2t7—4t9—5t1°+...}.
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In this particular case, we obtain

Vol[CB of (3.1)]
Vol [CB of (3.1)/Z8']

(3.9)
as expected from the Zs quotient.

Z3 quotient. This can be realised using (¢1, ¢2, ¢3) = (1,0,0) and consider only the contribu-
tion of j = 0 in the first summation in (3.5). The resulting Coulomb branch Hilbert series is

HS [CB of (3.1)/24"] (t,2 = 1)
1+ t2 +2t4 + 45 4+ 266 + 3¢7 + 268 + 3¢9 + 2410 ¢ 4 2412 4 414 4 416
(I=2) (1=t (1 -t°) (119 (3.10)
=14 2t2 +5t1 4 265 + 8% 4 6¢7 + 13¢5 + 1447 + 20610 4 ...

:PE[2t2+2t4+2t5+2t7—t8—t10+...].

We also obtain

Vol[CB of (3.1)]
Vol [CB of (3.1)/Z8']

(3.11)

as expected from the Zs quotient.

Another Zz quotient. We can also realise a Zs quotient by setting (c1, c2,c3) = (0,1, 1)
and consider only the contribution of j = 0 in the first summation in (3.5). We point out
that this Zgz quotient is not equivalent to the one presented above, as can be seen from the
resulting Coulomb branch Hilbert series, which does not coincide with (3.10):

HS [CB of (3.1)/ZY] (t,wi = 1)
T (1-t) (1) (1 —t12) (1 —t1) (1 tt? 3t 16—t

138 4 3¢9 — 410 43¢l 912 9413 4 941 | balindrome + t26)

(3.12)

=1+22+ 263 + 3t  + 4t° + 615 + 617 + 1145 + 14¢° + 1810 + ...
:PE[2t2+2t3—t6+2t8+4t9+2t10+...},

where, in order to avoid confusion with the previous Zs quotient, we denote by Z[g} the

zero-form symmetry which is gauged in the present case. This Zs quotient is consistent with

Vol[CB of (3.1)]
Vol [CB of (3.1)/2})]

(3.13)
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Z13 quotient. This can be realised using (¢q, ¢2, ¢3) = (3,2,0) and consider only the contribu-
tion of j = 0 in the first summation in (3.5). The resulting Coulomb branch Hilbert series is

HS [CB of (3.1)/24]] (t,w; = 1)
1
= T+2 4+t 2 15 47 18 440
(1—t2)(1—t5)(1—t39)(1—t52)( AR ERE R
+t10+t11+t12+ t13+t14+t15+t16+t17+3t18—|—5t19—|—3t20+5t21

+5t22 + 3¢23 4 3124 4 3120 + 3¢20 + 3127 4 328 + 3¢9 4 3170 4 343!

+3t32 4 3¢33 4 3¢31 1 535 4 530 1 73T 1 03 839 1 110 4 6!t (344
+5t42 4 4t 4 M 4+ 4 4440 + 4447 + 44*® 4 palindrome + t94)
= 14262 +3t1 4265 + 40 + 4" + 565 4667 + 810 + ...
= PE [2t2+2t5—t10+...} .
We also obtain
Vol [CB of (3.1)] ; 1)

Vol [CB of (3.1)/21)]

which is expected for a Zq3 quotient.
We will discuss such quotients, the resulting dual one-form symmetries and mixed ’t
Hooft anomalies more systematically using the index.

3.1.1 Superconformal index of theory (3.1)

As described in section 2.1.7, an overall U(1) in (3.1) can be modded out in many ways.
In this subsection, we adopt the alternative method described around (2.45), which is
more conventional for computing superconformal indices. In particular, we achieve this by
restricting the gauge fugacities and the corresponding magnetic fluxes in the following way:

3 3
[[z=1 > ami=0, (3.16)
=1 i=1

where we also allow the magnetic fluxes m; to be non-integers. As we discussed earlier
around (2.45), this amounts to reducing the freedom on 333, ¢;m; in (3.4) by setting it to
zero, but increasing the freedom on the magnetic fluxes by allowing them to take non-integral
values. We will soon discuss the conditions that determine the allowed values of m;. We will
also determine the discrete symmetry that acts on the monopole operators with fractional
magnetic fluxes, refine it with an appropriate fugacity in the index, and eventually gauge it.

The superconformal index of theory (3.1) can be computed from the following expression:

d21 dZQ d23

Ten = 1wy ws 5(3.16) x T,
(3.1) ml%ms wy twy P ws iz | 2mizg | 2miza (3.16) X Tmatter,
7, = [Il (a*2.0~x)}2 X H I% ((3_123)sa.8(_m +3 . (3‘17)
matter — X () X 1 ~3 ) 1 m3)’ T
s=+1

1 1
x I3 ((z%z;%)s; s(2my — Smg);x) X T} ((z2z52)5a; s(mg — 2m3); :U) ,
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where the contribution of the chiral multiplet of R-charge R is

25(27 l;x) — (xlfszl)M/Q H
Jj=0

1— (_1)ZZ—1$\Z|+2—R+2j
1 — (=1)z gli+E+2)

(3.18)

For simplicity, we have turned off the background magnetic fluxes for the axial symmetry a
and for the topological symmetries w; 23. The notation 0(3.16) means that we impose the
constraint (3.16) upon integrating over the gauge fugacities and summing over the gauge
fluxes. A set of conditions that needs to be satisfied in order to make the index well-defined
is the Dirac quantisation conditions which require that the magnetic fluxes in the arguments

1
of each factor Z¢ must be integers:
my—3ms €74, 2my—3mg €Z, mo—2m3€ 7. (319)

In (3.17), we sum the gauge magnetic fluxes m; over all possible values (including the
fractional ones) that are allowed by (3.19).
The conditions (3.16) allow us to write, for example,

‘1 €3
-3 -2 ¢ 3
29 =121 %29 %, Mmg=——m; ——mg, ¢2#0. (3.20)
€2

€2
Imposing these in the above index amounts to ungauge the overall U(1) from the node
associated with mgy. Using (3.20), we see that the Dirac quantisation conditions become

m1 — 3ms € Z,

3c1 + 2¢9 3¢3
—_= —mg € Z,
C2 m Co s (3'21)
2
G g 2210
Co Co

3 € Z.

Due to the condition (3.20), we are left with two independent topological fugacities v; and
vy that appear in the index as v{"'v}"®, where!”

€1 7673

B 2 (3.22)

v = wiwy 2, vz = wawy 2.

Suppose that the allowed magnetic fluxes in (3.21) include those with non-integral values
and, upon writing them in the lowest terms, the largest denominator is . This indicates
the presence of a Z, zero-form magnetic symmetry that acts non-trivially on the monopole
operators with fractional magnetic fluxes. In particular, whenever my or ms is not an integer,
if there is an integer linear combination of m; and mgs such that

r(zi1my + x3ms) # 0 (mod ), for some 1,23 € Z, (3.23)

then the index can then be refined with respect to a discrete fugacity g associated with Z,
such that ¢" = 1 by inserting the factor

gr(x1m1+13m3) (324)

10The restriction of three topological fugacities to two was also achieved in (2.52) in a different way. In this
case, we impose the condition (3.16) on the magnetic fluxes and then seek two independent combinations of
topological fugacities which turn out to be v1 and vs.
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inside the summation in (3.17). For convenience, we will refer to this Z, zero-form symmetry
as (ZLO])Q. Explicitly, the index (3.17) up to order z? reads

I3 =1+ (0*+2a" %)z + (g‘2u1 + g tug + guyt + g2u1_1) a3z

3
2
(3.25)
+ [a4 -4+ (gigulw + g furugt 4 3+ guy tug + g?’ul_lu2_1> a*ﬂ ..,

where u; and uy are some functions of the topological fugacities v1 and vz, and at least
one of which, say ug, takes the form uy = (v} U%S)%, with y; and y3 integers coprime to r.
Setting g = 1 and u; = 1, the Coulomb branch limit of (3.25) is in agreement with (3.7).
We will discuss the Higgs branch below.

This refinement allows us to gauge (ZLO])Q by summing g over all of the r-th roots of
unity and dividing the result by r. After gauging, the resulting theory, which we refer to
as (3.1)/ (Z,[ﬂo])g, has a dual Z" one-form symmetry, denoted by (ZE])E. The fractional powers
of v1 and vz in uy = (vzl“vgf)% in the index of theory (3.1), in fact, imply the following
mixed 't Hooft anomaly in theory (3.1)/ (Z[TO])Q:

211
exp (r . B2U [e1(U(1),1,) mod r]) , (3.26)

where Bg) is the two-form background field for (2[21])5 and ¢ (U(].),Uii/lvgB) is the first Chern-
class associated with the linear combination y; U(1),, + y3 U(1),, of the U(1),, and U(1),,
topological symmetries associated with the fugacities v; and v3 respectively. Here My is
the 4d bulk such that OMy; = Ms, with M3 being the 3d spacetime in which the theory in
question lives. Indeed, (3.26) manifests itself in the following way: upon gauging (ZE] )E’ we
go back to theory (3.1) whose index contains the terms involving (v{* vé”)%, which contains
an improper quantisation of the charge of U(].)vfl Wl We will demonstrate this in the

following examples below:
° (Cl, C2, c3) = (O, 1,0) for Z2 ,

(Cl, C2, Cg) = (1,0,0) for Zg R

(¢1,¢2,¢3) = (0,1,1) for another Zs = Zg ,

(c1,¢c2,¢3) = (3,2,0) for Zi3 .

Let us briefly mention that one can take the Higgs and Coulomb branch limits of the
index to obtain the Higgs and Coulomb branch Hilbert series [32]. In particular, we define

I/Qa_l,

h= x1/2a, c=zx
(3.27)
or equivalently = = hc, a=(h/c)'"?,

and substitute them in the index. In the Higgs branch limit we send ¢ — 0 and keep h fixed,
whereas in the Coulomb branch limit we send h — 0 and keep ¢ fixed. Note that, given a
series expansion of the index in terms of x, the Higgs (resp. Coulomb) branch limit can be
obtained by reading off the coefficients of the terms aPxs (resp. a*pxg), with p € Z>¢, and
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multiplying each of them to hP (resp. ¢P). Conventionally, the corresponding Hilbert series
can be obtained by simply setting h or ¢ in each of the aforementioned limits to t.

The Coulomb branch limits of the indices of (3.1)/ (ZLO])Q in these examples, upon
setting u; = 1, are in agreement with the Coulomb branch Hilbert series (3.8), (3.10), (3.12)
and (3.14), as expected.

On the other hand, the Higgs branch limit of the index (3.25) gives PE[t?+2t% —¢'2]. This
indicates that the Higgs branch of (3.1) is isomorphic to C?/Zg. The generators are as follows:

Go=Q01,-2Q0.1-2 = Q-103Q(-103) = Q2-30Q 30

G+ = Q:())O’lz_2)Q%_17073)Q(27_370)’ (3'28)

G_ - Q:(}O’L—Q)Q%—110,3)Q(277370)7
where we denote by Qg ,,4;) the chiral field that carries charges (g1,q2,¢3) under the
gauge groups labelled by i = 1,2,3 in (3.1), and by Q(4, g..45) the chiral field in the same
hypermultiplet with the opposite gauge charge. These generators satisfy the defining relation
G,.G_ = G§ of C?/Zg, as expected. This moduli space is unaffected upon gauging the (ZLO])g
zero-form symmetry. This can also be seen from the Higgs branch limit of the index (3.25):
the coefficients of the terms apacg, with p € Z>o, never contain g.

Example 1. (c¢1,¢2,¢3) = (0,1,0) for Zs. The solutions to (3.21) form the two-
dimensional lattices A, = (Z + %)2, with p = 0,1. In (3.23), we can choose, for example,
x1 = 1 and z3 = 0, so that, when p = 1, we have a non-trivial power of g in (3.24). The
index (3.17) therefore can be rewritten as

1
mi . ms- le ng
I(3~1) = Z Z gp U1 1U?, : fi [Imatter](glgo) ) (3.29)
p=0

2miz 2miz
(m1,m3)ENp 1 3

where we denote by [Imatter](g_m) the matter contribution in (3.17) subject to the con-

straint (3.20). It can be easily seen that the fugacity g associated with the (Z[QO])Q zero-form
symmetry always appears with the topological fugacities as g(v; vg)%v? vy? for some 71,73 € Z.
The explicit form of the index up to order x? is given in (3.25) with

ul = vy, Uy = (1)11)3)%. (3.30)

Gauging (Z[QO])Q leads to theory (3.1)/(Z[20])g, with the mixed anomaly given by (3.26) with
r = 2 and y; = y3 = 1. Note that theory (3.1)/(Z[20})g corresponds to opening up the
quiver (3.1) in the following way:

1 1
T T
1 3
2 2
m3 AE 3 1 1 Ag m
1 1
where the gauge magnetic fluxes are such that (mq,m3) € Z2.
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Example 2. (¢q,¢2,¢3) = (1,0,0) for Zs. In this case, since co = 0, in order to solve
the conditions (3.16) in a valid way, we have to modify (3.20) by swapping z1 <> 22, ¢1 <> 2
and my < ms. It then follows that we have two independent topological fugacities vy and
v3 appearing in the index as vy ?vy"®, which are defined by swapping the subscript 1 with
the subscript 2, and viceversa, in (3.22). Moreover, the Dirac quantisation conditions can

be expressed as

mg — 2mg3 € 7,

3¢1 + 2¢9 2c3
ST ez
o mo + o ms € 4, (332)

Co 3c1 4¢3
—mg + ——m
€1 €1

3 € Z.

In particular, for (¢1,c¢2,¢3) = (1,0,0), these equations become
mg — 2ms € Z, 3mg € Z, 3ms € Z. (3.33)

The solutions form the two-dimensional lattices A, = (Z+ £) x (Z — &), with p = 0,1,2. The
index can be refined with a fugacity g by inserting the factor (3.24), with the substitution
xr1 — xo and m; — msg. In particular, we can choose o = 1 and x3 = 0 such that, when
p = 1,2, a non-trivial power of g appears in the index (3.17). The explicit form of the index
up to order 22 is given in (3.25) with

1 1
uy = (vav3 )3, uy = (vavs)3. (3.34)

Note that the index (3.25) can also be rewritten in terms of ug and integral powers of vs,
since uy = vouy *. Gauging (Zgﬂ)g leads to theory (3.1)/(Z£0})g with the mixed anomaly (3.26)
with 7 = 3, yo = 2 and y3 = 1.

We remark that (3.1)/ (Zgo])g is also be described by the following quiver, which amounts
to opening up the quiver (3.1) at node labelled by m;:

1 1
T T
1 2
1 1 (3.35)
3 3
g1k,
1 1

where the gauge magnetic fluxes are such that (mg,m3) € Z2.

Example 3. (c¢1,¢2,¢3) = (0,1,1) for Zg. Let us also examine another Zs quotient,
which we previously denoted by Zs . In this case, the two-dimensional lattices which arise
from solving the Dirac quantisation conditions (3.21) are given by A, = Z x (Z + §), with
p = 0,1,2. Therefore, we can choose 1 = 0 and z3 = 1 in (3.23) such that, when p # 0,
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the index is refined with a non-trivial power of g, given by (3.24). The explicit expression
of the index up to order z? is given by (3.25), with

-

It follows that, upon gauging (Zgﬂ)g, we reach theory (3.1)/ (qu])g with the mixed anomaly
given by (3.26) with r = 3, y; = 0 and y3 = 1.

Example 4. (c1,¢c2,¢3) = (3,2,0) for Z;3. Finally, let us consider the Z;3 discrete
symmetry. The solutions to the conditions (3.21) form the two-dimensional lattices A, =
(Z+ &) x (Z - %’), with p=0,...,12. We can choose 71 = 1 and z3 = 2 in (3.23) in such
a way that, when p # 0, a non-trivial power of g, given by (3.24), appears in the index. Up
to order x?, the index is given explicitly by (3.25) with

up = (v%v:;?’)l%, up = (v%vg)% (3.37)

Note that the index (3.25) can also be rewritten in terms of ug and integral powers of vs, since

u; = vy 'uj. Gauging (Z[l(g)g leads to theory (3.1)/(2[1%])9 with the mixed anomaly (3.26)

with 7 = 13, y1 = 2 and y3 = 5.

3.1.2 Mirror dual of theory (3.1)
The 3d mirror of (3.1) is [33]

H /U(1) (3.38)

where we can ungauge one of the two gauge nodes to obtain the framed quiver

1

W (3.39)

2
1[}:1%3:{11
1

which represents a U(1) gauge theory with one hypermultiplet of charge one, one hyper-
multiplet of charge two and one hypermultiplet of charge three. In A/ = 2 language, let us
denote by @Q; and @Q; the chiral multiplets with gauge charges +i in each hypermultiplet
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of gauge charge i, and let us call the chiral field in the vector multiplet ®. We can draw
the N' = 2 quiver as follows:

1
@2 Q2
- 3.40
Ql Qg ( )
1 1
@1 Q3
P
The superpotential reads
W = Q19Q1 + Q22Q2 + Q39Qs, (3.41)
from which we obtain the F-term
ow ~ ~ ~
F= 55 = Q1Q1 + Q2Q2 + Q3Q3. (3.42)

The Higgs branch of (3.38). Let us list the generators of the Higgs branch below. At
degree 2, we have

A = Q1Q1, Ag = Q2Qs, Az = Q3Qs, (3.43)
subject to the following relation coming from the F-term
A+ Ay + A3 =0. (3.44)
At degree 3, we have

Bi = Q1Q1Q2, By = Q1Q1Q2,

¢ N (3.45)
B3 = Q3Q2Q1, By = Q3Q:2Q1.
At degree 4, we have
C1 = Q1Q1Q1Qs, Co = Q1Q1Q1Q3, (3.46)
Cs = Q1Q3Q2Qs, Cy = Q1Q3Q2Qs.
At degree 5, we have
D1 = Q2Q2Q2Q3Qs, Dy = Q2Q2Q2Q3Qs. (3.47)

The relations are as follows. At degree 6, we have

ByBy — A1Cy =0, BiBy— AsCh =0,
ByBs — AsCy =0, BiBs — A1C5 =0, (3.48)
AyAyA3 — B3By =0, A?Ay — B1By =0.
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At degree 7, we have

BysCy— A1D; =0,  B3C3— A1 Dy =0,
A1AsBy — B1Cy =0, A3By — BoCy = 0,
A1AsB3 — BoC3 =0,  AIB3; — B1Cy =0, (3.49)
AgA3By — B3Cy =0, AyA3By — ByCy =0,
AgA3B; — B4C3 =0, AyA3B; — B3Cy = 0.

At degree 8, we have

C? — ByD; =0, AsA3Cy— BsD; =0,

C2 — B1Dy =0, AyA3C3 — ByDy =0,
AyB? — B1D; =0, AB? — C1Cy =0,
AyB3By — C3Cy =0,  AyB3 — BaDy =0,
A1 B2 — CyC3 =0, A3B3 — CyCy = 0,
A3B? — C1C3 =0, A3As — C1Cy = 0.

(3.50)

At degree 9, we have

A3B204 — C2D1 = 0, A33103 — ClDQ = O,
B} —C1Dy =0, A3A3B4— C3D; =0, (3.51)
B3 — CyDy =0, A3A3B3 — CyDy = 0.

Finally, at degree 10, we have
A3A% — D1Dgy = 0. (3.52)
Index of (3.38). The index of this theory is given by

m dz 1, _o 1 .
Tow = Y u” f 5T um)x[HL% (92" smi )

meZ s==+1

(3.53)
1 1
x I3 ((zzm)s; 23m;w> X I} ((z3u1uQ)S;3sm; 1:) ],

where w is the topological fugacity and w; 2 are the fugacities for the continuous U(1)? flavour
symmetry. In the notation of (3.40), we assign uljEl to Q2 and Qs and (u1us)*! to Q3 and
@3. As before we turn off the background magnetic fluxes for the global symmetries. In the
above, we turn on the fugacity g (with ¢" = 1) associated with (Z[TO])Q symmetry. This turns

I respectively. It is interesting to point out that, in

out to act on 1 and @1 as g and g~
theory (3.1), the (ZLO])g zero-form symmetry acts on the monopole operators via the gauge
magnetic fluxes, whereas in the mirror theory (3.39) it acts on the chiral multiplets 7 and
@1. This is consistent with mirror symmetry, in which the Higgs and Coulomb branches

of the dual theories get exchanged.
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To the first few orders in x, the index reads

3
2

T30 = 1+ (@72 + 2002 + (9721 + g7 us + guy ' + gu ') @
+ [a‘4 —4+ (g_3“1“2 +g uauy 't + 34 gup tug + gguf1u51> aﬂ a2 4... (3.54)
= (3.25) with a > a~ L.

The fact that the indices of (3.39) and (3.1) can be equated upon exchanging a and a~!

supports the claim that these theories are indeed mirror dual. Gauging (ZLO})Q can be

performed as before, namely by summing g over the r-th roots of unity and dividing by r.

Since (Zq[p])g acts on Q1 and Q; with the action g and ¢g~*

discrete gauging removes the Higgs branch generatorsf ](3.43)7(3.47 ) that carry non-trivial
0

powers of g, i.e. those that are not neutral under (Z;"),.

(with g" = 1) respectively, such

The Coulomb branch of (3.38). Let us discuss the Coulomb branch of theory (3.38).
Indeed, its Hilbert series is given by - cpt27’, where ¢, is given by the coefficient of the term
a”Pz3 in index (3.54) (see [32]). The result is PE[t2 + 2t6 — ¢12], which is the Hilbert series
of C?/Zg, in agreement with (3.28). The term ¢? in the PE corresponds to the generator @,
where @ is the adjoint field residing in the vector multiplet of the U(1) gauge node in (3.39).
The term 2t in the PE corresponds to the elementary monopole operators Vi with fluxes 41
in the U(1) gauge node in (3.39). They satisfy the relation V, V_ = ®5 which is the defining
relation of C2/Zg. Furthermore, we see that the Coulomb branch does not get affected by
gauging (Z,[no])g, since g appears only in the terms with positive power of a. This is in perfect
agreement with the statement below (3.28) upon applying mirror symmetry.

3.2 Non-Abelian example

Let us analyse the following non-simply laced quiver

1
(3.55)
my 1 ma2
O O 2 2 O
1 SU(2) 1

mi11+mi2=0

where we denote by m1 1 and my 2, with my 1 + mi2 = 0, the magnetic fluxes associated
with the SU(2) gauge node and by m; € Z, with i = 2,3, 4, the magnetic fluxes associated
with the three U(1) gauge nodes. Given

G=G/U(1), with G=U(2)xU®1)? (3.56)
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the Coulomb branch Hilbert series can be obtained via the monopole formula (2.51), which
in this case reads

HS[CB of (3.55)] (t,w) = (1= #2) 3. Py)(mi,1)

Tmw

G

Ve (3.57)

4
X lH PU(l)(miatQ)wzmi‘| tQA(m)5m1,1+m1,2,0’
=2

me

where w;, with ¢ = 2,3,4, are the topological fugacities associated with the three U(1)
nodes. The adjacency matrix, rank vector and shortness vector associated with (3.55) are
given respectively by

-2 2 1 1 2 1
2 =20 0 1 1
A — s v = s S = 5 (358)
1 0 -20 1 1
1 0 0 -2 1 1
from which, using (2.32), the conformal dimension appearing in (3.57) reads
2A(m) == 2|myy — mag| +2(Jmiy — me| + [ma2 — mal) (3.50)

+ (Im11 — ma| + [m12 —ms|) + (Im11 — ma| + [ma12 — mal),

with the constraint mj ; + mj 2 = 0 coming from the delta function in (3.57). Explicitly, if
we set the topological fugacities to unity, we obtain the following expression for the Coulomb
branch Hilbert series:

HS [CB of (3.55)] (t,w; = 1) = 1 + 7t* 4+ 56t* + 235¢t% + 843t 4. ..

3.60
— PE [7t2 128t — 45t5 — 24268 ¢ .. } : (3.60)

which tells us that the Coulomb branch symmetry of the theory is su(2)? © u(1).

Let us point out that quiver (3.55) possesses a (Z[;]); X (Z[Zl])a one-form symmetry, where
the (Z[Ql]); factor is associated with the centre of the SU(2) gauge group and (Z[Ql])a arises
from the charge two U(1) matter field.!! The two Zs factors of the one-form symmetry can
be gauged sequentially, giving rise to an interesting pattern of mixed ’t Hooft anomalies

and global symmetry extensions.

' As explained in [31, section 2] (see also [34, appendices B and C]), 3d A/ = 4 SQED with two hypermultiplets
of charge q possesses a Z, one-form symmetry, whose gauging leads to SQED with two hypermultiplets of
charge one. As a direct consequence of this statement, gauging (Z[Ql] )/y\ in theory (3.55) leads to (3.61).
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]

namely the one associated with the charge two U(1) matter field. The resulting quiver is

Gauging (Z[;])g. Let us start by gauging the (Z[Q1 )5 one-form symmetry of quiver (3.55),

1
(3.61)
maq 1 mo
O O 2 1 O
1 SU(2) 1

mi1+mi2=0

whose Coulomb branch Hilbert series is given by (3.57), where now the adjacency matrix,
rank vector and shortness vector associated with (3.61) are given respectively by

-2 2 1 1 2 1
1 -2 0 0 1 2
A= ) v = , s = (3.62)
1 0 -20 1 1
1 0 0 -2 1 1

It follows that the conformal dimension (2.32) entering in the monopole formula (3.57) of
quiver (3.61) reads

2A(m) = —2|my1 —mi2

+ (|12m11 — me| + |2my 2 — Mo
(1210 = ma] + 2z = ma) 6
+ (Im11 —ms| + |ma2 —ma|) + (Imi1 — mal + [mi2 —mal),
with the constraint m;; 4+ mi2 = 0. Upon setting w; = 1, the explicit expression of the
Coulomb branch Hilbert series reads

HS [CB of (3.61)] (t,w; = 1) = 1 + 9t% + 88t* 4 405¢° 4 1515¢5 + ...

3.64
— PE [9t2 1 43¢% — 14765 — 5388 + .. } , (3.64)

from which we observe that the Coulomb branch symmetry is su(2)3. Alternatively, the same
theory can be realised in an equivalent way by starting with quiver (3.55), with associated
monopole formula (3.57) and conformal dimension (3.59), and explicitly gauge its (Z[Ql])g
one-form symmetry by summing the magnetic flux mo; over half-integer values, i.e. we
modify the summation over my in (3.57) as follows:

1

DD DD DR (3.65)

ma€Z =0 ma EZ-Fg

where y is the fugacity associated with the dual (Z[QO})y zero-form symmetry arising from
gauging the one-form symmetry, such that y?> = 1. This procedure allows us to refine the
Coulomb branch Hilbert series of (3.61) with the fugacity y as follows:

HS [CB of (3.61)] (t,y,w; = 1) = 1+ (7 4 2y) t* + (56 + 32y) t*

3.66
+ (235 + 170y) t° 4 (843 + 672y) t5 4. . .. (3.66)
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Observe that, if we sum (3.66) over y = +1 and divide by 2, we recover (3.60):

HS [CB of (3.55)] (t,w) = % > HS[CB of (3.61)] (t,y, w). (3.67)
y==+1

This is consistent with the fact that theory (3.55) can be obtained upon gauging the (Z[QO])y
symmetry of quiver (3.61).

Gauging (Z[21])5. Next, we can proceed by gauging the (Z[Ql])g one-form symmetry of
quiver (3.55), namely the one associated with the centre of the SU(2) gauge group. Taking
into account (2.56), the resulting quiver is

ms m3

1 1

/Uy = (3.68)

maq mag 1 ma =0
O 2 2—0 2 1—
1 2 1 1 2 1

mi,1 +mi2 ={0,1} mi1,mi2

where the equality between the two quivers is a consequence of the fact that the overall U(1)
factor can be ungauged equivalently either by setting m; ; +mj 2 = {0,1} or by setting one
of the three U(1) magnetic fluxes to zero, for instance my = 0.'2 For definiteness, let us pick
the former choice of ungauging. The Coulomb branch Hilbert series reads

HS[CB of (3.68)] (tw) = (1-12) 3= 3 Py(ma, 2™ ™2
7=0,1 rmw
me

\ Ve (3.69)
x [H PU(l)(mi7t2)wz7'ni‘| tQA(m)5m1,1+m1,2,j7
i=2

where w; is the topological fugacity associated with the U(2) gauge group and the conformal
dimension is given by (3.59), with m; 1 +m; 2 = {0,1}. Upon setting the topological fugacities
to unity, (3.69) yields the Hilbert series of the closure of the next-to-minimal orbit of su(4),

denoted by n.min A3 = n.min D3, see [35, section 3:
(1+12)° (14 52 + t4)
(1—12)°
=14 15t% +104t* + 475t° + 1659t + . ..
= PE [156* — 16t" + 35t° — 126" + .| .

HS[CB of (3.68)] (t,w; =1) =

(3.70)

Indeed, it was formerly pointed out in [10] that the Coulomb branch Hilbert series of the quiver
on the right hand side of (3.68) coincides with the Hilbert series of n.min As. Equivalently,
we can also obtain the same result by gauging explicitly the (Z[QH); symmetry at the level of

12Note that, upon setting ms = 0, we can trade the (2,2)-edge between the U(2) and U(1) nodes for a
(2,1)-edge while leaving the conformal dimension invariant.
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the monopole formula. This gauging can be performed explicitly by modifying the summation
over the magnetic fluxes in (3.57) as follows:

D S S VTN SEN

m1,1€2>0 (m2,m3,ma)€L3 0=0  m11€2>04F (mg,my,ma)e(Z+1)°

where we denote by z the fugacity associated with the (Z[QO])x zero-form symmetry, which
arises from gauging the (Z[;])g one-form symmetry, with 22 = 1. We can then refine the
Coulomb branch Hilbert series (3.70) with respect to the fugacity x:

HS [CB of (3.68)] (t,z,w; = 1) = 1 + (7 4 8z) t> + (56 4 48z) t*

] . (3.72)
+ (235 + 2402) 15 + (843 + 8162) 5 + . ...
Note that we recover (3.60) by summing over z = +1 and dividing by 2:
1
HS[CB of (3.55)] (t,w) = 3 Z HS[CB of (3.68)] (t,z,w), (3.73)

r=%1

which coincides with gauging (Z[QO])JC.

Gauging the whole one-form symmetry. Finally, let us gauge the whole (Z[Ql])g X (Z[Ql})g

one-form symmetry of quiver (3.55). Equivalently, this corresponds to either gauging (Z[Ql])g
in theory (3.61) or to gauging (Z[;})?/J in theory (3.68). This yields the affine Bs quiver

ms3

1
/U(1) (3.74)
my 1 mo
O O 2 1 O
2 1

my,1+mi2 ={0,1}

13

whose Coulomb branch Hilbert series,” once unrefined with respect to the topological

fugacities, yields the Hilbert series of the closure of the minimal nilpotent orbit of so(7),
which is denoted by min B3, namely [35, section 4]

1+ 13t% 4+ 28t* 4 13t° 4 ¢¥)

(1-¢2)°
=1+ 21¢% + 168t* + 825t° + 3003¢% + . ..
— PE [21152 — 63t* + 37715 — 294018 + .. ] .

HS[CB of (3.74)] (t,w; = 1) = (
(3.75)

This can also be achieved directly from theory (3.55) by gauging the whole (Z[zl])g X (Z[Ql])g

one-form symmetry at the level of the monopole formula by combining (3.65) and (3.71).

13This is given by (3.69) with conformal dimension (3.63), where m1,1 +m1,2 = {0,1}.
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Explicitly, we modify the summation in (3.57) as follows:

2. 2.

m1,1€L50 (ma,ms,my)EZ3

LYYy Y Y >

q=0p=0 m11€L>0+3 macZ+24+8 (m37m4)€(z+%)2

(3.76)

In this way, we can refine the Coulomb branch Hilbert series (3.75) with both Zs fugacities
x and y:
HS [CB of (3.74)] (t,z,y,w; = 1) = 1 + (7 4 8z + 2y + 4xy) t*
+ (56 4 48z + 32y + 32xy) t*
+ (235 + 240z + 170y + 180xy) t°
+ (843 + 816z + 672y + 672zy) t5 + ...,

(3.77)

where we emphasise that the so0(7) symmetry of (3.74) is manifest only when x and y are
set to unity. Note that we can reproduce (3.66), (3.72) and (3.60) by gauging (Z[QO})J;, (Z[QO})y
and (Z[zo])x X (Z[ZO])y respectively, namely

HS [CB of (3.61)] (t,y,w) = % > HS[CBof (3.74)] (t,2,y, w), (3.78a)
r=%1
HS [CB of (3.68)] (t, 2, w) = % ™ HS[CB of (3.74)] (£, x,y, w), (3.78b)
y==1
HS [CB of (3.55)] (t,w) = % > > HS[CBof (3.74)] (t,z,y, w). (3.78¢)
r=+1y==%1

Observe that (3.78b) is consistent with the well-known result of [36] (see also [10]):

n.min A3 = min B3 /Zs. (3.79)

The various one-form symmetry gaugings of quiver (3.55) are summarised in figure 1, together
with the dual zero-form symmetry gaugings.

Mixed ’t Hooft anomalies. The Coulomb branch Hilbert series (3.77) turns out to be

very interesting if, in addition to x and y, we also turn on the topological fugacities w;. Let

us focus on the coefficient appearing at order t> of such Hilbert series:'*

HS[CB of (3.74)] (t,z,y, w)

1 _1 1 _1 1 _1
=1+ [3+w3—|—w3_1+w4+w4_1+:c<w22 + w, 2) <w§ + wy 2) (wf + wy 2) (3.80)

1 _1 1 _1 1 _1
+y <w22 + wy 2) +ay <ugf + wy 2) <u',ff +wy -’)] 2.

YMFor our purpose, it suffices to consider the coefficient of ¢? in the Hilbert series. This is due to the fact that

the Coulomb branch of the theory in question is min Bs, which has precisely one set of generators appearing
at order ¢* and transforming in the adjoint representation of 50(7); see also the last line of (3.75). As we will
discuss below, upon turning on the fugacities x and y, the characters that are manifest in the Hilbert series
are those of su(2).,, with ¢ = 2,3, 4.
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(3.55) 1

(3.61) 1

Figure 1. Sequential gauging of the (Z[;]); X (Z[Ql])g one-form symmetry of quiver (3.55) and
subgroups thereof. Each downwards arrow with label F denotes the gauging of the one-form symmetry
F, whereas each upwards arrow with label F' denotes the gauging of the zero-form symmetry F.
In each case, the manifest UV topological symmetry H?:z U(1)w, gets enhanced to the following
symmetry: (3.55): u(1)wy X 5U(2) 4y, X SU(2)4,, (3.61): H;l:z $U(2)y,, (3.68): su(4), and (3.74): sa(7).

where we highlight the topological fugacities appearing with half-integer powers in blue, red

and green. Note that the SO(7) flavour symmetry is manifest in the Hilbert series as the

U(1)wy X SU(2)us % SU(2)4, subgroup.!> The normalisations of the fugacities are as follows:
1

w215 corresponds to the U(1),, charge +2,1¢ and, for SU(2),,, (with i = 3,4), the character
1 _1
of the fundamental representation is w? + w; * and that of the adjoint representation is
1+ w; + w;t
1 _1 1 _1
The product of the brackets in green, namely <w32 + wy 2) (wj +wy 2), corresponds
to (2;2) representation of [SU(2)y, X SU(2)w,] /Z2, where the quotient by Zo indicates the

'5Naively, the character that appears in (3.80) might seem to be that of SU(2)w, X SU(2)ws X SU(2)w,, but
this does not fit into the branching rule 21 — (3,2,2) @ (3,1,1) ® (1,3,1) ® (1,1, 3) of SO(7) — SU(2)%. In
fact, we see that the first SU(2) factor in the aforementioned branching rule is broken to U(1)., and we have
to further use the branching rule 3 — (2) @ (0) ® (—2) of SU(2) — U(1)w,. We see that, in this convention,

1

. . . +
the normalisation for ws is such that w, ? corresponds to the U(1)., charge +2.
63ee Footnote 15 for the convention.
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action that there is one independent combination of the centres of SU(2),, and SU(2),,
1 1 1 1

that acts trivially. Specifically, the aforementioned Zo acts by <w§ — —w?, w} - —w}

simultaneously. On the other hand, the product of the brackets in blue, namely
1 1 1 1 1 1

<w22 + w2_2> <w§ + w3_2> <wj + w;2>, corresponds to the (2;2)(2) @ (2;2)(—2) represen-

tation of [U(1)y, X SU(2)ws X SU(2)w,] /(Za x Zs2), where the quotient by Zg x Zg indicates

that there are two independent combinations of the centres of SU(2)y,, and U(1), that act
1 1

1 11 1
trivially. Specifically, the action of this Zs X Zo can be taken as (u}22 — w5, wg — —w§)
1 11 1
and (w32 — —w;, wi = —wj |.

The terms in colour in (3.80) indicate the following mixed 't Hooft anomalies (see for
instance [31, 37-40]).

e The red terms in (3.80) indicate that gauging (Z[zl])a, which leads to the dual symmetry
1
(Z[QO})y, gives rise to the half-integral power in wzi 2. Indeed, the smallest magnitude of

the U(1),, charge that appears in the Hilbert series is 2. This means that there is a
mixed 't Hooft anomaly characterised by the following anomaly theory:

exp (iw Bz(/Q) U [c1(U(1)4,) mod 2]) , (3.81)

My

where BZ,(,2) € H?(Ms, Z[21]) is the two-form background field for the (Z[;])g one-form
symmetry, and ¢1(U(1)y,) is the first Chern-class associated with the U(1),, symmetry.
Here, My is the 4d bulk such that M4 = Mgz, with M3 being the 3d spacetime in which
the theory in question lives.

o Similarly, the terms highlighted in blue in (3.80) indicate that gauging (Z[;})g, which
leads to the dual (Z[QO})I symmetry, is in conflict with the global form of the symmetry
(U(1)wy/Za) % SO(3) s X SO(3)w,, due to the presence of the representation (2;2)(2) &
(2;2)(—2). Thus, there is a mixed 't Hooft anomaly characterised by the following
anomaly theory:

exp (m B? U UQ) , (3.82)
My

where B{Y € I 2(Ms, Z[zl}) is the two-form background field associated with the (Z[Ql])g

one-form symmetry, and vs is the second Stiefel-Whitney class that obstructs the lift of

the (U(1)wy/Z2) X SO(3)ws X SO(3)y, bundle to the (U(1)y, X SU(2)w, X SU(2)w, )/ (Zg %

Z3) bundle.

o Finally, for the green terms in (3.80), the fugacity xy corresponds to the diagonal
subgroup of (Z[ZO})QC X (Z[QO])y, which we will denote by (Z[QO})W. The dual one-form

symmetry is the diagonal subgroup of (Z[Ql])A X (Z[zl])g which we will denote by (Z[Ql])@.

x

Gauging (Z[zl} )77 s in conflict with the global form of the symmetry SO(3)w; X SO(3)w,,
due to the presence of the representation (2;2). This signals that there is a mixed 't
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Hooft anomaly characterised by

exp (m / B2y m2> , (3.83)
My

where B%) is the two-form background field associated with the (Z[Qu)gg one-form

symmetry, and tos is the second Stiefel-Whitney class that obstructs the lift of the

SO(3)ws X SO(3)y, bundle to the (SU(2)w, X SU(2)w,)/Z2 bundle. Note that this mixed
anomaly does not involve the topological symmetry associated with wo.

4 Moduli Space of B,, instantons via discrete gauging

4.1 min B,, via discrete gauging

In this section, we present a method for obtaining the Hilbert series of the minimal nilpotent
orbit closure of B, denoted by min B,,, by means of discrete gauging. So far in the literature,
this has been obtained in two ways. The first way is from the USp(2) gauge theory with
%(271 + 1) flavours. Since the number of flavours is not integral, in order for the theory
to be consistent, the USp(2) gauge group must possess a half-integral Chern-Simons level.
The latter reduces the amount of supersymmetry and lifts the Coulomb branch. In this
approach, min B,, should be regarded as a subvariety of the total moduli space of vacua of
the supersymmetric Chern-Simons theory with vanishing expectation values for monopole
operators. The second way is to apply the Coulomb branch formula [12] to the following
affine B,, quiver with the prescription described in [6]:

2
(4.1)

Although this method gives the required result, quiver (4.1) does not possess a conventional
Lagrangian description, due to the presence of the non-simply laced edge. In the following,
we provide an alternative approach to realise the closure of the minimal nilpotent orbit of
By, involving only 3d N = 4 theories with a Lagrangian description.

Our starting point is to consider the 3d N/ = 4 USp(2) gauge theory with 1 [(2n + 1) + m]
flavours, where m is odd.

O [ ]

USp(2) SO(2n 4+ 1+ m) (42)

Observe that the number of flavours is integral. The flavour symmetry algebra is so(2n+1+m),
where 2n + 1 + m is even. The Higgs branch is indeed the closure of the minimal nilpotent
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orbit of D2,,414m)/2- Next we rewrite this quiver in an equivalent way as

SO(1)
SO(1)
m [] (4.3)
USp(2) SO(2n +1)
SO(1)
SO(1)

We then implement discrete gauging by replacing each SO(1) by a Z,, gauge group:

L
Lim
m (] (4.4)
Sp(2) SO(2n +1)
Zm
ZTn

where each line connecting Z,, and USp(2) denotes a half-hypermultiplet in the representation
(€277 2) of Z,, x USp(2).

Our main claim is that, upon taking the limit m — oo, the Higgs branch of theory (4.4)
is the closure of the minimal nilpotent orbit of B,,. In other words, we propose a realisation
of the transition between the following nilpotent orbits:

min Do q14m)/2 — min By. (4.5)

Let us also emphasise that, for each m € Z,,>1 (with m odd), the Higgs branch moduli space
is a (2m 4+ n — 2) quaternionic dimensional hyperKéhler cone, whose Hilbert series has a
palindromic numerator. The Coulomb branch of theory (4.4) is isomorphic to C2/ lA?(Qn F14m)/25
which is actually the Coulomb branch of the orginal theory (4.2). We subsequently demonstrate
these claims using the superconformal index and Hilbert series.

The index of theory (4.4) is given by

I(4A4)(f7m|a,na;3?)

1 % dz L usp(2 1( .25, —2
=-> — ZzUSe(2) (2:1; 1) Z (27%a7 %28l — 2ng;
20/ 2miz s=0,+1 ( )
1 m—1 i 4.6
‘L (212 (52 14 i) 0
m
J=0 s'==+1

n
x 11 Z>1</2 (za;sil+naiz) [] ] Z>1</2 (2" f72a; 51l + s2mi + nas @)
sy—t1 sa=+1i=1
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where the USp(2) vector multiplet contribution is
Z\I]é%p(Z)(Z; l,x) _ $7|2l\ H (1 N (_1>25l225w2\5l\). (47>
s==+1

For m > 3 and a general value of n, upon setting the background fluxes for the flavour
symmetry and for the axial symmetry, i.e. m and n, respectively, to zero, the series expansion
of the index up to order z? reads

Ty (Flasz) =1+ [xfr oo (F)a*] 2

+ KX[BE)Z,O,...,O] (f)+ R) a'+(1+r)a™t~ (1 +X[0'1.0,...0)(F) +m2)} T
(4.8)

where

B, — _ —
8X(1%.,....0 (f) m=3 and 7 — 1 n=2m=3 . (4.9)
0 m>5 0 otherwise

R =

This has many interesting features which we now explain. At order z, we see that the
continuous flavour symmetry of theory (4.4) is indeed so(2n + 1), whose fugacities are
f=1(f1,..., fn). We therefore do not refine the fugacities with respect to the m bifundamental
half-hypermultiplets in the gauge group Z,, x USp(2), whose contribution is denoted in the
second line of (4.6). Note, however, that the contributions to the negative terms at order

22 are as follows:

o 1: the U(1), axial symmetry current,
. X[Bgnl 0.0 the s0(2n + 1) flavour curents, and
o m?: the conserved currents from the Z,, discrete gauging of m hypermultiplets.'”

The representations [0, p,0,...,0] that appear as coefficients of a?’z? in the index precisely
agree with those appearing in the Hilbert series of min B,, [28]:

HS {min B”} N EDD X[B(;?p,o,.‘.,o](f)t%' (4.10)
p=0

"The index of the Z,, discrete gauging of m hypermultiplets can be written in terms of su(m) x u(1)
representations as

m—1 m

1 1/2, 2mi4 1 1/2, —2zmij
— Z m Iy 0;7) % m Iy 0;x) =1 1 1,0,...,0,1
— D T2 ) 22 e T g 05 ) = 1 (L lo)z

=0 i=1

+{[2,0,...,0,2]o — (1 +[1,0,...,0,1]0)} 2> 4+ ([n,0,...,04n 4+ [0,...,0,0] —n) z™/* + ...,

where R, denotes the su(m) character representation R with u(1) charge r. Observe that the negative terms
at order z2 are of dimension 1+ (m2 -1 = m?2, as required. This expression can also be obtained by starting
from the index of m hypermultiplets, namely H:il Z)lc/2 (y[l7 0; x) Z§/2(yi, 0;z), and then projecting out all
representations of su(m) except those with N-ality m, i.e. those with the Young diagram with the number of

boxes equal to zero modulo m.

— 40 —



For the special case of m = 3, the additional gauge invariant operators that contribute
8Xﬁ7o,_,.,o](f) correspond to eabeCdQZqéal)qgw)qfﬁ?’), where i =1,...,2n+ 1, a,b,c,d = 1,2,
and a1, as, a3 = 1,2,3.1% Here, QY denotes the half-hypermultiplets in the bifundamental
representation of USp(2) x SO(2n 4 1), and q((laj ) denotes the half-hypermultiplets in the
bifundamental representation of Z%) x USp(2). Finally, the term a~* at order 22 corresponds
to the Coulomb branch operator tr(¢?), where ¢ is the complex scalar in the USp(2) vector
multiplet. We remark that, for the special case of n = 2 and m = 3, as will be seen
in (4.12), we have a monopole operator with dimension two that contributes an extra term
a~*2? to the index.

From (3.27), we see that, upon setting h = ¢, the Higgs branch limit of the index (4.6)
gives rise to the following Hilbert series:

HS[HB of (4.4)|(¢, f)
1

= dz (1—z2)><;mz<

|z|=1 2Tz oy

E [(z+zil)e%jtbm (411)
1

)}t— (z2+1+2_2)t21,

P
x PE (fi+ 1,

(z+z_1){l+zn:

=1

Note that the blue terms are effectively the contribution of m hypermultiplets, each carrying
charge +1 under Z,,. Since the total charge is m = 0 (mod m), we expect that gauging the
Zy, symmetry preserves the hyperKéhler structure, and so the Hilbert series is expected
to have a palindromic numerator for every m € Z>; and m odd. We also point out that
the blue term approaches 1 as m — oo and so, in this limit, the integral reproduces the
Hilbert series (4.10) as expected.

On the other hand, the Coulomb branch limit gives the monopole formula of the original
theory (4.2), namely that of the USp(2) gauge theory with (2n + 1+ m) flavours. The is
explicitly given in [12, section 5.2]. The Coulomb branch of (4.4) is therefore C?/ ﬁ(2n+1+m) /2-
As m — oo, the Coulomb branch Hilbert series simply reduces to PE[tY] = (1 — ¢%)~!,
with t = c.

We demonstrate these statements explicitly in the case of n = 2 below.

8The multiplicity 8 can be seen as follows. The tensor €°¢ imposes the antisymmetrisation of the indices
a2, as, and so (a2, as) can be taken as (1,2), (1,3), (2,3). On the other hand, o runs over 1,2,3, and so we
have 3 X 3 = 9 components that are subject to the identity 0 = 6a1a2a3q£a1)q£02)q$3) (since b, c,d = 1,2).

The latter implies that ¢* (q,(ll)qf)qf) - qL(IQ)qél)q?) + q§3>q,§”q£2>) = 0. We thus have 8 components, namely
(a17 a2, 0‘3) = {(17 1, 2) ) (27 1, 2)7 (Sa 1, 2)7 (17 1, 3)7 (27 1, 3)7 (3> 1, S)a (27 2, 3)7 (37 2, 3)}
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4.1.1 The Case of n = 2

Let us focus on the example of n = 2. We provide explicit expressions of the indices of (4.4)
for m = 3,5,7 below.!?

n=2and m= index of (4.4)
3 1+ 10a?z + (75a* 4+ 2a=* — 20) 2
+ (674a% 4+ a=¢ — 23542 — 10a~2) 2*
+ (3023a® + 169 + 3078 — 1791a* — 10a~4) 2? + . ..
5 1+ 10a%z + (35a* + a=* — 36) 22
+ (959a° + a=¢ — 6694 — 25a2) 2®
+ (13010a® 4 593 + 228 — 1924a* — 26a*) 2 + ...
7 1+ 10az + (35a* + a4 — 60) 22
+ (84a8 — 1245a4% — 49a72) 23
+ (23685a® + 1709 + 2478 — 5828a% — 49a~%) 24 + ...

(4.12)

The coefficient 10 in 10a%x corresponds to the adjoint representation [0, 2] of By. For m = 3,
the coefficient 75 in 75a*z? corresponds to [0,4] + 8[1,0]. The negative terms at order z>
for a generic value of m is equal to —1 — 10 — m?. These are in accordance with the general
statement presented above.

The Higgs branch Hilbert series of (4.4) can be computed as in (4.11) or simply by
reading off the coefficients of the terms a?PzP (with p = 0,1,2,...) in the index.

n=2and m= Higgs branch Hilbert series of (4.4)
1
3 (1—t)10 (1) 10 (1—t4+22)5 (1+t+12)°
x (14 t%) (14 5t2 + 36t* + 388t% 4 314¢3 + 1773t10 4 3055¢12
+1421¢1 + 6426t16 4- 14218 + palindrome + t32)

=1+ 10t%2 4+ 75t* + 674t6 4 3023t + 1067110 + . ..

1
(I=t)14 (146 (1 —t+2—t3+t1) 3 (11412 +t3+1%)8
X (14 12)(1 + 3t2 — 13t4 4 8926 + 6704¢% — 5144410 + 21884¢12  (4.13)

+197616t4 — 29371¢16 4 285351¢18 4 877263t2° + 76937322
+2300312t%* + 6196746 + 3913260¢2® 4 5787010¢3°
+3453595t32 + 556973034 + 5062175¢35 + 9370620¢38
+5062175t%° + palindrome + ¢76)

=1+ 10t + 35t + 959t5 + 13010¢% + 65799¢10 + . ..

7 1+ 102 + 35t* + 8416 4 23685t + 358966t + ...

In the case of m = 7, the closed form is complicated and so we report only the series expansion

Below we set fi =1 and m; = n, = 0 for convenience.
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in ¢t up to order 10. It is instructive to compare these results with the Hilbert series of min Ba:
} _ 1+ 612 + t*
(1—t)*1 +1¢)* (4.14)
=1+ 10¢2 + 35t* + 84¢% + 165¢% 4 286t'0 + . . ..

HS {min By

From the above, we see that the Higgs branch Hilbert series of (4.4) with for a given m
reproduces (4.14) correctly up to order ™!,
The Coulomb branch Hilbert series can be obtained by reading off the coefficients of

the terms a~?PxP (with p = 0,1,2,...) in the index.

n =2 and m = | Coulomb branch Hilbert series of (4.4) | Coulomb branch
3 14264+ 43¢5 42610 . C2/Dy
= PE[2t* + 10 — 1]
5 T+t 104208 44104 . C2/Ds (4.15)
= PE[t* + 5 + 8 — ¢19]
7 1 t4 4263 410 42412 C2/Ds
— PE[t* + 8 + 10 — 20]

4.2 Moduli space of k so(2n + 1) instantons

The above method can be immediately generalised to study the moduli space of k so(2n + 1)
instantons on C2. The latter can be realised as the Higgs branch in the m — oo limit
of the following theory:

u (4.16)

SO(2n+1)

where the loop around the USp(2k) node with label A denotes a hypermultiplet in the
antisymmetric representation. For simplicity, we will focus on the case of k = 2, for which
the index is

-Z'(4.16)k:2 (.f7 m|y7 ny‘aa Na; 1’)

1 le dZQ USp(4
=5 2 fgml aniy 2o (zik0) 208 (2,6.0,m03 0)
l1,l2€Z

X H [Z}/Q (y®a; sny + ng; x) H Z>1</2 (Y27 252 a; sny + sili + sala + ng; 1’)]

s1,s2==+1

21 12 (2 ¢ ™
X lm . [ZX (e w2 a,slp—i-na?x)}

n
< 11 27 (Z;’la;sll” * n“;x> II 12" (Z;If;QQ?Sllp + sam; + na;x) ]7
s1==+1 sa=%1j=1

(4.17)
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where (f,m) are fugacities/fluxes for the so(2n + 1) flavour symmetry, (y,n,) are the
fugacity /flux for the su(2) symmetry associated with the antisymmetric hypermultiplet, and
the contribution of the USp(4) vector multiplet and of the scalar in the vector multiplet
of USp(4) are given respectively by

ZUSp(4 (2;1;2) Hl’ 120;] H ( 25l 25x2|sli|>

vec

s=+1
x x*|l1+lz\x*|h*lz| H (1 — (- 1)81l1+52l2Zf1z§2xlsll1+s212|),
s1,82==+1
(4.18)
2
2
Zgigj(@ (z,l;a,nq;x) = Z}( (aiQ; —2n4; :c) H H Z}( (z?sad; 2sl; — 2ng; m)
s=+1i=1
X H Zl (zfleQ 15101 + s2lo — 2ng; 93) ) (4.19)

s1,89==*1

In the following, we will remove the free hypermultiplet and focus on the interacting part.
The corresponding index is

I(4.16)k:2(f7 m‘yv ny|a7 Naj; I‘)

[Ts=s1 Z>1</2 (y*a; sny + ng; )

Ting (4.16)k:2(f7m|y7ny’avna;x) = (420)

The expressions for Z;,; (4.16),_, with n = 2 and m = 3,5,7 (with f; =y = 1 and m; =

ny = ng = 0) are as follows.
n=2and m= Tint (4.16),
3 1+ 1302z + 20a32%/2 + (135a + 2074 — 23) 2

+ (370a° + 4a™3 — 40a)

+(1922a8 + 16072 + a™5 — 419a%) 23 + . ..

5 1+ 13a%z + 20a323/% 4 (90a* + a=* — 39) 22
+ (200a° 4 2473 — 72a) °/2

+(1907a® + a0 — 1117a% — 12a72) 23 + ...
7 1+ 13a%z + 20a%2%/% 4 (90a* + a=* — 63) 22
+ (200a° + 2473 — 120a) °/2

+ (537a% — 2029a? — 36a72) 3 + . ..

(4.21)

As before, the Higgs (resp. Coulomb) branch limit can be obtained as stated in (3.27) or
simply by reading off the coefficients of the terms aPz? (resp. afpacg) in the index. We
emphasise that the closed form of the unrefined Higgs branch Hilbert series always has a
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palindromic numerator for each m.?? It is instructive to compare this with the Hilbert series
of the centred moduli space of 2 so(5) instantons [41, (4.23)] (see also [6]):

1
001+ 0)0(1 + 1+ 2)
1 222¢7 1 23618 + 222t9 4 palindrome + tlﬁ)

(1 4t + 82 4+ 2313 + 50t 4 95¢5 + 17716
(4.22)

=1+ 13t2 + 2083 + 90t* + 200¢° + 5375 + .. ..

We see that the Higgs branch limit of the index for a given m reproduces (4.22) correctly
up to order t™.

The Coulomb branch limit of (4.21) is indeed equal the Coulomb branch Hilbert series of
the USp(2k) gauge theory with one rank-two antisymmetric and (2n + 1+ m)/2 fundamen-
tal hypermultiplets, which is isomorphic to Sym”* ((C2 / ﬁ(2n+1+m) /2) [12, section 4.2]. For

example, the case of k = 2, n = 2 and m = 3, the Hilbert series of Sym?(C2/D,) reads
1 2
5 (PE 264+ 45— #12]" + PE [26° 4 #12 — t24D

1—2t2 + 2¢4 — 6 4 218 — 2410 4 412 (4.23)
(1 —=t2)1(1 +12)2(1 4 t1)
=142 +t0+ 665+ 410+ .. ..

In the limit m — oo, the Coulomb branch Hilbert series of (4.16),_,, which is equal to
that of Sym?(C%/D,) with r — oo, reads

% (PE[t]? + PE[#]) = PE[t" + ¢7). (4.24)
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A Examples for parametrising magnetic lattices

In this appendix, we illustrate various possible constraints on the m;,, € I'Z* which can
be used to parametrise the T’ ’g“’ lattice, for several examples of quivers.

A.1 Example 1: two node abelian quiver with N (p, p)-edges

Let us consider the following quiver:

mq mo
o—p—L p—0o (A.1)
1 1

with magnetic weights (mq, ms) € L) xuq) of the naive gauge group G =U(1) x U(1). The
adjacency matrix A, rank vector v and shortness vector s are given by

B )
Np —2 1 1

from which the conformal dimension (2.32) is
2A(my,m2) = N|pmi — pma| = Nplm; — mal. (A.3)
The shift vector is then
5= (1,1), (A.4)

where 0 acts on (mi,my) € i),y by translation:

ma
%
° ° (> Py 5 o 1111 (A5)
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We can indicate the As-orbits in F?}(Li))an)v where 2A(my,ms) = constant, via dashed
green lines:

(A.6)

mw

These orbits are the magnetic lattice I'Z" of the true gauge group G = G /U(1).

We can parametrise I'}” in many different ways. We will show a few of these here

1. Fix m; = 0. Let us depict the points in Fgw obeying the constraint as red dots, and
the corresponding Ajs-orbits as red lines:

We can see that every As-orbit in I‘g“’ is represented exactly once, and hence we have a
good parametrisation of I'’t". Note that fixing m; = a for any a € Z works just as well.
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2. Fix mg = 0. Let us depict the points in F’(l;w obeying the constraint as blue dots, and
the corresponding Aj-orbits as blue lines:

(A.8)

We can see that every As-orbit in I‘g“’ is represented exactly once, and hence we have a
good parametrisation of I'4*. Note that, just like before, fixing mo = a for any a € Z
works just as well.

3. Fix mj; +mg € {0,1}. This is a more interesting case.

Let us first depict the points in F’gw obeying mi + mo = 0 as orange dots, and the
corresponding Ajs-orbits as orange lines:

mo
’, , ’, / ’, , ’,
° ° ° o o
/ p / , y p y
, , p y p y
, ’ , ’ , ’
, ’ ; ’ p y
, , , ’ , ’
7 / 7 4 Ve 7 4
° » ° ° °
s s ’ s ’ 7’
’ ’ ’ ’ ’ 7
s s ’ s ’ 4
s ’ ’ ’ ’ 7
,
’ , / p / .
v . 4
o o o » °
Y
s ’ s ’ 4 /
s ’ s ’ 7 /
,
, ’ p y y
Ve 4 4 4 4 7
ANV VS R VA, (A.9)
mi *
7 7z Z % p ;
V. ’ V. s y ,
7 7z 7 4 / y
7 ’ 7 s y P
4 7/ 4 4
y ;
7 s 7 7 4 L ’
° ° ° '] °
7 ’ / 4 / s, 4
4 7
p y ,
4 4 Vi
p y y ,
p
, ; y , ,
4 7
p / y ,
/ / / / 7
» » ° B o~ ]
s z y , 7 //
; ’ py , ’
p / ,
y y , .
’ 4 / s 4 ,
4 7
¢ 4 / ’ ; . /
K o ° o »

We can see that not all As-orbits in F’Gl”“ are represented.

Let us now depict the points in Fgw obeying m; + mg = 1 as purple dots, and the
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corresponding Aj-orbits as purple lines:

(A.10)

We can see that all the remaining Ajs-orbits in Fg“’ are represented.

Combining the two we get

(A.11)

where all As-orbits in I'"2" are represented exactly once, and hence we have a good
parametrisation of I'%7".

Note that fixing m; + mgo € {a,b} for any a,b € Z with a even and b odd works as well.
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4. Fix 2mq +mq € {0,1,2}.

Let us first depict the points in Fg’“’ obeying 2m; 4+ mg = 0 as orange dots, and the
corresponding Ajs-orbits as orange lines:

mo
’ . . ’ . . ’
L] L] L] L] [} L]
’ , / ’ . . ’
, , ’ g g ’
/ , / / / /
2 , / / / ’
, , / / / /
4 e / 7 7 7/ 4
L] » ° ° ¢
7 7 7 7 7 7
4 7 7 7 7/ 4
e 7 7/ 7/ 7 4
7 4 /7 /7 7/ 4
/
. / L , ’ / ,
» s » o ° o
’
7 7/ 7/ 7 4 Vi
7/ 7 7 7 7
, /
/ ’ ’ ’ .
7/ 7 7 7 7 s,
ARV V) VA VS VA, (A.12)
o M :
7 7 7 7 P 7
’ ’ 7 4 , V)
/
/ / / , /
’ ’ 7 4 , 7
/
. . ’ , /
’ ’ ’ 7 Y Vs s
° 2 ° » ° ]
’ ’ / 4 , 7 4
4 7/
. ’ /
7 7 a
. ’ , /
.
’ /, , / /
4 7
. ’ , / ,
% 7/ 4 v s
» » ° P b . °
7/ 4 Vi 7 7 //
7 7 7 7 4
. , 7
’ , /
’ , ,
4 7/ 4 4 7
p
’ . , / . , ,
(3 » ° ¥ 2 °

We can see that not all As-orbits in F’g“’ are represented.

Let us now depict the points in Ff’é“” obeying 2mj + mo = 1 as purple dots, and the

corresponding As-orbits as purple lines:

(A.13)

We can see that still not all remaining As-orbits in F’gw are represented.

Let us now depict the points in Fgw obeying 2m; + me = 2 as cyan dots, and the
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corresponding Aj-orbits as cyan lines:

(A.14)
We can see that now all remaining Aj-orbits in F’GLM are represented.
Combining the three we get
m2
/./ /./ /./ 4 / /./ /./ /./
’/ ’/ 4 7/ ’/ ’/ /. 4
7 ’ 4 ’ 7 ’ 7 ’ 4 ’ / 4
P oo
Zz o 4 e & omy (A.15)
o P Py B g [ 3 0’ e .
» » o’ B g ' 4 ® e ’
. ’ y 4 / . ’ y / /
s s o’ ’ e ' o

where all As-orbits in I"2% are represented exactly once, and hence we have a good
parametrisation of I'f7".

Note that fixing 2m; +msg € {a, b, ¢} for any a,b, c € Z with (a mod 3) = 0, (b mod 3) =
1, and (¢ mod 3) = 2 works just as well.

Now, consider a constraint on 2m;. Since 2m; = 0 is equivalent to m; = 0, 2m; € {0} is
a fine constraint. However one could also use the constraint 2m; € {0,1}. Observe that
2my = 1 implies m, = %, and, since (%, mg) ¢ I'™, there is no additional contribution
coming from 2m; = 1.

It may seem silly to use the constraint 2m; € {0, 1} over 2m; € {0}. We discuss it here
to explain why the general formula (2.43) applies even in such boundary cases.
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6. Similarly, consider a constraint on 2m; + 2mso. Note that 2m; + 2mg € {0,1,2,3} is

equivalent to 2m; + 2mgy € {0, 2}, which is equivalent to m; + mgy € {0,1}, which is a

valid constraint as discussed before.

We discuss the constraint 2m; + 2mg € {0,1, 2,3}, since it agrees with the general

formula (2.43).
A.2 Example 2: single U(2) node
Let us consider a single U(2) gauge node
mi,mi,2

O
2

muw

(A.16)

with magnetic weights (m,1,m12) € TG of the naive gauge group G = U(2). The Weyl

group of G = U(2) is
Wy(g) = S2 = Zs2
and we may parametrise I‘g(“é) /Zs by setting

—00 < my1 <mya < 0.

(A.17)

(A.18)

We depict the region of m1 1 = m 2 with an orange shading, and the region of m; 1 < m1»

with a lighter orange shading:

mi,2
L] L] L] ‘} L] L] L]
L ] L] L] L 2 L] L]
[ ] (] [ ] [ 2 L] L]
. . . . o» 1,1
L] L] L] L] L] L]
L] L] L] L] L] L]
L] L] L] L] L] L]

The adjacency matrix A, rank vector v and shortness vector s are given by

A=(-2), v={(2), s=(1).

The conformal dimension (2.32) is then

2A(TTL1,1,TII/172) = —2"7”1’1 — mi2|.
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The shift vector is given by

o= (1,1), (A.22)
where 0 acts on (my 1,mi2) € F@(lg) by translation:
mi,2
[ ] [ ] [ ] {} L] L] L]
1)
§ )
> 1.1 (A.23)

We can indicate the Ajs-orbits in
lines:

These orbits are the magnetic lattice

F%(“é), where 2A(my 1, m12) = constant, via dashed green

mw

G
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of the true gauge group G = G/U(1).



We can again parametrise I'’?" in many different ways. We will show a few of these here.

1. Fix m11 = 0. Let us depict the points in Fgw obeying the constraint as red dots, and
the corresponding Ajs-orbits as red lines:

(A.25)

We can see that every Ajs-orbit in Fgw is represented exactly once, and hence we have
a good parametrisation of I'?". Furthermore, restricting to the shaded part via the
constraint m;; < m 2, we get a good parametrisation of I'4" /Wg = F%(“z’) JU(1) /Lo =
Fgﬁb)/%/Zg. Note that fixing m; 1 = a for any a € Z works just as well. Note also
that we could instead have imposed this constraint on 1 2 instead of m ;.

2. Fix mi 1 +mi2 € {0,1}. This is again a more interesting case.

Let us first depict the points in Fgw obeying m 1 +m1 2 = U as orange dots, and the
corresponding Ajs-orbits as orange lines:

(A.26)
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We can see that not all As-orbits in "2 are represented, just as in the previous example.
However, this case is quite different. The As-orbits indicated in orange make up anI}U@)?
and those located in the shaded area represent I'giy,) /Zo. Since SU(2) is the double
cover of G = SU(2)/Zz, we can see that choosing m1 1 +m 2 = 0 corresponds to picking
a different global structure of the true gauge group.

Let us now depict the points in FTGL”“ obeying m1 1 +mi2 = 1 as purple dots, and the
corresponding Ajs-orbits as purple lines:

(A.27)
We can see that all the remaining As-orbits in Fg“’ are represented.
Combining the two we get
mi,2
S A AN S AT
// // // // // //
‘/ / ‘/ 7 ‘/ ’/ /./
4 // // // // // //
// // // // // 4
s ” y s e
// // // // // //
4 7 7/ 7 4 7 7 ",lel
A AT (A.28)
./ ./ ./ /’/ 4 // ./ ./
» » ' ,1/ i 1 'Y
4 4 , 7 // //
// // /// // // //
/(/ » o /i/ s 'y ) .

where all Aj-orbits in F’GLL“’ are represented exactly once, and hence we have a good
parametrisation of I'f¥".
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Note that fixing m ;1 + mi 2 € {a,b} for any a,b € Z with a even and b odd works as
well. Note further that m; 1 +m > = a for any a € Z with a even picks the magnetic
lattice for SU(2) instead of G = SU(2)/Z,.

A.3 Example 3: (2,3)-edged two node Abelian quiver

Let us consider the following quiver

mi mo
2130 (A.29)
1 1

with magnetic weights (m,ms) € I3 xu(y of the naive gauge group G =U(1) x U(1). The
adjacency matrix A, rank vector v and shortness vector s are given by

A:<—“), U:(1)7 3:(3). (a0
3 -2 1 2

It follows that the conformal dimension (2.32) is
2A(my,ma2) = |2m — 3ma]. (A.31)
The shift vector is given by
5= (3,2), (A.32)

where 0 acts on (mi,ma) € i)y by translation:

(A.33)
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We can indicate the As-orbits in F%ﬁ)xU(l), where 2A(my,ms) = constant, via dashed
green lines:

(A.34)

mw

These orbits are the magnetic lattice I'Z" of the true gauge group G = G JU(1).

We can parametrise I'Z}" in many different ways. We will show a few of these here

1. Fix m; € {0,1,2}. We depict the points in I‘g“’ obeying m; € {0, 1,2} as red dots, and
the corresponding Ajs-orbits as red lines:

(a) m; =0:

(A.35)
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A.36

A.37

Combining the three we see that all As-orbits in F%““ are represented exactly once, and
hence we have a good parametrisation of I'}*.
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2. Fix my € {0,1}. We depict the points in Fg‘w obeying mgy € {0,1} as blue dots, and
the corresponding Aj-orbits as blue lines:

(a) mg =0:

(A.38)

(A.39)

Combining both we see that all As-orbits in Fgw are represented exactly once, and
hence we have a good parametrisation of I'".

3. Fix m; +mg € {0,1,2,3,4}. In figure 2, we depict the points in F’GL”” obeying my +
mao € {0,1,2,3,4} as orange dots, and the corresponding Ajs-orbits as orange lines.
Combining all five we see that all As-orbits in F’gw are represented exactly once, and
hence we have a good parametrisation of I'}*.

— 59 —



(e) my +mg =4

Figure 2. For (A.29): depiction of points in I"é”“ obeying m; +mg € {0, 1,2,3,4} as orange dots,

and the corresponding Aj-orbits as orange lines.
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B Quotients H" /7y

In this section we produce quivers which are unframed, simply-laced, loop-free and unitary,
with one special unitary node, whose Coulomb branch is the quotient H"/Zj.

The quotients H"/Z; we study here are specified not only by n and k, but also by
an n-tuple of charges ¢ = (q1...,qn), where ¢; € {1,..., L%j} After picking a complex
structure H" = C2?, with (x1,...,Zn,Y1,-..,Yn) the coordinates of C2", a quotient is defined
by the action:

Z > 1: Cc? - 2

z; = wla (B.1)
27i

yi — wy My, where wy = e R

We can introduce a | £ |-tuple q = (q1,..., qLEJ) where q; is the number of times j appears
2
in ¢q. This allows for the following notation of the quotient:

hnkq = H"/Z), with charges given by g, (B.2)
with the shorthand notation:

bk = Py g (n,0,....0)- (B.3)

The Hilbert series of the quotient is computed via the Molien sum:

1 1
HS(hppq;t) = = . —. B.4
(i ?) k ;jzl (1= wp/ )% (1 — wy t)% By
The global symmetry G of the quotient (as a hyper-Kéahler space) is
@2 u(ey) k odd
G=4 %, : (B.5)
2
21 u(q)) EBusp(2q§) k even
B.1 Producing quivers
One method of producing such a quiver is the following.
1. Take a unitary quiver whose Coulomb branch is H". For example:
1
CB| o—0—o0 = (B.6)
1 2 2 2
1
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2. Replacing one U(k) node with an SU(k) node,?! the Coulomb branch of the resulting
quiver will be a Zj, quotient of the one before. For example:

= H8/Z, (B.7)

3. The resulting Coulomb branch may have a free part, i.e. it is of the form H? x H"~¢/Z;,.
Strap off the free part by replacing the nodes with a — 1 balance by U(k — 1) nodes
iteratively, until there are no more unitary nodes of balance —1. For example:

1
O—e—O
1 2 su@) 2
1
| 1
e—O0—0
1
| 1
O—O0—0
0 1 SU@) 2
1

4. The Coulomb branch of the final quiver should be a symplectic singularity of the form
H"~¢/Zy. For example:

CB =H®/Zy = cg (B.9)
1 SU2) 2

21Replacing an U(k) node with an SU(k) is implemented by picking a specific sublattice of the magnetic
lattice of the original quiver. One could pick other sublattices to produce different discrete quotients.
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B.2 Examples

Families. For instance, we have

1
CB o—ww—o—wi—wﬂ—o = h(Nitm-1)NN

12 N-1 SU(N) N N N-1 2 1
m
and
cel 1 2 2N -1 SU@2N) 2N 2N N | = hyvym)N_12N

m

(B.10)

(B.11)

Special quivers. Let us construct some special quivers. We start with an F,, affine Dynkin

quiver, whose Coulomb branch is min.F,, and we lower the rank of a single node by 1.

This produces a quiver whose Coulomb branch is freely generated. We can turn one of

the unitary nodes in the resulting quiver into a special unitary node, then strap off the

free part as explained before. The resulting quiver is either part of the (B.10) family, or

it is given in table 2 below.

Q CB(Q) Global symmetry
of CB(Q)
3
T hag,2 usp(56)
O O
suz 3 4 5 6 4 2

3
ha7 3 u(27)
O ) ) ) M) O
1 suE) 4 5 6 4 2
3
hag,4,(16,10) u(16) Dusp(20)
O O
1 2 SUM4) 5 6 4 2
2
T h22.4,(16.6) u(16) Dusp(12)
O N\ ) N\ N\ N\ N\ O
12 3 su4 4 4 2 1
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3
T has,5,(10,15) = has,5,(15,10) u(10)du(15)
O ) ) ) I O
1 2 3 SuGk) 6 4 2
2
T has5,(10,15) = has 5,(15,10) u(10)Pu(15)
O O
1 3 4 sus) 5 3 1
3
ha4,6,(6,12,6) u(6)du(12)dusp(12)
@ @, O O O O O
1 2 3 4 Su() 4 2
2
hag 6,(18,0,10) u(18) Dusp(20)
O O @; O O O O O
1 2 3 4 5 SuU() 4 2
3
haz6,(12,15,0) u(12) du(15)
@ O @, O O O O O
1 2 3 4 5 Su®6) 3 1
2
has 4,(12,10 u(12) ®usp(20)
O @; O O O O O
1 2 3 4 5 SuM4) 2
3
hos 4 u(28)
@ O @, O O O O O
1 2 3 4 5 6 U@ 1
2
hie,2 usp(32)
O O O O O O
1 2 3 4 3 SU@©
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SU(3)
h21,3 u(21)
@ @, O O O O O
1 2 3 4 5 3 1
2
hi4,4,8,6) u(8)dusp(12)

O @; O O O O
1 2 3 su4) 2 1

Table 2. Quivers with H"/Z; Coulomb branches and their global symmetry.
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